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Abstract: The mean effective gain (MEG) is one of the most important parameters for the characterisation of
antennas in wireless channels. An analysis of some fundamental properties of the MEG is provided and
corresponding physical interpretations are given. Three points are analysed in detail: (i) closed-form
expressions for MEG in a mixed environment with both stochastic and deterministic components are
provided, showing that the MEG can be written as a sum of gains for the deterministic and stochastic
components, (ii) it is shown that under some assumptions, the propagation channel and the antenna are
equivalent in the sense that the impact of the channel cross-polarisation ratio (XPR) and the antenna effective
cross-polar discrimination on the MEG are symmetrical, (iii) based on the fact that MEG depends on random
variables, such as the XPR and antenna rotations because of user’s movements, the average, the minimum
and maximum MEG of antennas are defined, respectively. Finally, the maximum effective gain of antennas is

derived and shown that it is bounded by 47,4, Where 7,,4 is the radiation efficiency of the antenna.

1

Mobile terminals are vital elements of wireless networks and
have a significant impact on the overall system performance.
The efficiency of the mobile terminal including the antenna
has a strong impact on the link quality in both the
downlink and uplink channels. In particular, the antenna
gain directly enters the link budget, and thus (co-)
determines the coverage and/or data rate that can be
achieved. In wireless communication systems with a ‘single-
path’ between the receiver and the transmitter, or generally,
in systems with a strong line-of-sight (LOS) component,
such as point-to-point links, the impact of the antennas on
the link quality is fully quantified by the Friis equation [1].
This equation accounts for antenna directivity, radiation
efficiency and polarisation mismatch in the LOS direction.
On the other hand, in wireless systems where none-line-of-
sight (NLOS) communications are predominant, that is, in
multipath channels with no dominant component, a full
characterisation of the impact on the link budget is
obtained by the partial antenna gain patterns for orthogonal
polarisations combined with the directional and polarisation
properties of the propagation channel. However, such a full
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functional characterisation of antenna and channel is too
complicated for most practical purposes. It is thus desirable
to use a single parameter that describes antenna, channel
and their interaction.

The mean effective gain (MEG), which is a single
parameter describing the impact of the antenna on the link
budget, has emerged as the way of characterising the
communication performance of handsets including the
antennas in real propagation environments. Currently,
mainly due to practical reasons, the total radiated power
(TRP) isotropically radiated by the mobile terminal is used
in the link budget calculations, together with an
attenuation factor accounting for the losses in the user’s
body. Even if the TRP is an excellent parameter for the
evaluation of the power radiated in free space, it is not a
proper measure for the characterisation of the
communication link quality. TRP does not account for the
full interaction between the antennas and the channels, for
example, the joint effects of polarisation and directivity
mismatch. MEG, on the other hand, is the average
received power that in the Rayleigh fading environment
completely defines the first-order statistics of the signal
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envelope of the small-scale fading. Moreover, MEG is a
measure of how a deterministic device, the antenna,
performs in the stochastic channel. Finally, MEG is the
natural extension of the communication link quality
concept introduced by Wheeler for single-path channels,
[2], to the more general case of multipath channels.
Wheeler defined the communication link quality as the
ratio of the received power to the transmitted power and
made use of the Friis equation.

The concept of MEG was introduced by Taga [3], who
defined it as the average power received by the antenna
under test in the propagation channel of interest to the
sum of the average powers that would had been received in
that same environment by two isotropic antennas, vertically
and horizontally polarised, respectively. A more general
definition and practical definition of MEG is defined
relative a realistic reference antenna such as a half-
wavelength dipole. In his paper, Taga gave a closed-form
equation for the uncorrelated scattering case based on the
Jakes’ signal autocorrelation model given in [4]. Work since
then has concentrated on evaluating the MEG of antennas
in different Rayleigh fading environments, different
antenna designs as well as different commercial handsets
have been evaluated using channel models describing the
spatial and polarisation response of the channel to the
transmitted electromagnetic waves. In many occasions, the
variability of the MEG because of the user’s body, mainly
the head and/or hand, has also been evaluated from
measurements of handsets. Some examples can be found
in [5-21]. A summary of research results and further
references can be found in [22], [23].

Despite the large number of investigations of the MEG,
there are still several important topics that have not been
addressed yet; the current paper aims to close those gaps.

1. First of all, we investigate the MEG in Rician fading
channels, that is, channels that contain an LOS component
as well as random fields (all previous papers considered
Rayleigh-fading random fields only). Rician channels are
gaining more and more importance, for example, in
communication between personal digital assistant (PDA) like
devices to wireless local area network access points (WiFi),
picocell base stations (3GPP) or relays (Wimax). We provide
closed-form equations for the MEG in such channels that
clearly show the influence of the different field components.

2. Next, we provide a physical interpretation of the factors
influencing the MEG and analyse how it can be improved.
As discussed above, the MEG accounts for the influence of
both the antenna (as given by the polarised antenna
patterns) and the channel (described by the directional
spreading and depolarisation in the channel). We show
that the MEG is determined by how well the polarisation
characteristics of the antenna and the channel are matched
other, similarly for the
characteristics; as a matter of fact, channel and antennas

to each and directional
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show duality in their impact on the MEG. This gives an
understanding of how a low MEG is generated, and how it
can be improved.

3. While the MEG has always been treated in the literature
as a single, fixed, number, this is only valid for a certain, fixed
orientation of the antenna with respect to the direction of the
multipath components in the propagation channel. In many
practical situations, the orientation of the handset (and thus
the antenna) cannot be reliably predicted. Moreover,
channel properties such as the cross-polarisation ratio (XPR)
and the angular spread are stochastic variables by nature.
Thus, the MEG becomes a function of the angular spread,
the XPR, the orientation angle relative to the incoming
wave field and so on. We investigate the properties of this
function, including its mean, minimum and maximum. The
results enable a more realistic link budget that includes
margins and outage probabilities. Finally, we provide
closed-form expressions for the optimal link gain, which
could be achieved by proper knowledge of the channel
assuming that losses because of matching are minimised.

The remainder of the paper is organised as follows.
Section 2 provides the derivation of the generalised MEG
that incorporates the LOS component of the received
field. Here, we also analyse some special or limiting cases
of the new MEG equation. Section 3 investigates the
channel-antenna duality, and shows how the matching
between the channel and antenna characteristics influences
the MEG. In Section 4, we analyse the maximum and the
minimum MEG, more specifically, we address how the
MEG changes as a function of the antenna orientation, but
also as a function of other parameters. Finally, a summary
with conclusions is given in Section 5.

