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Notations 

All symbols are explained where they first appear. However, some symbols willbriefly be 
presented here. 

A Area of the cross section of the specimen 
Ao Area of the fracture surface 
Ax Contact surface between matrix and aggregates projected on xz-plane 
A

1 Contact surface between matrix and aggregates projected on yz-plane 
a Crack length 
b Width of the specimen 
b0 Width of the specimen excluding notches 
Cij Elements of the stiffness matrix of the fracture process zone 
D Size of aggregate, diameter 
Dmax Maximum aggregate size, maximum diameter 
d Width of the specimen 
d0 Width of the specimen excluding notches 
E Modulus of elasticity 
ft Tensile strength 
( , Compressive strength 
G Energy release rate 
Ge Critical energy release rate 
Gp Fracture energy 
h Length of the specimen between supports 
I Moment of inertia of the specimen 
lo Moment of inertia of the specimen excluding notches 
Km Mode m stress intensity factor, m= l, ll and m 
Kme Critical stress intensity factor in mode m 
Ke Effective stress intensity factor 
Kea Effective stress intensity factor for the cases when crack kinking occurs 
L Length of the beam 
leh Characteristic length = EGF/(fJ2 

r Radial distance to the crack tip 
Sn Translational stiffness, spring stiffness 
Sr Rotational stiffness 
w Normal displacement within fracture process zone 
W e Critical W 

w Average w 
a Angle of inclination of the linear displacement path 
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13 Parabola factor for parabclic displacement path 

y Displacement in general and total displacement, for instance sum of the 

displacements inside and outside of the fracture process zone 

å Increment 

o Shear displacement within fracture process zone 

€ Strain 

€ 0 Strain at maximum tensile stress 

11 Strain energy density 

17o Strain energy density at maximum tensile stress 

6 Angle between radial direction and x -axis 

80 Kink angle 

1J. Coeffi.cient of friction 
G Normal stress 

Gpu Yielding stress of matrix 

G rr StreSS component in polar COOrdinates 

G 68 Stress component in polar coordinates 

f Shear stress 

f~ stress component in polar coordinates 
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Summary 

The major goal of this investigation has been determination of the behaviour of a fracture 
process zone in concrete, formed under pure tensile stress conditions, which later becomes 
subjected to simultaneously imposed normal and shear displacements. The properties of 
interest are the variations of the normal and shear stresses as functions of both normal and 
shear displacements inside the fracture process zone. The properties and the theoretical 
background of the investigation are described in Chapter 2. 

A test arrangement has been developed in order to accomplish the above-mentioned goal. The 
arrangement is capable of introducing a tensile fracture process zone and thereafter 
simultaneously imposing both normal and shear displacements. The arrangement is thoroughly 
described in Chapter 3, where the design considerations of the arrangement are also 
discussed. One very important matter associated with designing similar arrangements is the 
prevention of the "bumps" due to rotational instability of the specimens. A bump is a sudden 
variation of the slope of the tensile stress - displacement curve which is an indication of the 
uneven distribution of the normal displacement along the fracture process zone. The reason 
for occurrence and the consequences of a bump are discussed. In the same chapter, test 
methods developed by other investigators for determination of the properties of the fracture 
process zone under combined normal and shear displacements are presented. 

In Chapter 4 the results of the tests are presented. The tests are performed in displacement 
control. The tests are govemed by means of functions on ow-plane {6 and w are shear and 
normal displacements within the fracture zone), viz rates of the shear displacements are 
adjusted so that the relation between 6 and w satisties a function. Two types of functions 
have been tested, namely linear functions defined by w= {tana)o and parabolic functions 
defined by w={J6112

• By varying a and {J a set of functions have been obtained which are 
denoted displacement paths. Some other complementary paths are also used in order to better 
understand the observed phenomena. The results of the different paths are compared with 
each other, which leads to the following conclusions: 

Behaviour of the fracture process zone is path dependent, i. e. to approach a point 
on the o w-plane along two different paths leads to differentstresses (both normal 
and shear stresses). Furthermore, the shape of the stress - displacement curves 
depends upon the displacement path. 

The results demoostrate that in the case of a~75° and {3~0.7 mm112
, the tensile 

stress- displacement curve (uw-curve) is not influenced bytheshear and the fmal 
sheat and compressive stresses are low. Furthermore, in the case of high shear 
rate {dö/dw), for instance a~30° the tensile normal stress decreases abruptly and 
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ends up as a relatively high compressive stress. 

Test results show that for the cases a~45 ° and p~0.3 mm112 the specimen in spite 
of the notches may include several crack systems, i.e. several fracture process 
zones. This event, however, confines the capacity of the testing method. 

The experimental results are compared by the micro mechanical model developed by 
W airaven which explains some of the phenomena observed in the tests. 

Finall y in Chapter 4 a mathematical expression is fltted to the results of the parabolic paths, 
which facilitates the derivation of the required material properties. The mathematical 
expressions obtained in this investigation are also compared with the expressions reported by 
other investigators, which reveals the following: 

The fmal stresses observed in this investigation are normally lower than those in 
the other investigations which, to some extent may be due to the fact that 
simultaneously iDereasing displacements leads to lower stresses compared with the 
case when displacements are increased one at a time, i.e. stepwise increasing 
displacements. 

Finally Chapter 5 is dedicated to the conclusions and the future studies which the author 
wishes to undertake. 
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l Introduction 

1.1 Application of fracture mechanics to concrete 

Applications of fracture mechanics to concrete have been going on since the early sixties. The 

applications started by introducing the linear elastic fracture mechanics models to the field 

of concrete. Linear elastic fracture mechanics models were the only available models which 

treated crack stability and crack growth in concrete until the mid-seventies when models based 

on tensile-softening were developed within the field of the fracture mechanics of concrete. 

During the eighties the tensile-softening models played a central role in the field of fracture 

mechanics of concrete. The major fracture mechanics research activities were airned at further 

development of tensile-softening models, determination of the requisite material properties 

and applications of the models to structures with various geometry and size. 

It has been demonstrated, see for instance Petersson 81, that propagation of a real crack in 

cernentitious materials is preceded by formation of a tensile fracture process zone which 

possesses such properties that it govems the structural behaviour of concrete. Furthermore, 

i t has been demonstrated that the effects of the tensile fracture process zone cannot be omitted 

from the fracture mechanics analyses as far as structures of medium size are concemed. 

Discoveries regarding the significant role which a tensile fracture process zone plays in 

controlling the structural behaviour of concrete have focused the fracture mechanics research 

on determination of various properties of the tensile fracture process zon e and implementation 

of the properties in the analyses. 

During the past decade applications of tensHe-softening models have been extended to more 

complicated failure types such as shear failure of concrete structures; see also RILEM report 

1989, which shows various examples of such applications. Successful applications of tensHe­

softening models to shear failure of concrete structures require well-grounded knowledge on 

softening processes of concrete when both normal and shear displacements occur in the 

fracture process zone. At the present time, such knowledge does not exist. This investigation, 

and the other investigations which are going on in other laboratories, are attempts to gain 

more knowled ge on the softening process of concrete under the influence of combined normal 

and shear displacement 

1.2 Introduction of the present project 

The investigation which is presented in this report deals with determination of some of the 

properties of the fracture process zone, which will successively be presented. This 
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investigation is based on the fracture mechanics model of Hillerborg, the "Fictitious Crack 
Mode!", which was developed during the seventi.es. The concepts and applications of the 
model have comprehensively been demonstrated in three theses presented by Modeer 1979, 
Petersson 1981 and Gustafsson 1985. 

The major parts of the aforementi.oned theses deal with mode I applications of the Fictitious 
Crack Model to concrete. However, in the work of Modeer and Gustafsson some parts have 
been devoted to the shear strength analyses of reinforced concrete, which have further 
extended the applications of the model. 

The comprehensive, theoretical work of Gustafsson clearly demoostrates the size-dependent 
shear performance of longitudinal! y reinforced concrete beams. Gustafsson concludes that the 
size-dependent shear performance of the reinforced concrete beams studied can be attributed 
to displacement localization due to the softening behaviour of concrete. As far as comparison 
with respect to the relative influence of the beam depth on shear strength is concemed, 
applications of the Fictiti.ous Crack Model showed good agreement with the experimental 
results of some other investigators. However, as far as comparison of the absolutevalues of 
shear strength are concerned, the results of Gustafsson underestimate the shear strength. 
Gustafsson has diseossed the eauses of the underestimati.on. One of the possible eau ses, which 
also concems the present investigation, was that in the material model of Gustafsson the 
influence of the shear on the fracture process zone after its formation was neglected. It is not 
known to what extent the described approximation of the fracture process zone affected the 
results reported by Gustafsson. However, after successful applicati.ons of the Ficti.tious Crack 
Model to concrete in general, and based on the theoretical results of Gustafsson, Hillerborg 
and Gustafsson outlined the present project which the author has carried out since 1986. 

In the project description it is stated that more accurate applications of the Fictitious Crack 
Model to the shear fracture of concrete structures demand better knowledge about the 
behaviour of the fracture process zone under the influence of both normal and shear 
displacement. The following examples further elucidate the aim of the investigation. 

Fig. 1.1 illustrates two cases of crack propagation. Figs. l. la and 1.1b mustrate the first 
case, i.e. stra.ight-linear crack propagation, while Figs. 1.1c and 1.1d illustrate the seeond 
case, i. e. curve-linear crack propagation. According to the Fictitious Crack Model, in both 
cases and at any load leve!, a fracture process zone is initiated perpendicular to the frrst 
principaltensile stress, and the crack trajectory follows the direction which is perpendicular 
to the fi.rst principal stress direction at the iostant when the fracture process zone is initiated. 
However, the difference between the two cases is that, in the first case, the directions of the 
principal stresses are eonstant during the crack propagation, whereas in the seeond case the 
directions are changed during the crack propagation. According to the Ficti.tious Crack 
Model, shear displacement and shear stresses do not occur inside the fracture process zone, 
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uniess the direction of the flrst principal tensile stress is changed during the crack 

propagation. Consequently, in the frrst case there will be no shear stresses or shear 

displacements inside the fracture process zone whereas in the seeond case shear stresses and 

shear displacements will occur inside the fracture process zone. From the modelling point of 

view the major difference between the two cases is that in the frrst case the behaviour of the 

fracture process zone can be described by means of a single normal stress - normal 

displacement relationship, while in the seeond case the behaviour of the fracture process zone 

is described by means of stress - displacement relations, where both normal and shear stresses 

are simultaneously influenced by normal and shear displacements. 

L 
a) 

c) 

l 
b) 

d) 

l 
\ 
\ 

Fig. 1.1. Different cases of crack propagation. 

The intention of this investigation is to develop a test method to determine the stress -

displacement relations for fracture process zones which are initiated by tensile stresses and 

later on become influenced by simultaneous normal and shear displacements. 

1.3 General limitations 

This investigation deals with determination of material properties intended to be used by the 

Fictitious Crack Model in the cases of curve-linear crack propagation. Thus concepts of the 
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model have defined the intention of the investigation. 

No considerations have been taken of other failure types. In this investigation, it is assumed 

that development of a real crack is preceded by formation of a fracture process zone, which 

in tum is initiated under pure tensile conditions. Furthermore, it has been assumed that in the 

case of varying flrst principal tensile stress direction, shear displacement and shear stress 

occur inside the fracture process zone. 

Since this investigation is an experimental stud y, no emphasis has been placed on theories of 

fracture mechanics, nor has any consideration been taken of other fracture mechanics models. 

Nevertheless, some models are briefly described in order to clarify the author's position. 

It has not been my intention to come up with a universal formula which describes the 

behaviour of fracture process zones under the influence of simultaneous normal and shear 

displacements. 

The investigation concems only the macroscopical properties of concrete and assumes 

concrete to be a homogenous material at the same structural lev el. How ev er, a micro­

mechanical model has been utilized in order to explain some of the phenomena observed in 

the tests. 

In this investigation concrete is considered to be a non-yielding material which falls due to 

micro-cracking. Furthermore, in this investigation no distinction is made between plane strain 

and plane stress states. 

All tests are performed in a displacement-controlled and monotonic manner. 
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2 Introduction to fracture mechanics 

2.1 lntroduction 

Crack propagation in concrete structures is preceded by formation of a thin but extended 

fracture process zone, also called fracture zone and damage zone. Material inside the fracture 

process zone softens and acquires properties which differ from the remaining parts of the 

structure. Applications of models which take into account the effects of the fracture process 

zone have demonstrated the very important role which softening of concrete plays in 

goveming the failure process of concrete structures of medium size. It is now widely agreed 

that an appropriate fracture mechanics model should take into account the effects of the 

softening behaviour of concrete. 

A fracture process zone is modelled according to the two different major approaches, namely 

discrete crack approach and smeared crack approach. Both approaches are based on the same 

macroscopic behaviour and utilize the same basic material properties, bu t they differ in finite 

element implementation of the observed behaviour. However, since the Fictitious: Crack 

Model is the basic model of this investigation, it is appropriate to present the theoretical 

framework of this report through the concepts of the discrete crack approach. Nevertheless, 

concepts of either of the approaches can be used in order to define the physical basis of the 

strain-softening models. 

Since this report deals with fracture properties of concrete, the material concrete will be 

presented followed by brief discussion with regard to the basic factors which have greater 

impacts on the strength of the concrete. 

Despite the limited range of this report, it has been found appropriate to give a brief 

introduction to the Linear Elastic Fracture Mechanics, in order to elucidate some of the 

fracture mechanics terminologies and the differences between the Fictitious Crack Model and 

Linear E1astic Fracture Mechanics Models. 

A section is dedicated to the Fictitious Crack Model. The section presents the physical basis 

of the model and defines the material properties which are necessary for the applications of 

the Fictitious Crack Model. 

In the last section the plausible mechanisms of the fracture are discussed. 
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2.2 Concrete 

Concrete is made of ordinary portland cement or other hydraulic cement, aggregates and 

water. When cement reacts chemically with water it bardens and binds the aggregate particles 
together. Besides the above mentioned constituents, some other components and admixtures 

are also incorporated in order to control properties of both fresh and hardened concrete. 

Conventional normal weight and normal strength concrete, standard concrete, has. been 
manufactured with ordinary portland cement and natural or eroshed stone and sand as 

aggregates. Classification of concrete by strength is done by means of its characteristic 

compressive strength, which in most standards varles between 12 and 80 MPa. The mean 
strengths of the standard concretes vary between 20 and 88 MPa, see for instance CEB-FIP 
Model Code. The water-cement ratlos of the standard concretes vary between 1.1 and 0.4. 

In the literature, standard concrete is sometimes divided into three groups where concretes 

with compressive strengths 20 to 40, 40 to 60 and 60 to 70 are denoted low, medium and 
high strength concretes. These intervals are approximative and may vary widely in the 

literature. In the following parts of the report the term concrete alone denotes normal-weight 

normal-strength concrete, i. e. standard concrete. Furthermore, the term high strength concrete 
should not be confused with the other type of high strength concrete which has compressive 

strength higher than 90 MPa. These concrete qualities are denoted here as high-performance 

concrete. 

