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PHDQ� IORZ�� VXE�JULG� PRGHOLQJ� FDQ� EH� H[SHFWHG� WR� EH� UHODWLYHO\� PRUH� XQLYHUVDO�� $OWKRXJK� WKH
FRPSXWHU� UHVRXUFH� GHPDQG� RI�/(6� LV�PXFK� OHVV� WKDQ� WKDW� RI�'16�� LW� LV� VWLOO� QRW� SUDFWLFDO� LQ�PDQ\
HQJLQHHULQJ�FRPEXVWLRQ�VLPXODWLRQV��SDUWLFXODUO\�ZKHQ�UDGLDWLRQ�LV�WR�EH�SURSHUO\�FRQVLGHUHG�

7KH� LQYROYHPHQW�RI� UDGLDWLRQ� LQ�FRPEXVWLRQ�PDNHV� WKH�QXPHULFDO�VLPXODWLRQ�HYHQ� IXUWKHU�FRPSXWHU
UHVRXUFH�GHPDQGLQJ��5DGLDWLRQ�LV�XVXDOO\�DQ�LPSRUWDQW�KHDW� WUDQVIHU�PHFKDQLVP�LQ�FRPEXVWLRQ��,W� LV
SURSRUWLRQDO�WR�WKH�EODFN�ERG\�3ODQFN�IXQFWLRQ�DQG�WKH�HPLVVLYLW\�RI�WKH�SDUWLFLSDWLQJ�PHGLXP��ZKLFK
LQFUHDVHV�ZLWK�WKH�UDGLDWLQJ�SDWK�OHQJWK�DQG�WKH�DEVRUSWLRQ�FRHIILFLHQW�RI�WKH�PHGLXP��5DGLDWLRQ�KHDW
WUDQVIHU� GLIIHUV� IURP� FRQYHFWLRQ� LQ�PDQ\� DVSHFWV�� 7UDQVIHU� RI� D� UDGLDWHG� SKRWRQ� GRHV� QRW� QHHG� WKH
VXSSRUW� RI� DQ\� PHGLXP�� ,W� KDV� VWURQJ� GLUHFWLRQ� DQG� ZDYH� QXPEHU� GHSHQGHQFH� LQ� PRVW� SUDFWLFDO
VLWXDWLRQV��VXFK�DV�WKRVH�LQ�D�FRPEXVWLRQ�V\VWHP�ZKHUH�WKH�UDGLDWLQJ�JDV�LV�KLJKO\�QRQ�JUD\�DQG�QRQ�
KRPRJHQHRXV��7KXV��UDGLDWLRQ�HVVHQWLDOO\�KDV�VHYHQ�LQGHSHQGHQW�YDULDEOHV��L�H��� ����� WVU,, ηrr

= ��ZKHUH

, LV�WKH�GLUHFWLRQDO�VSHFWUDO�UDGLDWLRQ�LQWHQVLW\�� U
r
�WKH�ORFDWLRQ�YHFWRU�LQ�D�WKUHH�GLPHQVLRQDO�VSDFH�� V

r

WKH� GLUHFWLRQ� YHFWRU� RI� WZR� LQGHSHQGHQW� YDULDEOHV�� η � WKH� ZDYH� QXPEHU� DQG� W � WKH� WLPH�� 7KLV

FRPSOH[LW\� LPSOLHV� WKDW� DQ� H[DFW� VROXWLRQ� RI� UDGLDWLRQ� LQ� D� SUDFWLFDO� FRPEXVWLRQ� V\VWHP� LV� QRW
DYDLODEOH�DQG�QXPHULFDO�FRPSXWDWLRQ�RI�UDGLDWLRQ�FDQ�EH�YHU\�H[SHQVLYH�

:KHQ� VROLG� IXHO� LV� SUHVHQWHG� LQ� WKH� FRPEXVWLRQ� V\VWHP�� FRQVLGHUDWLRQ� DOVR� KDV� WR� EH� JLYHQ� WR� WKH
UHVSRQVH� RI� WKH� VROLG� IXHO� DQG� WKH� LQWHUDFWLRQ� EHWZHHQ� JDV� DQG� VROLG� SKDVHV�� 7KH� VROLG� IXHO� PD\
XQGHUJR� D� VHULHV� RI� FRPSOH[� SK\VLFDO� DQG� FKHPLFDO� SURFHVVHV� GLIIHUHQWO\� DFFRUGLQJ� WR� WKH� ORFDO
FRQGLWLRQV�� 7KH� LQWHUDFWLRQ� LQFOXGHV� WKH� PDVV�� HQHUJ\� DQG� PRPHQWXP� H[FKDQJHV� EHWZHHQ� WKH� WZR
SKDVHV��:KHQ�WKH�VROLG�IXHO�LV�LQ�WKH�VPDOO�SDUWLFOH�IRUP��WKLV�LQWHUDFWLRQ�LV�SDUWLFXODUO\�FRPSOH[�DQG
WKXV�DQ�LPSRUWDQW�WRSLF�LQ�WZR�SKDVH�VWXGLHV�

7R�PHHW�WKH�QHHGV�LQ�FRPEXVWLRQ�HQJLQHHULQJ�DSSOLFDWLRQV��PRGHOV�DUH�GHYHORSHG�DQG� LPSOHPHQWHG�
WR� UHSUHVHQW� WKH� SK\VLFV� DSSUR[LPDWHO\� DQG� VSHHG� XS� WKH� QXPHULFDO� FRPSXWDWLRQV� WR� DQ� DFFHSWDEOH
OHYHO��ZLWK�D�SURSHU�FRPSURPLVH�PDGH�EHWZHHQ�DFFXUDF\�DQG�HFRQRP\��$�JRRG�PRGHO�VKRXOG�SURYLGH
ERWK�KLJK�DFFXUDF\�DQG�HIILFLHQF\�LQ�D�ZLGH�UDQJH�RI�DSSOLFDWLRQV�

,Q� WKLV� ZRUN�� PRGHOV� RQ� S\URO\VLV� RI� VROLG� IXHOV�� UDGLDWLRQ� SURSHUW\� RI� FRPEXVWLRQ� SURGXFWV� DQG
WXUEXOHQFH� RI� EXR\DQW� IORZ� ZHUH� GHYHORSHG�� ZLWK� HPSKDVLV� RQ� WKHLU� DSSOLFDELOLW\� DQG� VLPSOLFLW\�
7KHVH�GHYHORSHG�PRGHOV� KDYH�EHHQ� IXOO\� LQFRUSRUDWHG� LQWR�&)'�DQG� FRXSOHG�ZLWK� RWKHU�&)'� VXE�
PRGHOV��LQFOXGLQJ�'7�UDGLDWLRQ�PRGHO��('&�FRPEXVWLRQ�PRGHO��IODPHOHW�FRPEXVWLRQ�PRGHO��YDULRXV
VRRW�PRGHOV� DQG� WUDQVSLUHG�ZDOO� IXQFWLRQ��&RPSUHKHQVLYH� QXPHULFDO� VLPXODWLRQV� KDYH� EHHQ� FDUULHG
RXW�WR�VWXG\�VRRW�IRUPDWLRQ�DQG�R[LGDWLRQ�LQ� WXUEXOHQW�EXR\DQW�GLIIXVLRQ� IODPHV�� IODPH�KHDW� WUDQVIHU
DQG�IODPH�VSUHDG��7KH�JDV�WHPSHUDWXUH�DQG�YHORFLW\��VRRW�YROXPH�IUDFWLRQ��ZDOO�VXUIDFH�WHPSHUDWXUH�
FKDU�GHSWK��UDGLDWLRQ�DQG�FRQYHFWLRQ�KHDW�IOX[HV��DQG�KHDW�UHOHDVH�UDWH�ZHUH�FDOFXODWHG�DQG�FRPSDUHG
ZLWK�H[SHULPHQWDO�PHDVXUHPHQWV�
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$�QXPHULFDO� VLPXODWLRQ�RI� IODPH� VSUHDG�RYHU� VROLG� IXHO� VXUIDFH� FRQVLVWV� RI�PRGHOLQJ�RI� WKUHH�PDLQ
SDUWV��WXUEXOHQW�FRPEXVWLRQ��UHVSRQVH�RI�VROLG�IXHO�DQG�WKH�LQWHUDFWLRQ�EHWZHHQ�JDV�DQG�VROLG�SKDVHV�
7KH�ILUVW� WZR�SDUWV�ZLOO�EH�GLVFXVVHG�LQ�WKLV�VHFWLRQ��7KH�WKLUG�SDUW�SURYLGHV� WKH�QHFHVVDU\�ERXQGDU\
FRQGLWLRQV�IRU�WKH�RWKHU�WZR�SDUWV�DQG�ZLOO�EH�GLVFXVVHG�ODWHU�LQ�WKH�ERXQGDU\�FRQGLWLRQ�VHFWLRQ�

����0RGHOLQJ�RI�7XUEXOHQW�&RPEXVWLRQ

,Q�WKLV�VHFWLRQ��VRPH�SK\VLFV�RI�WXUEXOHQFH�DQG�WXUEXOHQW�FRPEXVWLRQ�ZLOO�EH�GLVFXVVHG�ILUVW��WKHQ�WKH
XVHG�PRGHOLQJ�SURFHGXUH�SUHVHQWHG�

������6RPH�EDVLF�SK\VLFDO�DVSHFWV�RI�WXUEXOHQFH�DQG�WXUEXOHQW�FRPEXVWLRQ

7XUEXOHQFH� UHPDLQV� RQH� RI� WKH� PRVW� FKDOOHQJH� WRSLFV� QRZDGD\V�� ,W� FDQ� EH� FRQVLGHUHG� DV� D
GHWHUPLQLVWLF�UDQGRP�K\GURG\QDPLF�V\VWHP��,W�LV�GHWHUPLQLVWLF�LQ�D�VHQVH�WKDW�SURYLGHG�D�XQLTXH�VHW�RI
LQLWLDO�DQG�ERXQGDU\�FRQGLWLRQV��LW� LV�EHOLHYHG�WR�KROG�D�XQLTXH�VROXWLRQ��,W� LV�UDQGRP�LQ�D�VHQVH�WKDW
ZKHQ�WKH�5H\QROGV�QXPEHU�RI�WKH� IORZ�LV�VXIILFLHQWO\�KLJK�� WKH�V\VWHP�EHFRPHV�XQVWDEOH��7KH�IORZ
VROXWLRQ�LQ�WKLV�FDVH�WXUQV�RXW�WR�EH�YHU\�VHQVLWLYH�WR�WKH�H[WHUQDO�GLVWXUEDQFHV�LQFOXGLQJ�WKH�LQLWLDO�DQG
ERXQGDU\�FRQGLWLRQV�

$OWKRXJK�LW�LV�YHU\�GLIILFXOW�WR�JLYH�DQ�H[DFW�GHILQLWLRQ�RI�WXUEXOHQFH��LWV�JHQHUDO�PDLQ�IHDWXUHV�FDQ�EH
LGHQWLILHG�>�@��7KH�LUUHJXODULW\�LV�RQH�RI�WKH�PRVW�LPSRUWDQW�IHDWXUHV�RI�WXUEXOHQFH��ZKLFK�LV�LQ�FRQWUDVW
WR� WKH� UHJXODULW\� RI� ODPLQDU� IORZ�� 7KH� UDQGRP� PRWLRQ� RI� WXUEXOHQFH� HQKDQFHV� WKH� PL[LQJ� SURFHVV
VKDUSO\�DQG�WXUEXOHQFH�LV�WKXV�GLIIXVLYH��7XUEXOHQFH�FRPHV�IURP�WKH�LQVWDELOLW\�RI�WKH�YLVFRXV�IORZ�DW
KLJK�5H\QROGV�QXPEHU��ZKLFK�UHVXOWV�IURP�WKH�LQWHUDFWLRQ�EHWZHHQ�WKH�YLVFRXV�DQG�QRQ�OLQHDU�LQHUWLDO
WHUPV�RI�WKH�1DYLHU�6WRNHV�HTXDWLRQV��7KH�LQWHUDFWLRQ�LV�YHU\�FRPSOH[�DQG�PDNHV�LW�D�SURKLELWLYH�WDVN
WR�IXOO\�DQDO\VH�WKH�IORZ�LQVWDELOLW\��7XUEXOHQFH�KROGV�D�FRQWLQXRXV�VSHFWUXP�RI�VFDOHV�UDQJLQJ�IURP
LQWHJUDO�VFDOHV�WR�.ROPRJRURY�VFDOHV��,W�REWDLQV�LWV�NLQHWLF�HQHUJ\�IURP�PHDQ�IORZ�WKURXJK�VKHDU�DQG
EXR\DQW�SURGXFWLRQ��7KH�ODUJH�HGGLHV�ZKLFK�KDYH�FRPSDUDEOH�GLPHQVLRQ�RI�PHDQ�IORZ�JDLQ�PRVW�RI
WKH�HQHUJ\�DQG�WKXV�DUH�WKH�HQHUJ\�FRQWDLQLQJ�HGGLHV��7KH�NLQHWLF�HQHUJ\�ZLOO�ODUJHO\�EH�WUDQVIHUUHG�WR
VPDOOHU� HGGLHV� ZKHQ� WKH� VPDOOHU� HGGLHV� DUH� VWUHWFKHG� E\� WKH� ODUJHU� HGGLHV��0RVW� RI� WKH� WXUEXOHQFH
NLQHWLF�HQHUJ\�ZLOO�EH�GLVVLSDWHG�DW�WKH�VPDOOHVW�HGGLHV��7KHUHIRUH��WXUEXOHQFH�LV�DOZD\V�GLVVLSDWLYH��$W
WKH�LQHUWLDO�UDQJH�RI�HGGLHV��LI�ZH�LJQRUH�WKH�VPDOO�GLVVLSDWLRQ��WKH�HQHUJ\�UHFHLYHG�IURP�ODUJHU�HGGLHV
LV� HTXDOO\� WUDQVIHUUHG� WR� VPDOOHU� HGGLHV�� 7KLV� JLYHV� WKH� SLFWXUH� RI� WKH� WXUEXOHQFH� NLQHWLF� HQHUJ\
FDVFDGH�� )LJXUH� �� VKRZV� DQ� LOOXVWUDWLYH� VSHFWUDO� HQHUJ\� WUDQVIHU� IXQFWLRQ� ZKLFK� GHVFULEHV� WKH� QHW
HQHUJ\�WUDQVIHU�DPRQJ�HGGLHV�>�@��7KH�URWDWLRQDO�QDWXUH�RI�WXUEXOHQFH�DQG�WKH�WXUEXOHQFH�PDLQWDLQLQJ
PHFKDQLVP�RI�YRUWH[�VWUHWFKLQJ�EULQJ�WXUEXOHQFH�WR�D�WKUHH�GLPHQVLRQDO�VSDFH��VLQFH�YRUWH[�VWUHWFKLQJ
GRHV�QRW�H[LVW�LQ�D�WZR�GLPHQVLRQDO�VSDFH��7KH�GLVVLSDWLRQ�FKDUDFWHU�RI�WXUEXOHQFH�LV�FORVHO\�UHODWHG�WR
WKDW�RI�URWDWLRQDO��7KH�URWDWLRQ�RI�WKH�IORZ�IDYRUV�WKH�FUHDWLQJ�RI�PDQ\�UHJLRQV�RI�ODUJH�JUDGLHQWV��WKXV
HQKDQFHV�WKH�GLVVLSDWLRQ�



7+(25(7,&$/�02'(/6�����������������������������������������������������������������������������������������������=KHQJKXD�<DQ

�

�������������������������������)LJ����,OOXVWUDWLYH�VSHFWUDO�HQHUJ\�WUDQVIHU�IXQFWLRQ

7KH� SUHVHQW� RI� FRPEXVWLRQ� LQ� D� WXUEXOHQW� IORZ� FRPSOLFDWHV� WKH� SUREOHP� IXUWKHU�� 8QIRUWXQDWHO\�
FRPEXVWLRQ�LQ�SUDFWLFDO�DSSOLFDWLRQV�DOPRVW�DOZD\V�ILQGV�LWVHOI�DFFRPSDQLHG�E\�WXUEXOHQFH��7KHUH�LV�D
VWURQJ�LQWHUDFWLRQ�EHWZHHQ�FRPEXVWLRQ�DQG�WXUEXOHQFH��%RWK�RI�WKHP�KDYH�GXDO�HIIHFWV�RQ�HDFK�RWKHU�
7KH�KHDW�UHOHDVHG�E\�FRPEXVWLRQ�ZLOO�FDXVH�WKH�WKHUPDO�H[SDQVLRQ�RI�WKH�IOXLG�PL[WXUH�� WKXV�GULYH�D
IORZ��7KH�YLVFRXV�IORZ�PD\�ORRVH�LWV�VWDELOLW\�ZKHQ�WKH�5H\QROGV�QXPEHU�RI�WKH�IORZ�LV�VXIILFLHQWO\
KLJK� DQG� WKH� WUDQVLWLRQ� IURP� ODPLQDU� IORZ� WR� WXUEXOHQW� IORZ� PD\� KDSSHQ�� 2Q� WKH� RWKHU� KDQG�� WKH
UHGXFWLRQ� RI� WKH� IOXLG� GHQVLW\� KDV� D� GDPSLQJ� HIIHFW� RQ� YRUWLFLW\�� WKXV� PD\� GDPS� WXUEXOHQFH�
0HDQZKLOH��WXUEXOHQFH�DOVR�KDV�GXDO�HIIHFWV�RQ�FRPEXVWLRQ��,Q�D�GLIIXVLRQ�IODPH��WKH�IXHO�DQG�R[LGDQW
QHHG� WR� EH�PL[HG� DW�PROHFXOH� OHYHO� ILUVW� EHIRUH� WKH� UHDFWLRQ� FDQ� KDSSHQ�� ,Q� D� SUHPL[HG� IODPH�� WKH
IODPH� SURSDJDWLRQ� GHSHQGV� RQ� WKH� KHDW� FRQGXFWLRQ� DQG� UDGLFDO� GLIIXVLRQ� IURP� EXUQHG� UHJLRQ� WR
XQEXUQHG�UHJLRQ��0DQ\�FKHPLFDO� UHDFWLRQV�KDYH�PXFK�VPDOOHU� WLPH�VFDOHV� WKDQ� WKH�SK\VLFDO�PL[LQJ
SURFHVV��7KXV�WKH�PL[LQJ�LV�RIWHQ�FUXFLDO�IRU�FRPEXVWLRQ�DQG�WKH�WXUEXOHQW�FRPEXVWLRQ�RIWHQ�WXUQV�RXW
WR�EH�PL[LQJ�FRQWUROOHG�LQ�PDQ\�VHQVHV��$V�D�UHVXOW��WKH�WXUEXOHQFH��ZKLFK�FDQ�HQKDQFH�PL[LQJ��PD\
LQWHQVLI\�FRPEXVWLRQ�� LQ�ERWK�GLIIXVLRQ�DQG�SUHPL[HG� IODPHV��+RZHYHU�� VWURQJ� WXUEXOHQFH�PD\�DOVR
DIIHFW� WKH� IODPH� VWUXFWXUH� DQG� LQFUHDVH� IODPH� KHDW� ORVV� UDWH� WR� DQ� H[WHQW� WKDW� WKH� IODPH� PD\� EH
H[WLQJXLVKHG�E\�WKH�KLJK�VWUDLQ�UDWH�>���@�

%RWK� WXUEXOHQFH�DQG�FKHPLFDO� UHDFWLRQV� KDYH� D�ZLGH� UDQJH�RI� VFDOHV��7KH� WXUEXOHQFH� HGG\� VL]H� FDQ
UDQJH�IURP�WKH�LQWHJUDO�OHQJWK�VFDOH�WR�WKH�.ROPRJRURY�OHQJWK�VFDOH��7KH�LQWHJUDO�OHQJWK�VFDOH�LV�RI�WKH
VDPH�RUGHU�RI�WKH�SK\VLFDO�GLPHQVLRQ�RI�WKH�FRQVLGHUHG�SUREOHP��7KH�.ROPRJRURY�OHQJWK�VFDOH�LV�WKH
OHQJWK�VFDOH�RI�WKH�VPDOOHVW�HGGLHV�LQ�D�WXUEXOHQW�IORZ��$FFRUGLQJ�WR�WKH�.ROPRJRURY¶V�WKHRU\�>�����

�@��LW�FDQ�EH�HVWLPDWHG�DV� ���� ��� εν ��ZKHUH�ν LV�WKH�NLQHPDWLF�YLVFRVLW\�DQG� ε �LV�WKH�GLVVLSDWLRQ�UDWH

RI� WXUEXOHQFH�NLQHWLF�HQHUJ\��7KH�.ROPRJRURY� OHQJWK� VFDOH�FDQ�EH�DV� VPDOO� DV�����PP��7XUEXOHQFH
WLPH�VFDOHV�YDU\�IURP�WKH�LQWHJUDO�WLPH�VFDOH�RI�WKH�ODUJH�HGGLHV�WR�WKH�.ROPRJRURY�WLPH�VFDOH�RI�WKH

VPDOOHVW�HGGLHV��7KH�LQWHJUDO�WLPH�VFDOH�LV�RI�WKH�RUGHU�RI� 
� XO ��ZKHUH� O �LV�WKH�LQWHJUDO�OHQJWK�DQG� 
X

LV� WKH�UPV�YDOXH�RI�YHORFLW\� IOXFWXDWLRQ��7KH�.ROPRJRURY� WLPH�VFDOH�FDQ�EH�HVWLPDWHG�DV� ������ εν �

ZKHUH� WKH� WXUEXOHQFH�NLQHWLF�HQHUJ\�GLVVLSDWLRQ� UDWH� ε � FDQ�EH� HVWLPDWHG� DV� OXXOX ��������� �

�
 = �

7KH�UDWLR�RI�WKH�LQWHJUDO�WLPH�VFDOH�WR�WKH�.ROPRJRURY�WLPH�VFDOH�LV�WKH�VTXDUH�URRW�RI�WKH�5H\QROGV
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QXPEHU��ZKLFK�LV�XVXDOO\�TXLWH� ODUJH�� ,Q�FKHPLFDO� UHDFWLRQV�� WKH� WLPH�VFDOH�FDQ�DOVR�YDU\�E\�VHYHUDO
RUGHUV� RI� PDJQLWXGH�� JRLQJ� IURP� WKH� IDVW� KHDW� UHOHDVH� UHDFWLRQV� WR� WKH� VORZ� SROOXWLRQ� IRUPDWLRQ
UHDFWLRQV�VXFK�DV�WKH�

[
12 �DQG�VRRW�IRUPDWLRQ�

'HSHQGLQJ� RQ� WKH� UHODWLRQ� EHWZHHQ� WKHVH� VFDOHV�� WXUEXOHQW� FRPEXVWLRQ� FDQ� IDOO� LQWR� VHYHUDO
GLVWLQJXLVKHG�UHJLPHV��7KH�UDWLRV�RI�WKH�FRUUHVSRQGLQJ�IORZ�VFDOHV�DQG�FKHPLFDO�VFDOHV�GHILQH�VHYHUDO
QRQ�GLPHQVLRQDO� QXPEHUV�� LQFOXGLQJ� 5H\QROGV� QXPEHU��'DPN|KOHU� QXPEHU� DQG�.DUORYLW]� QXPEHU�
7KHVH�QXPEHUV�KDYH�WKHLU�FOHDU�SK\VLFDO�LQWHUSUHWDWLRQ�DQG�WKXV�JLYH�VRPH�LQGLFDWLRQ�RQ�WKH�VWDWXV�RI
WKH�FRPEXVWLRQ��%RUJKL¶V�GLDJUDP�JLYHV�D�JRRG�FRQFHSWXDO�GHVFULSWLRQ�RQ� WKLV�SRLQW� IRU�D�SUHPL[HG
IODPH��6HH�>���������@�IRU�GHWDLOV�

$VVXPLQJ�WKH�WLPH�GHSHQGHQW�1DYLHU�6WRNHV�HTXDWLRQV�FRQWDLQ�DOO�WKH�SK\VLFV�RI�D�WXUEXOHQW�IORZ�DQG
ZH� KDYH� DOO� WKH� NQRZOHGJH� RI� WKH� FRQFHUQHG� FKHPLVWU\�� D� GLUHFW� QXPHULFDO� VROXWLRQ� IRU� D� WXUEXOHQW
UHDFWLQJ�IORZ�FDQ�EH�REWDLQHG�LQ�SULQFLSOH��+RZHYHU�� LQ�WKH�GLUHFW�VLPXODWLRQ��DOO� WKH�UHOHYDQW�VFDOHV
VKRXOG�EH�VXIILFLHQWO\�UHVROYHG��$V�PHQWLRQHG�EHIRUH��WKLV�ZLOO�FDXVH�UHVROXWLRQ�SUREOHPV��VLQFH�WKHUH
H[LVWV� D�ZLGH� UDQJH� RI� VFDOHV� DQG� WKH� VPDOOHVW� VFDOHV� DUH� XVXDOO\� YHU\� VPDOO�� )RUWXQDWHO\�� WKH�PRVW
FRQFHUQHG�LV�WKH�PHDQ�SURSHUW\�LQ�PRVW�SUDFWLFDO�HQJLQHHULQJ�DSSOLFDWLRQV��0HDQ�SURSHUW\�LV�UHODWLYHO\
VPRRWK� LQ� ERWK� WLPH� DQG� VSDFH� FRRUGLQDWHV�� WKXV� DOORZV� XV� WR� RYHUFRPH� WKH� UHVROXWLRQ� GLIILFXOW\�
+RZHYHU��ZH�KDYH�WR�NHHS�LQ�PLQG�WKDW�WKH�IOXFWXDWLRQ�KDV�D�VLJQLILFDQW�LQIOXHQFH�RQ�WKH�PHDQ�ILHOG�
$V�D�UHVXOW��ZKHQ�VHHNLQJ� WKH�DYHUDJHG�VROXWLRQ�� WKH� UHVROXWLRQ�GLIILFXOW\� LV� VZLWFKHG� WR� WKH�FORVXUH
SUREOHP��ZKLFK�KDV�WR�EH�VROYHG��E\�PRGHOLQJ��IRU�H[DPSOH�

$FFXUDWH� PRGHOLQJ� RI� WXUEXOHQW� FRPEXVWLRQ� UHTXLUHV� D� SURSHU� FRQVLGHUDWLRQ� RI� DOO� WKH� LPSRUWDQW
SK\VLFV�DQG�FKHPLVWU\��7KH�SK\VLFDO�DVSHFWV�EULHIO\�GLVFXVVHG�DERYH�JLYH� VRPH� LPSRUWDQW� FOXHV� IRU
WKH�PRGHOLQJ� VWUDWHJ\�DQG�SRVVLEOH� VLPSOLILFDWLRQV�� ,Q� WKH� WXUEXOHQFH�PRGHOLQJ�� WKH� VSHFWUXP�RI� WKH
WXUEXOHQFH� VFDOHV� H[SODLQV� ZK\� WKH� FRQYHQWLRQDO� WXUEXOHQFH� PRGHOLQJ� FDQQRW� EH� XQLYHUVDOO\
DSSOLFDEOH��7KH� OHQJWK�DQG� WLPH�VFDOHV�RI� ODUJH�HGGLHV�DUH�FRPSDUDEOH� WR� WKRVH�RI�PHDQ� IORZ��$V� D
UHVXOW�� WXUEXOHQFH� LV�D�SURSHUW\�RI� WKH� IORZ��$Q\�FRQYHQWLRQDO� WXUEXOHQFH�PRGHO��ZKLFK� LV� WXQHG� IRU
FHUWDLQ�W\SHV�RI�IORZ��PD\�IDLO�LQ�RWKHU�VLWXDWLRQV��,Q�/(6��VLQFH�WKH�PRGHOHG�VPDOO�HGGLHV�GR�QRW�KDYH
VWURQJ�GLUHFW�LQWHUDFWLRQ�ZLWK�WKH�PHDQ�IORZ��WKH�/(6�PRGHOLQJ�FDQ�EH�H[SHFWHG�WR�EH�PRUH�XQLYHUVDO�
&RQFHUQLQJ� WKH� FRPEXVWLRQ� PRGHOLQJ�� ZKHQ� WKH� WLPH� VFDOH� RI� WKH� FRQFHUQHG� FKHPLVWU\� LV� PXFK
VPDOOHU�WKDQ�WKDW�RI�PL[LQJ��WKH�FRPEXVWLRQ�LV�PL[LQJ�FRQWUROOHG�DQG�RQH�PD\�UHDVRQDEO\�DVVXPH�WKDW
FRPEXVWLRQ�KDSSHQV�RQFH�WKH�IXHO�DQG�R[LGDQW�LV�PL[HG�DQG�DFWLYDWHG��7KH�PL[LQJ�FRQWURO�DVVXPSWLRQ
DOORZV� WKH� FRPEXVWLRQ� DQDO\VLV� WR� EH� VLJQLILFDQWO\� VLPSOLILHG�� 7KLV� LV� WKH� VWDUWLQJ� SRLQW� RI� WKH
0DJQXVVHQ¶V� ('&� FRPEXVWLRQ� PRGHO� >���� ��@� ZKLFK� ZLOO� EH� GLVFXVVHG� ODWHU�� 7KH� IDVW� FKHPLVWU\
DVVXPSWLRQ�LV�DOVR�RQH�RI�WKH�NH\�SRLQWV�LQ� WKH�GHYHORSPHQW�RI�WKH� IODPHOHW�FRPEXVWLRQ�PRGHO� >���
��@��ZKHUH�WKH�WXUEXOHQW�IODPH�LV�FRQVLGHUHG�WR�EH�DQ�HQVHPEOH�RI�ZULQNOHG�ODPLQDU�IODPHOHWV�ZKLFK
KDYH�D�ZHOO�GHILQHG�VWUXFWXUH�

