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Abstract: This paper investigates the implica-
tions of the choice of trellis termination method for
Turbo codes, and illuminates the origin of the perfor-
mance degradation often experienced without trellis
termination. Analythical upper bounds on the per-
formance for the ensemble of Turbo codes using dif-
ferent trellis termination strategies as well as perfor-
mance results obtained by computer simulation are
presented. For the case of uniform interleaving, the
performance differences between various termination
methods are relatively small, except when using no
trellis termination at all.

Keywords - Turbo codes, trellis termination, dis-
tance spectra.

1. INTRODUCTION

Turbo codes are in general implemented as two re-
cursive convolutional encoders in parallel, where the
input to the second encoder is an interleaved ver-
sion of the original information sequence [1]. At the
beginning of each information block, the encoders
are initialized to their zero-states. Similarly, at the
end of each information block it is desirable to force
the encoders back to the zero-state, an operation
known as trellis termination. For feedforward con-
volutional encoders, this is readily achieved by ap-
pending tail bits at the end of the encoder input se-
quence. However, the recursive property of the com-
ponent encoders used in Turbo codes implies a state-
dependency on these tail bits and, hence, individual
tail sequences are required for each component en-
coder.

The performance of a specific trellis termination
method is dependent on the particular interleaver
used in the Turbo encoder. This dependency is the
result of interleaver edge effects [2]. This paper de-
scribes interleaver edge effects for the case of uniform
interleaving {4]. It is demonstrated how the choice
of different termination methods influences the per-
formance for Turbo codes with different interleaver
lengths and different number of memory elements in
the component encoders. The distance spectra are
calculated using the concept of uniform interleaving
and the tangential sphere bound is used as an upper
bound to the achievable maximum likelihood (ML)
decoding performance. Already for relatively modest
interleaver lengths, it is observed that the simulated
error performance is close to the performance indi-
cated by the tangential sphere bound.

The investigated trellis termination strategies are:
no termination at all, termination of the first encoder
only, termination of both encoders within the length
of the interleaver and termination of both encoders
with post-interleaver flushing [3].

2. DISTANCE SPECTRA

The calculation of the distance spectrum of a spe-
cific Turbo code involves taking the particular inter-
leaver into account, a task that becomes prohibitively
complex already for short-length interleavers. A less
computationally demanding method was introduced
by Benedetto et al. in [4], where a method to derive
the average distance spectrum for the ensemble of
all interleavers of a certain length were presented. In
this section we surnmarize this method, and present
a method to include the influences of different trellis
termination methods.

Benedetto et al. introduced the input-redun-dancy
weight enumerating function (IRWEF) [4]
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for an (n, N)-code, where N is the length of the in-
terleaver and n is the codeword length. A, ; is the
number of codewords with input weight w and parity
weight j, and W and Z are dummy variables.

Since both component encoders in a Turbo code
share the same input weight w, every codeword that
belong to a Turbo code is a combination of two com-
ponent-code codewords that both result from weight
w input sequences. For this reason, Benedetto et al.
defined the conditional weight enumerating function
(CWEF)
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which enumerates the number of codewords of vari-
ous parity weights j, conditioned on the input weight
w. The CWEF of the first and second component en-
coders are denoted AS! (Z) and AS? (Z) respectively,
and the CWEF of the overall Turbo code AL (Z).
By introducing a probabilistic interleaver construc-
tion called a uniform interleaver, for which all dis-
tinct mappings are equally probable, Benedetto ef



al. obtained the CWEF of the ensemble of all Turbo
codes using interleavers with length N as

AC (7)) AC: (Z
AEC(Z)= w()N'w()

G

where 1 / () is the probability that a specific weight-

w sequence is mapped to another, specific, weight-w
sequence. Finally, the multiplicities ag of codewords
with Hamming weight d are achieved as

N
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where ATG_, are the coefficients in the Turbo code
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When deriving the CWEF of the component codes
of Turbo codes, it is common to take only the error
events that end up in the zero-state into account.
This corresponds to taking only zero-terminating in-
put sequences into consideration. Depending on the
method of trellis termination, codewords might also
exist that result from trellis paths that do not end
up in the zero-state after N trellis transitions. In
the sequel, a method to derive the CWEF for vari-
ous trellis termination methods is presented.