2 MEG in Ricean channels

For a receive antenna, the MEG is defined as the ratio of
signal power available at the antenna, that is, the power
spectral density (PSD) of an underlying wide-sense
stationary stochastic process, and the PSD of a reference
signal. The reference signal is usually measured by a
reference  antenna  with  well-defined  performance
characteristics. In the definition by Taga [3], the reference
is the mean power that would be measured by idealised
isotropic antennas, which is equivalent to the actual average
power of the incoming field. The field is assumed to be
random, more specifically, it is assumed to be the
superposition of a large number of multipath components
similar in amplitude but with different, uniformly
distributed random phases. The received power is
computed as the ensemble average of the signal power
induced at the antenna by this random field. The ensemble
is created by different superpositions of the multipath
components, as, for example, measured at different
locations within a small-scale fading area. Assuming the
underlying process to be ergodic, the ensemble average can
be replaced by a temporal or spatial average. It is
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furthermore assumed that the first-order statistics of the real
and imaginary parts of the fields are independent and
identically distributed zero-mean Gaussian variables; so
that the envelope of this random process is then distributed
according to the Rayleigh probability density. Under this
assumption, uncorrelated fading of orthogonally polarised
components follows. In Rayleigh channels, the MEG
completely characterises the fading statistics of the signal
envelope, since MEG is identical with the only parameter
of the Rayleigh distribution, which is the average power.

Even though the Rayleigh-fading case is the most
common in practice, the more general assumption of a
mixture of unpolarised stochastic and  polarised
deterministic components is still of great interest [24, 25].
Therefore, we will investigate the MEG of an antenna in
different types of fields depending on whether the field is
purely stochastic or it also contains a deterministic
component.

2.1 Derivation of MEG in uncorrelated
random field with one deterministic
component

The MEG is the ratio of the average power received by the
antenna under test, P, to the average power received by a
reference antenna in the same environment, P,.s [3]

1

The average received power is given by the average of the
squared magnitude of the open circuit voltage at the
antenna port

B o 3 (T (V0 @

where (-) indicates averaging over ensemble or space as
discussed above and (-)* denotes complex conjugate.

The time-dependent complex signal, 7, (#) is given by the
open-circuit voltage induced at the local port of the antenna

[4, 25]

Voelt) = JFI(Q)  E,(Q)e @m0y )

where F,(Q)is the electric far field amplitude of the antenna
(bold face variables denote vector magnitudes), E;(€)) is the
electric field amplitude of the plane wave incident from the
direction encompassed by the solid angle (), that is, Q)
defines the angle of arrivals (AoA) that are given in
spherical co-ordinates, # denotes the absolute value of the

In multipath environments, the incident field is usually
described by a random variable that emulates the stochastic
behaviour of the received signal. The incident field has, in
the general case, a direct or deterministic field component
besides the random field component. In the presence of
several strong specular reflections, several deterministic field
components might exist. The resulting first-order statistics
of the signal envelope are usually described by the Rice
distribution.

In order to describe the Ricean fading, we make a
generalisation of correlation properties of the received field
in [4]

(B Elp) = EgoEgpd(Q — Q)8(Q) — Q)
+{(E, )8 — 08, )

where E;, and E;; are the complex amplitudes of the random
incident electric field in « and B polarisations respectively,
8,p denotes the Kronecker-delta function, and 8(.) denotes
the Dirac-delta. It is important to note that a propagation
channel or incident field can be characterised independently
of the antenna [26], although, of course, the reception and
detection of the field is done by means of antennas with
specific characteristics.

Equation (4) states that: (1) the phases of the co-polarised
waves are independent in different direction of arrivals
(DoAs) © and Q' and (2) the phases of the cross-polarised
waves are also independent in different DoAs  and
but correlated in a fixed direction ().

The autocorrelation function of this stochastic and, in
general, ergodic complex variable is then computed as

Ry, (A0 = L0Vt + A0, 5)

Substituting (3) in (5) and making use of the conditions given
in (4), the autocorrelation becomes

Ry (A7)
1 2 2
- EJ (IF o OELDP)

+ B, () E 4(Q) 2@ @A g
+ (1, Q0) Iy Qo) + F g Q)P Egg Q)
+ 2R{F, o(Q) F7(€y)

i/ Nwe, (Qg)Az

X Eoe(QO)Egd)(Qo)})e 6)
where R(-) denotes the real part of the complex variable. The
power angular distribution is then obtained by averaging the
received power over the small-scale fading

mobile velocity, ¢,({2) is the projection of the mobile (|E4(Q))?) o< 2Pypy(2)
velocity on the direction of observation and # denotes time. ) (7)
The integral is calculated over the sphere of unit radius. <|E¢(Q)| ) o< 2P P ¢(Q)
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where py(€2) and p4(€2) denote the weighted power angular
spectrum (PAS) (also known as the weighted probability
density function of the AoA) of the stochastic components
in the 6-polarisation and ¢-polarisations, respectively,
where 6 and ¢ are the elevation and azimuth angle in a
spherical coordinate system, respectively. According to the
definition of probability density function, p,4(€2) and p,(€2)

are normalised as

J 2,(Q)dQ = J 2o @d0 =1 ®)

The available powers of the stochastic components in the 6-
polarisation and ¢-polarisation are denoted by P, and Py,
respectively. It should be noted that Py and Py are usually
referred to as the powers in the vertical and horizontal
polarisations, respectively. However, this is somewhat
misleading if the field is purely vertically or horizontally
polarised and the propagation occurs only in the horizontal
plane (or, more generally, in the same plane). In this case,
it is only correct to assume that the field is either
horizontally or vertically polarised.