,Q� WKLV� WKHVLV�� WKH�5$6�PHWKRG�ZDV� HPSOR\HG� WR� VROYH� IRU� WKH�PHDQ�SURSHUW\��ZLWK� WXUEXOHQFH� DQG
WXUEXOHQW�FRPEXVWLRQ�PRGHOV� DGRSWHG� WR�RYHUFRPH� WKH� FORVXUH�GLIILFXOW\�PHW� LQ� DYHUDJLQJ� WKH�QRQ�
OLQHDU�SDUWLDO�GLIIHUHQWLDO�HTXDWLRQV��E\�UHODWLQJ�KLJKHU�WR�ORZHU�PRPHQWV��7KH�GHWDLOV�RI�WKH�HPSOR\HG
PRGHOLQJ�SURFHGXUH�LV�EHORZ�
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������*RYHUQLQJ�HTXDWLRQV

7KH�FODVVLFDO�GHVFULSWLRQ�RI�D�FRPEXVWLRQ�SUREOHP�LV�EDVHG�RQ�FRQWLQXXP�PHFKDQLFV��DVVXPLQJ�ORFDO
PHFKDQLF� DQG� WKHUPDO� HTXLOLEULXP�� DQG� ORFDO� FKHPLFDO� KRPRJHQHLW\�� 7KH� JRYHUQLQJ� HTXDWLRQV� RI
LQVWDQWDQHRXV�SURSHUWLHV�FDQ�EH�GHULYHG�IURP�NLQHWLF�WKHRU\�EDVHG�RQ�WKH�FRQVHUYDWLRQ�ODZ��6HH�>���
��@�DQG�WKH�UHIHUHQFHV�FLWHG�WKHUH�IRU�GHWDLOV�RI�WKH�HTXDWLRQ�GHULYDWLRQ�

8VLQJ�WKH�5$6�PHWKRG��WKH�JRYHUQLQJ�HTXDWLRQV�RI�LQVWDQWDQHRXV�SURSHUWLHV�DUH�VWDWLVWLFDOO\�DYHUDJHG
DQG� WKH�QXPHULFDO� FRPSXWDWLRQ� RI� WXUEXOHQW� UHDFWLQJ� IORZ� LV� WKHQ� EDVHG� RQ� WKH� VROXWLRQ� RI� D� VHW� RI
VWDWLVWLFDOO\� DYHUDJHG� SDUWLDO� GLIIHUHQWLDO� HTXDWLRQV�� FRPSULVLQJ� FRQWLQXLW\�� PRPHQWXP�� HQHUJ\� DQG
VSHFLHV� HTXDWLRQV�� 7KH� UDGLDWLRQ� HTXDWLRQ� DQG� WKH� WKHUPDO� VWDWH� UHODWLRQV� SURYLGH� WKH� QHFHVVDU\
DX[LOLDU\�HTXDWLRQV�

7KH�IORZV�FRQVLGHUHG� LQ� WKLV� WKHVLV�ZHUH�GULYHQ�E\� WKH�EXR\DQF\�JHQHUDWHG�E\� WKH�KHDW� UHOHDVHG�E\
FRPEXVWLRQ��7KH�PD[LPXP�YHORFLW\� LV�RI� WKH�RUGHU�RI�VHYHUDO�PHWHUV�SHU�VHFRQG��0DFK�QXPEHU���
������ DQG� WKH� SUHVVXUH� YDULDWLRQ� LV� VPDOO�� VR� WKDW� WKH� HIIHFWV� RI� IOXLG� NLQHWLF� HQHUJ\� DQG� SUHVVXUH
YDULDWLRQ�FDQ�EH�QHJOHFWHG�LQ�WKH�HQHUJ\�HTXDWLRQ��6LQFH�WKHUH�LV�D�VWURQJ�YDULDWLRQ�RI�GHQVLW\�GXULQJ
FRPEXVWLRQ��D�GHQVLW\�ZHLJKWHG�DYHUDJLQJ��)DYUH�DYHUDJLQJ��SURFHGXUH�LV�DGRSWHG��,JQRULQJ�WKH�EXON
YLVFRVLW\��'XIRXU�DQG�6RUHW�HIIHFWV��WKH�)DYUH�DYHUDJHG�HTXDWLRQV�FDQ�EH�ZULWWHQ�DV
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LQ�ZKLFK�
L
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�LV�WKH�KHDW�RI�IRUPDWLRQ�RI�VSHFLHV�L�DW�WHPSHUDWXUH�
�

7 �

6LQFH�WKH�FKHPLFDO�UHDFWLRQ�ZLOO�QRW�FKDQJH�WKH�WRWDO�HQWKDOS\�LQ�D�V\VWHP��E\�VROYLQJ�WKH�FRQVHUYDWLRQ
HTXDWLRQ�IRU�WKH�WRWDO�HQWKDOS\��WKH�FKHPLFDO�KHDW�UHOHDVH�GRHV�QRW�QHHG�WR�EH�FRQVLGHUHG�H[SOLFLWO\�LQ
WKH�HQHUJ\�HTXDWLRQ�

7KH�JDV�SURSHUWLHV��VXFK�DV�WKH�G\QDPLFV�YLVFRVLW\� µ �DQG�WKH�KHDW�FDSDFLW\�
S

F ��DUH�QRUPDOO\�VWURQJ

IXQFWLRQV� RI� WHPSHUDWXUH�� ZKLFK� YDULHV� ZLGHO\� LQ� D� FRPEXVWLRQ� V\VWHP�� 7KHLU� YDULDWLRQV� DUH
UHSUHVHQWHG� E\� SRO\QRPLDO� ILWWLQJ�� XVLQJ� WKH� GDWD� IURP� >��@�� 7KH� SURSHUW\� RI� WKH� PL[WXUH� LV� WKHQ
FDOFXODWHG�XVLQJ�WKH�LQGLYLGXDO�VSHFLHV¶�PDVV�IUDFWLRQ�DV�ZHLJKW�IXQFWLRQ�

7KH� VHFRQG� PRPHQWV� DULVLQJ� IURP� WKH� DYHUDJLQJ� RI� WKH� 1DYLHU�6WRNHV� HTXDWLRQ� UHSUHVHQW� WKH
FRQWULEXWLRQ�RI�WKH�ILOWHUHG�RXW�IOXFWXDWLRQ�WR�WKH�DYHUDJHG�TXDQWLWLHV��7KH\�QHHG�WR�EH�PRGHOHG�EHIRUH
WKH�DYHUDJHG�HTXDWLRQV�FDQ�EH�VROYHG��7KH�PRGHOLQJ�RI�WKHVH�VHFRQG�PRPHQWV�ZLOO�EH�GLVFXVVHG�ODWHU
LQ�WKH�VHFWLRQ�RI�WXUEXOHQFH�PRGHO�

'XH�WR�WKH�QRQ�OLQHDULW\�RI�WKH�FKHPLFDO�UHDFWLRQ�UDWH��WKH�PHDQ�UHDFWLRQ�UDWH�FDQ�QRW�EH�IXOO\�SURYLGHG
E\�WKH�PHDQ�JDV�SURSHUWLHV��VXFK�DV�PHDQ�PDVV�FRQFHQWUDWLRQV�DQG�WHPSHUDWXUH��7KH�IOXFWXDWLRQV�DUH
REYLRXVO\� QHHGHG�� 7KLV� LPSRVHV� DQ� DGGLWLRQDO� FORVXUH� SUREOHP�� ZKLFK� ZLOO� EH� GLVFXVVHG� LQ� WKH
FRPEXVWLRQ�PRGHO�VHFWLRQ�

6LQFH�WKH�UDGLDWLRQ�LV�DOVR�KLJKO\�QRQOLQHDU��WKH�FRQVLGHUDWLRQ�RI�WKH�LQIOXHQFH�RI�WXUEXOHQW�IOXFWXDWLRQ
RQ� UDGLDWLRQ� LV�FOHDUO\�GHVLUDEOH��+RZHYHU�� WKLV� UHTXLUHV� WKH� VWDWLVWLFV� RI� WKH�PL[WXUH¶V� WKHUPDO� VWDWH
DQG� ZLOO� JUHDWO\� LQFUHDVH� WKH� FRPSXWDWLRQDO� FRPSOH[LW\�� 0RUHRYHU�� LW� ZDV� IRXQG� LQ� VRPH� HDUOLHU
UDGLDWLRQ� VWXGLHV� >���� ��@� WKDW� UDGLDWLRQ� EDVHG� RQ� PHDQ� VFDODUV� LV� LQ� FORVH� DJUHHPHQW� ZLWK
PHDVXUHPHQWV�DQG�WKH�LQIOXHQFH�RI�WXUEXOHQW�IOXFWXDWLRQ�RQ�UDGLDWLRQ�LV�FRPSDUDEOH�WR�WKH�XQFHUWDLQW\
LQ�IODPH�VWUXFWXUH��)RU�VLPSOLFLW\��WKH�UDGLDWLRQ�ZDV�FRPSXWHG�DSSUR[LPDWHO\�XVLQJ�PHDQ�VFDODUV�

������7XUEXOHQFH�PRGHOV

7KH�FORVXUH�SUREOHP�LQ�WKH�WXUEXOHQFH�PRGHOLQJ�FDQ�EH�DGGUHVVHG�E\�FRQVWUXFWLQJ�WXUEXOHQFH�PRGHOV�
ZKLFK�DUH�XVHG�WR�VRPHKRZ�IHHG�EDFN�WKH�FRQWULEXWLRQ�RI�WKH�ILOWHUHG�RXW�IOXFWXDWLRQ�WR�WKH�PHDQ�ILHOG�
0DQ\�GLIIHUHQW� WXUEXOHQFH�PRGHOV�� RI� YDU\LQJ� FRPSOH[LWLHV� DQG� DSSOLFDELOLWLHV�� KDYH�EHHQ�SURSRVHG
>��@�� VXFK� DV� WKH� PL[LQJ� OHQJWK� PRGHO�� WKH� ε−N � PRGHO�� WKH� ω−N � PRGHO�� WKH� $OJHEUDLF� 6WUHVV
0RGHO� �$60�� DQG� WKH� 5H\QROGV� 6WUHVV� 0RGHO� �560��� &RQVLGHUDWLRQ� VKRXOG� EH� JLYHQ� WR� ERWK
DSSOLFDELOLW\� DQG� VLPSOLFLW\�ZKHQ� VHOHFWLQJ� D� VSHFLILF� WXUEXOHQFH�PRGHO� IRU� DSSOLFDWLRQ��'XH� WR� WKH
FRPSOH[LW\��WKH�FORVXUH�LV�RIWHQ�FRQVWUXFWHG�KHDYLO\�EDVHG�RQ�GLPHQVLRQDO�DUJXPHQWV��ZLWK�WKH�FORVXUH
µFRQVWDQWV¶� �LI� WKHUH� LV�DQ\��GHULYHG�IURP�WKH�UHODWLYHO\�ZHOO�GHILQHG� IORZV��7KH� ODFN�RI� IXOO�SK\VLFV
SUHYHQWV� WKH�FORVXUH� WR�EH�XQLYHUVDO��$V�D� UHVXOW�� D�PRGHO�RU� FORVXUH��ZKLFK� LV� DSSOLFDEOH� WR� FHUWDLQ
W\SHV�RI�IORZ��PD\�IDLO�ZKHQ�DSSOLHG�WR�RWKHU�W\SHV�RI�IORZ��7KH�FRQILGHQFH�RI�DSSO\LQJ�D�WXUEXOHQFH
PRGHO� WR� D� VSHFLILF� W\SH� RI� IORZ� FDQ� RQO\� EH� REWDLQHG� WKURXJK� H[WHQVLYH� YDOLGDWLRQ� DQG� WHVWLQJ�� ,Q
SDUWLFXODU��D�WXUEXOHQFH�PRGHO�VKRXOG�EH�XVHG�ZLWK�FDUH�ZKHQ�LW�LV�DSSOLHG�WR�D�IORZ�ZLWK�D�FRQGLWLRQ
XQGHU�ZKLFK�WKH�FORVXUH�DVVXPSWLRQ�LQWURGXFHG�LQ�WKH�PRGHO�GHYHORSPHQW�FDQ�EH�VHULRXVO\�YLRODWHG�
:KHQ�DSSO\LQJ�D�WXUEXOHQFH�PRGHO��WKH�VLPSOLFLW\�DQG�QXPHULFDO�VWDELOLW\�RI�WKH�WXUEXOHQFH�PRGHO�LV
DOVR�KLJKO\�FRQFHUQHG��VLQFH�WKH�PRGHOLQJ�LV�EDVHG�RQ�QXPHULFDO�FRPSXWDWLRQ��7KHUHIRUH��WKH�FKRLFH
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RI�WXUEXOHQFH�PRGHO�PDLQO\�GHSHQGV�RQ�WKH�PRGHOLQJ�LQWHUHVWV�DQG�WKH�FRPSURPLVH�EHWZHHQ�DFFXUDF\
DQG�VLPSOLFLW\�

��������7KH�VWDQGDUG� ε−N �PRGHO

7KH� VWDQGDUG� ε−N � PRGHO� LV� SHUKDSV� RQH� RI� WKH� PRVW� ZLGHO\� XVHG� PRGHO�� /LNH� DOO� WKH� RWKHU
WXUEXOHQFH� PRGHOV�� LW� KDV� LWV� RZQ� VHULRXV� GHIHFWV�� VXFK� DV� OLPLWHG� DSSOLFDELOLW\� WR� IORZ� RI� VWURQJ
VWUHDPOLQH�FXUYDWXUH�RU�VWURQJ�URWDWLRQ�>��@��7KH�GHIHFWV�RI�WKH�VWDQGDUG� ε−N �PRGHO�RULJLQDWH�IURP
WKH�FORVXUH�DVVXPSWLRQV�LQFOXGLQJ�WKH�DGRSWHG�%RXVVLQHVT�DVVXPSWLRQ�ZKLFK�DVVXPHV�D�OLQHDU�UHODWLRQ
EHWZHHQ�WKH�5H\QROGV�VWUHVV�DQG�WKH�PHDQ�VWUDLQ�UDWH��7KH�%RXVVLQHVT�DVVXPSWLRQ�PD\�IDLO�ZKHQ�WKH
IORZ� LV� VXEMHFW� WR� D� VXGGHQ� FKDQJH� RI� VWUDLQ� UDWH� RU� D� VWURQJ� URWDWLRQ��:KHQ� WKH� VFDODU� WUDQVSRUW� LV
LQYROYHG��WKH�VLPSOH�JUDGLHQW�PRGHOLQJ�SURFHGXUH�LV�QRUPDOO\�DGRSWHG�IRU�WKH�VFDODU�IOX[HV�ZLWKLQ�WKH
IUDPHZRUN� RI� WKH� VWDQGDUG� ε−N � PRGHO�� 7KLV� LQWURGXFHV� DGGLWLRQDO� GHIHFWV� DQG� OHDYHV� VSDFH� IRU
LPSURYHPHQW�� +RZHYHU�� WKH� VWDQGDUG� ε−N � PRGHO� KDV� LWV� LPSRUWDQW� DGYDQWDJHV� WKDW� LW� LV� VLPSOH�
QXPHULFDOO\� VWDEOH� DQG� KDV� EHHQ� SURYHG� VXFFHVVIXO� LQ� PDQ\� SUDFWLFDO� DSSOLFDWLRQV�� 6WUDWHJLHV� DUH
VXJJHVWHG�WR�DEDQGRQ�WKH�%RXVVLQHVT�DVVXPSWLRQ��IRU�H[DPSOH��E\�FRQVWUXFWLQJ�D�QRQ�OLQHDU�UHODWLRQ
EHWZHHQ� 5H\QROGV� VWUHVV� DQG� WKH� PHDQ� VWUDLQ� UDWH�� VROYLQJ� DOJHEUDLF� 5H\QROGV� VWUHVV� HTXDWLRQV� RU
GLIIHUHQWLDO�5H\QROGV�VWUHVV�HTXDWLRQV��+RZHYHU��DOO�RI�WKHVH�DOWHUQDWLYHV�KDYH�WKHLU�RZQ�GHILFLHQFLHV�
ZLWK�UHJDUGLQJ�WR�WKHLU�FRPSOH[LWLHV�DQG�PRGHOLQJ�XQFHUWDLQWLHV��IRU�H[DPSOH��LQ�WKH�560��XS�WR�VHYHQ
DGGLWLRQDO� GLIIHUHQWLDO� HTXDWLRQV� QHHG� WR� EH� VROYHG� DQG� WKH� PRGHOLQJ� RI� WKH� SUHVVXUH� VWUDLQ
UHGLVWULEXWLRQ�WHUP�LV�VWLOO�D�FKDOOHQJH��7KHUHIRUH��WKH�VWDQGDUG� ε−N �PRGHO�UHPDLQV�DWWUDFWLYH�

:KHQ� DSSOLHG� WR� EXR\DQW� IORZV�� WKH� VWDQGDUG� ε−N � PRGHO� QHHGV� WR� EH� PRGLILHG� WR� LQFOXGH� WKH
LPSRUWDQW� EXR\DQF\� HIIHFW� RQ� WXUEXOHQFH� DQG� WXUEXOHQW� WUDQVSRUW�� ,Q� WKLV� ε−N � PRGHOLQJ�� WZR
DGGLWLRQDO�WXUEXOHQFH�TXDQWLW\�HTXDWLRQV�DUH�VROYHG
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7KH�ILUVW�WHUP�LQ�WKH�DERYH�HTXDWLRQ�FDQ�EH�UHDUUDQJHG�WR�\LHOG
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ZKHUH� WKH� EXR\DQF\� SURGXFWLRQ� WHUP� LV� UHFRYHUHG� DQG� FDQ� EH� ZULWWHQ� DV�
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'XH�WR�WKH�ODFN�RI�GHILQLWLYH�H[SHULPHQWDO�GDWD�WR�JXLGH�WKH�PRGHOLQJ��WKH�SUHVVXUH�GLIIXVLRQ�WHUP�LV
QRUPDOO\�LQFRUSRUDWHG�LQWR�WKH�WXUEXOHQW�WUDQVSRUW�WHUP�XVLQJ�JUDGLHQW�PRGHOLQJ��)RU�LQFRPSUHVVLEOH
VLPSOH� IORZV�� WKH�'16�GDWD�RI�0DQVRXU� HW� DO� >��@�KDV� VKRZQ� WKDW� WKLV� WHUP� LV� VPDOO��7KH� SUHVVXUH
VWUDLQ�FRUUHODWLRQ�LV�XVXDOO\�LJQRUHG��DOWKRXJK�/LEURYLFK�HW�DO�>��@�LQGLFDWHG�WKDW�WKLV�WHUP�FRXOG�EH�D
VRXUFH�IRU�WXUEXOHQFH�LQ�FRPEXVWLRQ��&XUUHQWO\��WKHUH�LV�VWLOO�PXFK�XQFHUWDLQW\�LQ�WKH�PRGHOLQJ�RI�WKH
SUHVVXUH�IOXFWXDWLRQ�UHODWHG�WHUPV�>��@�

7KH�VROXWLRQ�RI�WKH�3'(V�IRU�WXUEXOHQFH�NLQHWLF�HQHUJ\�DQG�LWV�GLVVLSDWLRQ�UDWH�SURYLGHV�DQ�HVWLPDWH�RI
WKH� UPV� YDOXH� RI� WKH� YHORFLW\� IOXFWXDWLRQ�� X �� DQG� D� FKDUDFWHULVWLF� WXUEXOHQFH� OHQJWK� VFDOH�� O �� DV�

���NX ∼ � DQG� ε����NO ∼ ��:LWK� WKH�GLPHQVLRQDO� DUJXPHQWV� DQG�DQ� DQDORJ\� WR�PROHFXOH�PL[LQJ�� WKH\
FDQ�EH�XVHG�WR�FRPSXWH�WKH�HGG\�YLVFRVLW\� XO

W
ρµ ∼ ��ZKLFK�LV�XVHG�LQ�WKH�%RXVVLQHVT�DSSUR[LPDWLRQ



7+(25(7,&$/�02'(/6�����������������������������������������������������������������������������������������������=KHQJKXD�<DQ

��

WR�PRGHO�WKH�5H\QROGV�VWUHVV�WHQVRU�
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IRU�WKH�DYHUDJHG�PRPHQWXP�HTXDWLRQ��(T������7KH�VFDODU�IOX[HV� 




LM <Xρ− �DQG� 



 KX Mρ− �LQ�(TV���

DQG� �� DUH� VLPLODUO\� PRGHOHG� E\� XVLQJ� WKH� VLPSOH� JUDGLHQW� PRGHOLQJ� PHWKRG� ZLWK� WXUEXOHQW
3UDQGWO�6FKPLGW�QXPEHUV�LQWURGXFHG��7KLV�SURFHGXUH�SURYLGHV�SDUW�RI�WKH�QHFHVVDU\�FORVXUH�IRU�WKH�VHW
RI� WKH� PHDQ� JRYHUQLQJ� HTXDWLRQV�� ZKLFK� GHVFULEH� WKH� WXUEXOHQW� UHDFWLQJ� IORZ�� OHDYLQJ� WKH� PHDQ
FKHPLFDO�UHDFWLRQ�UDWH�DQG�PHDQ�UDGLDWLRQ�VRXUFH�WHUPV�VWLOO�WR�EH�PRGHOHG�

7KH�PRGHOLQJ�SURFHGXUH� LQ� WKH� DERYH� VWDQGDUG� EXR\DQF\�PRGLILHG� ε−N �PRGHO� LV� VLPSOH�� EXW� KDV
EHHQ�IRXQG�LQDGHTXDWH�IRU�WKH�PRGHOLQJ�RI�EXR\DQW�WXUEXOHQW�IORZ��,W�FDQQRW�FDSWXUH�FRXQWHU�JUDGLHQW
GLIIXVLRQ�DQG�WHQGV�WR�VLJQLILFDQWO\�XQGHU�SUHGLFW�WKH�VSUHDGLQJ�UDWH�RI�YHUWLFDO�WKHUPDO�SOXPH�>������@
DQG� RYHU�SUHGLFW� WKH� VSUHDGLQJ� UDWH� RI� KRUL]RQWDO�� VWDEO\�VWUDWLILHG� IORZ� >��@�� &RXQWHU� JUDGLHQW
GLIIXVLRQ� LV� DQ� LPSRUWDQW� SRLQW� ZKLFK� VKRXOG� EH� FRQVLGHUHG� LQ� WKH� PRGHOLQJ� RI� EXR\DQF\� GULYHQ
WXUEXOHQW�IORZ��7KH�KHDWHG�JDV�KDV�VPDOOHU�GHQVLW\��WKXV�FDQ�EH�SUHIHUHQWLDOO\�DFFHOHUDWHG�E\�SUHVVXUH
GLIIHUHQFH��DQG�FRQVHTXHQWO\�PD\�UHVXOW�LQ�FRXQWHU�JUDGLHQW�GLIIXVLRQ�>��@��7KH�LQFRUUHFW�SUHGLFWLRQ�RI
WKH�VSUHDGLQJ�UDWHV�FDQ�EULQJ�VHULRXV�GHILFLHQFLHV�WR�WKH�SUHGLFWLRQ�RI�WKH�LPSRUWDQW�YHORFLW\�DQG�VFDODU
SURILOHV�

��������$�PRGLILHG� ε−N �PRGHO

$�PRGLILHG� ε−N � WZR�HTXDWLRQ� WXUEXOHQFH�PRGHO� ZDV� GHYHORSHG� LQ� WKLV� ZRUN�� ZLWK� WKH� EXR\DQF\
HIIHFW�FRQVLGHUHG�PRUH�SURSHUO\��,W�ZDV�IRXQG�WR�EH�VWDEOH��FRPSXWDWLRQDOO\�HFRQRPLF��SURPLVLQJ�DQG
DSSOLFDEOH� WR� FRPSOH[� VLWXDWLRQV�� ,W� LV� FDSDEOH� RI� FDSWXULQJ� FRXQWHU� JUDGLHQW� GLIIXVLRQ� DQG� ZHOO
SUHGLFWV� WKH�SOXPH�VSUHDGLQJ� UDWHV� DQG�YHORFLW\� DQG� WHPSHUDWXUH�SURILOHV��:KHQ� FRPSDUHG�ZLWK� WKH
VWDQGDUG� EXR\DQF\�PRGLILHG� ε−N � WXUEXOHQFH� PRGHO�� WKLV� PRGHO� JLYHV� VLJQLILFDQWO\� LPSURYHG
QXPHULFDO�UHVXOWV��DV�LOOXVWUDWHG�LQ�)LJ����7KH�GHWDLOV�RI�WKH�PRGHO�GHYHORSPHQW�DQG�WKH�PRGHOLQJ�RI
WKH�VHFRQG�PRPHQWV�FDQ�EH�IRXQG�LQ�SDSHU���RI�WKLV�WKHVLV�

)LJ�� ��&RPSDULVRQ� RI� SUHGLFWHG� DQG�PHDVXUHG� WHPSHUDWXUH� DQG� YHORFLW\� SURILOHV� DW� ��� FP� DERYH� D
EXR\DQW�&�+��GLIIXVLRQ�IODPH
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������&RPEXVWLRQ�PRGHOV

&RPEXVWLRQ�PRGHOV�DUH�DGRSWHG�WR�FRSH�ZLWK�WKH�FORVXUH�SUREOHP�FUHDWHG�E\�DYHUDJLQJ�WKH�QRQ�OLQHDU
UHDFWLRQ�UDWHV��7ZR�EDVLF�VWUDWHJLHV�FDQ�EH�HPSOR\HG��2QH� LV� WR�VROYH� WKH� WUDQVSRUW�HTXDWLRQV�RI� WKH
PHDQ�QRQ�FRQVHUYHG�PDVV�IUDFWLRQV�ZLWK�WKH�PHDQ�FKHPLFDO�UHDFWLRQ�UDWHV�GLUHFWO\�PRGHOHG��$QRWKHU
RQH�LV�WR�VROYH�WKH�WUDQVSRUW�HTXDWLRQ�RI�D�FRQVHUYHG�VFDODU�DQG�WKHQ�UHODWH�WKH�FRQFHUQHG�PHDQ�QRQ�
FRQVHUYHG�PDVV�IUDFWLRQV�WR�WKH�FRQVHUYHG�VFDODU�XVLQJ�WKH�ODPLQDU�IODPHOHW�FRQFHSW�DQG�D�SUREDELOLW\
GHQVLW\�IXQFWLRQ��7KH\�DUH�EULHIO\�GLVFXVVHG�EHORZ�

��������(GG\�GLVVLSDWLRQ�FRQFHSW��('&�

7KH�(GG\�'LVVLSDWLRQ�&RQFHSW�SURSRVHG�E\�0DJQXVVHQ�DQG�+MHUWDJHU�>��@�LV�D�SRSXODU�UHSUHVHQWDWLYH
PHWKRG�WR�PRGHO�WKH�PHDQ�UHDFWLRQ�UDWH�GLUHFWO\��,W�JDLQV�LWV�SRSXODULW\�VLQFH�LW�LV�VLPSOH�DQG�ZLGHO\
DSSOLFDEOH�

,Q�D�GLIIXVLRQ� IODPH�� WKH� IXHO�DQG�R[LGDQW�QHHG� WR�EH�PL[HG�DW�PROHFXOH� OHYHO�EHIRUH�D� UHDFWLRQ�FDQ
KDSSHQ��,Q�D�SUHPL[HG�IODPH��WKH�IODPH�SURSDJDWLRQ�LV�GHSHQGHQW�RQ�WKH�PL[LQJ�RI�KRW�SURGXFWV�ZLWK
WKH�XQEXUQW�PL[WXUH�DQG�WKH�GLIIXVLRQ�RI�UDGLFDOV��7KH�FKHPLFDO�NLQHWLFV�GHWHUPLQHV�KRZ�WKH�UHDFWLRQ
ZLOO�SURFHHG�LQ�WKH�PL[WXUH��7KHUHIRUH��FRPEXVWLRQ�GHSHQGV�RQ�ERWK�PL[LQJ�DQG�FKHPLFDO�NLQHWLFV�LQ
JHQHUDO��EXW�FDQ�EH�HVVHQWLDOO\�FRQWUROOHG�E\�WKH�VORZHU�RI�WKHVH�WZR�VHTXHQWLDO�SURFHVVHV��SDUWLFXODUO\
ZKHQ�WKH�VORZHU�SURFHVV�LV�PXFK�VORZHU�WKDQ�WKH�IDVWHU�RQH��:KHQ�WKH�FKHPLVWU\�LV�PXFK�IDVWHU�WKDQ
WKH� PL[LQJ�� FRPEXVWLRQ� WXUQV� RXW� WR� EH� PL[LQJ�FRQWUROOHG�� ,Q� WKLV� FDVH�� WKH� PL[LQJ� UDWH� FDQ� ZHOO
UHSUHVHQW�WKH�FRPEXVWLRQ�UDWH��7KLV�SRLQW�LV�RI�JUHDW�YDOXH�LQ�WKH�PRGHOLQJ�RI�WXUEXOHQW�FRPEXVWLRQ�

7KH�PL[LQJ�SURFHVV� LQ�D� WXUEXOHQW� IORZ�LV� ODUJHO\�GHSHQGHQW�RQ� WKH�SURSHUW\�RI� WKH� WXUEXOHQFH�� ,Q�D
WXUEXOHQW� IORZ�� WKHUH� H[LVWV� D� NLQHWLF� HQHUJ\� FDVFDGH�� ZKLFK�ZDV� GLVFXVVHG� HDUOLHU�� 7KH� WXUEXOHQFH
NLQHWLF� HQHUJ\� LV� H[WUDFWHG� E\� WKH� ODUJH� HGGLHV� IURP� WKH� PHDQ� IORZ� DQG� GLVVLSDWHG� PRVWO\� DW� WKH
VPDOOHVW� HGGLHV� WKURXJK� PROHFXODU� YLVFRXV� GLVVLSDWLRQ�� 7KHUHIRUH�� WKH� WXUEXOHQFH� NLQHWLF� HQHUJ\
GLVVLSDWLRQ�UDWH�LV�FORVHO\�UHODWHG�WR�WKH�PROHFXOH�PL[LQJ��7KH�UDWLR�RI�WXUEXOHQFH�NLQHWLF�HQHUJ\�DQG
LWV� GLVVLSDWLRQ� UDWH�� ε�N �� LQGLFDWHV� D� GLVVLSDWLRQ� WLPH� VFDOH�� %\� GLPHQVLRQDO� DUJXPHQW�� ZH� PD\