2.1. Interleaver edge effects

Interleaver edge effects refer to the implications
on the distance spectrum resulting from the block
partitioning of the input sequence, as the result of
a limited-length interleaver [2]. Due to this trunca-
tion, low-weight parity words can be generated even
though the encoder input sequences do not force the
encoders back to the zero-states. In terms of weight
enumerating functions, this means that we require
knowledge not only of the number of trellis paths
that lead to the zero-state after the last transition,
but also of the number of paths that lead to other
states. This can be obtained by partitioning the IR-
WEF defined by (1) into a state-dependent counter-
part, which enumerates the number of trellis paths
that lead to state s, having input weight w and par-
ity weight j. An efficient method to find the state-
dependent IRWEF of a convolutional encoder valid
after ¢ trellis transitions is to extend the IRWEF of
the same encoder obtained for ¢ — 1 transitions {5].
Let A; 5,7 denote the number of paths with input
weight w and parity weight j that lead to state s af-
ter t trellis transitions. Based on the encoder trellis,
the state dependent IRWEF is recursively calculated
as

1
At,s,w,j = Z:At—l,S(s,u),w—u,j—P(S(s,u),u))
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where S (s, u) is the state that leads to state s when
the input symbol is u, and P (S (s, u) ,u) is the parity

[u/P(S(su))]
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Figure 1: Recursive calculation of codeword multi-
plicities for a two-state encoder.

weight generated by the corresponding trellis transi-
tion. This recursive procedure is illustrated in Figure
1, for a two-state encoder. At time ¢ = 0, the recur-
sive procedure is initialized with Agg,00 = 1 and
Ao sw; =0, (s,w,7) # (0,0,0), which corresponds
to an encoder initialized in the zero state.

Let ES; and ES? denote the multiplicities of
codewords with input weight w and parity weight
7 that correspond to trellis paths that do not end
up in the zero-state after encoding length-N input
blocks, for component code C; and C; respectively.
These multiplicities form the corresponding CWEFs
according to ES! (Z) = Z;:év ES,77,1=1,2. The
overall CWEFs, including both zero-terminating code-
words and edge effects, are then obtained as

AZH(2) = AT (2) + G (2), &)
and the resulting CWEF for the Turbo code is

AG (2) AZ: (2)
@
Note that AS! (Z) includes only trellis paths that end
in the zero-state after N transitions. Thus, Ag”z =
A§}o,,;- The difference in the ACt (Z):s for different
trellis termination methods is in the way the ngj:s
are calculated. Below, we calculate the EC s for

w)J
four classes of trellis termination methods:

A (2)= 4)

1. No termination of either component encoder.
2. Termination of the first component encoder.
3. Termination of both component encoders.

4. Post-interleaver flushing.

Class I. No trellis termination

With no termination of either component encoder,
the multiplicities of codewords that correspond to
interleaver edge effects are calculated by summing



the number of paths that end in non-zero states after
N trellis transitions. Thus,
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where m; and mgy are the number of memory ele-
ments in encoder 1 and 2, respectively. The overall
distance spectrum including edge effect codewords,
ATC (2), is calculated using (3) and (4).

Class I1I. Termination of the first encoder

By appending m; tail bits to the input sequence so
that the first encoder is terminated in the zero-state,
the edge effect codewords are entirely removed from
the first encoder. Note that the tail bits are included
in the sequence that enters the interleaver, and that
their Hamming weight is included in the input weight
w. For the second encoder, the situation is identical
to the case of no trellis termination. Hence,
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Class III. Termination of both encoders

It is also possible to terminate both component en-
coders in their zero-states. At least two different
ways of achieving this has been reported in the liter-
ature:

1. By imposing interleaver restrictions, the sec-
ond encoder can be forced to end up in the
same state as the first encoder [6,7]. It is then
sufficient to append tail bits according to ter-
mination Class II in order to terminate both
encoders in their zero-states.