Finally, we can proceed to calculate the received average
power and therefore the MEG. Taking into account that
the antenna pattern is proportional to the squared
magnitude of the electric field and (7)-(8), the
autocorrelation function of the signal received by an
antenna in a mixed stochastic and deterministic field can be
computed as

Ry (A7)

= J(pgc;g(n)p(,(m + Py G y(Q)p () CT VDA 40

2
+( /POQGQ(QO)'i' /P0¢,G¢(QO)> el(Zﬂ/A)u-er(Qo)At
9)

In (9), Poy = (1/2)|Ep(Qo)I* and Py = (1/2)|Eyy(Q)I
denote the powers of the deterministic field in 6 and
¢ polarizations, respectively. We associate the vertical and
horizontal polarisations to the 9 and ¢ polarisations,

www.ietdl.org

The antenna gains are normalised with respect to the
radiation efficiency, 7,,4, as

[ G+ 6,0 a0 = 4mm,, 12)

where the radiation efficiency is defined as the ratio (TRP),
P,.4, to the input power at the antenna port, P, [27]

P, d
— ra 1 3
Mrad P ( )

in

and TRP is given by

P

ra

a =P

in

JGG(Q) + Gyl 1 (14)

4ar
The amount of polarisation power imbalance of the RF
electromagnetic field is given by the XPR, x. The XPR is
defined as the ratio of the average received power of the
vertically polarised component to the average power
received in the horizontal component. From (11), the XPR
in Ricean channels can be computed as

Py, + P, 1+ K,
X= % = Xunpollilg (15)
(R T &y
where Xynpo1 is the corresponding XPR of the stochastic
(unpolarised) components. The XPR in the LOS scenario
given by (15) is valid as long as K, and K are finite.

In our case, the reference power is the total available power
that stems from the random field and the deterministic
components received by isotropic antennas, that is

Pt = Py+ Pyy+ Py + Py, (16)
It is worthwhile to note that the isotropic antenna is an ideal
antenna that cannot be constructed in practice. Usually, a

calibrated dipole antenna is used as reference both for anechoic
chamber measurements, [28], as well as MEG mesurement.

By (1) and (10)-(16), we can after some algebraic

manipulations obtain an expression for the MEG in Ricean

respectively. Hence, the received average power is obtained channels:
from (9) |using the relationship P, = Ry 0) =
Vo)V (2)),/2 Proposition 1: In a multipath environment characterised by

P, = [ B,G/@p) + B, G@p, (@0

2
+ (VRGO + \[PK, Gyl ) (10)

where K, and K, are the Ricean K-factors of the vertical and
horizontal polarisation components, respectively, defined as

a mixed field with both uncorrelated random, unpolarised,
component and one deterministic, polarised, component,

the MEG of an antenna is given by

__1 J XGo(Q)py(Q) | Gy(D)py(Q2) 40
¢ 1+x) 14K, 1+K,

2
+ 1 XKy Gy(£p) + K¢G¢(Qo)
14+ x 14+ K, 1+ K,

Pog P0<1>
Ky=-2, K,=—* (11)
0 P0 ¢ Pd) — Gi\TLOS + Gi_IOS (17)
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In (17), the MEG is basically the sum of the MEGs due to
the NLOS (unpolarised) component and the LOS
(polarised) component of the incident field. Note that even
though it is convenient to express the MEG as a sum of
gains of the NLOS and LOS components, it should not be
assumed that it actually is the sum of two independent
parameters. Indeed, the total available power acts as a
common reference. However, it is straightforward to show
that when K, and K, both are zero, the MEG is
completely defined by the stochastic, unpolarised NLOS
component; on the other hand, when K} and K, both tend
to infinity the MEG is completely defined by the
deterministic, polarised LOS component.

Moreover, just like in the Rayleigh-fading case, the MEG
is the same as the average received power. However, since the
Rician probability density is a function of two parameters,
besides the average power, the K-factor must be defined in
order to fully characterise the signal envelope statistics.

2.2 MEG of an antenna in correlated
deterministic field

As a sanity check, we look at the limit case when no scattered
field components are present, that is, Ky — 00 and K, — oo.
The MEG is given by

6. = 1 (VAG@) + [Gy(0)

where x = Pyy/Poy = |Eg|*/|E4|” is the XPR of the LOS
component. Further, the MEG equation can be then
rewritten as

(|E9|\/ Gy(o) + |Eyl,/ G¢(Qo)>2

(18)

properties and show that the overall MEG depends on
the polarisation discrimination of both channel and
antenna. Here, it is worthwhile to remember that
‘intermixing’ of orthogonal polarisations can occur due to
two reasons: (i) the channel can change the polarisation
of an electromagnetic field, whereas LOS preserves
the polarisation, each reflection process leads to a
depolarisation of the waves and (ii) an antenna does not
perfectly distinguish between orthogonal polarisations.
We will show in the following that both the antenna and
channel polarisation discrimination have an impact on
the MEG, and that the two phenomena are duals of each
other.

In a Rayleigh-fading environment, MEG is [3]
_[x 1
6. = | 2 6@+ Gu@py@i0 20)

This result also follows from Section 2 with Ky = Ky = 0.
(The power of the total field as it would be measured by
two ideal isotropic antennas is given by P, s = Py + P,.)

Let us introduce the mean partial gains [14, 15], in the
6-polarisation, y, and the ¢-polarisation, v,, respectively

7= Gup@a0, v, =[G @p@a0 @

Further, we introduce the effective cross-polar discrimination

(effective XPD) of the antenna, k

~ Y ] Gy Q)py(2)dQ

= =L = 0 d0 22
Eo 1P Yo ] Gy, (@d0 >

(B + IEgP)Gy(Q) + Gy(Q) s G, 3)
- |E,|> + |E ¢|2 b P and the total average gain 7,, that is, the sum of partial gains

= G(Q) cos” (p,, p,), (19)
where the unit vectors }r and }t are the polarisation vectors of
the receiving and transmitting antennas respectively.
Equation (19) states that MEG in an LOS scenario with
no random field component is basically the gain of the
receiving  antenna  (or, because of  reciprocity,
the transmitting one) in the direction of the LOS, times
the polarisation matching efficiency. This equation can also
be directly obtained from the Friis equation [1].

3  Physical interpretation of the
MEG in Rayleigh fading
We now turn to the physical interpretation of the MEG in

a Rayleigh-fading environment, that is, in the absence of an
LOS component. We will focus on the polarisation

of the antenna

Y=Yt Vs (23)

The interpretation of the mean partial gain is straightforward,
it quantifies the actual mean gain for each polarisation in a
multipath environment. Hence, the effective XPD is a
measure of the polarisation imbalance of the antenna
weighted by the channel in a multipath environment. It
should be observed that the effective XPD substantially
differs from the antenna XPD in the same way as MEG
differs from antenna gain. Antenna XPD is evaluated at
the maximum gain direction of the antenna as the ratio of

the partial gains in the E-and H-planes.

