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“My conclusion is that there is no reason to believe any of the dogmas
of traditional theology and, further, that there is no reason to wish that they
were true. Man, in so far as he is not subject to natural forces, is free to work
out his own destiny. The responsibility is bis, and so is the opportunity.”

— Bertrand Russell, 1952






Preface

This thesis is based on six papers (A, B, C, D, E and F). In Part I of the thesis, an
introduction to the subject and a summary of the results obtained in papers A to E shall
be given. The papers, each of which shall be presented in Part II of the thesis, are the
following:

A. J. Oinert, S. D. Silvestrov, Commutativity and Ideals in Algebraic Crossed Products,

B.

J. Gen. Lie. T. Appl. 2 (2008), no. 4, 287-302.

J. Oinert, S. D. Silvestrov, Commutativity and Ideals in Pre-Crystalline Graded Rings.
To appear in Acta Appl. Math.

J. Oinert, S. D. Silvestrov, Crossed Product-Like and Pre-Crystalline Graded Rings,
Chapter 24 in S. Silvestrov, E. Paal, V. Abramov, A. Stolin (Eds.), Generalized Lie
theory in Mathematics, Physics and Beyond, pp. 281-296, Springer-Verlag, Berlin,
Heidelberg, 2009.

J. Oinert, S. Silvestrov, T. Theohari-Apostolidi, H. Vavatsoulas, Commutativity and
Ideals in Strongly Graded Rings. To appear in Acta Appl. Math.

J. Oinert, Simple Group Graded Rings and Maximal Commutativity. To appear in
the Contemp. Math. series of the AMS.

E. J. Oinert, P Lundstrém, Commutativity and Ideals in Category Crossed Products. To

appear in the Proceedings of the Estonian Academy of Sciences.

In addition to the above, there are two other papers by the author. These, however,
will not be included in the thesis:

B ]. Oinert, S. D. Silvestrov, On a Correspondence Between Ideals and Commurativity

in Algebraic Crossed Products, ]. Gen. Lie. T. Appl. 2 (2008), no. 3, 216-220.

B ]. Oinert, P. Lundstrém, Noncrossed Product Matrix Subrings and ldeals of Graded

Rings, Preprints in Mathematical Sciences 2009:10, ISSN 1403-9338, LUTFMA-
5112-2009, Centre for Mathematical Sciences, Lund University, 2009.
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Chapter 1
Introduction

In this chapter we shall give a review of the basics of graded ring theory and also describe
the background to the problems that we are considering. More specifically, in Section 1.1
we lay out the general theory of (group) graded rings and describe some special cases; skew
group rings, twisted group rings, crossed products, strongly graded rings, pre-crystalline
graded rings, crystalline graded rings and crossed product-like rings. In Section 1.2 we
establish the notation and terminology that we use for the more general situation of cat-
egory graded rings. In Section 1.3 we describe the background to the research, stemming
from C*-crossed product algebras associated to topological dynamical systems. Finally,
in Chapter 2 we summarize the results which are obtained in papers A, B, C, D, E and E

1.1 Graded rings

Throughout this thesis all rings are assumed to be associative and any ring R is unital,
with a muldiplicative identity 1z € R. We assume that ring homomorphisms are unital,
i.e. they respect the multiplicative identities. If X and Y are nonempty subsets of a ring
R, then XY denotes the set of all finite sums of elements of the form xy where z € X
and y € Y. The group of multiplication invertible elements of a ring R will be denoted
by U(R).

Definition 1.1.1 (Graded ring). Let M be a monoid with neutral element e. A ring R is
said to be graded by M , or M -graded, if there is a family {R s} sc s of additive subgroups

Rs of R such that
R =P R.
seM
and
RsRe € Rt (1.1)
forall s,t € M. The additive subgroup R is called the homogeneous component of R of

degree s € M. If R is an M -graded ring such that R;R+ = R holds forall s,t € M,
then we say that R is strongly graded by M or strongly M ~graded.

The set h(R) = U,cps Rs is the set of homogeneous elements of R. A nonzero
element x € R is said to be homogeneous of degree s and we write deg(z) = s. Each
element r € R has a unique decomposition = ZseM rs withry € R, forall s € M,
and the sum is finite, i.e. almost all ry are zero. The support of v in M is denoted by

supp(r) = {s € M | rs # 0}.
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It may happen that M is in fact a group and when we want to emphasize thata ring R
is graded by a monoid respectively a group we shall say that it is monoid graded respectively
group graded. Whenever we say that a ring is G-graded it should be understood that G is
a group with neutral element e, unless otherwise specified. Similarly, when we say that a
ring is M -graded it should be understood that M is a monoid with neutral element e.

Remark 1.1.2. Note that any ring R is (strongly) group graded by chosing the trivial
group G = {e} as grading group and putting R, = R. This grading is called the trivial
grading (or trivial gradation). We shall mainly be interested in nontrivial grading groups.

Strongly group graded rings have different names in the literature. They are some-
times referred to as generalized crossed products (see e.g. [3]) or as fully graded rings (see
e.g. [4]).

Remark 1.1.3. If R = EBseM Rs is an M -graded ring, then it follows from (1.1) that
Re is a subring of R. We shall refer to R as the neutral component subring or simply the

neutral component. Furthermore, for each s € M, the homogeneous component R is
an R.-bimodule.

Proposition 1.1.4. Let R = €D ¢ Ry be a G-graded ring. The following assertions hold:
() Re isa subring of R and 1r € Re.

(i) Ifr € U(R) is a homogeneous element of degree h € G, then its inverse v~ is a
homageneous element of degree h™1.

(ii)) R is a strongly G-graded ring if and only if 1 € Ry Ry-1 foreach g € G.

Proof (i) It is clear that R, is a subring of R. To prove that 1x € Re, let 1g =
deG T4 be the decomposition of 1z with 7, € R for each g € G. For any sj, € Ry,
h € G, we have

Sh :Sth = E ShTg
geG

and 85, 74 € Rpg. Consequently, for each g # e we have s;, 7y = 0 and hence sy = 0
for any s € R. In particular, for s = 1 we obtain 7, = 0 for any g # e. Thus,
1gr =71 € Re.

(i) Assume that 7 € U(R) N Ry, for some h € G. If r~! = dec(rfl)g
with (r=1), € Ry, then 1g = rr~ ! = decr(r_l)g. Since 1z € R and
r(r~1)y € Rug we have that 7 (r=!); = 0 forany g # h™'. Since r € U(R) we
get that (r~!), = 0 for g # h™', and therefore 7= = (r=1),-1 € Ry,-1.

(iif) Suppose that 1z € Ry R 41 for each g € G. For each g, h € G we have
Rgh = 1r Rgn C RgRg—l'Rgh CRy Rg—lgh =TRygRn € Rgn
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which shows that Ry, = Ry Rp, and hence R is strongly G-graded. Conversely, if
R is strongly G-graded, then it follows from (i) that 1x € Re = Ry R, for each
geaq. O

1.1.1 The commutant of R, in a group graded ring R
Let S be a subset of a ring R. The commutant of S in R is defined to be the set
Cr(S)={a€eR | ab=ba, Vbe S}

and one easily verifies that Cr (S) is a subring of R. The center of R, i.e. Cr(R), is
denoted by Z(R). If S is a subring of R, then Z(S) C Cx(S) always holds and in
particular if S is commutative then S C Cr(.5).

Definition 1.1.5. A commutative subring S of a ring R is said to be maximal commuta-
tive in R if and only if

S =Cr(9).
Remark 1.1.6. For any G-graded ring R, the commutant of R, in R is always a G-

graded ring. Indeed, write Dy = CRr(Re) N Ry for each g € G. It is clear that
Cr(Re) = @ e Dy and it is readily verified that Dy Dy, C Dy, forall g, h € G.

1.1.2 Skew group rings

Let R be aring and G a group. In this construction, the group G acts as automorphisms
of the ring Ry, i.e. there is a group homomorphism o : G — Aut(Ryg). Let {ug}qec
be a copy (as a set) of G. The skew group ring Ro X, G is a free left Ro-module with the
basis {ug }geq, thatis

Ro Xe G = g TgUg
geG

rg € Ro and r4 = 0 for all but finitely many g € G

The multiplication on R X, G is defined as the bilinear extension of the rule
(aug)(bun) = aoy(b)ugn

fora,b € Ry and g, h € G and one easily verifies that this makes Ry X, G into a unital
and associative ring. The multiplicative identity is given by 1z, ue.

1.1.3 Twisted group rings

Let Ry be aring, G a group and @ : G X G — U(Ry) a map such that for any triple
g, h, s € G the following equalities hold:

al(g,h)a(gh,s) = alh,s)a(g,hs)
O[(g, 6) oz(e,g) = 1R0
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Let {ug}gec be a copy (as a set) of G. The wwisted group ring Ro X G is a free left
Ro-module with the basis {u4}4e, that is

(&3 —
Ro X“G = g TgUg
geG

rg € Ro and r4 = 0 for all but finitely many g € G

The multiplication on Ry X4 G is defined as the bilinear extension of the rule
(aug)(bup) =abal(g,h)ugn

fora,b € Rp and g,h € G. One may verify that this multiplication makes Ry x* G
into a unital and associative ring.

1.1.4 Crossed products

A G-crossed system is a quadruple {Ro, G, 0, a} consisting of a ring R, a group G and
two maps 0 : G — Aut(Ry) and o : G x G — U(R), satistying the following three
conditions for any triple g, h, s € G and a € Ro:

(1) Ug(ah(a)) = a(g: h) Ugh(a) Oé(g, h)_l
(i) a(g,h)a(gh,s) = ag(alh,s))alg, hs)
(i) alg.¢) = ale,g) = Ix,
Let {ug}gec be a copy (as a set) of G. The crossed product Ry x$ G is a free left
Ro-module with the basis {ug} 4e, that is

o —
Roxy G = E TgUg
geG

rg € Ro and rg = 0 for all but finitely many g € G

The multiplication on Rp %% G is defined as the bilinear extension of the rule
(aug)(bun) = aoy(b) (g, h) ugn

for a,b € Rp and g,h € G. This multplication makes Ry & G into a unital and
associative ring with multiplicative identity 15, ue.

We shall now see how the two previous constructions can be obtained as special cases
of the crossed product construction.

Example 1.1.7 (Skew group ring). Let {Ro, G, 0, o} be a G-crossed system where « is
the trivial map, i.e. a(g,h) = 1g, forall g, h € G. First of all, it is easy to see that «
must satisfy conditions (ii) and (iii) of the above. Furthermore, since « is trivial we see by
(i) that G acts as automorphisms of Rg. Hence, the crossed product that is given by this
G-crossed system is a skew group ring.

6
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Example 1.1.8 (Twisted group ring). Let {Ro, G, 0, a} be a G-crossed system where o
is the trivial map, i.e 04 = idg, for each g € G. It is easy to see that the crossed product
that is given by this G-crossed system is a twisted group ring.

We shall now describe another, more abstract, way to look at crossed products. After
stating the definition we shall see that it gives rise to exactly the same type of rings as in
the concrete construction of crossed products given above.

Definition 1.1.9 (G-crossed product). Let R = P ; Ry be a G-graded ring. If

UR)(Ry #0
for each g € G, then R is called a G-crossed product.

Let U®"(R) denote the graded units of R, i.e. U (R) = U, cq(Rg NU(R)).
The degree map deg : h(R) — G is defined as deg(a) = g if and only if a € Ry,
for g € G. From Definition 1.1.9 it is clear that a G-graded ring R = P .5 Ry is a
G-crossed product if and only if the following sequence is an exact sequence of groups.

lg —— U(R)— s U (R) &2 g — e

The map ¢ denotes the inclusion. In general, the map deg need not be surjective, but for
G-crossed products it is.

Proposition 1.1.10. The ring Ro X G (coming from the G-crossed system { Ro, G, 0, a})
is G-graded by (Ro x& G)g = Ro ug, for g € G, and it is a G-crossed product.

Proof. From the definition of Ry xX§ G we have

Ro ><13 G = @Roug
geG

and
(Roug)(Roun) = Ro ugn

for each g, h € G and therefore Ry x& G is a (strongly) G-graded ring. For each g € G
we have ugug—1 = a(g,g7") ue and ug—1 ug = (g™, g) ue. Since (g, g~ ") and
a(g™1, g) are invertible elements of Ro, we conclude that u, and ug-1 are invertible
elements of Ry X& G, and this shows that Rg x& G is a G-crossed product. O

Proposition 1.1.11. Every G-crossed product R = @gGG Ry is of the form Ro x§ G for
some G-crossed system {Ro, G, 0, a}.
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Proof. Start by putting Rg = Re. Since Ry NU(R) # 0 for each g € G, we may
choose some uy, € Ry NU(R) for each g € G. We take ue = 1g. Then it is clear
that Ry = Re ug = ug Re, and that the set {ug} e is a basis for R as a left (and
right) R-module. Let us define the map o : G — Aut(R.) by 04(a) = ugau, ' for
g€ GaeReanda: GxG — U(Re) bya(g,h) = uguhu;hl forg,h € G.
We shall now show that o and « satisfy conditions (i), (ii) and (iii) in the definition of a
G-crossed system. Indeed, for any g, h € G and a € R, we get

og(on(a)) = ug(upauy ) u,' =ugup ug_hl (ugn aug_hl) Ugh up "t uy !

= O[(g,h) Ugh(a) O[(g’h)_l
and therefore (i) holds. For any triple g, h, s € G we get

-1

a(g:h) a(ghvs) = UgUp u;hl Ugh Us Ugp o

_ -1 _ —1 -1
= UgUp Us Uy = Ug Uh Us Upg Uhs Ugp s

= wuga(h,s) u;l Ug Uhs ug_h{g = og4(a(h,s))alg, hs)

so (ii) holds too. Since u, = 1 we have

a(g,e) =ugucu, =1g
and similarly we get a(e, g) = 1 and therefore (iii) holds. Let a € Ry and b € Ry, be
homogeneous elements of R for g, h € G. We compute the product ab via the maps o
and . We have that @ and b can be uniquely expressed as a = a4 ug and b = by, uy, for
some ag, by, € Re. Then

ab = (agug)(bpun) = ag(ug by u;l)ug up,
ag(ug b ug;l)(ug Up u’g_hl) Ugh

= QG4 Ug(bh) a(g, h) Ugh -

This entails that the ring R is isomorphic to Rg x& G. O

1.1.5 Strongly graded rings

Each G-crossed product is a strongly G-graded ring. Indeed, if R = @ 5 Ry is a
G-crossed product, then for each ¢ € G we can find some uy € U(R) N R4 and by
Proposition 1.1.4 (ii) it follows that ug_l € Ry-1. Hence, Ig € RyRy-1 for each
g € G and by Proposition 1.1.4 (iii) we conclude that R is a strongly G-graded ring.
The converse is not true in general, i.e. strongly graded rings need not be crossed
products, as the following example will show. This explains why strongly group graded

rings are sometimes referred to as generalized crossed products.

8



1.1. GRADED RINGS

Example 1.1.12. Let A be aringand R = M3(A) the matrix ring over A. By putting

A A 0 0o 0 A
Ro = A A 0 and R; = 0o 0 A
0 0 A A A 0

one may verify that this defines a strong Zy-gradation on R. Note that R is not a Zs-
crossed product with this grading since R contains only singular matrices.

Lemma 1.1.13. Let R = ®g€G Ry be a strongly G-graded ring. If a € R is such that
aRyg={0} or Rga={0}
Jor some g € G, then a = 0.

Proof. Suppose that a Ry = {0} for some g € G, a € R. We then have a Ry Ry-1 =
{0} or equivalently a R, = {0}. From the fact that 1z € R, we conclude that a = 0.
The other case is treated analogously. O

From the preceding lemma we see that for a strongly G-graded ring R = .o Ry
we must always have Ry # {0}, for each g € G.

Remark 1.1.14. If R is a strongly group graded ring which is commutative, then one
can easily show that the grading group is necessarily abelian.

Lemma 1.1.15. [fR = @, Ry is a G-graded ring and N is a normal subgroup of G,
then R can be regarded as a G | N -graded ring, where the homogeneous components are given

by
Ron = P Ra
xEgN

Jor gN € G/N. Moreover, if R is a crossed product (or strongly graded ring) of G over R,
then R can also be regarded as a crossed product (or strongly G /N -graded ring) of G /N over

Ry = P Ra.
zeN
Proof. Let T be a transversal for IV in G. It is obvious that
R=EPRin.
teT

Forany t1,t2 € T, we have

RiuN Ripn = ( b R) P rR )< P Ruy

zet1 N yEta N z€t; N
yEta N

= P R:=Ruun

zEt1ta N
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which shows that R is G/N-graded. Assume that R is a G-crossed product. There exists
aunituy, € U(R) N R, for each g € G, and in particular ug € Ry C Ryn so R isa
G/N-crossed product with the new grading. Assume that R is a strongly G-graded ring,
then for each t € T" we get

RtNRth:<@ Rm> P R)= P Ray

TEtN yEt—IN TELN
yEt™IN
@ Rz:ReNQReal'R

z€t—1N
and by Proposition 1.1.4 (iii) we conclude that R is a strongly G /N-graded ring. a

IfR = EBgeG Ry is a strongly G-graded ring, then it follows that 1x € R, =
RyRgy-1 for each g € G. Thus, for each g € G there exists a positive integer ng and

elements a_gi) € Ry, b;i_)l € Ry-1 fori € {1,...,n4}, such that

Za(z) b() —

For every A € Cr(R.), and in particular for every A € Z(R.) C Cr(Re),and g € G
we define .
=> " af A,
i=1

Lemma 1.1.16. Let R = €D o Ry bea m”_ongly G—gmq’m’ rz'ng, g € G and write
e (Z)b(z) = 1R forsomeng > Oanda,éz) € Ry b(l) g1 fori € {1,...,ng}.

For each X € OR(R.) define o4(X) by o,(\) = > 0%, ag 2D b( ,)1 T/ﬂefo//owzngpmper—
ties hold:

(i) og4(N) is the unique element of R satisfying
rgA=0g(N) 1y, Y74 € Ry
Furthermore, 54(\) € Cr(Re) and if N € Z(Re.), then o4(A\) € Z(Re).

(i) The group G acts as automorphisms of the rings Cr(R.) and Z(Re), with each
g € G sendingany A € Cr(Re) and X € Z(Re.), respectively, to g4(N).

(i) Z(R) ={X € Cr(Re) | 04(X) = A, Vg € G}, i.e. Z(R) is the fixed subring
Cr(Re)C of Cr(Re) with respect to the action of G.

Proof- See the proof of Lemma D.4.3 in Paper D. a

10
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1.1.6 Crossed product-like rings

This class of rings were introduced in Paper C in order to generalize pre-crystalline graded
rings and allow broader classes of examples to fit in.

Definition 1.1.17 (Crossed product-like ring). An associative and unital ring A is said
to be crossed product-like if

o There is a monoid M (with neutral elemente) andamapu: M — A, s — us
such that ue = 1 4 and us # 04 for every s € M.

o There is a subring Ay C A containing 1 4.
such that the following conditions are satisfied:
P1) A=@P,cps Aous;
(P2) Foreachs € M, us Ay C Agp us and Ag uy is a free left Ag-module of rank one;
(P3) The decomposition in P1 makes A into an M -graded ring with 4y = A..
Lemma 1.1.18. With notation and definitions as above:

(i) Forevery s € M, there is a set map o5 : Ay — Ao defined by usa = os(a)us for
a € Ag. The map o is additive and multiplicative. Moreover, 0, = id 4,,.

(i) Thereis aset map o : M x M — Ay defined by usuy = (s, t)ust fors,t € M.
For any triple s,t,w € M and a € Ay the following equalities hold:

a(s, t)a(st,w) = os(at,w))a(s, tw)
os(ot(a))a(s,t) = als, t)ost(a)
(i) For every s € M we have a(s,e) = afe, s) = 1 4,.
Proof. (i) It follows from (P2) that o5, s € M, is well-defined. For a,b € Ag we get:

us (ab) = (usa)b = os(ab) = os(a) os(b)
us(a+b)=usa+usb = os(a+b)=o0s(a)+os(b)

using that Agus is a free left Ag-module with basis us and that A is associative.
For any a € Ag we have

a=uca = o(a)
and hence 0, = id 4,.

11
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(ii) It follows from (P3) that « is well-defined. For any triple s,¢,w € M we have
(s Ut) Uy = us (Ug Uy ). Hence,

a(s,t) a(st,w) uspw = os(a(t,w)) a(s, tw) wspw

and the claim follows from the fact that Agug¢,, is a free left Ag-module with basis
Usty- Secondly, for any a € Ag we have us (us a) = (us ut) a and this yields

os(ot(a)) als, t) ust = a(s,t) ost(a) ust.
Thus proving the second claim.

(iii) Forany s € M we have us = usu. = a(s,e) us which yields a(s,e) = 14,.
Analogously we obtain a(e, s) = 1 4,,.
O

By the foregoing lemma we see that, for arbitrary a,b € Ag and s,t € M, the
product of @ us and b, in the crossed product-like ring A may be written as

(aus)(but) = aos(b) als, t)ust

and this is the motivation for the name crossed product-like. A crossed product-like ring
A with the above properties will be denoted by A¢QS M, indicating the maps o and .

Remark 1.1.19. Note that for s € M\ {e} we need not necessarily have o5(1.4,) = 1.4,
and hence 0 need not be a ring morphism.

1.1.7 Pre-crystalline and crystalline graded rings

Crystalline graded rings were introduced by E. Nauwelaerts and E Van Oystaeyen in [28]
and have been further studied in [29-32, 34, 39—41].

Definition 1.1.20 (Pre-crystalline graded ring). A crossed product-like ring
AoOS M where for each s € M, Agus = us Ao, is said to be a pre-crystalline graded

ring.
Lemma 1.1.21. If AgQS M is a pre-crystalline graded ring, then the following holds:
(i) Foreverys € M, the map 05 : Ay — Ag is a surjective ring morphism.

(i) IfM is a group, then
a(g,g7") = a4(alg™,9))
Jor each g € M.

12
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Proof. (i) It follows from Lemma 1.1.18 that 05, s € M, is additive and multiplicative.
The surjectivity of o follows from Ag us C us Ao, i.e. for an arbitrary b € Ay we have
that bus = us a for some a € Ay, thus b = 04(a). In particular the surjectivity implies
0s(14,) =14, foreach s € M.

(i) By putting s = g, ¢t = g~ and w = g in Lemma 1.1.18, we obtain

1

alg,g7 ") ale,g) = o4(a(g™",9)) (g, €)

and by using a(e, g) = a(g, €) = 1 4, we conclude that
o(g,97") = o4(alg™, 9)
forany g € G. |

In a pre-crystalline graded ring, one may show that for s,t € M, the a(s, t) are nor-
malizing elements of Ay in the sense that Aga(s, t) = a(s,t).Ay (see [28, Proposition
2.3]). If we in addition assume that Aj is commutative, then we see by Lemma 1.1.18
that the map 0 : M — End(.Ap) is a monoid morphism.

For a pre-crystalline group graded ring Ao Q05 G, we let S(G) denote the multiplica-
tive set in Ag generated by {a(g, g71) | g € G} and let S(G x G) be the multiplicative
set generated by {(g, h) | g, h € G}. Recall that Ay is said to be S(G)-torsion free if

ts(a)(Ao) = {a € Ag | sa =0 forsome s € S(G)} = {0}.

Lemma 1.1.22 (see [28]). If A = AoQ2G is a pre-crystalline group graded ring, then the
Jollowing are equivalent:

o Ay is S(G)-torsion free.

o A is S(G)-torsion free.

e a(g,g7Y)ao = 0 for some g € G implies ag = 0.

o a(g, h)ag = 0 for some g, h € G implies ag = 0.

o Aoug = ugAg is also free as a right Ag-module, with basis ug, for every g € G.
o Forevery g € G, 04 is bijective and hence a ring automorphism of Ag.

From Lemma 1.1.22 we see that when A is S(G)-torsion free in a pre-crystalline
group graded ring Ao Q¢ G, we have im(o) C Aut(Ag). We shall now state the defini-
tion of a crystalline graded ring.

Definition 1.1.23 (Crystalline graded ring). A pre-crystalline group graded ring Ao 05 G
which is S(G)-torsion free is said to be a crystalline graded ring.

13
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1.1.8 Examples of graded rings

Recall that every ring R is (strongly) group graded by the trivial group G = {e} by
putting R = R. We shall now give examples of some nontrivial monoid gradings and

group gradings.

Example 1.1.24 (Polynomial ring). Let A be a ring and consider the polynomial ring
R = A[X] in the indeterminate X. By putting

e R, =AX" forn e Zzo
e Ry, ={0},form € Zg
we have defined a Z-gradation on R. Note, however, that this is not a strong gradation.

In the preceding example, the ring R = A[X] may also be regarded as strongly
graded by the monoid (Z>¢, +).

Example 1.1.25 (Laurent polynomial ring). Let A be a ring and consider the Laurent
polynomial ring R = A[X, X 1] in the indeterminate X . By putting

e R,=AX" forne€Z
we have defined a Z-gradation on R, which clearly makes R into a Z-crossed product.

Example 1.1.26 (The first Weyl algebra). Let R = —EeU) - the so called Sorst Weyl

T (yz—zy-1)°
algebra. If we put

o Ry = Clzy]
e R, = Clzy]z™ forn € Zsg
e R, =Clayly ™ form € Z<g
then one may verify that this defines a Z-gradation on R.

Example 1.1.27 (Field extensions). Let K C E be a field extension and suppose that
E = K(«), where « is algebraic over K, and has a minimal polynomial of the form
p(X) = X" —aforsomea € K andn € Z~q. Then the elements 1, a;, a2, ..., a" "1
form a basis for F over K. Thus,

n—1
E= @ Ka'
1=0

and this defines a Z,,-gradation on E with Ey = K. Moreover, E is a crossed product
with this gradation.

14
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A special case of Example 1.1.27 is given by the following familiar example.

Example 1.1.28 (Complex numbers). The field of complex numbers is an extension of
the field of real numbers, where the imaginary unit ¢ is algebraic over R with minimal

polynomial p(X) = X2 + 1. Thus, C = R @ Ri is clearly a Zo-graded ring.

Example 1.1.29 (The real quaternion algebra). Let H = R @ Ri @ Rj & Rk with
multiplication defined by i = —1, j2 = —landij = —ji = k. This is a 4-dimensional
R-algebra with center R. By putting

deg(1) = (0,0), deg(i) = (0,1), deg(j)=(1,0) and deg(k) = (1,1)

one may verify that H is a Zy X Zg-graded algebra, which is in fact a crossed product.
This means that H = R %% (Z2 X Zs3) and we shall now determine the maps o and
o explicitly. The coefficient ring R is the center of H and hence we must have o =
0; = 0 = o = idg which means that H is a twisted group algebra. The map
a: (Za X Zs) X (Zg x Zz) — U(R) is defined by

a(l,1)=1 a(l,i)=1 a(l,j)=1 a(l,k)=1
a(i,1) =1 a(i,i)=-1 a(i,j)=1 a(i, k) =-1
a(j,1)=1 a(j,i)=-1 a(j,j)=-1 a(jk) =1
ak,)=1 ak,i)=1 ak,j)=-1 alkk)=-1.

In the above description, the elements 1,4, j, k are to be identified with their respective
group elements in Zy X Zs corresponding to their degree.

Remark 1.1.30. The real quaternion algebra is an example of a so called division ring
(sometimes also referred to as a skew field), i.e. a ring with 0 # 1 for which every nonzero
element has a multiplicative inverse. It was a common belief that all division rings were
crossed products, until S. Amitsur [1] constructed the first example of a noncrossed product
division ring in 1972.

1.2 Category and groupoid graded rings

In papers A to E we mainly consider group gradings (and occasionally monoid gradings).
In Paper F we consider category gradings which is the most general type of grading. For
this reason we include this short section where we shall recall some basics and particularly
highlight the difference to the situation of Defininition 1.1.1.

Let C be a small category. We shall denote by ob(C) the set of objects of C and by
mor(C) the set of morphisms of C. If « is a morphism of C then we shall indicate this by
writing @ € mor(C) or simply & € C. The domain and codomain of a morphism « is
denoted by d(«) and ¢(a) respectively. An object a of C will often be identified with its
identity morphism id,. The set of identity morphisms is denoted by Co.

15
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Given two objects a, b € ob(C), the set of morphisms from a to b will be denoted by
home (a, b) or hom(a, b). By C?) we denote the set of all composable pairs of morphisms
of C. This means that (o, 3) € C? if and only if d(a) = ¢(B). If (o, B) € C), then

the composition morphism
d(B) = e(B) = e(a)
is denoted by a3. We say that a category is cancellable if each morphism of the category
is both an epimorphism and a monomorphism.
Definition 1.2.1. A category is called a groupoid if each morphism is an isomorphism.
Obviously, a groupoid is cancellable.

Definition 1.2.2 (Category graded ring). Let C be a category. A ring R is said to be
graded by C if there is a family {Rs}sec of additive subgroups of R, such that

R if(s,t) € C?

R = @RS and  RsR¢ C { {0} otherwise.

seC

If RsRt = Rt holds forall (s,t) € C@, then we say that R is strongly graded by C.
Definition 1.2.2 is a generalization of Definition 1.1.1 from rings graded by a one-object
category to rings graded by a general category.

The category of graded rings

The category of all rings is denoted by RING. If C is a category, then the category of C-
graded rings, denoted by C-RING, is obtained by taking all C-graded rings as the objects
and for the morphisms between C-graded rings R = @, Rs and S = @, St we
take the ring morphisms ¢ : R — S such that (R;) C S forevery s € C.

Different gradations on a given ring
Let G be a groupand R = P Ry a G-graded ring. For any nonempty subset X of
G we denote

Rx = P R..

zeX

In particular, if H is a subgroup of G, then Ry = @heH Ry, is a subring of R, and
it is in fact an H-graded ring. Clearly the correspondence R — Ry defines a functor
()u : G-RING — H-RING. If N is a normal subgroup of G, then R can be
regarded as a G /N-graded ring (as seen in Lemma 1.1.15) by writing

- @ (@R

gNeG/N \zegN
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Therefore R has a natural G/N-grading and we can define a functor
Ug/n : G-RING — G/N-RING, associating to the G-graded ring R the same
ring with the G/N-grading described above. If N = G, then G/G-RING = RING,
and the functor Ug/ ¢ is exactly the forgetful functor U : G-RING — RING, which
associates to the G-graded ring R the underlying ring R.

1.3 Motivation coming from C*-algebras

In this section we shall briefly explain how one constructs a C*-crossed product algebra
from a C*-dynamical system. Furthermore, we will show how to associate a transfor-
mation group C*-algebra to any given topological dynamical system. Finally, we state
Theorem 1.3.3 which establishes a connection between the dynamics of a topological
dynamical system and algebraic properties of its associated C*-crossed product algebra.

C*-dynamical systems and C*-crossed product algebras

Recall that a C*-algebra 2 is a Banach *-algebra over C, the field of complex numbers,
satisfying the so called C*-identizy, i.e.

la*ally= llall, Va e

Definition 1.3.1. A C*-dynamical system is a triple {2(, G, a}, consisting of a C*-
algebra 2, a locally compact group G and a strongly continuous representation o : G —
Aut(), i.e. s, — sin G implies ||as,, (a) — as(a)||la— O forall a € 2.

To each C*-dynamical system one may associate a C*-crossed product algebra. We
are now going to explain how this can be done for a C*-dynamical system {2, G, a} by
restricting our attention to the case when G is a countable discrete group and 2 is a unital
C*-algebra.

A covariant representation of the C*-dynamical system, is a pair (7, V') where 7 is a
*-representation of 2 on a Hilbert space H and s — Vi is a unitary representation of G
on the same space such that

Vom(A) Ve = m(as(A)) forall A€ A s eG.