2. By identifying specific, interleaver dependent,
input positions it is possible to force the com-
ponent encoders to their zero-states indepen-
dently of each other [8]. This is achieved with-
out any restrictions on the choice of interleaver,
but with a slight increase in the number of in-
put bits dedicated for trellis termination (m
termination bits are required, max (ms, mg) <
m < my + ma).

With both encoders terminated in their zero-states,
all edge-effect codewords are entirely removed. Con-
sequently, ESIJ = Ef,ffj =0.

Class IV. Post-interleaver flushing

Trellis termination by post-interleaver flushing was
proposed in [3]. With this method, both encoders
are flushed independently of each other, after encod-
ing their N-bit input sequences. The combination of
the weight spectra of the component encoders is then
similar to the case of no trellis termination, since
the trellises are not terminated by the end of their
length-N input sequences. However, extra codeword
weight is added as a consequence of the encoder flush-
ing. This is accounted for by adding the weight of
the flush bits and the corresponding parity bits to
the parity weight in the IRWEFs. More precisely,

om1_1
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where F;(s), [ = 1,2, is the sum of the weight of
the flush bits and parity bits generated when forcing
encoder [ to the zero-state from state s.

3. EVALUATION

The tangential sphere bound [9] is used for the
comparisons of the error performances of the de-
scribed trellis termination methods, for transmission
over an additive white gaussian noise channel. The
tangential sphere bound is used since it, in contrast
to the union bound, provides a useful bound on the
error performance for MI-decoding also below the
cut-off rate of the channel. We have compared rate
1/3 Turbo codes using interleavers of lengths 100 and
500 bits, and various component encoders. Figures
2, 3 and 4 show the upper bounds together with the
simulated performances of a large number of ran-
domly chosen interleavers, for a selection of the in-
vestigated codes. The simulation results are achieved
after 15 decoding iterations employing the full BCJR
algorithm.

The simulated performances rank in the same
order as predicted by the derived distance spectra;
however, the simulation results are actually above
the derived bounds. This is not an inconsistency,
bearing in mind that the tangential sphere bound is
valid for ML-decoding, while the simulation results
are obtained with suboptimal iterative decoding.

4. CONCLUSIONS

A method for deriving interleaver ensemble aver-
age distance spectra of Turbo codes using different
trellis termination methods has been presented. Us-
ing this method, we have investigated four principal
classes of trellis termination: no termination, termi-
nation of the first encoder, termination of both en-
coders, and post-interleaver flushing. These methods
has been evaluated using component encoders with
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Figure 2: Performance of Turbo codes with 500-bit
random interleaving. Parity- and feedback polyno-
mials are equal to 5g and 7g respectively.
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Figure 3: Performance of Turbo codes with 100-bit
random interleaving. Parity- and feedback polyno-
mials are equal to 17g and 15g respectively.

constraint length 3-5, and two interleaver sizes; 100
and 500 bits. ‘

In general, the performance differences between
the termination methods are small, except for the
case of 'no termination’. Among the three meth-
ods that involve termination, the best distance spec-
tra are observed with ’post-interleaver flushing’ and
'both encoders terminated’. The amount of perfor-
mance degradation from not using any trellis termi-
nation is not very dependent of the interleaver size,
but it is highly dependent on the choice of compo-
nent encoders. Especially, the length of the period of
the encoder impulse responses is crucial; the larger
the period, the larger the performance loss of not
using any trellis termination. Plots supporting this
conclusion had to be omitted.

The performance loss experienced without trellis
termination is the result of the inferior distance spec-
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Figure 4: Performance of Turbo codes with 500-bit
random interleaving. Parity- and feedback polymo-
mials are equal to 17g and 153 respectively.

tra achieved for the ensemble of interleavers. How-
ever, this deterioration can be avoided by proper in-
terleaver design. Such investigations are under prepa-
ration.
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