By combining (20)—(23), we straightforwardly arrive at the

following proposition.
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Propasitian 2: In a multipath environment characterised by
uncorrelated random electromagnetic fields only, the MEG
of an antenna is a symmetric function of the antenna
effective XPD, k>0, and the channel X, y >0 and
directly proportional to the total average gain 7, of the
antenna given by

xk+1

G = MGt Dt D) @4
The physical interpretation of this proposition is that in
multipath environments, MEG will evaluate any change in
channel XPR in the same way as it evaluates any change in
antenna effective XPD provided that the total average
channel gain is kept constant. In this sense, the antenna
and the channel are equivalent. Hence, (24) is a result of
the ‘antenna-channel duality’.

Proposition 3: In a multipath environment characterised by
uncorrelated random electromagnetic fields only, the MEG
of an antenna is upper bounded by the largest of the partial
gains of the antenna, that is

G, < max{v,, vy} (25)
Equality G,=1v, holds iff y+k=0 or G.,=1v,
ifft 1/x+1/k =0, where k >0 is the antenna effective

XPD in the isotropic environment and x>0 is the
channel XPR.

Rearranging (24) with k > 0 and y > 0, we see that

1
Ty R G )

which straightforwardly results in (25).

The physical interpretation is that ‘perfect’ polarisation
matching in multipath environments is only possible for
purely polarised channels and antennas, that is, when both
are vertically polarised ((1/x)+ (1/k) = 0) or horizontally
polarised (x + k =0). In any other cases, there will be a
polarisation mismatch loss quantified by the term
0<(+1)/(x+1D(k+1) <1. A closer inspection of
this term reveals that it is an effective polarisation mismatch
loss coefficient similar to that found for the deterministic
case (19).

Proposition 4. In a multipath environment characterised by
uncorrelated random electromagnetic fields only, the MEG
of an antenna equals exactly half the total average gain of
the antenna, that is

1
Gezi’)’t

(26)
if either (i) k = 1(y, = 2, = 2v,) for all x>0 or (ii) if
x=1 for all k>0 and v, = ¥+ ¥4 where k is the
antenna effective XPD and y the channel XPR.

www.ietdl.org

Equation (26) follows from Proposition 2.

The physical interpretation here is that if the antenna has
completely balanced polarisations, the polarisation mismatch
loss in multipath environments is on average always 1/2 (of
the total average gain of the antenna) independently of the
polarisation power balance of the incoming waves, since the
antenna cannot sense the actual polarisation state. Similarly,
if the channel is power balanced in the two orthogonal
polarisations, the antenna has a power loss of 1/2 relative
to the power of two isotropic antennas sensing the channel.

The antenna gain pattern is by definition the product of
the radiation efficiency of the antenna, 7,4, and the
antenna directivity pattern

GH(Q) = nradDG(Q)7 Gd)(Q) = nradDd)(Q) (27)

In this case, the MEG can be expressed as the product of the
radiation efficiency and the mean effective directivity
(MED), D, (see, e.g. [29] for further reference)
Ge = nradDe (28)

The MED is introduced in order to further discern between
the different that might impact the
communication link quality. In this case, the radiation
efficiency and the directivity properties of the antenna at two
orthogonal polarisations are separately assessed. In practice,
the radiation efficiency and the directivity of a radiating
system, like for instance a mobile terminal, are interrelated in
a very complex way. Obviously, for hundred percent efficient

antennas, the MED is identical with the MEG.

factors on

3.1 A/2-dipole in the isotropic
environment

The omnidirectional radiation pattern and high efficiency of
the half-wavelength dipole antenna have made it attractive as
a reference for studying the performance of handset antennas
[28]. This simple, yet versatile antenna has also been used in
numerous wireless communication devices, such as cellular
handsets. In contrast to the isotropic antenna, the half-
wavelength dipole antenna is a realistic antenna that can
actually be constructed.

We define the antenna power patterns for the vertical
polarisation, G4(0, ¢), the horizontal polarisation, G,(6, ¢)
and their sum, that is, the total gain G(6, ¢). It is further
assumed that the antenna is hundred percent efficient,
N,.d = 1. The polarisation sensitivity changes with tilting
of the antenna. Hence, the effective XPD of the two
orthogonal polarisations is a function of the antenna
inclination with respect to the vertical axis.

Usually, different models of the propagation channel are
used in order to statistically account for the impact of the

distribution of the AoA (or AoD if the uplink is
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considered) at the mobile antenna position. The simplest, yet
useful, model is the isotropic model (or 3D-uniform model).
The isotropic model describes, as the name indicates, a
scenario in which the AoAs (or angle of departure (AoDs))
are equally probable in all directions

, [dBi]

G

204 (e /(1)) |
It is straightforward to show, from (21)—(24) and (29), that, 200\ — 1’(_: !,(?j:;z <
in this case, the MEG is then given by 3 - '2):f{x+1‘}2 . e
0 e 10
P o Ny
& = Thad ¢+ D(k+1) 1, [dB] -0 -20 «, [dB]

The physical meaning of (30) is again the ‘antenna-channel
duality’, which was stated in Proposition 2.

In general, the effective XPD, k is a function of the
antenna orientation in space, that is, a tilted antenna will
sense the vertical and horizontal polarisations differently
depending on the tilting angle with respect to the
coordinate system. For the hundred percent efficient A/2-
dipole in an isotropic environment, this dependence is
plotted in Fig. 1. As can be seen from this figure, the
effective XPD goes to infinity for a vertical dipole since no
sensing is possible in the horizontal polarisation. The
effective XPD further decreases monotonically with the tilt
angle and changes sign at 55° (since the effective XPD is
given in decibel in the plot). At this angle, the average
partial gains in the two orthogonal polarisation are equal,
that is, the effective XPD in decibel equals zero. The
MEG in this case, as plotted in Fig. 2, will be constant
and equal to —3 dBi for all XPRs, x, of the channel.
Another clear observation from Fig. 2 is that the MEG is
always less than or equal to 0dBi in the isotropic
environment for all effective XPD and all XPR. Equality is
achieved only in the limit, when both the channel and the

20

15

10

[dB]
o

Figure 1 Average partial gains and average XPD against
antenna tilt angle

Figure 2 MEG against antenna tilt angle for different
values of channel XPR

antenna are vertically polarised or when both are
horizontally polarised.

Proposition 3 takes the form G,; < m,,4, where equality is
achieved if y + k =0 orif 1/x 4+ 1/« = 0, with the physical
interpretation given above.