The space of continuous compactly supported 2-valued functions on G is just the
space of all finite formal sums f = ZteG Ayuy with coefficients A; € U, fort € G. Let
A X G denote the usual algebraic skew group algebra, i.e. the multiplication is defined
by the rule uy Au;—1 = o4 (A) for A € A and ¢ € G. One may define an involution on
A X G by putting u’ = us—1 for s € G. This yields

(Aug)* = ufA* = ug 1 A ugug 1 = oy H(A")ug

17
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for A € Aand s € G. Hence, for an arbitrary f = ), Ajuy € A xo G, we get
= al A
teG

The covariant representation (7, V') of {2, G, a} yields a *-representation of {2, G, o}
by

o(f) =) m(A)V,

teG

for f = ZteG Ayup € A X G. Indeed,

p(f) = D Vra(A)T = Viam (A ViV

teq@ teG@

= > m(as(A )V = o(f*)
seG

and
e(ele) = Y. m(A)Vir(Buw)Va

teGweG

= ZZ (A)(Vym(Buw) Vi) ViV
teGweqG

= D ) w(A)m(en(Buw))Viw
teGweqd

= Z (Z W(Atat(Bt—ls))) Vs =p(f9)
seG \teG

for f = ZteG Asugand g = ZweG Bty in AX,G. Conversely, any *-representation
of A X4 G yields a covariant representation of {2, G, a} simply by the restrictions

W(A) = @(Aue) and V; = SD(US>'
for A € 2Aand s € G. Indeed,
Vem(A)VS = p(us)p(Aue)p(us)” = p(usAug-1) = p(as(A)ue) = m(as(A)).

We can introduce a norm on 2 X, G by

1=l 4]l

teG

for f =3, Atur. The completion of A 1, G with respect to this norm is a Banach *-
algebra which we denote by ¢! (2 x1,, G). One can show that there is a natural one-to-one

18
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correspondence between *-representations of /! (2x,G) and covariant representations of

P
{2, G, a} (see [2]). The C*-crossed product algebra, which we shall denote by 2 %, G,
is defined as the enveloping C* -algebra of o/t (A x4 G). That is, one defines a C*-norm
by
1 f1|= suplle(f)]
)

and ¢ runs over all x-representations of £}(A X, (), which can be shown to be a
nonempty family of representations [2, 9].

C*-crossed products associated to topological dynamical systems

A topological dynamical system 3 = (X, h) is a pair consisting of a compact Hausdorff
space X and a homeomorphism

h: X — X.

Proposition (see [33]). Let C'(X) be the algebra of all complex-valued continuous func-
tions on a compact space X, where the involution on C(X) is given by pointwise

complex conjugation, i.e. f*(z) = f(z) for all # € X and the norm is given by
[|fIl=sup,ex|f(z)|. Then C'(X) is a unital C*-algebra.

To each topological dynamical system ¥ = (X, i), one may associate a C*-dynamical
system. Indeed, choose A = C'(X) and G = (Z, +) (a countable discrete group), and
let h : Z — Aut(C(X)) be the action defined by

ho(f)(@) = f(B° (), feC(X),zeX

for s € 7. One may verify that h is a strongly continuous group representation of Z
in Aut(C(X)). This shows that (C(X),Z, h) is a C*-dynamical system and hence we

may define its associated C*-crossed product.
Definition 1.3.2. Let ¥ = (X, h) be a topological dynamical system. Then

c*
C(X) ><I;L Z

is called the transformation group C*-algebra associated to ¥ = (X, h).

Given a topological dynamical system, Z acts on X in an obvious way by taking iterations
of hand h™L. For this dynamical system we shall now define the following sets:

(i) Per"(X,h):={z € X | x=h°"(2)}
(i) Per,(X,h) :=Per"(X,h)\ {U"_, Per™(X,h)}

m=
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(iii) Per(X,h):=U Per™ (X, h)

meEZxso
(iv) Per™(X,h) := X \ Per(X,h)

From this definition we see that Per (X, h) contains points which have period n (or
fixed points if n = 1) or a period of which n is a multiple. The set Per,,(X, h) contains
points of exactly period nn. The set Per(X, h) contains all points that are periodic or fixed
points. Points which belong to Per™ (X, h) are called aperiodic points.

The following theorem can be found in the book [49] by J. Tomiyama.

Theorem 1.3.3. Let ¥ = (X, h) be a topological dynamical system. The following three
assertions are equivalent:

(i) Per™ (X, h) is dense in X ;
ot
(i) INC(X) # {0}, for any closed nonzero ideal I of C(X) x; Z;

o
(iii) C(X) is @ maximal commutative C* ~subalgebra of C(X) x; Z.

In the work of C. Svensson, S. Silvestrov and M. de Jeu [46-48], an algebraic ana-
logue of the above theorem is proven for the Z-graded skew group algebra which embeds
densely into this C*-crossed product algebra. Their work also includes other algebraic
generalizations of the above theorem.
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Summary of the thesis

For C*-crossed product algebras associated to topological dynamical systems, there is
a well-known connection between maximal commutativity of a certain commutative
C*-subalgebra of the C*-crossed product algebra, and the way in which ideals intersect
this C*-subalgebra, as displayed by Theorem 1.3.3 in Section 1.3.

In [46-48], C. Svensson, S. Silvestrov and M. de Jeu prove various analogues of
Theorem 1.3.3, for (algebraic) skew group algebras graded by (Z,+). This makes it
natural to ask whether or not this can be further generalized to more general classes of
graded rings.

Let A be a (noncommutative) ring which contains a commutative subring Ag such
that 1 4 € Ap. Consider the following two assertions:

S1: A is a maximal commutative subring of A.

$2: I N Ay # {0}, for each nonzero twosided ideal I of A.

If 82 is satisfied, then Ay is said to have the ideal intersection property. The question
that we are asking is: When are S1 and S2 equivalent? We consider this question for
different types of graded rings, where Ag is chosen to be the neutral component of a
graded ring A. As we shall see, for almost all the types of graded rings that we consider,
the assertion S1 implies the assertion S2. The converse, however, need not always hold.

Ideal intersection properties of this kind are not only interesting in their own right,
they also play a key role when describing simplicity of the ring itself. When investigating
simplicity of strongly group graded rings, this will be very useful.

Skew group rings have been studied in depth, see e.g. [25], but necessary and suffi-
cient conditions for a skew group ring to be simple are not known. For skew group rings
with commutative neutral component, we resolve this problem (see Paper E).

The results in this thesis generalize results from [6, 7, 15, 45-48]. In the following
sections we shall give an overview of the results obtained in the papers of Part II and also
make a short comment on some further results.

2.1 Overview of Paper A

In this paper the focus lies on algebraic crossed products. We give an explicit description of
the center of a general crossed product ring A XZ G (Proposition A.3.1) and describe the
commutant Caxs G (A) of the coefficient ring A (Theorem A.4.1). From this we directly
obtain necessary and sufficient conditions for maximal commutativity of 4 in A xZ G
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(Corollary A.4.3). We generalize [46, Proposition 2.1] by giving sufficient conditions for
Caxga(A) to be commutative (Proposition A.4.11). The main theorem of the paper is
the following (Theorem A.5.1).

Theorem. If A is commutative and A xZ G is a G-crossed product, then
In CANZG(-A) 7é {0}
for each nonzero twosided ideal I of A X2 G.

From the above theorem, we immediately conclude that if the coefficient ring A is
maximal commutative in the algebraic crossed product A X7 G, then A has the ideal
intersection property. A method to construct nonzero ideals which have zero intersection
with the coefficient ring A of a G-crossed product A X7 G is given by Theorem A.5.4.
As a corollary to this result, we obtain the following (Corollary A.5.8).

Corollary. Let A X7 G be a skew group ring where G is abelian. If A has the ideal
intersection property, then ker(o) = {e}.

This result indicates that for the neutral component of a skew group ring one can
still hope to obtain an equivalence between having the ideal intersection property and
being maximal commutative. This investigation is continued in Paper B and eventually
completed in Paper E. If we, in addition to the above corollary, assume that A is an
integral domain, then we conclude that if A has the ideal intersection property then A is
maximal commutative in the skew group ring A x? G (Theorem A.5.11). Several results
obtained in this paper generalize results in [45-48].

2.2 Overview of Paper B

In this paper we turn our focus to pre-crystalline graded rings and skew group rings. Recall
that algebraic crossed products are examples of (pre-) crystalline graded rings, and hence
we are now considering a broader class of rings than in Paper A. Generalizing the work in
Paper A, we give an explicit description of both the center of a pre-crystalline graded ring
A = AgO%G (Proposition B.3.9) and the commutant C 4(Ag) of the neutral compo-
nent subring Ay (Theorem B.3.1). We generalize some of the results obtained in Paper A,
and in particular we obtain the following (Corollary B.3.13) which generalizes Theorem
A.5.1 in Paper A.

Corollary. If A = Ay0SG is a crystalline graded ring where Ay is commutative, then

I'NCa(Ao) # {0}

for each nonzero twosided ideal I of A.
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The conclusion is that even for a crystalline graded ring A¢ Q& G, maximal commu-
tativity of the neutral component subring Ay implies that it has the ideal intersection
property.

Continuing the work on skew group rings from Paper A, we now consider skew group
rings Ag X, G where Ag is commutative and G is a torsion-free abelian group. We show
that if Ag has the ideal intersection property, then it is maximal commutative in the skew
group ring. This is summed up in the following (Theorem B.3.16).

Theorem. Let Ay X, G be a skew group ring. If either of the following two conditions
is satisfied:

(i) Ao is an integral domain and G is an abelian group;
(ii) Ap is commutative and G is a torsion-free abelian group.

Then Ay is maximal commutative in Ay X, G if and only if Ag has the ideal intersection
property.

By giving an example of a twisted group ring we show that in general the ideal intersec-
tion property is not enough to ensure maximal commutativity of the neutral component
of a graded ring (Example B.4.2). We also provide sufficient conditions for maximal
commutativity of Ag to be equivalent to Ay having the ideal intersection property in a
crystalline graded ring (Theorem B.3.17).

2.3 Overview of Paper C

In this paper we introduce crossed product-like rings as a class of rings (see Definition C.2.2)
containing the pre-crystalline graded rings, and therefore also the crossed product rings,
as special examples. These rings share many properties with classical crossed product,
but they need not be group graded and they allow more general examples to fit in. We
provide explicit descriptions of the center (Proposition C.4.1) and the commutant of
the neutral component (Theorem C.3.1) in these rings and give an example of a crossed
product-like ring A = A0S M in which there actually exists a nonzero ideal I for which
INCa(Ag) = {0} (Proposition C.5.1). This displays a difference between the group
graded and the monoid graded situation. The rest of this paper has a substantial overlap
with Paper B.

2.4 Overview of Paper D
In this paper we turn our attention to general strongly graded rings, not necessarily crossed

products. Given a G-graded ring R = €D, Ry and a subgroup H of G, one may
consider the restriction of R to H, ie. Ry = D, cr Rn, which is an H-graded
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subring of R. We prove the following theorem which gives an explicit description of the
commutant of Rg in R (Theorem D.4.7) and this generalizes [15, Proposition 1.8 iii].

Theorem. Let R = €D, Ry be a strongly G-graded ring, H a subgroup of G and
denote Ry = P,cpy Ri- f 0 : G — Aut(Cr(Re)) is the action defined in (D.5),

then it follows that

Cr(Ry) = {)\— STAER ( Ay € Cr(R) N Ry,
geG

Jh(/\g) = >‘hgh*17 Vg € G,Vh € H}

(M€ CR(Re) | on(N) = A, Vh € H}.

This theorem also generalizes the previous description given in Paper A, where we
only considered H = {e} and only for algebraic crossed products, not general strongly
graded rings. We also prove the following theorem (Theorem D.4.9).

Theorem. Let R = P gEGRQ be a strongly G-graded ring where R, is commuta-
tive and ker(o) is the kernel of the previously defined action 0 : G — Aut(R.), i.e.
ker(o) = {g € G | 0g(Ae) = Ae, VAe € Re}. If H is a subgroup of G which is
contained in ker(o) N Z(G), then

I'NCr(Ru) # {0}
for each nonzero twosided ideal I of R.

As a corollary to this we get the following (Corollary D.4.11) which generalizes The-
orem A.5.1 in Paper A, from a G-crossed product to a general strongly graded ring.

Corollary. If R = P Ry is a strongly G-graded ring where R is commutative,
then

I'NCr(Re) # {0}

for each nonzero twosided ideal I of R.

From this we conclude that for strongly group graded rings where the neutral compo-
nent is maximal commutative, it will also have the ideal intersection property. Finally, we
consider crystalline graded rings. Given a subgroup H of G we give a description of the
commutant of A in the crystalline graded ring A and give sufficient conditions for each
nonzero twosided ideal I of A to have a nonzero intersection with C4(Ap ) (Theorem
D.5.7).
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2.5 Overview of Paper E

In this paper, the connection between simplicity of group graded rings and G-simplicity
of certain subrings is studied. For this purpose, results about intersections between ideals
and certain subrings are very important. We begin by improving some of the results
from the previous papers. First we prove the following result (Theorem E.3.1) which
generalizes Corollary D.4.11.

Theorem. If R = P Ry is a strongly G-graded ring, then

geG
INCr(Z(R.)) #{0}

for each nonzero ideal I of R.

An analogue of this theorem is also proven for crystalline graded rings under a certain
condition (Theorem E.3.3). We move on to prove the following theorem (Theorem
E.3.5) and thereby generalizing Theorem A.5.11, Theorem B.3.16 and several results in
[45—48].

Theorem. Let R = R, X, G be a skew group ring with R, commutative. The following
two assertions are equivalent:

(i) Re is a maximal commutative subring of R.
(ii) I NRe # {0} for each nonzero ideal I of R.

For each strongly group graded ring R = €P . Ry there is a canonical action
0 : G — Aut(Cr(Re)) and the main goal of the second half of this paper is to relate
G-simplicity of Cr (R.) and Z(R.) to simplicity of the graded ring itself. The following

theorem gives sufficient conditions for a strongly graded ring to be simple.

Theorem (E Van Oystaeyen, 1984). Let R = P, Ry be a strongly G-graded ring
such that the morphism G — Pic(R.), defined by g — [Ry], is injective. If R, is a

simple ring, then R is a simple ring.

For a general strongly graded ring with commutative neutral component, we prove
the following (Theorem E.6.6) which does not require R to be simple, and which relates
simplicity of the graded ring to G-simplicity of the commutative neutral component.

Theorem. Let R = P e R4 be a strongly G-graded ring. If R is maximal commu-
tative in R, then the following two assertions are equivalent:

(i) Re is a G-simple ring (with respect to the canonical action).

(ii) R is a simple ring.
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Necessary and sufficient conditions for a general skew group ring to be simple are not
known, but for skew group rings with a commutative neutral component the following
result (Theorem E.6.13) resolves this problem.

Theorem. Let R = R X, G be askew group ring with R, commutative. The following
two assertions are equivalent:

(i) Re is a maximal commutative subring of R and R is G-simple.
(ii) R is a simple ring.

The following theorem appears in [7, Theorem 2.2] and is one of the main results in

the thesis [6].

Theorem (K. Crow, 2005). Suppose A is a commutative semiprime ring and o is an
action of a group G on A. Assume that e is the only element of G’ whose image under o
is the identity on some nonzero ideal of A. Then A %, G is simple if and only if A is
G-simple.

In Paper E it is pointed out that Theorem E.6.13 is a generalization of Crow’s result.
To make this clear, we are now going to show explicitly how Crow’s result can be retrieved
directly from either Theorem E.6.6 or Theorem E.6.13. For a subset S of a commutative
ring A, the annihilator ideal of S in A is defined to be the set Anna(S) = {b € A |

sb =0, Vs € S}. The following useful proposition appears in [7, Proposition 2.2 (a)].

Proposition 2.5.1. Ler A be a semiprime ring and f an automorphism of A. If A is
commutative, then the following are equivalent:

() f is X-inner.
(i) Anna((f —ida)(A4)) # {0}

(iii) There is a nonzero ideal I in A so that f is the identity on 1.

The following proposition shows that the assumptions made in [7, Theorem 2.2]
actually force the coefficient ring to be maximal commutative in the skew group ring and
hence both Theorem E.6.6 and Theorem E.6.13 are applicable, thus yielding the desired

conclusion.

Proposition 2.5.2. If A is a commutative semiprime ring and o is an action of a group
G on A, such that e is the only element of G whose image under o is the identity on some
nonzero ideal of A, then A is maximal commutative in A X, G.

Proof. Pick an arbitrary pair (s,75) € (G \ {e}) x (A \ {0}). By Proposition 2.5.1 we
conclude that Anny (o — ida)(A) = {0}. Hence we can pick some a € A such that
os(a) —a ¢ Ann(rs). By Corollary A.4.3 we conclude that A is maximal commutative

in A X, G. O
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At the end of the paper we consider the skew group algebra C(X') i, Z associated
to a topological dynamical system (X, h) and prove the following (Theorem E.7.6).

Theorem. If (X, h) is a topological dynamical system with X infinite, then the following
assertions are equivalent:

() C(X) %3, Z is a simple algebra.
(i) C(X) is maximal commutative in C'(X) X, Z and C(X) is Z-simple.
(iii) (X, h) is 2 minimal dynamical system.

This result is an analogue of a well-known result in the theory of C*-algebras and
topological dynamics.

2.6 Overview of Paper F

In this paper we introduce category crossed products as a natural generalization of group
graded algebraic crossed products and crystalline graded rings. This class of rings also gen-
eralize matrix rings. There is one big difference between the rings considered in this paper,
compared to the rings considered in the previous papers. In papers A, B, C, D and E the
rings that we study are all group graded (and occassionally monoid graded). However, in
this paper the rings are usually graded by a general category and sometimes a groupoid.
We are able to generalize most of the results in Paper A to groupoid crossed products.
We give an explicit description of the center of a category crossed product (Proposition
F2.4) and also describe the commutant of the neutral component A = @eGob(G) At
in a category crossed product A 19 G (Proposition E3.1). For a groupoid G with a
finite number of objects, we let A denote the neutral component subring and show the
following (Theorem E4.1).

Theorem. If A x9 G is a groupoid crossed product such that for every s € G, a(s, s™1)
is not a zero divisor in A.(s), then every intersection of a nonzero twosided ideal of
A X7 G with the commutant of Z(A) in A X7 G is nonzero.

The preceding theorem is a generalization of Theorem A.5.1 in a direction which
is different compared to the previous generalizations. We conclude that if the neutral
component subring A is maximal commutative in the groupoid crossed product, then
it has the ideal intersection property. In the last part of the paper we provide different
ways to construct nonzero ideals of the category crossed product, which have zero in-
tersection with the neutral component subring (Proposition F4.5, Proposition E4.6 and
Proposition F4.7). For skew groupoid rings we give sufficient conditions to obtain an
equivalence between maximal commutativity of the neutral component A and the neu-
tral component having the ideal intersection property (Proposition E4.8). In this paper
we also give some examples of category crossed products.
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2.7 A comment on further results

In the recent preprint [36] it has actually been shown that Theorem E.3.1, Theorem
E.3.3 and Theorem E4.1 can be simultaneously generalized to general groupoid graded
rings with a certain ideal property. Furthermore, Theorem E.3.5 can be generalized to
more general types of groupoid graded rings.
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Paper A

Commutativity and ideals in algebraic
crossed products

Johan Oinert and Sergei D. Silvestrov

Abstract. We investigate properties of commutative subrings and ideals in non-commutative
algebraic crossed products for actions by arbitrary groups. A description of the commutant of
the coefficient subring in the crossed product ring is given. Conditions for commutativity and
maximal commutativity of the commutant of the coefficient subring are provided in terms of
the action as well as in terms of the intersection of ideals in the crossed product ring with
the coefficient subring, specially taking into account both the case of coefficient rings without
non-trivial zero-divisors and the case of coefficient rings with non-trivial zero-divisors.

A.1 Introduction

The description of commutative subrings and commutative subalgebras and of the ideals
in non-commutative rings and algebras are important directions of investigation for any
class of non-commutative algebras or rings, because it allows one to relate representation
theory, non-commutative properties, graded structures, ideals and subalgebras, homologi-
cal and other properties of non-commutative algebras to spectral theory, duality, algebraic
geometry and topology naturally associated with the commutative subalgebras. In rep-
resentation theory, for example, one of the keys to the construction and classification of
representations is the method of induced representations. The underlying structures be-
hind this method are the semi-direct products or crossed products of rings and algebras
by various actions. When a non-commutative ring or algebra is given, one looks for a
subring or a subalgebra such that its representations can be studied and classified more
easily, and such that the whole ring or algebra can be decomposed as a crossed product of
this subring or subalgebra by a suitable action. Then the representations for the subring
or subalgebra are extended to representations of the whole ring or algebra using the ac-
tion and its properties. A description of representations is most tractable for commurtative
subrings or subalgebras as being, via the spectral theory and duality, directly connected to
algebraic geometry, topology or measure theory.

If one has found a way to present a non-commutative ring or algebra as a crossed
product of a commutative subring or subalgebra by some action on it of the elements from
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outside the subring or subalgebra, then it is important to know whether this subring or
subalgebra is maximal abelian or, if not, to find a maximal abelian subring or subalgebra
containing the given subalgebra, since if the selected subring or subalgebra is not maximal
abelian, then the action will not be entirely responsible for the non-commutative part
as one would hope, but will also have the commutative trivial part taking care of the
elements commuting with everything in the selected commutative subring or subalgebra.
This maximality of a commutative subring or subalgebra and associated properties of the
action are intimately related to the description and classifications of representations of the
non-commutative ring or algebra.

Litde is known in general about connections between properties of the commuta-
tive subalgebras of crossed product rings and algebras and properties of the action. A
remarkable result in this direction is known, however, in the context of crossed product
C*-algebras. In the case of the crossed product C*-algebra C'(X) x4, Z of the C*-algebra
of complex-valued continuous functions on a compact Hausdorff space X by an action of
Z via the composition automorphism associated with a homeomorphism o : X — X,
it is known that C(X) sits inside the C*-crossed product as a maximal abelian C*-
subalgebra if and only if for every positive integer n, the set of points in X having period
n under iterations of ¢ has no interior points [26, Theorem 5.4], [25, Corollary 3.3.3],
[27, Proposition 4.14], [10, Lemma 7.3.11]. This condition is equivalent to the action of
Z on X being topologically free in the sense that the non-periodic points of ¢ are dense
in X. In [24], a purely algebraic variant of the crossed product allowing for more gen-
eral classes of algebras than merely continuous functions on compact Hausdorft spaces
serving as coefficient algebras in the crossed products was considered. In the general set
theoretical framework of a crossed product algebra A X, Z of an arbitrary subalgebra A
of the algebra CX of complex-valued functions on a set X (under the usual pointwise
operations) by Z acting on A via a composition automorphism defined by a bijection of
X, the essence of the matter is revealed. Topological notions are not available here and
thus the condition of freeness of the dynamics as described above is not applicable, so
that it has to be generalized in a proper way in order to be equivalent to the maximal
commutativity of A. In [24] such a generalization was provided by involving separation
properties of A with respect to the space X and the action for significantly more arbitrary
classes of coefficient algebras and associated spaces and actions. The (unique) maximal
abelian subalgebra containing A was described as well as general results and examples and
counterexamples on equivalence of maximal commutativity of A in the crossed product
and the generalization of topological freeness of the action.

In this article, we bring these results and interplay into a more general algebraic con-
text of crossed product rings (or algebras) for crossed systems with arbitrary group actions
and twisting cocycle maps [17]. We investigate the connections with the ideal structure
of a general crossed product ring, describe the center of crossed product rings, describe
the commutant of the coefficient subring in a crossed product ring of a general crossed
system, and obtain conditions for maximal commutativity of the commutant of the co-
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efficient subring in terms of the action as well as in terms of intersection of ideals in the
crossed product ring with the coefficient subring, specially taking into account both the
case of coefficient rings without non-trivial zero-divisors and the case of coefficient rings
with non-trivial zero-divisors.

A.2 Preliminaries

In this section we recall the notation from [17], which is necessary for the understanding
of the rest of this article. Throughout this article all rings are assumed to be associative
rings.

Definition A.2.1. Let G be a group with unit element e. The ring R is G-graded if
there is a family {Rs },ec of additive subgroups Ry of R such that R = @, Ro
and RoR+ C Ry (strongly G-graded if, in addition, D also holds) for every o, 7 € G.

Definition A.2.2. A unital and G-graded ring R is called a G-crossed product if
U(R) N R, # 0 for every o € G, where U(R) denotes the group of multiplication
invertible elements of R. Note that every G-crossed product is strongly G-graded, as
explained in [17, p.2].

Definition A.2.3. A G-crossed system is a quadruple {4, G, 0, @}, consisting of a unital
ring A, a group G (with unit element €), a map 0 : G — Aut(A) and a o-cocycle map
a: G x G — U(A) such that for any z,y, z € G and a € A the following conditions
hold:

(i) o2(0y(a)) = oz, y) oay(a) afz,y) ™!
(i) a(z,y) a(zy,z) = 0z(aly, 2)) a(z,yz)
(i) a(z,e) =ale,z) =14

Remark A.2.4. Note that, by combining conditions (i) and (iii), we get o¢(0c(a)) =
oc(a) for all a € A. Furthermore, 0. : A — A is an automorphism and hence
0. = id 4. Also note that, from the definition of Aut(A), we have 04(04) = 04 and
04(14) =14 forany g € G. From condition (i) it immediately follows that ¢ is a group
homomorphism if A is commutative or if ¢ is trivial.

Definition A.2.5. Let G bea copy (asa set) of G. Given a G-crossed system {A, G, 0, a},
we denote by A %9, G the free left A-module having G as its basis and we define a mul-
tiplication on this set by

(a1 T)(a2¥) = a10,(a2) a(z,y) Ty (A1)
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forall ai,a2 € Aand z,y € G. Each element of A X7 G may be expressed as a sum
deG ag g where a; € A and a; = 04 for all but a finite number of ¢ € G. Ex-

plicitly, the addition and multiplication of two arbitrary elements > .z 455, > e bi t
€ A x? G is given by

Zas§+2btf = Z(ag+bg)§

seG teG geG
(Z a5§> (Z th> = Y (@SB = Y asou(b)als,t)st
s€q@ ted (s,t)EGXG (s,t)EGXG

Z Z as0s (bt) a(s, t) g (A2)

9g€G \{(s,t)eGxG|st=g}

Remark A.2.6. The ring A is unital, with unit element 1 4, and it is easy to see that
(1,4€) is the multiplicative identity in A %7, G.

By abuse of notation, we shall sometimes let 0 denote the zero elementin A %% G and
sometimes the unit element in the abelian group (Z, +). The proofs of the two following
propositions can be found in [17, Proposition 1.4.1, p.11] and [17, Proposition 1.4.2,
pp-12-13] respectively (see also [18], [19]).

Proposition A.2.7. Let { A, G, 0, a} be a G-crossed system. Then AXY G is an associative
ring (with the multiplication defined in (A.1)). Moreover, this ring is G-graded, A x% G =
D, ,cc AT, and it is a G-crossed product.

Proposition A.2.8. Every G-crossed product R is of the form A 1, G for some ring A and
some maps o, o

Remark A.2.9. If k is a field and A is a k-algebra, then so is A xZ G.

The coefficient ring A is naturally embedded as a subring into .4 X7 G via the canonical
isomorphism ¢ : A < A %% G defined by a — ae. We denote by A the image of A
under ¢ and by AY = {a € A | o45(a) = a, Vs € G} the fixed ring of A. If Ais
commutative we define Ann(r) = {c€ A | r- ¢ =04} forr € A.

Remark A.2.10. Obviously, A is commutative if and only if A is commutative.

Example A.2.11. Let A be commutative and B = A % G a crossed product. For
z € Gand ¢, d € A we may write

(cT)(de) = cox(d)T = (0,(d)€)(cT)
Letb = c¢T,a=deand f : B — B beamap defined by f = 100, 0¢7 1. Then the

above relation may be written as ba = f(a) b, which is a re-ordering formula frequently
appearing in physical applications.
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A.3 Commutativity in A X7 G

From the definition of the product in A % G, given by (A.2), we see that two elements
> sec@ssand Y, by t commute if and only if

Z as 0s(b) a(s,t) = Z bs os(at) a(s,t) (A.3)

{(s,t)eGxG|st=g} {(s,t)eGXG|st=g}

for each g € G. The crossed product A % G is in general non-commutative and in the
following proposition we give a description of its center.

Proposition A.3.1. The center of A 19, G is

Z(AX?G) = { Z Tgg ’ reg1 ats™h 8) = og(ry-14) s, s 1),

gelG

rsos(a) =ars, Vae€ A, (s,t) € G x G}

Proof. Let Y ,c7q7 € AXZ G bean element which commutes with every element of
AxZ G. Then, in particular ) ¢ § must commute with a € for every a € A. From
(A.3) we immediately see that this implies 75 05(a) = a1, foreverya € Aand s € G.

Furthermore, 3 rg g must commute with 145 for any s € G. This yields

Z re1 afts™h 8)E = Z rga(g,s)gs = Z reog(la) alg,s)gs

teG geG geG
=D rg7 | (1a5) = (1a3) | D747
geG geG
= S a0y (5,057 = 3 0(rg) a(s,0) 57
geG geG
= ZO’S(Tsflt) als,s 1)1
teG

and hence, for each (s,t) € G x G, we have 7,1 a(ts™1,s) = 05(re—1,) a(s, s71t).
Conversely, suppose that > 747 € A X, G is an element satisfying 75 05(a) =
arsand ry—1 a(ts™,s) = o4(re-1,) as,s71t) foreverya € Aand (s,t) € G x G.
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Let . cas5 € A %Y G bearbitrary. Then

> 749 (Zas§)= 3 rgoglas)alg,s)gs

geG seG (9,5)€EGXG

= Z asTqg a(g,s)g_s

(9,5)EGXG
= Z as (res—1 a(ts™, )T
(t,s)eEGXG
= Z asos(rg—14) a(s, s )T
(t,s)EGXG
= Z as0s(rg) a(s,g) 59
(9,5)EGXG
~(Zer) (2
s€G geG
and hence ) | ;74 g commutes with every element of A %, G. O

A few corollaries follow from Proposition A.3.1, showing how a successive addition
of restrictions on the corresponding G-crossed system, leads to a simplified description of

Z(AxZ G).
Corollary A.3.2 (Center of a twisted group ring). Ifo = id , then the center of A X% G

is
Z(AXG) = { Z rgJ ‘ rs € Z(A), reraltsTh,s) =11y as,sTt),
geG
Va€ A, (s,t) €Gx G}
Corollary A.3.3. IfG is abelian and o is symmetric', then the center of A X%, G is
Z(A %7 G) = { ngﬁ ) rsos(a) =ars, rs€ A%, Va€A, se€ G}
geG

Corollary A.3.4. If A is commutative, G is abelian and o = 1 4, then the center of Ax%,G
is

Z(A XS G) = { ngg ‘ rs € A%, 0,(a) —a € Ann(r,), Va € A, s € G}

geG

! Symmetric in the sense that a(z, y) = a(y, x) for every (z,y) € G x G.
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Remark A.3.5. Note that in the proof of Theorem A.3.1, the property that the image of
v is contained in U (A) is not used and therefore the theorem is true in greater generality.
Consider the case when A is an integral domain and let « take its values in A\ {0.4}.
In this case it is clear that 75 05(a) = a7, foralla € A <= ry(os(a) —a) = 0 for
alla € A<= 1y, =0fors € o7 (ida) = {g € G| 04 = ida}. After a change of
variable via 2 = s71 the first condition in the description of the center may be written
as 05(ry) (8, 2) = rege-1 a(sxs™1, 8) forall (s,7) € G x G. From this relation we
conclude that 7, = O ifand only if 74,41 = 0, and hence it is trivially satisfied if we put
7, = 0 whenever ¢ 0! (id4). This case has been presented in [19, Proposition 2.2]
with a more elaborate proof.

The final corollary describes the exceptional situation when Z (A %9 G) coincides
with A xg G, that is when A %9 G is commutative.

Corollary A.3.6. A x¢ G is commutative if and only if all of the following hold:

(1) A is commutative
(i) o5 =ida foreachs € G
(i) G is abelian

(iv) « is symmetric

Proof. Suppose that Z(A %9 G) = A %9 G. Then, A C A %9 G = Z(A %% G) and
hence (i) follows by Remark A.2.10. By assumption, 145 € Z(A X9 G) forany s € G
and by Proposition A.3.1 we see that oy = id 4 for every s € G, and hence (ii). For any
(z,y) € G x G we have a(z,y) TY = (14T)(1aY) = (LaP)(1aT) = aly, z) YT,
but a(z,y) # 04 which implies 2y = yz and also a(z,y) = a(y, z), which shows
(iii) and (iv). The converse implication is easily verified. O

A4 The commutant of Ain A x7 G

From now on we shall assume that G' # {e}. As we have seen, A is a subring of A %% G

and we define its commutant by Comm(A) = {b € A %7 G | ab =ba, Va € A}
Theorem A.4.1 tells us exactly when an element of A X G lies in Comm(.A).