Strength of concrete is basically governed by strength of the cement paste, which in tum is 

controHed by porosity of cement paste, i.e. it is controlied by water-cement ratio and air­
entrainment. Water-cement ratios higherthan 0.6, corresponding to compressive strengths 

lower than 40 MPa, result normally in a weak cement paste with poor bond properties which 
is notable to mobilize the strength of the aggregates. Consequently, strength of low-strength 

concrete is determined by strength of the cement paste, see Alexanderson (1982). Decreased 

water-cement ratio strengthens cement paste and the bond between cement paste and the 

aggregates, which leads to im proved mobilization of the aggregate strength. Consequently, 

decreased water cement ratio increases influence of the aggregates on the strength of the 
concrete. 

Beside the water-cement ratio, there are several other factors which have more or less 

influence on the strength of concrete. To discuss all these factors is out of the range of this 
report However, there is another important factor, namely size of aggregate which also 

influences the bond between cement paste and aggregates. It has been demonstrated that for 
a given concrete quality the bond between fme aggregates and cement paste is normally 

stronger than the bond between coarse aggregates and cement paste. The reasons for this are 

stress concentrations, existing eraeks eaused by drying and chemical shrinkages and 
differences in thermal expansion of the cement paste and aggregates. Furthermore, 
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insufficient cornpaction rnay cause air bubbles to be locked up under coarse aggregates, and 

too long cornpaction in combination with high water-cernent ratio rnay cause water separation 

under coarse aggregates. These effects increase the porosity of the in terface region between 

coarse aggregates and cement paste, which leads to decreased bond strength. The above 

mentioned effects gradually lose their influence as water-cernent ratio decreases. For instance 

in high performance concrete the strength of the cement paste and the in terface region is such 

that they are able to rnobilize total strength of the coarse aggregates. A detailed discussion 

of the microstructure of the interface region is given by Fagerlund (1982), to which the 

reader is referred. 

From the fracture rnechanics point of view, i t is im portant to determine w hether crack 

propagation avoids aggregates or not. lt is difficult to point out the aggregate fractions which 

will be erossed by the crack. However, i t can be said that, in low quality normal concrete, 

the coarse aggregates are avoided by the eraeks while in the high performance concrete the 

eraeks run through the coarse aggregates as weil. In the intermediate range the amount of 

broken coarse aggregates increases with increased strength, which leads to more brittle 

structural behaviour of concrete. The measure of brittleness is described in section 2. 5. Since 

the bond strength is influenced by rnany factors, it is not easy to deterrnine the size which 

ma y cause aggregate fracture. However, evaluation of the amount of the fractured aggregates 

when the test is completed is a valuable instrument in order to explain phenomena observed 

in a test series. 

2.3 Assumed structurallevels 

In macro-level, for instance structurallevel where the strength analyses are applied, hardened 

concrete is considered as a homogeneous material. This is due to the fact that the size of 

biggest inclusions of concrete usually are several times smaller than the size of the structure 

being studied. This assumption is also employed when fracture mechanics applicatilons to 

concrete and determination of fracture pararneters are involved. Due to stability requirements 

the direct tensile test specimens are usually small. However, insofar as they satisfy 

requirements of the continuurn rnechanics, the material which they are made of can be 

considered homogeneous. According to continuum mechanics, a material is considered 

homogeneous w hen the smallest section of the structure, made of the same material, is at least 

three times greater than the biggest inclusion inside the material. 

Since macroscopic behaviour of concrete is governed by the properties of its components, it 

is essential that the composite structure of concrete also be examined in order to better 

understand the observed macroscopic phenomenon. The composite structure of concrete is 

very complex and can be subdivided into many phases. In order to achieve simplicity it is 
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beneficial to subdivide the structure of concrete into a few phases which, in tum, can also be 
regarded as composites. However, for the purposes of this report it is sufficient to consider 

concrete as a two-phase composite, where coarse aggregales are embedded in a homogeneous 

matrix of mortar. This model is sufficient in the sense that i t distinguishes the events which 

control crack-line path, which in tum influences the macroscopic mechanical parameters. 

In the following sections w hen determination of fracture mechanics parameters are concemed, 

concrete is considered as a homogenous material. Furthermore, when mechanisms of eradång 

are concemed, concrete is considered as a two phase composite as described above. 

2.4 Linear Elastic Fracture Mechanics (LEFM) 

2.4.1 Modes of fracture 

In fracture mechanics three basic modes of failure are distinguished, namely mode I, often 

denoted as opening or tensile mode, mode Il, also denoted as sliding or shear mode, and 

mode m or tearing mode. The basic modes are defined with respect to the geometrical 

separation of a body in two pieces, and are demonstrated in Fig. 2.1, see Hellan (1984). 

y 

Mode I Mode II Mode III 

Fig. 2.1. Basic nu>des of.[rtKture, Hellan (1984). 

As far as fractures of homogeneous and isotropic materials are concemed, it is in practice 

difficult, if not impossible, to develop pure mode II or mode III. Therefore, besides pure 

mode I, modes of failure are often a combination of the basic modes which are called mixed 
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mode. A special case of mixed mode fracture, which will be described here, is mixed mode 

I and n, i.e. a combination of tensile and shear mode. Since among the mixed mode cases 

only mixed mode I and II will be discussed in this report, in the following sections the term 

mixed mode refers to mixed mode I and n. 

2.4. 2 Linear elastic c rack propagation 

In a linear elastic and isotropic material, the in plane stress state close to the crack tip in 

polar coordinates can be expressed by means of equation 2.1, see Carlsson (1976). 

s e l 3e 5 . e 3 . 3e 
o" +-cos-- -cos- --sm- +- sm-

4 2 4 2 4 2 4 2 

KI 3 e l 3e K1r 3. e 3 . 3e 2.1 0 ee - -- +- cos- +-cos- +-- --sm- - -sm- + ••• 
.j2Ttr 4 2 4 2 .j2Ttr 4 2 4 2 

l . e l . 3e l e 3 36 
't ,e +- sm-+-sm- +-cos- + -cos-

4 2 4 2 4 2 4 2 

In the equation, K is the stress intensity factor (N/m3n) and the indices denote the mode of 

the stress state. The other tenns are described in Fig. 2.2. 

y 

Fig. 2.2. Stress state close to the crack tip. 

9 



As can be observed, since stresses approach infinity with decreasing distance (r) to the crack 

tip, the strength criterion cannot be utilized in order to define conditlons for crack 

propagation. lnstead, in LEFM a stress intensity criterion is utilized. 

In pure mode l, Kn=O, and pure mode II, K1=0, the conditlon for crack propagation is 

fulfilled when the stress intensity factor assumes a critical value, which is denoted K1c in 

mode I and Knc in mode II. 

For a structure (specimen) with given geometry and toading condition, the relation between 

remote stress and stress intensity factor is given by the following equation. 

(] = .. K 

{rraf 
2.2 

where ac is either remote tensile stress or remote shear stress, calculated according to the 

linear elastic theory for the case of a non-cracked body, K is either mode I or mode II stress 

intensity factor, a is crack length and f is a factor which is a function of the loading condition 

and the geometry of the body. Expressions for f, for simple toading conditlons and 

geometries, can be derived analytically, whereas other methods should be utilized for 

complicated cases, see for instance Bäcklund (1982). 

Besides the stress intensity criterion, the energy release rate is also utilized. When the energy 

release rate criterion is utilized, the conditlon for crack propagation is fulfilled when the 

energy release rate (G) assumes a critical value denoted as Ge. The relation between energy 

release rate and stress intensity factor for pure mode I and pure mode II in plane stress 

conditlons is given by the following equation. 

I(l 
G=- 2.3 

E 

In mixed mode I and II, i.e. cases where none of the stress intensity factors are zero, two 

cases are distinguished, namely the case w hen the crack is self-similar, i. e. when the direction 

of the crack propagation is constant, and the case when crack kinking occurs. 

In the frrst case, an effective stress intensity factor <Ko) is utilized which is a function of both 

mode I and mode II stress intensity factors, see equation 2.4. In practice, Kc is normally 

equated to the K1c in order to define conditions for self-similar mixed mode crack 

propagation. 
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2 2 2 
K. = EG = K1 + K11 

2.4 

In the seeond case it is also possible to derive an effective stress intensity factor. However, 

in this case, the effective stress intensity factor CKee} is not only a function of K1 and K0 but 

also a function of the crack kink angle (90) . 

Several different theories, see for instance Ingraffea and Saouma (1985}, have been proposed 

in order to determine the effective stress intensity factor and the crack branching angle. Since 

as far as this report is concemed it would be to no purpose to describe all the theories, only 

one will be mentioned, in order to demoostrate the basics of the linear elastic mixed mode 

crack propagation. The theory which will be described here is called "the Maximum 

Tangential Stress Theory" formulated by Erdogan and Sih in 1963. According to this theory 

eraeks propagate in the direction along which a 86 is maximum and a~ is zero. Furthermore, 

crack propagation is initiated when Ke8 ={27rr)112a86 assumes a critical value, which is 

equated to K10• With regard to the noted conditions and equation 2.1, the following equations 

are obtai.ned. 

2.5 
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2.6 

Equations 2.5 and 2.6 are the goveming equations in the maximum tangential stress theory. 

The first equation gives the crack kink angle (90) for a given crack tip location and loading 

conditions, whereas the seeond one defines the criteria for the initiation of crack propagation. 

The eraek will propagate, if the calculated parameters satisfy equation 2.6, see Ingraffea et. al. 

(1985) and Hellan (1984). 

The maximum tangential stress theory is reduced to the pure mode I case if the kink angle 

is equated to zero, because K0 should be zero in order to satisfy equation 2.5. Therefore, 

according to this theory, self-similar crack propagation is not a mixed mode crack 

propagation which contradiets the assumptions of equation 2.4. 

This describes briefly the modes of fracture and criteria for erack propagation. Nevertheless, 

the reader is referred to references which are given in the text for detailed descriptions of 

Linear Elastic Fracture Mechanics. 

11 



2.5 Fictitious Crack Model (FCM) 

2. 5 .l Ph ysical basis - pure tensil e crack propagation 

The Fictitious Crack Model is a discrete crack modet based on the tensile softening of 

cementitious materials. The physical basis of FCM is most simply described by the results 

of a stable displacement-controlled tension test conducted on a concrete bar, under ideal 

conditions. Test setup is illustrated in Fig. 2.3a. Two segments (A and B) are demarcated on 

the bar where two identical displacement transducers are attached. On the assumptions that 

the bar possesses the same properties everywhere, that the displacement is evenly distributed 

and that final separation of the bar will occur inside the segment A, the result of the complete 

test will be as shown in Fig. 2.3b, where curve A displays results for segment A and curve 

B displays results for segment B. 

Test results show that the segments behave in the same manner in the pre-peak: region while 

they behave different! y in the post-peak region. Besides the differences between curves A and 

B, each curve is composed of several regions which display differing material behaviour, 

w hi ch will be discussed in section 2. 6. The reason for the differing behaviour of the segments 

isthat at peak a fracture process zone (damage zone) is formed inside segment A, where the 

additional displacement takes place, while the other sections of the bar, which are not 

damaged, experience unloading, i.e. decreased displacement. Decrease of displacement is 

eaused by reduction of stress due to softening of the material inside the fracture process zone. 

The characteristic of the fracture process zone is that it has a small extension in the direction 

of the stress while it involves entire breadths of the bar in the direction perpendicular to the 

stress direction, see Fig. 2.3c. 

In the following parts, Fig. 2.3b is used in order to introduce the material properties which 

are utilized by FCM. The fracture process zone is modeled by means of a stress-displacement 

curve which can be derived by subtracting the descending braoch of curve B from curve A, 

Fig. 2.3d. The other parts of the structure (undamaged sections) are modeled by means of 

a stress-strain curve which can be derived from curve B. 

The area beneath the stress-displacement curve is the fracture energy denoted GF (N/m). 

Another important parameter whlch can be derived from the test results is the characteristic 

length denoted Ich (m), see equation 2.7. 
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2.7 

E is modulus of elasticity and f1 istensile strength. According to the FCM, Ich is a material 

pararneter which controts the extension of the fracture process zone. On the assumption of 

linear elastic bulk behaviour, equation 2. 7 can be rewritten in the following ways: 

l 2E l 2 l GF 
l =--G =--G =-­
ch 2 f/, F 2 e/, F 2 'lo 

EGF w 
l =-- =-
clt f, f, eo 

2.8 

2.9 

where €o (m/m) is strain at maximum tensile stress, and Tio (Nm/m3
) is strain energy density 

at maximum tensile stress, i. e. elastic energy perunit volume. Thus, Ich is proportional to the 

ratio between the fracture energy and the maximum elastic energy which can be stored per 

unit volume of the material. w is average displacement in the fracture process zone. Thus, 

~h is the ratio between average displacement inside the fracture process zone and the 

maximum strain of the material, see also Chapter 7 inRILEM-report (1989). 

FCM defines a brittleness number d/Ich, where d is the characteristic size of the structure. 

Since Ich controls size of the fracture process zone, the ratio d/Ich is indirectly a comparison 

between the size of the structure, for instance depth of a beam, and the extension of the 

fracture process wne. It has been demonstrated that when the brittleness number approaches 

infinity, i. e. a small fracture process zone compared to the size of the structure, the structural 

behaviour becomes linear elastic, and when the number approaches zero, the structural 

behaviour beromes elastic-plastic, see Petersson (1981) and Gustafsson (1985). Furthermore, 

since the brittleness number indirectly relates the displacement and the stored elastic energy 

of the bulk to the displacement and fracture energy of the fracture process zone, the 

brittleness number is a measure of brittleness of the structure. A low brittleness number 

means extended fracture process zone and ductile fracture behaviour. 

In the Fictitious Crack Model, tensile crack growth, straight-linear crack growth, is described 

in the following manner. When the first principal tensile stress reaches the tensile strength 

of the material, a fracture process zone starts to develop perpendicular to the direction of the 

first principal tensile stress. The stress state inside the fracture zone is pure tensile and it is 
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maintained as long as the direction of the first principal stress remains constant. The 
incremental relationship between the tensile stress and the displacement is as follows: 

do = C(w)·dw 2.10 

a is the stress and w is the displacement inside the fracture process zone. C is the slope of 

the curve in Fig. 2.3d. C is negative, which indicates that the tensile stress decreases when 

displacement increases. 

Finite element implementation of FCM and algorithms for simulations of crack propagation 

under mode I conditions have been comprehensively discussed by Petersson (1981), and 

Gustafsson (1985). Nevertheless, some of the assumptions are reviewed below. The 

assumptions are as follows. 

The discrete crack approach is utilized, viz width of the fracture process zone is 

equated to the additional displacements within the fracture process zone. 

Consequently, the fracture process zone has zero extension at the iostant of the 

formation. Furthermore, it has the extension wc, critical crack opening 

displacement, at the instant of complete separation. 

Materiallocated inside the fracture process zone is modelied by means of a stress­

displacement curve which is normally simplified by means of linear segments. 

Materiallocated outside the fracture process zone is as a rule modeHed by means 

of a linear stress-strain curve. 

The described assumptions are visualized in Fig. 2.4. 

2.5.2 Curve-linear crack propagation 

In the previous section the physical basis of the Fictitious Crack Modet was described. In this 

section, development and growth of the fracture process zone during curve-linear crack 

propagation will be presented. 