Proposition 4 in this case means that if either the channel
or the antenna has completely balanced polarisations, the
polarisation mismatch loss in multipath environments is
always 1/2 independently of polarisation power balance of
the other parameter, since it cannot sense the actual
polarisation state. Therefore G, = 1,,4/2 if either k =1
for all x>0 or if y=1 for all kK > 0, where k is the
antenna effective XPD and y is the channel XPR.

4 MEG variability

MEG is, as discussed, a measure of antenna performance in
the channel fading, where the channel statistics and the
antenna orientation are assumed to be stationary. This
assumption means that the channel XPR, the AoA in both
orthogonal polarisations, as well as the orientation of the
antenna remain constant relative to the environment during
that period of time or positions in space along the mobile
path. However, in practice, this situation will seldom be
observed due to the fact that the orientation of the user
with respect to the incident field can change, in other
words, the user can turn. Furthermore, the XPR observed
in the channel can change as the mobile station moves over
distances of several metres. This is clearly of paramount
importance to a wireless network service provider since the
performance variability will impact network dimensioning
in terms of both coverage and capacity. We are therefore

interested in evaluating the anticipated variability span of
the MEG (Fig. 3).

220
© The Institution of Engineering and Technology 2009

IET Microw. Antennas Propag., 2009, Vol. 3, Iss. 2, pp. 214-227
doi: 10.1049/iet-map:20080041

Authorized licensed use limited to: Lunds Universitetsbibliotek. Downloaded on May 04,2010 at 06:55:35 UTC from IEEE Xplore. Restrictions apply.



E ~10 ¥ increases
u‘o from —20 dB
to 20dB
0 10 20 30 40 50 60 70 80 90
a, [°]

Figure 3 MEG as a function of XPR and XPD

4.1 Average MEG

First, we evaluate the average (over the distribution of the
antenna orientation) MEG conditioned on the channel
XPR and the PAS of the AoA in both the 6- and
¢-polarisations. Hence, we are only interested in the
variations resulting from different antenna orientations in
space. Models that provide the probability of usage at
different tilt angles are, for example, given in [22].
However, in order to exemplify our point, we now assume
that the orientation (tilt and rotation) of the antenna is
uniformly distributed on the unit sphere, that is, all tilts
and rotations are equiprobable. Hence, the average MEG
conditioned on the channel XPR and the PAS of the AoA
is given by

G
Eq{GlX; por po} = J (0.4 )dQ/
1 X /
:EJJ<m G@(G, 617 d” ¢ )P0(07 d’)
_ 1 X / 1 / /
— e |t )+ 6,0
xKk,+1
%am (31)
where
(8, ¢)dY
+ T8, )0 .
and
1 / / ’
o R RS R AL

www.ietdl.org

If the channel is isotropic, then

0= i

1 / !
+— 766,66, ¢)d2d0

G0(07 019 d)’ ¢/)

Trad
= Trd 34
: (64

where we have used the following identity

[0 000

1 / ' Mrad
|| 6ue8.0. 410000 ="

- 4ar (35)

The above computations show the following proposition

Proposiz‘ ion 5: In a multipath environment characterised by
uncorrelated random electromagnetic fields only, the MEG
of an antenna equals exactly half the radiation efficiency,
when the AoAs are isotropically distributed and the
probability that the antenna would be oriented at some
angle relative to a reference coordinate system is also
uniform on the unit sphere.

We now turn to averaging over the channel XPR
distribution. It has been established by measurements that
the channel XPR often can be modelled as a lognormal
variable, [22], with probability density function

200 e /20% (36)

1
B XoN2m
Hence, the average MEG conditioned on the antenna

orientation and probability density functions of the AoA p,
and p, is

E (G, pyr po} = (G = JPX(X)Ge((f, #)dx

1
JPX(X)<X+ et 7¢>dx
= Yo+ (v — Vo) JmPX(X)dX

)n+1 e—2n,uX Mn

=Y+ (vp — 70)2(—1
n=1

37)

2
where pj = e™ %2 is the nth moment of x- The

computation of the integral [(1/(x+ D), (0dx is given
in the appendix.
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4.2 Minimum, maximum, infimum and
supremum MEG

In this section, we define the maximum and minimum (over
different orientations in space) of the MEG of an antenna. If
the antenna is tilted at an angle 6 from the z-axis (vertical)
and then rotated an angle ¢’ from the x-axis, the shape of
the antenna gain pattern will remain the same; however,
the shape of the partial gains will change since the
polarisation state of the antenna will change as the antenna
is tilted, [30]. The MEG of the rotated antenna in an
uncorrelated field is a function of the rotation angles ¢ and ¢’

G0, ) = J(X—il Gy(6, 6, &, ¢)py(6, ¢)
600,060 B)d0 G9)

The maximum MEG, G, is calculated as

_ XYem t+ Yom

= 39
eM X+1 ( )

where the maximum partial gains ygy; and -y are defined as

The minimum, the maximum and average MEG against
the channel XPR are shown in Fig. 4. The depicted plots
apply to the half-wavelength dipole with AoAs distributed
according to the 3D-uniform probability density
distribution (29). Clearly, when the XPR equals 0dB,
MEG equals —3 dBi for all the dipole orientations. Hence,
the variability of the link is minimised.

Another interesting result is obtained by defining the
infimum and supremum MEG. Namely, for directive
antennas, these two magnitudes can serve as a ‘quick and
dirty’ estimate of the variability of MEG which is
independent from the PAS but still takes the channel XPR

into account.

We will show that this supremum MEG bounds the
maximum MEG from above.

Consider the MEG equation
6. = |- Gup + - Gyp, @0

Now, since G,(€2), p4(Q), G4(€2) and p4(Q) are all non-
negative over the sphere of unit radius, it is valid to write

Yo = [ Gul6, 0, 8, By)puf6, Hd0 . |- Gup@ + L Gup @0
Youm = ch,(a, Oy by APy (6, $)dQ () < sup GG(Q) J S )dQ
where +sup Gy J o)A
[On  ¢ém]=argy y max G(0, &) (41) TP Q) + TP Gy (49)

In other words, 6); and ¢y, are the angles that maximise the
MEG of the rotated antennas, as given by (38).