Theorem A.4.1. The commutant of A in A 9, G is

Comm(A) = {Zr&@e AXS G| rsos(a) =ars, Va€e A, s€ G}
seG
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Proof. The proof is established through the following sequence of equivalences:

erg € Comm(A) < (Z rs§> (a€) = (a®) (Z 7“85) , Yae A

seG seG seG
= Z rsos(a)a(s,e)se
seG
= Zaae(rs) ale,s)es, VYae A
seG
— er os(a)s = ZarSE, Va e A
seG seG

<= Foreachs € G: ryo4s(a) =ars, VYae€ A

Here we have used the fact that «(s,e) = a(e,s) = 14 for all s € G. The above
equivalence can also be deduced directly from (A.3). O

When A is commutative we get the following description of the commutant by The-
orem A.4.1.

Corollary A.4.2. If A is commutative, then the commutant of A in A %9, G is

Comm(A)z{ZrSEEAxIZG os(a) —a € Ann(ry), VaEA,SEG}
seG

When A is commutative it is clear that A C Comm(A). Using the explicit de-
scription of Comm(.A) in Corollary A.4.2, we are now able to state exactly when A is
maximal commutative, i.e. Comm(A4) = A.

Corollary A.4.3. Let A be commutative. A is maximal commutative in A X%, G if and
only if, for each pair (s,rs) € (G \ {e}) x (A\ {04}), there exists a € A such that
os(a) —a & Ann(rg).

Example A.4.4 (The crossed product associated to a dynamical system). In this example
we follow the notation of [24]. Let o : X — X be a bijection on a non-empty set X, and
A C CX an algebra of functions, such thatif h € Athenhoo € Aandhoo~! € A.
Let & : Z — Aut(A) be defined by G, : f +— foo°"™ for f € A. We now
have a Z-crossed system (with trivial 6-cocycle) and we may form the crossed product
A X5 Z. Recall the definition of the set Sep’y (X) = {x € X | 3h € A, s.t. h(z) #
(Gn(h))(x)}. Corollary A.4.3 is a generalization of [24, Theorem 3.5] and the easiest
way to see this is by negating the statements. Suppose that A is not maximal commutative
in A X5 Z. Then, by Corollary A.4.3, there exists a pair (n, f,) € (Z\ {0}) x (A\ {0})
such that 6,,(g) — g € Ann(f,) forevery g € A, i.e. supp(d,(g) —g) Nsupp(frn) =0
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for every ¢ € A. In particular, this means that f,, is identically zero on Sep’; (X).
However, f,, € A\ {0} is not identically zero on X and hence Sep’y (X) is not a domain
of uniqueness (as defined in [24, Definition 3.2]). The converse can be proved similarly.

Corollary A.4.5. Let A be commutative. If for each s € G\ {e} it is always possible to find
some a € A such that o4(a) — a is not a zero-divisor in A, then A is maximal commutative
in AxZ G.

The next corollary is a consequence of Corollary A.4.3 and shows how maximal
commutativity of the coefficient ring in the crossed product has an impact on the non-
triviality of the action o.

Corollary A.4.6. If A is maximal commutative in A x5, G, then o, # id 4 for every
g e G\ {e}.

The description of the commutant Comm (A) from Corollary A.4.2 can be further
refined in the case when A is an integral domain.

Corollary A.4.7. If A is an integral domain®, then the commutant of A in A X% G is
comm(A)z{ Y nseAxla ‘ ro eA}

s€o—1(ida)
where o~ (ida) = {g € G | oy = ida}.

Corollary A.4.8. Let A be an integral domain. A is maximal commutative in A X% G if
and only if o4 # id 4 for every g € G \ {e}.

Corollary A.4.8 can be derived directly from Corollary A.4.6 together with either
Corollary A.4.5 or A.4.7.

Remark A.4.9. Recall that when A is commutative, ¢ is a group homomorphism. Thus,
to say that 04 # id 4 forall g € G\ {e} is another way of saying that ker(c) = {e}, i.e.
o is injective.

Example A.4.10. Let A = C[z1,...,x,] be the polynomial ring in n commuting
variables x1,...,2, and G =

T € S, is a permutation which maps the sequence (1,...,n) into (7(1),...,7(n)).
The group Sy, acts on Clx1, . .., ;] in a natural way. To each 7 € \S;, we may associate
amap A — A, which sends any polynomial f(x1,...,z,) € C[z1,...,2,] into a new
polynomial g, defined by g(1, ..., 2n) = f(@r(1), .-, Tr(n))- Itis clear that each such
mapping is a ring automorphism on A. Let o be the embedding S, < Aut(A) and

Sy, the symmetric group on n elements. An element

a = 1 4. Note that C[zy, ..., x,] is an integral domain and that ¢ is injective. Hence,
by Corollary A.4.8 and Remark A.4.9 it is clear that the embedding of C[z1, ..., xy] is
maximal commutative in Clz1, ..., x,] X7 Sp.

2By an integral domain we shall mean a commutative ring with an additive identity 04 and a multiplicative
identity 1 4 such that 0 4 # 1 4, in which the product of any two non-zero elements is always non-zero.
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One might want to describe properties of the o-cocycle in the case when A is maximal
commutative, but unfortunately this will lead to a dead end. The explaination for this
is revealed by condition (iii) in the definition of a G-crossed system, where we see that
ale,g) = a(g,e) = 1 4forall g € G and hence we are not able to extract any interesting
information about a by assuming that A is maximal commutative. Also note that in a
twisted group ring A X G, ie. with o = id4, A can never be maximal commutative
(when G # {e}), since for each g € G, G centralizes A. If A is commutative, then this
follows immediately from Corollary A.4.6. We shall now give a sufficient condition for
Comm(A) to be commutative.

Proposition A.4.11. If A is a commutive ring, G is an abelian group and o is symmetric,

then Comm(A) is commutative.

Proof. Let 3 .7s5 and ), ;¢ t be arbitrary elements of Comm(A). By our as-
sumptions and Corollary A.4.2 we get

(Z Ts 5) (Zpt ¥> Z 75 0s(pe) (s, t) st
seG teG (s,t)eGXG

= Z Ts pras,t) st

(s,t)eGxG

= Z pro(rs) alt,s)ts

(s,t)eGXG

(=) (2]

This shows that Comm(A) is commutative. a

This proposition is a generalization of [24, Proposition 2.1] from a function algebra
to an arbitrary unital associative commutative ring A, from Z to an arbitrary abelian
group G and from a trivial to a possibly non-trivial symmetric o-cocycle o

Remark A.4.12. By using Proposition A.4.11 and the arguments made in the previous
example on the crossed product associated to a dynamical system it is clear that Corollary
A.4.2 is a generalization of [24, Theorem 3.3]. Furthermore, we see that Corollary A.3.4
is a generalization of [24, Theorem 3.6].

A5 Idealsin A X7 G

In this section we describe properties of the ideals in \A %9, G in connection with maximal
commutativity and properties of the action o.
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Theorem A.5.1. If' A is commutative, then
I N Comm(A) # {0}
for every non-zero two-sided ideal I in A 2, G.

Proof. Let A be commutative. Then A is also commutative. Let I C A X7 G be an
arbitrary non-zero two-sided ideal in A xZ G.

Part 1:
For each g € G we define a map Ty, : A x5 G — A X Gby ) sas5 —
(ZseG Qg 5) g. Note that, forany g € G, I is invariant® under T,. We have

T, <2a55> = (Zasé) 9= asa(s,9)39
seG seG seG

for every g € G. It is important to note that if as # 0.4, then as (s, g) # 04 and
hence this operation does not kill coefficients, it only translates and deformes them. If
we have a non-zero element ZSGG a, S for which a. = 04, then we may pick some
non-zero coefficient, say a, and apply the map T},-1 to end up with

Ty (Z as §> = Z asa(s,p ) sp~1 = Zdtf
s€G s€G teG

This resulting element will then have the following properties:

o de=apalp,p ') #04
° #{SEG ‘ CLS#OA}Z#{I‘,EG | dt#OA}

Pare 2:
For each a € A we define amap D, : A xZ G — A %7 G by

> a5 (a?) (Z as§> - (Z a 5) (a?)

seG seG seG

Note that, for each a € A, I is invariant under D,. By assumption A is commutative

3By invariant we mean that the set is closed under this operation.
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and hence the above expression can be simplified.

D, (%‘;a 5) (a®) (Z as 5) —~ (Z as 5) (a®)

s€G s€G
_ (Zaaems)a(e,s)a) - (Z 4, 74(a) als, ) —>
SEG seG
= aas5— Y as0s(a)5=Y as(a—o4(a))s
— Sa(a-o@)s=3d,5
s#e s#e

The maps { D, } e 4 all share the property that they kill the coefficient in front €. Hence,
if ac # 0.4, then the number of non-zero coefficients of the resulting element will always
be reduced by at least one. Note that Comm(A) = (), 4 ker(D,). This means that for

each non-zero ) . ; as5 in A %7 G\ Comm(A) we may always choose some a € A
such that ) 5~ as5 & ker(D,). By choosing such an a we note that, using the same
notation as above, we get

H#{s€G | as# 04} >#{s€G | ds #04} >1

for each non-zero ) . as5 € A %G G\ Comm(A).

Part 3:

The ideal I is assumed to be non-zero, which means that we can pick some non-zero
element Y ors5 € L IfY (7T € Comm(A), then we are finished, so assume
that this is not the case. Note that 7 # 0 4 for finitely many s € G. Recall that the ideal
1 is invariant under T, and D, for all ¢ € G and a € A. We may now use the maps
{Ty}gec and { Dy} e 4 to generate new elements of 1. More specifically, we may use the
Ty:s to translate our element ) 75 5 into a new element which has a non-zero coef-
ficient in front of € (if needed) after which we use the map D, to kill this coefficient and
end up with yet another new element of I which is non-zero but has a smaller number of
non-zero coefficients. We may repeat this procedure and in a finite number of iterations
arrive at an element of T which lies in Comm(A) \ A and if not we continue the above
procedure until we reach an element which is of the form b€ with some non-zero b € A.

In particular A € Comm(.A) and hence I N Comm(A) # {0}. O

_ The embedded coefficient ring A is maximal commutative if and only if
A = Comm(.A) and hence we have the following corollary.

Corollary A.5.2. [f the subring A is maximal commutative in A % G, then
InA#{0}
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for every non-zero two-sided ideal I in A 1 G.
Proposition A.5.3. Let I be a subset of A and define
J= {Za5§€A>4‘;G | asel}
seG
The following assertions hold:
() If1 is a right ideal in A, then J is a right ideal in A x% G
(i)) IfI is a two-sided ideal in A such thar I C A, then J is a two-sided ideal in Ax9,G

Proof. If I is a (possibly one-sided) ideal in A, then J is an additive subgroup of A %7 G.
(i). Let I be a right ideal in A. Then

(Zas§> <thf> = Z asos(bt) as,t) st € J

seG teG (s,t)EGXG el
for arbitrary Y7 s as5 € Jand Y, bit € A %7 G and hence J is a right ideal.

(ii). Let I be a two-sided ideal in A such that I C A%, By (i) it is clear that .J is a right
ideal. Let Y~ sas5€ Jand Y, bit € A X7 G be arbitrary. Then

(Z by f) (Z as 5) Z b ot(as) a(t, s)ts
teG s€G (t,s)EGXG

= Z brasa(t,s)ts € J
(t,s)eEGXG

el

which shows that J is also a left ideal. O

Theorem A.5.4. Let o : G — Aut(A) be a group homomorphism and N be a normal
subgroup of G, contained in o' (ida) = {g € G | 04 = ida}. Let o : G — G/N be
the quotient group homomorphism and suppose that o is such that o(s,t) = 14 whenever
s € N ort € N. Furthermore, suppose that there existsamap 3 : G/N x G/N — U(A)
such that B(p(s), o(t)) = a(s,t) for each (s,t) € G x G. If I is an ideal in A xZ G
generated by an element Y, . as’3 for which the coefficients (of which all but finitely many
are zero) satisfy o n as = 0.4, then

InA={0}
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Proof. Let I € A %7 G be the ideal generated by an element )y a5, which satisfies
> sen @s = 04. The quotient homomorphism ¢ : G — G/N, s +— sN satisfies
ker(¢) = N. By assumption, the map o is a group homomorphism and o(N) = id 4.
Hence by the universal property, see for example [7, p.16], there exists a unique group
homomorphism p making the following diagram commute:

G —7— Aut(A)

2
-
@ e
s P
e

G/N

By assumption there exists (3 such that 5(¢(s), p(t)) = a(s,t) foreach (s,t) € G x G.
One may verify that 3 is a p-cocycle and hence we can define a new crossed product
A%y G/N. Let T be a transversal to N in G and define I" to be the map

I‘:A><1§G—>A><1§G/N, ZangZ<Z as>t_N

seG teT \sctN

which is a ring homomorphism. Indeed, I is clealiy additive and due to the assumptions,
for any two elements ) .5 agG and >, by b in A X, G, the multiplicativity of I
follows by

> ag|T (thh>

geG heG

> (X)) (X (X 0]

seT \gesN teT \hetN

-3 E ([ e () s ) |7

qeT \ {(s,t)eTXT| geESN hetN
sNtN=qN}

= > > S agpen(bn) BN, EN) | | N

g€T \ {(s,t)eTXT| \(g,h)ESNXtN
sNtN=qN}
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= > 1 > S agpen(bn) BgN.AN) | | TV

q€T \ {(s,t)eTXT| \(g,h)ESNXtN
sNtN=gN}

= > ag pgn (b)) B(gN, hN) | gN
q€T \ {(g,h)EGXG]
gNhN=¢N}

= D | D aoybalgh) [N

q€T \ {(g:h)eGXG]|
ghN=qN}

= Z Z Z ag og(br) a(g, h) qN

q€T \ pegN | {(9,h)EGXG]
gh=p}

r Z Z agog(bp) afg,h) | D

peG \ {(g9,h)EGXG]|
gh=p}

N A (Z b,ﬁ)

geG heG

and hence I" defines a ring homomorphism. We shall note that the generator of I is
mapped onto zero, i.e.

F(Zasg) = (Za,;)N—OAN—O
sEN SEN
and hence I'|;= 0. Furthermore, we see that

rbe)=0 = bN=0 & b=0y4 <& be=0

and hence I'| 7 is injective. We may now conclude that if ¢ € 1N A, then T'(c) = 0 and
so necessarily ¢ = 0. This shows that I N A = {0}. O

If A is commutaive, then o is automatically a group homomorphism and we get the
following.
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Corollary A.5.5. Let A be commutative and N C 0= (ida) = {g € G | 0y = ida}
a normal subgroup of G. Let ¢ : G — G/N be the quotient group homomorphism and
suppose that « is such that o(s,t) = 14 whenever s € N ort € N. Furthermore, suppose
that there exists a map 3 : G/N x G/N — U(A) such that B(p(s), p(t)) = a(s,t) for
each (s,t) € G x G. If I is an ideal in A x{, G generated by an element )\ a5 for
which the coefficients (of which all but finitely many are zero) satisfy y en s = 04, then

InA={0}.

When @ = 14 we need not assume that A is commutative, in order to make o a
group homomorphism. In this case we may choose § = 14 and by Theorem A.5.4 we
have the following corollaries.

Corollary A.5.6. Let o« = 14 and N C o7 '(idy) = {9 € G | 0y = ida} bea
normal subgroup of G. If I is an ideal in A X7, G generated by an element ), \; a5 for
which the coefficients (of which all but finitely many are zero) satisfy ) en s = 04, then

InA={o}.
Corollary A.5.7. If o = 1 4, then the following implication holds:
() Z(G) N (ida) # {e}
I

(i) For each g € Z(G) Mo~ (ida), the ideal 1, generated by the elementy,, ., an g™
Jor whichy >, ., an = 0.4 has the property I, N A= {0}

Proof Suppose that there existsa g € (Z(G) No~1(id4)) \ {e}. Let I, € A xZ G be
the ideal generated by ) -, a, g™, where ), a, = 04. The element g commutes
with each element of G and hence the cyclic subgroup N = (g) generated by g is normal
in G and since o is a group homomorphism N C ¢~ !(id 4). Hence I, N A = {0} by
Corollary A.5.6. O

Corollary A.5.8. Ifa = 14 and G is abelian, then the following implication holds:
(i): I N A # {0}, for every non-zero two-sided ideal T in A 3, G

!
(i): og # ida forallg € G\ {e}

Proof by contrapositivity. Since G is abelian, G = Z(G). Suppose that (i) is false, i.e.
there exists ¢ € G \ {e} such that o4 = id4. Pick such a g and let I; C A %7, G be
the ideal generated by 1 4€ — 1 47g. Then obviously I, # {0} and by Corollary A.5.7
we get I, N A = {0} and hence (i) is false. This concludes the proof. d

Example A.5.9. We should note that in the proof of Corollary A.5.8 one could have
chosen the ideal in many different ways. The ideal generated by 142 — 149+ 1.4 g% —
1agd+ .o+ 1ag® — 1ag? T = (148 — 149) > 1y 14 g% is contained in
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the ideal I, generated by 1 4€ — 14 G, and therefore it has zero intersection with Aif
I, N A = {0}. Also note that for v = 1 4 we may always write

n—1
lae—1a9"=(1ae—1479) (Z 1A9k)
k=0

and hence 1 4 € — 1 4 G is a zero-divisor in A x9 G whenever g is a torsion element.

Example A.5.10. We now give an example of how one may choose (3 as in Theorem
A.5.4. Let N C 0~ 1(id 4) be a normal subgroup of G such that for g € N, a(s,g) =
14 forall s € G and let  be symmetric. Since « is the o-cocycle map of a G-system,
we get

Ot(g, 5) oz(gs, t) = Gg(a(57 t)) Oé(g, St) — a(g, S) a(gs, t) = a(s’ t) O‘(gv St)
<~ a(gs,t) = a(s,t)

for all (s,t) € G x G. Using the last equality and the symmetry of o we immediately
see that
a(gs, ht) = a(s,t) Vs, t € G

for all g, h € N. The last equality means that « is constant on the pairs of right cosets
which coincide with the left cosets by normality of N. It is therefore clear that we can
define

B:G/N x G/N — Aut(A) by B(¢(s), o(t)) = a(s,t) for s,t € G.

Theorem A.5.11. If A is an integral domain, G is an abelian group and o = 1 4, then the
Jollowing implication holds:

(): I N A # {0}, for every non-zero two-sided ideal T in A x%, G
B U
(iD): A s a maximal commutative subring in A X%, G

Proof. This follows from Corollary A.4.8 and Corollary A.5.8. O

Example A.5.12 (The quantum torus). Let g € C \ {0, 1} and denote by
Cylz, 271, y, y~ ] the rwisted Laurent polynomial ring in two non-commuting variables
under the twisting

yr=gqay (A4)
The ring Cyz, 271, y,y '] is known as the quantum torus. Now let A = Clz,z™1],
G = (Z,+), 0p : P(x) — P(¢"z) forn € G and P(z) € A, and let a(s,t) = 14

for all s,t € G. Itis easily verified that o and « together satisfy conditions (i)-(iii) of a
G-system and it is not hard to see that A 2 G = Cy[z, 21, y,y!]. In the current
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example, A is an integral domain, G is abelian, @ = 1 4 and hence all the conditions of
Theorem A.5.11 are satisfied. Note that the commutation relation (A.4) implies

yta™m =q¢m™ "y, Vn,meZ (A.5)
It is important to distinguish between two different cases:

Case 1 (g is a root of unity). Suppose that ¢" = 1 for some n # 0. From equality
(A.5) we note that y" € Z(Cylz,z~,y,y7!]) and hence Clx,z7!] is not maximal
commutative in Cy[x, 27, y,y~1]. Thus, according to Theorem A.5.11, there must
exist some non-zero ideal I which has zero intersection with C[z, 2.

Case 2 (g is not a root of unity). Suppose that ¢ # 1 for allmn € Z\ {0}. One
can show that this implies that C,[z, 27!, y,y '] is simple. This means that the only
non-zero ideal is Cy[z, 271, y,y 1] itself and this ideal obviously intersects C[z, z7}]
non-trivially. Hence, by Theorem A.5.11, we conclude that C[x, 2] is maximal com-
mutative in Cy[z, 271, y, y 1.

A.6 Ideals, intersections and zero-divisors

Let D denote the subset of zero-divisors in A and note that D is always non-empty since
04 € D. By D we denote the image of D under the embedding ¢.

Theorem A.6.1. If A is commutative, then the following implication holds:
(i): IN (fl \ D) # (), for every non-zero two-sided ideal I in A 1%, G

(i): DN AS = {04}, i.e. the only zero-divisor that is fixed under all automorphisms is 0 5

Proof by contrapositivity. Let A be commutative. Suppose that D N AE # {04}. Then
there exist some ¢ € D \ {04} such that o5(c) = cfor all s € G. There is also some
d € D\{04}, such that c-d = 0 4. Consider the ideal Ann(c) = {a € A | a:c=04}
in A. It is clearly non-empty since we always have 04 € Ann(c) and d € Ann(c). Let
0 : A— A/ Ann(c) be the quotient homomorphism defined by a — a + Ann(c). Let
us define a map p : G — Aut(A/ Ann(c)) by ps(a + Ann(c)) = o45(a) + Ann(c) for
a+Ann(c) € A/ Ann(c) and s € G. Note that Ann(c) is invariant under o, for every
s € G and thus it is easily verified that p; is a well-defined automorphism on A/ Ann(c)
for each s € G. Defineamap 5 : G x G — U(A/ Ann(c)) by (s,t) — (6 o a)(s, t).
It is not hard to see that {. A/ Ann(c), G, p, B} is in fact a G-crossed system. Consider
the map I' : A %% G — A/ Ann(c) % G defined by 37 as5 — 30 5 0(as) 5.
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For any two elements ) 455, Y, bi T € A %7 G the additivity of T' follows by

F(Zas§+2bt¥) F(Z(a5+bs)§>—29(as+bs)§

seG teG seG seG

= ) 0(a)5+ Y 0(bi)T

seG teG

r (sezcasg) +T (gm)

and due to the assumptions, the multiplicativity follows by

r (Z aSEthf> =T Z asos(b) (s, t) st
s€G te@ (s,6)EGXG

= Z 0(as os(bt) (s, t)) st
(s,t)EGXG

= Z 9(0,5) e(as(bt)) (g(a(87t))3
(s,t)EGXG

=S 0an) pa(0060)) B(s, 1) 5F
(s,t)EGXG

= (Z 9((15)3) (Z O(bt)5>

seG teG

o) ()

where we have used that 3 = o and 8(o4(b:)) = ps(6(b:)) forallb; € Aand s € G.
This shows that I' is a ring homomorphism. Now, pick some g # e and let I be the ideal
generated by dg. Clearly I # {0} and I'|;= 0. Note that ker(#) = Ann(c) and in

particularI'(a €) = 0 implies a € Ann(c). Takeme € IN (/1 \ D) ThenI'(me) =0
and hence m € Ann(c) C D, which is a contradiction. Thus, I N (A \ b) = () and

by contrapositivity this concludes the proof. O

Example A.6.2 (The truncated quantum torus). Let ¢ € C\ {0,1}, m € N and
: : Cle,y.y ']
consider the ring Gr—azy 7™

torus. It is easily verified that this ring is isomorphic to A X7 G with A = C[z]/(z™),
G = (Z,+), 0, : P(x) — P(¢"z) forn € G and P(x) € A, and a(s,t) = 14 for

which is commonly referred to as the truncated quantum
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all s,t € G. One should note that in this case A is commutative, but not an integral
domain. In fact, the zero-divisors in C[z]/(x™) are precisely those polynomials where
the constant term is zero, i.e. p(x) = 22161 a; ', with a; € C, such that ag = 0. It
is also important to remark that, unlike the quantum rorus, A X, G is never simple (for
m > 1). In fact we always have a chain of two-sided ideals

Clz,y,y™]

Wz —quy, wm) ~ 022 2@ {0

independent of the value of g. Moreover, the two-sided ideal J = (z™~!) is contained in

Comm(Clz]/(«™)) and contains elements outside of C[x]/(z™). Hence we conclude
Clz !

(y ﬂc[—f’zzr,?/ ; z]m) :

unity, with ¢" = 1 for some n < m, we are able to say more. Consider the polynomial

p(x) = a™, which is a non-trival zero-divisor in C[z]/(2™). For every s € Z we see

that p(x) = 2™ is fixed under the automorphism o and therefore, by Theorem A.6.1,

Clz,y,y "]
(yz—qzy,zm™)

that C[z]/(z™) is not maximal commutative in When ¢ is a root of

we conclude that there exists a non-zero two-sided ideal in such that its

intersection with A \ D is empty.

A.7 Comments to the literature

The literature contains several different types of intersection theorems for group rings,
Ore extensions and crossed products. Typically these theorems rely on heavy restrictions
on the coefficient rings and the groups involved. We shall now give references to some
interesting results in the literature.

It was proven in [23, Theorem 1, Theorem 2] that the center of a semiprimitive
(semisimple in the sense of Jacobson [6]) PI. ring respectively semiprime PI. ring has
a non-zero intersection with every non-zero ideal in such a ring. For crossed products
satisfying the conditions in [23, Theorem 2], it offers a more precise result than Theorem
A5.1 since Z(A %9 G) € Comm(A). However, every crossed product need not be
semiprime nor a PI. ring and this justifies the need for Theorem A.5.1.

In [12, Lemma 2.6] it was proven that if the coefficient ring A of a crossed product
A %7 G is prime, P is a prime ideal in A %7 G such that PN A = 0 and I is an ideal
in A x¢ G propetly containing P, then I N A # 0. Furthermore, in [12, Proposition
5.4] it was proven that the crossed product A X7 G with G abelian and A a G-prime
ring has the property that, if Ginn = {e}, then every non-zero ideal in A X9 G has a
non-zero intersection with A. It was shown in [2, Corollary 3] that if A is semiprime and
Ginn = {€}, then every non-zero ideal in A %9 G has a non-zero intersection with A.
In [13, Lemma 3.8] it was shown that if A is a G-prime ring, P a prime ideal in 4 xJ G
with PN A = 0 and if I is an ideal in .A x¢ G properly containing P, then I N A#0.
In [16, Proposition 2.6] it was shown that if A is a prime ring and [ is a non-zero ideal
in A x9 G, then I N (A %9 Ginn) # 0. In [16, Proposition 2.11] it was shown that
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for a crossed product A x9 G with prime ring A, every non-zero ideal in A X G has
a non-zero intersection with A if and only if C*[Giny] is G-simple and in particular if
|Ginn| < 00, then every non-zero ideal in A %, G has a non-zero intersection with A if
and only if A %9, G is prime.

Corollary A.5.2 shows that if A is maximal commutative in .A %9 G, without any
further conditions on the coefficient ring or the group, we are able to conclude that every
non-zero ideal in A %% G has a non-zero intersection with A.

In the theory of group rings (crossed products with no action or twisting) the inter-
section properties of ideals with certain subrings have played an important role and are
studied in depth in for example [3], [11] and [22]. Some further properties of intersec-
tions of ideals and homogeneous components in graded rings have been studied in for
example [1], [14].

For ideals in Ore extensions there are interesting results in [4, Theorem 4.1] and [8,
Lemma 2.2, Theorem 2.3, Corollary 2.4], explaining a correspondence between certain
ideals in the Ore extension and certain ideals in its coefficient ring. Given a domain A of
characteristic 0 and a non-zero derivation ¢ it is shown in [5, Proposition 2.6] that every
non-zero ideal in the Ore extension R = Alx; 0] intersects A in a non-zero J-invariant
ideal. Similar types of intersection results for ideals in Ore extension rings can be found
in for example [9] and [15].

The results in this article appeared initially in the preprint [20].
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Paper B

Commutativity and ideals in
pre-crystalline graded rings

Johan Oinert and Sergei D. Silvestrov

Abstract. Pre-crystalline graded rings constitute a class of rings which share many properties
with classical crossed products. Given a pre-crystalline graded ring A, we describe its center, the
commutant C 4(Ag) of the degree zero grading part, and investigate the connection between
maximal commutativity of Ao in A and the way in which two-sided ideals intersecr Ag.

B.1 Introduction

Given a ring A containing a commutative subring Ao, one may consider the following
two assertions:

S1: The ring Ay is a maximal commutative subring in A.

§2: For every non-zero two-sided ideal I in A, I N Ay # {0}.

Different types of intersection properties, closely related to $2, have been studied for
rings with specific restrictions like primeness, semi-primeness, semisimplicity, PI. prop-
erty and semiprimitivity in [2-6, 11-18, 25, 26].

It has been shown in [22, 23, 27-33], that for some types of algebraic crossed prod-
ucts as well as C*-crossed products, there is a connection between these two assertions.
Under some conditions on the crossed products the two statements are in fact equivalent,
but not in general. In the recent paper [20], by E. Nauwelaerts and E Van Oystaeyen, so
called cryszalline graded rings, which generalize algebraic crossed products, were defined.
In the paper [21], by T. Neijens, E Van Oystacyen and W.W. Yu, the structure of the
center of special classes of crystalline graded rings and generalized Clifford algebras was
studied. In this paper we describe the center Z(.A) and the commutant C'4(Ap) of the
degree zero grading part in general pre-crystalline graded rings. Furthermore, we show
that for some types of pre-crystalline and crystalline graded rings there is a close connec-
tion between the two assertions S1 and §2. In particular, for crystalline graded rings and
skew group rings, we provide sufficient conditions on the degree zero grading component
Ay, the grading group G, the cocycle and the action for equivalence between S1 and
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$2 (Theorems B.3.16 and B.3.17). We also provide an example of a situation in which
the equivalence does not hold (Example B.4.2). For pre-crystalline graded rings with
commutative Ag, we show that under a certain condition each non-zero two-sided ideal
has a non-zero intersection with the commutant C 4(Ag) (Theorem B.3.11). In partic-
ular this yields sufficient conditions for S1 to imply S2 for general pre-crystalline graded
rings (Corollary B.3.12). For crystalline graded rings we show that if Ay is commutative,
then each non-zero two-sided ideal always has a non-zero intersection with the commu-
tant C 4(Ap) and this immediately implies that when A is maximal commutative, S1
implies 82 (Corollary B.3.13 and B.3.14).

B.2 Definitions and background

We shall begin by recalling some basic definitions and properties following [20]. For a
thorough exposition of the theory of graded rings we refer to [1, 19].

Definition B.2.1 (Pre-crystalline graded ring). An associative and unital ring A is said
to be pre-crystalline graded if

(i) there is a group G (with neutral element e),

(i) thereisamapu: G — A, ¢+ ug such thatu, = 14 and ug # 0O for every
g€ @G,

(iii) there is a subring Ag C A containing 1 4 = 1 4,,
such that the following conditions are satisfied:
(P1) A= ®gEG Agug;
(P2) Forevery g € G, ug Ay = Ao ug and this is a free left Ag-module of rank one;
(P3) The decomposition in P1 makes A into a G-graded ring with Ay = A..
Lemma B.2.2 (see [20]). With notation and definitions as above:

(i) Forevery g € G, there is a set map oq = Ao — Ag defined by ug a = o4(a)ug for
a € Ag. The map 04 is a surjective ring morphism. Moreover, oo = id 4,.

(i) Thereisasetmap o : G x G — Ay defined by usuy = a(s,t) ug for s,t € G.
For any triple s,t,w € G and a € Ay, the following equalities hold:

a(s,t) a(st,w) = os(at,w)) a(s, tw) (B.1)
os(ot(a)) a(s,t) = a(s, t) ost(a) (B.2)

(iii) Forevery g € G we have a(g,e) = ale, g) = 1.4, and
alg,g™!) = og(alg™, 9)).
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A pre-crystalline graded ring A with the above properties will be denoted by Ao Q0% G.
In [20] it was shown that for pre-crystalline graded rings, the elements (s, t) are nor-
malizing elements of Ay, i.e. Aga(s,t) = a(s,t) Ay for each s,t € G. For a pre-
crystalline graded ring Ao QSG, we let S(G) denote the multiplicative set in Ag gener-
ated by {a(g,971) | g € G} and let S(G x G) denote the multiplicative set generated

by {a(g,h) | g,h € G}.