HVWLPDWH� WKH� GLVVLSDWLRQ� UDWH� RI� D� JHQHUDO� YDULDEOH� ϕ � DV�
N

F
εϕ

ϕ



a
�� ZKHUH� �





ϕϕ = � DQG� ϕF � LV� DQ

HPSLULFDO�SURSRUWLRQ�FRHIILFLHQW�

%DVHG� RQ� WKHVH� DUJXPHQWV�� WKH� PHDQ� FRPEXVWLRQ� UDWH� FDQ� EH� HVWLPDWHG� DV�
N

F
εϕρϕ

���




�a�
�� ZLWK� ϕ

UHSUHVHQWLQJ� WKH� PDVV� IUDFWLRQ�� $VVXPLQJ� WKH� IOXFWXDWLRQ� LV� VLPSO\� UHODWHG� WR� WKH� PHDQ� YDOXH�� WKH
PHDQ� UHDFWLRQ� UDWH� LV� PRGHOHG� LQ� ('&� >��@� E\� WKH� WXUEXOHQFH� GLVVLSDWLRQ� UDWHV� RI� UHDFWDQW� DQG�RU
SURGXFW�HGGLHV�DV

�PLQ�
� V

<
F<F5 R[

UIUI κ
ερ−= ���������������������������������������������������������
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ZKHUH� WKH� VXEVFULSWV� R[IU �� � DQG� S � LQ� WKH� DERYH� HTXDWLRQV� GHQRWHV� UHDFWDQWV�� IXHO�� R[LGDQW� DQG

SURGXFWV��UHVSHFWLYHO\�

2EYLRXVO\�� WKH� DSSOLFDELOLW\� RI� WKH� DERYH� PRGHOLQJ� SURFHGXUH� LV� OLPLWHG� E\� WKH� LQWURGXFHG
DVVXPSWLRQV��HVSHFLDOO\�E\�WKH�IDVW�FKHPLVWU\�DVVXPSWLRQ��('&�ZDV�ODWHU�H[WHQGHG�>��@�IRU�SRVVLEOH
LQFOXVLRQ�RI�FKHPLFDO�NLQHWLFV��DIWHU�LQWURGXFLQJ�D�VHULHV�RI�DVVXPSWLRQV�

��������)ODPHOHW�FRPEXVWLRQ�PRGHO

'XH� WR� WKH� OLPLWHG�FRQFHUQ�� WKH�GLVFXVVLRQ�RI� IODPHOHW� FRPEXVWLRQ�PRGHO�ZLOO� EH� IRU� QRQ�SUHPL[HG
FRPEXVWLRQ�RQO\�

7KH�PDLQ� VWUXFWXUH�RI� ODPLQDU�GLIIXVLRQ� IODPH�ZDV� IRXQG� IURP�PHDVXUHPHQWV� WR�EH�TXLWH� XQLYHUVDO
ZKHQ�LW�LV�SORWWHG�DJDLQVW�WKH�ORFDO�HTXLYDOHQFH�UDWLR�>��@��$VVXPLQJ�DQ�LQILQLWHO\�IDVW�FKHPLVWU\��LW�FDQ
EH�VKRZQ�WKDW� WKHUH�H[LVWV�D�XQLTXH�UHODWLRQ�EHWZHHQ�PDVV� IUDFWLRQV�DQG�PL[WXUH� IUDFWLRQ� IRU�D� WZR�
VWUHDP�V\VWHP�ZLWK�HTXDO�PDVV�GLIIXVLYLWLHV��:KHQ�WKH�FKHPLVWU\�LV�IDVW��EXW�QRW�LQILQLWHO\�IDVW��DV�LW�LV
LQ�PDQ\�SUDFWLFDO� FRQVLGHUDWLRQV�� WR� OHDGLQJ�RUGHU�� WKH� IODPH� VWUXFWXUH� FDQ� VWLOO� EH� UHJDUGHG� DV�ZHOO
GHILQHG� RQ� D� FRQVHUYHG� VFDODU� VSDFH��ZKLFK� LV� XVXDOO\�� EXW� QRW� QHFHVVDULO\�� VHOHFWHG� DV� WKH�PL[WXUH
IUDFWLRQ��7KLV�FDQ�EH�VHHQ�ZKHQ�WKH�FRQVHUYDWLRQ�HTXDWLRQV�IRU�WKH�VSHFLHV�DQG�HQHUJ\�DUH�WUDQVIRUPHG
XVLQJ�D�FRQVHUYHG�VFDODU�DV�DQ�LQGHSHQGHQW�FRRUGLQDWH�� L�H��� ����������

�����
[[I[[[W τϕϕϕ == �ZKHUH

τ=W �DQG� �����
���
[[[WII = ��7KLV�WUDQVIRUP�FDQ�EH�PDGH��E\�VHOHFWLQJ�DQ�RULJLQDO�FRRUGLQDWH�V\VWHP

VXFK� WKDW�
�
[ � GRHV� QRW� OLH� LQ� WKH� IODPH� VXUIDFH� DQG� FRQVHTXHQWO\� D� VLQJOH�YDOXHG� IXQFWLRQ

�����
����
[[IW[[ = � FDQ� EH� REWDLQHG�� $VVXPLQJ� XQLW\� RI� /HZLV� QXPEHUV� DQG� FRQVLGHULQJ� WKDW� WKH

UHDFWLRQ�RFFXUV�LQ�D�WKLQ�OD\HU��WKH�IODPHOHW�HTXDWLRQV�WR�OHDGLQJ�RUGHU�FDQ�EH�ZULWWHQ�DV�>�������������@
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ZKHUH� χ � LV� WKH� VFDODU� GLVVLSDWLRQ� UDWH� II' ∇•∇� � ZKLFK� FDQ� EH� FRQVLGHUHG� DV� WKH� LQYHUVH� RI� WKH

GLIIXVLRQ� WLPH� VFDOH�� 7KH� FRXQWHU� IORZ� GLIIXVLRQ� IODPH� ZDV� SURSRVHG� LQ� >��@� DV� WKH� UHSUHVHQWDWLYH
ODPLQDU� IODPHOHW�� 7KLV� UHSUHVHQWDWLYH� SURYLGHV� D� UHODWLRQ� EHWZHHQ� VFDODU� GLVVLSDWLRQ� DQG� PL[WXUH

IUDFWLRQ�DV
VWVW

VW I

I

I

I

OQ
OQ

�

�

χχ = ��ZKHUH�WKH�VXEVFULSW� VW �GHQRWHV�VWRLFKLRPHWU\�

,I�ZH�LJQRUH�WKH�WLPH�UHODWHG�GHULYDWLYH��WKH�ILUVW�WHUP�RQ�WKH�O�K�V��RI�(T������WKH�IODPHOHW�VWUXFWXUH�LV
GHVFULEHG�E\�D�VHW�RI�RQH�GLPHQVLRQDO�VHFRQG�RUGHU�GLIIHUHQWLDO�HTXDWLRQV��ZLWK�

VW
χ ��

U
T �DQG� S �DFWLQJ
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DV�SDUDPHWHUV��,I�ZH�IXUWKHU�DVVXPH�VPDOO�YDULDWLRQV�RI�
U

T �DQG� S ��WKH�VROXWLRQ�LV�WKHQ�GHWHUPLQHG�E\

WKH�VFDODU�GLVVLSDWLRQ�UDWH�
VW

χ �DQG�WKH�IODPHOHW�HTXDWLRQV¶�ERXQGDU\�FRQGLWLRQV�LQ�WKH�FRQVHUYHG�VFDODU

VSDFH�� 7ZR� LQGHSHQGHQW� ERXQGDU\� FRQGLWLRQV� DUH� QRUPDOO\� QHFHVVDU\� DQG� VXIILFLHQW� IRU� HDFK
GHSHQGHQW�YDULDEOH��7KH�IODPHOHW�HTXDWLRQV�FDQ�EH�GHULYHG�ORFDOO\��EXW�LQ�WKH�VDPH�IRUP��RQ�WKH�IODPH
VXUIDFH�� ,Q� RUGHU� WR� KDYH� D� XQLYHUVDO� VROXWLRQ� FKDUDFWHUL]HG� E\� WKH� VLQJOH� FRQVHUYHG� VFDODU�� ZKLFK
HVVHQWLDOO\�SURYLGHV�WKH�HDVH�DQG�SRVVLELOLW\�RI�DSSO\LQJ�WKH�IODPHOHW�PRGHO�LQ�WXUEXOHQW�FRPEXVWLRQ
PRGHOLQJ��WKH�ERXQGDU\�FRQGLWLRQV�RI�WKH�IODPHOHW�HTXDWLRQV�VKRXOG�DOVR�EH�ORFDWLRQ�LQGHSHQGHQW��$
W\SLFDO� FRQILJXUDWLRQ�� ZKLFK� PHHWV� WKLV� UHTXLUHPHQW�� LV� WKH� WZR�IHHG� V\VWHP�� )RU� D� SURSHU� VHW� RI
ERXQGDU\� FRQGLWLRQV�� WKH� VWHDG\� IODPHOHW� VWUXFWXUH� LV� JLYHQ� E\� ���

VWLL
I<< χ= �� ���

VW
I77 χ= �� 7KLV

IODPHOHW� VWUXFWXUH� FDQ� EH� REWDLQHG� IURP� GHWDLOHG� H[SHULPHQWDO�PHDVXUHPHQWV� >�����@� RU� WKHRUHWLFDO
ODPLQDU�IODPH�FDOFXODWLRQV�>������@��$V�PHQWLRQHG�DERYH��WKH�FRQVHUYHG�VFDODU� I GRHV�QRW�QHFHVVDULO\

QHHG�WR�EH�WKH�FRQYHQWLRQDO�PL[WXUH�IUDFWLRQ��,W�FDQ�EH�FRQVLGHUHG�DV�D�JHQHUDO�YDULDEOH��ZKLFK�IXOILOOV

WKH�FRQVHUYDWLRQ� ��
����
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�DQG�DOORZV�WKH�UHGXFWLRQ�RI�WKH�IODPHOHW�HTXDWLRQV

WR�WKH�OHDGLQJ�RUGHU�IRUP�VR�WKDW�WKH�IODPHOHW�VWUXFWXUH�FDQ�EH�GHVFULEHG�XVLQJ�WKLV�FRQVHUYHG�VFDODU�DV
WKH� FRRUGLQDWH�� 7KH� DVVXPSWLRQ� RI� XQLW\� /LHZV� QXPEHUV� EULQJV� WKH� VLPSOLFLW\� WR� WKH� IODPHOHW
HTXDWLRQV��7KLV�DVVXPSWLRQ�FDQ�EH�OLIWHG�WR�FRQVLGHU�WKH�GLIIHUHQWLDO�GLIIXVLRQ�>��@�ZKHQ�WKH�HIIHFW�RI
QRQ�HTXDO�/LHZV�QXPEHUV�LV�LPSRUWDQW�

7KH� DERYH� GLVFXVVLRQ� JLYHV� DQ� LPSRUWDQW� KLQW� WKDW� LQ� WKH� WXUEXOHQW� QRQ�SUHPL[HG� FRPEXVWLRQ
PRGHOLQJ�� LI� ZH� DVVXPH� WKH� WXUEXOHQW� IODPH� LV� DQ� HQVHPEOH� RI� ODPLQDU� IODPHOHWV� RI� ZHOO� GHILQHG
VWUXFWXUH��WKH�GHWDLOHG�FKHPLVWU\�FRPSXWDWLRQ�FRXOG�EH�VHSDUDWHG�IURP�WKH�IORZ�ILHOG�FDOFXODWLRQ��DQG
WKH�PRGHOLQJ�FDQ�EH�SURFHHGHG�E\�ILQGLQJ�RXW�WKH�IODPHOHW�VWDWLVWLFV��ZKLFK�FDQ�EH�UHSUHVHQWHG�E\�D
SUREDELOLW\�GHQVLW\�IXQFWLRQ��SGI�� ���a

VW
IS χ ��7KH�PHDQ�PDVV�IUDFWLRQ�LQ�D�WXUEXOHQW�IODPH�LV�HYDOXDWHG

IURP� WKH� ODPLQDU� IODPHOHW� VWUXFWXUH� DQG� WKH� VWDWLVWLFV� RI� WKH� UHODWHG� FRQVHUYHG� VFDODU� DQG� WKH� VFDODU
GLVVLSDWLRQ�UDWH�DV
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,Q� D� WXUEXOHQW� UHDFWLQJ� IORZ�� WKH� ORFDO� SGI� LV� YHU\� GLIILFXOW� WR� REWDLQ�� EXW� FDQ� EH� DSSUR[LPDWHO\
SUHVFULEHG�RU�HVWLPDWHG� IURP� WKH�VROXWLRQ�RI�D�FDUHIXOO\�FRQVWUXFWHG�SGI� WUDQVSRUW� HTXDWLRQ� >�����@�
7KH�SUHVFULEHG�SGI�� ��a IS ��FDQ�EH�FRQVWUXFWHG�IURP�WKH�PHDQ�PL[WXUH�IUDFWLRQ�DQG�LWV� YDULDQFH�� IRU

H[DPSOH��XVLQJ�WKH�QRUPDOL]HG�%HWD�>����������@��FOLSSHG�*DXVVLDQ�IXQFWLRQ�>��@�RU�WRS�KDW�IXQFWLRQV
>��@��,Q�WKLV�WKHVLV��D�SUHVFULEHG�QRUPDOL]HG�%HWD�IXQFWLRQ�SGI�LV�XVHG��7KH�QRUPDOL]HG�%HWD�IXQFWLRQ
KDV�RQO\�WZR�SDUDPHWHUV�DQG�FDQ�DSSUR[LPDWH�UHDVRQDEO\�ZHOO�WKH�XVXDO�SGI�VKDSH�IRXQG�LQ�D�MHW�ZKHQ
WKH�SDUDPHWHUV�DUH�SURSHUO\�JLYHQ��,Q�VRPH�VLWXDWLRQV��WKH�VLPXODWLRQ�RI�D�WXUEXOHQW�UHDFWLQJ�IORZ�PD\
QRW�EH�VHQVLWLYLW\�WR�WKH�VSHFLILF�SGI�VKDSH�>��@�
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7KH�SGI�FRQVWUXFWHG�XVLQJ�WKH�QRUPDOL]HG�%HWD�IXQFWLRQ�FDQ�EH�ZULWWHQ�DV
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ZKHUH�WKH�IXQFWLRQ�SDUDPHWHUV�α �DQG� β �FDQ�EH�UHODWHG�WR�WKH�PHDQ�PL[WXUH�IUDFWLRQ�DQG�YDULDQFH�DV
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7KH� WKLUG�K\SRWKHVLV�RI�.ROPRJRURY�VWDWHV� WKDW� WKH� ORJDULWKP�RI� WKH�GLVVLSDWLRQ� UDWH�� DYHUDJHG� LQ� D
VSDFH� PXFK� VPDOOHU� WKDQ� WKH� LQWHJUDO� VFDOH�� KDV� D� QRUPDO� GLVWULEXWLRQ� >�@�� $VVXPLQJ� D� ORJ�QRUPDO
GLVWULEXWLRQ�RI χ ��WKH�SUHVFULEHG� ��a χS �FDQ�EH�FRQVWUXFWHG�DV�>������@
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ZKHUH� Ja �LV�WKH�YDULDQFH�RI�WKH�PL[WXUH�IUDFWLRQ� �


a
I �

7KH�VHFRQG�PRPHQWV�LQ�WKH�DERYH�WZR�HTXDWLRQV�FDQ�EH�PRGHOHG�DV�GLVFXVVHG�LQ�WKH�WXUEXOHQFH�PRGHO
VHFWLRQ�

:KHQ�XVLQJ�WKH�IODPHOHW�VWHDG\�VWDWH�OLEUDU\� ���
VWL

I< χ �� LW� LV� LPSOLHG�WKDW� WKH� IODPHOHW� LQ�D� WXUEXOHQW

UHDFWLQJ� V\VWHP� FDQ� DGMXVW� LWVHOI� TXLFNO\� WR� WKH� ORFDO� FRQGLWLRQ�� VR� WKDW� WKH� IODPHOHW� FDQ� UHDFK� WKH
VWHDG\�VWDWH��+RZHYHU�� WKLV�PD\�QRW�DOZD\V�EH�YDOLG�� ,Q� WKH� IDVW�SURFHVVHV��VXFK�DV� WKRVH� LQ� LQWHUQDO
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FRPEXVWLRQ� HQJLQHV�� WKH� IODPHOHW�PD\� QRW� EH� DEOH� WR� DGMXVW� LWVHOI� LQVWDQWDQHRXVO\� WR� LWV� ORFDO� IORZ
FRQGLWLRQ��,Q�WKLV�FDVH��WKH�HYROXWLRQ�KLVWRU\�RI�WKH�IODPHOHW�PD\�KDYH�LPSRUWDQW�HIIHFW��7KHUHIRUH��WKH
IODPHOHW¶V� HYROXWLRQ�XQGHU� WUDQVLHQW� ORFDO� IORZ�FRQGLWLRQ� VKRXOG�EH� IROORZHG�� ,Q� WKLV� FDVH�� WKH� WLPH
GHULYDWLYH�WHUP�LQ�WKH�IODPHOHW�HTXDWLRQ�FDQQRW�EH�GURSSHG�DQG�WKH�IODPHOHW�HTXDWLRQ�VKRXOG�EH�VROYHG
LQWHUDFWLYHO\�ZLWK�WKH�IORZ�VROXWLRQ��ZKLFK�SURYLGHV�WKH�IODPHOHW�SDUDPHWHUV�VXFK�DV�

VW
χ �DQG� S ��EXW

WKH�FKHPLVWU\�FRPSXWDWLRQ�FDQ�VWLOO�EH�VHSDUDWHG�IURP�IORZ�FDOFXODWLRQ��7KLV�FRQFHSW�LV�WKH�VR�FDOOHG
5HSUHVHQWDWLYH�,QWHUDFWLYH�)ODPHOHW��5,)��>�����@�PHWKRG�

%HFDXVH�WKH�WHPSHUDWXUH�LV�VWURQJO\�GHSHQGHQW�RQ�WKH�UDGLDWLRQ��WKH�DVVXPSWLRQ�WKDW�LW�LV�D�IXQFWLRQ�RI
PL[WXUH�IUDFWLRQ�DORQH�LV�XQMXVWLILHG��7R�DFFRXQW�IRU�UDGLDWLRQ��WKH�HQHUJ\�HTXDWLRQ�FDQ�EH�VROYHG�DQG
WKH�PHDQ�WHPSHUDWXUH�HYDOXDWHG�IURP�WKH�PHDQ�HQWKDOS\�XVLQJ�DQ�DSSUR[LPDWH�)DYUH�DYHUDJH�RI�(T�

��� ∑ ∫ 




 +=

7

7
LSLL
7GFK<K

a

���

�

aaa
�

,Q�WKLV�PRGHO��WKH�WUDQVSRUW�HTXDWLRQ�IRU�PHDQ�PDVV�IUDFWLRQ�LV�QRW�VROYHG�DQG�WKXV�WKH�PHDQ�UHDFWLRQ
UDWH�GRHV�QRW�QHHG�WR�EH�GLUHFWO\�PRGHOHG�

������6RRW�PRGHOLQJ

6RRW� LV� RI� JUHDW� LQWHUHVW� IRU� YDULRXV� UHDVRQV�� 7KH� VRRW� HPLWWHG� IURP� FRPEXVWLRQ� SRVHV� D� SROOXWLRQ
WKUHDW�WR�WKH�HQYLURQPHQW��,W�FDQ�HQKDQFH�WKH�GHVLUHG�UDGLDWLRQ�KHDW�WUDQVIHU�LQ�LQGXVWULDO�IXUQDFHV�DQG
WKH�XQGHVLUHG�UDGLDWLRQ�KHDW�WUDQVIHU�LQ�ILUHV��6RRW�LV�DOVR�XVHG�LQ�PDQ\�ILUH�GHWHFWLRQ�V\VWHPV�

6RRW� LV� D� SURGXFW� RI� LQFRPSOHWH� FRPEXVWLRQ� RI� K\GURFDUERQ� IXHOV�� ,Q� SUHPL[HG� IODPHV�� WKH
K\GURFDUERQ� IXHO� ZLOO� EUHDN� LQWR� VPDOO� K\GURFDUERQ� UDGLFDOV� ZKHQ� SDVVLQJ� WKURXJK� WKH� KLJK
WHPSHUDWXUH� ]RQH��)URP� WKHVH� UDGLFDOV�� VPDOO� K\GURFDUERQ�PROHFXOHV� OLNH� DFHW\OHQH� FDQ�EH� IRUPHG�
8QGHU� IXHO� ULFK� FRQGLWLRQV�� WKH� VPDOO� PROHFXOHV� DQG� UDGLFDOV� FDQ� UHDFW� WR� IRUP� DURPDWLF� ULQJV�
7KURXJK�µSODQDU�JURZWK¶�DQG�FRDJXODWLRQ��VPDOO�VRRW�SDUWLFOH�QXFOHL�FDQ�EH�IRUPHG�IURP�3$+��7KLV
SURFHVV� LV� WKH�SDUWLFOH� LQFHSWLRQ��7KH� IRUPHG� VPDOO� SDUWLFOH�ZLOO� TXLFNO\� FRDJXODWH� DQG� SLFN� XS� JDV
SKDVH�FRPSRQHQW�IRU�VXUIDFH�JURZWK��7KH�FRDJXODWLRQ�GHWHUPLQHV�WKH�ILQDO�VRRW�SDUWLFOH�VL]H��ZKLOH�WKH
VXUIDFH�JURZWK�LV�FULWLFDO�IRU�WKH�ILQDO�VRRW�YROXPH�IUDFWLRQ��7KH�VXUIDFH�JURZWK�LV�PDLQO\�WKURXJK�WKH
+$&$��+�$EVWUDFWLRQ�&DUERQ�$GGLWLRQ��PHFKDQLVP�DQG�LWV�UDWH�LV�ODUJHO\�GHSHQGHQW�RQ�WKH�QXPEHU
RI�DFWLYH�VLWHV�RQ�WKH�VRRW�SDUWLFOH�VXUIDFH��7KH�DFWLYLW\�RI�VRRW�SDUWLFOH�VXUIDFH�FDQ�GHFUHDVH�TXLFNO\
ZLWK�UHVLGHQFH�WLPH��7KH�IRUPHG�VRRW�PLJKW�EH�R[LGL]HG�E\�

�
2 �DQG�2+ �ZKHQ�WUDQVSRUWHG�WR�WKH�OHDQ

UHJLRQ��7KH�R[LGDWLRQ�PD\�EH�IUR]HQ�ZKHQ�WKH�WHPSHUDWXUH�GURSV�EHORZ�DERXW������.�>��@��DQG�WKHQ
WKH�XQR[LGL]HG�VRRW�ZLOO�EH�HPLWWHG�� ,Q�GLIIXVLRQ� IODPHV�� VRRW� IRUPDWLRQ�SURFHVV� LV� VLPLODU� IURP� WKH
ILUVW�ULQJ��,W�LV�ODUJHO\�WKH�LQLWLDO�VWDJH�WKDW�PDNHV�GLIIHUHQFH��,Q�GLIIXVLRQ�IODPHV��VLQFH�VRRW�LV�IRUPHG
LQ�IXHO�ULFK�DQG�UHODWLYHO\�ORZ�WHPSHUDWXUH�]RQH��WKH�PROHFXODU�VWUXFWXUH�RI�WKH�SDUHQW� IXHO�KDV�PRUH
LPSRUWDQFH�IRU�VRRW�WHQGHQF\�WKDQ�LQ�SUHPL[HG�IODPHV�>������@�

0RGHOLQJ�RI� VRRW� IRUPDWLRQ�DQG�R[LGDWLRQ� LV�D�SURKLELWLYH� WDVN�� ,Q� WKLV� WKHVLV��RQO\� WKH�PRGHOLQJ�RI
VRRW�LQ�GLIIXVLRQ�IODPHV�LV�RI�LQWHUHVW�DQG�ZLOO�EH�EULHIO\�GLVFXVVHG�EHORZ�

6LQFH�VXUIDFH�JURZWK�DQG�R[LGDWLRQ�DUH�KHWHURJHQHRXV�VORZ�SURFHVVHV��WKHUH�LV�QR�VWULFW�VWDWH�UHODWLRQ
EHWZHHQ�WKH�VRRW�YROXPH�IUDFWLRQ�DQG�WKH�PL[WXUH�IUDFWLRQ�DQG�WKH�FODVVLFDO�IODPHOHW�FRQFHSW�LV� WKXV
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QRW� DSSOLFDEOH�� +RZHYHU�� LW� PD\� EH� DUJXHG� WKDW� WKH� VRRW� IRUPDWLRQ� DQG� R[LGDWLRQ� UDWHV� FDQ� EH
DSSUR[LPDWHG� DV� D� IXQFWLRQ�RI�PL[WXUH� IUDFWLRQ��7KHUHIRUH��ZLWK� WKH� UHDFWLRQ� VRXUFH� WHUP�SURYLGHG�
VRRW� FDQ� EH� PRGHOHG� ZLWKLQ� WKH� IUDPHZRUN� RI� IODPHOHW� FRQFHSW� E\� VROYLQJ� DGGLWLRQDO� WUDQVSRUW
HTXDWLRQV�

,Q�UHFHQW�\HDUV��VLJQLILFDQW�SURJUHVV�KDV�EHHQ�PDGH�LQ�VRRW�PRGHOLQJ�>��@��0RVV�KDV�SUHVHQWHG�D�WZR�
YDULDEOH� VRRW� PRGHO� >�����@� ZKLFK� LQFOXGHV� WKH� HVVHQWLDO� SK\VLFV�� :LWK� WKH� PRGHO� SDUDPHWHUV
FDUHIXOO\� DGMXVWHG� WKURXJK� FDOLEUDWLRQ�� KLV�PRGHO� KDV� EHHQ� VKRZQ� WR� EH� TXLWH� VXFFHVVIXO��$� VLPLODU
WZR�YDULDEOH� VRRW�PRGHO�ZDV�SURSRVHG�E\�/LQGVWHGW� >���� ��@� DQG�ZDV�TXLWH� VXFFHVVIXOO\� DSSOLHG� WR
WXUEXOHQW� VRRW� PRGHOLQJ� >���� ��@�� ,Q� WKLV� VRRW� PRGHO�� VRRW� IRUPDWLRQ� LV� UHODWHG� WR� WKH� FKHPLFDO
LQWHUPHGLDWH�DFHW\OHQH��UDWKHU�WKDQ�WR�WKH�SDUHQW�IXHO��ZKLFK�ZDV�XVHG�LQ�WKH�VRRW�PRGHO�VXJJHVWHG�E\
0RVV�HW�DO� >�����@��5HFHQWO\��0DXVV�HW�DO�� >��@�KDYH�SUHVHQWHG�D� VRRW�PRGHO� LQ�ZKLFK� WKH� WUDQVSRUW
HTXDWLRQ� IRU� VRRW� YROXPH� IUDFWLRQ� ZDV� VROYHG� ZLWK� WKH� VRXUFH� WHUPV� FDOFXODWHG� LQ� WKH� PL[WXUH
IUDFWLRQ�VFDODU�GLVVLSDWLRQ�UDWH�VSDFH�IRU�ODPLQDU�IODPHOHWV�DQG�WDEXODWHG�LQ�D�OLEUDU\��,Q�WKHVH�PRGHOV�
EDVHG� RQ� WKH� IODPHOHW� FRQFHSW�� WKH� UHDFWLRQ� UDWHV� RI� VRRW� IRUPDWLRQ� DQG� R[LGDWLRQ� DUH� HYHQWXDOO\
FRQVLGHUHG�DV�D�IXQFWLRQ�RI�PL[WXUH�IUDFWLRQ�DORQH�

7KH�VRRW�PRGHO�SURSRVHG�E\�/LQGVWHGW�ZDV�LQFRUSRUDWHG�DQG�FRXSOHG�ZLWK�RWKHU�PRGHO�LQ�D�VWXG\�RI
IODPH�KHDW�WUDQVIHU�>FI��SDSHU��@��7KH�0DXVV¶V�VRRW�PRGHO�ZDV�DGRSWHG�DQG�FRXSOHG�LQWR�&)'�WR�VWXG\
WKH� VRRWLQJ� LQ� D� &�+�� EXR\DQW� GLIIXVLRQ� IODPH�� 7KLV� FRPSXWDWLRQ� ZLOO� EH� YDOLGDWHG� DJDLQVW
H[SHULPHQWDO� GDWD� DQG� WKH� GHWDLO� ZLOO� EH� UHSRUWHG� LQ� D� IXWXUH� SXEOLFDWLRQ�� 7KH� SUHOLPLQDU\� UHVXOW� LV
VKRZQ�LQ�)LJ����

)LJ����7HPSHUDWXUH�DQG�VRRW�YROXPH�IUDFWLRQ�GLVWULEXWLRQ�LQ�D�&�+��IODPH

7KH� DSSOLFDWLRQ� RI� WKH� DERYH�PHQWLRQHG� W\SHV� RI� VRRW� PRGHO� LV� VWLOO� OLPLWHG� WR� VLPSOH� IXHOV�� )RU
FRPSOH[�IXHOV��DV�DQ�HVWLPDWLRQ��VLPSOH�HPSLULFDO�PRGHOV�EDVHG�RQ�PHDVXUHPHQW�GDWD�FDQ�EH�XVHG�>FI�
SDSHUV���DQG��@�
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������5DGLDWLRQ�PRGHOLQJ

'XH� WR� LWV� VWURQJ� GHSHQGHQFH� RQ� WHPSHUDWXUH� DQG� WKH� VWURQJ� UDGLDWLQJ� EHKDYLRU� RI� FRPEXVWLRQ
SURGXFWV��WKHUPDO�UDGLDWLRQ�LV�DQ�LPSRUWDQW�KHDW�WUDQVIHU�PHFKDQLVP�LQ�PDQ\�FRPEXVWLRQ�V\VWHPV�

7KHUPDO� UDGLDWLRQ� FDQ�EH� GHILQHG� DV� HOHFWURPDJQHWLF�ZDYHV� HPLWWHG� E\� D�PHGLXP� VROHO\� GXH� WR� LWV
WHPSHUDWXUH��7KH�ZDYHOHQJWK� UDQJH� LPSRUWDQW� WR� KHDW� WUDQVIHU� LV� QRUPDOO\� OLPLWHG� EHWZHHQ� Pµ���
�XOWUDYLROHW��DQG� Pµ��� �PLGLQIUDUHG��

��������5DGLDWLRQ�WUDQVIHU�HTXDWLRQ��57(��DQG�LWV�VROXWLRQ

)RU�D�PHGLXP�LQ�ORFDO�WKHUPRG\QDPLF�HTXLOLEULXP��WKH�GLIIHUHQWLDO�HTXDWLRQ�RI�WKH�VSHFWUDO�UDGLDWLRQ
FDQ�EH�ZULWWHQ�DV�>������@
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ZKHUH� WKH� VXSHUVFULSW� � � VWDQGV� IRU� EODFN� ERG\� UDGLDWLRQ��
VZ

N
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LV� WKH� HIIHFWLYH� VSHFWUDO� DEVRUSWLRQ

FRHIILFLHQW�ZKLFK�LQFOXGHV�HIIHFWV�RI�ERWK�LQGXFHG�DEVRUSWLRQ�DQG�LQGXFHG�HPLVVLRQ��
VZ�

σ �WKH�VSHFWUDO

VFDWWHULQJ� FRHIILFLHQW��
VZ�

β � WKH� H[WLQFWLRQ� FRHIILFLHQW�
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Φ � WKH� SKDVH� IXQFWLRQ�� ZKLFK� LV� HTXDO� WR� ���� IRU� LVRWURSLF� VFDWWHULQJ�� 7KH� WKUHH

WHUPV�RQ�WKH�ULJKW�VLGH�UHSUHVHQW�WKH�DXJPHQWDWLRQ�GXH�WR�HPLVVLRQ��WKH�DWWHQXDWLRQ�GXH�WR�DEVRUSWLRQ
DQG�VFDWWHULQJ��DQG�WKH�DXJPHQWDWLRQ�GXH�WR�VFDWWHULQJ��UHVSHFWLYHO\��6LQFH�WKH�OLJKW�VSHHG�LQ�D�PHGLXP
LV�XVXDOO\�ODUJH��WKH�UDGLDWLRQ�WLPH�VFDOH�LV�PXFK�VPDOOHU�WKDQ�DOPRVW�DOO�WKH�RWKHU�SUDFWLFDO�WLPH�VFDOHV
FRQFHUQHG�LQ�FRPEXVWLRQ�HQJLQHHULQJ��WKH�WUDQVLHQW�WHUP�KDV�EHHQ�LJQRUHG�LQ�WKH�DERYH�HTXDWLRQ�
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ZKHUH� ��
�

� ZVZ
[[H −− �LV�WKH�WUDQVLPLVVLYLW\�IURP�SRLQW� V �WR�SRLQW�

�
V �

7KH�DERYH�VROXWLRQ�LV�D�WKLUG�RUGHU�LQWHJUDO�HTXDWLRQ��ZKHUH�WKH�VRXUFH�IXQFWLRQ�LWVHOI�LV�DQ�LQWHJUDWLRQ
RI�XQNQRZQ�UDGLDWLRQ�LQWHQVLW\�

7KH� UDGLDWLRQ� SDWK� LV� XVXDOO\� QRQ�JUD\� DQG� QRQ�KRPRJHQHRXV�� 'XH� WR� LWV� FRPSOH[LW\�� DQ� H[DFW
VROXWLRQ�FDQ�RQO\�EH�REWDLQHG� IRU�D� IHZ�VLPSOH�FDVHV��)RU�PRVW�SUDFWLFDO�DSSOLFDWLRQV�� VROXWLRQV�DUH
REWDLQHG�XVLQJ�HQJLQHHULQJ�DSSUR[LPDWLRQ�PHWKRGV�

2QFH� WKH� UDGLDWLRQ� LQWHQVLW\� ILHOG� LV� VROYHG� �RU� DVVXPHG� NQRZQ��� WKH� VSHFWUDO� KHDW� IOX[� YHFWRU� DQG
UDGLDWLRQ�HQHUJ\�VRXUFH�WHUP�FDQ�EH�UHDGLO\�FDOFXODWHG�DV
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��������%RXQGDU\�FRQGLWLRQV�IRU�57(

6LQFH� UDGLDWLRQ� LV� JHQHUDOO\� D� ORQJ�UDQJH� SKHQRPHQRQ� DQG� WKH� 57(� LV� D� GLIIHUHQWLDO� HTXDWLRQ�� WKH
UDGLDWLRQ� WUDQVIHU� HTXDWLRQ� VKRXOG� EH� VROYHG� LQ� D� ERXQGHG� YROXPH� ZLWK� WKH� SURSHU� ERXQGDU\
FRQGLWLRQV�SURYLGHG�DW�DOO�WKH�YROXPH�VXUIDFHV�

)RU�D�JHQHUDO�RSDTXH�VXUIDFH��WKH�ERXQGDU\�FRQGLWLRQ�FDQ�EH�ZULWWHQ�DV
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7KH�DERYH�ERXQGDU\�FRQGLWLRQV�VKRXOG�EH�PRGLILHG�WR�LQFOXGH�WKH�WUDQVLPLVVLRQ�ZKHQ�WKH�ERXQGDU\�LV
WUDQVSDUHQW�RU�VHPL�WUDQVSDUHQW��,Q�WKLV�FDVH��WKH�HPLVVLYLW\�FDQ�EH�FRQVLGHUHG�DV�DQ�HIIHFWLYH�SURSHUW\
RI�LQ�GHSWK�PHGLXP��$Q�RSHQLQJ�WR�WKH�HQYLURQPHQW�FDQ�EH�DSSUR[LPDWHG�DV�D�FROG�EODFN�ERG\�

��������'LVFUHWH�WUDQVIHU��'7��PHWKRG

7KHUH�DUH�D�QXPEHU�RI�DSSUR[LPDWH�PHWKRGV�WR�VROYH�WKH�57(�DQG�REWDLQ�
K

6 �DQG�UDGLDWLRQ�KHDW�IOX[

WR�VXUIDFHV��LQFOXGLQJ�WKH�VSKHULFDO�KDUPRQLFV�PHWKRG��
1
3 �DSSUR[LPDWLRQ���GLVFUHWH�RUGLQDWHV�PHWKRG

�
1

6 �DSSUR[LPDWLRQ���GLVFUHWH�WUDQVIHU�PHWKRG��]RQDO�PHWKRG�DQG�0RQWH�&DUOR�PHWKRG��,Q�WKLV�WKHVLV�

WKH�GLVFUHWH�WUDQVIHU�PHWKRG�>��@�LV�HPSOR\HG�DQG�ZLOO�EH�EULHIO\�SUHVHQWHG�EHORZ��7KH�GLVFXVVLRQ�RI
RWKHU�PHWKRGV�FDQ�EH�IRXQG�LQ�>��@�

'7� LV�RQH�RI� WKH�PRVW�SRSXODU�PHWKRGV�XVHG� LQ� WKH�QXPHULFDO�FDOFXODWLRQ�RI� UDGLDWLRQ�� ,W� FRPELQHV
VRPH� IHDWXUHV�RI� WKH�GLVFUHWH�RUGLQDWHV�� ]RQDO� DQG�0RQWH�&DUOR�PHWKRGV� DQG�KDV� WKH� DGYDQWDJHV�RI
JRRG�DFFXUDF\��HFRQRP\�DQG�IOH[LELOLW\�IRU�FRPSOH[�JHRPHWULHV�

7KLV�PHWKRG�VROYHV�WKH�UDGLDWLRQ�HTXDWLRQ�DORQJ�D�GLVFUHWH�VHW�RI�GLUHFWLRQV��UD\V��IURP�HYHU\�HOHPHQW
RI� WKH� ERXQGDU\� VXUIDFH�� 7DNLQJ� WKH� VXUIDFH� HOHPHQW� M3 � VKRZQ� LQ� )LJ�� �� DV� DQ� H[DPSOH�� ZLWK� WKH

ERXQGDU\�FRQGLWLRQ�DQG�WKH�SDUWLFLSDWLQJ�PHGLXP�SURSHUWLHV�SURYLGHG��57(�LV�VROYHG�DORQJ�WKH�HYHU\
UHSUHVHQWDWLYH� LUUDGLDWLRQ� UD\�� VXFK� DV� WKH� UD\� ML

34 → �� WR� JLYH� WKH� UDGLDWLRQ� LQWHQVLW\� DORQJ� HYHU\

LUUDGLDWLRQ�UD\��7KH�LQFLGHQW�UDGLDWLRQ�IOX[�DW�VXUIDFH�HOHPHQW�
M

3 �FDQ�WKHQ�EH�FDOFXODWHG�DV
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ZKHUH�
LM�

θ �LV�WKH�DQJOH�EHWZHHQ�WKH�VXUIDFH�QRUPDO�YHFWRU�DQG�WKH�LQFLGHQW�UD\�GLUHFWLRQ�

)LJ����,OOXVWUDWLRQ�RI�GLVFUHWH�WUDQVIHU�PHWKRG

7KH� UDGLDWLRQ� VRXUFH� IURP� D� VSHFLILF� LUUDGLDWLRQ� UD\�
ML

34 → � IRU� D� JHQHUDO� FRQWURO� YROXPH� P � LV

HYDOXDWHG�DV

LMLM334PZ34PZ34PZ MMLMLML

$,,6
���������

FRV�� ∆Ω−= →→+→ θ �������������������������������������

ZKHUH�WKH�DVVXPSWLRQ�LV�PDGH�WKDW�WKH�UDGLDWLRQ�LQWHQVLW\�LQVLGH�WKH�EHDP�RI�WKH�UD\�LV�XQLIRUP�DQG�WKH
UD\�FURVVLQJ�WKH�FRQWURO�YROXPH�LV�FRPSOHWHO\�RYHUODSSHG�E\�WKH�FRQWURO�YROXPH�

7KH� VXP� RI�
ML
34PZ

6 →��

� RYHU� DOO� SRVVLEOH� FURVVLQJ� UD\V� DSSUR[LPDWHO\� JLYHV� WKH� VSHFWUDO� UDGLDWLRQ

VRXUFH�IRU�WKH�FRQWURO�YROXPH�P ��7KH�WRWDO�UDGLDWLRQ�VRXUFH��ZKLFK�SURYLGHV�WKH�HQHUJ\�VRXUFH�IRU�WKH
HQWKDOS\�WUDQVSRUW�HTXDWLRQ��LV�WKHQ�REWDLQHG�VLPSO\�E\�QXPHULFDO�TXDGUDWXUH�RI�WKH�VSHFWUDO�UDGLDWLRQ
VRXUFH�RYHU�WKH�ZKROH�VSHFWUXP�

��������0RGHO�WHVW�DJDLQVW�H[DFW�VROXWLRQV

([DFW�VROXWLRQV�IRU�VLPSOH�FDVHV�DUH�QRUPDOO\�XVHG� IRU�PRGHO� WHVWLQJ�DQG�FRGH�YHULILFDWLRQ��+HDVOHW
DQG�:DUPLQJ� >��@� SUHVHQWHG� WKH� H[DFW� VROXWLRQ� IRU� UDGLDWLYH� HTXLOLEULXP� RQH� GLPHQVLRQDO�PHGLXP
EHWZHHQ�WZR�SDUDOOHO�EODFN�LVRWKHUPDO�SODWHV��7KH�SDUWLFLSDWLQJ�PHGLXP�LV�LVRWURSLF�DQG�JUD\�ZLWK�D
FRQVWDQW� DEVRUSWLRQ� FRHIILFLHQW�� )LJ�� �� DQG�7DEOH� �� FRPSDUH� WKH� QXPHULFDO� DQG� H[DFW� VROXWLRQV� DQG
VKRZ�JRRG�DJUHHPHQW�

'XD�DQG�&KHQJ�>��@�JDYH�DQ�H[DFW� VROXWLRQ�IRU�UDGLDWLRQ� LQ�D� ILQLWH�F\OLQGHU��ZKLFK�KDV�D� UDGLXV�RI
UHIHUHQFH�/�DQG�D�KHLJKW�RI��/��7KH�PHGLXP�LQVLGH�WKH�F\OLQGHU�KDV�FRQVWDQW�DQG�XQLIRUP�DEVRUSWLRQ
FRHIILFLHQW� DQG� WHPSHUDWXUH�

J
7 �� 7KH� FRPSDULVRQ� RI� QXPHULFDO� FDOFXODWLRQV� ZLWK� H[DFW� VROXWLRQV� LV

VKRZQ�LQ�)LJ���IRU�GLIIHUHQW�RSWLFDO�WKLFNQHVV��$�JRRG�DJUHHPHQW�FDQ�EH�VHHQ�

M
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4
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)LJ�� �� 1RQ�GLPHQVLRQDO� WHPSHUDWXUH� GLVWULEXWLRQ� IRU� UDGLDWLYH� HTXLOLEULXP� EHWZHHQ� SDUDOOHO� SODWHV�
1RWH�� ] � LV� WKH� GLVWDQFH� IURP� D� SODWH� VXUIDFH�� WKH� QRQ�GLPHQVLRQDO� HPLVVLYH� SRZHU� LV� GHILQHG� DV
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GLVWDQFH�EHWZHHQ�SODWHV�

7DEOH���1RQ�GLPHQVLRQDO�UDGLDWLYH�KHDW�IOX[�IRU�UDGLDWLYH�HTXLOLEULXP�EHWZHHQ�SDUDOOHO�SODWHV��1RWH�
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)LJ����1RQ�GLPHQVLRQDO�JDV�UDGLDWLYH�IOX[�DORQJ�]�GLUHFWLRQ�RQ�WKH�F\OLQGHU�ZDOO��1RWH�� ��
JJU

7T4 σ= �

] ��DW�WKH�PLGGOH�KHLJKW�RI�WKH�F\OLQGHU�

,W�LV�ZRUWK\�WR�PHQWLRQ�WKDW�'7�LV�DQ�DSSUR[LPDWLRQ�PHWKRG��7KH�QHFHVVDU\�UD\�QXPEHU�LV�GHSHQGHQW
RQ�WKH�FDVH�JHRPHWU\�DQG�WKH�VSDWLDO�XQLIRUPLW\�RI�WKH�UDGLDWLQJ�PHGLXP�

��������5DGLDWLRQ�SURSHUW\�HYDOXDWLRQ

7KH� UDGLDWLRQ� SURSHUW\� RI� WKH� UDGLDWLQJ� PHGLXP� PXVW� EH� HYDOXDWHG� ZKHQ� VROYLQJ� WKH� UDGLDWLRQ
HTXDWLRQ�� &RPPRQO\� DGRSWHG� UDGLDWLRQ� SURSHUW\� HYDOXDWLRQ� PHWKRGV� DUH� WRWDO� DEVRUEWLYLW\� PHWKRG
>��@��ZHLJKWHG�VXP�RI�JUD\�JDV��:6**��PHWKRG�>��@��ZLGH�EDQG�PRGHO�>��@�DQG�QDUURZ�EDQG�PRGHO
>��@�

,Q�FRPEXVWLRQ�V\VWHP��UDGLDWLRQ�FRPHV� IURP�ERWK�JDVHV�DQG�SDUWLFOHV��7KH�UDGLDWLQJ�JDVHV�QRUPDOO\
LQFOXGH� ZDWHU� YDSRU�� FDUERQ� GLR[LGH�� K\GURFDUERQ� IXHOV� DQG� FDUERQ� PRQR[LGH�� HWF�� 7KH� SDUWLFOHV
LQFOXGH�PDLQO\�VRRW�DQG�SRVVLEO\�RWKHU�SDUWLFOHV�VXFK�DV�SXOYHUL]HG�FRDO�DQG�DVK�

5DGLDWLQJ�JDV�DQG�VRRW�KDYH�TXLWH�GLIIHUHQW� UDGLDWLRQ�EHKDYLRU��$W� WKH�PRGHUDWH� WHPSHUDWXUH�� LQ� WKH
JDV��WKH�HQHUJ\�OHYHO�WUDQVLWLRQV�PDLQO\�KDSSHQ�DV�ERXQG�ERXQG�WUDQVLWLRQ��DQG�ERXQG�IUHH�DQG�IUHH�
IUHH�WUDQVLWLRQV�DUH�UDUH��$FFRUGLQJ�WR�TXDQWXP�WKHRU\��WKH�PROHFXOH�HQHUJ\�OHYHOV�DUH�TXDQWLWL]HG��$V
D� UHVXOW�� WKH� UDGLDWLQJ� JDVHV� DUH� KLJKO\� QRQ�JUD\� VKRZLQJ� VWURQJ� EDQG� UDGLDWLRQ��:DWHU� YDSRU� DQG
FDUERQ� GLR[LGH� DUH� XVXDOO\� WKH� PDLQ� UDGLDWLQJ� JDVHV� LQ� D� FRPEXVWLRQ� V\VWHP�� KDYLQJ� WKHLU� PRVW
LPSRUWDQW�LQIUDUHG�UDGLDWLRQ�EDQGV�FHQWUHG�DW�����������������DQG�����PLFURQV�IRU�ZDWHU�YDSRU������DQG
����PLFURQV�IRU�FDUERQ�GLR[LGH��7KH�GLDWRPLF�PROHFXOHV�LQFOXGLQJ�R[\JHQ�DQG�QLWURJHQ�GR�QRW�UDGLDWH
DW�QRUPDO�FRPEXVWLRQ�WHPSHUDWXUH��,Q�VRPH�VLWXDWLRQV��WKH�JDV�IXHOV�DQG�WKHLU�LQWHUPHGLDWHV�PD\�SOD\
DQ�LPSRUWDQW�UROH�LQ�UDGLDWLRQ��$FFRUGLQJ�WR�0LH¶V�VFDWWHULQJ�WKHRU\��WKH�VFDWWHULQJ�HIILFLHQF\�IDFWRU�LV
SURSRUWLRQDO� WR� WKH�IRXUWK�SRZHU�RI� WKH�SDUWLFOH¶V�VL]H�SDUDPHWHU��6LQFH� WKH�JDV�PROHFXOHV�DUH�PXFK
VPDOOHU�WKDQ�WKH�WKHUPDO�UDGLDWLRQ�ZDYHOHQJWK��WKHLU�FRQWULEXWLRQ�WR�WKH�VFDWWHULQJ�LV�QHJOLJLEOH�
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6RRW�SDUWLFOH�UDGLDWLRQ�LQFOXGHV�ERWK�VFDWWHULQJ�DQG�DEVRUSWLRQ�HPLVVLRQ��EXW�WKH�VFDWWHULQJ�FDQ�DOVR�EH
LJQRUHG�ZKHQ� WKH�SDUWLFOH� LV� VXIILFLHQWO\� VPDOO��6RRW� VKRZV� D� VSHFWUDOO\� FRQWLQXRXV� UDGLDWLRQ� DQG� LV
TXLWH� JUD\� VLQFH� LWV� VSHFWUDO� DEVRUSWLRQ� FRHIILFLHQW� LV� D� ZHDN� IXQFWLRQ� RI� WKH� ZDYHOHQJWK
�DSSUR[LPDWHO\�SURSRUWLRQDO�WR�WKH�LQYHUVH�RI�ZDYHOHQJWK�ZKHQ�WKH�SDUWLFOHV�DUH�VPDOO��

�����6SHFWUDO�UDGLDWLRQ�RI�JDVHV

7KH� VSHFWUXP� RI� D� UDGLDWLQJ� JDV� FRQVLVWV� RI� D� ODUJH� QXPEHU� RI� LQGLYLGXDO� UDGLDWLRQ� OLQHV�� (DFK
LQGLYLGXDO�OLQH�FRUUHVSRQGV�WR�D�WUDQVLWLRQ�EHWZHHQ�WZR�PROHFXODU�TXDQWLWL]HG�HQHUJ\�OHYHOV��+RZHYHU�
WKH� LQGLYLGXDO� OLQH� LV� QRW� H[DFWO\� PRQRFKURPDWLF�� ,W� LV� EURDGHQHG� E\� QDWXUH� EURDGHQLQJ�� FROOLVLRQ
EURDGHQLQJ�DQG�'RSSOHU�EURDGHQLQJ��7KXV��HDFK�LQGLYLGXDO�OLQH�KDV�VRPH�ILQLWH�ZLGWK��7KH�VKDSH�RI
FROOLVLRQ�EURDGHQHG�OLQH�LV�WKH�VDPH�DV�WKDW�RI�QDWXUH�EURDGHQHG�OLQH��EXW�GLIIHUV�IURP�WKDW�RI�'RSSOHU
EURDGHQHG�OLQH��7KH�ZLGWK�RI�WKH�EURDGHQHG�OLQH�LV�GHSHQGHQW�RQ�WKH�EURDGHQLQJ�PHFKDQLVP�DQG�WKH
PL[WXUH¶V� WKHUPDO� VWDWH�� 6LQFH� FROOLVLRQ� EURDGHQLQJ� UHVXOWV� IURP� PROHFXOH¶V� FROOLVLRQV� ZKLFK� DUH
SURSRUWLRQDO�WR�PROHFXOH¶V�QXPEHU�GHQVLW\�DQG�DYHUDJH�VSHHG��LW�LV�QRW�VXUSULVLQJ�WKDW�WKH�KDOI�ZLGWK

RI� WKH� FROOLVLRQ� OLQH� LV� SURSRUWLRQDO� WR�
7

S
�� 7KH� 'RSSOHU� OLQH¶V� KDOI� ZLGWK� LV�� RQ� WKH� FRQWUDU\�

SURSRUWLRQDO� WR� 7 � DQG� WKH� ZDYH� QXPEHU�� :KHQ� FDOFXODWLQJ� UDGLDWLRQ�� DOO� WKH� EURDGHQLQJ
PHFKDQLVPV� VKRXOG� EH� FRQVLGHUHG� LQ� SULQFLSOH��%XW� XVXDOO\� WKH� FROOLVLRQ� EURDGHQLQJ� LV�PXFK�PRUH
LPSRUWDQW�DQG�WKH�SUREOHP�FDQ�EH�VLPSOLILHG��:KHQ�WKH�FROOLVLRQ�OLQH¶V�KDOI�ZLGWK�LV���RU���WLPHV�PRUH
WKDQ�WKDW�RI�WKH�'RSSOHU�OLQH��WKH�'RSSOHU�EURDGHQLQJ�FDQ�EH�LJQRUHG��$W�KLJK�WHPSHUDWXUH�DQG�RU�ORZ
SUHVVXUH��GXH�WR�WKH�GLIIHUHQW�YDULDWLRQ�EHKDYLRUV�RI�WKH�KDOI�ZLGWKV�RI�FROOLVLRQ�DQG�'RSSOHU�OLQHV��DQG
WKDW�WKH�VKLIW�RI�WKH�LPSRUWDQW�SDUW�RI�3ODQFN�IXQFWLRQ�WR�ODUJH�ZDYHQXPEHU�VSHFWUXP��WKH�'RSSOHU�OLQH
FDQ�EHFRPH�LPSRUWDQW�

����6SHFWUDO�UDGLDWLRQ�RI�VRRW�SDUWLFOH

7KH� UDGLDWLRQ� EHKDYLRU� RI� VRRW� SDUWLFOH� YDULHV�ZLWK� WKH� GHWDLO� FKHPLFDO� FRPSRVLWLRQ� RI� WKH� SDUWLFOH�
7KLV� YDULDWLRQ� FDQ� EH� YHU\� FRPSOH[�� DQG� LV� WKXV� RIWHQ� LJQRUHG�� $VVXPLQJ� WKH� VRRW� SDUWLFOHV� DUH
VXIILFLHQWO\�VPDOO�WKDW�WKH�VFDWWHULQJ�FDQ�EH�LJQRUHG��ZH�KDYH�>��@
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4 �LV�WKH�DEVRUSWLRQ�HIILFLHQF\�IDFWRU�� U �WKH�UDGLXV�RI�WKH�LGHDOL]HG�VSKHULFDO�SDUWLFOH�� ��UQ
S

SDUWLFOH� QXPEHU� GHQVLW\�� ℑ � GHQRWHV� WKH� LPDJH� SDUW� DQG� GUUQU
S∫

∞
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�
� π � JLYHV� WKH� VRRW� YROXPH

IUDFWLRQ�
Y
I �

7KH�DERYH�HTXDWLRQ�FDQ�IXUWKHU�EH�ZULWWHQ�DV
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ZKLFK�LQGLFDWHV�WKDW�WKH�VSHFWUDO�UDGLDWLRQ�DEVRUSWLRQ�FRHIILFLHQW�RI�D�VRRW�FORXG�RI�VPDOO�SDUWLFOHV�LV
SURSRUWLRQDO�WR�WKH�VRRW�YROXPH�IUDFWLRQ�DQG�LQYHUVHO\�SURSRUWLRQDO�WR�WKH�ZDYH�OHQJWK�

7KH�FRPSOH[�UHIUDFWLYH�LQGH[�LV�GHSHQGHQW�RQ�WKH�SDUWLFOH¶V�FKHPLFDO�FRPSRVLWLRQ��ZKLFK�LV�H[SHFWHG
WR� YDU\� ZLWK� IXHO� W\SH�� +RWWHO� DQG� 6DURILP� >��@� VXJJHVWHG� D� YDOXH� RI� DERXW� ���� IRU
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��7KHUHIRUH��ZH�DSSUR[LPDWHO\�KDYH�
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:KHQ� FRPSXWLQJ� SDUWLFOH� UDGLDWLRQ�� LW� LV� XVXDOO\� DVVXPHG� WKDW� WKH� VRRW� SDUWLFOH� KDV� WKH� VDPH
WHPSHUDWXUH�DV�WKH�LPPHGLDWH�VXUURXQGLQJ�JDV��7KH�YDOLGLW\�RI� WKLV�DVVXPSWLRQ�FDQ�EH�VXSSRUWHG�E\
WKH�VPDOO�SDUWLFOH�VL]H�DVVXPSWLRQ��)RU�D�VSKHULFDO�SDUWLFOH�RI�GLDPHWHU� ' �LQ�WKH�JDV��WKH�FRQYHFWLRQ
KHDW�WUDQVIHU�

X
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ZKHUH�
F
K �LV�WKH�FRQYHFWLRQ�KHDW�WUDQVIHU�FRHIILFLHQW�� λ WKH�WKHUPDO�FRQGXFWLYLW\�RI�WKH�JDV��7KH�DERYH

HTXDWLRQ�LQGLFDWHV�WKDW�WKH�VPDOOHU�WKH�SDUWLFOH�VL]H��WKH�KLJKHU�WKH�FRQYHFWLRQ�KHDW�WUDQVIHU�FRHIILFLHQW�
WKH�TXLFNHU�WKH�SDUWLFOH�IROORZV�WKH�JDV�WHPSHUDWXUH�KLVWRU\��7KLV�LV�WKH�VDPH�DV�WKDW�ZKLFK�H[SODLQV
ZK\� D� VPDOO� WKHUPDO� FRXSOH� LV� SUHIHUUHG� LQ� RUGHU� WR� PLQLPL]H� WKH� XQFHUWDLQW\� RI� JDV� WHPSHUDWXUH
PHDVXUHPHQW�LQ�D�FRPEXVWLRQ�V\VWHP�

����1DUURZ�EDQG�PRGHO�IRU�D�FRQVWDQW�SDUDPHWHU�SDWK

7KH� VSHFWUXP� RI� D� UDGLDWLQJ� JDV� LV� XVXDOO\� KLJKO\� FRPSOH[�� $OWKRXJK� WKH� H[DFW� VROXWLRQ� RI� JDV
UDGLDWLRQ�FDQ�EH�REWDLQHG�LQ�SULQFLSOH�E\�OLQH�E\�OLQH�FDOFXODWLRQ��LW�UHTXLUHV�KXJH�FRPSXWDWLRQ�HIIRUW
DQG�DOO� WKH�GHWDLOHG�LQIRUPDWLRQ�RI�WKH�LQGLYLGXDO�OLQHV��DQG�LV�WKXV�SURKLELWLYH��7KLV�QHFHVVLWDWHV� WKH
DSSUR[LPDWLRQ� PHWKRG� RI� LQWURGXFLQJ� PRGHOV�� 7KH� QDUURZ� EDQG� PRGHO� LV� WKH� PRVW� DFFXUDWH
HQJLQHHULQJ� PHWKRG� IRU� WKH� HYDOXDWLRQ� RI� UDGLDWLRQ� SURSHUWLHV�� ,Q� WKH� QDUURZ� EDQG� PRGHO�� WKH
HYDOXDWLRQ� LV� FDUULHG� RXW�� QRW� RQ� HYHU\� LQGLYLGXDO� OLQH�� EXW� RQ� VPDOO� VSHFWUXP� LQWHUYDOV�� ZKLFK� DUH