The minimum MEG, G.,, is defined in a similar way as

By using similar arguments for the infimum of the partial
gain and for the minimum and the supremum of MEG

0 E ] T
i Ym » e flELL ]
em:u (42) 1____ P
x+1 5 "‘--..__“ et
where the minimum partial gains g, andy,,, are defined as Es »E
__-4_. =
Vi = | G0, 6, . 6,006, D102 § spmmm el s i ;
(43) -6 -==G, .
Vi = [ G0, 6, 8, 8,406, 0 . — )
........ G
—8F em
where gl |
[0 &nl]=argy yminG,(0, $) (44) % - 0 5 10

Hence, the rotation angles 6, and ¢, minimise the MEG of
the rotated antenna given by (38).

Figure 4 Average, minimum and maximum MEG as a
function of XPD
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given in Proposition 3, the following inequality is valid
min {inf Gy(Q), inf G, (1)}
= Geinf

X . 1 .
= mmf GG(Q) + /mlnf G(]S(Q)
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is achieved when channel knowledge is available and the
antenna can be adapted to the incident field (e.g.
beamforming), that is, the maximum is obtained when the
antenna far-field equals the conjugate of the complex
amplitudes of the incident waves. This means that both the
polarisation, the DoAs of incoming waves and the mobile
speed must be known to the receiver in order to maximise
the link gain, that is, the received power. The gain defined

=G now refers to an instantaneous effective gain from which an
1 average or ‘mean maximum effective gain’ (MMEG) can

= x+1 sup Go(€2) + x+1 sup Gy(€2) still be inferred.

= Geap = max {sup Gy(Q2), sup G,(QV)}  (46) Proposition 7: In a multipath environment characterised by

We now establish the following MEG inequalities’

Proposition 6: The MEG of an antenna satisfies the
following inequalities

(I) min {inf Gy(Q), inf G, (1)}

< min {y,, ¥4}

uncorrelated random electromagnetic fields only, the
maximum effective gain of an antenna is a symmetric
function of the antenna effective XPD, k>0 and the
instantaneous channel XPR in the isotropic environment,
X; = 0 and directly proportional to the radiation efficiency
Nyq Of the antenna and is independent from the PAS of
the incoming waves, that is

(/XK +1)

G. = 47, 49
< Ge o T Mrad (Xl + 1)(K+ 1) ( )
< max {’Y@’ ’y(ﬁ}

< max {sup Gy(Q), sup G, ) (47) Proposition 7 is derived in Appendix 2.
(1) min {inf G,(Q), inf G,(Q)} It should be observed that (49) is an instantaneous effective
oo ¢ gain in a multipath environment and therefore a stochastic
<G, <G, <Gy parameter that depends on the short-term fading statistics
< max { sup Gy(Q2), sup G4()} (48) (small-scale fading) through the instantaneous channel

The inequality (I) follows from inf G4(€)) < 1y, <
sup Go(2)  and  inf G4(Q) <y, <supG,(Q). The
inequality (II) follows from G, > min{y,, 7¢m} >
min {inf Gy(QQ), inf G, ()} and Gy < max{yg, Yemt <
max { sup G(Q)), sup G,({1)}.

The physical interpretation is straightforward: the MEG
of the antenna is always bounded by the infimum (the
smallest) of the partial antenna gains and the supremum
(the largest) of the partial antenna gains, that is, when the
AoA of a single plane wave coincides with the direction of
the smallest and the largest partial antenna gain,
respectively. Equality is achieved in the LOS scenario with
only one deterministic wave impinging at the antenna.

4.3 Maximum effective gain

In the previous sections, we were interested in analysing the
MEG of an antenna in a given propagation environment.
The total power received by the antenna was compared
with the total available power averaged over the small-scale
fading. In this sense, we were in fact estimating the mean
effective performance (gain) of the antenna. However, from
the communication point of view, it is also relevant to
evaluate the maximum link quality, or more precisely, the
optimum total power received by the antenna in a random
field. We will show below that the maximum effective gain

XPR x;. On the other hand, the MEG (24) depends on
the long-term statistics (large-scale fading or shadowing)
through the channel XPR y.

Proposiz‘zbn &8: In a multipath environment characterised by
uncorrelated random electromagnetic fields only, the
maximum effective gain of an antenna is upper bounded by
the area of the unit sphere times the radiation efficiency
N,ad> that is

G, < 41,4 (50)
Equality is achieved iff y;, = k, where k > 0 is the antenna
effective XPD in the isotropic environment and x; > 0 is

the channel XPR.

Proposition 8 clearly follows by means of the first and
second derivative tests of the maximum effective gain (49)
relative to the antenna effective XPD k>0 for fixed
channel XPR y > 0.

The physical interpretation is that in the ‘maximum
effective regime’ (that is beamforming), ‘perfect’
polarisation matching in multipath environments is
achieved if and only if the effective XPD of the antenna
equals the XPR of the channel, and not only for purely
vertically or horizontally polarised channels and antennas as

in the case of MEG. In all other cases, there will be a
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polarisation mismatch loss quantified by the term
(VXK + 1)2/(/\/i + 1)(k + 1). Furthermore, in this case, the
maximum effective gain equals the integral of the total gain
over the unit sphere

max (G} = 4,y = JGG(Q) LG A0 (1)

Proposition 9: In a multipath environment characterised by
uncorrelated random electromagnetic fields only, the
maximum MEG of an antenna is bounded by

R
oM (0 ) e 1) =

GCO
xk+1

<8mNy—F—~—= (52
ST et D) O
where k> 0 is the instantaneous channel XPR in the
isotropic environment, x; > 0 and directly proportional to
the radiation efficiency m,4 of the antenna and is
independent from the PAS of the incoming waves.
Equality is achieved iff y = k = 1.

Proposition 9 is derived in Appendix 3.