Lemma B.2.3 (sce [20]). If A = AoQSG is a pre-crystalline graded ring, then the following
are equivalent:

() Ao is S(G)-torsion free.
(i) A is S(G)-torsion free.
(i) a(g,97 1) ag = 0 for some g € G implies ag = 0.
(iv) a(g,h)ag =0 forsome g, h € G implies ag = 0.

) Ao ug = ug Ag is also free as a right Ag-module, with basis ug, for every g € G.
(vi) Forevery g € G, 04 is bijective and hence a ring automorphism of Ay.

Definition B.2.4 (Crystalline graded ring). A pre-crystalline graded ring Ao 0% G, which
is S(G)-torsion free, is said to be a crystalline graded ring.

B.3 Commutant, center and ideals

The commutant of the subring A4 in the pre-crystalline graded ring A = Ag0Q&G will
be denoted by
Ca(Ag) ={be A | ab="ba, Yaec Ay}

In this section we give a description of the commutant of A in various pre-crystalline
graded rings. Theorem B.3.1 tells us exactly when an element of a pre-crystalline graded

ring Ao OS¢ G lies in C4(Ap).
Theorem B.3.1. I a pre-crystalline graded ring A = Ay QS G, we have

Ca(Ao) = {er us € Ap02G ‘ reos(a) = ars, Va €A, sc G} .

seG

Proof. The proof is established through the following sequence of equivalences:

er us € Cy(Ag) = <Z T us> a=a (Z rsus) , VYae Ay

seG seG seG
— E rsos(a) us = E arsug, Vae€ Ag
seG seG

<= Foreachs € G: rsos(a) =ars, Va e Ayp.
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a

If Ap is commutative, then for r € Ay we denote its annihilator ideal in Ay by
Ann(r) = {a € Ap | ar = 0} and get a simplified description of C'4(Ap).

Corollary B.3.2. If A = AgQSG is a pre-crystalline graded ring and Ay is commutative,
then

Ca(Ag) = {erus € Ap02G | 05(a) —a € Ann(ry), Va € Ap, s € G} :
seG

When Ag is commutative it is clear that Ag C C4(Ag). Using the explicit de-
scription of C4(Ag) in Corollary B.3.2, we immediately get necessary and sufficient
conditions for .4 to be maximal commutative, i.e. Ag = C4(Ap).

Corollary B.3.3. If AgQSG is a pre-crystalline graded ring where Ay is commutative, then
Ay is maximal commutative in AgQSG if and only ifs for each pair (s,rs) € (G \ {e})
(Ao \ {04, }), there exists a € Ao such that 05(a) — a ¢ Ann(rs).

Corollary B.3.4. Let AgOSG be a pre-crystalline graded ring where Ag is commutative. If
foreach s € G\ {e} it is always possible to find some a € Ag such that o5(a) — a is not a
zero-divisor in Ay, then Ay is maximal commutative in AgQ2G.

The next corollary is a consequence of Corollary B.3.3.

Corollary B.3.5. If the subring Ao of a pre-crystalline graded ring AgQ5G is maximal
commutative, then 05 7 id a, for each s € G \ {e}.

The description of the commutant C'4(Ap) from Corollary B.3.2 can be further
refined in the case when Ay is an integral domain.

Corollary B.3.6. If Ag is an integral domain, then the commutant of Aqy in the pre-
crystalline graded ring AgQS G is

Ca(Ao) = { S s € 402G ‘ re € AO}
s€o~1(ida,)
where 0~ (ida,) = {s € G | 05 = id 4, }.

The following corollary can be derived directly from Corollary B.3.5 together with
either Corollary B.3.4 or Corollary B.3.6.

Corollary B.3.7. If AgQS G is a pre-crystalline graded ring where Ay is an integral domain,
then og # id 4, for each s € G\{e} if and only if Ag is maximal commutative in Ay G.

We will now give a sufficient condition for C' 4(.Ap) to be commutative.
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Proposition B.3.8. I[f A = AoQS G is a pre-crystalline graded ring where Ay is commutive,
G is abelian and o(s,t) = a(t, s) forall s,t € G, then C 4(Ay) is commutative.

Proof. Let Y, Tsts and Y, Pty be arbitrary elements of C4(Ap), then by our
assumptions and Corollary B.3.2 we get

(Z re U> (Zpt Ut) = ) reoup)als,t) ug
seG teG (s,t)EGXG
- Z Ts Dt Oz(S,t) Ust

(s,)EGXG

Z proc(rs) alt, s) ugs

(s,t)EGXG

(techt “t) (% s u5> .

B.3.1 The center in A;0%G

In this section we will describe the center Z(\A) of a pre-crystalline graded ring A =
A0 G. Note that Z(A) C C4(Ap).

Proposition B.3.9. The center of a pre-crystalline graded ring A = AgQSG is

Z(A) = { Z Tg Ug ’ Teo-1 ats™h 8) = og(re-14) s, s '),

geqG

rsos(a) =ars, Vae€ Ay, (s,t) € G x G}.

Proof. Let} 57Uy € AgQGG bean element which commutes with every element in
Ag0SG. .In part.icular > gea g Ug must commute with every a € Ag. From Theorem
B.3.1 we immediately see that this implies 75 05(a) = ars foreverya € Apand s € G.
Furthermore, deG g Uy must commute with ug for every s € G. This yields

ZT‘ts—l alts™ s)up = Z rg (g, 8) Ugs = Z Tgug | Us

teG geG geG

= u, Z Tglg | = Z 0s(rg) (s, g) usg = Zas(rsqt) als, s ) uy

geG geG teG
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and hence, for each (5,t) € G x G, we have ;1 a(ts ™!, s) = o5(rs—1,) als, s71t).
Conversely, suppose that 3 o rguy € AgQgG is an element satisfying 75 05(a) =
arsandry,—1 a(ts™t, s) = og(ry-14) as, s~ 1t) foreverya € Aand (s,t) € G x G.
Let ) o as us € AgQ5 G be arbitrary. Then

ng Ug (Z Qs Us> Z g 04(as) alg, s) ugs

geG seG (9,5)€EGXG
= Z asTg (g, S) Ugs
(9,5)€EGXG
= Z as (rye-1 ats™, 8)) uy
(t,s)eGXG
-1
= Z as05(rs—14) s, s t) uy
(t,s)EGXG
= Z a5 05(rg) (S, g) Usg
(9,9)€EGXG
- (Z Qs “5> > 7ot
seG geG
and hence ) | . 7y g commutes with every element in Ao 05 G. |

Remark B.3.10. Consider the case when Ay is an integral domain and let o take its
values in Ag \ {0}. In this case it is clear that the following three assertions are equivalent:

1. rs0s(a) =ars foralla € Ay
2. re(os(a) —a) =0foralla € Ag
3.rs=0ifs ¢ o (ida,) ={g€ G| oy =1ida,}

After changing the variable via z = s~ 1, the first condition in Proposition B.3.9 may
be written as 04 () a(s, ) = repe—1 a(szst, s) forall (s,x2) € G x G. From this
relation we conclude that 7, = 0 if and only if 7,41 = 0, and hence it is trivially
satisfied if we put 7, = 0 whenever z & o0~ 1(id 4,). This case has been presented in
[21, Proposition 2.2] with a more elaborate proof.
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B.3.2 Ideals

Given a pre-crystalline graded ring A = AgOSG, for each b € Aj we define the com-
mutator to be

Dy: A— A, Zasus — b (Za3u5> - (Zasus> b
sEG seG seG

From the definition of the multiplication we have

Dy (Z%%) = b< asus> (Z%%)
seG seG seG

(Z bas u> P () u>

seG seG

Z (bas as as(b

seG

for each b € Ay.

Theorem B.3.11 (sce [24]). If A = AoQSG is a pre-crystalline graded ring where A
is commutative and for each ) . asus € A\ Ca(Ao) there exists s € G such that
as € ker(os 0 04-1), then

I'NCa(Ao) # {0}

Jor every non-zero two-sided ideal I in A.

Proof. Let I be an arbitrary non-zero two-sided ideal in A and assume that 4 is com-
mutative and that for each ) . asus € A\ Ca(Ap) there exists s € G such that
as &€ ker(os 0 04-1). For each g € G we may define a translation operator

T,: A— A, Zasus — (Z%%) Ug.
seG seG

Note that, for each g € G, I is invariant under Tj;. We have
Ty (Z as ué> = (Z as u5> Uug = Z as (s, g) g
seG seG seG

for every g € G. By the assumptions and together with [20, Corollary 2.4] it is clear that
for each element ¢ € A\ C4(Ap) it is always possible to choose some g € G and let T,
operate on ¢ to end up with an element where the coefficient in front of u. is non-zero.
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Note that, for each b € Ay, I is invariant under Dy,. Furthermore, we have

Dy (Z Qs Us> Z(bas — Qs US(b)) Us =
seG seG
Z(b as —asos(b)) us = Z dsus

s#e s#e

since (bae — ac 0e(b)) = bae — acb = 0. Note that C4(Ao) = (e 4, ker(Dp) and
hence for any » 7 asus € A\ C4(Ag) we are always able to choose b € Ag and the
corresponding Dy, and have )~ asus & ker(Dy). Therefore we can always pick an
operator Dy, which kills the coefficient in front of u. without killing everything. Hence,
if ac # 04,, the number of non-zero coefficients of the resulting element will always be
reduced by at least one.

The ideal I is assumed to be non-zero, which means that we can pick some non-zero
element ) orsus € I If Y o rsus € Ca(Ag), then we are finished, so assume
that this is not the case. Note that ry # 04, for finitely many s € G. Recall that the
ideal I is invariant under Ty and D, for all g € G and a € Ap. We may now use the
operators {T } ge and {Dg }ae 4, to generate new elements of 1. More specifically, we
may use the Ty:s to translate our element ) cq s Us into a new element which has a
non-zero coefficient in front of u. (if needed) after which we use the D, operator to kill
this coefficient and end up with yet another new element of I which is non-zero but has
a smaller number of non-zero coefficients. We may repeat this procedure and in a finite
number of iterations arrive at an element of I which lies in C'4(Ap) \ Ao, and if not we
continue the above procedure until we reach an element in Ag \ {0.4,}. In particular

Ay C C4(Ap) since Ag is commutative and hence I N C4(Ag) # {0}. O

Corollary B.3.12. If A = AoQ5G is a pre-crystalline graded ring where Aq is maximal
commutative and for each ZSEG asus € A\ Ay there exists s € G such that as &
ker(os 0 04-1), then

InAg# {0}
Jfor every non-zero two-sided ideal I in A.

A crystalline graded ring has no S(G)-torsion and hence ker(o; 0 04-1) = {04, }
by [20, Corollary 2.4]. Therefore we get the following corollary which is a generalization
of a result for algebraic crossed products in [22].

Corollary B.3.13. I[f A = AoQSG is a crystalline graded ring where Ay is commutative,
then

I'NCalAo) # {0}

for every non-zero two-sided ideal I in A.

When Ay is maximal commutative we get the following corollary.
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Corollary B.3.14. If AoQSG is a crystalline graded ring where Ao is maximal commuta-
tive, then

I'nAy # {0}
Jfor every non-zero two-sided ideal I in AgQSG.

This shows that in a crystalline graded ring where Ay is commutative, the assertion
S1 always implies S2. The following lemma can be found in [22].

Lemma B.3.15. I[f AoQ,G is a skew group ring where G is abelian, then the assertion S2
implies 04 # id 4, for every g € G \ {e}.

Theorem B.3.16. Let AgO oG be a skew group ring. If either of the following two conditions
is satisfied:

() Ao is an integral domain and G is an abelian group;
(1) Ao is commutative and G is a torsion-free abelian group;
then the two assertions S1 and S2 are equivalent.

Proof. Let ApQoG be a skew group ring. In both of the two cases (i) and (ii), Ao is
commutative and hence it follows from Corollary B.3.14 that S1 implies S2. Assume that
(i) is satisfied. By Lemma B.3.15 and Corollary B.3.7 it follows that S2 implies S1. Now
assume that (ii) is satisfied. Suppose that Ay is not maximal commutative. By Corollary
B.3.3 there exists some s € G \ {e} and rs € Ag \ {0} such that r;,05(a) = r5a
for all @ € Ag. Let us choose such an 74 and let I be the two-sided ideal in Ag0,G
generated by rg + 75 us. The ideal I is obviously non-zero, and furthermore it is spanned
by elements of the form ag ug (15 + 75 Us) ap up, where g, h € G and ag, ap, € Ay. We
may now rewrite this expression.

agUg (Ts +TsUs) anun = GgUg (rsan+7s0s(an) us)up
————
=Ts Qhp
ag 0g(rs an) ug (1a + us) up
= ag04(rsan) (ugh + ugsn)
= ag04(Tsan) Ugh + g 0g(Ts an) Ugsh
———
:=b
= bugh =+ bugsh

Since G is abelian, it is clear that any element of I may be written in the form

Z(Ct Ut + Ct Ugs) (B.3)

teG
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for some ¢; € Ay, where t only runs over a finite subset of G. By assumtion s # e and
hence t # ts for every t € G. In particular this means that every contribution from
ce to the e-graded part of the element in (B.3) comes with an equal contribution to the
s-graded part. Similarly c,:s contribution to the s-graded part equals its contribution to
the cg2-graded part. Recall that G is assumed to be torsion-free, i.e. s™ # e for every
n € Z \ {0}, and hence the element in (B.3) can never be a non-zero element of degree
e, which means N4y = {0}. By contra positivity we conclude that S2 = S1 and this
finishes the proof. a

Theorem B.3.17. If AogO%G is a crystalline graded ring where Aq is an integral domain,
G is an abelian torsion-free group and o is such that o(s,t) = 1 a4, whenever o5 = id 4, or
or = ida,, then the two assertions S1 and S2 are equivalent.

Proof- It is clear from Corollary B.3.14 that S1 = §2. Suppose that Ay is not maximal
commutative. Since Ag is an integral domain, by Corollary B.3.7 there exists some
s € G\ {e} such that o5 = id4,. For arbitrary g,h € G we may use condition
(2) in Lemma B.2.2 and the assumptions we made on « to arrive at

Q(S7g) a(sg7 h) = Us(a(gv h)) Q(S7gh)
——r e e N
=14, =a(g;h) =14,

and since G is abelian we get a(gs,h) = a(sg,h) = a(g,h). Now, similarly to the
proof of Theorem B.3.16, let I be the two-sided ideal in A0S G generated by 1.4 + s
and note that

agug (la+us)apun, = agugap (la+us)up
= GgUgapUp + Qg Ug Qp Us Up,
= agog(an) ugup + agog(an) ugus up
agog(an) (g, h)ugn + agog(an) a(g, s) ugs un
——
=14,
= agog(an) alg,h)ugn + agog4(an) a(gs, h) ugsn
—_——— ——
:=b =a(g,h)
= bugh + bugsh

for any g, h € G, ag, by € Ag. The rest is analogous to the proof of Theorem B.3.16.
O

Remark B.3.18. Note that, a twisted group ring can never fit into the conditions of
Theorem B.3.17, because if o is trivial then the conditions force v to be trivial as well.
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B.4 Examples

Example B.4.1 (Group rings). Let Ay be a commutative (non-zero) ring and G' any
(non-trivial) group and denote the group ring by Ay % G. Note that this corresponds to
the crossed product with trivial o and o maps. We may define the so called augmentation
map

€:Ag X G — Ay, ZasusHZas

seG seG

and it is straightforward to check that it is in fact a ring morphism. The kernel of this map,
ker(e) is a two-sided ideal in .4y X G and it is not hard to see that ker(e) N Ay = {0}.
This gives us an example of a non-zero two-sided ideal which has zero intersection with
the coefficient ring Ag, i.e. S2 is false. However, for each s € G, us commutes with
every element in A and hence S1 is never true for a group ring. In other words, in a
group ring the two assertions S1 and S2 are always equivalent.

In a twisted group ring Ao X, G, just like for group rings mentioned above, the
action ¢ is trivial and hence for each s € G the element us commutes with every element
in Ap. In other words, Ay is never maximal commutative in a twisted group ring.

Example B.4.2 (The field of complex numbers). Let Ag = R, G = (Z3, +) and define
the cocycle o : Zo x Zy — R\ {0} by a(0,0) = 1, «(0,1) = 1, «(1,0) = 1 and
a(1,1) = —1. Itis easy to see that R x,, Zs = C. This twisted group ring is simple,
hence C is the only non-zero ideal and clearly C N R # {0}. However, as mentioned
eatlier, the coefficient ring R is not maximal commutative in C.

Example B.4.2 shows that in a twisted group ring, S1 may be false even though S2 is
true.

Example B.4.3 (The first Weyl algebra). Following [20], let A (C) = C(x,y)/(yz —
zy — 1) be the first Weyl algebra. If we put deg(z) = 1 and deg(y) = —1 and

A1(C)o = Clzy]
A1(C),, = Clzylz", forn>0
A1(C)y, = Clayly™, form <0

m

then this defines a Z-gradation on A;(C). We set u, = 2™ if n > 0 and up, = y~
if m < 0. We put 0, = 0gn forn > 0and 0, = 0y—m form < 0. It is clear
that 0, (zy) = 2y — 1 because z(zy) = (zy — 1)z and oy (zy) = zy + 1 because
y(zy) = (1 + zy)y. Let us put t = zy, then

o0:7Z — Autc(C[t]), n+— (t—1t—n).
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We can also calculate, for example

aln,—n) = a"y"=a""ty" = (t—(n—1))2" 1y !

= (t—nt1)(t—n+2) ... (t—2)-(t—1)-t

Furthermore a(n, —m) with n > m (n, m € N) can be calculated from

n—m., .m,m n—m

2y ="My = 2" " a(m, —m) = o " (a(m, —m))z" ™

and so
a(n,—m) = o """ (a(m, —m)).

Note that 01 (id 4,) = {0} and clearly «(0, —m) = 1 and a(n,0) = 1. By applying
Theorem B.3.17 it is clear that the assertions S1 and S2 are equivalent for the first Weyl
algebra. Of course, in this specific case this also follows easily since A (C) is known to
be a simple algebra and hence the only non-zero two-sided ideal is A1 (C) itself, which
clearly has a non-zero intersection with C[zy]. Furthermore, C[zy] is an integral domain
and 0, # idg[yy) for each n # 0 and by Corollary B.3.7 the base ring C[zy] is maximal
commutative in A (C). This shows that in this particular example of a crystalline graded
ring, the two assertions S1 and S2 are always true.

Example B.4.4 (The quantum Weyl algebra). Consider the quantum Weyl algebra A =
C(z,y)/(yxr — qry — 1) where g € C\ {0, 1} (see e.g. [8]). Put Ay = C[zy] just like
for the first Weyl algebra. If we set uy, = 2 for n > 0 and w,, = y~"™ form < 0, then
we obtain a Z-grading on A. Furthermore we get

oMzy)=q "zy—q " —...—q" (B.4)

and
o, (zy) =q¢"zy+¢" "t +.. . +q+1 (B.5)

One may define a(n, —n) = a™y™ for n € Z>( and derive formulas for the values
of v in a similar fashion as for the first Weyl algebra. If ¢ is not a root of unity, then
o~ 1(id4,) = {0} and we may apply Theorem B.3.17 to conclude that S1 and S2 are
equivalent. Furthermore by Corollary B.3.7, Ag is maximal commutative and hence we
conclude that every non-zero two-sided ideal has a non-zero intersection with Ap. Note
that A is not simple, in fact there is a whole collection of proper ideals as explained in
[7].

If ¢ # 1 is a root of unity and n is the smallest positive integers such that ¢" = 1,
then from (B.4) and (B.5) and Corollary B.3.6 we see that

Cu(Ao) = { > melay)at + Y milay)y! | pelay) miley) € C[xy}}

kenN lenN

and hence Ay is not maximal commutative.
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Theorems B.3.16 and B.3.17 partly rely on the grading group G being torsion-free,
which obviously excludes all finite groups. In the following we give an example of an
algebra which is graded by a finite group and in which the two assertions S1 and S2 are
in fact true and hence equivalent.

Example B.4.5 (Central simple algebras). Let A be a finite-dimensional central simple
algebra over a field F'. By Wedderburn’s theorem A = M;(D) where D is a division
algebra over F and ¢ is some integer. If K is a maximal separable subfield of D then
[K : F] = n where [D : F] = n% We shall assume that K is normal over F' and that
[A: F] = [K : F)? (see [9] for motivation). Let Gal(K/F) be the Galois group of K
over F'. For k € K and 05 € Gal(K/F) we shall write 05(k) for the image of k under
0s. By the Noether-Skolem theorem there is an invertible element us € A such that
os(k) = uskug ! for every k € K. One can show that the u,’s are linearly independent
over K. However, the linear span over K of the us’s has dimension n? over F, hence
must be all of A. Inshort A = {>", ksus | ks € K}. If 05,0, € Gal(K/F) and
k € K, then

seG

usugkuy tuyt = usop(B)uyt = og (k) = g kuy,

This says that u;' (usu;) € C4(K) = K, in other words us u; = f(s,t) us; where
f(s,t) # 0isin K. Since A is an associative algebra one may verify that f : Gal(K/F)x
Gal(K/F) — K \ {0} is in fact a cocycle. By Theorem 4.4.1 in [9], if K is a normal
extension of F' with Galois group Gal(K/F) and f is a cocycle (factor set), then the
crossed product K x§ Gal(K/F) is a central simple algebra over /" and hence in this

situation both S1 and S2 are in fact true.

B.5 Comments to the literature

As we have mentioned in the introduction, the literature contains several different types
of intersection theorems for group rings, Ore extensions and crossed products. Typically
these theorems rely on heavy restrictions on the coefficient rings and the groups involved.

It was proven in [26, Theorem 1, Theorem 2] that the center of a semiprimitive
(semisimple in the sense of Jacobson [10]) PI. ring respectively semiprime PI. ring has
a non-zero intersection with every non-zero ideal in such a ring. For crystalline graded
rings satisfying the conditions in [26, Theorem 2], it offers a more precise result than
Corollary B.3.13 since Z(A) C C4(Ag). However, every crystalline graded ring need
not be semiprime nor a PI. ring and this justifies the need for Corollary B.3.13.

In [14, Lemma 2.6] it was proven that if the coefficient ring A¢ of a crossed product
Ap * G is prime, P is a prime ideal in A * G such that P N Ap = 0 and [ is an ideal
in Ag * G properly containing P, then I N Ay # 0. Furthermore, in [14, Proposition
5.4] it was proven that the crossed product Ay * G with G abelian and Ay a G-prime
ring has the property that, if Ginn = {e}, then every non-zero ideal in Ag * G has a
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non-zero intersection with Ag. It was shown in [3, Corollary 3] that if Ay is semiprime
and Ginn = {e}, then every non-zero ideal in Ag * G has a non-zero intersection with
Ap. In [15, Lemma 3.8] it was shown that if Ay is a G-prime ring, P a prime ideal in
Ao * G with PN Ag = 0 and if I is an ideal in Ag * G properly containing P, then
INAp # 0. In [18, Proposition 2.6] it was shown that if Ay is a prime ring and [ is a
non-zero ideal in Ag * G, then I N (Ag * Ginn) # 0. In [18, Proposition 2.11] it was
shown that for a crossed product Ay * G with prime ring Ap, every non-zero ideal in
Ao * G has a non-zero intersection with Ay if and only if C*[Gj,y] is G-simple and in
particular if |Ginn| < 00, then every non-zero ideal in A * G has a non-zero intersection
with A if and only if 4 * G is prime.

Corollary B.3.14 shows that if Ag is maximal commutative in the crystalline graded
ring Ao 0% G, without any further conditions on the ring A or the group G, we are able
to conclude that every non-zero ideal in AgQ% G has a non-zero intersection with Ajg.

In the theory of group rings (crossed products with no action or twisting) the inter-
section properties of ideals with certain subrings have played an important role and are
studied in depth in for example [4], [13] and [25]. Some further properties of intersec-
tions of ideals and homogeneous components in graded rings have been studied in for
example [2], [16].

For ideals in Ore extensions there are interesting results in [5, Theorem 4.1] and [11,
Lemma 2.2, Theorem 2.3, Corollary 2.4], explaining a correspondence between certain
ideals in the Ore extension and certain ideals in its coefficient ring. Given a domain A of
characteristic 0 and a non-zero derivation ¢ it is shown in [6, Proposition 2.6] that every
non-zero ideal in the Ore extension R = A[z; d] intersects \A in a non-zero d-invariant
ideal. Similar types of intersection results for ideals in Ore extension rings can be found
in for example [12] and [17].
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Paper C

Crossed product-like and pre-crystalline
graded rings

Johan Oinert and Sergei D. Silvestrov

Abstract. We introduce crossed product-like rings, as a natural generalization of crystalline
graded rings, and describe their basic properties. Furthermore, we prove that for certain pre-
crystalline graded rings and every crystalline graded ring A, for which the base subring Ao is
commutative, each non-zero two-sided ideal has a non-zero intersection with C 4(Ap), i.e.
the commutant of Ao in A. We also show that in general this property need not hold for
crossed product-like rings.

C.1 Introduction

In the recent paper [3], by E. Nauwelaerts and F. Van Oystaeyen, so called crystalline
graded rings were introduced, as a general class of group graded rings containing as special
examples the algebraic crossed products, the Weyl algebras, the generalized Weyl algebras
and generalizations of Clifford algebras. In the paper [4], by T. Neijens, E Van Oystaeyen
and W.W. Yu, the structure of the center of special classes of crystalline graded rings and
generalized Clifford algebras was studied.

In this paper we prove that if A is a crystalline graded ring, where the base subring
Ag is commutative, then each non-zero two-sided ideal has a non-zero intersection with
Ca(Ag) ={be A|ab="ba, Va€ Ay}, ie. thecommutantof Aj in A (Corollary
C.5.5). Furthermore, we define pre-crystalline graded rings as the obvious generalization of
crystalline graded rings, and show that under certain conditions the previously mentioned
property also holds for pre-crystalline group graded rings (Theorem C.5.3).

We also introduce crossed product-like rings which is a broad class of rings, containing
as special cases the pre-crystalline graded rings and hence also the crystalline graded rings.
Crossed product-like rings are in general only monoid graded in contrast to crystalline
graded rings and algebraic crossed products, which are group graded. A crossed product-
like ring graded by the monoid M and with base ring A will be denoted by Ag0S M,
where 05 : Ay — Ag is an additive and multiplicative set map for each s € M and
a: M x M — Ajp is another set map (see Lemma C.2.3 for details). The product in
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AoOQS M is given by the bilinear extension of the rule
(aus)(bug) = aos(b) as,t) ust

fora,b € Apands,t € M. In contrary to the case of algebraic crossed products or more
generally crystalline graded rings, for crossed product-like rings the maps o5, s € M,
may be non-surjective, thus allowing non-standard examples of rings to fit in (Example
C.6.2).

The center Z(.A) (Proposition C.4.1) and the commutant C'4(Ap) of the base sub-
ring in a general crossed product-like ring A = AgOGM (Theorem C.3.1) will be de-
scribed and we will give an example of a (possibly) non-invertible dynamical system, to
which we associate a monoid graded crossed product-like ring and show that it contains a
non-zero two-sided ideal which has zero intersection with the commutant of the base sub-
ring (Proposition C.5.1). This displays a difference between monoid graded and group
graded rings with regards to the intersection property that we are investigating.

C.2 Preliminaries and definitions

We shall begin by giving the definitions of the rings that we are investigating and also
describe some of their basic properties.

Definition C.2.1 (Graded ring). Let M be a monoid with neutral element e. A ring R is
said to be graded by M if R = @sel\/f R for additive subgroups R, s € M, satisfying
RsRi € Ry forall s,t € M. Moreover, if RsR; = R holds for all s,¢ € M, then
R is said to be strongly graded by M.

It may happen that M is in fact a group and when we want to emphasize thata ring R
is graded by a monoid respectively a group we shall say that it is monoid graded respectively
group graded. It is worth noting that in an associative and graded ring R = @ 5, Rs»
by the gradation property, R, will always be a subring and furthermore for every s € M,
Rs is an R-bimodule. For a thorough exposition of the theory of graded rings we refer
to [1, 2].

So called crystalline graded rings were defined in [3] and further investigated in [4].
Right now we wish to weaken some of the conditions in the definition of those rings, in
order to allow more general rings to fit in.

Definition C.2.2 (Crossed product-like ring). An associative and unital ring A is said to
be crossed product-like if

e There is a monoid M (with neutral element ¢€).

o Thereisamapu: M — A, s+ ugsuchthatue =14 and us # 04 for every
s€e M.
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o There is a subring Ay C A containing 1 4.
such that the following conditions are satisfied:
(P1) A=,y Ao us.
(P2) Foreverys € M, us Ay C A us and Ag us is a free left Ag-module of rank one.
(P3) The decomposition in P1 makes A into an M -graded ring with Ay = A..

If M is a group and we want to emphasize that, then we shall say that A is a crossed
product-like group graded ring. If we want to emphasize that M is only a monoid, we shall
say that A is a crossed product-like monoid graded ring.

Similarly to the case of algebraic crossed products, one is able to find maps that can
be used to describe the formation of arbitrary products in the ring. Some key properties
of these maps are highlighted in the following lemma.

Lemma C.2.3. With notation and definitions as above:

(i) Forevery s € M, there is a set map o5 : Ay — Ag defined by usa = o5(a)us for
a € Ao. The map o is additive and multiplicative. Moreover, 0, = id 4,,.

(i) Thereis aset map o : M X M — Ag defined by usuy = a(s,t)ug fors,t € M.
For any triple s, t,w € M and a € Ay the following equalities hold:

a(s, t)a(st,w) = os(at,w))a(s, tw) (C.1)
os(ot(a))a(s,t) = a(s,t)os(a) (C2)

(ii) For every s € M we have a(s,e) = afe,s) = 1 4.
Proof. The proof is analogous to the proof of Lemma 2.1 in [3]. O

By the foregoing lemma we see that, for arbitrary a,b € A and s,t € M, the
product of @ us and b u, in the crossed product-like ring A may be written as

(aug)(buy) = aos(b) als, t)us

and this is the motivation for the name crossed product-like. A crossed product-like ring
A with the above properties will be denoted by Ao 0% M, indicating the maps o and .

Remark C.2.4. Note that for s € M \ {e} we need not necessarily have 05(1.4,) = 1 4,
and hence o need not be a ring morphism.

Definition C.2.5 (Pre-crystalline graded ring). A crossed product-like ring AgQ& M
where for each s € M, Agus = us Ao, is said to be a pre-crystalline graded ring.
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For a pre-crystalline graded ring Ag Q% M, the following lemma gives us additional
information about the maps o and « defined in Lemma C.2.3.

Lemma C.2.6. If AgQOS M is a pre-crystalline graded ring, then the following holds:
(i) Foreverys € M, the map 05 : Ao — Aqg is a surjective ring morphism.

(i) If' M is a group, then
a(g,97") = o4(alg™,9)
Jor each g € M.

Proof. The proof is the same as for Lemma 2.1 in [3]. O

In a pre-crystalline graded ring, one may show that for s,t € M, the a(s,t) are
normalizing elements of Ay in the sense that Aga(s, t) = a(s, t).Ag (see [3, Proposition
2.3]). If we in addition assume that Ay is commutative, then we see by Lemma C.2.3
that the map o : M — End(.Ap) is a monoid morphism.

For a pre-crystalline group graded ring Ag 02 G, we let S(G) denote the multiplica-
tive set in Ag generated by {a(g, g71) | g € G} and let S(G x G)) be the multiplicative
set generated by {a(g, h) | g, h € G}.

Lemma C.2.7 (Corollary 2.7 in [3]). If A = AoQSG is a pre-crystalline group graded
ring, then the following are equivalent:

o Ay is S(G)-torsion free.

o A is S(G)-torsion free.

e a(g,g Yag = 0 for some g € G implies ag = 0.

o (g, h)ag = 0 for some g, h € G implies ay = 0.

o Agug = ugAg is also free as a right Ao-module, with basis ug, for every g € G.

o Forevery g € G, 0 is bijective and hence a ring automorphism of Ao.

