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Table1 The Input Impedance of the Dipoles of the Array Given in
Fig. 3 for Several Values of their Length and d/A = 0.5

Z, and Z3 (Z, = Z3)

Z;
Middle Dipole

2h/A Left and Right Dipole

0.25 171 — j521.6 16.7 — j626.7
0.50 873+ j716 733+ j1286
0.75 3945 + 837.3 365.2 + j1063.4
1.0 4721 — j652.6 401.2 — j1538.7

D
2
L1
20—
az=2A
a_
-
2h: dipoie's length
D=3A
30
d:782 ithout cyling
» w- with cylind
20
G
SA
.281—/
(%18
.nk_/
9 .51__‘_‘—/
+28A
Y 2 8 1

4 6
P

Fig. 3. Maximum gain of a three A/2 dipole array near an
elliptic cylinder as a function of the dipoles length and mutual
distance.

Ii.  CONCLUSION

The maximum gain of arrays of wire antenna near an elliptic
cylinder was presented. The hybrid MM-GTD technique was used.
Three-dipole arrays were considered in the presence of the elliptic
cylinder.

The whole procedure has shown that an array in free space has
different feed voltages and less optimum gain than an array in the
presence of the elliptic cylinder. It was also shown that a good
selection of the length of the dipoles depends on the gain require-
ment, the sidelobe level, and the impedance of the dipoles.
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A Handbook Formula for the Inductance of
a Single-Layer Circular Coil
RICHARD LUNDIN

A compact six-figure approximation formula for the inductance
of a cylindrical current sheet is presented. The formula displays the
correct asymptotic behavior in the respective cases of very long and
very short coils. The efficiency of the approximation formula is due
to a thorough analysis of the exact formula.

INTRODUCTION

A single-layer circular coil can be idealized to a cylindrical
current sheet [1]. The exact formula for the inductance of such a
current sheet was first given by Lorenz and more recently by
Wheeler [2] in a letter to the PROCEEDINGS OF THE |EEE. Wheeler
states that the exact formula, involving elliptic integrals, is too
complicated for practical use. He subsequently presents three dif-
ferent approximation formulas. They all differ in accuracy and
structure from the approximation formula presented in this letter.

ANALYTICAL PROPERTIES

Introduce

a radius of coil,

b axial length of coil,

n number of turns,

po permeability of vacuum,

L inductance of current sheet.

Then
2,22
poncna 2a
L=Tf(?) @)

where 2a/b is the shape ratio. The function f was tabulated by
Nagaoka [3]; see Fig. 1.
It is obviously possible to rewrite (1) as

L = worag( 5 ). @

The following statement is now made. The Nagaoka coefficient f
can be expressed as

2a 42’ 4 2a
(%)= f’(?)‘sw b @)
and the function g can be written
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Fig. 1. The Nagaoka coefficient f.

b 8a 1 b? b?

g(2a)_[|n(b) 2]f1(4az)+f2(4a2)' ®
Equations (3) and (4) are valid for all current sheets and the same
function f, appears twice. The latter, somewhat unexpected, fact is
of practical value. It is possible to prove the simultaneous validity of
(3) and (4) through using the theory of homogeneous linear
differential equations in combination with the formulas of
Butterworth [4].

The inductance of a long current sheet (2a < b) is preferably
calculated through (1) and (3) while the inductance of a short
current sheet (2a > b) is preferably calculated through (2) and (4).
in order to cover the whole range of possible current sheets it is
thus sufficient to approximate f,(x) and £(x) on the interval
0 < x < 1. It is possible to demonstrate that these functions are
highly suited for polynomial approximation on this interval.

An explicit expression for f; is

1 51 X
f‘l(X) _—(_l_+ —XZF‘I(z/ 2'2' 1+ X)

1 (5),(%).( x )

= 5
,/1+Xy§0(v+‘l)!v! 1T+ x Q)
where ,F, (---) is Gauss’ hypergeometric function.
Pochhammer’s symbol is defined as
(c), =Tt r)
I'(o)
An explicit expression for f, is
f(x) =3I (1+ ) A(x)
18 [1 ®. ]
R =+ ¥,
V1 +x {,; 3 v!
1
G, (_x Y
(v+1)!(1+x)} ®)
where
—47
Y= @
and
¥, =v_ - 12v + 6 @)

(v = D2 (2 + 2)(2v + 3)

The range of the independent variable in (5) and (6) is 0 < x < +o0.
Numerical function values are given in Table 1.

APPROXIMATION

The following “handbook formula” is asymptotically correct and
yields the inductance with a maximum relative error less than
0.3 x 1075,

If 2a < b then

Table1 Numerical Function Values

X f 5
0.00 1.000000 0.000000
0.25 1.030342 0.023573
1.00 1.112836 0.095072
4.00 1.374336 0.377113
2, .2 2
n‘ma 4a 4 2a
U G ©)
b b2 3r b

else 2a > b and

L= ponza<[ln(8—:) —%] f1(4b—;) + fz(f—;)} (10)

where
1 + 0.383901x + 0.017108x2
h(x) = T + 0.258952x o O<xs] )
f,(x) = 0.093842x + 0.002020x2 — 0.000801F°, O < x< 1.
(12)

The coefficients in (11) and (12) minimize the maximum relative
error of the inductance.

DISCUSSION

The inductance is calculated to six-figure accuracy through the
“handbook formula” (9)-(12). The same degree of accuracy is
obtained by interpolation in Nagaoka’s table [3]. Thus Nagaoka's
table (160 function values) is contained in the “handbook formula.”

in order to facilitate design work, a number of nomograms of the
Nagaoka coefficient have been published in the electrotechnical
literature. A compact approximation formula like the “handbook
formula” can be considered as a powerful alternative to a nomo-
gram.

CONCLUSION

The result presented is the simultaneous validity of (3) and (4) in
which the functions £, and f, are highly suited for polynomial
approximation. An easy to use six-figure “handbook formula” for
the inductance of a cylindrical current sheet has, as a consequence,
been computed and presented.
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Comments on “Reference Node r Model”
ALl M. RUSHDI

Certain ambiguities and inconsistencies in the above titled letter’
are pointed out.

The reference node r model in the above letter' is claimed to be
a focal point for development of circuit diagnosis concepts. The
Roytman and Swamy (R-S) method of circuit diagnosis [1] is claimed
to be one of the many available results found within this model.
However, the contents of the letter! indicate that this model is one
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