5 Summary
In this paper, fundamental properties of the MEG of

antennas were presented. The MEG is a measure of the
interplay of the antenna with the propagation channel.
Therefore the results of this paper are of value when
assessing the in-network performance of wireless handsets.
New closed-form formulae for the MEG in mixed fields,
that is, fields with both stochastic and the deterministic
components, are provided with corresponding physical
interpretation. We showed that the MEG in uncorrelated
random fields with deterministic components can be
expressed as the sum of two terms, each denoting the
contribution of each component to the MEG. We then
showed that the MEG computed by Taga, that is, MEG
in uncorrelated fields, is a special case of the mixed fields
case. In the uncorrelated case, MEG is a symmetric
function in the channel XPR (XPR, x) and the antenna
effective XPD (effective XPD, k), which is an expression of
the channel/antenna duality or equivalence under these
conditions. We showed further that the MEG in
uncorrelated random fields is upper bounded by the largest
of the two average partial gains in 6- and ¢-polarisations.
We also showed that when either the channel or the
antenna is power-balanced in polarisation, that is, y =1 or
k=1, the MEG is always one-half of the radiation
efficiency. We defined and analysed the infimum,
minimum, average, maximum and supremum MEG with
the objective of characterise the span of variability of MEG
as a function of the antenna orientation in space and the
long-term statistics of the channel variability that affect the
XPR. We showed that in an environment characterised by
uncorrelated random fields the average over both the XPR

and the antenna orientation equals the half of the radiation
efficiency of the antenna. We proved the MEG inequalities
that showed the lower and upper bounds of MEG, that is,
the span of variation of MEG. Finally, we showed that the
maximum effective gain is achieved with ‘beamforming’
and equals 47,4, where 7,4 is the radiation efficiency of
the antenna, when k = y;, where k is the instantaneous
XPR of the channel. We also provided bounds for the
average of the maximum effective gain and showed that the
bound is achieved.

6 References

[1] rrus HT.: ‘A note on a simple transmission formula’.
Proc. IRE, 1946, pp. 254—256

[2] WHEELER H.: ‘The radiansphere around a small antenna’.
Proc. IRE, August 1959, vol. 47, pp. 1325-1331

[3] TAGAT.: ‘Analysis for mean effective gain of mobile
antennas in land mobile radio environments’, IEEE Trans.
Veh. Technol., 1990, 39, pp. 117-131

[4] 1AkEs w.c.: ‘Microwave mobile communications’ (IEEE
Press, 1974)

[S] DOUGLAS M., OKONIEWSKI M., STUCHLY M.: ‘Performance of
PCS handset antennas in mobile environments’. IEEE
MTT-S Int. Microwave Symp. Digest, 1997, vol. 3,
pp. 1759-1762

[6] PEDERSEN G.F, SKIAERRIS S.: ‘Influence on antenna diversity
for a handheld phone by the presence of a person’. IEEE
47th Vehicular Technology Conf., 1997, 4—7 May 1997,
vol. 3, pp. 1768—-1772

[71 oGAwA k., MATSUYOSHI T., MONMA K.: ‘Dipole antenna
radiation characteristics influenced by shoulder and head
effects’. Antennas and Propagation Society Int. Symp.,
1998, 21-26 June 1998, vol. 1, pp. 141-144

[8] KNUDSEN M., PEDERSEN G., OLSSON B., OLESEN K., LARSSON S.-A.:
‘Validation of handset antenna test methods’. 52nd
Vehicular Technology Conf., IEEE VTS-Fall VTC 2000,
24-28 September 2000, vol. 4, pp. 1669-1676

[9] o0GAWA K., MATSUYOSHI T., MONMA K.: ‘A study of the effects
of the shoulder on the effective gain characteristics in the
multiple radio wave environment of a dipole antenna
close to a human head’, Electron. Commun. Jpn: |,
Commun., 2001, 84, (1), pp. 21-30

[10] oGawa k., MATSUYOSHI T.: ‘An analysis of the performance
of a handset diversity antenna influenced by head, hand,
and shoulder effects at 900 MHz: | effective gain
characteristics’, |IEEE Trans. Veh. Technol., 2001, 50,
pp. 830-844

224
© The Institution of Engineering and Technology 2009

IET Microw. Antennas Propag., 2009, Vol. 3, Iss. 2, pp. 214-227
doi: 10.1049/iet-map:20080041

Authorized licensed use limited to: Lunds Universitetsbibliotek. Downloaded on May 04,2010 at 06:55:35 UTC from IEEE Xplore. Restrictions apply.



[11] KALLIOLA K., SULONEN K., LAITINEN H., KIVEKAS O., KROGERUS J.,
VAINIKAINEN P.: ‘Angular power distribution and mean
effective gain of mobile antenna in different propagation
environments’, IEEE Trans. Veh. Technol., 2002, 51, (5),
pp. 823-838

[12] ALAYON GLAZUNOV A.: ‘Theoretical analysis of mean
effective gain of mobile terminal antennas in ricean
channels’. Proc. 2002 IEEE 56th Vehicular Technology
Conf. VTC 2002-Fall, 24-28 September 2002, vol. 3,
pp. 1796—-1800

[13] SULONEN K., VAINIKAINEN P.: ‘Performance of mobile phone
antennas including effect of environment using two
methods’, |IEEE Trans. Instrum. Meas., 2003, 52, (6),
pp. 1859-1864

[14] aLavon GLAzuNov A.: ‘Mean effective gain of user
equipment antennas in double directional channels’. 15th
IEEE Int. Symp. Personal, Indoor and Mobile Radio
Communications, PIMRC 2004, 5—-8 September 2004,
vol. 1, pp. 432-436

[15] ALAYON GLAZUNOV A., PASALIC E.: ‘Comparison of MEG and
TRPG of practical antennas’. 15th IEEE Int.
Symp. Personal, Indoor and Mobile Radio
Communications, PIMRC 2004, 5—-8 September 2004,
vol. 1, pp. 627-631

[16] oGAwWA K., YAMAMOTO A., TAKADA J-l..: ‘Multipath
performance of handset adaptive array antennas in the
vicinity of a human operator’, IEEE Trans. Antennas Prop.,
2005, 53, pp. 2422-2436

[17] KROGERUS J., ICHELN C., VAINIKAINEN P.: ‘Dependence of mean
effective gain of mobile terminal antennas on side of head’.
2005 European Microwave Conf., 4—6 October 2005,
vol. vol. 3, p. 4

[18] KROGERUS J., ICHELN C., VAINIKAINEN P.: ‘Experimental
investigation of antenna performance of GSM phones in
body-worn and browsing use positions’. 9th European
Conf. Wireless Technology, 2006, September 2006,
pp. 330-333

[19] NIELSEN J.0., PEDERSEN G.F.: ‘Mobile handset performance
evaluation using radiation pattern measurements’, IEEE
Trans. Antennas Propag., 2006, 54, (7), pp. 2154—-2166

[20] NIELSEN J.0., PEDERSEN G.F.: ‘In-network performance of
handheld mobile terminals’, IEEE Trans. Veh. Technol.,
2006, 55, pp. 903-916

[21] ROSENGREN K., KILDAL P-Ss.: ‘Radiation efficiency,
correlation, diversity gain and capacity of a six-monopole
antenna array for a MIMO system: theory, simulation and
measurement in reverberation chamber’, [EE Proc.
Microw. Antennas Propag., 2005, 152, pp. 7—-16

www.ietdl.org

[22] correla L.: ‘COST 259 final report: wireless flexible
personalised communications’ (Wiley, 2001)

[23] correlA L. (ED.): ‘COST 273 final report: Towards mobile
broadband multimedia networks’ (Elsevier, 2006)

[24] mouiscH AF.: ‘Wireless communications’ (IEEE Press,
Wiley, 2005)

[25] VAUGHAN R., ANDERSEN J.B.: ‘Channels, propagation and
antennas for mobile communications’ (IEE Press, 2003,
1st edn.)