From Lemma C.2.7 we see that when Ag is S(G)-torsion free in a pre-crystalline
group graded ring Ao 0% G, we have im(0) C Aut(Ag). We shall now state the defini-

tion of a crystalline graded ring.

Definition C.2.8 (Crystalline graded ring). A pre-crystalline group graded ring A 0$G
which is S(G)-torsion free is said to be a crystalline graded ring.

86



C.3. THE COMMUTANT OF 4, IN A CROSSED PRODUCT-LIKE RING

C.3 The commutant of 4 in a crossed product-like ring

The commutant of the subring Ag in the crossed product-like ring 4 = AgQOSM is
defined by
Cu(Ag)={be A | ab=ba, Vae Ap}.

In this section we will describe C 4(Ap) in various crossed product-like rings. Theorem
C.3.1 tells us exactly when an element of a crossed product-like ring A = AgOS M lies

in C4(Ap).
Theorem C.3.1. In a crossed product-like ring A = AgQS M, we have

C4(Ag) = {Z rsus € AgQOSM ’ rsos(a) =ars, Va€ A, s€ M}

seM

Proof. The proof is established through the following sequence of equivalences:

Z rsus € Cyu(Ap) <= <Z rsus> a=a (Z rsus> , VYa€ A

seM seM seM
— E rsos(a)us = g arsus, Vaé€ Ay
sEM sEM

<= Foreachs € M : ry05(a) =ars, VYae€ A.

O

If Ap is commutative, then for each € Ay we denote its annihilator ideal in Ag by

Ann(r) = {a € Ap | ar = 0} and get a simplified description of C 4(Ap).

Corollary C.3.2. If A = AoQO5M is a crossed product-like ring and Aq is commutative,
then

Ca(Ag) = { Z rsus € AgOoM | o5(a) —a € Ann(rs), Va € Ao, s € M} .

seM

When Ag is commutative it is clear that Ay C C4(Ap). Using the explicit de-
scription of C4(Ap) in Corollary C.3.2, we immediately get necessary and sufficient
conditions for Aj to be maximal commutative in A, i.e. Ag = C4(Ap).

Corollary C.3.3. If AogO% M is a crossed product-like ring where Ay is commutative, then
Ay is maximal commutative in AgOS M if and only if; for each pair (s,rs) € (M \{e}) x
(Ao \ {04, }), there exists a € Ag such that 05(a) — a ¢ Ann(rs).
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Corollary C.3.4. Let AgQOS M be a crossed product-like ring where Ag is commutative. If
Jor each s € M \ {e} it is always possible to find some a € Ag such that 05(a) — a is not a
zero-divisor in Ao, then Ay is maximal commutative in AgQS M.

The next corollary is a consequence of Corollary C.3.3.

Corollary C.3.5. If the subring Aq in the crossed product-like ring AgQS M is maximal
commutative, then 05 # id 4, for each s € M \ {e}.

The description of the commutant C 4(Ap) from Corollary C.3.2 can be further
refined in the case when Ay is an integral domain.

Corollary C.3.6. If A is an integral domain, then the commutant of Aq in the crossed
product-like ring AgOo M is
Caldo) ={ D rous € AOIM |y € Ao}
s€o~1(ida,y)
where oL (ida,) = {s € M | 05 =id 4, }.

The following corollary can be derived directly from Corollary C.3.5 together with
either Corollary C.3.4 or Corollary C.3.6.

Corollary C.3.7. If AgQO% M is a crossed product-like ring where Ag is an integral domain,
thenos # id a, forall s € M\ {e} if and only if Ag is maximal commutative in AgQOF M.

We will now give a sufficient condition for C4(Ag) to be commutative.

Proposition C.3.8. [f AgO% M is a crossed product-like ring where Ag is commutative, M
is abelian and o(s,t) = a(t, s) for all s,t € M, then C 4(Ayg) is commutative.

Proof: Let Y 7, rsus and D, Pty be arbitrary elements in C4(Ap). By our as-
sumptions and Corollary C.3.2 we get

(Z Ts us) (Z Dt ut) = Z Ts Us(pt) Oé(Sﬂf) Ust

seM teM (s,t)eMx M

- Z Ts Pt a(57t) Ust

(s, t)EM XM

= Y pou(rs)alt,s) s

(s,t)eM X M

(Zr) ()
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C.4 The center of a crossed product-like ring A 0% M

In this section we will describe the center Z(A) = {b € A | ab = ba, Ya € A} of a
crossed product-like ring A = AgO% M. Note that Z(AgQSM) C C4(Ayp).

Proposition C.4.1. The center of a crossed product-like ring A = Ao QS M is

Z(A) = { Z TgUg ‘ Z rg (g, $) ugs = Z 0s(rg) (s, g) Usg

geEM geEM geM

rsos(a) =ars, Va€ Ay, s€ M}

Proof. Let 3 o7y Tg g € AgOg M be an element which commutes with every element
in AgQg M. Then, in particular °  / 7¢ ug must commute with every a € Ag. From
Theorem C.3.1 we immediately see that this implies 75 05 (a) = a7, for every a € Ay
and s € M. Furthermore, deM 74 Ug must commute with u, for every s € M. This
yields

g rga(g,s) ugs E TgUg | Us = Us g TgUg

geM geM geM

Y os(rg) als, g) usy

geEM

for each s € M.
Conversely, suppose that 3,79 ug € AgQGM is an element satisfying 75 05(a) =

ars and Y5 g alg,8)Ugs = D cpy 0s(rg) (s, g) sy for every a € Ag and
s € M. Let %seM as us € AgQO%Y M be arbitrary. Then

Z T.q G!] (G’S) Oé(g, 5) ugs

(g,s)EM x M

= Z asTg a(g, S) Ugs

(g,8)EM XM

= Zas nga(g,s)ugs

seEM geEM

> (Zu>

geEM seM
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D as| Y oslrg)als,g) usy

seM geEM

— E as 05(rg) oS, g) Usg

(s,9)EM XM

(Z u> S g,

seM geM

and hence deM T4 Ug commutes with every element in AgQS M. O
A crossed product-like group graded ring offers a more simple description of its center.
Corollary C.4.2. The center of a crossed product-like group graded ring A = AgQSG is

Z(A) - { Z TgUg ’ Tys—1 a(ts_lv S) = 0'5(7“5—11;) a(s’ S_lt)’

geG

rsos(a) =ars, Yae€ A, (s,t) € G x G}.

Corollary C.4.3. The center of a crossed product-like ring A = AoQSG graded by an
abelian group G is

Z(A) = { S g | g alg, ) = 04(rg) (s, 9)

geqG

rsos(a) =ars, Va€ Ay, s€ G}.

C.5 Intersection theorems

For any group graded algebraic crossed product A, where the base ring A¢ is commuta-
tive, it was shown in [5] that

INCa(Ag) # {0}

for each non-zero two-sided ideal I in A (see also [6]). In this section we will investigate
if this property holds for more general classes of rings. It turns out that it need not
hold in a crossed product-like monoid graded ring. However, we shall see that under
certain conditions it will hold for pre-crystalline graded rings and that it always holds for
crystalline graded rings if Ay is assumed to be commutative.
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C.5.1 Crossed product-like monoid graded rings

Let X be a non-empty set and v : X — X a map (not necessarily injective nor surjec-
tive). We define the following sets:

Per"(y) = {zeX|[7°™(2) =2}, nelx
Per(y) = U Per"(v)
n€lx>o
Aper(y) = X\ Per(y)

We let C¥X denote the algebra of complex-valued functions on X, with addition and
multplication being the usual pointwise operations. We define a map

0 : Z>o — End(C¥)
by
on(f) =for°™, fecC¥
for n € Z>o. Let A be the ring consisting of finite sums of the form > ., fsus

where f, € CX for s € Z>0, and where u; are non-zero elements satisfying ug = 1,
Us Ut = Ugtt for all s,t e Zzo and

us f =os(f)us , for f e CX.

It is easy to see that A = cX OoZ>g is a crossed product-like ring. We omit to indicate
the map o : Z>o X Z>o — CX since it is mapped onto the identity in C* everywhere.

Proposition C.5.1. With conventions and notation as above, if Aper(y) # 0, then there
exists a non-zero two-sided ideal I in A = CX QoL such that

INC4(C*) ={0}.

Proof Suppose that Aper(y) # ). Clearly, v(Per(y)) C Per(y) and y(Aper(y)) C
Aper(y). For the pre-images we have vy~ !(Per(v)) C Per(y) and v~ (Aper(y)) C
Aper(y). Choose some non-zero f € CX such that supp(f) C Aper(7y) and let I be
the ideal in A generated by fu;. An arbitrary element ¢ € I may be written as

c= E E Gry k Ury f Ui hrz,k Uy,

keZZO 7‘1,7“26220

where g; j, hij € CX fori,j € Z>¢. This may be rewritten as

€= Z Z Z ngakU7’1(f)UT1+1(hr2,k) Ut

tEZ>o 7’1,7”26220 k‘6220
r1+re+1=t

=a¢
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By elementary properties of the support of a function, we get

supper) < | U (Supp Grik) N (7°01) " (supp(f))

r1,72€Z>0 k€ZL>o
ri+ro+1=t

N ) 7 (supp(hrs.i))
from which we conclude that

supp(ar) € | (4°)) 7 (supp(f)). (C3)
r1€L>q
ri+1=t

It follows from Corollary C.3.2 that Y, a;uy lies in Ca(C¥) if and only if

supp(at) C Per'(y) for each t > 0. If we can show that Per’(y) (supp(a;) = 0 for
every t, then we are finished.  Suppose that there exists some ¢ for which
Per’(v) N supp(a¢) # 0. It now follows by (C.3) that

Per'(7) () |J (°0) " (supp(f)) # 0
r1E€ZL>0
ri+1=t

which is absurd, after noting that Urlezmmﬂzt(vo(m))* (supp(f)) C Aper(y),

Per’(y) C Per(y) for each t € Z~g and that Per(y) N Aper(y) = (). This concludes
the proof. 0

Remark C.5.2. Let X be a non-empty set and 7 : X — X a bijection. The bijection
gives rise to a map 7 : Z — Aut(CX) given by 4,,(f) = f 0 7°™, for f € CX, and
we may define the Z-graded crossed product A = C¥ x5 Z (see for example [7-9]). It
follows from [9, Theorem 3.1] or more generally from [5, Theorem 2], that

1N Ca(CY) # {0}
for each non-zero two-sided ideal I in CX x5 Z.
Proposition C.5.1 and Remark C.5.2 display a difference between monoid graded
crossed product-like rings and group graded crossed products.
C.5.2 Group graded pre-crystalline and crystalline graded rings

Given a pre-crystalline graded ring A = AgQSG, for each b € Aj we define the com-
mutator to be

Dy: A— A, ZasusHb<Zasus> — (Zasus)b

seG seG seG
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From the definition of the multiplication we have

Dy (Z Qs us) = b (Z as u3> (Z as u&>
seG seEG seG
(Z bas us> (Z as 0s(b) u5>
seG seG
= z:(bag fasas(b

seG

for each b € Ay.

Theorem C.5.3. If A = AoQSG is a pre-crystalline group graded ring where Ay is
commutative and for each Y _rasus € A\ Ca(Ap) there exists s € G such that
as € ker(os 0 04-1), then

seG

I'NCa(Ao) # {0}

Jfor every non-zero two-sided ideal I in A.

Proof. Let I be an arbitrary non-zero two-sided ideal in A and assume that A is com-
mutative and that for each ) .~ asus € A\ Ca(Ap) there exists s € G such that
as &€ ker(os 0 05-1). For each g € G we may define a translation operator

Ty: A— A, ZasusH (Z%%) Ug.

seG seG

Note that, for each g € G, I is invariant under Tj;. We have

Tg (Z g ug> = (Z ag Ug) Ug = Zas a(s,g) Usg

seG seG seG

for every g € G. By the assumptions and together with [3, Corollary 2.4] it is clear that

for each element ¢ € A\ C4(Ap) it is always possible to choose some g € G and let T},

operate on ¢ to end up with an element where the coefficient in front of ue is non-zero.
Note that, for each b € Ay, I is invariant under Dj,. Furthermore, we have

Db (Z as us) = Z(bas—as Us(b)) Us =

seG seG
= Z(bas—as os(b)) us =Zd5us
s#e s#e

since (bae — ae 0e(b)) = bae — acb = 0. Note that C4(Ao) = (e, ker(Dy) and
hence forany ) . asus € A\ Ca(Ag) we are always able to choose b € Ag and the
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corresponding Dy, and have ) . asus ¢ ker(Dy). Therefore we can always pick an
operator Dy, which kills the coefficient in front of u, without killing everything. Hence,
if ac # 04,, the number of non-zero coefficients of the resulting element will always be
reduced by at least one.

The ideal I is assumed to be non-zero, which means that we can pick some non-zero
element ZseG reus € I. If ZseG rsus € Ca(Ap), then we are finished, so assume
that this is not the case. Note that ry # 04, for finitely many s € G. Recall that the
ideal I is invariant under T and D, for all g € G and a € Aj. We may now use the
operators {T } gex and {Dg }qe 4, to generate new elements of 1. More specifically, we
may use the T}:s to translate our element ZseG 75 Ug into a new element which has a
non-zero coefficient in front of u, (if needed) after which we use the D, operator to kill
this coefficient and end up with yet another new element of I which is non-zero but has
a smaller number of non-zero coefficients. We may repeat this procedure and in a finite
number of iterations arrive at an element of I which lies in C'4(Ap) \ Ao, and if not we
continue the above procedure until we reach an element in Ag \ {0.4,}. In particular

Ao C C4(Ap) since Ap is commutative and hence I N C'4(Ag) # {0}. O

Corollary C.5.4. If A = AoQSG is a pre-crystalline group graded ring where Ag is max-
imal commutative and for each ) . asus € A\ Aq there exists s € G such that
as € ker(os 0 04-1), then

1N A # {0}

Jfor every non-zero two-sided ideal I in A.

A crystalline graded ring has no S(G)-torsion and hence ker(o; 0 04-1) = {04, }
by [3, Corollary 2.4]. Therefore we get the following corollary which is a generalization
of a result for algebraic crossed products in [5, Theorem 2].

Corollary C.5.5. If A = AoQ%G is a crystalline graded ring where Ao is commutative,
then

INCa(Ao) # {0}

Jfor every non-zero two-sided ideal I in A.
When A is maximal commutative we get the following corollary.

Corollary C.5.6. If AgOSG is a crystalline graded ring where Ag is maximal commutative,
then

I'nAy # {0}

for every non-zero two-sided ideal I in AyQSG.
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RINGS

C.6 Examples of crossed product-like and crystalline graded
rings

Example C.6.1 (The quantum torus). Let ¢ € C\{0, 1}. Denote by Cy[z, 271, y, y ]
the unital ring of polynomials over C with four generators {z,z~',y,47 !} and the

defining commutation relations zz~! =z 1z =1, yy~ ' =y~ ly = 1 and
yr=quy. (C4)
, IR Clae ™y~ ,
This means that Cy[z, 271, y,y~ ] = {m,,l=z,lz=1<fyz,lzyy,1;=1_’ TS This

ring is sometimes called the rwisted Laurent polynomial ring or the quantum torus. Follow-
ing the notation of Definition C.2.2, let Ay = Clz,z7 ], M = (Z,+) and u,, = y"
for n € M. It is not difficult to show that

A=Cylr,2 y,y '] = @C[m,xil}y" = @ Ao un

nez neM

and that the other conditions in Definition C.2.2 are satisfied as well. Therefore,
Cylz, 271, y,y™1] can be viewed as a crossed product-like group graded ring. From
the defining commutation relations and the choice of uy,, it follows that o,, : P(z) —
P(q"x) forn € M and P(x) € A, and that a(s,t) = 1 4 for all s,¢ € M, following
the notation of Lemma C.2.3.

In the current example, Ag is an integral domain. Thus, by Corollary C.3.7, the
subring Ay = Clz, 71| is maximal commutative in Cy[z, 271, y,y~!] if and only if
q"x # x for every n # 0 or equivalently if and only if ¢ is not a root of unity.

Example C.6.2 (Twisted functions in the complex plane). Let C® be the algebra of
functions C — C, with addition and multiplication being the usual pointwise operations.
Fix a pair of numbers ¢ € C \ {0} and d € Z~( and consider the map

7:C—C, 2z~ gz

We define
O_H:CC_)C(C’ foo,yo(n)

forn € Zsg and set 09 = idge. If n > 2, then this yields
(0n(F))(2) = f(gtHd+-+d""" d")

for f € C®and z € C. Let A be the algebra consisting of finite sums of the form
Zi€Z>o fi i, where f; € C® foreach i € Z >0, and u; are non-zero elements satisfying

1. u0:1
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2. UpUm = Uptm, Tforalln,m € Zxq
and also such that u; does not in general commute with CC, but satisfy
Unf = 0n(f)tin, for f € CCandn € Zs.

One may easily verify that this corresponds to the crossed product-like monoid graded
ring CCQGZEO. Consider the set

Per"(y) = {z € C | ou(f)(2) = f(2), VfeC}. (C.5)

Note that Per’ () = C and that Per’ () contains the solutions to the equation ¢z% =
z. Forn € Z>o we have

Per’(7) = {z € C | g ToH-+d""" 4" = ;1 (C.6)

By using the formula for a geometric series, it is easy to see that, for each n € Z>1,
Per” contains the point z = 0 and d" — 1 points equally distributed along a circle with

radius 7 = |g| 77 and with its center in the origin in the complex plane.
The following proposition follows from Corollary C.3.2.

Proposition C.6.3. With notation and definitions as above, for A = C0, Z>o we have

Ca(C) =< > fiui | supp(fi) C Per'(y), i€ Zxo

i€Z50

It now becomes clear that CC is never maximal commutative in (C(CO(,ZEO. In fact
Proposition C.6.3 makes it possible to explicitly provide the elements in the commutant
CA((CC) that are not in CC. If fo, f1, fo € CC, then by using (C.5) and (C.6) and
Proposition C.6.3, we conclude that a = fo + f1 u1 + fa uz liesin C 4 ((CC) if and only
if, supp(f1) respectively supp(fa) is contained in Per' () respectively Per?(v).

Example C.6.4 (The first Weyl algebra). Following [3], let

A1(C) = C(z,y)/(yx — 2y — 1)

be the first Weyl algebra. If we put deg(z) = 1 and deg(y) = —1 and

A]_(C)O = C[.Ty]
A1(C),, = Clzyla™, forn >0
A1(C)p, = Clayly™™, form <0
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then this defines a Z-gradation on A;(C). We set u, = 2™ if n > 0 and u,,, =y~ ™ if
m < 0. It is clear that o1 (zy) = 2y — 1 because z(zy) = (xy — 1)z and o_1(zy) =
xy + 1 because y(zy) = (1 + zy)y. Let us put ¢t = xy, then

o:Z — Autc(C[t]), n+— (t—t—n).
We can also calculate, for example

a(n,—n) = a"y"=a""Hy "t = (t— (n— 1))y

= (t—-n+1)-t—-n+2)-...-t—2)-(t—1)-t.
Furthermore ae(n, —m) with n > m (n,m € Zx>) can be calculated from

n—m.,m,mm = m

"y = 2™y" =

a(m,—m) = op_m(alm, —m))z" ™™
and so
Oé(n, 7m) = Unfm(Oé(m, 7m))

It is well-known that A (C) is a simple algebra and hence the only non-zero two-sided
ideal is A1 (C) itself, which clearly has a non-zero intersection with C[zy]. Furthermore,
Clay] is an integral domain and o, # idc[sy) for each n # 0 and by Corollary C.3.7,
the base ring C[zy] is maximal commutative in A;(C).

Example C.6.5 (Generalized Weyl algebras). Let Ag be an associative and unital ring

and fix a positive integer n and set n = {1,2,...,n} and let 0 = (01,09,...,0,)
be a set of commuting automorphisms of Ay. Let a = (a1, aq, ..., a,) be an n-tuple
with nonzero entries in Z(Ap) such that 0;(a;) = a; for i # j. The generalized

Weyl algebra A = Ag(o,a) is defined as the ring generated by A and 2n symbols
Xi1,..., X0, Y1,...,Y, satsfying the following rules:

1. Foreachi € {1,...,n}:
Y:Xi=a;, and X,;Y;=o0;(a;)
2. Foralld € Agandeachi € {1,...,n},
X,d=0i(d)X;, and Yid=o0;'(d)Y;
3. Fori # j,

[YHYJ] =
[Xi, X;] =
[XMYJ] =0

where [z, y] = 2y — yz.
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Now for m € Z we write u,, (1) = (X;)™ if m > 0 and u,, (i) = (Y;)™™ if m < 0.
For k = (k1,ka,..., k) € Z"™ we set ux = ug, (1) - ... uk, (n). By putting A =
Drezn Ak where Ax = Agux , we see that A is a Z"-graded ring, which is crystalline
graded (see [3]). If the base ring A is commutative, just like in many of the examples
of this class of rings, we get by Corollary C.5.5 that each nonzero two-sided ideal in the
generalized Weyl algebra A contains a non-zero element which commutes with all of Ay.
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Paper D

Commutativity and ideals in strongly
graded rings

Johan Oinert, Sergei Silvestrov, Theodora
Theohari-Apostolidi and Harilaos Vavatsoulas

Abstract. In some recent papers by the first two authors it was shown that for any algebraic
crossed product A, where Ay, the subring in the degree zero component of the grading, is a
commutative ring, each non-zero two-sided ideal in A has a non-zero intersection with the
commutant C A (Ag) of Ao in A. This result has also been generalized to crystalline graded
rings; a more general class of graded rings to which algebraic crossed products belong. In this
paper we generalize this result in another direction, namely to strongly graded rings (in some
literature referred to as generalized crossed products) where the subring Ao, the degree zero
component of the grading, is a commutative ring. We also give a description of the intersection
between arbitrary ideals and commutants to bigger subrings than Ao, and this is done both
Jor strongly graded rings and crystalline graded rings.

D.1 Introduction

Dynamical systems, generated by the iteration of homeomorphisms of compact Haus-
dorff spaces, lead to crossed product algebras of continuous functions on the space, by the
action of the additive group of integers via composition of continuous functions with the
iterations of the homeomorphisms. In the context of C*-algebras, the interplay between
topological properties of the dynamical system such as minimality, transitivity, freeness on
one hand, and properties of ideals, subalgebras and representations of the corresponding
crossed product on the other hand, has been a subject of intensive investigation at least
since the 1960’s, both for single map dynamics and for more general actions of groups
and semigroups, that is in particular iterations of several transformations called iterated
function systems in the literature on fractals and dynamical systems. Such constant and
growing interest to this interplay between dynamics, actions and non-commutative alge-
bras can be explained by the fundamental importance of this interplay and its implica-
tions for operator representations of the corresponding crossed product algebras, spectral
and harmonic analysis and non-commutative analysis and non-commutative geometry
fundamental for the mathematical foundations of quantum mechanics, quantum field
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theory, string theory, integrable systems, lattice models, quantization, symmetry analysis,
renormalization, and recently in analysis and geometry of fractals and in wavelet analy-
sis and its applications in signal and image processing (see [1-5, 7, 9-14, 19-21, 28—
30, 33, 39, 42, 44, 55, 56, 58] and references therein).

There has been a substantial progress on the interplay between C*-algebras and dy-
namics of iterations of continuous transformations and more general actions of groups
on compact Hausdorff spaces [2, 10, 44, 55—-57]. However, the investigation of actions
of not necessarily continuous transformations on more general and more irregular spaces
than Hausdorff spaces requires an extension of this interplay beyond C*-algebras to a
purely algebraic framework of general algebras and rings. Only partial progress in this im-
portant direction has been made. In [45-48], extensions and modifications of this result
and the interplay between dynamics and maximal commutativity properties of the canon-
ical coefficient subalgebra, the degree zero component of the grading, and its intersection
with ideals was investigated for dynamical systems that are not topologically free on more
general spaces than Hausdorff spaces both in the context of algebraic crossed products by
7Z and for the corresponding Banach algebra and C*-algebra crossed products in the case
of single homeomorphism dynamical systems or more general dynamical systems gener-
ated by an invertible map. Also in these works, this interplay has been considered from the
point of view of representations as well as with respect to duality in the crossed product
algebras. Some results, that could be considered as related to this direction of interplay,
have been scattered within the purely algebraic literature on graded rings and algebras
[6, 8, 1518, 22-27, 31-35, 40, 41, 43, 49-54]. In many of these related results, very
special properties are assumed for the coefficient subring or for the whole crossed prod-
uct or graded ring or algebra, such as being a ring without zero-divisors, semi-simple or
simple ring, etc. This has been motivated in most cases by the desire to use the algebraic
constructions, tools and techniques that were available at the time. However, it turns
out that these restrictions often exclude for example many important classes of algebras
arising in physics and associated to actions on algebras and rings of functions on infinite
spaces or other algebras and rings with zero-divisors, and many other situations. Thus, it
is desirable to investigate the above mentioned interplay between actions and properties
of ideals and subalgebras for general graded rings and crossed product rings and algebras
and their generalizations, without any restrictive artificially imposed conditions. It turns
out that many interesting properties and results hold in such much greater generality and
also as a consequence, new previously not noticed results and constructions come to light.

In this paper we focus on the connections between the structure of ideals and the
commutant of subrings in generalizations of crossed product rings and in general classes
of graded rings. This, in particular, provides a general understanding of the conditions
for maximal commutativity of the degree zero component subalgebra of the grading and
properties of more general subalgebras important for representation theory. In this paper
we substantially extend the approach and some of the key results in [36-38] to more
general subrings than the degree zero component of the grading in crossed products, or
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more general graded rings.
In Section 2 we briefly recall the basics of graded rings and crossed products. Given a
ring R and a subset S C R, we denote by

Cr(S)={reR|rs=sr, Vs€ S}
the commutant of S in R. The following theorem was shown in [36].

Theorem D.1.1. IfR =

Ry is a G-crossed product where R is commutative, then

INCr(R.) # {0}

geG

Jor every non-zero two-sided ideal I in R.

Given a normal subgroup N of G one can consider the subring Ry = @,,c y R in
‘R and obtain a generalization of Theorem D.1.1 by considering the intersection between
arbitrary non-zero ideals and C'zr (R ). This is done in Section 3 (Theorem D.3.3).

In Section 4 we consider general strongly graded rings R = P, Ry, which are
not necessarily crossed products. Given any subgroup H of G we give a description of
the commutant of R in R (Theorem D.4.7) and prove the main theorem (Theorem
D.4.9). We obtain some interesting corollaries (Corollary D.4.10, Corollary D.4.12 and
Corollary D.4.13) which generalize the results obtained in Section 2 and generalize The-
orem D.1.1 to general strongly graded rings.

In Section 5 we recall the definition and basic properties of crystalline graded rings,
a class of graded rings which are not necessarily strongly graded (for more details see
[34, 35, 38]). Given a subgroup H of G we give a description of the commutant of Ag
in the crystalline graded ring A and give sufficient conditions for each non-zero two-sided
ideal I in A to have a non-zero intersection with C 4 (Ag ) (Theorem D.5.7).

D.2 Preliminaries

Throughout this paper all rings are assumed to be unital and associative and we let G' be
an arbitrary group with neutral element e.

A ring R is said to be G-graded if

R=ER, and RyRiC Ryn
geG

forall g, h € G, where {R4}4cq is a family of additive subgroups in R. The additive
subgroup R is called the homogeneous component of R of degree g € G. Moreover, if
RgRn = Rgn holds for all g, h € G, then R is said to be strongly graded by G and if we
in addition have

UR)NRy # 0
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for each g € G, where U(R) denotes the group of multiplication invertible elements in
R, then R is said to be a G-crossed product.

Suppose that we are given a group G, a ring R, and two maps 0 : G — Aut(R.)
and @ : G X G — U(R,) satisfying the following conditions

og(on(a)) alg,h) = alg,h)ogn(a) (D.1)
a(g,h) a(gh,s) = og(alh,s))alg, hs) (D.2)
a(g,e) = ale,g) =1g, (D.3)

forall g,h,s € G and a € R.. We may then choose a family of symbols {v,}4e and
define R’ to be the free left R.-module with basis {v4} 4e and define a multiplication
on the set R’ by

(a1 v9)(az vn) = a1 ag(az) alg, h) vgn
for ai,as € Re and g, h € G. It turns out that R’ is an associative and unital ring with
this multiplication and that it is in fact a G-crossed product, where the homogeneous
component of degree g € G is given by R vg.

Conversely, given a G-crossed product R = €@ geG Rg» one can choose a family of
elements {ug}4eq in R such that ug € U(R) N Ry for each g € G and put v, = 1x.
It is clear that Ry = Re ug = ug R and that the set {ug}4ec is a basis for R as a left
(and right) R.-module. We may now define a map

o:G— Aut(R.)
by uga = o04(a)ug foralla € R and g € G. Furthermore, we define a map
a:GxG—U(Re)

by a(g, h) = ug up ug_hl and it is straight forward to check that these maps satisfy con-
ditions (1)-(3) above. Furthermore, one can use these maps together with G and R, and
make the previous construction and obtain a G-crossed product R’ which actually turns
out to be isomorphic to the G-crossed product R that we started with. For more details
on this we refer to [33, Proposition 1.4.1 and Proposition 1.4.2].

Remark D.2.1. The above crossed product will be denoted by R, %2 G, to indicate the
maps o and a.
D.3 Subrings graded by subgroups

Given a G-graded ring R = P, Ry and a non-empty subset X of G, we denote

Rx = P Ra.

zeX
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In particular, if H is a subgroup of G, then Ry = @),y R is a subring in R, and it
is in fact an H-graded ring. The following lemma can be found in [22, Proposition 1.7].

Lemma D.3.1. If R = ®96G Ry is a G-graded ring and N is a normal subgroup of G,
then R can be regarded as a G| N -graded ring, where the homogeneous components are given

by
Ron = EP Ra
regN

for gN € G/N. Moreover, if R is a crossed product of G over Re, then R can also be
regarded as a crossed product of G /N over

Ry = P R..
zEN

Proposition D.3.2. Letr R = €D gec Rg = Re X G be a G-crossed product and suppose
that N is a subgroup of G. If the following conditions are satisfied

(1) Re is commutative
() N C Z(G) Nker(o)
(i) afx,y) = aly,x) forall (x,y) € N x N
then RN is commutative.

Proof. Let the family of elements {u4}4c be chosen as in Section 2. To prove that R x
is commutative, it suffices to show that for any g,h € N and a4, b, € R the two
elements agy ug and by, 1, commute. By our assumptions, we have

(agug) (bpun) = agog(bp)alg, h)ugh = ag by alg, h)ugn
= bpagalh,g)ung = bpon(ag) a(h, g) ung = (brun) (ag ug)
and hence R is commutative. O

Theorem D.3.3. IfR = P

conditions are satisfied

Ry = Re X G is a G-crossed product and the following

geG

(1) Re is commutative
(1)) N is a subgroup of G, such that N C Z(G) (N ker(o)
(i) afx,y) = aly,x) forall (x,y) € N x N

then
INCr(RN) # {0}

Jor every non-zero two-sided ideal I in R.
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Proof- Itis clear that N is normal in G and it follows from Lemma D.3.1 that R, x3G =
R %%, G/N for some maps o’ and o’ By our assumptions and Proposition D.3.2 we
see that Ry is commutative, and hence by Theorem D.1.1 it follows that each non-zero
two-sided ideal in R has a non-zero intersection with Cg (R ). a

Corollary D.3.4. If R = @geG Ry = Re %7 G is a G-graded skew group ring where
Re is commutative and N C Z(G) (\ker(o) is a subgroup of G, then

INCr(RN) # {0}
for every non-zero two-sided ideal I in R.

Remark D.3.5. Let R = €D, Ry be a G-graded ring. If

(e} C...CCGrCZ(G)CGnC...CG
is an increasing chain of subgroups of G, then we get
ReC...CRg, CRzg) ERe, S...CR
as an increasing chain of subrings in R and the corresponding
Cr(Re) 2 ... 2 Cr(Ra,) 2 Cr(Rz(¢)) 2 Cr(Ra,) 2 ... 2 Cr(R) = Z(R)

as a decreasing chain of subrings in R. The existence of non-trivial subgroups N of G
satisfying the conditions of Theorem D.3.3 therefore provides more precise information
about the ideals in the crossed product than the previous Theorem D.1.1. By the argu-
ments made above it is clear that N = Z(G) Nker(o), the biggest normal subgroup to
fit into our theorems, is the most interesting case to consider since it makes Cr (Ry) as
small as possible.