Since concrete is considered as a homogeneous and isotropic material with a tensile strength 

much lower than its compressive strength, it is assumed that a fracture process zone will be 

formed in the same way as in the pure tensile case. This in spite of the prevailing stress state 

which normally is not considered as a pure tensile stress state. The statement is visualized in 
Fig. 2.5. 
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Consider an infi.nitesimal two dimensional section of the loaded body with the stresses acting 

on i t and assume that the prevailing stress state eauses first and seeond principal stresses a 1 

and a 2 with the direetion indicated in Fig. 2.5b. According to FCM, a fracture process zone, 

on the plane of the seeond principal stress, will be initiated when the first principal tensile 

stress approaches the tensile strength of the material. Negleeting the influence of the seeond 

principal stress, this case is identical with the tensile loading of the concrete bar described 

in the previous section. On the assumption of the unchanged principal stress direction, the 

further development of the fracture process zone continues in the same way as described 

previously. In this case, normal stress (a) and normal displacement (w) are the only occurring 

stress and displacement inside the fracture process zone. However, if during the subsequent 

stages the direetion of the first principal stress varies, shear stress (r) and shear displacement 

( cS') will al so oceur inside the fracture process zone, see Fig. 2.5c. 

The eurve-linear erack propagation cases which are illustratoo in Fig. 1.1 are often referred 

to as mixed-mode crack propagation. In this report it is preferred not to use this term in 

combination with the FCM-description of the curve-linear craek propagation in order to avoid 

misunderstanding, especially with the description given by LEFM. However, for a short 

period assume that the term mixed-mode is also utilized by FCM; the following few 

paragraphs will elucidate the differences between FCM-description and LEFM-deseription of 

mixed-mode crack propagation. 

LEFM equations have been derived on the assumption of existing sharp cracks. Therefore, 

applications of the LEFM are limited to cases with preexisting eraeks or notches, while 

existence of eraeks and notches is not necessary for the applications of FCM. Since LEFM 

application requires preexisting eraeks and notches, the differences between the models are 

discussed for the cases with preexisting eraeks and notches. 

Fig. 2.6 illustrates two different cases of erack propagation initiated from sharp notches. 

Assume that the crack trajectories are perpendicular to the first principal stresses and a 1 i and 

a 2i are principalstresses during the craek propagation, which have eonstant direction in case 

(a) and varying direction in case (b). 

In case (a), since directions of the principal stresses are constant, no shear stresses (shear 

displacements) will occur inside the fracture process zone. Therefore, this case despite the 

kink (60) is considered as mode I eraek propagation by FCM. In case (b), on the contrary, 

shear stresses, shear displacements, will occur inside the fracture process zone because, in 

this case, the directions of the principal stresses are not eonstant during crack propagation. 

Therefore, this case is considered as mixed mode crack propagation. However, in contrast 

with FCM, both cases are considered as mixed mode craek propagation by LEFM. l t should 

be noted that in case (a) when the crack growth is well started, the conditlon will be changed 

to mode I eraek propagation, because the eraek growth will be self-similar, see section 2.4. 
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Linear elastie analyses show that the stress approaehes infmity when the distance to the sharp 
eraeks approaehes zero. Consequently, since FCM assumes finite stresses anywhere inside 

a loaded body and as a rule linear elastie bulk behaviour, a fraeture process zone will be 

initiated as soon as the load starts to inerease. The struetural response is linear in the 

beginning and differs gradually from linearity due to further widening and extension of the 

fraeture process zone, whieh lead to continuous variation of the stress field inside the body, 

especially close to the notch tipprior to the peak load. Fig. 2. 7a shows schematicall y a load -

displacement response of a notched body whieh can be calculated by means of the Fictitious 

Crack Model. The figure also illustrates feasible stress fields close to the noteh tip at two 

different load levels for both cases deseribed in Fig. 2.6. Analysis by means of LEFM , for 

instance equations 2.5 and 2.6, may give a result similar to the curve illustratoo in Fig. 2.7b. 

As is demonstrated, behaviour of the strueture is linear up to the maximum load level. At this 

load level a real erack starts topropagate whieh gradually increases the eompliance of the 

structure. In contrast with the FCM, the stress field inside the body is eonstant prior to the 

initiation of the crack propagation. 

As can be seen, the stress fields predicted by the models may differ eompletely from each 

other, whieh mayhave great influence on the caleulation of the craek trajectory as the crack 

propagates. 

The above-mentioned description indicates that FCM does not make an y distinctions between 

mode I and mixed mode conditions where initiation of the fraeture process zone (localization 

of the displacements) is concemed. Furthermore, mixed mode conditions appear locally, 

inside the fracture process zone, and do not concern the undamaged part of the structure. In 

the LEFM, the term mixed mode is utilized in cases when both K1 and K0 are non-zero or 

in cases when the direction of the developing real craek deviates from the direction of the 

pre-existing crack or notch. Utilizing this definition, crack propagation in Figs. l.lb, c and 

d becomes mixed mode crack propagation, whereas according to FCM, only the cases in 

Figs. l. le and d are mixed-mode eraek propagation. 

In Fig. 2.5c an irtfmitesimal part of a fracture process zone is illustrated. In the figure, 

stresses acting on the crack are indicated, where u is normal stress and r is shear stress. w 

and o denote the normal- and shear-displacements of the fraeture process zone. It should be 

noted that the fraeture process zone is illustrated as a discrete fictitious crack, i.e. the width 

of the fracture zone has been equated to the crack opening displacement Modelling of the 

fraeture process zone under such conditlons requires knowledge about the relation between 

the stresses and the displacements. The incremental relationship between stresses and 

displacement is given by equation 2. 11. 
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2.11 

in which the square matrix is the crack stiffness matrix and C11 , •••• , C22 are craek stiffness 
eoeffieients whieh depend on normal- and shear-displaeements. Furthermore they depend on 
the history of the displacement, i.e. the displacement path on the plane of the normal- and 
shear-displacement. There is experimental evidence, see for instance Walraven (1980), whieh 
shows that the eraek stiffness matrix is not symmetric, C12.,.C21 • 

Similar relationships can be formulated for the smeared craek models by smearing out the 
crack displacement over a certain length. 

To date, there is no adequate k:nowledge about the stiffness coefficients described in equation 
2.11. In spite of this, several applications have been reported where the constitutive relation 
of the fracture process zone has been approximated. Below, some of the approximations are 
reviewed. 

The stiffness matrix is reduced to a pure tensile stiffness matrix if all terms except the normal 
crack-stiffness (C11) are equated to zero. In this case no shear transfer occurs aeross the 
fracture zone, i.e. the behaviour of the fraeture process zone is modeled by a stress­
displacement eurve as in the ordinary FCM. This consideration, but with some modifieations, 
has been utilized by Gustafsson (1985) in the shear strength analyses of longitudinally 
reinforced concrete beams. In the material model of Gustafsson the shear inside the fracture 
process zone is neglected. However, since in the finite element applications Gustafsson 
presenbed the craek path, he modified the stress - displacement curve (e1w-curve) for those 
cases where the presenbed craek path did not coineide with the actual erack path. The same 
material model has also been utilized by Rots (1988) in discrete erack analyses of the Craek­
Line-Wedge-Loaded Double-Cantilever-Beam and Single Notched Shear Beam. In these 
analyses the eraeks were modelied as a tensile fracture zone. 
In the discrete model of Ingraffea and Saouma (1985), the off diagonal term (C1J in the erack 
stiffness matrix is equated to zero, while the normal crack stiffness (C11) is equated to the 
crack stiffness as in the pure tensile case. Hence, in this modet the normal stress is a function 
of solely normal displacement (w). In this model, shear within the fracture process zone is 
modeled by means of a relationship developed by Fenwick and Paulay, see Chapter 3. In that 
relationship the shearstress is a non-linear function of normal displacement (w) and a linear 
function of shear displacement (6), viz c2,.,.0 and c22tl0. 

In the smeared craek applications the off diagonal stiffness coeffieients are normall y equated 
to zero, while the shear eraek stiffness is modelied by a decreasing shear modulus which is 
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obtained by multiplying the elastic shear modulus with a factor between O and l, usually 
referred asshear retention factor. Shear retention factors which are used in practice are either 

eonstants or a function of the normal strain. In Hordijk et.al. (1989) some expressions for 

shear retention factor are given. 

The drawback of the two latter approximations is that the effect of the shear displacement on 

the normal stress is neglected. If the concepts of curve-linear crack propagation which 

previously were defined are correct, the stress condition in the fracture process zone is 

predominately pure tensile at the iostant of formation of the zone. In the following stages 

w hen both normal- and shear- displacements continuously increase, the tensile normal stress 

decreases, and in some cases may even become compressive. It is important to recognize 

what happens to the normal crack coefficients (C11 and C~:u during the transition from the 

tensile stress state to the compressive stress state. To date, there are no constitutive crack 

models which describe the normal stress transfer across the fracture process zone as a 

continuous function of both normal and shear displacements simultaneously. The existing 

constitutive crack models consider the existing normal stress conditlons as a pure tensile stress 

condition which is not affected by shear displacements. Nevertheless models based on the 

aggregate intedock relate the normal stress to the shear displacement as weil. However, in 

these models the normal stress is assumed to be compressive stress affected by the shear 

displacement. These models neglect the tensile history of the fracture process zone and 

consider the fracture process zone as a rough crack, which does not fit the definition of a 

fictitious crack, see also Chapter 3. 

Finally, it is appropriate to describe the primary objectives of this investigation once again. 

The primary objectives of this investigation have been development of a test method and 

performance of tests in order to determine the crack stiffness coefficients which are defined 

in equation 2.11. 

2.6 Mechanisms of fracture 

The events associated with the process of tensile fracture of concrete have been intensive! y 

studied since the development of tensHe-softening models and recognition of the decisive role 

of the fracture process zone. Extensive work has been carried out in order to identify the 

events and relate them to the sections on the tensile stress - displacement curve. In spite of 

the complex nature of concrete and experimental difficulties, valuable information about the 

microscopic tensile behaviour of concrete has been gained. By support of the results published 

during the last decade it is now possible to describe the microscopic tensile behaviour of 

concrete in an approximate marmer, while a precise description requires further research. 

Below, a description of the microscopic tensile behaviour of concrete will be given which is 
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generally accepted. 

lt is wellknown that failure of concrete is eaused by formation of micro-cracks which 
gradually increase in number and coalesce prior to the final separation of the concrete 
specimen into two pieces. It has been demonstrated that the micro-cracks start to develop at 
stress levels approximately 50-80 percent of the tensile strength, at locations where the 

material is weakened, nonnally at coarse aggregate-mortar interface, i.e. bond cracks. 

At higher stress levels micro-cracks also occur in the mortar primarily as bridging cracks, 

i. e. combined cracks, connecting the bond cracks, and secondly as dispersed mortar cracks, 
Mindess 1983, Smadi and Slate 1989. At this stage, micro-cracks are distributed over a large 
volume of the body. After a certain strain, the process of micro cracldng becomes localized 

within a fracture process zone, inside which additional development and coalescence of 

micro-cracks takes place. As a rule the strain at which the localization occurs is equated to 

the strain at peak stress, because this is the only weil defined point on the stress-strain curve. 
After peak stress, materiallocated inside the fracture process zone gradual1y softens, which 

in a displacement-controlled direct tensile test leads to unloading of the entire specimen. 

As it is illustrated in Fig. 2. 3d, the stress-displacement curve of the fracture process zone 

consists of two sections, where the frrst section is much steeper than the seeond section. The 
reason for this is given by Hordijk et.al. (1989), who explain that in the upper section growth 

and coalescence of micro-cracks are dominating events, whereas in the lower section the 
sliding friction between the crack surfaces and extraction of the aggregates from the mortar 

are the dominating events. 

The described tensile fracture process is a general description of some events whicb. occur 

during tensile fracture of concrete and does not discuss the influence of the concrete quality 
and properties of its components on the cracking process, which in tum has great influence 

on mechanical parameters. Mechanical properties of concrete such as tensile and compressive 

strength, modulus of elasticity, fracture energy and characteristic length, are determined by 

the mechanical properties of the cement paste, aggregates and the interaction between. them. 
Tab. 2.1 demoostrates some exaroples of the mechanical properties of concrete with varying 

water-cement ratio and maximum aggregate size. The frrst part of the table shows the 

influence of the water-cement ratio on the mechanical properties of the normal concrete, 
Petersson (1981). The seeond part of the table shows the influence of the aggregate size on 

the mechanical properties, Wolinski et.al. (1988). The third part of the table shows the 
mechanical properties of high performance concrete with silica-fume admixture. It should be 

noted that the mechanical properties of concrete are not unambiguously determined by the 
mentioned parameters, viz water-cement-ratio and aggregate size, but there are several other 

parameters which may have great influence on the mechanical properties of concrete. 
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w/c dm.ax fe f, E G p J.: b References 
mm MPa MPa GPa N/m mm 

0.3 12 86 4.5 48 113 283 

0.4 12 74 4.3 44 117 300 Petersson 

0.5 12 54 3.8 42 103 300 

0.7 12 30 2.4 36 80 508 ---------------------------------------------------------------------------------
0.5 2 42 2.3 33 76 469 

0.5 4 47 2.4 33 85 489 

0.5 8 47 2.8 32 108 437 Wolinski 

0.5 16 52 2.9 34 109 435 

0.5 32 48 2.9 33 112 437 --------------------------- ----------------------------------------------------

0.3 

16 122 5.2 43 137 224 Rem m el 

8 114 6.0 51 98 138 Hassanzadeh 

Tab. 2.1. Mechanical properties of concrete with varying 
warer-cement ratio and maximum aggregale size. 

Data on the mechanical properties of aggregates are scarce. However, Tab. 2.2 demoostrates 

the mechanical properties of some rock types. The table has been complied by means of the 

data reported by Ouchterlony (1981). It should be noted that in the table, Gp has been equated 

to (K1c)2/E. The properties of the rocks demonstrated in the table vary over a wide range, 

both within individual groups of rocks and between the groups. Therefore, it is difficult to 

point out typical mechanical properties for aggregates. However, in order to simplify the 

discussions the rocks have been divided into two groups. The ftrst group includes granite, 

basalt and quartzi~ which are denoted here as normal aggregates. The seeond group includes 

sandstone and limestone which are denoted here as weak aggregates. The mean value of the 

mechanical properties of each group is calculated and shown in the table. The mean values 

are regarded in this report as typical mechanical properties for normal aggregates and weak 

aggregates respectivel y. 

Data on the mechanical properties of the cement paste are also scarce. The author has not 

been able to flnd any complete data on the above-mentioned properties, for cement pastes 

with varying water-cement ratio. However, in the end of the Tab. 2.2 mechanical properties 

of one quality cement paste are given. 
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Tab. 2.1 shows that the strength and the modulus of elastieity of the conerete inerease with 

decreasing water-cement ratio. The reason is that cement paste and its bond to aggregates 

becomes stronger and stiffer as water-cement ratio decreases, whieh leads to more effieient 

utilization of the strength and stiffness of the aggregates. 

The material data in Tabs. 2.1 and 2.2 demonstrate that the average fraeture energy and 

eharaeteristie length of normal conerete is mueh higher than its eomponents. The following 

description may explain some of the differences. Fig. 2.8 shows eraek propagation in a 

normal eonerete. In the figure the path of the arising real eraek and the eraek path for the 

ease of homogeneous material are indicated. As is shown in the figure, considerable miero­

eraeking and bridging eraeks ma y take place outside the propagating real eraek, whieh leads 

to inereased energy dissipation and inereased deformability of the fracture process zone. 