[26] STEINBAUER M., MOLISCH A.F., BONEK E.: ‘The double-
directional radio channel’, IEEE Antennas Propag. Mag.,
2001, 43, pp. 51-63

[27] BaLaNIsS A.c.: ‘Antenna theory: analysis and design’
(Wiley, 1997)

[28] 3GPP-Technical Specification Group Radio Access
Network: ‘Measurements of radio performances for
UMTS terminals in speech mode’, Technical Report 3GPP
TR 25.914 V7.0.0, 3GPP and 3GPP2; download at http://
www.3gpp.org,06 2006 (Release 7)

[29] «kiLDAL P-s., ROSENGREN K.: ‘Correlation and capacity of
MIMO systems and mutual coupling, radiation efficiency,
and diversity gain of their antennas: simulations and
measurements in a reverberation chamber’, [EEE
Commun. Mag., 2004, 42, pp. 104-112

[30] wubwiG A.: ‘The definition of cross polarization’, IEEE
Trans. Antennas Propag., 1973, 21, pp. 116—-119

7 Appendix 1: computation
of an integral

By making use of the Mclaurin series expansion

1 = n n
T ;(—1) f (x)

where | f(x)| < 1, the integral is obtained as follows

1
Jm?x(x)dx

(00— /2% dy

1 JOO 1
_UXV27T o (x+1Dx

e*(t*ptx)z/%f( ds

1 Jm e
_O'X 27T —ool+e_t

1 o0 o0
== (—1)"J V()20 g
X n=0 -
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_ Z (— 1)n+lefnp,x+n20i/2
n=1

— Z (_ 1)n+1672n/@x“)n(

n=1

n,u)(-‘rn o'

where p) = e 2 is the nth moment of y.

Appendix 2: proof of proposition 7

Consider (3). Let us compute the signal power
VP =1 [ L) B @) 0 g
By the triangle inequality

2
VP < (J Q) ~Ei<m|dﬂ)

By the triangle inequality

2
VL < (j |y QE ()14 + J |Fr¢<9>Ei¢<n>|dn)

By the Cauchy—Schwartz—Buniakowsky inequality and
observing  that equahty is achieved for F,,(Q) =
CGE* (Q)CI(Zﬂ/)t)u e, (Q)¢ and F ( ) Cd)E* (Q) 1(27T/A)u e, (Q)z

V() < <\/ J |Fre(ﬂ)|2d9\/ J |E,o(Q)]*dQ
+\/ jmd,(mﬁdn\/ J |E-l¢<m|2dn)

- (\/ | Gm)dn/ AR
+\/ J G¢(Q)dQ\/ J|Eid,(ﬂ)|2dﬂ)
2

= («/7—9‘ [|ig@rae + /7 J|Ei¢<9>|2dn>

which gives us the maximum received signal |V, (z‘)|OIDt in the
‘beamforming’ sense since for each time # the far-field

amplitude must satisfy the following conditions

2

2

Fy(Q, 1) = E?e(ﬂ)ei(zw/)\)ulerm)t

Fr¢(Q, l‘) :E;k(b(Q)ei(Zw/)\)wer(Q)t

Under this condition, the maximum effective gain is defined
relative to the instantaneous available power of the

electromagnetic field

2
(m (1B, QPQ+ /73 f|Ei¢(Q>|2dﬂ>
o~ (1B QPO+ [ |E, ,(Q)12d0

_ VYePig+ /Yy P id>)2

Py+ Py,

(VXR+1)
xi+1D(k+1)

- 47anad (

where Py=(1/2) [ |E4( Q)17 dQ, Py =(1/2) [|E4(Q)F dQ
and x;=Pgy/P,,, where E,() and E,({)) are the
instantaneous complex amplitudes of the random
electromagnetic field incident at the antenna and the
instantaneous XPR of the channel.

Appendix 3. proof of proposition 9
The upper bound on the maximum MEG can be derived

from

(l V;c(t)|§pt> = <(«/V—9 J|E19(Q)|2dﬂ
2

/7 j|Ei¢,<m|2dn) >

= WJ |Eo(Q)dQ + 1, J |, (Q)PdQ

+2, /—vm\/ J |Ep(Q)IPdQIE;,(Q)17dQ >

By Cauchy’s mean theorem (arithmetic mean-geometric
mean inequality)

17,000 = (o [ IEDP + , [ 1B @Pd0
+ Vqu Ey(Q)PdQ + vy J |E; d,(ﬂ)|2dn>
By the Jensen’s inequality for convex functions
( ,[4E @0 + 3, [E P >d9)

= 4<79P0 JPG(Q)dQ + ¥4 Py de,(ﬂ)dﬂ)
= 4(vpPy + Yo Py)

and therefore the upper bound on the maximum effective

gain is given by
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By the Jensen’s inequality for concave functions

2(vyPy + ¥4 Py) xk+1
w0 ="5 7 b5 —OTMd7, | oL
Py+ Py (x+D(k+1)
Observe that for y = k =1, G,, < max {G,}. (I Voc(l‘)|§pt> = 41/797¢\/J<|E10(Q)|2> dQ J<|E1¢(Q)|2> dQ
The lower bound on the maximum MEG can now be
derived from = 8./Y0Ye:| Po JPO(Q) dQp, de)(ﬂ) dQ
(Vo)) = <<\/'y_0 J |E,(Q)PdQ = 8,/Ys¥sPoPy
2
2 Hence
+/7 |Ei¢(Q)| dQ
By the Jensen’s inequality G > Yo YePoPy — 167 VXK
©=""P,+P, "+ Dk +1)

(V) = 4, Wm/ | Bo@ra0 |15 @Pa)
" Observe that for y = k = 1, G,, > max{G,}.
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