D.4 Strongly graded rings

In this section we let R = P, Ry be a strongly G-graded ring, not necessarily a
crossed product. It follows that 1 € R, since R is G-graded (see [33, Proposition
1.1.1]), and that RyR -1 = R, for each g € G since R is strongly G-graded. Thus,

for each g € G there exists a positive integer n4 and elements aéi) € Ry, béi,)l € Ry
fori € {1,...,ng4}, such that

Z () b” —1z. (D.4)

For every A € Cr(Re), and in particular for every A € Z(R.) C Cr(R.),and g € G
we define

108



D.4. STRONGLY GRADED RINGS

a(N) =Y af A2, (D.5)
=1

Remark D.4.1. The definition of o4 is independent of the choice of the aéi) ’s and bl() )1 ’s.
Indeed, given positive integers ng, n; and elements agl), cgj) € Ry, bf;,)l , d(])l €E Ry

fori € {1,...,ny} and j € {1,...,ng} such that

ng n;
Zaf]i)béz,)l = ].72 and chj)dgj,)l = 172,
i=1 j=1

for A € Cr(R.) we get
(Z al) )\b;i)l) — (S ad?,
i=1 j=1
= 1z (Z al) Abg’L) - chﬁ AP, | 1

i—1

_ N ) d(a) ) 2B, e 9 XdD, ol b,
PP DI
j=114i=1 R j=114i=1

- N (J))\d(J) (Z) b() N (J))\d(ﬂ) (1) b() —0.
j=11= Jj=11i=

Lemma D.4.2. Ler R = eagEG Ry be a strongly G-graded ring. If a € R is such that

aRy = {0}
for some g € G, then a = 0.

Proof. Suppose that a Ry, = {0} for some g € G, a € R. We then have a Ry Ry-1 =
{0} or equivalently a R, = {0}. From the fact that 1x € R., we conclude that
a=0. O

For the convenience of the reader we include the following lemma from [22, Propo-
sition 1.8].

LemmaD.4.3. Let R =D, Ry bea strqngl)/ G-gmdle‘d ring, g € G and write
S mb(l) = 1g forsomeng > Oana’aél) € Ry b;l_)l €ERy-1 fori € {1,...,ng}.
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For each X € OR(R.) define o4(X) by o,(\) = > 0%, agi) A béi_)l. The following proper-
ties hold:

(i) 04(X) is a unique element of R satisfying
rgA=0g(A)rg, Vrg € Ry. (D.6)
Furthermore, 04(\) € Cr(Re) and if N € Z(Re.), then o4(N\) € Z(Re).

(i) The group G acts as automorphisms of the rings Cr(Re) and Z(Re), with each
g € G sending any A € Cr(R.) and X € Z(R.), respectively, into o4(N).

(i) Z(R) ={X € Cr(Re) | 04(X) =\, Vg € G}, i.e. Z(R) is the fixed subring
Cr(Re)C of Cr(Re) with respect to the action of G.

Proof (i) Letg € G. If ry € Ry, then b )1 rg € Rg-1Rg = R and so b()
commutes with A € C'r(R.) for each i G {1,...,ng}. It follows that

)7g *Za(l))\b(l) rg *Z (l)b()lrg A=TrgA

Take an arbitrary A € Cr(R.) and let x € R be an element satisfying ag) A=
xagz) foralli € {1,...,ng4}. This yields
og(A) = Z a(gi) Abéi_)l = Z xas(f) b;i_)l =
i=1 i=1

which shows that o4 () is a unique element satisfying (D.6). By the strong grada-
tion it follows that if A\ € R, then 0,(\) € Re. In particularif A € Z(R.) C
Cr(Re), then 64(X) € Z(R.). Indeed, for A € Z(R.) and ¢ € R, we have

cog(N) = 1lgrcoy(A ZZCL'(J) b/mca(l)/\b()
e ERE
= Zza’wub’(ﬂ)ca@b‘” = oy(\) clr = g4(N)
=1 j=1

where Z 2 ;(j) b/m = 1g, and hence it only remains to verify that o4(\) €
CRr(R.) for an arbltrary A€ Cr(Re). If rg € Rgand z € Re, then 27y €

Re.Ry =Ry, so we have
(0g(N) 2)rg = 04(N) (27g) = (279) A
z(rg A) =z (0g(A)rg) = (204(N)) 1g
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which means that (64(\) 2 — z04(A\)) Ry = {0}. By Lemma D.4.2 we conclude
that 04(X) z = 2 04(\) and hence o4(A) € Cr(Re).

(ii) Since 1g € Re, we have for each A € Cr(R.) that
A=1grA=0.(A)1g = ge(N).
Ifg,h € G,ryg € Rgand rp, € Ry, thenrgry € Rgp and for A € Cr(Re) we
have
ogn(A) (rgrn) = (rgrn) A =7y (rnA) =714 (on(A) 7h)
(rgon(N) ra = (ag(on(N) 1g) rn = ag(on(N)) (14 T8).

The products of the form 7, 7, generate the submodule R4y, and by Lemma D.4.2
we conclude that

ag(on(A)) = agn(N)
proving that (g, A) + 04()) is an action of G on the set Cz (R.). Now take an
arbitrary ¢ € G and fix it. By the definition of o4(\), the map A — o4(N) is
clearly additive. For some positive integer ng—1 we may choose C;j_) 1 € Rg—1 and

9, déﬂ and define
9

déj) € Rforj e {1,...,n4-1}, such that 1z = ;Lizl

041 following (D.5). Then, for each A € Cr(R.), we get

og-1(0g(N) = Z cy,)l ( agi) )\b!(;)1> déj)

j=1 i=1
N0 NS0 0
= D> a A dy

j=1 i=1 —

ERe

0 (S5 00 6
- S (S )

j=1 i=1
0 (S0 ) - ) ) s
S PO PSS SET RS

j=1 i1 j=1

=1lr =1r

and hence 0,-1 is the inverse of 04. Forany A\, t € Cr(R.) and 7y € R, we get

og(M)rg = 1g(A) = (rg A\t = (0g(N)7g)t
= 0g(A) (rgt) = ag(A) (o4(t) g) = (04(A) g (1)) .

By Lemma D.4.2 this implies 04(At) = 04(X) 04(t). Therefore, for each g € G,
the map A — o,4(\) is an automorphism of the ring Cr (R.).
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(iii) Since R = €D, Ry is strongly G-graded, we have

Z(R) = [ Cr(Ry) = {A € Cr(R.) | A€ Cr(R,), Vg€ G}
geG

and the result now follows from the fact that an element A € Cr(R.) centralizes
Ry g € G, if and only if 04(A) = A. Indeed, if 04(A) = A for some A €
Cr(Re), then cleatly A centralizes R,. Conversely, if we suppose that R, is
centralized by some A € Cr(R.), then we have (64(A) — A) R, = {0} and
hence by Lemma D.4.2 we have g4()\) = A.

O

Remark D.4.4. We have shown that G acts as automorphisms of C'zr (R.). However,
note that since R is not assumed to be commutative, we may have R, Z Cr(R.) and
hence G does not necessarily act as automorphisms of R.. This should be compared to
the case of an algebraic crossed product as described in the previous section. For crossed
products, if R, is commutative, then we see that G acts as automorphisms of R, but in
general this is not true.

Lemma D.4.5. Let R = D, Ry be a strongly G-graded ring and
0 : G — Aut(CR(R.)) defined as in (D.5). If R is maximal commutative in R, then

ker(c) = {e}.

Proof. By our assumption R, = Cr(R.) is maximal commutative in R and hence for
each g # e and all 7y € R, there must exist some A € R, such that Arg # rg A =
04(A) g, using the definition of ¢ : G — Aut(R.). Hence 0, # idg, for each
g #e. O

We shall now state an obvious, but useful lemma.

Lemma D.4.6. IfR = (D, Ry is a strongly G-graded ring, then

Cr(Re)

A:ZAQGR’/\QERQ, redg = AgTe, Vg € G, Vre € Re

geG

A:ZAgeR]AgeRngR(Re), Vg€ G
geqG

@ (Rg N CR(Re))

geG

The following theorem is a generalization of (iii) of Lemma D.4.3.
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Theorem D.4.7. Let R = D Ry be a strongly G-graded ring, H a subgroup of G and
denote Ry = @heH Rp. Ifo: G — Aut(Cr(R.)) is the action defined in (D.5), then
it follows that

Cr(Ry) = {)\ =S MeER ‘ A € Cr(Re) N Ry,
geG

Uh()\g) = )‘hgh_lv Vg S G,Vh S H}

(A€ CR(Re) | on(N) =\, Vhe H} .

Proof Let A =) caNg € Cr(Ru), with Ay € Ry, be arbitrary. Since Re C Ry,
we have A € Cr(R.) and from Lemma D.4.6 we see that A, € Cr(R.) for each
g € G. Forevery 1, € Ry, h € H, we have

Th Z )\g = Z )\grh
geG geG
since A € Cr(Ru), but \y € Cr(R.) so from (D.6) we get
Z Uh()\g)rh = Z /\grh
geG geG

which is an equality in R = @geG Rgy. If we look in the Ry RyRp-1Ri = Rug
component, forall g € G, h € H, we deduce that

on(Ag)Th = Apgh—1Th, YV 7n € Rp
since the sum R = P, Ry is direct. Applying the above equality to the elements a;li)
of Ry, in (D.4), we get
on(Ag) ag) = Angh—1 a}(zi)

foreach i € {1,...,np}, which implies

"h . . Th . .
on(hg) = onAg)lr =0n(Ag) S a0, =3 an(Ag) al) bl
=1 i=1

Th 23

= ZAhghfl agf) bgﬁl = Ahgh-1 Z a;:‘) b;l’zl = Ahgh-1-
i=1 i=1

Conversely, let A = 37 5 Ag € R, where Ay € Cr(Re) N Ry and o4 (Ng) =
)\hghfl) forallg € G,h € H. Then, for every r, € Ry,

Th)\: Z?”h)\gz ZO’h()\g)T‘h: Z)\hgh—l Th = Z )\krh :)\Th

geG geG geG keG
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and hence A € Cr (R ). This concludes the proof. O

Remark D.4.8. If R, is commutative, then R. = Z(R.). Thus, if R, is commutative,
then G acts as automorphisms of the ring R..

Theorem D.4.9. Let R = D, Ry be a strongly G-graded ring where R is commu-
tative and ker (o) is the kernel of the pn’wamly defined action 0 : G — Aut(R.), ‘e
ker(o) = {g € G | 04(Ae) = Ae, YAe € Re}. If H is a subgroup of G which is
contained in ker(o) N Z(Q), then

In CR(RH) 75 {0}

Jor every non-zero two-sided ideal I in R.

Proof Let I be an arbitrary non-zero two-sided ideal in R. For every h € H and r}, €
Ry, we define a kill operator

Dpy i R—=R, Doy [ D A | =10 Y A= D Agrn= Y d

geG geG geG keG

Note that for every non-zero summand Ag € Ry of A =3 Ag, we take a summand
dhg = rrAg — AgTh € Rgh = Rig of Dy, (A) which may be zero or non-zero, but

dh = Th)\e — )\erh = O'h()\e)Th — /\erh = >\e7"h — )\erh =0.

Thus, for A =) Ag € Rwith Ac # 0and D, (A) = >, . di, we get

geG
#supp(A) = #{s € G | Ay # 0} > #{s € G | ds # 0} = #supp(Dy, (V).

Furthermore, note that for all 7, € Ry, [ is invariant under D,, and

CR(RH ﬂ ker Th

heH
ThERR

Now, let A =3 o Ag € I be non-zero. We can assume that Ac # 0. Otherwise there

exists some non-zero \' = deG Ay € I'with A, # 0. Indeed, A # 0 so there exists

t € G such that Ay # 0. There exists, as well, some j € {1,...,n;} such that b)@l At #
0, where bgj;)l € Ry-1 is as in (D.4), because ifbgi,)l)\t =0, Vi € {1,...,n:}, then

Ao=1g -\ —Z RIIRIPY
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Thus, for every non-zero element A of I we can have an element bgi) A=XN=> 9eG Ay
of T with X, = b7, \, # 0, and # supp(\) > # supp(X) > 1.

We return to the element A = deG Ag € I'with Ae # 0. If X\ € Cr(Ru)
we have nothing to prove. If A\ ¢ Cr(Rp), then there exists h € H and 7, € Ry,
such that D, (\) # 0. But D,, (A\) € I so we have a new element of I with smaller
support. If we continue in the same way, the procedure must eventually end, because
supp(A) < oo. So, there will be a stop of this procedure which gives an element 1 =

deG pg € INCR(Rp), with e # 0. 0

The following corollary generalizes Theorem D.3.3 to the situation when Ry need
not necessarily be commutative.

Corollary D.4.10. I[fR = @geG
the following conditions are satisfied

Ry = Re ><IZI/ G is a G-crossed product and both of

(1) Re is commutative
(i) N is a subgroup of G, such that N C Z(G) (ker(co”)

then
In CR(RN) 75 {0}

Jor every non-zero two-sided ideal I in R.

Proof Foreach g € G we may choose ug € U(R)NR,. It follows from [33, Proposition
1.1.1] that (u,)~t € Rg-1. Clearly u, u;l = 1g and following (D.5) we define
og(a) = ugaug_1 for all a € Cr(Re). In particular Re € Cr(Re) since R is
commutative, and it is now clear that the restriction of o4 to R is equal to O’; for each
g € G. From Theorem D.4.9 it now follows that each non-zero two-sided ideal in R has

a non-zero intersection with Cg (R ). O

The following corollary generalizes [36, Theorem 2] from G-crossed products to
strongly G-graded rings.

Corollary D.4.11. IfR =

tive, then

geG Rg is a strongly G-graded ring where R is commuta-

INCr(Re) # {0}
Jor every non-zero two-sided ideal I in R.

Proof. Consider the subgroup {e} of G. Clearly {¢} C Z(G) Nker(o) and since R is
commutative it follows from Theorem D.4.9 that I N Cr (R.) # {0} for each non-zero
two-sided ideal I in R. |
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Corollary D.4.12. If R = P

commutative in R, then

e Ry is a strongly G-graded ring where R is maximal

INR. # {0}
Jor every non-zero two-sided ideal I in R.

Proof. By the assumption R is maximal commutative in R, i.e. Cr(Re) = Re, and
hence the desired conclusion follows immediately from Corollary D.4.11. a

Corollary D.4.13. If R = @5 Ry is a twisted group ring, where R is commutative
and G is abelian, then ‘

10 2(R) # {0}
Jfor every non-zero two-sided ideal I in R.

Proof: Since R is a twisted group ring, all homogeneous elements commute with R..
Hence, ker(o) = G and moreover G = Z(G) since G is abelian. Consider the sub-
group ker(o) (1 Z(G) = GN G = G of G and note that Cr(R¢) = Z(R). By our

assumptions R is commutative and it now follows from Theorem D.4.9 that
1N Z(R) 4 {0}
for each non-zero two-sided ideal I in R. a

Remark D.4.14. It was shown in [43, Theorem 2] that if R is a semiprime PI. ring,
then I N Z(R) # {0} for each non-zero ideal I in R.

D.5 Crystalline graded rings

We shall begin this section by recalling the definition of a crystalline graded ring. We
would also like to emphasize that rings of this class are in general not strongly graded.

Definition D.5.1 (Pre-crystalline graded ring). An associative and unital ring A is said
to be pre-crystalline graded it

(i) thereis a group G (with neutral element e),

(i) thereisamapu: G — A, ¢+ ugsuch thatue = 14 andu 0 for ever
p g g y
g€ @G,

(iii) there is a subring A9 C A containing 1 4,
such that the following conditions are satisfied:

(Pl) A= @gEGAOug;
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(P2) For every g € G, ug.Ag = Ao ug and this is a free left Ag-module of rank one ;
(P3) The decomposition in P1 makes A into a G-graded ring with Ay = A..
Lemma D.5.2 (see [34]). With notation and definitions as above:

(i) Forevery g € G, there is a set map o4 : Ay — Ag defined by uga = o4(a)ug for
a € Ao. The map o4 is a surjective ring morphism. Moreover, 0. = id 4.

(i) Thereisaset map o : G X G — Ag defined by usuy = a(s,t) us for s,t € G.
For any triple s,t,w € G and a € Ag the following equalities hold:

a(s, t)a(st,w) = os(a(t,w))a(s, tw) (D.7)

os(oi(a))a(s, t) = a(s, t)os(a) (D.8)

(ii) For every g € G we have a(g, e) = afe, g) = 14,
and a(g,97") = ag(alg™", 9)).

A pre-crystalline graded ring A with the above properties will be denoted by A¢OS G
and each element of this ring is written asa sum > o 74 ug with coefficients 4 € Ao,
of which only finitely many are non-zero. In [34] it was shown that for pre-crystalline
graded rings, the elements (s, t) are normalizing elements of A, i.e. Aga(s,t) =
a(s,t) Ap for each s,t € G. For a pre-crystalline graded ring Ag0SG, we let S(G)
denote the multiplicative set in Ay generated by {a(g,97!) | g € G} andlet S(GxG)
denote the multiplicative set generated by {c(g, k) | g, h € G}.

Lemma D.5.3 (see [34]). If A = AoQSG is a pre-crystalline graded ring, then the following

assertions are equivalent:
(i) Ao is S(G)-torsion free.
(i) A is S(G)-torsion free.
(i) a(g,97") ag = 0 for some g € G implies ag = 0.
(iv) a(g,h)ag =0 forsome g, h € G implies ag = 0.
) Ao ug = ug Ag is also free as a right Ao-module, with basis ug, for every g € G.
(Vi) Forevery g € G, 04 is bijective and hence a ring automorphism of Ay.

Definition D.5.4 (Crystalline graded ring). A pre-crystalline graded ring Ao 0% G, which
is S(G)-torsion free, is said to be a crystalline graded ring.

Examples of crystalline graded rings are given by the algebraic crossed products, the
generalized twisted group rings, the Weyl algebras, the quantum Weyl algebra, the gener-
alized Weyl algebras, quantum sl etc. For more examples we refer to [34].
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Proposition D.5.5. Let A = AgOSG be a pre-crystalline graded ring, H a subgroup of G
and consider the subring App = AgQS H in A. The commutant of Ay in A is

Ca(Ay) = { S rpug € A ] Fonet a(th™,h) = o (1) a(h, h=11),
geG

reoi(a) =ary, VYa € Ao, Vh € H,Vt € G}.

Proof. Suppose that 3 o 7gug € Ca(Ap). Clearly Ay C Ap and hence for any
a € Ap, we have

a E Tglg | = E Tgug | 0 = E argug:E rq0g(a)ug

geG geG geG geG

< aryg =rgo4(a), VgeG.

Furthermore, let h € H be arbitrary. Since uj, € Ag we have

Up, E TgUg | = g TgUg | up =

geG geG
> onlrg) alh,g)ung =Y rgalg, h)ug,
geG geG
Z on(rp-1y) alh, h 1) uy = Z rop-1 a(th™ h) vy <=
teG teG

on(rn-1) a(h, ™M) = rypra(th™'h), Vi€ G.

Conversely, suppose that the coefficients of an element >
two conditions:

geG T'g Ug satisfy the following

1. rrot(a) = ars foralla € Apand t € G.

2. g a(th ™ h) = op(rp-1¢) a(h,h~'t) forallh € H,t € G.

By carrying out calculations similar to the ones presented above, for any >, 1y by up €

118



D.5. CRYSTALLINE GRADED RINGS

Ag we get

(thuh> S| = S (S| w

heH geG heH geG

Z ngug by, up,

heH \geG
= ngug (Z bhuh>
geG heH
which shows that deG rqUg € CA(Am). This concludes the proof. O

Remark D.5.6. By putting H = {e} respectively H = G we get expressions for
C4(Ayp) respectively Z(A).

Theorem D.5.7. If A = AyQSG is a crystalline graded ring, where Ay is commutative
and H is a subgroup of G contained in Z(G) (\ ker(o), then

INCa(An) # {0}

Jor every non-zero two-sided ideal I in A.

Proof. Let I be an arbitrary non-zero two-sided ideal in A and assume that A is com-
mutative. For each ¢ € G we define a map

Ty: A— A, ZasusH (Z%%) Ug.

seG seG

Note that, for each g € G, I is invariant under Tj;. We have

T, (Z as us> = <Z as u8> ug = Z as (8, g) Usg

seG seG seG

for every g € G. Suppose that ) . as us is such that a. = 0 but a;, # 0 for some
p # e Then, weget T,-1 (D, cr s Us) = D sz @s (8, p™ ") tgp—1. In particular we
see that the coefficient in front of u is given by a, a(p,p~!) and since A is assumed to
have no S(G)-torsion and Ay is assumed to be commutative, we see by (iii) in Lemma
D.5.3 that a, a(p, p~t) # 0. It is now clear that for each non-zero element ¢ € A it is
always possible to choose some g € G and let T}; operate on ¢ to end up with an element

119



PAPER D.

where the coefficient in front of u, is non-zero. For each b € Ag and h € H, we define
a map

Dy, : A— A, Z asus — bup, (Z as us> - (Z as us> buyp,.

seG seG seG

Note that, for each b € Ag and h € H, I is invariant under Dy, . Furthermore, due to
the fact that H C Z(G) (N ker(o), we have

Dy, (Z as u5> (Z bon(as) alh,s) uhs>

seG seG
- (Z as0s(b) as, h) ush)
seG
= Z (basalh,s) —asos(b) als,h)) ups = Z dy ug
s€G teG\{h}

since dj, = (bae a(h,e) — ac 0e(b) a(e, h)) = 0. It is important to note that

Ca(An) = ﬂ ker(Dyy,,)

be Ay
heH

and hence forany ) - asus € A\ Ca(Ag) we are always able to choose b € A and
h € H and the corresponding Dy, and have Y . asus & ker(Dyy, ). Therefore
we can always pick an operator Dy, which kills the coefficient d}, (coming from a.)
without killing everything. Hence, if a. # 0, the number of non-zero coefficients of the
resulting element will always be reduced by at least one.

The ideal I is assumed to be non-zero, which means that we can pick some non-zero
element Y orsus € I If Y nrsus € Ca(Ap), then we are finished, so assume
that this is not the case. Note that 75 # 0 for finitely many s € G. Recall that the ideal
1 is invariant under Ty and Dy, forall g € G, b € Ap and h € H. We may now
use the operators {1} ge and { Dy w,, }oeAo,heH to generate new elements of I. More
specifically, we may use the Ty :s to translate our element ) . 7's 1, into a new element
which has a non-zero coefficient in front of u. (if needed) after which we use the Dj
operator to kill this coefficient and end up with yet another new element of I which is
non-zero but has a smaller number of non-zero coefficients. We may repeat this procedure
and in a finite number of iterations arrive at an element of I which lies in C 4 (Ax) \ Ao,
and if not we continue the above procedure until we reach an element in A \ {0}. In
particular Ay C C4(Ap) since Ag is commutative and hence INC 4 (Ag) # {0}. O
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Paper E

Simple group graded rings and maximal
commutativity

Johan Oinert

Abstract. [n this paper we provide necessary and sufficient conditions for strongly group graded
rings to be simple. For a strongly group graded ring R = D, Ry the grading group G

acts, in a natural way, as automorphisms of the commutant of the neutral component subring
Re in R and of the center of Re. We show that if R is a strongly G-graded ring where
Re is maximal commutative in R, then R is a simple ring if and only if Re is G-simple
(i.e. there are no nontrivial G-invariant ideals). We also show that if R is commutative
(not necessarily maximal commutative) and the commutant of R is G-simple, then R is
a simple ring. These results apply to G-crossed products in particular. A skew group ring
Re X6 G, where Re is commutative, is shown to be a simple ring if and only if R is
G-simple and maximal commutative in Re Xo G. As an interesting example we consider
the skew group algebra C(X) %, 7 associated to a topological dynamical system (X, h).

We obtain necessary and sufficient conditions for simplicity of C(X) ;5 Z with respect to

the dynamics of the dynamical system (X, h), but also with respect to algebraic properties of
C(X) as a subalgebra of C(X') X, Z. Furthermore, we show that for any strongly G-graded
ring R each nonzero ideal of R has a nonzero intersection with the commutant of the center
of the neutral component.

E.1 Introduction

The aim of this paper is to highlight the important role that maximal commutativity of
the neutral component subring plays in a strongly group graded ring when investigat-
ing simplicity of the ring itself. The motivation comes from the theory of C*-crossed
product algebras associated to topological dynamical systems. To each topological dy-
namical system, (X, h), consisting of a compact Hausdorff space X and a homeomor-

o
phism & : X — X, one may associate a C*-crossed product algebra’ C(X) x; Z (see

o
!To avoid confusion, we let C(X) Xj, Z denote the C*-crossed product algebra in contrast to the (alge-
braic) skew group algebra, which is denoted C'(X) Xy, L.
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e.g. [23]). In the recent paper [22], C. Svensson and J. Tomiyama prove the following
theorem.

Theorem E.1.1. The following assertions are equivalent:

(i) (X, h) is topologically free (i.e. the aperiodic points are dense in X ).
(i) I NC(X) #£ {0} for each nonzero ideal I of C(X) iﬁ Z.

c*
(i) C(X) is a maximal commutative C* -subalgebra of C(X) %, Z.

This theorem is a generalization (from closed ideals to arbitrary ideals) of a well-
known theorem in the theory of C*-crossed products associated to topological dynamical
system (see e.g. [23] for details). Theorem E.1.1 is very useful when proving the following
theorem, which originally appeared in [17].

ot
Theorem E.1.2. Suppose thar X is infinite. Then C(X) Xy, Z is simple if and only if
(X, h) is minimal (i.e. each orbit is dense in X ).

In [19-21] C. Svensson, S. Silvestrov and M. de Jeu proved various analogues of
Theorem E.1.1 for (algebraic) skew group algebras which are strongly graded by Z. It
then became natural to investigate if their results could be generalized to other types
of (strongly) graded rings and in [11-14] an extensive investigation of the intersection
between arbitrary nonzero ideals of various types of graded rings and certain subrings,
was carried out. Given a subset S of a ring R we denote by Cz (S) the commutant of
S in R, i.e. the set of all elements of R which commute with each element of S. In
particular C'z (R), i.e. the center of R, is denoted by Z(R). In the recent paper [15],
the following theorem was proven.

Theorem E.1.3. I[fR = P e Ry is a strongly G-graded ring, where R is commutative,
then
INCr(R.) # {0}

Jor each nonzero ideal I of R.

This implies that if R is a strongly G-graded ring where R is maximal commutative
in R, then each nonzero ideal of R has a nontrivial intersection with R.. For skew group
rings the following was shown in [14, Theorem 3].

Theorem E.1.4. Let R = R Xy G be a skew group ring satisfying either of the following

two conditions:
o R, is an integral domain and G is an abelian group.

® R is commutative and G is a torsion-free abelian group.

132



E.1. INTRODUCTION

Then the following rwo assertions are equivalent:

() The ring Re is a maximal commutative subring of R.
(i) I NRe # {0} for each nonzero ideal I of R.

This theorem can be seen as a generalization of the algebraic analogue of Theorem
E.1.1 and it is applicable to the skew group algebra which sits densely inside the C*-

C
crossed product algebra C(X') x;, Z. In the theory of graded rings, one theorem which
provides sufficient conditions for a strongly group graded ring to be simple is the follow-
ing, proven by E Van Opystaeyen in [25, Theorem 3.4].

Theorem E.1.5. Let R = D, Ry be a strongly G-graded ring such that the morphism
G — Pic(Re), defined by g — [Rg), is injective. If Re is a simple ring, then R is a simple
ring. (The Picard group, Pic(R.), is defined in Section E.2.2.)

A skew group ring is an example of a strongly graded ring. Given a skew group ring
R = Re X5 G, the grading group G acts as automorphisms of R.. The results in [3]
show that simplicity of a skew group ring R is intimately connected to the nonexistence of
G-invariant nonzero proper ideals of R.. Given a strongly G-graded ring R, the grading
group G acts, in a canonical way, as automorphisms of C'z (R ) (see Section E.2.1). This
means that for an arbitrary strongly G-graded ring R = (P, Ry, one may speak of
G-invariant nonzero proper ideals of Cz (R.) and try to relate the nonexistence of such
ideals to simplicity of R, in a manner similar to the case of skew group rings.

In Section E.2 we give definitions and background information necessary for the
understanding of the rest of this paper. In Section E.3 we generalize [15, Corollary 3] and
show that in a strongly G-graded ring R each nonzero ideal has a nonzero intersection
with Cr(Z(R.)) (Theorem E.3.1). Furthermore, we generalize [14, Theorem 3] and
show that for a skew group ring Re %, G where R, is commutative, each nonzero ideal
of R X G has a nonzero intersection with R if and only if R is maximal commutative
in Re Xg G (Theorem E.3.5).

The main objective of Section E.4 is to describe the connection between maximal
commutativity of R, in a strongly group graded ring R and injectivity of the canonical
map G — Pic(R.). In Section E.5 we show that if AgQ%G is a simple crystalline graded
ring where Ag is commutative, then Ay is G-simple (Proposition E.5.1). In Example
E.5.3 we apply this result to the first Weyl algebra. In Section E.6 we investigate simplicity
of a strongly G-graded ring R with respect to G-simplicity and maximal commutativity
of Re. In particular we show that if R is a strongly G-graded ring where R is maximal
commutative in R, then R, is G-simple if and only if R is simple (Theorem E.6.6). We
also show the slightly more general result in one direction, namely that that if Cg (R.) is
G-simple (with respect to the canonical action) and R, is commutative (not necessarily
maximal commutative!), then R is simple (Proposition E.6.5). Thereafter we investigate
the simplicity of skew group rings and generalize [3, Corollary 2.1] and [3, Theorem 2.2],
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by showing that if R is commutative, then the skew group ring R, X G is a simple ring
if and only if R, is G-simple and a maximal commutative subring of R X s G (Theorem
E.6.13). As an example, we consider the skew group algebra associated to a dynamical
system.

In Section E.7 we consider the algebraic crossed product C(X') X Z associated to
a topological dynamical system (X, k). Under the assumption that X is infinite, we
show that C(X') x; Z is simple if and only if (X, h) is a minimal dynamical system or
equivalently if and only if C'(X) is Z-simple and maximal commutative in C(X) X, Z
(Theorem E.7.6). This result is a complete analogue to the well-known result for C*-
crossed product algebras associated to topological dynamical systems.

E.2 Preliminaries

Throughout this paper all rings are assumed to be unital and associative and unless oth-
erwise is stated we let G be an arbitrary group with neutral element e.

A ring R is said to be G-graded if there is a family {Ry}4ec of additive subgroups
of R such that

R=ER, and RyRnC Rgn
geG

forall g, h € G. Moreover, if RgRj, = Rgp, holds for all g, h € G, then R is said to be
strongly G-graded. The product RyRy, is here the usual module product consisting of all

finite sums of ring products r47, of elements ry € Ry and 7, € Ry, and not just the
set of all such ring products. For any graded ring R it follows directly from the gradation
that R, is a subring of R, and that R is an R.-bimodule for each g € G. We shall
refer to Ry as the homogeneous component of degree g € G, and in particular to R, as the
neutral component. Let U(R) denote the group of multiplication invertible elements of

R. We shall say that R is a G-crossed product if U(R) N R, # 0 for each g € G.

E.2.1 Strongly G-graded rings

For each G-graded ring R = GagEG R4 one has 1z € R (see [9, Proposition 1.1.1]),
and if we in addition assume that R is a strongly G-graded ring, i.e. RyRgs-1 = Re
for each g € G, then for each g € G there exists a positive integer 1y and elements

o) e R, bfj,)l € Ry-1 fori € {1,...,ny}, such that

S af b, =1z (E.1)
=1

For every A € Cr(Re), and in particular for every A € Z(R.) C Cr(R.),and g € G
we define
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a(N) =Y af A2, (E.2)
=1

The definition of oy is independent of the choice of the agi) ’s and bgi,)l s (see e.g. [15]).
For a proof of the following lemma we refer to [15, Lemma 3].