Furthermore, the deviation of the eraek path from its intended trajectory leads to inereased 

energy dissipation eaused by extraetion of the aggregates and inereased total fraeture surface. 

Tab. 2.1 shows that fraeture energy of normal strength conerete inereases with decreased 

water-cement ratio. Since the fraeture energy of aggregates is relative! y low, reduetion of the 

fraeture energy is theoretieally expected for conerete with very low water-cement ratio, i.e. 

theoretically much lower fracture energy is expected for high performance conerete compared 

to normal concrete. As is demonstrated in Tab. 2.1, fraeture energy of high performance 

conerete has almost the same magnitude as fraeture energy of normal eonerete. Since fraeture 

properties of cement paste and its bond to the aggregates are not known, it is difficult to 

explain the observed behaviour. However, in spite of stiff and strong cement paste and bond 

between cement paste and aggregates, micro-eraclcing and bridging of the eraeks may take 
place. 

Tab. 2.1 shows that eharacteristic length of concrete decreases with decreasing water-cement 

ratio, i.e. increased strength leads to more brittle behaviour in spite of inereased fraeture 
energy. 

Besides water-cement ratio there are several other factors whieh have great influence on the 

mechanical properties of conerete. It is beyond the scope of this report to discuss all the 

influeneing factors. The data reported by Wolinsky are presented in order to demonstrate the 

differences between mortar (maximum aggregate size smaller than 4 mm) and eoncrete 

(maximum aggregate size greater than 4 mm). Aecording to Wolinsky concrete is slightly 

stronger than mortar, and the fracture energy of concrete is greater than that of mortar. 

Furthermore, there is no difference in brittleness between the materials. 

Another important issue is the behaviour of the fraeture process zone and micro-cracking 

when i t is subjected to combined normal and shear displacements. This issue will be discussed 

in Chapter 4. 

26 



Material f, E G p I.: h 

MPa GPa N/m mm 

Chelmsford granite 7 45 7 6 

Fichtelgebrige 22 41 62 5 
granite 

Westerly granite 14 63 114 37 

Dresser basalt 22 86 50 8 

-~~~~-~~!~~--------------_2 _______ 7Q _________ ~ _______ I.?._ 

-~~!_!!lal_!Sli"~!.~~-----------~~--------~~--------~--------2_7__ 
Arizona sandstone 6 8 273 61 

Boise sandstone 2 5 87 109 

Colorado sandstone 8 33 192 99 

Milsap sandstone 3 10 227 252 

Ruhr sandstone 21 36 54 4 

Austin limestone 2 11 15 41 

Carthage limestone 5 32 77 99 

Indiana limestone 4 19 84 100 

Leuders limestone 4 19 38 45 ------------------------------------------------------------------
-~~-~Bfl~{~~t?.--------------~-------_1.2, _______ 1_~~-------2-Q._ 

Cement paste, 4 7 20 10 
w/c= 0.35 

Tab. 2. 2. Mechanical properties of rock and cement paste. 
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Fig. 2.8. ScMmatic description of crack propagation in concrete. 



3 Determination of the fracture mechanics parameters 

3.1 Introduction 

In the previous chapter, the physical basis of FCM and the material properties required by 

the model were described. In this chapter the methods by which the properties are determined 

will be presented. 

3.2 Determination of tensile properties 

3.2.1 Introduction 

The usual applications of FCM to pure tensile crack propagation require material properties 

such as modulus of elasticity, tensile strength and the stress - displacement relationship of the 

fracture process zone. In the next seetian some considerations regarding determination of the 

tensile strength and the stress - displacement relationships by means of direct tensile tests on 

notched concrete prisms will be discussed, while no attention will be paid to the determination 

of the modulus of elasticity. Furthermore, no attention will be paid to the alternative methods 

for determination of the tensile strength of concrete. However, for more information the 

reader is referred to Mod6er (1979), Petersson (1981) and Gustafsson (1985). 

3.2.2 Direct tensiletest on notched concrete prisros 

Tensile strength and stress - displacement relationships of the fracture process zone can be 

determined by means of displacement-controlled, direct tension tests on notched concrete 

prisms. Fig. 3.1 displays schematically a test setup and the result of such a test. The 

specimen is glued in between two attachments which in tum are connected to the testing 

machine. The springs and spirals in the figure, with the translational stiffness Som (N/m) and 

the rotational stiffness Srm (N/m), characterize the properties of the testing arrangement 

outside the specimens, which may have great influence on the test results. These will be 

discussed later in seetian 3.2.4. 

Displacement (y) is the mean value of two gauges placedon either side of the specimen. In 

practice, several types of gauges are utilized, for instance clip gauges, transducers, strain 

gauges and LVDT (linear variable differential transformers). In this investigation only clip 

gauges have been used. Therefore in the following, the term "gauge" refers to clip gauge, 

and by displacement is meant the displacement measured by the clip gauges placed inside the 
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notches. In the absence of the unloading braoch (see curve B in Fig. 2.3b) it is normally 
assumed that unloading of the material outside of the fracture process zone takes place along 
a straight Iine as is indicated in Fig. 3.1b. The Iine has the same slope as the initial slope of 
the stress - displacement curve (a-y curve). The stress- displacement curve of the fracture 

process zone (a-w curve) is obtained by subtracting the unloading line from the stress -
displacement curve (a-y curve) of the specimen. 

3.2.3 Stability requirements of the tensiletests 

In direct tensile tests, two types of instabilities are distinguished. The first type of instability 

occurs when the release of the stored elastic energy in the specimen and the testing 
arrangements is greater than the energy which can be consurned by the specimen. In a 

symmetric tensile test setup, for instance the setup in Fig. 3.1, with a conventional testing 

rnachine without any feedback and fast regulating system, the criterion for stability is 
formulaled as below, see Hillerborg (1984) and (1989): 

Sfttot= l >Ao(_do) 
2(_1_ + _!__) dw 

snm sns 

S = 2EA 
ns h 3.1 

Snm (N/m) is translational stiffness of the devices outside the specimen and S0 , (N/m) is 

translational stiffness of the specimen, with regard to the symmetry of the test setup. da/dw 
(N/m3

) is the slope of the stress - displacement curve of the fracture process zone, i. e. the 

slope of the a-w curve; Ao (m2
) is the fracture surface, A (m2

) is the area of the section 

outside the fracture zone and h (m) is the length of the specimen between the supports. 
However, this kind of instability has been overcome by the development of modem closed­

loop testing machines which possess quick feedback and regulating systems. 

The seeond type of instability occurs when two parts of the specimen, on both sides of the 
fracture process zone, rotate with respect to each other, i.e. rotational instability. Rotation 

of the parts of the specimen eauses uneven displacement distribution along the fracture zone, 

which has been observed experimentally by Hordijk et.al. (1987), van Mier and Nooru­

Mohamed (1988), Raiss et.al. (1990) and van Mier (1991). Occurrence of the rotational 
instability has, in some cases, considerable impact on the results of tensile tests, which has 

theoretically been treated by Hassanzadeh et. al. (1987}, Hillerborg (1989a) and Zhou (1988). 
Below, so me parts of their work are reviewed. 
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Fig. 3.1. Sc~matic description of a tensi/t test setup and result. 

31 



The reason for occurrence of the rotational instability has been discussed by Hillerborg 
(1989a). According to Hillerborg, the rotational instability in a tension test is the same 

phenomenon as the buckling of a oolumn in oompression, but with the difference that in the 

first case the stress is tensile and the stiffness of the body is negative, while in the seeond 

case the stress is compressive and the stiffness of the body is positive. Furthermore, 

according to Hillerborg, instability may occur even though the load is perfectly centric. Based 
on the assumptions of symmetrical test arrangement, see Fig. 3.1, lineart y distributed nonnal 

displacements along the fracture zone and small difference between highest and lowest 

displacements inside the fracture process zone, Hillerborg has derived the following rotational 

stability criterion: 

S = 2E/ 
n h 3.2 

Snn (N m/rad) is rotational stiffness of the test arrangement outside the specimen, S" (N m/rad) 

is the rotational stiffness of the specimen outside the fracture process zone, h (m) is length 

of the specimen between the supports, lo (m4
) and I (m4

) are moment of inertia of the 

specimen inside and outside of the fracture zone. 

Acoording to equation 3.2, a stable tensiletest requires sufficient total, rotational stiffness, 

Srtw If the stiffness is not sufficient, the parts of the specimen on either side of the fracture 

process zone will rotate with respect to each other. Hillerborg also calculated the impacts of 

the different Srtot on the stress-displacement curves of the fracture process zone, for the 

perfectly centric toading condition. Hillerborg's calculations show that if the total stiffness 

is not sufficient, rotational instability occurs during the tensile tests, which in some cases is 

revealed by "bumps" on the stress- displacement curve (a-y curve), see Fig. 3.2. However, 

no exitance of bumps on the stress - displacement curves does not necessarily mean that the 

test is stab le. According to the analyses the bump is most pronounced within a certain interval 

of Srtot which is 0.05-0.4 times the value of lo(-da/dw) at w=O. Acoording to the analyses 

the bump moves upward on the curve and the impact of the rotational instability on the curve 

diminishes by increased rotational stiffness. Furthermore, Hillerborg shows that the bump 

disappears in the case of zero rotational stiffness (free rotation) while the uneven displacement 

distribution within the fracture zone remains. 

Hillerborg's analyses were based on the condition of perfeet centric loading. However, in 

practice unintended eccentricity ma y occur due to imperfect attachment of the specimen, non­

centric induction of the notches and uneven distribution of the material properties within the 

specimen. The existence of eccentricity increases the impact of the rotational instability on 

32 



the results of the tension tests. Zhou (1988) has, by means of the finite element method, 
calculated the impact of the eccentricity on the results of the tension tests. Fig. 3.3 shows 

results of the analyses and the test setup. The results show that the instability eaused by 

eccentricity reduces the measured tensile strength and distorts the shape of the stress -

displacement curve (a-y curve). Zhou has also analyzed the impacts of the rotational stiffness 

on the stress- displacement curve (a-y curve}, with the same test setup as above. The results 

are displayed in Fig. 3.4, and demoostrate that the curves obtained in a tension test are 

smooth w hen the rotational stiffness is zero or sufficiently low. Furthermore, the results show 

that the bumps on the stress - displacement curve appear when the rotational stiffness 

increases and disappear again when the rotational stiffness has become sufficiently high. The 

results also demoostrate that the calculated stress - displacement curve approacbes the true 

curve by increasing rotational stiffness, compare Figs. 3.3 and 3.4. 

-b 

Vl 
Vl 
Q) 
'-

0; 

Displacement, (y) 

Fig. 3. 2. Illustration of a bump. 

The work of Hillerborg and Zbou clearly demoostrates that the rotational instability should 

be considered in determination of tensile properties of the fracture process zone. In this 

project, efforts have been made to develop a testing method which can prevent the rotational 

instability. The equipment will be presenled in the next section. 
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3.2.4 Testing equipment for direct tension tests 

At the start of this project, under the supervision of Hillerborg, the author became aware of 

the phenomenon of the rotational instability and was recommended to consider the solution 

which is sketched in Fig. 3.5. The equipment consists of two bearns which are connected in 

their end points (points A and B) by a thin steel sheet. The equipment is connected by hinges 

to a servo-controHed closed-loop testing rnachine at points C and D. The specimen is glued 

to the steel plates connected to the beams. This equipment is also able to impose shear 

displacement into the specimen. Shear displacement is transferred from the supports E and 

F through the beams to the specimen. This option, together with the physical data on the 

equipment, is presented in section 3.3.3. 

te 

A 

. G 
l E '\_F -+" ~ I - - J 
l 

•H 

B 

Fig. 3.5. Sketch of the test equipment developed in this project. 

Tension tests are conducted in the usual manner, viz, the tests are performed in displacement 

controHed manner. Displacements are measured by means of a pair of clip gauges with the 

edges placed a few millimetre inside the notches. Since the system is statically determined 

and the steel sheet is relatively thin, the load transferred to the specimen is approximately 

equal to the load measured by the load-cell of the testing machine. 

In the tension tests point D is pulled away from point C by the testing machine. Since the 

distance A-B is constant, the bending stiffness of the beams resists the rotation of the parts 

of the specimen which are located on either side of the fracture zone. Furthermore, in the 

plane perpendicular to the plane of the beams, the bending stiffness of the steel sheet resists 

the torsion of the end-points of the beams, which in tum resists the rotation of the parts of 

the specimen on either side of the fracture zone. However, since the distance A-B is eonstant 

whereas the distance G-H is not, unintended rotation will be imposed to the beams instead 
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of pure translation, which will cause uneven displacement distribution within the fracture 

zone. However, this can be reduced if the beams are sufficiently long. 

Durlog the construction of the equipment there were unfortunately no simple design formulas 

available to theoretically anticipate the performance of the equipment. Therefore, the design 

of the equipment is mostly based on surmises and compromises. How ev er, the following facts 

were taken into consideration: 

Sinceatthat time the required stiffness of the beam could not be calculated, the 

stiffness of the beams was ehosen as high as possible, but with the restrictions 

that the equipment should be light enough in order to be handled by one person, 

the beams should have standard proflies and it should be easy to montage various 

details on the beams. 

Properties of the thin steel sheet should be such that, frrstly it prevents the vertical 

relative movement and torsion of the end of the beams. Secondly, it permits 

rotation of the beams around their connection points to the testing rnachine 

without any considetable impact on the measured normal andshear loads. These 

two requirements are in conflict with each other. However, by means of simple 

static calculations, not given here, an optimum size for the steel sheet was 

calculated, which for the present configuration of the equipment and range of the 

tests does not introduce any significant errors. 

Since the distance A-B is eonstant while the distance C-D is changed durlog the 

tests, the beams rotate around the connection points C and D, which gives rise to 

uneven displacement in the fracture zone. In order to decrease this effect, the 

beams should be as Iong as possible. However, iDereased length results in 

increased weight and decreased stiffness of the beams. Here also an optimum case 

should be calculated. By accepting a limited difference between the displacements 

on left' and right sides of the fracture zone, and by means of calculations based 

on the rigid body motion an optimum beam length was calculated. Calculations 

which are not given here were carried out for both pure tension and combined 

tension and shear cases. 

Later on, Hillerborg developed formulas by which the performance of the equipment could 

be examined theoretically. The formulas were based on the assumptions that a fracture 

process zone has extended over the whole specimen cross section, all cross sections remain 

plane, the material outside the fracture process zone is elastic and the load is applied with an 

unintended eccentricity which eauses the instability. Derivation of the formulas is given in 
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Appendix A. The analysis of Hillerborg leads to the following formulas: 

b d2 do 
o o 

dw 

3.3 

Mc (Nm) is the moment acting upon the beam, Mc (Nm) the moment eaused by uneven 

distribution along the fracture process zone, Snn (Nm/rad) is in this case the rotational 

stiffness of the beams, Sn (Nm/rad) is the rotational stiffness of the specimen. A0, A, lo and 

du/dw are described previously. å w is the difference between displacements at right and left 

sides of the fracture process zone. The other notations are described in Figs. 3.1 and 3.6. 

l 
l 

J 

L 

u~ 
c 

Fig. 3.6. Description ofsome of the notations used in equation 3.3. 