QRUPDOO\� DW� ���� −− FP ��:LWKLQ� HDFK� QDUURZ�EDQG�� WKHUH� DUH�PDQ\� LQGLYLGXDO� OLQHV��7KHUHIRUH�� WKH

SXUSRVH� RI� QDUURZ� EDQG� PRGHOV� LV� WR� DSSUR[LPDWH� WKH� PHDQ� UDGLDWLRQ� SURSHUWLHV� ZLWKLQ� WKH� VPDOO
VSHFWUXP� LQWHUYDOV�� ,Q� RUGHU� WR� H[WUDFW� WKHLU� PHDQ� UDGLDWLRQ� SURSHUWLHV�� WKH� LQIRUPDWLRQ� DERXW� WKH
VWUHQJWK�GLVWULEXWLRQ�� VSDFLQJ��ZLGWK�DQG� VKDSH�RI� WKH� LQGLYLGXDO� OLQHV� DUH�QHHGHG��7KLV� LQIRUPDWLRQ
XVXDOO\�WXUQV�RXW�WR�EH�YHU\�FRPSOLFDWH��$V�D�UHVXOW��DSSUR[LPDWLRQV�DUH�LQWURGXFHG�ZKHQ�FRQVWUXFWLQJ
WKH�QDUURZ�EDQG�PRGHOV��7KH�OLQH�EURDGHQLQJ�PHFKDQLVP�GHVFULEHV�WKH�OLQH�VKDSH�DQG�LWV�ZLGWK��0RVW
LPSRUWDQW� DVVXPSWLRQV� DUH� UHODWHG� WR� OLQH� VWUHQJWK� GLVWULEXWLRQ� DQG� OLQH� VSDFLQJ�� 'LIIHUHQW
DSSUR[LPDWLRQV� RQ� OLQH� GLVWULEXWLRQ� DQG� OLQH� VSDFLQJ� UHVXOW� LQ� GLIIHUHQW� QDUURZ� EDQG� PRGHOV�� 7KH
FKRLFH�RI�D�VSHFLILF�QDUURZ�EDQG�PRGHO�FDQ�EH�EDVHG�RQ�DFFXUDF\�DQG�PDWKHPDWLFDO�VLPSOLFLW\��7KH
DFFXUDF\� RI� D� SDUWLFXODU� QDUURZ� EDQG� PRGHO� UHOLHV� RQ� KRZ� ZHOO� LWV� DVVXPSWLRQV� FRPSO\� ZLWK� WKH
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VSHFWUXP�VWUXFWXUH�RI�WKH�UDGLDWLQJ�PROHFXOH�EHLQJ�FRQVLGHUHG��7KH�UHJXODU�PRGHO��(ODVVHU�PRGHO��LV
PRUH� DSSURSULDWH� IRU� WKH� VLPSOH� PROHFXOHV� ZKLFK� KDYH� DSSUR[LPDWHO\� HTXDO� OLQH� VSDFH� DQG� OLQH
VWUHQJWK��SDUWLFXODUO\�ZKHQ�WKH�4�EUDQFK�LV�QRW�LPSRUWDQW�RU�HYHQ�SUHVHQWHG��)RU�FRPSOH[�PROHFXOHV
ZKLFK�KDYH�LUUHJXODU�OLQH�VWUHQJWK�GLVWULEXWLRQ�DQG�OLQH�VSDFLQJ��WKH�UDQGRP��VWDWLVWLFDO��PRGHO�FDQ�EH
PRUH�DSSOLFDEOH�

7KH�VSHFWUDO�DEVRUSWLRQ�FRHIILFLHQW�DW�DQ\�ZDYHQXPEHU�FDQ�EH�FDOFXODWHG�DV�D�VXP�RI�WKH�FRQWULEXWLRQ
IURP�DOO�WKH�LQGLYLGXDO�OLQHV
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6LQFH� ε � LV� D� QRQ�OLQHDU� IXQFWLRQ� RI� N ��
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ε � FDQQRW� EH� VLPSO\� ZULWWHQ� DV� ��
ZZ
Nε �� HYHQ� IRU� D

KRPRJHQHRXV�DQG�LVRWKHUPDO�SDWK��7KLV�SRLQW�LV�LPSRUWDQW�DQG�VLPLODU�WR�WKDW�LQ�WXUEXOHQW�FRPEXVWLRQ
PRGHOLQJ�ZKHUH� WKH�PHDQ�UHDFWLRQ�UDWHV�FDQQRW�EH�JLYHQ�VROHO\�E\� WKH�PHDQ� WHPSHUDWXUH�DQG�PHDQ
FRQFHQWUDWLRQV�

1DUURZ� EDQG�PRGHO� JLYHV� WKH� DSSUR[LPDWLRQV� IRU�
Z
N � DQG�

Z
ε �� ,Q� WKLV� WKHVLV�� WKH� VR�FDOOHG�*RRG\

PRGHO� LV� DGRSWHG� IRU� WKH� FROOLVLRQ� OLQH� DQG� D� UDQGRP� PRGHO� RI� HTXDO� OLQH� VWUHQJWK� LV� DGRSWHG� IRU
'RSSOHU�OLQH��7KH\�ZLOO�EULHIO\�EH�SUHVHQWHG�EHORZ�

*RRG\�PRGHO�LV�D�UDQGRP�PRGHO�IRU�WKH�FROOLVLRQ�OLQH��ZKHUH�DQ�H[SRQHQWLDO�OLQH�VWUHQJWK�GLVWULEXWLRQ

LV� DVVXPHG�� L�H��� �
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−= �� 7KH� RSWLFDO� WKLFNQHVV� IRU� D� FRQVWDQW� SDUDPHWHU� SDWK� LV
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F
D �LV�WKH�FROOLVLRQ�EURDGHQHG�ILQH�VWUXFWXUH�SDUDPHWHU�GHILQHG�DV
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,Q�WKH�DERYH�HTXDWLRQV�� X �LV�WKH�RSWLFDO�SDWK�OHQJWK��
F

γ �WKH�KDOI�ZLGWK�RI�WKH�FROOLVLRQ�OLQH�� G �WKH�OLQH

VSDFLQJ�DQG�
Z
N � WKH�PHDQ�DEVRUSWLRQ�FRHIILFLHQW� LQ� WKH�ZHDN� OLQH� OLPLW��ZKLFK� LV�HTXDO� WR� WKH�PHDQ

OLQH�VWUHQJWK�WR�VSDFLQJ�SDUDPHWHU� G6 � �� G6 � �DQG� G
� �DUH�WKH�WZR�LPSRUWDQW�EDQG�SDUDPHWHUV��%RWK

DUH�IXQFWLRQV�RI�WHPSHUDWXUH�DQG�ZDYHQXPEHU��,W�LV�LPSRUWDQW�WR�QRWH�WKDW�ERWK� X �DQG�
Z
N �DUH�UHGXFHG

KHUH�WR�WKH�UHIHUHQFH�VWDWH�RI�VWDQGDUG�WHPSHUDWXUH�DQG�SUHVVXUH�

$FFRUGLQJ� WR� WKH� UDQGRP� PRGHO� RI� HTXDO� OLQH� VWUHQJWK�� L�H�� ����
�

6663 −= δ �� WKH� RSWLFDO� SDWK
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γ �GHILQHG�DV�WKH�KDOI�OLQH�ZLGWK�RI�WKH�'RSSOHU�OLQH�

$� IXQFWLRQ� LV� XVHG� WR� FRPELQH� FROOLVLRQ� DQG�'RSSOHU� EURDGHQHG� RSWLFDO� GHSWKV� WR� JLYH� WKH� RYHUDOO
RSWLFDO�GHSWK
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����7KH�&XUWLV�*RGVRQ�DSSUR[LPDWLRQ

7KH�&XUWLV�*RGVRQ�DSSUR[LPDWLRQ�SURYLGHV�D�WZR�SDUDPHWHU�UHSUHVHQWDWLRQ�RI�WKH�RSWLFDO�GHSWK�IRU�D
JHQHUDO� QRQ�KRPRJHQHRXV� QRQ�LVRWKHUPDO� SDWK�� 7KHVH� WZR� SDUDPHWHUV� DQG� WKH� DSSUR[LPDWLRQ
IXQFWLRQ� DUH� LGHQWLILHG� E\� FHUWDLQ� LPSRVHG� FRQGLWLRQV�� 7KH� DSSUR[LPDWLRQ� VKRXOG� JLYH� WKH� NQRZQ
H[DFW�VROXWLRQV�DW�VRPH�OLPLW�UHJLPHV�DQG�UHWXUQ�WR�WKH�H[DFW�IRUPXOD�IRU�D�FRQVWDQW�SDUDPHWHU�SDWK�

)RU� D� FROOLVLRQ� OLQH�� WKH�RSWLFDO� GHSWK�RI� D�JHQHUDO� SDWK� LV� ∫=
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 � DW� WKH�ZHDN� OLQH� OLPLW� DQG



7+(25(7,&$/�02'(/6�����������������������������������������������������������������������������������������������=KHQJKXD�<DQ

��

���

�

�
�� ∫=
X

F

ZF
GX

G
N;

γ
� DW� WKH� VWURQJ� OLQH� OLPLW��7KH�RSWLFDO� GHSWK� RI� WKH� FROOLVLRQ� OLQH� IRU� D� FRQVWDQW

SDUDPHWHU� SDWK� LV� JLYHQ� EHIRUH� DV� �������� −+=
FZZF
DXNXN; �� 7KHVH� FRQGLWLRQV� GHILQH� WKH� RSWLFDO

GHSWK�RI�WKH�FROOLVLRQ�OLQH�IRU�D�JHQHUDO�SDWK�DV

���

 ����� −+=
FF
D;;; �������������������������������������������������������������

ZKHUH 
; �DQG�
F

D �DUH�QRZ�JLYHQ�E\

∫=
X

GXN;
�


 
 ���������������������������������������������������������������������������������



�

�



GX
G

N
;

D
X

F

F ∫= γ
����������������������������������������������������������������������

6LPLODUO\��IRU�D�'RSSOHU�OLQH��ZH�KDYH

( )[ ]{ } ���

�


 �������OQ���
'''

D;D; += ������������������������������������������������

ZKHUH�
'

D �LV�JLYHQ�E\



�

�



GX
G

N
;

D
X

'

' ∫= γ
���������������������������������������������������������������������

7KH�&XUWLV�*RGVRQ�DSSUR[LPDWLRQ�KDV�RQO\�WZR�SDUDPHWHUV��7KH�OLPLWLQJ�FRQGLWLRQV�LPSRVHG�RQ�WKH
GHYHORSPHQW� RI� WKH�&XUWLV�*RGVRQ� DSSUR[LPDWLRQ�PD\� QRW� EH� VXIILFLHQW� WR� JXDUDQWHH� WKH� DFFXUDF\�
SDUWLFXODUO\�ZKHQ�WKH�WHPSHUDWXUH�YDULDWLRQ�DORQJ�WKH�SDWK�LV�VKDUS��,Q�RUGHU�WR�UHGXFH�WKH�HUURU��ZKLFK
PD\� EH� LQWURGXFHG� E\� WKH� &XUWLV�*RGVRQ� DSSUR[LPDWLRQ�� WKH� UDGLDWLQJ� OLQHV� FDQ� EH� GLYLGHG� LQWR
PXOWLSOH�JURXSV��:LWKLQ�HDFK�JURXS��WKH�OLQHV�KDYH�VLPLODU�WHPSHUDWXUH�GHSHQGHQFH��7KLV�UHVXOWV�LQ�WKH
0XOWLSOH�/LQH�*URXS��0/*��PRGHO�>��@�

����1DUURZ�EDQG�FRPSXWDWLRQ�RI�WKH�UDGLDWLRQ�RI�K\GURFDUERQ�JDV�IXHOV

7KH�UDGLDWLRQ�RI�K\GURFDUERQ�JDV�IXHOV�LV�RI�LQWHUHVW�VLQFH�LW�PD\�VLJQLILFDQWO\�DIIHFW�WKH�LJQLWLRQ�DQG
FRPEXVWLRQ� RI� WKH� FRQGHQVHG� IXHOV�� 7KH� K\GURFDUERQ� JDV� IXHO� DULVLQJ� IURP� WKH� HYDSRUDWLRQ� DQG
GHFRPSRVLWLRQ�RI�WKH�FRQGHQVHG�IXHO�PD\�IRUP�D�VXUURXQGLQJ�IXHO�YDSRU�OD\HU��7KLV�JDV�IXHO�OD\HU�FDQ
EXLOG� XS� WKH� UDGLDWLRQ� EORFNDJH� DQG� WKXV� DWWHQXDWH� WKH� UDGLDQW� IHHGEDFN� IURP� WKH� IODPH� WR� WKH
FRQGHQVHG�IXHO�VXUIDFH�>������@�

%URVPHU� DQG�7LHQ�PDGH� ORZ� UHVROXWLRQ� VSHFWUDO� UDGLDWLRQ�PHDVXUHPHQWV� IRU� VRPH� K\GURFDUERQ� JDV
IXHOV� LQFOXGLQJ� &�+�� DQG� &�+�� >���� ��@�� 7KH� VSHFWUDO� GDWD� RI� &�+�� DQG� &�+�� KDYH� EHHQ
LQFRUSRUDWHG� LQWR�QDUURZ�EDQG�FRPSXWDWLRQ� LQ� D� FRRSHUDWLYH� UHVHDUFK�RQ� UDGLDWLRQ�EORFNDJH�ZLWK� -�
GH5LV��)05&��86$��
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)LJ����%DQG�DEVRUSWLRQ�DQG�HPLVVLYLW\�RI�&�+���1RWH��3D/�LV�WKH�SUHVVXUH�SDWK�OHQJWK�

7KH�PDLQ� &�+�� LQIUDUHG� UDGLDWLRQ� EDQGV� DUH� FHQWHUHG� DW� ����� ����� ����� ���� DQG� ����� PLFURQV�� 7KH
QDUURZ�EDQG�FDOFXODWLRQV�RI�LWV�EDQG�DEVRUSWLRQ�DQG�HPLVVLYLW\�DUH�VKRZQ�LQ�)LJ�����ZKLFK�DUH�LQ�JRRG
DJUHHPHQW�ZLWK�%URVPHU�DQG�7LHQ¶V�PHDVXUHPHQWV�DQG�WKH�ZLGH�EDQG�PRGHO�FRUUHODWLRQ�>FI��5HI����@�

7KH� LPSRUWDQW�&�+�� LQIUDUHG� UDGLDWLRQ�EDQGV� DUH� DW� ����������� DQG������PLFURQV��)LJ�� �� VKRZV� WKH
QDUURZ�EDQG�FDOFXODWLRQV�RI�LWV�EDQG�DEVRUSWLRQ�DQG�HPLVVLYLW\��ZKLFK�DJUHH�ZHOO�ZLWK�%URVPHU�DQG
7LHQ¶V�PHDVXUHPHQWV�DQG�WKH�ZLGH�EDQG�PRGHO�FRUUHODWLRQ�>FI��5HI����@��ZKLOH�WKH�GLIIHUHQFH�VWDUWV�WR
DSSHDU�LQ�WKH�HPLVVLYLW\�GDWD�DW�KLJK�SUHVVXUH�SDWK�OHQJWKV�

)LJ����%DQG�DEVRUSWLRQ�DQG�HPLVVLYLW\�RI�&�+�
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����'HYHORSPHQW�RI�D�IDVW�QDUURZ�EDQG�PRGHO��)$671%�

7KH� QDUURZ� EDQG�PRGHO� LV� WKH�PRVW� DFFXUDWH� HQJLQHHULQJ� DSSUR[LPDWLRQ� PHWKRG�� EXW� LW� LV� XVXDOO\
H[SHQVLYH� WR� LPSOHPHQW�� 7KH� VSHHG� RI� QDUURZ� EDQG� FRPSXWDWLRQ� LV� RI� FULWLFDO� LPSRUWDQFH�� ,Q� WKLV
WKHVLV�� D� IDVW� QDUURZ� EDQG� FRPSXWHU� PRGHO�� )$671%�� ZKLFK� SUHGLFWV� WKH� UDGLDWLRQ� LQWHQVLW\� LQ� D
JHQHUDOO\� QRQ�LVRWKHUPDO�DQG�QRQ�KRPRJHQHRXV�FRPEXVWLRQ�HQYLURQPHQW�ZDV�GHYHORSHG��)$671%
SURYLGHV� DQ� DFFXUDWH� FDOFXODWLRQ� DW� UHDVRQDEO\� IDVW� VSHHG�� :KHQ� FRPSDUHG� ZLWK� *URVVKDQGOHU
V
QDUURZ�EDQG�PRGHO��5$'&$/�>��@��ZKLFK�KDV�EHHQ�YHULILHG�TXLWH�H[WHQVLYHO\�DJDLQVW�H[SHULPHQWDO
PHDVXUHPHQWV�� )$671%� LV�PRUH� WKDQ� ��� WLPHV� IDVWHU� DQG� JLYHV� DOPRVW� H[DFWO\� WKH� VDPH� UHVXOW� DV
5$'&$/��DV�VKRZQ�LQ�)LJ�����7KH�GHWDLOV�DUH�UHIHUUHG�WR�SDSHU���RI�WKLV�WKHVLV�

)LJ�� �� &RPSDULVRQ� RI� WRWDO� LQWHQVLWLHV�� IRU� D� SDWK� RI� SDUDEROLF� PLQLPXP� WHPSHUDWXUH� DQG

FRQFHQWUDWLRQV��ZLWK�DQ�HYHQ� VRRW�YROXPH� IUDFWLRQ�RI� ������ −× ��1RWH�� VSHHG� UDWLR� LV�GHILQHG�DV� WKH
&38�WLPH�UHTXLUHG�E\�5$'&$/�RYHU�WKH�&38�WLPH�UHTXLUHG�E\�)$671%�

����,QWHJUDO�PRGHO

:LWK�YHULILHG�VSHFWUDO�GDWD��WKH�VSHFWUDO�QDUURZ�EDQG�PHWKRG�SURYLGHV�WKH�EHVW�HQJLQHHULQJ�DFFXUDF\
DQG�DSSOLFDELOLW\� IRU� UDGLDWLRQ�SURSHUW\�HYDOXDWLRQ��)RU�D� VLPSOH� LVRWKHUPDO�DQG�KRPRJHQHRXV�SDWK�
EDVHG�RQ�FXUYH�ILWWLQJ��LQWHJUDO�PHWKRGV�>�����@�DUH�DOVR�DYDLODEOH�WR�HVWLPDWH�WKH�WRWDO�HPLVVLYLW\�DQG
DEVRUSWLYLW\�RI�+�2��&2��DQG�VRRW��7KH�PHWKRG�SURSRVHG�E\�0RGDN� LV�HPSOR\HG� LQ� WKLV�ZRUN�DQG
ZLOO�EH�EULHIO\�SUHVHQWHG�EHORZ�

7KH� WRWDO� UDGLDWLRQ� SURSHUWLHV� RI� VRRW� FDQ� EH� REWDLQHG� GLUHFWO\� IURP� LQWHJUDWLRQ� RI� LWV� VSHFWUDO
DEVRUSWLRQ� FRHIILFLHQW�� $VVXPLQJ� WKH� FRPSOH[� UHIUDFWLYH� LQGH[�� LNQP −= �� LV� LQGHSHQGHQW� RI� WKH
ZDYHQXPEHU��IRU�D�FRQVWDQW�SDUDPHWHU�SDWK�RI�OHQJWK� O ��WKH�DEVRUSWLYLW\�RI�VRRW�LV�JLYHQ�E\�>��@
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V �� RI� WKH�PL[WXUH� RI� &2�� DQG�+�2� DW

WHPSHUDWXUH�
V

7 �

7KH�DEVRUSWLYLW\�RI�WKH�PL[WXUH�RI�VRRW��&2��DQG�+�2�FDQ�EH�ILQDOO\�FDOFXODWHG�E\
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,W�VKRXOG�EH�QRWHG�WKDW�DQ�XQNQRZQ�HUURU�FRXOG�EH�LQWURGXFHG�LI�WKH�LQWHJUDO�PHWKRG�LV�DSSOLHG�RXWVLGH
WKH�UDQJH�RI�LWV�YDOLGLW\��VXFK�DV�WR�D�QRQ�LVRWKHUPDO�DQG�QRQ�KRPRJHQHRXV�SDWK�

����0RGHOLQJ�RI�WKH�5HVSRQVH�RI�6ROLG�0DWHULDO

7KH� VROLG� PDWHULDO� UHVSRQGV� DQG� IHHGV� EDFN� WR� WKH� VWDWH� YDULDWLRQ� RI� LWV� VXUURXQGLQJ� JDVHV�� ,Q� D
FRPEXVWLRQ�V\VWHP��ZKLFK�PD\�H[SHULHQFH�GUDVWLF�FKDQJH�LQ�VWDWH��WKH�SURFHVVHV�KDSSHQLQJ�LQVLGH�WKH
SUHVHQWHG� VROLG� PDWHULDOV� DQG� WKH� LQWHUDFWLRQ� EHWZHHQ� JDV� DQG� VROLG� SKDVHV� PXVW� SURSHUO\� EH
FRQVLGHUHG��7KH�PRVW�LPSRUWDQW�SURFHVVHV�LQVLGH�D�FRPEXVWLEOH�VROLG�PDWHULDO�LQFOXGH�KHDW�FRQGXFWLRQ
DQG�S\URO\VLV��ZKLFK�ZLOO�EH�GLVFXVVHG�LQ�WKH�IROORZLQJ�

������+HDW�FRQGXFWLRQ�LQVLGH�D�VROLG�ZDOO

+HDW� FRQGXFWLRQ� LQVLGH� D� ZDOO� GHWHUPLQHV� WKH� LQWHUQDO� WHPSHUDWXUH� GLVWULEXWLRQ� DQG� SURYLGHV� WKH
QHFHVVDU\� ERXQGDU\� FRQGLWLRQ� IRU� WKH� JDV� SKDVH� FDOFXODWLRQ�� )RU� DQ� LQHUW� ZDOO�� WKH� KHDW� EDODQFH� LV
GHVFULEHG�E\�WKH�IROORZLQJ�WUDQVLHQW�KHDW�FRQGXFWLRQ�HTXDWLRQ
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:KHQ�D� VROLG�ZDOO� LV� H[SRVHG� WR� D� IODPH�� WKH�KHDW� FRQGXFWLRQ� DORQJ� WKH�SHUSHQGLFXODU�ZDOO� VXUIDFH
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ZKHUH�
IOX[

5 � UHSUHVHQWV� WKH� QHW� UDGLDWLRQ� IOX[��
JDV

7 � LV� WKH� WHPSHUDWXUH� RI� WKH� JDV� FORVH� WR� WKH� ZDOO

VXUIDFH�DQG�
F
K �LV�WKH�FRQYHFWLRQ�KHDW�WUDQVIHU�FRHIILFLHQW��7KHVH�SDUDPHWHUV�DUH�SURYLGHG�E\�WKH�JDV

SKDVH�PRGHOLQJ�RI�WXUEXOHQW�FRPEXVWLRQ�

7KH� DFFXUDF\� UHTXLUHPHQW� RI� WKH� QXPHULFDO� VROXWLRQ� RI� WKLV� KHDW� FRQGXFWLRQ� HTXDWLRQ� QHFHVVLWDWHV
DGRSWLRQ�RI�D�JULG�ZKLFK�FDQ�EH�PXFK�ILQHU�WKDQ�WKDW�XVHG�LQ�WKH�JDV�SKDVH�FRPSXWDWLRQ��7KHUHIRUH��D
VHSDUDWH� JULG� V\VWHP� LV� HPSOR\HG� LQ� WKH� VROLG� SKDVH� FDOFXODWLRQ�� ,Q� WKH� VLPSOLILHG� RQH�GLPHQVLRQDO
FDVH�� WKH�VXUIDFH�RI�D�ZDOO� LV�VXEGLYLGHG� LQWR�PDQ\�VPDOO�HOHPHQWV�DFFRUGLQJ� WR� WKH�JDV�SKDVH�JULG�
DQG� DORQJ� WKH� GLUHFWLRQ� ZKLFK� LV� SHUSHQGLFXODU� WR� WKH� VXUIDFH�� HDFK� HOHPHQW� LV� UHSUHVHQWHG� E\� D
QXPEHU�RI�WKLQ�VOLFHV��ZKLFK�FDQ�EH�OHVV�WKDQ���PP�WKLFN�

������3\URO\VLV�PRGHOLQJ

7KH�GHWDLOHG�S\URO\VLV�PRGHOLQJ�RI� VROLG� IXHOV� LV� D� YHU\�GLIILFXOW� WDVN� VLQFH� WKH�S\URO\VLV� LV� XVXDOO\
KLJKO\�FRPSOH[�

)RU�PRVW�FRPEXVWLEOH�VROLG�PDWHULDOV��WKH�DFWLYDWLRQ�HQHUJ\�RI�WKH�S\URO\VLV�LV�ODUJH�>��@��'XH�WR�WKH
ODUJH� DFWLYDWLRQ� HQHUJ\� DQG� WKH� HQGRWKHUPLF� IHDWXUH� RI� WKH� S\URO\VLV� SURFHVV�� WKH� S\URO\VLV�PDLQO\
KDSSHQV� LQ� D� QDUURZ� WHPSHUDWXUH� UDQJH�� 7KH� DSSUR[LPDWH� FRQVWDQF\� RI� WKH� S\URO\VLV� WHPSHUDWXUH
VXJJHVWV�WKDW�EHORZ�WKH�S\URO\VLV�WHPSHUDWXUH� 7 �� WKH�S\URO\VLV�UHDFWLRQ�SURFHHGV�DW�QHJOLJLEOH�UDWH�

EXW� DERYH� WKH� S\URO\VLV� WHPSHUDWXUH�� WKH� FKHPLVWU\� EHFRPHV� VR� IDVW� WKDW� WKH� S\URO\VLV� UDWH� LV� WKHQ
HVVHQWLDOO\� GHWHUPLQHG� E\� WKH� SK\VLFDO� KHDW� WUDQVIHU�� 7KHUHIRUH�� DV� IDU� DV� WKH� PDVV� UHOHDVH� UDWH� LV
FRQFHUQHG��WKH�S\URO\VLV�FDQ�ZHOO�EH�GHVFULEHG�E\�WKH�KHDW�EDODQFH�ZLWKRXW�WKH�QHHG�RI�JRLQJ�WR�WKH
GHWDLO� RI� FKHPLFDO� UHDFWLRQ� UDWHV� ZKLFK� ZLOO� OLNHO\� LQYROYH� PDQ\� XQNQRZQ� FKHPLFDO� PHFKDQLVP
SDUDPHWHUV�

7KH�S\URO\VLV�UHDFWLRQ�FDQ�EH�GHVFULEHG�LQ�D�VLPSOLILHG�IRUP�DV

&KDUSURGXFWV9RODWLOHPDWHULDO9LUJLQ +→

)RU�D�QRQ�FKDUULQJ�PDWHULDO��FKDU�ZLOO�QRW�EH�SURGXFHG�GXULQJ�WKH�S\URO\VLV�

6LQFH�FKHPLFDO� UHDFWLRQV�GR�QRW� DIIHFW� WKH� WRWDO� HQWKDOS\� LQ� D� UHDFWLQJ� V\VWHP�� WKH�RQH�GLPHQVLRQDO
HTXDWLRQ�RI�HQHUJ\�EDODQFH�LQ�D�S\URO\VLQJ�PDWHULDO�FDQ�EH�ZULWWHQ�DV

��
�

���

[
7

N
[[

KP
W

KKK
YROYROYROFKDUFKDUYLUYLU

∂
∂

∂
∂

∂
∂

∂
ρρρ∂ =+++ &

�����������������������������������

ZKHUH� K �LV�WKH�WRWDO�HQWKDOS\�DQG� 

P& �LV�WKH�PDVV�IOX[�RI�WKH�YRODWLOH�SURGXFWV��7KH�WKUHH�WHUPV�LQ�WKH
DERYH� HTXDWLRQ� UHSUHVHQW� WKH� HQHUJ\� VWRULQJ�� HQHUJ\� FRQYHFWLRQ� GXH� WR� WKH� IORZ� RI� WKH� YRODWLOH
SURGXFWV�DQG�KHDW�FRQGXFWLRQ��UHVSHFWLYHO\��7KH�HIIHFWV�RI�SUHVVXUH�YDULDWLRQ�DQG�IORZ�NLQHWLF�HQHUJ\
DUH�LJQRUHG�

7KH�PDVV�FRQWLQXLW\�JLYHV
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)RU� VLPSOLFLW\��ZH�DVVXPH�DQ� LQVWDQW�HVFDSH�RI� WKH�YRODWLOH�SURGXFWV� IURP� WKH� VROLG��7KXV��ZH�KDYH

�=
W
YRO

∂
ρ

�DQG� �=
YRO

ρ ��,I�ZH�IXUWKHU�ZULWH�
FKDUYLU

ρρ + �DV�
V

ρ �DQG�DVVXPH�
VFKDUYLU
KKK == ��ZKHUH�WKH

VXEVFULSW� V �GHQRWHV�WKH�VROLG��WKH�DERYH�WZR�HTXDWLRQV�FDQ�EH�UHZULWWHQ�DV

��
�

���

[
7

N
[[

KP

W

K
YROVV

∂
∂

∂
∂

∂
∂

∂
ρ∂ =+

&
��������������������������������������������������

�


 =+

[
P

W
V

∂
∂

∂
∂ρ &

���������������������������������������������������������������

&RPELQLQJ�(TV�����DQG����JLYHV

[ ] [ ]
��

��

��
����

[
7

N
[[

KKP

W

KK
VYROVVV

∂
∂

∂
∂

∂
∂

∂
ρ∂

=
−

+
− &

�����������������������������

ZKHUH�
��V

K �LV�WKH�WRWDO�HQWKDOS\�RI�WKH�VROLG�DW�D�UHIHUHQFH�WHPSHUDWXUH�
�
7 �DQG�

��VV
KK − �LV�WKH�VHQVLEOH

HQWKDOS\�JLYHQ�E\� ∫=−
7

7
VSVV
G7FKK

�

���

��)RU�ODWHU�FRQYHQLHQFH��ZH�GHILQH� ∫=−=
7

7
VSVVV
G7FKK+

�

���

�

7KH�WRWDO�HQWKDOS\�RI�YRODWLOH�SURGXFWV�FDQ�EH�ZULWWHQ�DV

∫++=
7

7
YROSS\7VYRO

S
S

G7F+KK
��

���������������������������������������������������������������

ZKHUH�
S\

+ �LV�WKH�FKHPLFDO�FRQYHUWLQJ�KHDW�DVVRFLDWHG�ZLWK�XQLW�PDVV�RI�YRODWLOH�SURGXFWV��DQG�FDQ�EH

FDOFXODWHG�E\�WKH�GLIIHUHQFH�LQ�WRWDO�HQWKDOS\�RI�YLUJLQ�PDWHULDO�DQG�YRODWLOH�SURGXFWV�DW� WHPSHUDWXUH

S
7 ��L�H�

��
�

�
������� ∫+−=−=−= S

SSSSS

7

7
YLUS7YLU7YRO7YLU7YRO7V7YROS\
G7FKKKKKK+ ���������������������������

,W� LV�ZRUWK�SRLQWLQJ�RXW� WKDW�
SS

+ � LV� DSSUR[LPDWHO\� FRQVWDQW� IRU� D� VSHFLILF�PDWHULDO� DQG� LV� GLIIHUHQW

IURP�WKH�KHDW�RI�JDVLILFDWLRQ��
J

+ ��ZKHUH

[ ]
WRWDO

IOX[[JF

P

577K

WRWDOQHWJ
PT+

&

&& +− === ��
� ���������������������������������������������������

ZKLFK�LV�D�ORFDO�DQG�WUDQVLHQW�YDOXH�DQG�FKDQJHV�FRQVLGHUDEO\�GXULQJ�WKH�S\URO\VLV�SURFHVV�>��@��)RU
WKH�WKHUPDOO\�WKLFN�YDSRUL]LQJ�PDWHULDO��DW�VWHDG\�VWDWH