Lemma E2.1. Let R = D, Ry be a strongly G-graded ring, g € G and write
S aéi)bs,)l = 1R forsomeng > Oana’agi) € Ry b;i,)l € Ry fori € {1,...,n4}.

For each A € CR(R.) define a4(\) byo,(\) = > 0%, agi) A b;?l. The following proper-
ties hold:

(i) 0g(X) is the unique element of R satisfying
rgA=0g(A) 1y, Vrg € Ry. (E.3)
Furthermore, o4(X) € Cr(Re) and if X € Z(R.), then o4(X) € Z(Re).

(i) The group G acts as automorphisms of the rings Cr(R.) and Z(R.), with each
g € G sendingany X € Cr(Re) and A € Z(R.), respectively, to 54(\).

(i) Z(R) ={X € Cr(Re) | 04(A) = A, Vg € G}, ice. Z(R) is the fixed subring
Cr(Re)Y of Cr(Re) with respect to the action of G.

The map o, defined in Lemma E.2.1, will be referred to as the canonical action.

E.2.2 The Picard group of R, Pic(R.)

We shall now give a brief description of the Picard group of R in a strongly graded ring
R=6 e R 4. For more details we refer to [2].

Definition E.2.2 (Invertible module). Let A be a ring. An A-bimodule M is said to
be invertible if and only if there exists an A-bimodule N such that M ®4 N =2 A =
N ®4 M as A-bimodules.

Given a ring A, the Picard group of A, denoted Pic(A), is defined as the set of
A-bimodule isomorphism classes of invertible A-bimodules, and the group operation is
given by ® 4.

IfR = @gEG Ry is a strongly G-graded ring, the homomorphism of Ry ®%, Ry,
into Rgp, sending 7y ® 1, into r¢7y, forall 7y € Ry and rj, € Ry, is an isomorphism of
Re-bimodules, for any g, h € G (see [4, p.336]). This implies that R is an invertible
Re-bimodule for each g € G. We may now define a group homomorphism ¢ : G —
Pic(Re), g — [Rg], i.e. each g € G is mapped to the isomorphism class inside Pic(R.)
to which the invertible R.-bimodule R, belongs.
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E.2.3 Crystalline graded rings

We shall begin this section by recalling the definition of a crystalline graded ring. We
would also like to emphasize that rings belonging to this class are in general not strongly

graded.

Definition E.2.3 (Pre-crystalline graded ring). An associative and unital ring A is said
to be pre-crystalline graded if

(i) there is a group G (with neutral element e),

(i) thereisamapu: G — A, ¢+ ug such thatu, = 14 and ug # O for every
g€ q,

(iii) there is a subring Ag C A containing 1 4,
such that the following conditions are satisfied:
(P1) A= @gea Ao ug.
(P2) Forevery g € G, ug Ag = Ag ug is a free left Ap-module of rank one.
(P3) The decomposition in P1 makes A into a G-graded ring with Ay = A..
Lemma E.2.4 (see [10]). With notation and definitions as above:

(i) Forevery g € G, there is a set map o4 : Ay — Ag defined by uga = o4(a) ug for
a € Ao. The map o4 is a surjective ring morphism. Moreover, 0. = id 4.

(i) Thereis aset map o : G X G — Ag defined by us uy = a(s,t) ug for s,t € G.
For any triple s,t,w € G and a € Aq the following equalities hold:

a(s, t)a(st,w) = os(a(t,w))a(s, tw) (E.4)
os(oc(a))a(s, t) = a(s, t)os(a) (E.5)

(iii) For every g € G we have a(g, e) = ale, g) = 1.4, and
alg,g7") = a4(alg™, 9))-

A pre-crystalline graded ring A with the above properties will be denoted by A0S G
and each element of this ring is written as a sum ) o 74 ug with coefficients 74 € Ay,
of which only finitely many are nonzero. In [10] it was shown that for pre-crystalline
graded rings, the elements (s, t) are normalizing elements of A, i.e. Apa(s,t) =
a(s,t) Ap for each s,t € G. For a pre-crystalline graded ring Ag0SG, we let S(G)
denote the multiplicative set in Ag generated by {a (9,97 %) | g € G} andlet S(GxG)
denote the multiplicative set generated by {a(g, ) | g, h € G}.
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Lemma E.2.5 (see [10]). If A = AoQSG is a pre-crystalline graded ring, then the following

assertions are equivalent:
() Ao is S(G)-torsion free.
(i) A is S(G)-torsion free.
(i) a(g,9~)ag = 0 for some g € G implies ag = 0.
(iv) alg,h)ag =0 forsome g, h € G implies ag = 0.
) Ao ug = ug Ao is also free as a right Ao-module, with basis ug, for every g € G.
(vi) Forevery g € G, 04 is bijective and hence a ring automorphism of Ay.

Definition E.2.6 (Crystalline graded ring). A pre-crystalline graded ring Ag 0% G, which
is S(G)-torsion free, is said to be a crystalline graded ring.

Remark E.2.7. Note that G-crossed products are examples of crystalline graded rings.
In fact, suppose that R is a G-crossed product and put A = R. For each g € G, we
may pick some u; € Ry NU(R). Choose ue = 1% and Ay = R.. It is now clear that
Rg = Ao ug = ug Ag for each g € G, and that {ug}geq is a basis for A as a free left
(and right) Ao-module. By assumption A = P ¢ Aoug with Ac = Ag. This shows
that A is pre-crystalline graded. Recall that for each g € G, ug is chosen to be a unit
in R and hence, from Lemma E.2.4 (ii), we get that a(s, t) = ususuy,' € U(Ap) for
all s,¢ € G. This certainly shows that A is S(G)-torsion free and hence A = R is a
crystalline graded ring.

The notation for G-crossed products is inherited from the crystalline graded rings,
e.g. we shall write {ug} e for the basis elements. In particular, in the proof of Theorem
E.3.5 where we consider a skew group ring, which is a special case of a G-crossed product,
we shall use this notation. However, by custom we shall write R, & G instead of

R.OSG.

E.3 Ideals of strongly graded rings

In this section we shall improve some eatlier results. We begin by making a generalization
of Theorem E.1.3 ([15, Corollary 3]). The following proof is based on the same technique
as in [15], but we will make it somewhat shorter by doing a proof by contra positivity.

Theorem E3.1. I[f R = @ ., Ry is a strongly G-graded ring, then

geG

INCr(Z(R.)) # {0}
Jor each nonzgero ideal I of R.
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Proof. Let I be an ideal of R such that I N Cr(Z(R.)) = {0}. If we can show that
I = {0}, then the desired conclusion follows by contra positivity. Take an arbitrary
=) cq7 € 1.1fx € INCR(Z(Re)), then x = 0 by the assumption. Therefore,
suppose that I \ Cr(Z(R.)) is not empty. We may choose some z € I\ Cr(Z(R.))
such that N = #supp(z) = #{g € G | 4 # 0} € Zsq is as small as possible.
Furthermore, we may assume that ¢ € supp(z). Indeed, take any ¢ € supp(z) and
choose some ;-1 € Ry-1 such that 2’ = r,—12 # 0 and e € supp(a’). It is always

possible to choose such an r;-1, because if 1z = Z?;l ay) bgl,)l asin (E.1), then bg?l Tt
must be nonzero for some i € {1,...,n;}, for otherwise we would have 1gx; = 0
which would be contradictory (since ; # 0). Note that 2/ € I is nonzero and since
INCr(Z(Re)) = {0} we conclude that 2’ € I \ Cr(Z(R.)). By the assumption on
N we conclude that # supp(z’) = supp(z) = N. Now, take an arbitrary a € Z(R.).
Then 2" = az’ —2'a € I but clearly e ¢ supp(z") and hence by the assumption on N
we get that 2/ & I\ Cr(Z(Re)), thus 2’ = 0. Since a € Z(R.) was chosen arbitrarily

we get ' € Cr(Z(R.)) which is a contradiction. d

Remark E.3.2. Note that R, C Cr(Z(R.)). If R is commutative, then clearly
Re = Z(R.) and we obtain Theorem E.1.3 as a special case of Theorem E.3.1.

For a crystalline graded ring Ao 0% G we obtain the following result which generalizes
[14, Corollary 8].

Theorem E.3.3. If A = Ag0%G is a crystalline graded ring with (g, g~*) € Z(Ao) for
all g € G, then

1N Ca(Z(Ad)) # {0}
Jfor each nonzero ideal I of AgQ%G.

Proof Letx = Y e g Ugs with ag € Ap for g € G, be a nonzero element of the
crystalline graded ring A0S G. Pick some t € G such that a; # 0. For 2’ = xu;—
we have e € supp(z’). Indeed, in degree e of ' we have (a; ut)u;—1 = ay at, 1) =
a(t,t=1) a; and, by Lemma E.2.5 (iii), this is a nonzero element of Ag. The rest of the
proof is analogous to the proof of Theorem E.3.1. O

For an element 7 of a commutative ring A, the annihilator ideal of 7 in A is defined
to be the set Ann(r) = {b € A | rb = 0}. The following lemma from [11, Corollary 6]

applies to G-crossed products and in particular skew group rings.

Lemma E.3.4. Let Re x§ G be a G-crossed product with R commutative. The subring
Re is maximal commutative in Re X& G if and only if; for each pair (s,r5) € (G\{e}) x
(Re \ {0}), there exists a € Re such that 0s(a) — a ¢ Ann(ry).

The following theorem is a generalization of Theorem E.1.4 ([14, Theorem 3]) and
the proof makes use of the same idea as in [14]. However, in this proof we make a crucial
observation and are able to make use of an important map.
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Theorem E.3.5. Let R = Re Xy G be a skew group ring with R commutative. The

Jollowing two assertions are equivalent:

() Re is a maximal commutative subring of R.

(i) I NRe # {0} for each nonzero ideal I of R.

Proof. By Theorem E.3.1 (i) implies (ii) for the (strongly graded) skew group ring R. We
shall now show that (ii) implies (i). Suppose that R, is not maximal commutative in R.
If we can show that there exists a nonzero ideal I of R, such that I N R. = {0}, then
by contra positivity we are done. Let {ug}gec be a basis for R as a free left (and right)
Re-module, as in Section E.2.3. By the assumption and Lemma E.3.4 there exists some
s € G\{e} and rs € R, \ {0} such that ry05(a) = 75 a for each a € Re. Let us
choose such a pair (s,75) and let I be the twosided ideal of R generated by 75 — 75 us.
The ideal I is obviously nonzero, and furthermore it is spanned by elements of the form
agug (1s — 75 Us) ap up, where g, h € G and a4, ap € Re. By commutativity of R,
and the properties of s we may rewrite this expression.

ag g (rs —TsUs)Ap Uy = GgUg (rsap — Ts 0s(an) Us) up
——
=Ts Qp
agugrsan(lp —us)up
= ag0,4(rsan)ug(lr — us) up
= G404 (TS CLh) (ugh - ugsh)

=b
= bugh — bugsh (EG)

Each element of I is a sum of elements of the form (E.6), where b € R, and g, h € G.
Define a map

€:Re ¥Xog G — Re, ZagugHZag.

geG geG

Itis clear that € is additive and one easily sees that € is identically zero on I. Furthermore,
€|R., L.e. the restriction of € to R, is injective. Take an arbitrary m € I N'R.. Clearly
€(m) = 0 since m € I and by the injectivity of €|r, we conclude that m = 0. Hence
INR. = {0}. This concludes the proof. |

Remark E.3.6. It is not difficult to see that the map € is multiplicative if and only if the
action o is trivial, i.e. R¢ X4 G is a group ring. In that situation the map € is commonly
referred to as the augmentation map. However, note that the preceding proof does not
require € to be multiplicative.
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E4 The map ¢v : G — Pic(R,.) and simple strongly
graded rings
We begin by recalling a useful lemma.

Lemma E.4.1 ([15]). Ler R = P
that

geG R be a strongly G-graded ring. If a € R is such

aRg={0} or Rga={0}
Jor some g € G, then a = 0.

If we assume that R is maximal commutative in the strongly G-graded ring R, then
we can say the following about the canonical map 1) : G — Pic(Re).

Proposition E4.2. Let R = @, Ry be a strongly G-graded ring. If Re is maximal
commutative in R, then the map 1 : G — Pic(Re), g — Ry, is injective.

Proof. Let R, be maximal commutative in R. Suppose that 1) : G — Pic(R.) is not
injective. This means that we can pick two distinct elements g, h € G such that R, =
Ry, as Re-bimodules. Let f : Ry — Ry, be a bijective Re-bimodule homomorphism.
By our assumptions R, = C'r(R.) and hence we can use the map 0 : G — Aut(R.)
defined by (E.2) to write

on(b) frg) = f(rg) b= f(rgb) = flog(b)rg) = 0o4(b) f(rg) (E.7)
—

ER

for any b € R and ry € Ry. (It is important to note that 04(b) € R, since b €
Re.) The map f is bijective and in particular surjective. Hence, by (E.7) we conclude
that (o5, (b) — 04(b)) Ry, = {0} for any b € Re. It follows from Lemma E.4.1 that
op(b) —o4(b) = 0 forany b € R.. Hence 0, = 0p, in Aut(Cr(R.)) = Aut(R.)
and this implies 0415, = idg,. Now equation (E.3) shows that the homogeneous
component Ry-15, (# Re since g # h) commutes with R, and hence R is not
maximal commutative in R. We have reached a contradiction and this shows that ¢ :
G — Pic(R.) is injective. O

The following proposition is a direct consequence of Theorem E.1.4 and we shall
therefore omit the proof.

Proposition E.4.3. Let R = Re X, G be a skew group ring, where R is a field and G is

an abelian group. The following assertions are equivalent:
() The subring Re is maximal commutative in R.

(ii) R is a simple ring.
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Example E.4.4. Consider the group ring R = C[Z], which corresponds to the special
case of a skew group ring with trivial action. The so called augmentation ideal, which is
the kernel, ker(¢), of the augmentation map

e:Clz] — C, chEHch

kEZ kEZ

is a nontrivial ideal of R and hence R = C[Z] is not a simple ring. This conclusion also
follows directly from Proposition E.4.3. Indeed, R = C[Z] is commutative and hence
Ro = C is not maximal commutative in C[Z].

The following proposition shows that in the case when R is assumed to be commu-
tative, Theorem E.1.5 is equivalent to Corollary E.6.7 (see Section E.0).

Proposition E.4.5. Let R = D, Ry be a strongly G-graded ring. If Re is a field, then

the following two assertions are equivalent:
(1) Re is maximal commutative in R.
(i) The map ) : G — Pic(R.) is injective.

Proof. It follows from Proposition E.4.2 that (i) implies (ii).

To prove that (ii) implies (i), let us assume that R is not maximal commutative in R.
We want to show that 9 is not injective and hence get the desired conclusion by contra
positivity.

By our assumptions, there exists some nonzero element 4 € Ry, for some g # e,
such that rya = ary forall a € R.. Consider the set J = 7, Rg-1 C Re. Since 1y
commutes with R, and R ;-1 is an R-bimodule, J is an ideal of R, and as 7y Rg-1 #
{0} (this follows from Lemma E.4.1 since 7y, # 0), we obtain 74 R,-1 = R, since
Re is simple. Consequently, we conclude that there exists an s;-1 € Ry-1 such that
Tg Sg-1 = 1r. In a symmetrical way we get Rg-1 7y = R, which yields wy—1 7y = 1g
for some wy,-1 € Ry-1. Clearly wy—1 = 54-1.

From the gradation we immediately conclude that R, 7y € Ry and Ry 5,1 C Re.
By the equality s,-17y = 1g we get Ry C Rery and hence Ry = Rery. Note
that 7y is invertible and hence a basis for the R.-bimodule R, r4. This shows that R
and R, belong to the same isomorphism class in Pic(R.), and hence the morphism

¥ : G — Pic(R.) is not injective. This concludes the proof. O

Remark E.4.6. The previous proof uses the same techniques as the proof of [25, Theo-
rem 3.4].

E.5 G-simple subrings of crystalline graded rings

If Aisaringand 0 : G — Aut(A) is a group action, then we say that an ideal I of
A is G-invariant if o,(I) C I for each g € G. Note that it is equivalent to say that
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04(I) = I for each g € G. If there are no nontrivial G-invariant ideals of A, then we
say that A is G-simple. (Not to be confused with the term graded simple!)

Proposition E.5.1. Let AgQS G be a crystalline graded ring, where Ay is commutative. If
AoQSG is a simple ring, then Ao is a G-simple ring (with respect to the action defined in
Lemma E.2.4).

Proof. Note that since A¢ is commutative, the map o : G — Aut(Ap) is a group
homomorphism. Let AgQ5G be a simple ring, and J an arbitrary nonzero G-invariant
ideal of Ag. One may verify that JOSG is a nonzero ideal of AyOSG. (This follows
from the fact that for each g € G, Agug is a free left Ag-module with basis ug.) Since
AgO5G is simple, we get JOGG = AgQyG. Therefore Ag C JOGG, and from the
gradation it follows that

Ay CJ C A
and hence Ay = J, which shows that A is G-simple. O

Corollary E.5.2. Let R = @ Ry be a G-crossed product, where R is commutative.
If'R is a simple ring, then R is a G-simple ring (with respect to the canonical action).
Example E.5.3. It is well-known that the first Weyl algebra A = %
The first Weyl algebra is an example of a crystalline graded ring, with G = (Z, +) and
Ac = Ay = Clzy] (see e.g. [10] for details). Note that C[zy] is not a simple ring.
However, by Proposition E.5.1 we conclude that Ay = Clzy] is in fact Z-simple. As a
side remark we should also mention that one can show that Ay = C[zy] is a maximal
commutative subring of the first Weyl algebra A.

is simple.

E.6 (G-simple subrings of strongly G-graded rings

In this section we shall describe how simplicity of a strongly G-graded ring
R =D, cc Ry is related to G-simplicity of the subrings Z(R.) and Cr (Re). If Re is

commutative, then R, = Z(R.), and hence we have an action 0 : G — Aut(R.).

Proposition E.6.1. Let R = €D, Ry be a strongly G-graded ring, where Re is com-
mutative. If R is a simple ring, then R is a G-simple ring (with respect to the canonical
action).

Proof Let J be an arbitrary nonzero G-invariant ideal of R.. Denote by JR the right
ideal of R generated by J. From the fact that J is a G-invariant ideal of R. we conclude
that JR is also a left ideal of R. Indeed, for g,h € Gandc € J, r, € Ry, 54 € Ry
we have sq ¢, = 04(c) sq 7 € JR. Furthermore, R is unital and hence JR must be
nonzero. The ring R is simple and therefore we conclude that JR = R. In particular
we see that R, C JR. From the gradation we get

Re CJR. CJCRe
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and hence J = Re. This shows that R, is G-simple. O

The preceding proposition is a generalization of Corollary E.5.2. In the following
useful lemma, R, is not required to be commutative.

Lemma E.6.2. Let R = D, Ry be a strongly G-graded ring and S a subring of
CR(Re) satisfying the following three conditions:

(i) 1z € S.
(i) S is invariant under G (with respect to the canonical action,).
(il)) S is G-simple (with respect to the canonical action).
Then I NS = {0} for each proper ideal I of R.

Proof. Let S be a subring of C'r (R ) satisfying conditions (i)-(iii) of the above, and I be
an ideal of R such that I N'S # {0}. The set J = I N S is an ideal of S. By (ii), for
any z € J and every g € G, we have oy(z) = Y1, ag(;) xbgz_)l e INS = J. This
shows that J is a G-invariant ideal of S. By assumption J is nonzero and hence by (iii),
J = &. In particular this shows that 1x € J C I, and hence R = I. O

By observing that both Czr (R.) and Z(R.) are subrings of C'r (R ) satisfying con-

ditions (i) and (ii) of Lemma E.6.2 we obtain the following corollary.

Corollary E.6.3. Let R = D e Ry be astrongly G-graded ring. IfCr(Re) (respectively
Z(Re)) is a G-simple ring (with respect to the canonical action), then I N Cr(R.) = {0}
(respectively I N Z(Re) = {0}) for each proper ideal I of R.

Recall from [5], that a ring R is said to be a Pl-ring (abbreviation for polynomial
identity ring) if for some n € Zs there exists some [ € Z{x1,22,...,Ty), i.e. the
free polynomial ring over Z in n variables, such that f(a1,as,...,a,) = 0 for each
(a1, a9, ...,a,) € R™. Furthermore, a ring is said to be semiprime if {0} is a semiprime
ideal [8, Definition 10.8, Definition 10.15].

Corollary E.6.4. Let R = €D yeG Rg be a semiprime Pl-ring which is strongly G-graded.
Ifeither Z(R.) or Cr(Re) is a G-simple ring (with respect to the canonical action), then
R is a simple ring.

Proof. Let I be a nonzero ideal of R. It follows from [18, Theorem 2] that I N Z(R) #
{0}. Clearly Z(R) C Z(R.) € Cr(R.) and hence by Corollary E.6.3 we conclude
that I = R. O

As we shall see Theorem E.6.6 requires R not only to be commutative, but maximal
commutative in R. We begin by proving the following which applies to the more general
situation when R, is not necessarily maximal commutative in R.
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Proposition E.6.5. Let R = €D, Ry be a strongly G-graded ring, where Re is com-
mutative. If Cr(Re) is a G-simple ring (with respect to the canonical action), then R is a
simple ring.

Proof: Let I be an arbitrary nonzero ideal of R. Since R, is commutative it follows from
Theorem E.1.3 that I N Cr(R.) # {0}. By Corollary E.6.3 we conclude that I = R
and hence R is a simple ring. O

By combining Proposition E.6.1 and Proposition E.6.5 we get the following theorem.

Theorem E.6.6. Let R = P geG Ry be a strongly G-graded ring. If Re is maximal

commutative in R, then the following two assertions are equivalent:
() Re is a G-simple ring (with respect to the canonical action).
(i) R is a simple ring.

As an immediate consequence of Theorem E.6.6 we get the following corollary, which
can also be retrieved from Theorem E.1.5 together with Proposition E.4.2.

Corollary E.6.7. Let R = €D, Ry be a strongly G-graded ring where R is maximal
commutative in R. If Re is a simple ring, then R is a simple ring.

The following remark shows that the rings considered in Corollary E.6.7 are in fact
G-crossed products.

Remark E.6.8. Recall that a commutative and simple ring is a field. If R = D Ry
is a strongly G-graded ring and R. is a field, then R is a G-crossed product. Indeed, for
each g € G, we have R Rg-1 = Rg-1 Ry = Re. Hence, for an arbitrary g € G we
may fix some nonzero a € Ry and by Lemma E.4.1 choose some nonzero b € R,-1
such that ab = ¢ € R, \ {0}. This means that ¢ is invertible in R, and hence a is right
invertible in R, with right inverse bc~!. The other half of Lemma E.4.1 may be used to
show that a also has a left inverse. We conclude that for each g € G, R contains an
invertible element and hence R is a G-crossed product.

One should note that Proposition E.6.5 and Theorem E.6.6 are more general than
Theorem E.1.5 in the sense that R is not required to be simple. On the other hand, this
does not come for free. We have to make an additional assumption on R., namely that
it be commutative.

Remark E.6.9. Note that Theorem E.6.6 especially applies to G-crossed products.

One may think that for a simple strongly graded ring R = @, Ry where Re is
commutative and G-simple, this would imply that R, would be maximal commutative
in R. In general this is not true, as the following example shows.
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Example E.6.10. Consider the field of complex numbers C = R x* Zy as a Zy-graded
twisted group ring (see e.g. [12] for details). Clearly C is simple as is R. Hence R is also
Zs-simple, but it is not maximal commutative in C.

The purpose of the following example is to present a strongly group graded ring which
is not a crossed product, and to identify a G-simple subring.

Example E.6.11 (A strongly group graded, noncrossed product, matrix ring). Let R =
M3(C) denote the ring of 3 X 3-matrices over C. By putting

C C o 0 0o C
T\’,() = C C o and R1 = 0 0 C
0 0 C C C o

one may verify that this defines a strong Zg-gradation on R. However, note that R is
not a crossed product with this grading since the homogeneous component R does not
contain any invertible element of M3(C)! A simple calculation yields

a 0 O
Z(Ro) = 0 a 0 a,beC
00 b

and in fact one may verify that Cr(Ro) = Z(Ro). In order to define an action o :
Zy — Aut(Z(Ro)) we need to make a decomposition of the identity matrix I = 1g,
in accordance with (E.1). Let E; ; denote the 3 X 3-matrix which has a 1 in position
(4,7) and zeros everywhere else. The decomposition in Ry is trivial, but in R1 we may
for example choose

I =F 331+ E23FE30+ E32F, 3.

From these decompositions we are now able to define the map o : Zy — Aut(Z(Ry)).
One easily sees that Z(R) has two nontrivial ideals. By calculating, we get

01(Ev1+ Ea2) = Es 3

and

01(E33) = E11 + Eap.

From this we conclude that the two nontrivial ideals of Z(Rg) are interchanged by the
map 01, and therefore they are not invariant under the action of Zy. This shows that for

our simple ring M3(C), the subring Z(Ro) = Cr(Ro) is in fact Zy-simple.

Remark E.6.12. Proposition E.6.1 shows that in a simple strongly graded ring R where
R is commutative, we automatically have that R, = Z(R.) is G-simple. In Proposition
E.6.5 we saw that for a strongly graded ring R where R, is commutative, G-simplicity
of Cr(R.) implies simplicity of R. After seeing Example E.6.11 it is tempting to think
that the converse is also true (even for noncommutative R.), i.e. simplicity of R gives
rise to G-simple subrings. The natural questions are:
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1. If R is strongly group graded and simple, is Cr (R.) necessarily G-simple?
2. If R is strongly group graded and simple, is Z(R.) necessarily G-simple?

Recall that the center of a simple ring is a field. Thus, if G is the trivial group, then the
answers to both questions are clearly affirmative. Let us therefore consider the case when
G is an arbitrary nontrivial group. Note that if R is commutative, then it is trivial to
verify that the answers to both questions are affirmative. As we have already mentioned,
if R, is commutative then the answer to question no. 2 is affirmative. Furthermore,
if R, is maximal commutative, then by Theorem E.6.6 we conclude that the answer to
question no. 1 is also affirmative. The case that remains to be investigated is that of
a noncommutative ring R where R, is not maximal commutative (we may not even
assume for it to be commutative) in R.

From Example E.6.10 we learnt that simplicity of a strongly graded ring R does not
immediately imply maximal commutativity of the neutral component R.. However, for
skew group rings there is in fact such an implication, as the following theorem shows.

Theorem E.6.13. Let R = R Xy G be a skew group ring with Re commutative. The
Jollowing rwo assertions are equivalent:

() Re is a maximal commutative subring of R and R. is G-simple.
(i) R is a simple ring.
Proof. By Theorem E.6.6, (i) implies (ii). Suppose that (ii) holds. It follows from Theo-

rem E.3.5 that R, is maximal commutative in R and by Proposition E.6.1 we conclude

that R is G-simple. This concludes the proof. O

It follows from [11, Corollary 10] that the assumptions made in [3, Corollary 2.1]
force the coefficient ring to be maximal commutative in the skew group ring. By the
assumptions made in [3, Theorem 2.2] the same conclusion follows by [3, Proposition
2.2] together with [11, Corollary 6]. This shows that Theorem E.6.13 is a generalization
of [3, Corollary 2.1] and [3, Theorem 2.2].

Remark E.6.14. Note that, in Theorem E.6.13, the implication from (i) to (ii) holds in
much greater generality. Indeed, it holds for any strongly graded ring.

A majority of the objects studied in [19-21] satisfy the conditions of Theorem E.6.13
and hence it applies. We shall show one such example.

Example E.6.15 (Skew group algebras associated to dynamical systems). Leth : X — X
be a bijection on a nonempty set X, and A C cX an algebra of functions, such that if
J € Athen foh € Aand foh™' € A Let h : Z — Aut(A) be defined by
hy: fr fo he(™) for f € Aand n € Z. We now have a Z-crossed system (with trivial
h-cocycle) and we may define the skew group algebra A x; Z. For more details we refer
to the papers [19-21], in which this construction has been studied thoroughly.
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By Theorem E.6.13 we get the following corollary, since C* is commutative.

Corollary E.6.16. Following Example E.6.15, let A x i L be the skew group algebra asso-
ciated to a dynamical system (X, h). The following assertions are equivalent:

() A Xy, Z is a simple algebra.

(i) A is a maximal commutative subalgebra of A X;, Z and A is ZL-simple.

E.7 Application: Z-graded algebraic crossed products as-

sociated to topological dynamical systems

Let (X, h) be a topological dynamical system, i.e. X is a compact Hausdorff space and
h: X — X is a homeomorphism. The algebra of complex-valued continuous functions
on X, where addition and multiplication is defined pointwise, is denoted by C'(X).
Define a map

h:Z — Aut(C(X)), hn(f)=foh°™, feC(X)

and let C(X) xj, Z be the algebraic crossed product? associated to our dynamical system.
Recall that elements of C(X) x;, Z are written as formal sums ) fr, tn, where all
but a finite number of f, € C(X), for n € Z, are nonzero. The multiplication in
C(X) xj Z is defined as the bilinear extension of the rule

(fn un)(gm um) = fn Bn(gm) Un+m
forn,m € Z and fp, gm € C(X). We now define the following sets:

Per"(h) = {x e X | h°0(z) = x} nez
Per(h) = U Per"(h)
n€Z>o
Aper(h) = X\ Per(h)

Elements of Aper(h) are referred to as aperiodic points of the topological dynamical
system (X, h). By Urysohn’s lemma, C(X) separates points of X and hence by [19,
Corollary 3.4] we get the following.

Lemma E.7.1. The commutant of C(X ) in R = C(X) j, Z is given by

OR(C(X)) = {Z fotin

supp(fn) C Per"(h), f, e C(X), ne€ Z} .
nez

2In ring theory literature this would be referred to as a skew group algebra, but here we adopt the terminology
used in [19-21] which comes from the C*-algebra literature. Note however, that this is not a C*-crossed
product, but an algebraic crossed product.

147



PAPER E.

The topological dynamical system (X, h) is said to be topologically free if and only if
Aper(h) is dense in X . Using topological properties of our (completely regular) space X
together with the remarks made in [19], in particular [19, Theorem 3.5], one can prove
the following,.

Lemma E.7.2. C(X) is maximal commutative in C(X) X3 Z if and only if (X, h) is
topologically free.

If I is an ideal of C'(X) then we denote

supp(I) = | supp(/)

ferl

where supp(f) = {& € X | f(z) #0} for f € C(X). Note that a subset S C X is
Z-invariant if and only if A(S) = S.

Lemma E.7.3. C(X) is Z-simple if and only if there are no nonempty proper h-invariant
closed subsets of X.

Proof. Suppose that C'(X) is not Z-simple. Then there exists some proper nonzero ideal
I € C(X) such that supp(I) # () is a proper h-invariant closed subset of X . Conversely,
suppose that there exists some nonempty proper h-invariant closed subset S C X. Let
B C C(X) be set of functions which vanish outside S. Clearly B is a proper nonzero
Z-invariant ideal of C'(X') and hence C'(X) is not Z-simple. a

Definition E.7.4. A topological dynamical system (X, h) is said to be minimal if each
orbit of the dynamical system is dense in X.

Note that a topological dynamical system (X, k) is minimal if and only if there are
no nonempty proper h-invariant closed subsets of X.

Remark E.7.5. If X is infinite and (X, k) is minimal, then (X, h) is automatically free
and in particular topologically free. Indeed, take an arbitrary € X and suppose that it
is perodic. By minimality, the orbit of & which by periodicity is finite, must be dense in
X. This is a contradiction, since X is Hausdorff, and hence each x € X is aperiodic.

Theorem E.7.6. If (X, h) is a topological dynamical system with X infinite, then the fol-

lowing assertions are equivalent:
() C(X) %, Z is a simple algebra.
(i) C(X) is maximal commutative in C(X) X Z and C(X) is L-simple.

(iil) (X, h) is a minimal dynamical system.
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Proof. (i) <= (ii): This follows from Theorem E.6.13.