The formulas can also be used for the case of torsional direction by assuming L=co. The 

stability criterion, equation 3.2, can be obtained from present formulas by equating the 

determinant of the equation system, composed of first and seeond formula, to zero and 

assuming that hA0u is much lower than Srm and Sn. 

lt should be noted that the equipment is also used for combined normal and shear tests. In 

these tests eccentric imposed shear load and uneven distributed shear stresses on the fracture 

plane give rise to torsion of the specimen around its length axis. The torsion is counteracted 
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by the torsional stiffness of the specimen and rotational stiffness of the beams on the plane 

perpendicular to the plane which is shown in Fig. 3.5. In this investigation no attention has 

been paid to influences of torsion of the specimen on the test results. 

Below, the results of anal y sis by means of the presented form ula are described. The analysis 

is carried out for the specimen displayed in Fig. 3.9. The rotational and torsional stiffness 

of the beams are 0.87 MNm/rad and 0.12 MNm/rad respectively. However, in the torsional 

case the compliance of the steel sheet has also been taken inta consideration, which leads to 

an equivalent torsional stiffness of 0.09 MNm/rad. The modulus of elasticity is assumed to 

be 30000 MN/m2
• 

Fig. 3. 7 shows the stress - displacement curve of the fracture process zone, viz u-w curve. 

The numbers on the curve refer to the mean displacements at which the displacement and 

stress distribution along the fracture zone is calculated. The magnitude of the unintended 

eccentricity which ma y occur in practice is not known. However, with regard to the 

preparation and the attachment of the specimen, which will be described later, a few 

millimetre, of eccentricity is not inconceivable. Furthermore, the uneven distribution of the 

material property along the fracture process zone may also give rise to uneven displacement, 

which can be replaced by an equivalent unintended eccentricity. With regard to the mentioned 

facts, in this analysis the unintended eccentricity has been equated to 3 mm. 
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Fig. 3.8a displays development of the displacements and stresses along the fracture process 

zone, in the plane of the beams. The numbers refer to the position on the mean stress - mean 

displacement curve. The dashed Iines refer to the case of zero eccentricity. The results show 

that the stiffness of the beams is sufficient in this case. However, some errors are imposed 

due to successive inclination of the beams eaused by increased distance between points G and 

H, bu t with acceptable magnitude. This conclusion has also been verified by means of finite 

element analysis, see Zhou (1988). 

Fig. 3.8b displays development of the displacements and stresses along the fracture process 

wne, in the plane perpendicular to the plane of the beams. The results show that the torsional 

stiffness of the beams is not sufficient. The differences between displacements and stresses 

on either side of the fracture process zone are not acceptable. 

Performance of the equipment is further tested through measurements of the displacements 

in different locations on the specimen. The displacements were measured by means of six clip 

gauges, see Fig. 3.9, where gauges l and 2 were coupled. Direction of the specimen is 

distinguished by means of line 1-J, compare Figs. 3.5 and 3.9. The results are displayed in 

Figs. 3.10 and 3.11. In Fig. 3.10, displacement of curve number l is the mean value of the 

displacements recorded by gauges l and 2. The other numbers on the curves refer to the 

numbers of the clip gauges. Fig. 3.lla displays development of the displacements along the 

fracture process in the plane of the beams. In the figure the vertical axis represents the 

displacements and the honzontal transversal axis represents the dimensionless distance 

between the gauges. The solid Iines represent the variation of the displacement along the Iine 

from gauge 3 on the left side of the figure to gauge 4 on the right side of the figure. The 

dashed lines represent the variation of the displacement along the line from gauge 5 to gauge 

6. The dot on the vertical axis corresponds to the mean value of gauges l and 2. Fig. 3.11b 

displays development of the displacements along the fracture process zone in the plane 

perpendicular to the plane of the beams. The configuration of the figure is the same as for 

Fig. 3.lla but with the di~ference that the variation of the displacements is given in the 

perpendicular direction compared to the previous figure. 

The results show that in the plane of the bea.ms there are some differences between the 

recorded displacements in the beginning, compare curves 3 and 5 with 4 and 6 in Fig. 3.10 

and the slope of the Iines in Fig. 3.11a. The maximum difference between gauge-couples is 

approximately 0.007 mm at peak load, which decreases to 0.003 mm shortly after the peak 

load; note the distance between solid and dashed Iines in Fig. 3.1lb. Comparison between 

the mentioned differences reveals the fact that the higher difference at the peak load is due 

to the occurrence of the instability, which diminishes as the test proceeds. Furthermore, the 

comparison reveals the fact that the oblique translation of the beams with respect to each 

other introduces an error on the order of magnitude of 0.003 mm. 
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Fig. 3.1lb shows that at the peak load there is no instability in the plane perpendicular to the 

plane of the beams; note the slope of the first solid and dashed Iines. However, shortly after 
the peak load the slope of the Iines increases significantly, indicating the shift of the plane 

of instability. Furthermore, the figure shows that the instability of the test starts to diminish 

when the mean displacement approaches 0.030 mm. 

In this case the instability of the tension test is also revealed by the "bump" on the mean 

curve, curve l. However, i t should be noted that the magnitude of the differences between 

the gauges could be less, if the gauges were placed in the immediate vicinity of the boundary 

of the fracture area. On the assumption that linear interpolation is allowed, the differences 

between the displacements recorded by gauges 3 (4) and 5 (6) could be reduced by 

approximately 35 percent. Nevertheless, this measure has no influence on the shape of curve 

l, since the curve is already the mean value of the displacements on either side of the fracture 

area. Moreover, the results show that no compressive stresses occur on an y parts of the 

fracture area. 
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Fig. 3.11. Development of displacement along the fracture process zone; 
(a) in the plane of the beams, (b) in the plane perpendicular 
to the plane of the beams. 

In this section, the governing role of the boundary conditlons on the results of the tension test 

has been demonstrated. Moreover, an appropriate setup for such tests has been demonstrated. 

Although the test setup does not meet the requirements satisfactorily, i t demoostrates that i t 
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is possible to prevent the rotational instability of the tensile tests provided that the stiffness 
of the test arrangement satisties the stability conditions. The result of the test shows that 
although the instability is not completely prevented, the displacement increases continuously 
anywhere along the fracture process zone and no reversible displacement is observed, which 

is indeed an improvement when determination of the tensile properties of fracture process 
zone is concemed. The design formulas (3.3) predicted the insufficient stiffness of the test 

arrangemen t. A comparison between the theoretical results and the results of the test shows 

that the design formulas are suitable tools for development of equipment with improved 

properties. 

3.3 Fracture process zone exposed to normal andshear 
displacements - test methods 

3. 3 .l Introduction 

As described previously, both normal and shear displacements ma y simultaneously occur 

within the fracture process zone, if the direction of the first principal tensile stress changes 
during crack propagation. Moreover, it was mentioned that applications of the models based 

on the displacement localization require the relation between the stresses and the 
displacements within the fracture process zone. There are several test methods developed, by 

which such relation can be determined. In this section some of the methods will only 
principally be described, while the major part is devoted to presentation of the test method 

developed within the current project. 

3.3.2 Methods of testing 

Methods of testing can principally be subdivided into two major categories, viz, methods 

where the externa! displacements (loads) are imposed in one direction and methods where the 
externa! displacements (loads) are imposed in more than one direction. 

Fig. 3.12 displays some test configurations for the frrst category of test methods. This 
category of test methods cannot provide the material properties required by the FCM and 

similar models. However, they are suitable for verification of the models and the material 

properties which have been determined by means of the other test methods. 
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Fig. 3.12. Examples of tests where the displacements (loads) are imposed 
in one direction. 

Fig. 3.13 displays the explanatory sketch of the seeond category of the test methods. In this 

category both normal and sh ear displacements (loads) are applied to the fracture process zon e 

and are controlied extemally. Several methods have been developed based on the mentioned 

principle. Here, some of the methods will briefly be described. 

Fig. 3.14 displays the test arrangement used by Fenwick and Paulay, see Walraven (1978). 

Fig. 3.15a shows results of the tests. In these tests, a certain initial tensile crack was first 

imposed on the specimen. Afterward, shear loads were imposed stepwise; note the circles on 

the curves. At the end of each step, the test was stopped in order to adjust the normal 

displacement (crack width) back to its initiallevet by means of compressive load. The widths 

of the initial tensile eraeks were varled within the interval 0.06 - 0.38 mm. Fig. 3.15b 

displays the displacement path of the tests, which can be obtained from Fig. 3.15a. The figure 

shows the area on the plane of the shear and normal displacement which is covered by the 

test series. By means of the test results, Fenwick and Paulay derived the following empirical 

expression which describes the shear stresses as a function of shear and normal 

displacements. 
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Fig. 3.13. Explanatory sketch of tests where the displacements (loads) 

are imposed in more than one direction. 
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Fig. 3.14. Test equipment used by Fenwick and paulay, takenfrom 
Walraven (1978). 
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3.4 

f is shear stress (N/mm2), w and c are normal and shear displacements (mm), fcc is the 
compressive strength (N/mm2

). No expression is given for normal stresses. 

Fig. 3.16 displays the test arrangement used by Houde and Mirza, whieh can also be found 
in Walraven (1978). The tests were carried out in the same manner as the tests according to 
Fenwick. By means of the test results Houde and Mirza derived the following empirical 
expression for the shear stress. 

3.5 

Figs. 3.17a and 3.17b display the test arrangement used by Walraven (1980). In the tests of 
W airaven the push-off type of specimens was used. Prior to the shearing, tensile eraeks with 
a certain width were imposed on the specimens. In the following stages the specimens were 
restrained in the direction perpendicular to the shear plane. Two types of restraint were used, 
namely externat restraint by means of rods and intemal restraint by means of stirrups, which 
are illustratOO in the figures. The externat restraint rods were also served both as load cells 
for measurements of the restraining stress, i.e. the eompressive stress developed over the 
shear plane, and an instrument for adjustment of the restraint stress normal to the crack plane. 
Fig. 3.18 displays some of the results of Walraven achieved by the method based on extemal 
restraint. In the figure a and f are normal and shear stresses and w and A are normal and 
shear displacements. The numbers elose to the curves are the identification numbers, where 
the first number describes the quality of the concrete, which in this case is a concrete with 
16 mm maximum aggregate size and with approximately 33 MPa compressive strength. The 
seeond number is the initial crack width in mm, prior to the shearing. The third number is 
restraint stress at normal crack width of 0.6 mm. Walraven has also derived the following 
empirical expressions which give the normal and shear s tresses as a function of both normal 
andshear displacements. 

o "" - ~~ +(1.35w-o·63 +{0.191w-0
·
552 -0.15)/cc}ö 

3.6 

't "" - ;~ + ( 1.80w -o.so + { 0.234w -0·707 -0.20 )/cc) ö 
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Fig. 3.15a. Results reported by Fenwick and Paulay, takenfrom Walraven (1978). 
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Fig. 3.15b. Displacement path of the tests reported by Fenwick and Paulay, 
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The above-mentioned methods cannot perform the combined normal and shear tests in such 

a way that both quantities can be varled simultaneously and continuously during the tests. 

However, as far as the author is aware, since the mid-eighties two independent projects have 

been going on with the objectives to develop an equipment which can simultaneously and 

continuously adjust the normal and shear quantities. One of these projects is going on in 

Stevin Laboratory in Delft, Netherlands and the other one is the present project. The 

equipment which is being developed in Stevin Laboratory is displayed in Fig. 3.19. The 

equipment contains two actuators which can ad just the displacements in two directions. Both 

actuators are servo-controHed and can be run so that a desired load path or displacement path 

can be obtained. The detalls of the equipment will not be discussed here, but can be found 

in Reinhardt et.al. (1987). Some results of the tests conducted with this equipment are 

displayed in Fig. 3.20, see van Mier et.al. (1989). In these tests, the specimens were cracked 

in tension. After achievement of a certain crack width which is indicated on the curves, 

normalload was applied to the specimens. Two load levels were tested, viz zero normalload, 

Fig. 3.20a, and 1000 N compressive normal load, Fig. 3.20b. Shearing started when the 

desired normal loads were achieved and continued under eonstant normal load. 

_ adjustable -
c rack 

-1r 

l 

-
Fig. 3.16. Test equipment used by Houde and Mirza, taånfrom Walraven (1978). 
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Fig. 3.18. Some of the results reponed by Walraven. 
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Fig. 3.19. Equipmem developed in Stevin Laboratory. 
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Fig. 3.20a. Load- displacement curves at constam zero nonnalload. 
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Fig. 3.20b. Load - displacement curves al eonstant compressive nonnal load, 
P=-JOOOkN. 

3.3.3 Test method developed in this project 

Fig. 3.21 displays a sketch of the test equipment which was developed in this project. The 
function of the equipment was briefly described previously. However, details of the 
equipment will be described below. 

As is displayed, the equipment is composed of two box-bearns (1), which are connected at 
their ends by a thin steel sheet (2). This equipment is connected to a closed-loop and servo­
controlied testing machine, which via the connection points (3) imposes the normal 
displacements. Shear is imposed by rotating the crank (4). The rotation of the crank is 
transferred by means of a flexible axle (5) to a gear box (6), which lowers the rotation. The 
rotation is changed into pure transtation by means of a nut (7) which moves along a steel bar 
(8) towards a roller (9). Due to forward movement of the nu t on the bar, the lower beam will 
be pushed via the roller, a freely sliding support (10) and a fixed support (11), while the 
upper beam becomes pulled via fixed support (12) . Since the beams are connected via hinges 
to the testing rnachine they will rotate around their conQection points. Rotation of the beams 
is, however, resisted by the specimen (13), which will cause shear displacements in the 
specimen. The specimen is glued in between two replaceable steel plates (14), which are 
fastened to the equipment by holts. The lock (15) serves as a safety arrangement for 
transportation of the equipment and for restraint of the movement of the beams perpendicular 
to their plane. 
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The normalload is recorded by means of the load-cell of the testing machine, while the shear 

load is recorded by means of the strain gauges attached on the steel bar. Since the axis of the 

steel bar is on the plane of the fracture plane, the shear forces will not cause an y moment on 

the fracture plane. 

l 

3 

3 

400 400 

1- Bo:t beams (Mighl=80 mm, width=40 mm thickness=J mm) 

2- Steel sheet (Mighl=2(f() mm, wldth=lOO mm, thickness=l mm) 

J- Connection to the testing machine 

4- Crank 

5- Flexibk a:tk 

6- Gear box 

7- NUI 
8- Sleel bar with strain gauges 

!J.. Roller support 

10- Preely silding support 

11- Fixed support 

12- Fixed support 

13- Spedmen 

14- Sleel plates 

15- Lock andfreely sliding support 

Fig. 3.21. Sketch oftM test equipment developed in this project. 

15 

l • 

Fig. 3.22 displays the geometry and size of the specimen which is used in this investigation. 

In the figure, the locations of the clip gauges is also demarcated. The mean normal 

displacement is recorded by gauges l and 2 and the mean shear displacement is recorded by 

gauges 3 and 4. This configuration is kept throughout the investigation. 

52 



15 
"Gauge 2 

15 

A-A 

70 

Fig. 3.22. Specimen geometry and locations of the clip gauges, in mm. 
Normal displacements are recorded by gauges l and 2. 
Shear displacements are recorded by gauges 3 and 4. 
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Fig. 3.23 shows the connection of the test equipment to the testing machine. Fig. 3.24 shows 
the attachment of the gauges to the specimen. 