7+(25(7,&$/�02'(/6�����������������������������������������������������������������������������������������������=KHQJKXD�<DQ

��

∫+=−= S

S

7

7
YLUSS\7YLU7YROJ
G7F+KK+

�
�

���

���������������������������������������������

$VVXPLQJ�HTXDO�VSHFLILF�KHDWV��(T�����EHFRPHV

S\VYRO
+KK += ��������������������������������������������������������������������

DQG�WKH�O�K�V�RI�(T�����FDQ�EH�UHRUJDQL]HG�DV

������������������������������������������
[ ] [ ]

[

KKP

W

KK
VYROVVV

∂
∂

∂
ρ∂ ��

��

����

−
+

− &

������������������������������������������
[ ]

[

++P

W
+ VS\VV

∂
∂

∂
ρ∂ ��

�� +

+=
&

������������������������������������������
[ ] [ ]

[

++P

[

++P

W
+

SS
7V7S\

VV

∂
∂

∂
∂

∂
ρ∂ ��

��

�� −

+
+

+=
&&

[ ]
[

++P
++P

W
+

S

S

7V

7S\

VV

∂
∂

∂
ρ∂ ��



��



�� −

+++=
&

& ��������������������������������������

ZKHUH� �







 ≥=−=
[
P

W
P V

∂
∂

∂
∂ρ &

& �� UHSUHVHQWLQJ� WKH� PDVV� ORVV� UDWH� RI� WKH� S\URO\VLQJ� PDWHULDO� SHU� XQLW

YROXPH�

6LQFH�WKH�S\URO\VLV�KDSSHQV�LQ�D�QDUURZ�WHPSHUDWXUH�UDQJH�DURXQG�
S

7 ��ZH�FDQ� WKHUHIRUH�UHZULWH� WKH

DERYH�HTXDWLRQ�DSSUR[LPDWHO\�DV��IRU�FRQYHQLHQFH��WKH�VXEVFULSW� V �ZLOO�EH�GURSSHG�IURP� ρ �DQG� +

LQ�WKH�IROORZLQJ�

[ ]
��

��


��




�� �

[
7

N
[[

++P
++P

W
+

S
7YROYRO

S\ ∂
∂

∂
∂

∂

∂

∂
ρ∂ =

−
+++

&
& ��������������������������

ZKHUH�WKH�WKLUG�WHUP�LV�WKH�HQHUJ\�UHTXLUHG�WR�KHDW�WKH�YDSRULVHG�JDV�DV�LW�IORZV�WR�WKH�VROLG�VXUIDFH�
7KLV� WHUP� KDV� QR� LPSRUWDQW� HIIHFW� LQ� WKLV� VWXG\�� WKXV� LW� LV� LJQRUHG� KHUH�� %XW� LW� FDQ� EH� YHU\� HDVLO\
LQFOXGHG�

1RWLQJ� WKDW�
W

7
F

W
+

W

+

W
+

W

+
S ∂

∂+
∂
∂=

∂
∂+

∂
∂= ρρρρ

∂
ρ∂ ��

� DQG�
W

P
∂
∂ρ−=


& �� WKH� DERYH� HTXDWLRQ� FDQ� EH

UHZULWWHQ�DV

��



[

7
N

[
+P

W

7
F

S\S ∂
∂

∂
∂

∂
∂ρ =+ & �������������������������������������������������������



7+(25(7,&$/�02'(/6�����������������������������������������������������������������������������������������������=KHQJKXD�<DQ

��

$VVXPSWLRQV� KDYH� EHHQ� LQWURGXFHG� GXULQJ� WKH� GHULYDWLRQ� RI� WKH� VLPSOLILHG� HQHUJ\� FRQVHUYDWLRQ
HTXDWLRQ��7KHVH�DVVXPSWLRQV�FDQ�EH�PRUH� MXVWLILHG� IRU�QRQ�FKDUULQJ�PDWHULDOV��7R�EH�PRUH�JHQHUDO�
DVVXPSWLRQV�FDQ�EH�OLIWHG�DW�WKH�H[SHQVH�RI�LQFUHDVLQJ�WKH�FRPSOH[LW\�

$V�PHQWLRQHG�EHIRUH��WKH�S\URO\VLV�UDWH�LV�VORZ�ZKHQ�WKH�PDWHULDO�WHPSHUDWXUH�LV�EHORZ�LWV�S\URO\VLV
WHPSHUDWXUH��

S
7 ��DQG�EHFRPHV�IDVW�ZKHQ�WKH�WHPSHUDWXUH�LV�DERYH�

S
7 ��$V�DQ�DSSUR[LPDWLRQ��ZH�FDQ

UHDVRQDEO\�DVVXPH�WKDW�

•� 7KH�PDWHULDO�ZLOO�VWDUW�WR�S\URO\VH�RQO\�ZKHQ�LWV�WHPSHUDWXUH�UHDFKHV�WKH�S\URO\VLV�WHPSHUDWXUH

•� 2QFH� VWDUWHG�� WKH� HQGRWKHUPLF� S\URO\VLV� SURFHVV� ZLOO� DGMXVW� LWV� UDWH� WR� NHHS� WKH� PDWHULDO
WHPSHUDWXUH�DW�WKH�S\URO\VLV�WHPSHUDWXUH�XQWLO�WKH�PDWHULDO�LV�FRPSOHWHO\�S\URO\VHG

7KXV�ZH�KDYH

��
[

7
N

[W

7
F
S ∂

∂
∂
∂

∂
∂ρ = ������������ZKHQ�

S
77 ≤ �RU�

FKDU
ρρ ≡ ���������������������������������

��



[

7
N

[
+P

S\ ∂
∂

∂
∂=& ����������ZKHQ�

S
77 ≥ �DQG�

FKDU
ρρ > �������������������������������

7R� LPSOHPHQW� WKH� QXPHULFDO� VROXWLRQ��(T�� ��� QHHGV� WR� EH� GLVFUHWLVHG� ILUVW��8VLQJ� WKH� IXOO\� LPSOLFLW
EDFNZDUG�WLPH�VWHSSLQJ�DQG�FHQWUDO�VSDFH�GLIIHUHQFH�VFKHPH��WKH�GLVFUHWLVHG�HTXDWLRQ�FDQ�EH�ZULWWHQ
DV

�

 �

�����

�

�����




[
77

N
[
77

N+P[
W
77

F QQ

QQ

QQ

QQS\[

QQ

S δδ
δρ δ

−
−

+
+

−−−=+
∆
−

& �����������������������������

ZKHUH�WKH�SULPH�LQGLFDWHV�WKH�SUHYLRXV�WLPH�VWHS�� 


[

Pδ& � LV� WKH�PDVV�ORVV�UDWH�SHU�XQLW�DUHD�RI�WKH�
[

δ
WKLFN�VWULS��WKH�IRRWQRWH�RI�WKH�FRQGXFWLYLW\� N �GHQRWHV�WKH�WZR�WHPSHUDWXUH�QRGHV�EHWZHHQ�ZKLFK�WKH
VXUIDFH�RI�WKH�FRQWURO�YROXPH�LV�ORFDWHG�

)RU�FRQYHQLHQFH��ZH�UHRUJDQL]H�WKH�GLVFUHWH�HTXDWLRQ�DV

XQZQHQS
67$7$7$ ++= −+ ��
������������������������������������������������������������

ZKHUH

[

N
$ QQ

H δ
����� += ������

[

N
$ QQ

Z δ
����� −= ������������������������������������������������������

W[F$$$
SZHS

∆++= �δρ ��������������������������������������������������������������



7+(25(7,&$/�02'(/6�����������������������������������������������������������������������������������������������=KHQJKXD�<DQ

��

S\[QSX
+PW[7F6 

�


δδρ &−∆= ���������������������������������������������������������

6LQFH� WKH�FRQGXFWLYLW\�� N �� LV�JHQHUDOO\�D� IXQFWLRQ�RI� WHPSHUDWXUH�� LW�PD\�YDU\�ZLWK� [ � DQG� LW� LV�QRW
QHFHVVDU\�IRU�

H
$ �WR�EH�HTXDO�WR�

Z
$ �

7KH� IXOO\� LPSOLFLW� GLIIHUHQFH�ZLOO� QHFHVVLWDWH� WKH� QXPHULFDO� LWHUDWLRQ��:KHQ� WKH� S\URO\VLV�PRGHO� LV
XVHG�DW� WKH� VWDQG�DORQH�PRGH��RQH�PD\�DYRLG� WKH� LWHUDWLRQ�E\�HPSOR\LQJ� D� VHPL�LPSOLFLW� GLIIHUHQFH
ZLWK�VRPH�SURSHUWLHV�SURSHUO\�HYDOXDWHG�DW�SUHYLRXV�WLPH�VWHS��DV�SUHVHQWHG�LQ�SDSHU����+RZHYHU��WKH
IXOO\�LPSOLFLW�SURFHGXUH�LV�SUHIHUUHG�LQ�IODPH�VSUHDG�VLPXODWLRQV�VLQFH�WKH�S\URO\VLV�QHHGV�WR�EH�VROYHG
LQ�DQ�LWHUDWLYH�IDVKLRQ�FRXSOHG�ZLWK�&)'�FRPSXWDWLRQ�GXH�WR�WKH�FRPSOH[�LQWHUDFWLRQ�EHWZHHQ�WKH�JDV
DQG�VROLG�SKDVHV�

,Q�RUGHU�WR�JHW�D�UHDVRQDEOH�UHVXOW�IRU�WKH�PDVV�ORVV�UDWH��D�YHU\�ILQH�JULG�ZDV�UHTXLUHG�WR�UHVROYH�WKH
S\URO\VLQJ�OD\HU�DQG�ORFDWH�WKH�S\URO\VLV�IURQW��+RZHYHU��WKLV�YHU\�ILQH�JULG�LV�XQQHFHVVDU\�DQG�YHU\
H[SHQVLYH� IRU� WKH� WHPSHUDWXUH�VROXWLRQ��7KLV� LQFRQVLVWHQF\� LV�RYHUFRPH�E\� LQWURGXFLQJ�D�GXDO�PHVK
FRQFHSW�ZKHUH� D� UHODWLYHO\� FRDUVHU� JULG� LV� GHILQHG� IRU� WHPSHUDWXUH� VROXWLRQ� DQG� WKHQ� UHILQHG� LQWR� D
VHFRQG�JULG�IRU�WKH�PDVV�ORVV�UDWH�FDOFXODWLRQ��DV�VKRZQ�LQ�)LJ�����

7�

7�

7�

7�

7�

&KDU�OD\HU��LI�FKDUULQJ�PDWHULDO� 3\URO\VLQJ�]RQH 9LUJLQ�PDWHULDO

)LJ�����7HPSHUDWXUH�VROXWLRQ�JULG�DQG�LWV�UHILQHPHQW��([DPSOH�ZLWK� �=1 �� ��=0 ��ZKHUH� 1 �LV�WKH
FRDUVHU�JULG�QXPEHU�DQG�0 �LV�WKH�UHILQHG�JULG�QXPEHU�LQ�D�FRDUVHU�JULG�

7KH�WHPSHUDWXUH�RI�WKH�UHILQHG�JULG��P��RI�WKH�FRDUVHU�JULG��Q���ZH�ZLOO�GHQRWH�WKLV�JULG�DV�JULG� ��� PQ

ODWHU���
PQ

7
�

�LV�REWDLQHG�E\�LQWHUSRODWLRQ��DV�VKRZQ�LQ�)LJ������DVVXPLQJ�D�OLQHDU�GLVWULEXWLRQ�EHWZHHQ

Q
7 �DQG�

�+Q7 �

'XULQJ� WKH� LWHUDWLRQ��
PQ

7
�

� PD\� H[FHHG� WKH� S\URO\VLV� WHPSHUDWXUH�� ,Q� DQG� RQO\� LQ� WKLV� FDVH�� WKH

HQGRWKHUPLF�S\URO\VLV�ZLOO�EH�LQGXFHG�DQG�WKHQ�LW�ZLOO�DGMXVW�LWVHOI�WR�OLPLW�WKH�ORFDO�WHPSHUDWXUH�WR�WKH
S\URO\VLV�WHPSHUDWXUH��7KXV��IURP�(T������IRU�DQ�DUELWUDU\�UHILQHG�JULG� ��� PQ ��WKH�HQHUJ\�DYDLODEOH�IRU

S\URO\VLV�FDQ�EH�DSSUR[LPDWHG�DV



7+(25(7,&$/�02'(/6�����������������������������������������������������������������������������������������������=KHQJKXD�<DQ

��

[ ]077$+
SPQSPQ
�������PD[

��

−= ��������������������������������������������������

ZKHUH�0 �KDV�EHHQ�GHILQHG�LQ�)LJ�����

7KH�DERYH�HQHUJ\�H[FHVV�DOORZV�WKH�S\URO\VLQJ�OD\HU�WR�VSUHDG�RYHU�VRPH�QXPHU�RI�UHILQHG�JULGV�DQG
SURYLGHV�RQH�QHFHVVDU\��EXW�QRW�VXIILFLHQW��IDFWRU�WR�GHWHUPLQH�WKH�S\URO\VLV�UDWH�

,Q� RUGHU� WR� ILQDOO\� FDOFXODWH� WKH� S\URO\VLV� UDWH�� RQH� DOVR� QHHGV� WR� NQRZ� WKH� PDVV� RI� WKH� YRODWLEOH
PDWHULDO�UHPDLQLQJ�LQ�WKH�UHILQHG�JULG� ��� PQ ��7KH�YRODWLEOH�PDVV�UHPDLQLQJ�LQ�D�UHILQHG�JULG�FDQ�EH

HDVLO\� FDOFXODWHG� E\� PRQLWRULQJ� LWV� GHQVLW\� KLVWRU\�� +RZHYHU�� WKLV� ZRXOG� UHTXLUH� PXFK� PHPRU\
VWRUDJH��SDUWLFXODUO\�ZKHQ�GHDOLQJ�ZLWK�D�ODUJH�QXPEHU�RI�S\URO\VLQJ�VROLG�HOHPHQWV�LQ�IODPH�VSUHDG
VLPXODWLRQV�� ,Q� RUGHU� WR�PLQLPL]H� WKH�PHPRU\� XVDJH� DQG�PDNH� WKH� GDWD� VWUXFWXUH� RI� WKH� FRPSXWHU
SURJUDP�PRUH� WLG\�� RQO\� WKH� YDULDWLRQ� RI� WKH� DYHUDJH� GHQVLW\� RI� WKH� FRDUVHU� JULGV� LV� IROORZHG�� 7KH
GHQVLW\�RI�D�UHILQHG�JULG�LV�FDOFXODWHG�E\�DVVXPLQJ�D�VSHFLILF�GHQVLW\�GLVWULEXWLRQ�LQ�WKH�FRDUVHU�JULG�
)RU�D�FRDUVHU�JULG�RI�DQ�DYHUDJH�GHQVLW\�ZKLFK�LV�HTXDO�WR�

FKDU
ρ �RU�

YLU
ρ ��WKH�GHQVLW\�RI�LWV�UHILQHG�JULG

ZLOO�VLPSO\�EH�WKH�VDPH�DV�WKH�DYHUDJH�GHQVLW\��)RU�D�SDUWO\�S\URO\VHG�FRDUVHU�JULG��LI�ZH�DVVXPH�WKDW
WKH�FKDU�OD\HU�DQG�WKH�YLUJLQ�PDWHULDO�LV�VHSDUDWHG�E\�D�VLQJOH�SDUWO\�S\URO\VHG�UHILQHG�JULG��WKH�GHQVLW\
RI�D� UHILQHG�JULG�ZLOO�EH�HLWKHU�

U
ρ ��

YLU
ρ �RU�

YLUFKDUPL[
P0P0 ρρρρ �����


��
−−−−= �� ,Q� WKH�

PL[
ρ

IRUPXOD�� 
ρ � LV� WKH� DYHUDJH� GHQVLW\� RI� WKH� FRDUVHU� JULG�� WKH� LQWHJHU�
�

P � ORFDWHV� WKH� DVVXPHG� SDUWO\

S\URO\VHG�UHILQHG�JULG�DQG�FDQ�EH�GHWHUPLQHG�E\�UHTXLULQJ�
YLUPL[

ρρρ <<
 �

)RU�DQ�DUELWUDU\�UHILQHG�JULG� ��� PQ ��WKH�GHQVLW\�FDQ�EH�JHQHUDOL]HG�E\�D�VLQJOH�IRUPXOD

[ ]��PD[��PLQ
� PL[FKDUYLUPQ

ρρρρ = ��������������������������������������������������

%\�XVLQJ�WKH�DERYH�IRUPXOD�� WKH�YDOXH�RI�WKH�LQWHJHU�
�

P � IRU�WKH�SDUWO\�S\URO\VHG�UHILQHG�JULG�GRHV

QRW�QHHG�WR�EH�H[SOLFLWO\�FDOFXODWHG�

7KH�PDVV�RI�WKH�YRODWL]DEOH�PDWHULDO�UHPDLQLQJ�LQ�WKH�JULG� ��� PQ �LV�JLYHQ�E\

�������������������������������������������� ��
� FKDUPYRO 0

[
PDVV ρρδ −=

[ ]{ }������PD[�PLQ
FKDUPL[FKDUYLU0

[ ρρρρδ −−= ���������������������������������������������

7KH�PDVV�ORVV�UDWH�IURP�JULG� ��� PQ �LV�WKXV�ILQDOO\�GHWHUPLQHG�E\

{ }WPDVV++P
YROS\PQPQ

∆= ���PLQ
��

& ��������������������������������������������������

7KH�RYHUDOO�S\URO\VLV�UDWH�FDQ�EH�REWDLQHG�E\�WKH�VXPPDWLRQ�RYHU�DOO�WKH�JULGV�DQG�H[SUHVVHG�DV



7+(25(7,&$/�02'(/6�����������������������������������������������������������������������������������������������=KHQJKXD�<DQ

��

�����PLQ
��

WPDVV++PP
YROS\PQ

Q PQ P

PQ
∆== ∑∑∑∑ && ���������������������������������

7KH�FRUUHVSRQGLQJ�KHDW�UHOHDVH�UDWH�LV�UHSUHVHQWHG�E\

F
+P4 && = ����������������������������������������������������������������������

ZKHUH�
F

+ �LV�WKH�KHDW�RI�FRPEXVWLRQ�UHODWHG�WR�WKH�JDVHRXV�IXHO�SURGXFHG��*HQHUDOO\��GXULQJ�IODPLQJ

FRPEXVWLRQ��LW�KDV�EHHQ�VKRZQ�WKDW�
F

+ LV�DSSUR[LPDWHO\�FRQVWDQW�>��@�

$V�D�EDVLF�WHVW��WKH�S\URO\VLV�PRGHO�ZDV�XVHG�VXFFHVVIXOO\�WR�VLPXODWH�WKH�&RQH�&DORULPHWHU�WHVWV�RI
ERWK�FKDUULQJ�PDWHULDO��SDUWLFOH�ERDUG��DQG�QRQ�FKDUULQJ�PDWHULDO��300$���6HH�SDSHU���RI�WKLV�WKHVLV
IRU�GHWDLOV�

7KLV�S\URO\VLV�PRGHO�LV�YHU\�IDVW�DQG�GHVFULEHV�WKH�HVVHQWLDO�SK\VLFV��LQ�VR�IDU�DV�LV�QHHGHG�WR�SUHGLFW
FRUUHFW�PDVV�ORVV�DQG�KHDW�UHOHDVH�UDWHV��,W�FDQ�HDVLO\�EH�XVHG�LQ�WKH�FRPSOH[�FDVHV�VXFK�DV�WKRVH�ZLWK
WUDQVLHQW� LQFLGHQW� KHDW� IOX[� DQG� WHPSHUDWXUH� GHSHQGHQW� PDWHULDO� SURSHUWLHV�� ,W� LV� DSSOLFDEOH� WR� ERWK
FKDUULQJ�DQG�QRQ�FKDUULQJ�PDWHULDOV�DQG�FDQ�DXWRPDWLFDOO\�FRQVLGHU� WKH� UHJUHVVLRQ�RI� WKH� VXUIDFH�RI
WKH�QRQ�FKDUULQJ�VROLG�PDWHULDO�GXULQJ�LWV�S\URO\VLV�

8VLQJ� WKLV� S\URO\VLV� PRGHO�� DQ� ³HTXLYDOHQW� SURSHUWLHV´� RSWLPL]DWLRQ� SURJUDP� FDQ� EH� GHYHORSHG� WR
DQDO\VH� DQG� ILW� WKH�&RQH�&DORULPHWHU� WHVW� UHVXOWV��$�GDWD�EDVH�RI� WKH� ³HTXLYDOHQW� SURSHUWLHV´� RI� WKH
PDWHULDOV� WHVWHG� LQ� WKH�&RQH�FDQ� WKXV�EH�FUHDWHG��%\�XVLQJ� WKH�RSWLPLVHG�HTXLYDOHQW�SURSHUWLHV�� WKLV
S\URO\VLV�PRGHO�FDQ�EH�H[SHFWHG�WR�EH�DSSOLFDEOH�WR�UHDOLVWLF�FRPSRVLWH�PDWHULDOV�DQG�EH�XVHG�DV�DQ
DOWHUQDWLYH�WR�WKH�PRUH�FRPSOH[�DQG�H[SHQVLYH�PRGHO�>��@��6RPH�UHFHQW�DGYDQFHV�LQ�WKH�RSWLPL]DWLRQ
SURJUDP� GHYHORSPHQW�� ZKLFK� ZDV� LQLWLDWHG� E\� -�� GH5LV� �)05&�� 86$��� LV� SUHVHQWHG� LQ� SDSHU� �
DSSHQGHG�LQ�WKLV�WKHVLV�
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:KHQ� VROYLQJ� GLIIHUHQWLDO� HTXDWLRQ� V\VWHPV�� LQLWLDO� DQG� ERXQGDU\� FRQGLWLRQV� PXVW� EH� SURSHUO\
LPSRVHG�� )RU� D� WUDQVLHQW� V\VWHP�� WKH� LQLWLDO� FRQGLWLRQ� SURYLGHV� WKH� VWDUWLQJ� VWDWH� RI� WKH� V\VWHP
HYROXWLRQ�� ,W� FDQ� DOVR� EH� XVHG� LQ� D� VWHDG\� V\VWHP� ZKHQ� WKH� YLUWXDO� WLPH� VWHS� LV� XVHG� DV� QXPHULFDO
UHOD[DWLRQ��7KH�VSHFLILFDWLRQ�RI�DQ�LQLWLDO�FRQGLWLRQ�LV�UHODWLYHO\�VLPSOH��7KH�LQLWLDO�FRQGLWLRQ�LV�RIWHQ
VSHFLILHG�ZLWK�DQ�LGHDOL]DWLRQ�RI�WKH�V\VWHP�RU�VLPSO\�FRPHV�IURP�D�SUHYLRXV�WLPH�VWHS�VROXWLRQ��7KH
ERXQGDU\� FRQGLWLRQ� SURYLGHV� WKH� UHVWULFWLYH� FRQGLWLRQ� DW� WKH� VSDFH� FRRUGLQDWHV� IRU� WKH� GLIIHUHQWLDO
HTXDWLRQV�� 7KH� PRVW� RIWHQ� XVHG� W\SHV� LQFOXGH� LQOHW�� RXWOHW�� IUHH�� V\PPHWU\� DQG� ZDOO� ERXQGDU\
FRQGLWLRQV�� 7KH� ZDOO� ERXQGDU\� FRQGLWLRQ� LV� QRUPDOO\� WKH� PRVW� FRPSOH[� RQH�� DQG� ZLOO� WKXV� EH
GLVFXVVHG�LQ�WKH�IROORZLQJ�

,Q� D� FRPEXVWLRQ� V\VWHP�� WKH� JDV� SKDVH�PD\� KDYH�PDVV��PRPHQWXP� DQG� HQHUJ\� H[FKDQJHV�ZLWK� LWV
VROLG�ERXQGDULHV��:KHQ�WKH�VROLG�ERXQGDULHV�DUH�LQHUW��QRQ�FRPEXVWLEOH���WKH�PDVV�H[FKDQJH�PD\�QRW
KDSSHQ�XQOHVV�H[WHUQDO�VXUIDFH�PDVV�LQMHFWLRQ�LV�LPSRVHG��)RU�D�FRPEXVWLEOH�VROLG�ERXQGDU\��WKH�PDVV
H[FKDQJH�PDLQO\�UHSUHVHQWV�WKH�UHOHDVH�RI�JDV�FRPSRQHQWV�IURP�WKH�VROLG�ERXQGDU\�UHVXOWLQJ�IURP�LWV
S\URO\VLV�SURFHVV��$V�D�FKHPLFDO�VLQN�DQG�VRXUFH�� WKH�VXUIDFH�FRPEXVWLRQ�VXFK�DV�FKDU�EXUQLQJ�DOVR
LQGXFHV� PDVV� H[FKDQJH�� 2QH� LPSRUWDQW� PRPHQWXP� H[FKDQJH� PHFKDQLVP� EHWZHHQ� VROLG� DQG� JDV
SKDVHV� LV� WKH�JDV�YLVFRVLW\��7KH�VROLG�ERXQGDU\� LV�XVXDOO\�DVVXPHG� WR�EH�QRQ�VOLS��7KLV�PRPHQWXP
H[FKDQJH� LV� LPSRUWDQW� IRU� WKH�JDV� IORZ��EXW� KDV�QR� LPSRUWDQW�HIIHFW�RQ�D� ODUJH� VROLG�ERXQGDU\��7KH
HQHUJ\�H[FKDQJH�LQFOXGHV�WKH�KHDW�WUDQVIHU�WKURXJK�ERWK�UDGLDWLRQ�DQG�FRQYHFWLRQ��7KH�UDGLDWLRQ�LV�D
ORQJ�GLVWDQFH� WUDQVIHU�DQG�KDV�EHHQ�GLVFXVVHG�HDUOLHU��7KH�FRQYHFWLRQ� LV� FORVHO\� UHODWHG� WR� WKH� ORFDO
ERXQGDU\�OD\HU�SURILOH��$OO�WKHVH�H[FKDQJHV�DUH�VWURQJO\�FRXSOHG��7KH�UHOHDVH�RI�JDV�FRPSRQHQW�IURP
D� VROLG� ERXQGDU\� LQWR� WKH� ERXQGDU\� OD\HU� ZLOO� FUHDWH� D� EORZLQJ� HIIHFW�� ZKLFK� DOWHUV� WKH� ERXQGDU\
SURILOH�DQG�WKXV�DIIHFWV�WKH�YLVFRXV�VKHDU�VWUHVV�RQ�WKH�VROLG�VXUIDFH�DQG�WKH�FRQYHFWLRQ�KHDW�WUDQVIHU�
%RWK�WKH�VXUIDFH�YLVFRXV�VKHDU�VWUHVV�DQG�WKH�FRQYHFWLRQ�KHDW�WUDQVIHU�DUH�GHSHQGHQW�RQ�WKH�ERXQGDU\
OD\HU�GHYHORSPHQW��DQG�WKXV�FRXSOHG��$V�GLVFXVVHG�HDUOLHU��WKH�UDWH�RI�WKH�PDVV�UHOHDVH�UHVXOWLQJ�IURP
WKH�S\URO\VLV�RI�WKH�FRPEXVWLEOH�VROLG�ERXQGDU\�LV�VWURQJO\�GHSHQGHQW�RQ�WKH�KHDW�WUDQVIHU��7KH�PDVV
UHOHDVH�DQG�S\URO\VLV�RI�WKH�FRPEXVWLEOH�VROLG�ERXQGDU\�KDV�EHHQ�GLVFXVVHG�LQ�D�SUHYLRXV�VHFWLRQ��7KH
IROORZLQJ� VHFWLRQ� GHVFULEHV� WKH� YLVFRXV� PRPHQWXP� H[FKDQJH� DQG� FRQYHFWLYH� KHDW� WUDQVIHU� LQ� WKH
ERXQGDU\�OD\HU�ZLWK�EORZLQJ�HIIHFW�

7KH�ERXQGDU\� OD\HU� LV�QRUPDOO\�D� WKLQ�UHJLRQ�RI� KLJK�JUDGLHQWV�RI�GHSHQGHQW�YDULDEOHV�� ,I� H[WHQVLYH
KHDW�WUDQVIHU�LV�SUHVHQW��WKH�WUDQVSRUW�SURSHUWLHV�PD\�DOVR�H[SHULHQFH�VKDUS�YDULDWLRQV�DFURVV�WKLV�WKLQ
OD\HU�� )XUWKHUPRUH�� PDQ\� WZR�HTXDWLRQ� WXUEXOHQFH� PRGHOV�� LQFOXGLQJ� WKH� KLJK� 5H\QROGV� QXPEHU