(iii) = (ii): Let (X, h) be minimal. By Remark E.7.5 (X, h) is topologically free and by
Lemma E.7.2 this implies that C(X') is maximal commutative in C(X) Xj, Z. Further-
more, since (X, h) is minimal there is no nonempty proper h-invariant closed subset of
X and hence by Lemma E.7.3 it follows that C'(X) is Z-simple.

(ii) = (iii): Suppose that (X, i) is not minimal. Then there exists some nonempty proper
h-invariant closed subset of X and by Lemma E.7.3 C(X) is not Z-simple. |

For C*-crossed product algebras associated to topological dynamical systems the ana-
logue of the above theorem, Theorem E.1.2, is well-known (see e.g. [1], [17] or [23,
Theorem 4.3.3]).

Example E.7.7 (Finite single orbit dynamical systems). Suppose that X = {x, h(x),
he@) (), ..., h°®=D(z)} consists of a finite h-orbit of order p, where p is a positive
integer. One can then show that C(X) xj Z = M,(Cl[t,t7']), i.e. the skew group
algebra associated to our dynamical system is isomorphic (as a C-algebra) to the algebra of
p X p-matrices over the ring of Laurent polynomials over C. Indeed, let 7 : C'(X) x;,Z —

M, (CJt,t~1]) be the C-algebra morphism defined by

f(z) 0 0
0 foh(x) 0
~(f) = . :
0 0 foh®=D(g)
for f € C(X), and
0 0 0 ¢
10 0 0
m(uy) = 1 0 0
0 0 10
Calculating, one sees that
NneZ
ZnEZ fnp(x) " R ZTLEZ f(n—l)P-Fl(x) "
ZneZ fn;n+1(h($)) t s Znez f(nfl)p+2(h(x))tn
ZnGZ fnp+2(h0(2) (.’L‘)) " s ZnEZ f(n—l)p+3(ho(2) (x)) [
ZHEZ f(n+1)p—1(ho(p_1) ()" ... ZnEZ fnp(ho(p_l)(x)) t
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and by looking at the above matrix row by row, it is straightforward to verify that 7 is
bijective (see [22, 24] for a similar isomorphism of C*-algebras).

Clearly (X, h) is a minimal dynamical system and by Lemma E.7.3 we conclude that
C(X) is Z-simple. However, each element of X is n-periodic and hence (X, h) is not
topologically free, which by Lemma E.7.2 entails that C'(X) is not maximal commutative
in R = C(X) xj,Z. Thering C[t, ¢ '] is not simple (e.g. by Example E.4.4) and via the
isomorphism 7 we conclude that C'(X) %, Z is never simple. From Section E.2.1 it is
clear that the action % extends to an action of Z on C'r (C'(X)). Finally, by Proposition
E.6.5, we conclude that the commutant of C'(X) is never Z-simple for our finite single
orbit dynamical system.
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Paper F

Commutativity and ideals in category
crossed products

Johan Oinert and Patrik Lundstrém

Abstract. In order to simultaneously generalize matrix rings and group graded crossed prod-
ucts, we introduce category crossed products. For such algebras we describe the center and
the commutant of the coefficient ring. We also investigate the connection between on the one
hand maximal commutativity of the coefficient ring and on the other hand nonemptyness of
intersections of the coefficient ring by nonzero twosided ideals.

E1 Introduction

Let R be a ring. By this we always mean that R is an additive group equipped with a
multiplication which is associative and unital. The identity element of R is denoted 15
and the set of ring endomorphisms of R is denoted End(R). We always assume that ring
homomorphisms respect the multiplicative identities. The center of R is denoted Z(R)
and by the commutant of a subset of R we mean the collection of elements in R that
commute with all the elements in the subset.
Suppose that Ry is a subring of R, i.e. there is an injective ring homomorphism
R; — R. Recall that if R; is commutative, then it is called a maximal commutative
subring of R if it coincides with its commutant in R. A lot of work has been devoted
to investigating the connection between on the one hand maximal commutativity of Ry
in R and on the other hand nonemptyness of intersections of R with nonzero twosided
ideals of R (see [2], [3], [6], [7], [10], [12], [13] and [18]). Recently (see [22], [23],
[24], [25] and [26]) such a connection was established for the commutant R; of the
coefficient ring of crossed products R (see Theorem E1.1 below). Recall that crossed
products are defined by first specifying a crossed system, i.e. a quadruple {A, G, 0, o}
where A is a ring, G is a group (written multiplicatively and with identity element e)
and o : G — End(4) and a : G x G — A are maps satisfying the following four
conditions:
o, =1ida (E1)

a(s,e) =ale,s) =14 (E2)
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a(s, t)a(st,r) = os(alt,r))a(s, tr) (E3)
os(oe(a))a(s,t) = as, t)os(a) (F4)

forall s,t,7 € G and all a € A. The crossed product, denoted A %, G, associated to
this quadruple, is the collection of formal sums ZseG asus, whereag € A, s € G, are
chosen so that all but finitely many of them are zero. By abuse of notation we write u
instead of 1 gu, for all s € G. The addition on A %9, G is defined pointwise

Z asUs + Z bsug = Z(as + bs)us (E5)

seG seG seG

and the multiplication on A X G is defined by the bilinear extension of the relation
(asus)(brur) = asos(be)a(s, t)us (E6)

forall s,t € G and all as,by € A. By (F1) and (E2) w, is a multiplicative identity
of A x7 G and by (E3) the multiplication on A x¢ G is associative. There is also
an A-bimodule structure on A %9 G defined by the linear extension of the relations
a(bus) = (ab)us and (aus)b = (aos(b))us for all a,b € A and all s,t € G, which,
by (F.4), makes A %7, G an A-algebra. In the article [22], the first author and Silvestrov
show the following result.

Theorem F1.1. If A %, G is a crossed product with A commutative, all o5, s € G, are
ring automorphisms and all o(s, s_l), s € G, are units in A, then every intersection of a
nonzero twosided ideal of A X2 G with the commutant of A in A X, G is nonzero.

In loc. cit. the first author and Silvestrov determine the center of crossed products and
in particular when crossed products are commutative; they also give a description of the
commutant of A in A 19 G. Theorem E1.1 has been generalized somewhat by relaxing
the conditions on ¢ and « (see [24] and [25]) and by considering general strongly group
graded rings (see [26]). For more details concerning group graded rings in general and
crossed product algebras in particular, see e.g. [1], [8] and [19].

Many natural examples of rings, such as rings of matrices, crossed product algebras
defined by separable extensions and category rings, are not in any natural way graded by
groups, but instead by categories (see [14], [15], [16] and Remark E2.6). The purpose
of this article is to define a category graded generalization of crossed products and to
analyze commutativity questions similar to the ones discussed above for such algebras. In
particular, we wish to generalize Theorem E1.1 from groups to groupoids (see Theorem
E4.1 in Section E4). To be more precise, suppose that G is a category. The family of
objects of G is denoted ob(G); we will often identify an object in G with its associated
identity morphism. The family of morphisms in G is denoted mor(G); by abuse of
notation, we will often write s € G when we mean s € mor(G). The domain and
codomain of a morphism s in G is denoted d(s) and ¢(s) respectively. We let G(?) denote
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the collection of composable pairs of morphisms in G, i.e. all (s, t) in mor(G) x mor(G)
satisfying d(s) = c(t). Analogously, we let G®) denote the collection of all composable
triples of morphisms in G, i.e. all (s,t,7) in mor(G) x mor(G) x mor(G) satisfying
(s,t) € G@ and (t,r) € G®. Throughout the article G is assumed to be small,
i.e. with the property that mor(G) is a set. A category is called a groupoid! if all its
morphisms are invertible. By a crossed system we mean a quadruple {4, G, o, a} where
A is the direct sum of rings A., e € ob(G), o @ Ag) — Ac(s), for s € G, are
ring homomorphisms and « is a map from G(?) to the disjoint union of the sets A,
for e € ob(G), with a(s,t) € Ay, for (s,t) € G®), satisfying the following five

conditions:

oo =idy, (E7)
a(s,d(s)) = 1a,,, (E8)
alelt), t) = 1., (E9)

als,a(st,r) = os(alt,r))a(s, tr) (E10)

os(o(a))a(s,t) = a(s,t)os(a) (E11)

for all e € ob(@), all (s,t,7) € G and all a € Agery. Let A 1 G denote the
collection of formal sums ZseG asls, where ag € AC(S), s € @, are chosen so that
all but finitely many of them are zero. Define addition on A xZ G by (E5) and define
multiplication on A %7 G by (E6) if (s,t) € G® and (asus)(bsus) = 0 otherwise
where as € A5y and by € A.y). By (E7), (E8) and (R9) it follows that A x§, G has a
multiplicative identity if and only if ob(G) is finite; in that case the multiplicative identity
sy ecob(G) Ue- By (E10) the multiplication on A X G is associative. Define a left A-
module structure on A X7 G by the bilinear extension of the rule a.(bsus) = (aebs)us
ife = ¢(s) and ac(bsus) = 0 otherwise forall a. € Ac, bs € Ay(s), € € 0b(G), s € G.
Analogously, define a right A-module structure on A X7 G by the bilinear extension of
the rule (bsus)cy = (bsos(cy))us if f = d(s) and (bsus)cy = 0 otherwise for all
bs € Agsys ¢y € Ay, f € ob(G), s € G. By (E11) this A-bimodule structure makes
A %f, G an A-algebra. We will often identify A with @eeob(c) Acue; this ring will be
referred to as the coefficient ring of A X7 G. It is clear that A X7 G is a category graded
ring in the sense defined in [15] and it is strongly graded if and only if each «(s,t),
(5,t) € G®), has a left inverse in Ac(sy. We call A %7, G the category crossed product
algebra associated to the crossed system {A, G, 0, a}.

In Section E2, we determine the center of category crossed products. In particular,
we determine when category crossed products are commutative. In Section E3, we de-
scribe the commutant of the coefficient ring in category crossed products. In Section F4,
we investigate the connection between on the one hand maximal commutativity of the

'The term groupoid has various meanings in the literature. E.g. in [9], a set with a binary operation is
referred to as a groupoid.
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coefficient ring and on the other hand nonemptyness of intersections of the coefficient
ring by nonzero twosided ideals. In the end of each section, we indicate how our results
generalize eatlier results for other algebraic structures such as group crossed products and
matrix rings (see Remarks F2.6-E3.7 and Remark F.4.9).

F.2 The center

For the rest of the article, unless otherwise stated, we suppose that A 7, G is a category
crossed product. We say that «v is symmetric if a(s,t) = «a(t, s) for all s,t € G with
d(s) = ¢(s) = d(t) = c(t). We say that A x2 G is a monoid (groupoid, group)
crossed product if G is a monoid (groupoid, group). We say that A X G is a twisted
category (monoid, groupoid, group) algebra if each 05, s € G, with d(s) = ¢(s) equals
the identity map on Ag(s) = Ac(s); in that case the category (monoid, groupoid, group)
crossed product is denoted A x,, G. We say that A 17, G is a skew category (monoid,
groupoid, group) algebra if a(s,t) = 14, for (s,t) € G?); in that case the category
(monoid, groupoid, group) crossed product is denoted A X G. If G is a monoid, then
we let A® denote the set of elements in A fixed by all oy, s € G. We say that G is
cancellable if any equality of the form s1t1 = sato, when (s;,;) € G, fori=1,2,
implies that s1 = s2 (or t; = t2) whenever t1 = t3 (or 1 = $2). For e, f € ob(G) we
let G . denote the collection of s € G with ¢(s) = f and d(s) = e; we let G, denote
the monoid G¢ . We let the restriction of « (or o) to Gg (or G¢) be denoted by . (or
0c). With this notation all A, xZ¢ G, fore € ob(G), are monoid crossed products.

Proposition F2.1. The center of a monoid crossed product A X, G is the collection of

Y oscq Usts in A NG G satisfying the following two conditions: (i) asos(a) = aas, for

s € Ganda € A; (i) forall t,r € G the following equality holds ", scc asa(s,t) =
st=r

foﬁ ot(as)al(t, s).

Proof. Let e denote the identity element of G. Take z := ) . asus in the center
of A X% G. Condition (i) follows from the fact that zau. = auex for all @ € A.
Condition (ii) follows from the fact that xu; = ux for allt € G. Conversely, it is clear
that conditions (i) and (ii) are sufficient for x to be in the center of A ¢ G. O

Corollary E2.2. The center of a twisted monoid ring AX oG is the collection of ) i a5t
in A Xy, G satisfying the following two conditions: (i) as € Z(A), for s € G; (ii) for all
t,r € G, the following equality holds ), scc asa(s,t) = 3 sca asalt, s).

Proof. This follows immediately from Proposition E2.1. d

Corollary E2.3. IfG is an abelian cancellable monoid, o is symmetric and has the property
that none of the (s, t), for (s,t) € G'?), is a zerodivisor, then the center of A x3 G is the
collection of ) ¢ asus in A X, G satisfying the following two conditions: (i) as0s(a) =
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aas, fors € G anda € A; (i) as € AC, for s € G. In particular, if A X% G is a
skew monoid ring where G is abelian and cancellable, then the same description of the center
is valid.

Proof. Take x := . asus in A X7 G. Suppose that = belongs to the center of
A %2 G. Condition (i) follows from the first part of Proposition E2.1. Now we show
condition (ii). Take s,t € G and let 7 = st. Since G is commutative and cancellable,
we get, by the second part of Proposition F.2.1, that asa(s, t) = o¢(as)a(t, s). Since a
is symmetric and (s, t) is not a zerodivisor, this implies that a; = o¢(as). Since s and
t were arbitrarily chosen from G, this implies that a5 € AC, for s € G. On the other
hand, by Proposition E2.1, it is clear that (i) and (ii) are sufficient conditions for x to be
in the center of A X7 G. The second part of the claim is obvious. O

Now we show that the center of a category crossed product is a particular subring of
the direct sum of the centers of the corresponding monoid crossed products.

Proposition F.2.4. The center of a category crossed product A X%, G equals the collection of
2ecob(@) 2useq, Uslhs i D econ(q) 4 (AeXG: Ge) satisfying ) s€Ce or(as)a(r,s) =
> teay aralt,r) foralle, f € ob(G) withe # f, andallr,g € Gy,e.

Proof. Take x 1= ) __4 asus in the center of A %% G. By the equalities ucx = 2u,, for
e € ob(G), itfollows thatas = 0 forall s € G with d(s) # ¢(s). Therefore we can write
T = ZeEOb(G) Zseee asus where ZseGe asus € Z(Ae x7e Ge), for e € ob(G).
The last part of the claim follows from the fact that the equality u, (3, ca. asus) =
(ZsGGe asus) ur holds forall e, f € ob(G), alle # f,and all € Gy.. O

Proposition E2.5. Suppose that A %9, G is a category crossed product and consider the
following five conditions: (0) all o(s,t), for (s,t) € G2, are nonzero; (i) A x% G is
commutative; (ii) G is the disjoint union of the monoids G, for e € ob(Q), and they are
all abelian; (iii) each Ao X3¢ G, for e € ob(Q), is a rwisted monoid algebra; (iv) A is
commutative; (v) o is symmetric. Then (a) Conditions (0) and (i) imply conditions (ii)-(v);
(b) Conditions (ii)-(v) imply condition (7).

Proof. (a) Suppose that conditions (0) and (i) hold. By Proposition E2.4, we get that G
is the direct sum of G, for e € ob((G), and that each A, xZe Ge, for e € ob(G), is
commutative. The latter and Proposition E2.1(i) imply that (iii) holds. Corollary 2.2
now implies that (iv) holds. For the rest of the proof we can suppose that G is a monoid.
Take s,t € G. By the commutativity of A %7 G we get that a(s,)us = usuy =
upts = at, $)ugs forall s, ¢ € G. Since « is nonzero this implies that st = ts and that
a(s,t) = a(t,s) forall s,¢t € G. Therefore, G is abelian and (v) holds.

Conversely, by Corollary E2.2 and Corollary E2.3 we get that conditions (ii)-(iv) are
sufficient for commutativity of A %7, G. |
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Remark F.2.6. Proposition F.2.4, Corollary E2.2, Corollary F.2.3 and Proposition E2.5
generalize Proposition 3 and Corollaries 1-4 in [22] from groups to categories.

Remark E2.7. Let A X G be a category algebra where all the rings A, for e € ob(G),
coincide with a fixed ring D. Then A X G is the usual category algebra DG of G over D.
Let H denote the disjoint union of the monoids G, for e € ob(G). By Proposition E2.1
and Proposition E2.4 the center of DG is the collection of ) | __ 1 asus, foras € Z(D),
and s € H, in the induced category algebra Z(D)H satisfying Y _ serr a5 = Y senm as
for all r,¢ € G. Note that if G is a groupoid, then the last cosr;a;tion simpltisﬁ_eg to
Qpg—1 = a1, forall v, t € G with ¢(r) = ¢(t) and d(r) = d(t). This result specializes
to two well known cases. First of all, if G is a group, then we retrieve the usual description
of the center of a group ring (see e.g. [27]). Secondly, if G is the groupoid with the n
first positive integers as objects and as arrows all pairs (4, j), for 1 < 4,5 < n, equipped
with the partial binary operation defined by letting (4, j)(k, 1) be defined and equal to
(1,1) precisely when j = k, then DG is the ring of square matrices over D of size n and
we retrieve the result that Z(M,, (D)) equals the Z(D)1,, where 1,, is the unit n X n

matrix.

Remark E2.8. Let L/ K be a finite separable (not necessarily normal) field extension. Let
N denote a normal closure of L/ K and let Gal(IN/K') denote the Galois group of N/ K.
Furthermore, let L = Ly, Lo, ..., Ly denote the different conjugate fields of L under
the action of Gal(N/K) and put F' = @, L;. If 1 < 4,5 < n, then let G;; denote
the set of field isomorphisms from L; to L;. If s € G5, then we indicate this by writing
d(s) = j and ¢(s) = 4. If we let G be the union of the G;j, for 1 <i,j < n, then G is
a groupoid. For each s € G, let oy = 5. Suppose that av is a map G® — | || L; with
a(s,t) € L), for (s,t) € G? satisfying (E2), (E3) and (E4) for all (s,t,7) € G
andalla € L. The category crossed product F' 7, G extends the construction usually
defined by Galois field extensions L/K. By Proposition E2.4, the center of F' xZ G is
the collection of 3 1,() detie With ac = s(ay) forall e, f € ob(G) and all s € G
with ¢(s) = e and d(s) = f. Therefore the center is a field isomorphic to LZ** and we
retrieve the first part of Theorem 4 in [14].

F3 The commutant of the coefficient ring

Proposition E3.1. The commutant of A in A X, G is the collection of ), asus in
A X2 G satisfying as = 0, for s € G, with d(s) # ¢(s), and as05(a) = aas, fors € G
with d(s) = c(s) and a € Ags).

Proof. The first claim follows from the fact that the equality

(D seq @sts)te = Ue(D i astis) holds for all e € ob(G). The second claim follows
from the fact that the equality (3, asts)ate = auc(D o asus) holds forall e €
ob(G) and alla € A,. O
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Recall that the annihilator of an element 7 in a commutative ring R is the collection,
denoted ann(r), of elements s in R with the property that rs = 0.

Corollary E3.2. Suppose that A is commutative. Then the commutant of A in A X9, G is
the collection of ), asus in A X7, G satisfying as = 0, for s € G with d(s) # c(s),
and os(a) — a € ann(ay), for s € G with d(s) = c(s) and a € Aq(y). In particular, A
is maximal commutative in A X% G if and only if there for all choices of ¢ € ob(G), s €
Ge\{e}, as € A, there is a nonzero a € A, with the property that o04(a) —a ¢ ann(a,).

Proof. This follows immediately from Proposition E3.1. O

Corollary E3.3. Suppose that each Ae, e € ob(G), is an integral domain. Then the
commutant of A in A x, G is the collection of ) . asus in A}, G satisfying as = 0
whenever o5 is not an identity map. In particular, A is maximal commutative in A X9, G if’
and only if for all nonidentity s € G, the map o is not an identity map.

Proof- This follows immediately from Corollary E3.2. O

Proposition E3.4. If A is commutative, G a disjoint union of abelian monoids and o
is symmetric, then the commutant of A in A X, G is the unique maximal commutative
subalgebra of A X, G containing A.

Proof. We need to show that the commutant of A in A ¢ G is commutative. By the
first part of Proposition E3.1, we can assume that G is an abelian monoid. If we take
> sc Gsts and D7, byug in the commutant of A in A 17, G, then, by the second
part of Proposition E3.1 and the fact that v is symmetric, we get that

ZasuSthut = Z as05(br)a(s, t)ug = Z asbra(s, t)us =

seG teG s,teG s,teG
= E brasa(t, s)urs = E biot(as)a(t, s)us: = E beus E Al
s,teG s,teG teG seG

O

Remark F.3.5. Proposition E3.1, Corollary E3.2, Corollary E3.3 and Proposition E3.4
together generalize Theorem 1, Corollaries 5-10 and Proposition 4 in [22] from groups
to categories.

Remark F3.6. Let A x G be a category algebra where all the rings 4., e € ob(G),
coincide with a fixed integral domain D. Then A x G is the usual category algebra DG
of G over D. By Corollary E3.3, the commutant of D in DG is DG itself. In particular,
A is maximal commutative in DG if and only if G is the disjoint union of | ob(G)| copies
of the trivial group.
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Remark F.3.7. Let L/K be a finite separable (not necessarily normal) field extension.
We use the same notation as in Remark F.2.8. By Corollary E3.3, the commutant of F’
in F' X% G is the collection of Z:l 1 deG asusg satisfying as = 0 whenever o is not
an 1dent1ty map. In particular, F’ is maximal commutative in F' x G if all groups G; ;,
i = 1,...,n, are nontrivial; this of course happens in the case When L/K isa Galois
field extension.

F.4 Commutativity and ideals

In this section, we investigate the connection between on the one hand maximal com-
mutativity of the coefficient ring and on the other hand nonemptyness of intersections of
the coefficient ring by nonzero twosided ideals. For the rest of the article, we assume that
ob(Q) is finite. Recall (from Section E.1) that this is equivalent to the fact that A X% G
has a multiplicative identity; in that case the multiplicative identity is ). ob(G) Ue-

Theorem F4.1. If A X3 G is a groupoid crossed product such that for every s € G,

a(s, s71) is not a zero divisor in Ac(s)> then every intersection of a nonzero twosided ideal

of A X, G with the commutant of Z (A) in A X, G is nonzero.

Proof We show the contrapositive statement. Let C' denote the commutant of Z(A)
in A %, G and suppose that I is a twosided ideal of A %7 G with the property that
INC = {0}. We wish to show that I = {0}. Take z € I. If € C, then by the
assumption = 0. Therefore we now assume that x = ZSeG asus € I, as € Ac(s),
s € @G, and that  is chosen so that z ¢ C with the set S := {s € G | a5 # 0} of
least possible cardinality N. Seeking a contradiction, suppose that N is positive. First
note that there is ¢ € ob(G) with uex € I\ C. In fact, if ucx € C for all e € ob(G),
thenz = 1o = 37 (g uex € C which is a contradiction. By minimality of N
we can assume that ¢(s) = e, s € S, for some fixed ¢ € ob(G). Take t € S and
consider the element 2’ := zu,-1 € I. Since a(t,t™1) is not a zero divisor we get
that @’ # 0. Therefore, since I[|C = {0}, we get that 2’ € I \ C. Take a =
Zfeob(G) bruy € Z(A) and note that Z(A) = @feob(G) Z(Ay). ThenI 5 2" :=
ar’ —a'a = Y cg(be(syas — asos(by(s)))us. In the Ac component of this sum we
have bea. — acbe = 0 since b, € Z(A.). Thus, the summand vanishes for s = e, and
hence we get, by the assumption on N, that " = 0. Since a € Z(A) was arbitrarily
chosen, we get that 2/ € C which is a contradiction. Therefore N = 0 and hence S =
which in turn implies that z = 0. Since z € I was arbitrarily chosen, we finally get that

I ={0}. a
Corollary F4.2. If'A % G is a groupoid crossed product with A maximal commutative

and for every s € G, a(s,s™") is not a zero divisor in A.(s), then every intersection of a
nonzero twosided ideal of A X%, G with A is nonzero.
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Proof. This follows immediately from Theorem F4.1. |

Now we examine conditions under which the opposite statement of Corollary E4.2
is true. To this end, we recall some notions from category theory that we need in the
sequel (for the details see e.g. [17]). Let G be a category. A congruence relation R on
G is a collection of equivalence relations R, on hom(a,b), a,b € ob(G), chosen so
thatif (s,s") € Rqp and (¢,1') € Ry, then (t5,t's") € Rgc forall a,b, ¢ € ob(G).
Given a congruence relation R on G we can define the corresponding quotient category
G /R as the category having as objects the objects of G and as arrows the corresponding
equivalence classes of arrows from G. In that case there is a full functor Qr : G — G/R
which is the identity on objects and sends each morphism of G to its equivalence class
in R. We will often use the notation [s] := Qr(s), s € G. Suppose that H is another
category and that F : G — H is a functor. The kernel of F, denoted ker(F), is
the congruence relation on G defined by letting (s,t) € ker(F)qp, a,b € ob(G),
whenever s,t € hom(a,b) and F(s) = F(t). In that case there is a unique functor
Pr : G/ker(F) — H with the property that PrQyer(py = F. Furthermore, if there
is a congruence relation R on G contained in ker(F), then there is a unique functor
N : G/R — G/ ker(F) with the property that NQr = Qyer(r). In that case there is
therefore always a factorization F' = PN Qp; we will refer to this factorization as the
canonical one.

Proposition E4.3. Let {A, G, 0,a} and {A, H, 7,3} be crossed systems with ob(G) =
ob(H). Suppose that there is a functor F : G — H satisfying the following three criteria: (i)
F is the identity map on objects; (ii) Tp(sy = 0, for s € G; (i) B(F(s), F(t)) = a(s, 1),
for (s,t) € G, Then there is a unique A-algebra homomorphism A x% G — A x5 H,
denoted F, satisfying F(us) = Up(s) fors € G.

Proof. Take x := ) - asus in A X, G where as € A.(y), for s € G. By A-linearity
we get that F(z) = Yosce asF(us) = > scq Astp(s). Therefore F is unique. It is
clear that F is additive. By (i), F respects the multiplicative identities. Now we show
that F is multiplicative. Take another y := ZseG bsus in A X7, G where bs € Ag(s),
for s € G. Then, by (ii) and (iii), we get that

F(Z’y) =F Z asas(bt)a(sat)ust = Z aso—s(bt)a(‘s?t)uF(st) =
(5,t)EG?) (s,t)EG @)

= Y aTre(B)B(F(s), F()upyre = F(z)F(y)
(s,)eGR
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Remark F4.4. Suppose that {A, G, 0,a} is a crossed system. By abuse of notation,
we let A denote the category with the rings A, for ¢ € ob(G), as objects and ring
homomorphisms A, — Ay, fore, f € ob(G), as morphisms. Defineamapo : G — A
on objects by o(e) = A, for e € ob(G), and on arrows by o(s) = oy, for s € G. By
equation (E4) it is clear that ¢ is a functor if the following two conditions are satisfied:
(i) for all (s,t) € G, a(s,t) belongs to the center of Ag(sys (ib) for all (s, ) € G®),
a(s, t) is not a zero divisor in Acy).

Proposition F4.5. Ler A x7, G be a category crossed product with o : G — A a functor.
Suppose that R is a congruence relation on G with the property that the associated quadruple
{A,G/R,o([-]), a(['], ['])} is @ crossed system. If I is the twosided ideal in A X, G gener-
ated by an element ) . asus, where as € Ay, for s € G, satisfying as = 0 if s does
not belong to any of the classes [e], for e € ob(G), and }_ () as = 0, for e € ob(G), then

ANI = {0}.
Proof. By Proposition E4.3, the functor Qg induces an A-algebra homomorphism é R:

AxSG— A MZE[[:]]?[_]) G/ R. By definition of the as, for s € G, we get that

%(z%us):@R SRR

seG e€ob(G) s€le]

= Z Z AsU[s] = Z Z As | Ule] = 0

e€ob(G) s€le] ecob(G) \s€le]
This implies that QR(I) = {0}. Since éR\A = id 4, we therefore get that (| A =
(Qrla)(ANT) € Qr(I) = {0}. 0

Let G be a groupoid and suppose that we for each e € ob(G) are given a subgroup N
of G¢. We say that N = UeEob(G) N, is a normal subgroupoid of G if s N5y = Ne(s)s
forall s € G. The normal subgroupoid N induces a congruence relation ~ on G defined
by letting s ~ t, for 5,¢ € G, if there is n in Ny with s = nt. The corresponding
quotient category is a groupoid which is denoted G/N. For more details, see e.g. [5];
note that our definition of normal subgroupoids is more restrictive than the one used in

[5].

Proposition F4.6. Let A X% G be a groupoid crossed product such that for each (s,t) €
G®?), a(s,t) € Z(Ac(s)) and o(s,t) is not a zero divisor in A, (). Suppose that N
is @ normal subgroupoid of G with the property that o, = ida,,,, forn € N, and
a(s,t) = 1a,,, ifs € Nort € N. IfI is the twosided ideal in A 1, G generated
by an element ), asus, with as € A, for s € G, satisfying as = 0 if' s does not
belong to any of the sets N, for e € ob(G), and y_ . as = 0, fore € ob(G), then
ANI={0}.
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Proof By Remark F4.4, o is a functor G — A and ~ C ker(o). Therefore, by the
discussion preceding Proposition F4.3, there is a well defined functor o[-] : G/N — A.
Now we show that the induced map «([],[]) is well defined. By equation (E3) with
5 =n € Ny we get that a(n, t)a(nt,r) = o, (a(t,r))a(n, tr). By the assumptions
on o and o we get that a(nt, ) = a(t, 7). Analogously, by equation (E3) witht =n €
Ny(r), we get that a(s, t) = (s, tn). Therefore, a([], [-]) is well defined. The rest of

the claim now follows immediately from Proposition E4.5. |

Proposition F4.7. Let A x% G be a skew category algebra. Suppose that R is a congruence
relation on G contained in ker(o). If I is the twosided ideal in A X° G generated by
an element ZseG asus, where as € Acs), for s € G, satisfying as = 0 if s does not
belong to any of the classes [e], for e € ob(G), and Zse[e] as = 0, fore € ob(QG), then

ANI={0}.
Proof. By Remark F4.4 and the discussion preceding Proposition F.4.3, there is a well

defined functor -] : G/R — A. The claim now follows immediately from Proposition

E4.5. (|

Proposition F4.8. Let A X7 G be a skew groupoid ring with all A, for e € ob(G), equal
integral domains and each G., for e € ob(Q), an abelian group. If every intersection of a
nonzero twosided ideal of A X° G and A is nonzero, then A is maximal commutative in

A X% G.

Proof. We show the contrapositive statement. Suppose that A is not maximal commu-
tative in A x% G. By the second part of Corollary E3.3, there is ¢ € ob(G) and a
nonidentity s € G such that 05 = ida,. Let N, denote the cyclic subgroup of G,
generated by s. Note that since G, is abelian, N, is a normal subgroup of G.. For
each f € ob(G), define a subgroup Ny of Gy in the following way. If G ; # 0,
then let Ny = sN.s~1, where s is a morphism in G f. If, on the other hand,
Ges = 0, then let Ny = {f}. Note that if 51,52 € Gy, then s5's; € G, and
hence s1Nsy ! = 8285 51 No (55 51) " tsy ' = saNesy ', Therefore, Ny is well de-
fined. Now put N = {J o1,y V- Itis clear that IV is a normal subgroupoid of G and
that 0, = ida,, n € N. Let I be the nonzero twosided ideal of A X7 G generated by
Ue — Us. By Proposition E4.6 (or Proposition F4.7) it follows that A( I = {0}. O

Remark F.4.9. Proposition E4.1, Corollary E4.2 and Propositions F4.5-F.4.8 together
generalize Theorem 2, Corollary 11, Theorem 3, Corollaries 12-15 and Theorem 4 in
[22] from groups to categories.

By combining Theorem F4.1 and Proposition F.4.8, we get the follwing result.

Corollary F4.10. If A %% G is a skew groupoid ring with all A, for e € ob(G), equal
integral domains and each G., for e € ob(G), an abelian group, then A is maximal com-
mutative in A X% G if and only if every intersection of a nonzero twosided ideal of A X% G
and A is nonzero.
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