Clip gauges for the measurement of normal displacements are placed inside the notches, 
approximately 4 mm from the edges of the specimen, see Fig. 3.22. Fig. 3.25 displays in an 

exaggerated manner the interior of a notch. As is demonstrated, the edges of the clip gauges 
are only in touch with the PTF- (Poly Tetra Fluor Ethene) layers. The PTF-layers serve 

primarily as a slip layer to reduce the impact of the movements of the notch surfaces eaused 
byshear on the accuracy of the measurement of the normal displacements. The PTF-layers 

serve secondarily as levelling plates in order to reduce the aspenties on the notch surfaces and 
relative inclination of the notch planes. The position of the clip gauges is fixed by means of 

supports which are mounted close to the specimen on the lower part of the equipment. 

Clip gauges for the measurement of shear displacements are also fixed in the same manner 
as clip gauges for normal displacements. However, the edges of the clip gauges together with 

a layer of PTF are inserted into the gap of the steel holders which are glued on the surface 
of the specimen, see Fig. 3.22. The holders are composed of two parts, see Fig. 3 .26. As 
is demonstrated in Figs. 3.22 and 3.26, each part of the holder is attached to the specimen 

via 225 mm2 gluing surface. As can be observed, the gluing surface is large and occupies a 
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relatively large area on the specimen surface. The large gluing surface is ehosen in order to 

achieve sufficiently strong and stiff adhesion to the moist specimen surface. A consequence 

of this is that the displacements recorded by the clip gauges do not refer to the relative 

displacements between two points, but between two surfaces. Furthermore, the measured 

relative displacements include, besides the shear displacements of the fracture process zone, 

also the shear displacements which occur outside the fracture process zone. If linear elastic 

behaviour is assumed for the matenallocated outside the fracture process zone, the imposed 

error at the maximumshear stress, which has been observed dunng the entire investigation, 

is approximately 0.004 mm. However, it should be noted that in some cases non-linear elastic 

behaviour is expected for the material located outside of the fracture process zone. This is 

eaused by the secondary craclång of the specimen, which will be descnbed later. 

The equipment and the testing rnachine build a .test setup which is ab le to impose normal and 

shear displacements (stresses) to the specimen. This setup is, however, semi-automatic, viz 

the normal displacements are imposed by the testing rnachine while the shear displacements 

are imposed manuall y. The tests can be conducted in several ways; some exaroples are given 

below. 

The test can be run in a total displacement-controlled manner with a presenbed relationship 

between normal displacement and shear displacement In practice this is done in the following 

way. The displacements are recorded by means of an X-Y recorder on which a presenbed 

displacement path is drawn; see dashed curves, or paths, l and 2 in Fig. 3.27. Consider path 

l first. During the test the testing rnachine im poses the displacement to the specimen with the 

programmed rate. By manually adjusting the rotation rate of the crank, it is possible to 

impose shear displacements which satisfy the relation displayed on the X-Y recorder. The 

same technique can be osed for path 2, whereas in segment B the testing rnachine is on hold 

and in segment C there is no need to rotate the crank. 

The tests can also be conducted in a load-controlled manner. However, as far as the tensile 

fracture process zone is concerned this is only possible when the fracture zone is developed 

and normal stress has turned over to compression. In this case the method of conduction is 

the same as above, bu t the X-Y recorder registers the loads instead of displacements. In the 

next chapter the experimental program and the tests which have been carried out with this 

equipment will be presented. 

As mentioned earller the specimens are glued to the equipment. The adhesive which is used 

is a two component epoxy, with three hours setting time. 

In this investigation specimens were made of ordinary medium strength mortar and concrete, 

with the geometry shown in Fig. 3.22. The mix proportions of the mortar and concrete are 

given in Tab. 3.1. 
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Fig . 3. 23. Connection of the test equipmenr to the tt.sting machine. 

- ... - .,.~ .. 

Fig. 3.24. Attochment of the clip gauges to the specimen. 
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COMPONENTS MORTAR CONCRETE 
(kg/m3) (kg/m3) 

W ater 200 200 

Cement 400 400 

Sand O- 2 mm 978 871 

Crushed quartzite 2 - 4 mm 800 640 

Crushed quartzite 4 - 8 mm o 267 

T ab. 3.1. Mix proponion of the rrwnar and the concrete. 
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Fig. 3.25. Interior of a notch. 

The compressive strength of both mortar and concrete was determined by means of water­
cured, 150x150x150 mm3 cubes at age of 28 days. The compressive strength of both 

materials was approximately 50 MPa. 

The specimens were east in a steel mould and were unmoulded 24 hours after casting. Most 
of the specimens were stored in water until the day before testing and were tested in wet 

conditlons at the age of 28 days. In some tests, however, the conditlons deviate from the 

described conditions, which will be pointed out successive! y w hen i t is necessary. Notches 

were sawn by means of a diamond blade at the age of at least 21 days. Since gluing of the 
specimen to the testing equipment requires a sufficiently dry surfare, the specimens were 
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taken out of the water a day before testing. However, in order to prevent shrink.age stresses 

close to the fracture zone, wet non-woven fabrics were inserted into the notches to 

compensate for the loss of moisture. Furthermore, all surfaces of the specimen except for the 

gluing surfaces were covered by several layers of elastic tape to prevent evaporation from the 

specimens. The elastic tape was not removed until the tests were completed . 
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Fig. 3.26. Holders for clip gauges recording shear displacements. 
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4 Presentation of the test resnits 

4.1 Introduction 

In this chapter the results of the tests carried out with the equipment described in the previous 

chapter will be presented. Besides the test results, this chapter diseosses crack formations 

within the specimen and its influences on the measured properties. Furthermore, the chapter 

explains some of the phenomena o b served by means of an analytical model. Finall y, the 

results of this investigation are compared with those described in Chapter 3. 

4.2 Performance of the tests and general notations 

One of the difficulties associated with combined normal and shear tests is the choice of the 

test path. By path is meant the function which describes the relation between normal and 

shear displacement during the entire test. Fig. 4.1 displays the c5w-plane on which the 

displacement paths of any combined normal and shear tests can be plotted. This also includes 

tests where the load path has been the governing relationship. The origin of the coordinate 

is in point w= 6 =0, which coincides witti the instant w hen a tensile fracture process zone has 

just been formed. Since the displacement path is not a property of the material, but a property 

which depends upon the geometry, composition and boundary condition of the structure, an 

infinite number of displacement paths can be expected to occur in practice. However, the 

number of paths can be significantly reduced, if only the cases of monotonic increasing 

normal and shear displacements and the simplest possible mathematical functions are 

considered. The equations below are two functions which have been ehosen arbitrarily in 

order to control the tests. 

w= (tana) 6 
4.1 

The first equation specifles a linear relation between normal and shear displacements, while 

the seeond equation specifles a parabolic relation between the displacements. It has been 

considered that in a real structure, the rate of the shear displacement (dc5/dw) is zero at the 

instant of the initiation of the fracture process zone, and increases successively to higher 

values. Therefore, the description of the displacement paths through parabolas is more 

realistic than straight lines, which have a eonstant displacement rate from the instant of the 

initiation of the fracture process zone to the end of the test. Hence, most of the investigation 
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has dealt with the parabolic paths. It should be noted that there are infinite numbers of 
functions which satisfy the condition of gradually increasing rate, but the described parabola 

has been considered to be the simplest function forthese tests. The variables a (degree) and 

(3 (mm112) specify the set of relations which has been used. Both variables have been varled 

in a wide range, viz 30<a<75 and 0.4<(3<0.9, see Fig. 4.1. Both a and (3 are limited 

downward because in the cases of a<30° and (3<0.4 mm112 the specimens failed due to 

secondary crack formations, which are described in the next section. 

1~----~------~------~----~~-----. 

. . 
••• o 4 • • o •• · : • ••••• • • o • o~ • • • •• o ••• ~. o • • • •• • o • 

13 -.7 

0.2 0.4 0.6 0.8 

SHE'AR DISPl.ACEWOO, mm 

Fig. 4.1. Different displacement paths on the &w-plane. 

It is not clear to the author whether the described paths reflect reality fairly. However, this 

possibly can be verified in two ways, namely by means of measurements of the normal and 

shear displacements of the several types of structures and by numerical simulations of the 

failure of the structures. The measurements are difficult to conduct, frrstly because it is 

normally difficult to prediet the trajectory of curvilinear crack propagation and secondly 

because the area near the crack is often densely cracked. Holographic measuring instruments 

may be very helpful in these cases. The numerical methods can be uncertain in the sense that 
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in order to prediet true crack trajectory and true stress field around the crack, one needs to 
have frrstly a reliable model and software which can handie a complex crack pattem and 
secondly access to material properties which do not deviate much from the true material 
properties. The later however requires, ca-ordination between the analyses and the 
experiments. Such verifications have not been done in this investigation. 

In Fig. 4.2 results of a test with a concrete specimen at the age of 28 days is displayed. 
Throughout the test, the specimen was subjected to monatonic iDereasing normal 
displacement. Prior to the maximum tensile stress, no shear displacements were imposed. 
However, w hen the maximum was reached the shear displacements were also imposed on the 
specimen, marked in Fig. 4.2a. During the test, the rate of the shear displacement was 
adjusted manually so that the desired relation between normal displacement and shear 
displacement could be obtained, noting that the normal displacements prior to the maximum 
tensile stress were discounted. Figs. 4.2a and 4.2b show the relation between stresses and 
displacements in each direction. lt should be noted that the displacement in Fig. 4.2a refers 
to the total displacement (y), not (w). Fig. 4.2c shows the relation between shear 
displacement (o) and normal displacement after the maximum tensile stress (w), i.e. the 
displacement path, which is a parabola with 13=0.5 mm1n. In the figure two curves are 
shown, viz the dashed curve is the desired relationship and the solid curve is the registered 
relationship during the test, which demoostrates the accuracy of the control mechanisms. 
As can be observed, the stress - displacement curves are rough, especially at the end of the 
test. In order to facilitate determination of mean curves of several tests and improve the 
cleamess of the diagrams, most of the curves presented in the following seetians are 
smoothed, as is demonstrated in the figures. 

Since the tests were very time consuming, they were run with variable rates. Fig. 4.3 shows 
variation of the rate of the normal displacement during the tests. As is demonstrated, during 
the most critical parts of the test, i. e. the first part of the descending braoch of the normal 
stress - normal displacement curve, the rate was low. The displacement rate was increased 
successively when the critical part was left behind. 

4.3 Crack formation 

One of the major difficulties which the author was confronted with during the present 
investigation was the observation of the crack formation. Since the specimens were small, 
four-sided notched, covered with elastic tape and inserted with different measuring devices, 
observation of crack formations was not possible during the tests. However, most of the 
specimens were inspected visually after the tests. The inspection of the specimens revealed 
two types of crack systems, namely primary crack system and secondary crack system. 
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Fig. 4.2. Output of combined nonnal- and shear- displacement test. 
Parabalic path (/1=0.5 mm112

). 

Primary crack system includes the eraeks within and in the immediate vieini ty of the primary 
fraeture process zone. By primary fracture process zone is meant the first zone whieh is 
formed within the volume delimited by the notehes when the tensile normal stress approaehes 
the tensile strength of the material, before im position of shear. It should be noted that in the 
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Fig. 4.3. Variation of the rate of normal displacement (y) during the tests. 

case of zero shear the final eraek path will be inside the primary fracture zone. 

Fig. 4.4 demonstrates the primary fraeture process zone and the possible eraek paths (solid 

lines). The secondary eraek system ineludes eraeks outside the primary fraeture process zone, 

i. e. the eraeks whieh occur after imposition of shear. In the same way the secondary fraeture 

process zone can be defined, i.e. the fraeture process zone which is formed outside the 

volume delimited by the notehes. Fig. 4.4 demonstrates a possible secondary erack path 

( dashed line). 

Figs. 4.5 and 4.6 display results of some preparatory experiments, before the start of the 

main series. The tests were earried out on conerete specimens at 7 days of age. Fig. 4.5 

displays results of a test with the displacement path a=30°. The specimen in this test failed 

due to diagonal eraek. Fig. 4.6 displays the result of another test, where the normal 

displacement (y) was kept eonstant at 0.008 mm, the maximum normaltensile stress (o:) was 

achieved at 0.006 mm. In this test the specimen also failed due to diagonal eraeks at the end 
of the test. 
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Fig. 4.5. Stress - displacement (a- y and -r-6) curves for test with 

linear displacement path (a=30°). 
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Fig. 4.6. Stress- displacement (a-6 and T-6) curves for test with 
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Fig. 4. 7a shows a case where the specimen failed due to the diagonal crack:ing, which indeed 
is a type of secondary crack formation. Fig. 4. 7b is a close-up of the area inside the notch 
which shows a crack inside the volume delimited by the notch. The crack is perpendicular 
to direction of the normal stress. Furthermore, the crack can be assumed to be a part of the 

primary fracture process zone. Hence, this is a crack path along which the specimen would 

fail if the shear was not applied. As can be observed the failure of the specimen di d not occur 

along the paths within the primary fracture process zone but elsewhere. 

In the above-mentioned cases, the reasons for diagonal cracking were firstly low tensile 
strength and secondly relative! y high shear and compressive stresses at the end of the tests. 

As can be observed on the curves in Figs. 4.5 and 4.6, a sudden stiffening of the specimens 
has occurred which may suggest that the initial crack is closed or locked. In tests with the 

older specimens (28 days old) no specimens however, failed due to diagonal cracks. In the 
case of linear path a =30° and a=45° some diagonal eraeks could be observed, hut the fmal 

failure did not occur in the diagonal direction. Fig. 4.8 displays a case where the specimen 

did not fail due to diagonal eraeks but demoastrates indeed a trace of diagonal crack.ing. As 
can be observed the final crack surface is not even and differs much from the crack surfaces 

which are usually experienced in the puretensile failure. The reason for comparing this case 
with the pure tensile case is explained next. 
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Fig. 4. 7a. Failure of a specimen due to diagonal cra.cking. 

Fig. 4. 7b. Close-up of the area inside the notch. 
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Fig. 4. 8. Trace of diagonal eraeks and uneven fracture surface. 

In this project we are in tending to detennine the properties of a fracture process zone which 
is initiated in tensile mode and later becomes subjected to combined normaJ and shear 
displacement. Furthermore, we intend to measure properties of one single iraeture process 
zone and not several others which may occur due to improper stress conditions. Hence, in 
order to determine accurate materia] properties, the fracture surface should not differ much 
from the case of pure tensile fracture surface. If such happens, i t is an indication of im proper 
stress state within the specimen. The fracture surface displayed in the Fig. 4.8 shows clearly 
that the crack did not propagate in the same trajectory as the original fracture process zone. 
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Since no analyses are performed, it is not possible to describe the prevailing stress field inside 

the specimen. 