ε−N �PRGHO��IDLO�LQ�WKH�UHJLRQ�FORVH�WR�WKH�ZDOO�>��@��7KH�KLJK�5H\QROGV�QXPEHU� ε−N �PRGHO�LV�RQO\
YDOLG�LQ�WKH�UHJLRQ�RI�IXOO\�WXUEXOHQW�IORZV��ZKHUH�WKH�WXUEXOHQW�YLVFRVLW\�GRPLQDWHV�RYHU�WKH�ODPLQDU
RQH�� $V� D� UHVXOW�� WKH� ERXQGDU\� OD\HU� QHHGV� VRPH� VSHFLDO� WUHDWPHQWV�� 7R� FRSH� ZLWK� WKH� WXUEXOHQW
ERXQGDU\� OD\HU�� RQH�PD\� LQ�SULQFLSOH�� QXPHULFDOO\� UHVROYH� WKH�ZKROH�ERXQGDU\� OD\HU�ZLWK� D� SURSHU
FRQVLGHUDWLRQ� RI� ORZ�5H\QROGV� QXPEHU� HIIHFW�� RU� XVH� DQ� DQDO\WLFDO� DSSUR[LPDWLRQ� RI� WKH� ERXQGDU\
OD\HU�SURILOH�WR�GHYLDWH�WKH�LQWHJUDWLRQ�RYHU�WKH�YLVFRXV�VXEOD\HU�
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:KHQ�XVLQJ�WKH�KLJK�5H\QROGV�QXPEHU� ε−N �PRGHO�LQ�WKH�FRPSXWDWLRQ��IRU�VLPSOLFLW\�DQG�HIILFLHQF\�
WKH� DSSUR[LPDWLRQ� WHUPHG� ZDOO� IXQFWLRQ� LV� QRUPDOO\� DGRSWHG� WR� SURYLGH� IRU� WKH� FRPSXWDWLRQ� WKH
ERXQGDU\� FRQGLWLRQV� DW� WKH� VROLG� ERXQGDULHV�� 'XH� WR� WKH� UHDVRQV� GLVFXVVHG� DERYH�� WKH� JULG� SRLQWV
ZKHUH�WKH�ZDOO�IXQFWLRQ�ERXQGDU\�FRQGLWLRQV�ZLOO�EH�DSSOLHG�VKRXOG�EH�VXIILFLHQWO\�IDU�DZD\�IURP�WKH
ZDOO�VXUIDFH�

)RU� D� VWDWLRQDU\� WZR� GLPHQVLRQDO� ERXQGDU\� OD\HU��ZLWK� WKH� DEVHQW� RI� SUHVVXUH� JUDGLHQW� DQG� VXUIDFH
PDVV� LQMHFWLRQ�� WKH� IROORZLQJ� UHODWLRQV� H[LVW� LQ� WKH� ORJ� OD\HU� ZKHUH� WKH� ODPLQDU� YLVFRVLW\� DQG
FRQYHFWLRQ�FDQ�EH�LJQRUHG
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$VVXPLQJ� D� ORFDO� HTXLOLEULXP� LQ� WKH� ORJ� OD\HU�� ZKHUH� WKH� WXUEXOHQFH� NLQHWLF� HQHUJ\� SURGXFWLRQ� LV
EDODQFHG�E\�WKH�GLVVLSDWLRQ��RQH�FDQ�ZULWH
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7KLV� ORFDO� HTXLOLEULXP� UHODWLRQ� ZDV� DOVR� KLVWRULFDOO\� XVHG� WR� SURYLGH� WKH� PRGHO� FRQVWDQW� µF � IURP

H[SHULPHQWDO�GDWD�
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7KH�ERXQGDU\�OD\HU�VROXWLRQ�IRU�D�FRQVHUYHG�VFDODU�FDQ�EH�ZULWWHQ�DV�>������@
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:KHQ�WKH�VXUIDFH�PDVV�LQMHFWLRQ�LV�SUHVHQW��WKH�EORZLQJ�HIIHFW�QHHGV�WR�EH�LQFOXGHG�LQ�WKH�DERYH�QRQ�

GLPHQVLRQDO�UHODWLRQV��,I�ZH�GHILQH�WKH�QRQ�GLPHQVLRQDO�PDVV�LQMHFWLRQ�SDUDPHWHU�DV
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7KH�DERYH�IRUPXODV�ZLOO�QHHG�WR�WDNH�WKH�ODPLQDU�IRUPV�RQFH�WKH�ORFDO�SRLQW�WXUQV�RXW�WR�EH�ORFDWHG�LQ
WKH�YLVFRXV�VXEOD\HU��7KHLU�ODPLQDU�IRUPV�DUH�VLPSO\�JLYHQ�KHUH
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2EYLRXVO\�� WKH� IRUPXODV� IRU� �≠+P � ZLOO� UHGXFH� FRUUHVSRQGLQJO\� WR� WKRVH� IRU� �=+P � DW� WKH� OLPLW

�=+P �

7KH�WXUEXOHQFH�NLQHWLF�HQHUJ\�GLVVLSDWLRQ�UDWH�FDQ�EH�FDOFXODWHG�IURP�NLQHWLF�HQHUJ\�FDVFDGH�DV�>��@
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,Q� WKH� DERYH� HTXDWLRQ�� O � LV� LGHQWLILHG� DV� WKH� WXUEXOHQFH� OHQJWK� VFDOH� XVHG� LQ� WKH� RQH� HTXDWLRQ

WXUEXOHQFH�PRGHO��,Q�WKH�ERXQGDU\�OD\HU��WKLV�OHQJWK�VFDOH�FDQ�EH�REWDLQHG�IURP�WKH�SURGXFW�RI� ����

µF

DQG�WKH�PL[LQJ�OHQJWK�VFDOH�ZKLFK�FDQ�EH�JLYHQ�E\� \O
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κ= ��7KHUHIRUH��ZH�KDYH
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7KH� WXUEXOHQFH� NLQHWLF� HQHUJ\� FDQ� EH� FDOFXODWHG� IURP� (T�� ��� RU� E\� VROYLQJ� WKH� WXUEXOHQFH� NLQHWLF
HQHUJ\� WUDQVSRUW� HTXDWLRQ� ZLWK� WKH� GLIIXVLRQ� WR� WKH� ZDOO� DVVXPHG� ]HUR� DQG� SURGXFWLRQ�PRGHOHG� DV

YROXPH
\
X

GY3
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:KHQ� WKH� SUHVVXUH� JUDGLHQW� LV� SUHVHQW�� WKH� IRUPXODH� ZLOO� QHHG� WR� EH� PRGLILHG� DQG� EHFRPH� PRUH
FRPSOH[��,Q�D�FRPEXVWLRQ�V\VWHP��ZKHUH�WKH�FKHPLFDO�UHDFWLRQ�DQG�UDGLDWLRQ�KHDW�WUDQVIHU�PD\�QHHG
WR�EH�FRQVLGHUHG�LQ�WKH�ERXQGDU\�OD\HU��WKH�SUREOHP�FDQ�TXLFNO\�EHFRPH�LQWUDFWDEOH�
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7KLV� VHFWLRQ� EULHIO\� GLVFXVVHV� WKH� PDWKHPDWLFDO� DVSHFWV� RQ� VHHNLQJ� WKH� QXPHULFDO� VROXWLRQ� RI� WKH
GLIIHUHQWLDO�HTXDWLRQV�V\VWHP�HVWDEOLVKHG�LQ�WKH�SUHYLRXV�VHFWLRQV��$OWKRXJK�LW�LV�H[WUHPHO\�GLIILFXOW�WR
KDYH�D�VWULFW�PDWKHPDWLFDO�SURRI��LW�LV�EHOLHYHG�WKDW�WKH�VROXWLRQ�H[LVWV�DQG�LV�XQLTXH�

7KH�QXPHULFDO�VROXWLRQ�LV�SUHVHQWHG�RQ�D�ILQLWH�QXPEHU�RI�GLVFUHWH�SRLQWV�HOHPHQWV�ZLWK�UHJDUG�WR�ERWK
WKH� WLPH� DQG� VSDFH� FRRUGLQDWHV�� 7KXV�� WKH� GLIIHUHQWLDO� HTXDWLRQV� DUH� DSSOLHG� WR� HDFK� GLVFUHWH
SRLQW�HOHPHQW� DQG� WUDQVIRUPHG� LQWR� DOJHEUDLF� HTXDWLRQV�� ZKLFK� FDQ� EH� VROYHG� XVLQJ� DQ� DOJHEUDLF
HTXDWLRQ�VROYHU��:KHQ�WKH�JHRPHWU\�RI�WKH�SK\VLFDO�FRPSXWDWLRQ�GRPDLQ�LV�FRPSOH[��LQ�RUGHU�WR�HDVH
WKH�LPSOHPHQWDWLRQ�RI�WKH�ERXQGDU\�FRQGLWLRQV��RQH�PD\�GLVFUHWH�WKH�SK\VLFDO�VSDFH�XVLQJ�FXUYLOLQHDU
FRRUGLQDWHV�V\VWHP�VR�WKDW�WKH�ERXQGDU\�LV�ORFDWHG�RQ�D�VXUIDFH�ZKHUH�RQH�FRUUHVSRQGLQJ�FRRUGLQDWH�LV
FRQVWDQW�� 7KDW� LV�� WKH� FRPSOH[� GRPDLQ� LQ� SK\VLFDO� VSDFH� ZLOO� EH�PDSSHG� RQWR� D� VLPSOH� GRPDLQ� LQ
FRPSXWDWLRQDO�VSDFH�XVLQJ�FRRUGLQDWH�WUDQVIRUPDWLRQ��,Q�WKLV�FDVH��WKH�GLVFUHWL]DWLRQ�RI�WKH�GLIIHUHQWLDO
HTXDWLRQ� FDQ� EH� SURFHHGHG� E\� DSSO\LQJ� WKH� GLIIHUHQWLDO� WUDQVSRUW� HTXDWLRQV� GLUHFWO\� WR� HDFK� RI� WKH
JHQHUDO� GLVWRUWHG� FRQWURO� YROXPHV�� RU� WUDQVIRUPLQJ� WKH� HTXDWLRQV� IURP� SK\VLFDO� VSDFH� WR� WKH
FRPSXWDWLRQDO� VSDFH�DQG� WKHQ�SHUIRUPLQJ� WKH�GLVFUHWL]DWLRQ�RQ� WKH� FRPSXWDWLRQDO� VSDFH��7KH� DERYH
SURFHGXUH�ZLOO�EH�H[SODLQHG�LQ�PRUH�GHWDLO�LQ�WKH�IROORZLQJ�

����&RRUGLQDWH�7UDQVIRUPDWLRQ

7KH� WUDQVIRUPDWLRQ� IURP�&DUWHVLDQ�FRRUGLQDWH� ���� ��� [[[[L � WR�D�JHQHUDO�FRRUGLQDWH� ���� ζηξξ L � FDQ

EH� DFKLHYHG� HLWKHU� DQDO\WLFDOO\� RU� QXPHULFDOO\�� 7KH� DQDO\WLFDO� WUDQVIRUPDWLRQ� FDQ� EH� XVHG� LI� WKH
JHRPHWU\� LV� UHODWLYHO\� VLPSOH�� IRU� H[DPSOH�� LQ� D� F\OLQGULFDO� V\VWHP�� 7KH� QXPHULFDO� WUDQVIRUPDWLRQ
JHQHUDWHV�WKH�JULG�E\�VROYLQJ�DOJHEUDLF�RU�GLIIHUHQWLDO�HTXDWLRQV�

$VVXPLQJ�D�QRQ�VLQJXODU�WUDQVIRUPDWLRQ� �� LL [ξ ��WKH�FKDLQ�UXOH�JLYHV
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ZKHUH� M

L
H � DQG� �� ML

H � DUH� WKH� LWK � DQG� MWK � &DUWHVLDQ� FRPSRQHQWV� RI� WKH� FRQWUDYDULDQW� DQG� FRYDULDQW

IUDPHV�RI�WKH�EDVLV�YHFWRUV��UHVSHFWLYHO\�

7KH�DERYH�WZR�IRUPXODV�SURYLGH�WKH�EDVLF�DVSHFWV�IRU�WKH�HTXDWLRQ�WUDQVIRUPDWLRQ��,Q�SULQFLSOH��XVLQJ
WKHVH� WZR� IRUPXODV�� DOO� WKH� SK\VLFDO� VSDFH� GHULYDWLYHV� FDQ� EH� UHSODFHG� E\� WKH� FRPSXWDWLRQDO� VSDFH
GHULYDWLYHV��+RZHYHU�� WKLV�PHWKRG�GRHV�QRW� VKRZ� WR� EH� KDQG\��7KH� SURFHGXUH� FDQ� EHFRPH� VLPSOHU
ZKHQ�XVLQJ�WHQVRU�DQDO\VLV��DV�GHVFULEHG�EHORZ�
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,I� ZH� ZULWH� WKH� GLIIHUHQWLDO� WUDQVSRUW� HTXDWLRQ� LQ� D� JHQHUDO� IRUP� 69
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ZKLFK�FDQ�EH�HDVLO\�GLVFUHWLVHG�LQ�WKH�FRPSXWDWLRQDO�VSDFH�E\�LQWHJUDWLQJ�WKH�DERYH�HTXDWLRQ�RYHU�WKH
FRQWURO�YROXPHV�

7KH�GLVFUHWLVHG�HTXDWLRQV�LQ�D�JHQHUDO�FRRUGLQDWH�V\VWHP�FDQ�DOVR�EH�REWDLQHG�E\�GLUHFWO\�LQWHJUDWLQJ
WKH�JRYHUQLQJ�HTXDWLRQV�RYHU�HDFK�RI�WKH�ILQLWH�YROXPHV�LQ�SK\VLFDO�VSDFH�

����'LVFUHWL]DWLRQ�DQG�6ROXWLRQ

,Q� RUGHU� WR� REWDLQ� WKH� VROXWLRQ� XVLQJ� WKH� FXUUHQW� GLJLWDO� FRPSXWHU� ZKLFK� FDQ� EDVLFDOO\� SHUIRUP� WKH
VLPSOH�VWDQGDUG�PDWKHPDWLFDO�DQG�ORJLFDO�RSHUDWLRQV��WKH�JRYHUQLQJ�HTXDWLRQV�PXVW�EH�GLVFUHWLVHG�LQ�D
JHQHUDO� IRXU�GLPHQVLRQDO� FRPSXWDWLRQDO� GRPDLQ�� 7KH� GLVFUHWL]DWLRQ� FDQ� EH� FDUULHG� RXW� E\� ILQLWH
GLIIHUHQFH��ILQLWH�YROXPH�DQG�VSHFWUDO�PHWKRGV��7KH�ILQLWH�GLIIHUHQFH�DQG� ILQLWH�YROXPH�PHWKRGV�DUH
WKH� FRPPRQO\� XVHG�PHWKRGV��ZKHUH� WKH� JRYHUQLQJ� HTXDWLRQV� DUH� DSSOLHG� WR� D� VHW� RI� UHSUHVHQWDWLYH
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SRLQWV� DQG� HOHPHQWDU\� YROXPHV�� UHVSHFWLYHO\�� :LWK� DQ� DVVXPSWLRQ� RI� SURSHU� WHPSRUDO� DQG� VSDWLDO
GLVWULEXWLRQV�RI�WKH�GHSHQGHQW�YDULDEOHV��WKH�GLVFUHWL]DWLRQ�WUDQVIRUPV�WKH�JHQHUDO�LQWHJUDO�GLIIHUHQWLDO
HTXDWLRQV� LQWR� DOJHEUDLF� HTXDWLRQV��ZKLFK� UHODWH� WKH� VWDWH� RI� WKH� FHQWUDO� SRLQWV�HOHPHQWV� WR� WKRVH� RI
QHLJKERULQJ�SRLQWV�HOHPHQWV��6LQFH�RQH�KDV�PXFK�IUHHGRP�WR�FKRRVH�GLIIHUHQW�YDULDEOH�GLVWULEXWLRQV�
GLIIHUHQW�QXPHULFDO�VFKHPHV�FDQ�EH�DGRSWHG���7KH�FKRLFH�RI�QXPHULFDO�VFKHPHV�LV�ODUJHO\�GHSHQGHQW
RQ� WKH� QXPHULFDO� VWDELOLW\� DQG� DFFXUDF\�� 7KH� FRPPRQO\� XVHG� VFKHPHV� LQFOXGH� IXOO\� H[SOLFLW�� IXOO\
LPSOLFLW��&UDQN�1LFROVRQ�DQG�5XQJH�.XWWD�PHWKRGV�LQ�WLPH��XSZLQG��FHQWUDO��K\EULG��SRZHU�ODZ�DQG
TXDGUDWLF�XSZLQG�VFKHPHV��HWF���LQ�VSDFH�>���������@��,Q�RUGHU�WR�PLQLPL]H�WKH�QXPHULFDO�HUURU��KLJK
RUGHU�VFKHPHV�VKRXOG�EH�XVHG�ZKHQ�QHFHVVDU\�>�����@�

7KH� GLVFUHWL]DWLRQ� SURFHGXUH� UHVXOWV� LQ� D� VHW� RI� DOJHEUDLF� HTXDWLRQV�� ZKLFK� FDQ� EH� VROYHG� XVLQJ
DOJHEUDLF�VROYHUV��6LPSOLFLW\�DQG�HIILFLHQF\�DUH�WKH�FULWLFDO�IDFWRUV�WR�EH�FRQVLGHUHG�ZKHQ�VHOHFWLQJ�D
SURSHU�QXPHULFDO�VROYHU��)RU�D�VPDOO�VHW�RI�OLQHDU�HTXDWLRQV��D�GLUHFW�PHWKRG�PD\�KDYH�LWV�DGYDQWDJH�
7KH� LWHUDWLRQ�PHWKRG� LV� UHTXLUHG�ZKHQ� WKH� HTXDWLRQ� LV� QRQ�OLQHDU�� DQG� SUHIHUUHG� LQ� WKH� DSSOLFDWLRQV
ZKLFK� LQYROYH� D� ODUJH� VHW� RI� HTXDWLRQV��7KH�ZLGHO\� DGRSWHG� VROXWLRQ�PHWKRGV� DUH� WKH�*DXVV�6HLGHO
LWHUDWLRQ�PHWKRG� >��@�� WKH� OLQH�E\�OLQH� WULGLDJRQDO�PDWUL[� DOJRULWKP� �7'0$�� >���� ��@�� WKH� VWURQJO\
LPSOLFLW�SURFHGXUH��6,3��>��@�DQG�WKH�DOWHUQDWLQJ�GLUHFWLRQ�LPSOLFLW�PHWKRG��$',��>��@�

����&RXSOLQJ�EHWZHHQ�9HORFLW\�DQG�3UHVVXUH

7KH�SUHVVXUH�JUDGLHQW�WHUP�DSSHDULQJ�LQ�WKH�PRPHQWXP�HTXDWLRQV�FUHDWHV�D�VWURQJ�FRXSOLQJ�EHWZHHQ
WKH�SUHVVXUH�DQG�YHORFLW\��$�SUHVVXUH�GLIIHUHQFH��ZKLFK�FDQ�EH�YHU\�VPDOO�FRPSDUHG� WR� WKH�DEVROXWH
YDOXH�RI�WKH�SUHVVXUH�LWVHOI��FDQ�UHVXOW�LQ�D�ODUJH�YDULDWLRQ�LQ�WKH�YHORFLW\��7KLV�VWURQJ�FRXSOLQJ�UHTXLUHV
H[WUD� FRQVLGHUDWLRQ� GXULQJ� WKH� QXPHULFDO� FRPSXWDWLRQ�� 7KH� SUHVVXUH� FRUUHFWLRQ� PHWKRGV�� LQFOXGLQJ
6,03/(��6HPL�,PSOLFLW�0HWKRG�IRU�3UHVVXUH�/LQNHG�(TXDWLRQV��>������@�DQG�LWV�YDULDQWV�VXFK�DV�WKH
LWHUDWLYH�3,62��3UHVVXUH�,PSOLFLW�ZLWK�6SOLWWLQJ�RI�2SHUDWRUV�� >������@��DUH�ZLGHO\�XVHG� WR�GHDO�ZLWK
WKLV� VWURQJ� FRXSOLQJ�� ,Q� WKH� SUHVVXUH� FRUUHFWLRQ� PHWKRGV�� DSSUR[LPDWH� IXQFWLRQV� UHODWLQJ� YHORFLW\
FRUUHFWLRQV�WR�SUHVVXUH�FRUUHFWLRQV�DUH�GHULYHG�IURP�PRPHQWXP�HTXDWLRQV��DQG� WKHQ�VXEVWLWXWHG� LQWR
WKH�FRQWLQXLW\�HTXDWLRQ�WR�REWDLQ�WKH�SUHVVXUH�FRUUHFWLRQ�HTXDWLRQ�ZKLFK�FDQ�EH�QXPHULFDOO\�VROYHG�DV
D� XVXDO� VFDODU� WUDQVSRUW� HTXDWLRQ�� 6XEVHTXHQWO\�� SUHVVXUH� LV� XSGDWHG� DQG� YHORFLW\� LV� FRUUHFWHG
DFFRUGLQJ�WR�WKH�SUHVVXUH�FRUUHFWLRQ��7KLV�SURFHGXUH�LV�UHSHDWHG�XQWLO�FRQYHUJHQFH�LV�UHDFKHG�

,Q� D� JHQHUDO� FXUYLOLQHDU� FRRUGLQDWH� V\VWHP�� D� QRQ�VWDJJHUHG� JULG� V\VWHP� LV� XVXDOO\� DGRSWHG� ZKHUH
YHORFLW\�FRPSRQHQWV�DQG�VFDODUV�DUH�DOO�GHILQHG�DW�WKH�VDPH�FHQWHU�RI�WKH�FRQWURO�YROXPH��,Q�WKLV�FDVH�
WKH�GLVFUHWLVHG�PRPHQWXP�HTXDWLRQ�XVLQJ� δξ� �FHQWHUHG�SUHVVXUH�GLIIHUHQFH�IRU�WKH�SUHVVXUH�JUDGLHQW

LV�LQVHQVLWLYH�WR�WKH� δξ� �SUHVVXUH�YDULDWLRQ��7KLV�PD\�FUHDWH�FKHTXHUERDUG�RVFLOODWLRQV�LQ�WKH�SUHVVXUH

DQG� YHORFLW\� >��@�� ,Q� RUGHU� WR� UHPHG\� WKLV� SUREOHP�� 5KLH� DQG� &KRZ� >��@� SURSRVHG� D� VLPSOH� DQG
HIIHFWLYH�LQWHUSRODWLRQ�PHWKRG��ZKLFK�HQVXUHV�D�VWURQJ�YHORFLW\�SUHVVXUH�FRXSOLQJ�
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&)'�VLPXODWLRQ�RI�IODPH�VSUHDG�LV�D�FRPSUHKHQVLYH�VWXG\��LQ�ZKLFK�WKH�HVVHQWLDO�NQRZOHGJH�RI�DOO�WKH
DVSHFWV� PHQWLRQHG� DERYH� LV� QHFHVVDU\�� EXW� E\� QR� PHDQV� VXIILFLHQW�� :LWKLQ� WKH� VLPXODWLRQ�� DOO� WKH
LPSRUWDQW�VXE�SURFHVVHV�PXVW�EH�SURSHUO\�FRQVLGHUHG�

,Q�WKLV�WKHVLV��DWWHPSWV�KDYH�EHHQ�PDGH�WR�VLPXODWH�WKH�IODPH�VSUHDG�LQ�URRP�FRUQHU�ILUHV��LQ�ERWK����
DQG�IXOO�VFDOH�VFHQDULRV��7KH�SUHGLFWHG�IODPH�VSUHDG�SDWWHUQ�DQG�KHDW�UHOHDVH�KLVWRU\�LQ�WKH�����VFDOH
VFHQDULR�DUH�VKRZQ�DQG�FRPSDUHG�ZLWK�H[SHULPHQWDO�PHDVXUHPHQWV�LQ�)LJV�����DQG�����7KH�GHWDLO�RI
WKLV�VWXG\�LV�UHIHUUHG�WR�WKH�DSSHQGHG�SDSHU���

)LJ�� ��� )ODPH� VSUHDG� SDWWHUQ� LQ� WKH� ���� VFDOH� VFHQDULR�� LQGLFDWHG� E\� VXUIDFH� WHPSHUDWXUH� �LQ� .��
�W ���V��WKUHVKROG ����.�
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)LJ����&DOFXODWHG�DQG�PHDVXUHG�KHDW�UHOHDVH�UDWHV�LQ�WKH�����VFDOH�VFHQDULR��7KH�V\PERO��F��GHQRWHV
XVLQJ�&RQH�GDWD�LQSXW�PHWKRG�DQG��S��WKH�S\URO\VLV�PRGHO�

$V�H[SHFWHG�� WKH�SUHGLFWHG�IODPH�VSUHDG�LV�VHQVLWLYH�WR�WKH�KHDW� IOX[��&RQVLGHULQJ� WKH�FRPSOH[LW\�RI
WKH� SK\VLFDO� SUREOHP�� WKLV�ZRXOG� QHFHVVLWDWH� IXUWKHU� H[WHQVLYH� GHYHORSPHQW� DQG� YDOLGDWLRQ� RI� &)'
PRGHOV�
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SUH���S�LQVLGH�



%5,()�6800$5<�2)�3$3(56�������������������������������������������������������������������������������������=KHQJKXD�<DQ

��

���%5,()�6800$5<�2)�3$3(56

3DSHU��

7KLV�SDSHU�LQFOXGHV�ERWK�PRGHO�GHYHORSPHQW�DQG�DSSOLFDWLRQ�VWXG\�

$�VLPSOH�DQG�SURPLVLQJ�PRGHO�ZDV�GHYHORSHG�WR�GHVFULEH�WKH�S\URO\VLV�RI�VROLG�IXHOV��,W�FRQVLGHUV�WKH
HVVHQWLDO�SK\VLFV�LQ�VR�IDU�DV�QHHGHG�WR�FRUUHFWO\�SUHGLFW� WKH�PDVV�UHOHDVH�UDWH��$�PRYLQJ�GXDO�PHVK
PHWKRG� ZDV� GHYHORSHG� DQG� LPSOHPHQWHG� LQ� WKLV� S\URO\VLV� PRGHO� WR� SURYLGH� WKH� LPSRUWDQW� KLJK
HIILFLHQF\�� 7KLV� S\URO\VLV� PRGHO� ZDV� WHVWHG� VXFFHVVIXOO\� DJDLQVW� WKH� H[SHULPHQWDO� GDWD� IRU� ERWK
FKDUULQJ�DQG�QRQ�FKDUULQJ�PDWHULDOV�

&RPSUHKHQVLYH�&)'�VLPXODWLRQV�RI�ERWK�IXOO�DQG�RQH�WKLUG�VFDOH�URRP�FRUQHU�ILUH�JURZWKV�RQ�SDUWLFOH
ERDUG�ZHUH�FDUULHG�RXW��7R�SURYLGH�DGGLWLRQDO�GDWD�IRU�FRPSDULVRQ��FRUUHVSRQGLQJ�H[SHULPHQWDO�WHVWV
RQ� RQH�WKLUG� VFDOH� URRP� FRUQHU� ILUH� JURZWK� ZHUH� SHUIRUPHG� WR� PHDVXUH� KHDW� UHOHDVH� UDWH�� JDV� DQG
VXUIDFH�WHPSHUDWXUH��UDGLDWLRQ�KHDW�IOX[�DQG�FKDU�GHSWK�

7KH�&)'� VLPXODWLRQV� ZHUH� FRPSDUHG�ZLWK� H[SHULPHQWDO�PHDVXUHPHQWV�� 7KH� UHVXOWV� DUH� UHDVRQDEOH
DQG�WKH�FRPSDULVRQ�EHWZHHQ�SUHGLFWLRQ�DQG�H[SHULPHQW�LV�IDLUO\�JRRG�DQG�SURPLVLQJ�

3DSHU��

7KLV�SDSHU�SUHVHQWV�PRGHO�GHYHORSPHQW�

$�IDVW�QDUURZ�EDQG�FRPSXWHU�PRGHO��)$671%��KDV�EHHQ�GHYHORSHG�WR�VSHHG�XS�WKH�HYDOXDWLRQ�RI�WKH
UDGLDWLRQ�SURSHUWLHV�RI�D� UDGLDWLQJ�PHGLXP� LQ�D�JHQHUDO�QRQ�LVRWKHUPDO�DQG�QRQ�KRPRJHQHRXV�SDWK�
7KLV� SURYLGHV� D� SRWHQWLDO� RI� DSSO\LQJ� WKH� QDUURZ�EDQG�PRGHO� LQ� QXPHULFDO� VLPXODWLRQV� RI� SUDFWLFDO
WXUEXOHQW�FRPEXVWLRQ��&RPSDUHG�ZLWK�*URVVKDQGOHU
V�QDUURZ�EDQG�PRGHO��5$'&$/��ZKLFK�KDV�EHHQ
YHULILHG�TXLWH�H[WHQVLYHO\�DJDLQVW�H[SHULPHQWDO�PHDVXUHPHQWV��)$671%�LV�PRUH�WKDQ����WLPHV�IDVWHU
DQG�JLYHV�DOPRVW�H[DFWO\�WKH�VDPH�UHVXOWV�

3DSHU��

7KLV�SDSHU�SUHVHQWV�DQ�DSSOLFDWLRQ�VWXG\�

7ZR�GLPHQVLRQDO�XSZDUG�IODPH�VSUHDG�DQG�VXEVHTXHQW� VWHDG\�EXUQLQJ�RI�D�YHUWLFDO�300$�VXUIDFH
ZDV�VWXGLHG�XVLQJ�&)'�PHWKRGRORJ\��ZLWK�WKH�IROORZLQJ�PRGHOV�HPSOR\HG�DQG�FRPSDUHG�

•� 6WDQGDUG�EXR\DQF\�PRGLILHG� ε−N �PRGHO
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•� ('&�FRPEXVWLRQ�PRGHO

•� '7�UDGLDWLRQ�PRGHO

•� )$671%�UDGLDWLRQ�SURSHUW\�HYDOXDWLRQ�PRGHO�DQG�DQ�LQWHJUDO�UDGLDWLRQ�SURSHUW\�PRGHO

•� 7UDQVSLUHG�DQG�QRQ�WUDQVSLUHG�ZDOO�IXQFWLRQV

•� 3\URO\VLV�PRGHO��GHYHORSHG�LQ�SDSHU���

•� (PSLULFDO�VRRW�PRGHO

7KH�FDOFXODWHG�IODPH�VSUHDG�YHORFLW\��KHDW�IOX[HV��LQFOXGLQJ�ERWK�FRQYHFWLRQ�DQG�UDGLDWLRQ���DQG� WKH
VWHDG\� EXUQLQJ� UDWH�� HWF�� ZHUH� DQDO\VHG� DQG� FRPSDUHG� ZLWK� H[SHULPHQWDO� PHDVXUHPHQWV�� *RRG
DJUHHPHQW�ZDV�REWDLQHG�

3DSHU��

7KLV�SDSHU�SUHVHQWV�DQ�DSSOLFDWLRQ�VWXG\�

7KH� KHDW� WUDQVIHU� IURP� WXUEXOHQW� GLIIXVLRQ� IODPHV� EHWZHHQ� YHUWLFDO� ZDOOV� KDV� EHHQ� FRPSXWHG� IRU
GLIIHUHQW�ZDOO�DQG�EXUQHU�FRQILJXUDWLRQV��7KH�IROORZLQJ�PRGHOV�ZHUH�HPSOR\HG�

•� 6WDQGDUG�EXR\DQF\�PRGLILHG� ε−N �PRGHO

•� )ODPHOHW�FRPEXVWLRQ�PRGHO

•� '7�UDGLDWLRQ�PRGHO

•� )$671%�UDGLDWLRQ�SURSHUW\�HYDOXDWLRQ�PRGHO

•� 7ZR�SDUDPHWHU�VRRW�PRGHO�SURSRVHG�E\�/LQGVWHGW

7KH�UHVXOWV�ZHUH�DQDO\VHG�DQG�FRPSDUHG�ZLWK�H[SHULPHQWDO�PHDVXUHPHQWV��ZLWK�ZKLFK�WKH\�VKRZHG
JRRG� DJUHHPHQW�� 7KH� HIIHFWV� RI� ZDOO� VHSDUDWLRQ� DQG� EXUQHU� RXWSXW� RQ� KHDW� WUDQVIHU� ZHUH� IDLWKIXOO\
UHSURGXFHG�

3DSHU��

7KLV�SDSHU�SUHVHQWV�D�PRGHO�GHYHORSPHQW�
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$�PRGLILHG� ε−N �WZR�HTXDWLRQ�WXUEXOHQFH�PRGHO�ZDV�GHYHORSHG�WR�LPSURYH�WKH�FRQVLGHUDWLRQ�RI�WKH
LPSRUWDQW�EXR\DQF\�HIIHFW�RQ�WXUEXOHQFH�DQG�WXUEXOHQW�WUDQVSRUW��ZKLFK�LV�D�VHULRXV�GHILFLHQF\�RI�WKH
VWDQGDUG� EXR\DQF\�PRGLILHG� ε−N � PRGHO�� 7KH� SUHVHQW� PRGHO� ZDV� WHVWHG� DJDLQVW� ERWK� SODQH� DQG
D[LV\PPHWULF� WKHUPDO� SOXPHV� DQG� D� EXR\DQW� GLIIXVLRQ� IODPH�� 7KH� PRGHO� ZDV� IRXQG� WR� EH� VWDEOH�
FRPSXWDWLRQDOO\� HFRQRPLF�� SURPLVLQJ� DQG� DSSOLFDEOH� WR� FRPSOH[� VLWXDWLRQV�� 7KH� SUHGLFWHG� SOXPH
VSUHDGLQJ�UDWHV�DQG�YHORFLW\�DQG� WHPSHUDWXUH�SURILOHV�DJUHHG�ZHOO�ZLWK�H[SHULPHQWDO�PHDVXUHPHQWV�
:KHQ� FRPSDUHG� ZLWK� WKH� VWDQGDUG� EXR\DQF\�PRGLILHG� ε−N � WXUEXOHQFH� PRGHO�� WKLV� PRGHO� JLYHV
VLJQLILFDQWO\�LPSURYHG�QXPHULFDO�UHVXOWV�

3DSHU��

7KLV�SDSHU�SUHVHQWV�DQ�DSSOLFDWLRQ�VWXG\�

$�QXPEHU�RI�QXPHULFDO�VLPXODWLRQV�RI�UDFN�VWRUDJH�ILUHV�KDYH�EHHQ�FDUULHG�RXW��ZLWK�YDULRXV�IXHO�W\SHV
DQG�EXUQHU�RXWSXWV��ZLWK�WKH�IROORZLQJ�PRGHOV�DGRSWHG�DQG�FRPSDUHG�

•� 6WDQGDUG�EXR\DQF\�PRGLILHG� ε−N �PRGHO�DQG�D�UHFHQW�WXUEXOHQFH�PRGHO��GHYHORSHG�LQ�SDSHU���

•� )ODPHOHW�FRPEXVWLRQ�PRGHO

•� '7�UDGLDWLRQ�PRGHO

•� )$671%�UDGLDWLRQ�SURSHUW\�HYDOXDWLRQ�PRGHO

•� 7ZR�SDUDPHWHU�VRRW�PRGHO�SURSRVHG�E\�/LQGVWHGW

�7KH� UHVXOWV�� LQFOXGLQJ� KHDW� IOX[� DQG� JDV� WHPSHUDWXUH� SURILOH�� ZHUH� DQDO\]HG� DQG� FRPSDUHG� ZLWK
H[SHULPHQWDO�PHDVXUHPHQWV��7KH�FRPSDULVRQV�VKRZHG�FRQVLGHUDEO\�LPSURYHG�DJUHHPHQW�IRU�WKH�QHZ
WXUEXOHQFH�PRGHO�

3DSHU��

7KLV�SDSHU� IXUWKHU�SUHVHQWV� WKH�S\URO\VLV�PRGHO�RULJLQDOO\�GHYHORSHG�E\� WKH� DXWKRU�RI� WKLV� WKHVLV� LQ
SDSHU���DQG�UHSRUWV�WKH�SURJUHVV�WRZDUGV�WKH�GHYHORSPHQW�RI�WKH��HTXLYDOHQW�SURSHUWLHV��RSWLPL]DWLRQ
SURJUDP�XVLQJ�WKLV�S\URO\VLV�PRGHO�

7KLV�PRGHO� KDV�EHHQ�PRGLILHG� DQG� FRXSOHG�ZLWK�06�([FHO� WR� SURYLGH� D� XVHU�IULHQGO\� LQWHUIDFH� IRU
RSWLPL]DWLRQ�SURFHVV��PRVWO\�WDNLQJ�WKH�DGYDQWDJH�RI�LWV�KLJK�HIILFLHQF\�
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$V�D�IXUWKHU�YDOLGDWLRQ��LW�KDV�DOVR�EHHQ�XVHG�VXFFHVVIXOO\�WR�VWXG\�KRZ�WKH�VDPSOH�LJQLWLRQ�LQ�&RQH
&DORULPHWHU� WHVWV� FDQ� EH� DIIHFWHG� E\� WKH� LPSRVHG� KHDW� IOX[�� UHDU� ERXQGDU\� FRQGLWLRQ� DQG� VDPSOH
WKLFNQHVV��HWF�
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��

���/,67�2)�127�,1&/8'('�38%/,&$7,216

��� =KHQJKXD� <DQ� 	� *|UDQ� +ROPVWHGW�� &)'� 6LPXODWLRQ� RI� )ODPH� 6SUHDG� LQ� 5RRP� )LUH�� ,Q� )LUVW
(XURSHDQ�6\PSRVLXP�RQ�)LUH�6DIHW\�6FLHQFH��SS�������������

��� =KHQJKXD�<DQ�	�*|UDQ�+ROPVWHGW��1XPHULFDO�3UHGLFWLRQ�RI�+HDW�)OX[�IURP�)ODPH�LQ�5RRP�)LUH�
5HSRUW�������'HSDUWPHQW�RI�)LUH�6DIHW\�(QJLQHHULQJ��/XQG������

��� =KHQJKXD�<DQ�	�*|UDQ�+ROPVWHGW��1XPHULFDO�,QYHVWLJDWLRQV�RI�5DFN�6WRUDJH�)LUHV��SUHVHQWHG�DV
SRVWHU�LQ�WKH���WK�,QWHUQDWLRQDO�6\PSRVLXP�RQ�&RPEXVWLRQ��&RORUDGR��86$������

��� *|UDQ�+ROPVWHGW�	�=KHQJKXD�<DQ��&)'�6LPXODWLRQ�RI�)ODPH�6SUHDG�DQG�3ROOXWLRQ�)RUPDWLRQ�LQ
5RRP�)LUH��LQYLWHG�SOHQDU\�OHFWXUH��&+(0(&$�����$XVWUDOLD������

��� 3HWUD�$QGHUVVRQ��6|UHQ�,VDNVVRQ��=KHQJKXD�<DQ�DQG�*|UDQ�+ROPVWHGW��([SHULPHQWDO�6WXGLHV�DQG
&)'�6LPXODWLRQV�RI�D�)LUH�3OXPH�IRU�WKH�3UHGLFWLRQ�RI�6PRNH�'HWHFWRU�$FWLYDWLRQ��VXEPLWWHG� WR
)LUH�6DIHW\�-RXUQDO
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���5()(5(1&(6

��� '�� %UDGOH\�� +RZ� )DVW� &DQ� :H� %XUQ"� ��WK� ,QWHUQDWLRQDO� 6\PSRVLXP� RQ� &RPEXVWLRQ�� 7KH
&RPEXVWLRQ�,QVWLWXWH��3LWWVEXUJK��SS��������������

��� 7��&HEHFL�DQG�$��0��2��6PLWK��$QDO\VLV�RI�7XUEXOHQW�%RXQGDU\�/D\HUV��$FDGHPLF�3UHVV������

��� +��7HQQHNHV�DQG�-��/��/XPOH\��$�)LUVW�&RXUVH�LQ�7XUEXOHQFH��7KH�0,7�3UHVV������

��� 3��$��/LEE\��,QWURGXFWLRQ�WR�7XUEXOHQFH��7D\ORU�	�)UDQFLV������

��� -��6DWR��(IIHFWV� RI�/HZLV�1XPEHU�RQ�([WLQFWLRQ�%HKDYLRU� RI�3UHPL[HG�)ODPHV� LQ� D� 6WDJQDWLRQ
)ORZ�� ��WK� ,QWHUQDWLRQDO� 6\PSRVLXP� RQ� &RPEXVWLRQ�� 7KH� &RPEXVWLRQ� ,QVWLWXWH�� 3LWWVEXUJK�
SS����������������

��� -��6DWR�DQG�+��7VXML��([WLQFWLRQ�RI�3UHPL[HG�)ODPHV�LQ�D�6WDJQDWLRQ�)ORZ�&RQVLGHULQJ�*HQHUDO
/HZLV�1XPEHU��&RPEXVWLRQ�6FLHQFH�DQG�7HFKQRORJ\������������������

��� 1�� 3HWHUV�� )LIWHHQ� /HFWXUHV� RQ� /DPLQDU� DQG� 7XUEXOHQW� &RPEXVWLRQ�� 5:7+� $DFKHQ� (UFRIWDF
6XPPHU�6FKRRO��*HUPDQ\������

��� $��1��.ROPRJRURY�� $�5HILQHPHQW� RI� 3UHYLRXV� +\SRWKHVHV� &RQFHUQLQJ� WKH� /RFDO� 6WUXFWXUH� RI
7XUEXOHQFH�LQ�D�9LVFRXV�,QFRPSUHVVLEOH�)OXLG�DW�+LJK�5H\QROGV�1XPEHU��-��)OXLG�0HFK���������
��������

��� +��0��2ERXNKRY��6RPH�6SHFLILF�)HDWXUHV�RI�$WPRVSKHULF�7XUEXOHQFH��-��)OXLG�0HFK������������
����

���� 5�� %RUJKL�� ,Q� µ5HFHQW� $GYDQFHV� LQ� WKH� $HURVSDFH� 6FLHQFH¶�� �&�� %UXQR� DQG� &�� &DVFL�� HGV���
3OHQXP��1HZ�<RUN������

���� 5��*��$GEHO�*D\HG��'��%UDGOH\��DQG�)��.��.��/XQJ��&RPEXVWLRQ�5HJLPHV�DQG� WKH�6WUDLQLQJ�RI
7XUEXOHQW�SUHPL[HG�)ODPHV��&RPEXVWLRQ�DQG�)ODPH������������������

���� %��)��0DJQXVVHQ�DQG�%��+��+MHUWDJHU��2Q�0DWKHPDWLFDO�0RGHOLQJ�RI�7XUEXOHQW�&RPEXVWLRQ�ZLWK
6SHFLDO�(PSKDVLV�RQ�6RRW�)RUPDWLRQ�DQG�&RPEXVWLRQ��,Q���WK�6\PS���,QW���RQ�&RPEXVWLRQ��7KH
&RPEXVWLRQ�,QVWLWXWH��3LWWVEXUJK��SS���������������

���� %�� )�� 0DJQXVVHQ�� 7KH� (GG\� 'LVVLSDWLRQ� &RQFHSW�� 3UHVHQWHG� DW� 7DVN� /HDGHU� 0HHWLQJ�� /XQG�
6ZHGHQ������

���� )��$��:LOOLDPV��7XUEXOHQW�0L[LQJ� LQ�1RQ�UHDFWLYH� DQG�5HDFWLYH�)ORZV� �6��1��%��0XUWK\�� HG���
SS������3OHQXP������

���� 6��.��/LHZ��)ODPHOHW�0RGHOV�RI�7XUEXOHQW�1RQ�SUHPL[HG�&RPEXVWLRQ��3K�'�� WKHVLV��8QLYHUVLW\
RI�6RXWKDPSWRQ������

���� 1�� 3HWHUV�� /DPLQDU� 'LIIXVLRQ� )ODPHOHW� 0RGHO� LQ� 1RQ�SUHPL[HG� 7XUEXOHQW� &RPEXVWLRQ�� 3URJ�
(QHUJ\�&RPEXVW��6FL�������������������

���� 6��.��/LHZ��.��1��&��%UD\��DQG�-��%��0RVV��$�6WUHWFKHG�/DPLQDU�)ODPHOHW�0RGHO�RI�7XUEXOHQW
1RQ�SUHPL[HG�&RPEXVWLRQ��&RPEXVW�DQG�)ODPH������������������
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���� 1�� 3HWHUV�� /DPLQDU� )ODPHOHW� &RQFHSWV� LQ� 7XUEXOHQW� &RPEXVWLRQ�� 7ZHQW\�ILUVW� 6\PS�
�,QWHUQDWLRQDO��RQ�&RPEXVWLRQ��7KH�&RPEXVWLRQ�,QVWLWXWH��3LWWVEXUJK��SS�����������������

���� 1�� 3HWHUV�� )RXU� /HFWXUHV� RQ� 7XUEXOHQW� &RPEXVWLRQ�� (5&2)7$&� 6XPPHU� 6FKRRO�� $DFKHQ�
*HUPDQ\������

���� -��%��0RVV��,Q�µ&RPEXVWLRQ�)XQGDPHQWDOV�RI�)LUH¶��*��&R[��(G����$FDGHPLF�3UHVV��SS�����������

���� )�� $�� :LOOLDPV�� &RPEXVWLRQ� 7KHRU\�� 6HFRQG� (GLWLRQ�� 7KH� %HQMDPLQ�&XPPLQJV� 3XEOLVKLQJ
&RPSDQ\��,QF���0HQOR�3DUN������

���� .��.��.XR��3ULQFLSOHV�RI�&RPEXVWLRQ��-RKQ�:LOH\�	�6RQV�,QF���1HZ�<RUN������

���� -��5��$QGUHZV�DQG�2��%LEODU]��7HPSHUDWXUH�'HSHQGHQFH�RI�*DV�3URSHUWLHV�LQ�3RO\QRPLDO�)RUP�
5HSRUW�136�����������1$9$�3RVWJUDGXDWH�6FKRRO�0RQWHUH\��&$������������

���� 6�0�� -HQJ�� 0�&�� /DL�� DQG� *�� 0�� )DHWK�� 1RQOXPLQLRXV� 5DGLDWLRQ� LQ� 7XUEXOHQW� %XR\DQW
$[LV\PPHWULF�)ODPHV��&RPEXVWLRQ�6FLHQFH�DQG�7HFKQRORJ\����������������

���� 6�0��-HQJ��DQG�*��0��)DHWK��5DGLDWLYH�+HDW�)OX[HV�1HDU�7XUEXOHQW�%XR\DQW�0HWKDQH�'LIIXVLRQ
)ODPHV��-��+HDW�7UDQVIHU�������������������

���� '��&��:LOFR[��7XUEXOHQFH�0RGHOLQJ�IRU�&)'��'&:�,QGXVWULHV�,QF�������

���� 1��1��0DQVRXU��-��.LP��DQG�3��0RLQ��5H\QROGV�6WUHVV�DQG�'LVVLSDWLRQ�5DWH�%XGJHWV�LQ�7XUEXOHQW
&KDQQHO�)ORZ��-RXUQDO�RI�)OXLG�0HFKDQLFV�����������������

���� 9��%��/LEURYLFK�DQG�9��,��/LVLW]\Q��$,$$�-����������������

���� 0�� $�� /HVFK]LQHU�� 7XUEXOHQFH� 0RGHOLQJ�� /HFWXUH� 1RWH�� 6XPPHU� 6FKRRO� RQ� $GYDQFHG
7XUEXOHQFH�0RGHOLQJ��8GLQH��,WDO\������

���� 0�� 2�� $QQDUXPPD�� -�� 0�� 0RVW� DQG� 3�� -RXODLQ�� 2Q� WKH� 1XPHULFDO� 0RGHOLQJ� RI� %XR\DQW�
'RPLQDWHG�7XUEXOHQW�9HUWLFDO�'LIIXVLRQ�)ODPHV��&RPEXVWLRQ�DQG�)ODPH������������������

���� 6��1DP�DQG�5��*��%LOO��1XPHULFDO�6LPXODWLRQ�RI�7KHUPDO�3OXPHV��)LUH�6DIHW\�-RXUQDO���������
���������

���� 3��:RRGEXUQ��&RPSXWDWLRQDO�)OXLG�'\QDPLFV�6LPXODWLRQ�RI�)LUH�JHQHUDWHG�)ORZV�LQ�7XQQHOV�DQG
&RUULGRUV��3K�'��WKHVLV��8QLYHUVLW\�RI�&DPEULGJH������

���� :��&��6WUDKOH��'XDOLW\��'LODWDWLRQ��'LIIXVLRQ�DQG�'LVVLSDWLRQ� LQ�5HDFWLQJ�7XUEXOHQW�)ORZV����WK

,QWHUQDWLRQDO� 6\PSRVLXP� RQ� &RPEXVWLRQ�� 7KH� &RPEXVWLRQ� ,QVWLWXWH�� 3LWWVEXUJK�� SS���������
����

���� 5��(��0LWFKHOO��$��)��6DURILP�DQG�/��$��&ORPEXUJ��([SHULPHQWDO�DQG�1XPHULFDO�,QYHVWLJDWLRQ�RI
&RQILQHG�/DPLQDU�'LIIXVLRQ�)ODPHV��&RPEXVWLRQ�DQG�)ODPH������������������

���� <�� 5�� 6LYDWKDQX� DQG� *�� 0�� )DHWK�� *HQHUDOL]HG� 6WDWH� 5HODWLRQVKLSV� IRU� 6FDODU� 3URSHUWLHV� LQ
1RQSUHPL[HG�+\GURFDUERQ�$LU�)ODPHV��&RPEXVWLRQ�DQG�)ODPH������������������

���� +�� 7VXML� DQG� ,�� <DPDRND�� 7KH� 6WUXFWXUH� RI� &RXQWHUIORZ� 'LIIXVLRQ� )ODPHV� LQ� 7KH� )RUZDUG
6WDJQDWLRQ� 5HJLRQ� RI� D� 3RURXV� &\OLQGHU�� ��WK� ,QWHUQDWLRQDO� 6\PSRVLXP� RQ� &RPEXVWLRQ�� 7KH
&RPEXVWLRQ�,QVWLWXWH��3LWWVEXUJK��SS���������������
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���� 1�� 3HWHUV� DQG�5�� -��.HH��7KH�&RPSXWDWLRQ� RI� 6WUHWFK� /DPLQDU�0HWKDQH�$LU� 'LIIXVLRQ� )ODPHV
8VLQJ�D�5HGXFHG�)RXU�6WHS�0HFKDQLVP��&RPEXVWLRQ�DQG�)ODPH����������������

���� :�� 3�� -RQHV� DQG� 5�� 3�� /LQGVWHGW�� 7KH� &DOFXODWLRQ� RI� WKH� 6WUXFWXUH� RI� /DLPLQDU� &RXQWHUIORZ
'LIIXVLRQ� )ODPHV�8VLQJ� D�*OREDO� 5HDFWLRQ�0HFKDQLVP��&RPEXVWLRQ� 6FLHQFH� DQG� 7HFKQRORJ\�
��������������

���� +�� 3LWVFK� DQG� 1�� 3HWHUV�� $� &RQVLVWHQW� )ODPHOHW� )RUPXODWLRQ� IRU� 1RQ�SUHPL[HG� &RPEXVWLRQ
&RQVLGHULQJ�'LIIHUHQWLDO�'LIIXVLRQ�(IIHFWV��&RPEXVWLRQ�DQG�)ODPH�����������������

���� 6�� %�� 3RSH�� 7KH� 3UREDELOLW\� $SSURDFK� WR� WKH� 0RGHOOLQJ� RI� 7XUEXOHQW� 5HDFWLQJ� )ORZV�
&RPEXVWLRQ�DQG�)ODPH�������������������

���� 6��%��3RSH��0RQWH�&DUOR�&DOFXODWLRQ�RI�3UHPL[HG�7XUEXOHQW�)ODPHV��(LJKWHHQWK�6\PSRVLXP�RQ
&RPEXVWLRQ��7KH�&RPEXVWLRQ�,QVWLWXWH��3LWWVEXUJK��SS����������������

���� 6�� %�� 3RSH�� $� 0RQWH� &DUOR� 0HWKRG� IRU� WKH� 3')� (TXDWLRQV� RI� 7XUEXOHQW� 5HDFWLYH� )ORZ�
&RPEXVWLRQ�6FLHQFH�DQG�7HFKQRORJ\������������������

���� :�� 3�� -RQHV� DQG� 0�� .DNKL�� 3GI� 0RGHOLQJ� RI� )LQLWH�UDWH� &KHPLVWU\� (IIHFWV� LQ� 7XUEXOHQW
1RQSUHPL[HG�-HW�)ODPHV��&RPEXVWLRQ�DQG�)ODPH�������������������

���� )��&��/RFNZRRG�DQG�$��6��1DJXLE��7KH�3UHGLFWLRQ�RI�WKH�)OXFWXDWLRQV�LQ�WKH�3URSHUWLHV�RI�)UHH�
5RXQG�MHW��7XUEXOHQW��'LIIXVLRQ�)ODPHV��&RPEXVWLRQ�DQG�)ODPH������������������

���� :��&�� )DQ��<��/��&KHQ� DQG�0�� /��+RQJ�� &RPSXWDWLRQDO� &RPEXVWLRQ��$QKXL�$FDGHPLF� 3UHVV�
����

���� <�� 3��:DQ�� +�� 3LWVFK� DQG� 1�� 3HWHUV�� 6LPXODWLRQ� RI� $XWRLJQLWLRQ� 'HOD\� DQG� /RFDWLRQ� RI� )XHO
6SUD\V�8QGHU�'LHVHO�(QJLQH�5HOHYDQW�&RQGLWLRQV��6$(�������������

���� +��3LWVFK��<��3��:DQ�DQG�1��3HWHUV��1XPHULFDO� ,QYHVWLJDWLRQ�RI�6RRW�)RUPDWLRQ�DQG�2[LGDWLRQ
8QGHU�'LHVHO�(QJLQH�&RQGLWLRQV��6$(�������������

���� +��3LWVFK��+��%DUWKV�DQG�1��3HWHUV��7KUHH�'LPHQVLRQ�0RGHOLQJ�RI�12[�DQG�6RRW�)RUPDWLRQ�LQ�',
'LHVHO� (QJLQH� 8VLQJ� 'HWDLOHG� &KHPLVWU\� %DVHG� RQ� WKH� ,QWHUDFWLYH� )ODPHOHWV� $SSURDFK�� 6$(
������������

���� ,��*ODVVPDQ��6RRW�)RUPDWLRQ�LQ�&RPEXVWLRQ�3URFHVVHV��7ZHQW\�6HFRQG�,QWHUQDWLRQDO�6\PSRVLXP
RQ�&RPEXVWLRQ��7KH�&RPEXVWLRQ�,QVWLWXWH��3LWWVEXUJK��SS��������������

���� ,��*ODVVPDQ��&RPEXVWLRQ��7KLUG�(GLWLRQ��$FDGHPLF�3UHVV��6DQ�'LHJR������

���� +��%RFNKRUQ��(G����6RRW�)RUPDWLRQ�LQ�&RPEXVWLRQ���0HFKDQLVPV�DQG�0RGHOV��6SULQJHU�9HUODJ�
����

���� -��%��0RVV��&��'��6WHZDUW�� DQG�.�� -��6\HG��)ORZILHOG�0RGHOLQJ�RI�6RRW�)RUPDWLRQ� DW�(OHYHWHG
3UHVVXUH��7ZHQW\�6HFRQG�6\PSRVLXP��,QWHUQDWLRQDO��RQ�&RPEXVWLRQ��7KH�&RPEXVWLRQ�,QVWLWXWH�
3LWWVEXUJK��SS���������������

���� .��-��6\HG��&��'��6WHZDUW��DQG�-��%��0RVV��0RGHOLQJ�6RRW�)RUPDWLRQ�DQG�7KHUPDO�5DGLDWLRQ�LQ
%XR\DQW�7XUEXOHQW�'LIIXVLRQ�)ODPHV��7ZHQW\�7KLUG�6\PSRVLXP��,QWHUQDWLRQDO��RQ�&RPEXVWLRQ�
7KH�&RPEXVWLRQ�,QVWLWXWH��3LWWVEXUJK��SS�����������������
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���� &��'��6WHZDUW��.��-��6\HG��DQG�-��%��0RVV��0RGHOLQJ�6RRW�)RUPDWLRQ�LQ�1RQ�SUHPL[HG�.HURVLQH�
$LU�)ODPHV��&RPEXVWLRQ�6FLHQFH�DQG�7HFKQRORJ\������������������

���� -��%��0RVV��&��'��6WHZDUW�� DQG�.�� -��<RXQJ��0RGHOLQJ�6RRW�)RUPDWLRQ�DQG�%XUQRXW� LQ� D�+LJK
7HPSHUDWXUH�/DPLQDU�'LIIXVLRQ�)ODPH�%XUQLQJ�8QGHU�R[\JHQ�(QULFKHG�&RQGLWLRQV��&RPEXVWLRQ
DQG�)ODPH�������������������

���� 5�� 3�� /LQGVWHGW�� ,QYLWHG� /HFWXUH�� �VW� 6SHFLDOLVW� 0HHWLQJ� RI� WKH� ,QWHUQDWLRQDO� )ODPH� 5HVHDUFK
)RXQGDWLRQ��,MPXLMGHQ��2FWREHU������

���� 5��3�� /LQGVWHGW�� $� 6LPSOH�5HDFWLRQ�0HFKDQLVP� IRU� 6RRW� )RUPDWLRQ� LQ�1RQ�SUHPL[HG� )ODPHV�
,87$0�&RQIHUHQFH�RQ�$HURWKHUPR�FKHPLVWU\�LQ�&RPEXVWRUV��7DLSHL��7DLZDQ��-XQH�����

���� 0��)DLUZHDWKHU��:��3��-RQHV��+��6��/HGLQ��DQG�5��3��/LQGVWHGW��3UHGLFWLRQ�RI�6RRW�)RUPDWLRQ�LQ
7XUEXOHQW� 1RQ�SUHPL[HG� 3URSDQH� )ODPHV�� 7ZHQW\�)RXUWK� 6\PSRVLXP� �,QWHUQDWLRQDO�� RQ
&RPEXVWLRQ��7KH�&RPEXVWLRQ�,QVWLWXWH��3LWWVEXUJK��SS�����������������

���� 0�� )DLUZHDWKHU�� :�� 3�� -RQHV�� DQG� 5�� 3�� /LQGVWHGW�� 3UHGLFWLRQV� RI� 5DGLDWLYH� 7UDQVIHU� IURP� D
7XUEXOHQW�5HDFWLQJ�-HW�LQ�D�&URVV�:LQG��&RPEXVWLRQ�DQG�)ODPH����������������

���� 0�� %DOWKDVDU�� $�� +H\O�� )�� 0DXVV�� )�� 6FKPLWW�� DQG� +�� %RFNKRUQ�� )ODPHOHW� 0RGHOLQJ� RI� 6RRW
)RUPDWLRQ�LQ�/DPLQDU�(WK\QH�$LU�'LIIXVLRQ�)ODPHV��7ZHQW\�6L[WK�6\PSRVLXP��,QWHUQDWLRQDO��RQ
&RPEXVWLRQ��7KH�&RPEXVWLRQ�,QVWLWXWH��3LWWVEXUJK��SS�����������������

���� 5�� 6LHJHO� DQG� -�� 5�� +RZHOO�� 7KHUPDO� 5DGLDWLRQ� +HDW� 7UDQVIHU�� +HPLVSKHUH� 3XEOLVKLQJ� &RUS��
:DVKLQJWRQ������

���� 0��)��0RGHVW��5DGLDWLYH�+HDW�7UDQVIHU��0F*UDZ�+LOO��,QF���1HZ�<RUN������

���� )��&��/RFNZRRG�	�1��*��6KDK��$�1HZ�5DGLDWLRQ�6ROXWLRQ�0HWKRG�IRU�,QFRUSRUDWLRQ�LQ�*HQHUDO
&RPEXVWLRQ�3UHGLFWLRQ�3URFHGXUHV��(LJKWHHQWK�6\PSRVLXP��,QWHUQDWLRQDO��RQ�&RPEXVWLRQ��7KH
&RPEXVWLRQ�,QVWLWXWH��3LWWVEXUJK��SS�����������������
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