Fig. 4.9 displays results of a test conductoo on wet concrete at the age of 28 days. The 

displacement path in this case was an inverted parabola with the property that the rate of 

shear displacement is greater than the rate of the normal displacement in the beginning. The 

test results show that high shear and compressive stiffness, and high shear and compressive 

stresses, can be expected inside the primary fraeture process zone when the rate of shear 

displacement is much greater than normal displacement The visual examination of the 

specimen showed that although fmal separation of the specimen did occur within the primary 

fracture process zone, secondary eraeks were indeed apparent, demoostrating the complex 

stress state inside the specimen. The test result demoostrates the fact that in spite of formation 

of secondary fracture process zones the damage process also proceeds inside the original 

zone. In this special case the demolitlon of the primary fracture process zone bad gone so far 

that when the rate of normal displacement become greater than the rate of the shear 

displacement, the fmal separation of the specimen occurred inside the primary fracture 

process zone. This is, however, in contrast to those cases where the rate of the normal 

displacement is much lower than the rate of the shear displacement 

Formation of secondary eraeks has also been reported by Nooru-Mohamed and van Mier 

(1989, 1991). In their latest work they used a displacement path somewhat similar to the linear 

path a= 45 o, bu t with the difference that the displacement path relation was applied from the 

beginning of the test and not at the maximum tensile stress. They observed craek patteros 

which are demonstrated in Fig. 4.10. Since in thesetests the shear was applied before the 

maximum tensile stress was reached, no crack can be observed which connects the notch tips. 

However, their results demoostrate clearly the fact that, in the case of high normal 

confinement, there is great possibility to create other crack systems than the intended one. 

It can be observed that in these cases compressive struts are created which can be accounted 

for by the shear capacity of the specimen. 

A very important feature associated with the formation of secondary eraeks is their influence 

on the overall stiffness of the specimen, which may affect the displacement measurements. 

Erroneous measurements of the displacements leads to incorrect adjustment w hen following 

a predetermined displacement path. This may lead to erroneous conclusions conceming the 

material properties. 

On the basis of the above-mentioned observations, it can be concluded that determination of 

the fracture zone properties requires examination of the crack formation. In these types of 

tests one is obliged to tak:e cracking pattem into consideration. Otherwise, the determined 

behaviour is not material properties bu t properties of the specimen. The primary aim of the 

present investigation is determination of properties of a fracture process zone which is 
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Fig. 4. 9. Test with inverted parabolic displacement path (w= 762
). 

initiated in pure tensile mode and thereafter becomes subjected to combined normal and shear 
displacements. Sticking to this requirement, one should be assured that there are no crack 
formations other than the primary one. In this investigation, as much as was possible, viz by 
means of visual observations and comparison of the fracture surfaces with the fracture 
surfaces obtained in the pure tensile cases, the specimens which showed secondary eraeks 
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were disregarded from the test series. This action, however, confmed the range of the tests. 
Therefore the tests for the parabolic paths were confined downward to p =0.4 mm112

, since 

in the case of {3=0.3 mm112 traces of secondary eraeks could be observed. lt should be noted 

that in the case of the {3=0.3 mm112
, the final crack surface was similar to the pure tensile 

case. Fig. 4.11 displays the result of the described test. Furthermore, the tests for the linear 

paths were confined downward to a=30°. It should be noted that in the case of a=30° and 

a=45° secondary eraeks sometimes could be observed and sometimes not, and the majority 

of the fracture surfaces were similar to those which are experienced in the puretensile tests. 

(o l 

load· path 6a(47-02) 

200x200x50 

(b) 
front face 

·-----...._,_ ~ 
·~ B 

load-path 6a(46-02) 

200x200x50 

Fig. 4.10. Crack pattems observed in the tests reporred by Nooru-Mohamed 
and van Mier (1991). 
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Fig. 4.11. Stress- displacement (a-y and T-6) curves for test with parabolic 
displacement path ({J=0.3 mm112

). 
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4.4 Test results 

Fig. 4.12 displays results of the tests on wet concrete specimens at the age of 28 days. The 
displacement paths were parabolic. The parabola parameters (/3) are given in the figure. It 
should be noted that the normal stress - normal displacement curves are reshaped into the 
stress - displacement curves of the fracture process zone, viz a-w curves. The results are 
mean value of at least three tests. The repeatability of the tests was satisfactory. 

Fig. 4.13 displays results of the tests on mortar specimen with the same conditions as above. 
The curves are results of one single test. 

Fig. 4.14 displays results of tests on wet concrete specimens at the age of 28 days. The 
displacement paths were linear. Theline angles (a) are given by the figure. The curves are 
results of one single test. However, several tests with these paths have been carried out in 
order to check the repeatability of the tests. The results were not satisfactory for aS45 o, due 
to formations of secondary eraeks which were discussed in the previous section. 

4.5 Discussion of results 

Fig. 4.15 displays some of the normal stress - normal displacement curves with higher 
resolution. In the figure three parts are distinguished, viz part I O< w< 0.020, part n 
0.020<w<0.080 and part m w>0.080 (w in mm). The results show that within part I and 
for a~60 o , {3~0.40 mm112 there is no significant difference between the curves. Neither can 
any significant differences between the pure tensile test and the combined normal and shear 
tests within the mentioned test limits be observed. Furthermore, the results show that the 
curves for aS45 o differ from the other curves. Let u s take a closer look at the displacement 
paths in Fig. 4.16. Regarding the area ws0.02 mm, the figure shows that as far as the 
parabclic paths are concemed there is no considerable shear displacement Therefore, it is 
not surprising that there are no differences either between varying parabclic paths, nor 
between the parabolic paths and the tensile test. Within the same area, wS0.02 mm, shear 
displacements of the linear paths, a~60°, are much greaterthan the parabolic paths, bu t there 
is still no difference between the curves within part l. This ma y suggest that a minimum shear 
displacement or minimum path slope, dw/do, is required in order to obtain noticeable changes 
in the slope of the normal stress - normal displacement curves. The results presented here 
suggest, however, a minimum shear displacement and path slope with the magnitl!lde of 
approximately 0.020 mm and tan(45°). 

Within part n the curves for a =60° and 13 =0.4 mm 112 start to deviate from the other curves 
which continue as the tensile curve. Within this part the stress becomes compressive for both 
displacement paths. 
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in Figs. 4.12 and 4.14 with higMr resolution. 

Within part m all the remaining curves start to deviate from the tensile curve and finally 
intersect the line u =O. As far as paths a?:..75 ° and /3?:.0.7 mm112 are concemed it is difficult 
to make any distinction between them and the tensile test until they have intersected the line 
u=O. 

Shear stress - shear displacement curves demoostrate that shear stress increases continuously 
with the increased shear displacement up to a level where in the case of the parabalic paths 
it bends off to a plateau (Figs. 4.12 and 4.13), while in the case of the linear paths it 
descends to zero (Fig. 4.14). As far as the parabalic paths are concerned, the results show 
that the mortar specimens behave in the same manner as the concrete specimens, but at lower 
stress levels, and that the differences between different parabalic paths are less distinguished. 
This observation reveals the important role which the size of the aggregates plays in 
governing the behaviour of concrete under combined axial and shear stress conditions. 

The results which are presented here show that when a?:..75° and P?:.0.8 mm112
, no 

considerable compressive and shear stresses arise. 

The presented results are based on two different sets of displacement paths. The 
displacements in both directions change continuously during the entire test, which controls 
the events inside the fracture process zone. As is demonstrated, the response of the specimen 
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Fig. 4.16. Different displacement paths (Fig 4.1 with higher resolution). 

depends upon the displacement paths; compare the linear paths with the parabolic paths. 
Here, the question is w hether the stresses corresponding to the same point on the w & -plane 
which has been approached through different paths are the same or not. If the stresses are not 
the same, then the behaviour of the fracture process zone is path dependent. Some 
complementary tests have been conducted in order to illuminate the mentioned issue. 

4.6 Path dependent behaviour 

A "mixed-path" was composed in order to check the path dependency of the combined normal 
and shear tests. Fig. 4. 17a displays the path, solid curve. Part (a) is a straight Iine with 
a=60°, part (b) is a parabola with /3=0.4 mm1n, part (c) is a straight linewith slope 76° 
and part (d) is a parabola with {3=0.6 mm1n. The tests are carried out on both dry and wet 
concrete specimens. The results are displayed in Figs. 4.17b and 4.17c. The figures also 
display the results of the linear and parabolic paths corresponding to a=60°, /3=0.4 mm112 

and 13 = 0.6 mm112
• 

It is interesting to compare the shape of the curves. It can be observed that shear stress -
shear displacement curves pertaining to the parabolic paths increase continuously, within the 
displayed range, while the same curves for the linear and mixed paths show a clear 
maximum. The same trends can be observed in the normal stress - normal displacement 
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Fig. 4.17. Check of the path-dependent behaviour. 

curves but in the opposite direction, i.e. there is a minimum normal stress. Furthermore, it 

can be observed that the ultimate compressive stresses developed in the case of linear and 

mixed path are very low. 

It is also interesting to compare the curves at the intersection points which are indicated in 
Fig. 4.17a. If the behaviour of concrete is not path dependant, stresses at the intersection 
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points, despite different displacement paths, should be identical. At the first intersection point, 
the point where the linear path a=60° intersects with the parabolic path P=0.4 mm1n, the 
normal stresses are not much different, while the shear stresses differ somewhat. At the 
seeond intersection point, the point where the linear path a= 60° intersects with the parabolic 

path P=0.6 mm•n, as far as normalstresses are concerned the same conclusion as before 
appears, while a great difference between the shear stresses is observed; compare parabolic 

path P=0.6 mm112 with the linear and mixed path. 

Another interesting observation in this context is revealed by comparing the continuation of 

the mixed path and the parabolic path p =0. 6 mm 112
• It can be observed that, despite identical 

displacement paths during the succession of the test, the curves corresponding to the tests 
behave entirely different! y. 

4. 7 Cracking process within the fracture process zone 

Compared to the pure tensile case, craclcing of concrete due to combined normal and shear 
stresses is less understood. To date there is no consistent hypothesis which describes the 
craclcing of concrete under combined stress conditions, from the instant of formation of the 

tensile fracture process zone to the instant of separation. Hillerborg (1989b) divides the 
failure process into two stages. According to Hillerborg, in the early stages, when shear 

stress is imposed, the small tensile micro-cracks bend off and grow in a skew direction. This 

gives rise to formation of compression struts which perform rotating movements eausing 
compressive andshear stresses while the normal andshear displacement increases, Fig. 4.18. 

In the later stage when the real crack is formed, due to the irregular shape of the fracture 

surface, occurrence of the shear displacement gives rise to compressive and shear stresses, 
Fig. 4.19. The latter description of Hillerborg is consistent with theories of aggregate 

interlock. According to Hillerborg, in the intermediate stages both phenomena may occur 
simultaneously. 

The above-mentioned mechanisms are difficult to prove experimentall y. Since the structure 
of concrete is very complex, it is also difficult to relate them to the observed macro­

mechanical behaviour. However, as far as this investigation is concerned it is possible to 

explain some of the observed phenomena by means of the aggregate intedock theories. Here 
one of the models will be presented in order to further discuss the test results. The model 

which will be briefly presented is developed by Walraven (1979, 1980). Here only the 

assumptions of the model will be described and some results will be shown. The reader is 
referred to the references for further details. 

According to the Walraven model the normal stress (a) and shear stress (r), eaused by 
aggregate intedock can be calculated by the following equations. 
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Fig. 4.18. Development ofmicro-cracks in combiMd stress conditions, 

tlknfrom Hillerborg (1989b) . 

.. 

Fig. 4.19. Injl~nces of the irregularities in a crack with a shear displacement, 

takenfrom Hillerborg (1989b). 

4.2 

in which u pu is the matrix yielding stress and p. is coefficient of friction, approximately 0.4. 

A is the total contact surface between two sides of the specimen per unit surface of the 

fracture plane. The indices x and y denote the projection of the A on the xz-plane and yz­

plane. Derivation of the equations for A has been based on the following assumptions: 
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The aggregates are infinitely rigid and strong, spherical particles which are 
embedded in a rigid-plastic matrix of cement paste. The aggregate size 
distribution is determined by means of the Fuller model. 

It is assumed that prior to the imposition of the displacements, a crack with zero 
width exists and both normal and shear stresses are zero. Furthermore, it is 
assumed that the crack follows the boundary of the aggregates. 

Path dependant behaviour has been neglected, i.e. the same displacements give 
the same contact surfaces regardless of the displacement path. 

Fig. 4.20 displays schematically contacts between an aggregate partide and the matrix. Fig. 
4.20a displays the situation before imposing the displacements, while Fig. 4.20b displays the 
situation after imposing the displacements. w and 6 are the transtations of the upper part 
relative to the lower part of the body, which is here assumed to be equivalent to the normal 
and s~ear displacements. ax and ay are the projections of the contact surface between the 
matrix and an aggregate partide on the xz-plane and yz-plane. A.,. and A

1 are calculated by 
summation of ax and a1 over the unit fracture surface. The equations for Ax and A1 are given 
in Appendix B, for which numerical integration is required. Below, results of the analysis 
performed by this model are presented. In the analysis it has been assumed that 75 percent 
of volume of concrete is occupied by aggregates with 8 mm maximum fraction. 

Existi ng normal cruck 

Ma t ri x Ma tri x 

a ) b) 

Fig. 4. 20. Schematic description of contact surface between an agg re gate 
partic/e and the matrix, according to Walraven (1980). 

Fig. 4.21 displays development of the contact surfaces Ax and A1 as functions of shear 
displacement for different displacement paths. In the case of the linear paths, the theoretical 
results demoostrate that the contact surfaces Ax and A

1 are large in the beginning bu t decrease 
as a result of the imposed displacements, and the higher a is the smaller will be the contact 
surfaces within the fracture zone. Furthermore, in the case of a=75°, the contact 
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surfaces are too small to cause any stresses of significant magnitude, while in the other cases 

of linear paths the larger contact surfaces lead to higher stresses. This can be observed in the 

test results displayed in Fig. 4. 14, which show that the developed stresses in the case of 

a=75° are much lower than in the other cases. 

In the case of the parabolic paths, the theoretical results demoostrate that the contact sudaces 

Ax and A1 are very low in the beginning, but increase Successively and fmally end up to a 

plateau as the shear displacement increases. The theoretical results also reveal the sudden 

changes of the shear response of the specimen when {J is decreased from 0.4 to 0.6 mm1n, 

compare Fig. 4.12. 

Comparison between linear and parabolic paths explains to some extent the different 

behaviour observed in the tests. In the experiments, the linear paths showed maximum shear 

stress while the parabolic path, within the test range, did not show an y maximum stress. This 

difference can be explained by means of the different developments of the contact surfaces 

which are demonstrated theoretically. 

The development of the contact surface is important for path depended behaviour of the 

fracture process zone. Greater contact surface may lead to greater damage and erosbing of 

the material inside the fracture process zone. In Fig. 4.21 development of the contact surface 

for the mixed path is also given. As was mentioned, the stress - displacement curves of the 

last part of the mixed path (parabola {J =0.6 mm112
) did not coincide with the pure parabolic 

path 13 = 0.6 mm112
• As is demonstrated by the theoretical curves, prior to the intersection of 

the two paths, the developments of the contact surfaces in these two cases are much different. 

The larger contact sudace in combination with higher stresses in the beginning of the mixed 

path may have eaused crushing of the material or may have forced a new fracture process 

zone in the vicinity of the primary fracture process zone. 

Fig. 4.22 displays the theoretical development of the stresses as functions of the 

displacements. Shear stress - shear displacement curves are displayed by solid curves, while 

normal stress - normal displacement curves are displayed by dashed curves. The stresses are 

dimensionless, viz stresses in equation 4.2 have been divided by upu' As can be observed the 

shear stress for the linear path a =60° is not zero at zero shear displacement This is due to 

the fact that the matrix is regarded as rigid-plastic material. As can be observed the 

theoretical curves to some extent look like the experimental curves. The shear stress 

corresponding to the linear path decreases rapidly while the shear stresses corresponding to 

the parabolic paths increase. Furthermore, the developed compressive stress in the case of 

the linear path is much lower than in the parabolic paths, which were also observed in the 

tests. As is demonstrated in the figure, development of the compressive stress is delayed in 

the case of the parabolic paths, which can be explained by the fact that in the beginning the 

compressive stresses are counteracted by the tensile stresses eaused by the friction, note Fig. 
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Fig. 4.22. Theoretical development of the stresses alapu and T/aP" 

as functions of displacements w and & • 

4.21 and equation 4.2. This is also the theoretical reason for the poor development of the 

compressive stresses in the case of a linear path. 

The Walraven model hightights some of the phenomena which were observed in the 

experiments. However, it should be noted that the model neglects some crucial effects, like 

existence of the tensile fracture process zone, non-spherical particles, crushing of the 

aggregates, variation of the coefficient of friction and formation of new contact surfaces as 

a result of crushing of the former surfaces. 

4 .. 8 Empirical expression adopted to the test results 

Since the mechanism of cracl<ing as well as path dependent behaviour of concrete are not weil 

understood it has been difficult to derive a micro-mechanical model which describes the 

observed behaviour. Instead empirical expressions have been developed. The expressions are 

fitted to the stress - displacement curves which are displayed in Fig. 4.12 (parabolic paths for 

concrete), see following expressions: 
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a= 2.8(e-40w -2.5e -5~' aretana) 

( 
a )o.s 

"t = lO e -3·6~· ·• arctan ~2 
4.3 

with 

w 
~=-

16 

The expressions are valid for the domain on the &w-plane whieh is eonfmed by the parabola 

w~0.40& 112 , w~O and 6'~0. 8 mm. In the following parts the tenn "test domain" refers to the 

described domain. The expressions are not based on any material model, but are ehosen 

entirely arbitrarily. The expressions prediet the results of the parabolic paths fairly well. 

However, it should be noted that the best predietlon is aehieved for f3 =0.4 mm112
, while 

predietlon of the results of the parabolie path 13 =0.6 mm112 is not as good as for the other 

ones. The predieted and experimental curves of the mentioned paths (13 =0.4 and 0.6 mm112
) 

are compared in Fig. 4.23. 

As mentioned above, the expressions in 4.3 are fitted to the parabolie paths and are valid for 

the test domain described previously. In 4.24 the stress - displacement curves of the linear 

path a=60° predicted by the expressions in 4.3 are compared with the stress - displacement 

eurves of the linear path obtained by experiment. 1t should be noted that the linear path 

(a =60°) intersects with the parabola p =0.4 mm112 (the lower limit of the test domain) at the 

point &=0.053 mm, w = 0.092 mm, i.e. thepointson the linear path a=60° with 6S0.053 

mm and ws0.92 mm are located outside the test domain. The point is indicated on the figure. 

The predieted curves are outcomes of the fitting of the arbitrary expressions to the results of 

the parabolic paths. Consequently, the predieted stresses correspond to the displacements 

whieh are intersection points between the line w=(tan60°)6 and parabolas with varying p. 

Fig. 4.25a displays intersection between thelineand several parabolas. The figure a1so partly 

displays the domain where the expressions in 4.3 ate applicable. Fig. 4.25b displays the rate 

of the shear displacement {d6/dw) as a function of the nonnal displacement (w) and the 

displacement paths, up to the intersection points between the linear and parabolie paths. 

In the case of the a-w curves Fig. 4.24 shows that there is good agreement between the 

predicted eurve and the test result. In the case of the r-6 eurves the agreement is not as good 

as for the previous case, especially outside the test domain. The reason for disagreement 

between the predieted and experimental r-o curves inside the test domain is due to 

differences in the displacement paths, which was discussed previously. Another important 
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Fig. 4.23. Comparison between empirical expressions and test results. 
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Fig. 4.24. Comparison between prediered and experimenta/ly obtained 
stress - displacement curves (linear path a=60°). 

subject is the variation of the rate of shear displacement As can be observed in Fig. 4.25b 
the rate of shear displacement is eonstant in the case of the linear path while it increases 
linearly in the case of the parabalic paths. If a path with a successively increasing shear 
displacement rate from zero to a eonstant level was tested instead of the mentioned linear 
path, for instance the dashed curve in Fig. 4.25b, better agreement would be obtained 
between the experiment and the expressions in 4. 3. 

Disagreement between the experimental and the predicted r- & curves outside the test domain 
is explained by the fact that the expressions in 4.3 are developed without any attention to the 
test results outside the domain. 

The aim of this investigation has been determination of the elements of the stiffness matrix 
of the fracture process zone, i.e Cn, C12, C21 and C22 in equation 2.11, which are defi.ned 
as follows: 
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As previously described, the tests are conducted with a eonstant parabalic displacement path 

which is the basic assumption as far as the expressions in 4.3 are concerned. Therefore, the 

correct stiffness elements can only be obtained by differentiation of the equations in 4. 3 with 

the condition of eonstant p throughout the fracture process. However, with the conditions 

which were discussed previously, viz non-eonstant shear displacement rate during the 

initiation of the fracture process zone and displacement paths within the limits of the test 

domain, the expressions in 4.3 can be used for determination of C1h ••• and Cn with 

acceptable accuracy. The differentiation of the expressions in 4.3 is given in Appendix C. 

4.9 Comparison of the results with other tests 

In this section the results of the parabolic paths will be compared with the results reported 

by the other investigators, see Chapter 3. It was mentioned that the test paths used by them 

differ from the paths used in this investigation. The intention of this section is to further 

demoostrate the complex and path dependent behaviour of concrete under combined normal 

and shear stress conditions. 

In order to facilitate the reshaping of the curves, only the empirical expressions are used. 

Furthermore, since some of the results do not contain an y expressions for the normal stresses, 

only the shearstress - shear displacement expressions are compared. 

Below, one additional empirical expression, besides those which are given in Chapter 3, will 

be introduced. The expression is given by Bazant (1980), and is based on the tests reported 

by Paulay and Loeber. The expression is shown below: 

4.5 
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with 

6 
r == -

w 

p ;:: 1.3(1 - 0.231 l 
l +0.185w +5.63w2 

t - O 245: ~ ..,7mm2 • a0 
= O.OlD

0

2 mm2 
O - · Jcc n• ' 

a1 = 0.000534 N/mm 

2.45 ..,, 2 a3=-- n,mm 
to 

Figs. 4.26a and 4.26b display the comparison of the different empirical expressions for the 

parabolic paths P=0.4 mm112 and P=0.6 mm112
• The figures reveal that the stresses obtained 

in this investigation are lower than those in the other investigations. Besides the general 

differences such as concrete quality, concrete composition and aggregate size, the differences 

in the test paths have eaused the observed discrepancy. 

In the tests reported by Fenwick et.al. and Houde et.al. the specimens were sheared under 

eonstant normal displacement. The results presented in this investigation show that high shear 

displacement rates (d6'/dw) cause stiffer shear behaviour and lead to higher final stresses. 

Hence, it is not surprising that the shear stresses in the present investigation are lower than 

the shear stresses reported by Fenwick et.al. and Houde et.al. 

The difference between the results of Walraven and of the present investigation is explained 

by the fact that in Walraven's tests shear was initiated .when the normal stresses were zero 

or compressive. Furthermore, the rate of the shear displacement (d6'/dw) after initiation was 

higher than the rates reported here. 

The above-mentioned comparisons demoostrate again the influence of the test paths on the 

behaviour of the material. Furthermore, the investigation show that cases with simultaneausly 

iDereasing normal and shear displacements lead to lower final shear stresses, compared to 

cases when the displacements are increased one at a time to the same point on the 6'w-plane; 

note Fig. 4.26. 
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5 Conclusions and future work 

5.1 Conclusions 

Within the framework of the present investigation an equipment for determination of the 

softening properties of the concrete was developed. The properties of interest are the relations 

between the stresses and displacements inside the fracture process zone. On the basis of the 

test results presenled in Chapters 3 and 4 it can be concluded that: 

Test arrangements similar to the equipment developed within this project are 

suitable for determination of tensile properties of concrete, provided that the 

stiffness of the components of the equipment are sufficient! y high. Furthermore, 

the design expressions developed for the equipment reveal the factors influencing 

the performance of the equipment, which facilitates the design of new 

arrangements with improved properties. 

It has been demonstrated that it is possible to expose the fracture process zone to 

simultaneausly varying normal andshear displacement without an y uncontrollable 

events. 

It has been demonstrated that the stress-displacement response of the fracture 

process zone is highly influenced by the displacement path. It has been shown that 

to approach a point on the c5w-plane by two different paths leads to different 

stresses and different shapes of the stress-displacement curves. 

The test method for the combined normal and shear test developed in this project 

is suitable for determination of the properties of the fracture process zone. 

However, the applicability of the test method is restricted within a certain area on 

the c5w-plane. 

5.2 Future work 

In Chapter 2 the theoretical basis of the present investigation is described. lt would be 

appropriate if the author could present some theoretical applications of the model for cases 

when the fracture process zone is influenced by combined normal and shear displacements. 

Since the author did not have access to an y software which could carry out such applications, 

and further development of the software was not possible within a reasonable period of time, 
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the theoretical applications have been postponed to the future. Nevertheless, the author wishes 

to treat the following subjects first. 

The behaviour of the specimen during the entire test, i. e. stress and displacement 

distribution on the fraeture surface, formation of secondary eraeks and their 

influence on the measured properties. 

Uneven distribution of shear stresses. (This leads to torsion of the specimen 

around its length axis. Hence, it is necessary to evaluate the influences of the 

unevenly distributed shear stress on the measured properties.) 

Behaviour of structures and the relation between normal and shear displacements 

occurring in practice. 

As far as experimental studies are concemed the author wishes to consider the following 

subjects. 

92 

Improvement of the stiffness of the test arrangemen t. 

Evaluation of the influence of the uneven distributed normal displacement in the 

beginning of the test on the development of the normal and shear stresses. 

Prevention of torsion of the specimen due to unevenly distributed shear. 

The stud y of different types of eoncrete admixture. 

A closer study of the path dependant behaviour of concrete. 

Performance of eyelic tests. 



Appendix A. Derivation of the instability equations 

In this appendix the derivation of the instability equations for the test equipment described 

in section 3.2 is given. It should be noted that most of the notations used in this appendix are 

described in section 3.2. Nevertheless, some additional notations will be described as they 

appear during the derivation. 

Assumptions: 

The fracture proeess zone has extended over the whole specimen. 

All cross sections remain plane. 

Rotation of the cross section A-A (O c), see Fig. A.l, will cause a difference (å w) in 

deformations between the right and the left side of the fracture process zone. Thus the 

relation between O c and å w is as follows: 

26 = åw 
c d 

o 

2 is due to syrornetry. 

---- -- -------

Fig. Al. Notations used in the approximate analysis. See also Fig. 3. 6. 

The stress at the right and the left side of the fracture process zone is given by the relation: 

where u is the mean stress in the fracture process zone and du/dw is the slope of the u-w 

curve, see Fig. 3. 7. 
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The uneven distribution of stress in the fraeture process zone eauses the moment ~. see 

Fig. 3.6. 

A. l 

The difference between rotations in sections A-A and B-B is due to the bending of the 

specimen as a beam. The moment which eauses this rotation is the mean value of Mc and Mc. 
Thus: 

M.+Mc h 3h e -e = ·-=(M +M'·--
e c 2 2EI • eJ_ Ebd3 

A.2 

The rotation ec depends on bending of the supporting beam, see Fig. Al, and the extension 

of the specimen. 

l l ( abofiJI w) e ;;: -(abcf10e-M~+- +-
e S"" L 2bdE 2 

A.3 

The centre-line of the specimen is displaced by distance (a), see Fig. A.2, due to the rotations 

ec and ec. 

The displacement (a) eauses a difference between Mc and Mc. 

Inserting the expression for (a) gives 

e. +6c h 
M -M =ab A· ·-

• c 0"'"0 2 2 
A.4 
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8e 

Fig. A2. Displacement of the centre-Ii~. 

Equations A. l and A.2 give 

6 dw e =M--·-
c c bf!Io3 da 

3h 6 dw e =(M +M)·--+M ·--·-
• • c Ebd3 c bcflo3 da 

Equations A.3 and A.6 give 

= obf!Irl + _!_( abrflo + w) 
S,. 2L Ebd h 

A.5 

A.6 

A.7 
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Bquations A.4, A.5 and A.6 give 

M ( 2 3h ) M ( 2 6 dw 3h ) 
~ ob

0
dJl- 2Ebd3 = c obofiJl + bof1

0
3 • do + 2Ebd3 

A.8 

Reshaping of A.7 and A.8 give 

M - + - +M +- = - -+---+w 
( 

l l l ( l l l eA0 o 1 ( 2A0 o ) 
e S,. 2Srs c 2Io: 2S,s Snn 2L Sns 

A.9 

( 2 l ) (2 l ll M, hA
0
a - 4S,.. =M, hA

0
a + 

210
::::. + 4S, A. lO 

where 

Å o = boflo 

lo 
boflo3 

= 
12 

I 
bd3 

= -
12 

s"' 
2EA = - -

h 

sf7 2EI = 
h 

Finally equation A. l gives 

A. l l 
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Appendix B. Equations for determination of the aggregate­
matrix contact surfaces, Ax and Ay 

In this appendix, equations for Ax and Ay are given. The derivations of the equations can be 

find in Walraven (1979 and 1980). 

Case A: ö <w 

- -
6 

Case B: 6 >w 

w 

A .. = f Pt'_i'F(DD )·G.(ö,w,D)·dD 
2w 1t max 

w 

w2+62 

w 

A
1 

= f Pt . .i ·F(DD ) ·G3(ö,w,D) ·dD 
2w 1t 1IWt 

w 
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with 

l D2 . 2(w+umax) l D2 • 2w l 
+- uam -- uam--

4 D 4 D 

G D -J( 1tDz F1 2 D
2 

• 2w ] = - - w -D -w --arcsm-
4 8 4 4 D 

F(--) =0.727- -- +0.144-D (D)o.s(D)
2 (D)4 

D max D max D max D max 

( 
D )

6 

( D )
8 

( D )to + 0.036 Dmax +0.016 Dmax +0.010 Dmax 

u = -w(w2+Ö2)+Vw2(w2+ö2)-(w2+ö2)[(w2+ö2)2 - 82D2] 

max 2(w2-ö2) 

Pt = volume aggregatelvolume concrete. 

D = size of aggregate. 

Dmax = maximum aggregate size. 
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Appendix C. Differentiation of the stress - displacement relationships 

Differentiation of the expressions in 4.3 with variable P gives: 

00 ( -40w 37.5A3 -sA' ) C11 = aw =2.8 -40e + w., ·e ""·arctana 

In the case of eonstant parabola paths (P constant) both C12 and C21 are zero while the 

remairung elements are as follows: 

C = 2.8( - 40e-40w- 5e-SP' W~ Z ) 
11 A4 4 

t' +W 
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