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AbstratIn this thesis we study a lass of non-invertible pieewise a�ne hyperboli sys-tems with disontinuities in two dimensions. This is a speial lass of systemsbut it re�ets many properties of more general non-invertible hyperboli sys-tems.For a speial subset of parameters the system is espeially simple. In thisase the system redues to a one-dimensional system and methods from one-dimensional dynamis an be applied. We lassify the ergodi properties interms of the assoiated subshift and the number-theoretial properties of theparameter.We show that for an open set of parameters the Sinai-Bowen-Ruelle measureis absolutely ontinuous with respet to Lebesgue measure and the orrelationsof Hölder ontinuous funtions deay exponentially.
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Chapter 1IntrodutionThis thesis is a study of a lass of non-invertible hyperboli maps on the square,alled the Belykh systems. These systems are pieewise a�ne and hyperboli.The simple form of the Belykh maps make them easier to work with and theyare hoped to share many properties with more general lasses of non-invertiblehyperboli systems. We hope that the study of the Belykh maps will ontributeto a better understanding of non-invertible hyperboli systems and that themethods an be generalised to a broader lass of systems.In [27℄, Pesin studied a general lass of pieewise di�eomorphisms witha hyperboli attrator. He showed the existene of the Sinai-Bowen-Ruellemeasure, or SBR-measure for short, and studied the ergodi properties of thismeasure. If f : M → M is the system in question then the SBR-measure is aweak limit point of the sequene of measures
µn =

n−1∑

k=0

ν ◦ f−k,where ν denotes the Lebesgue measure. This measure is the physially relevantmeasure as it aptures the behaviour of the orbits of points from a set of positiveLebesgue measure. Pesin showed that the SBR-measure has at most ountablymany ergodi omponents. For a more restrited lass, Sataev [29℄ showed thatthere are only �nitely many ergodi omponents. In [30℄ he used this result toprove that under a ondition on the parameters, the Belykh map is ergodi.Shmeling and Troubetzkoy studied in [33℄ a more general lass than Pesin'sand proved the existene of the SBR-measure. Their method to deal with thenon-invertibility of the system was to lift the system to a higher dimensionand get an invertible system on whih the alulations was made. In thisway methods from invertible systems ould be used. The result ould then beprojeted bak to the original system.Among the above mentioned lasses are the Belykh systems. These systemswere �rst studied in [5℄ as a model of the Poinaré map of a system of di�erentialequations oming from the study of phase synhronisation. In [33℄ and [32℄,Shmeling and Troubetzkoy studied the Belykh systems for a wider lass ofparameters. These systems are espeially simple but it is hoped that theyre�et many interesting properties of Pesins lass and that the method usedfor Belykh systems an be generalised to investigate a broader lass of systems.The Belykh map is de�ned as follows. Let Q = [−1, 1]2 and de�ne the9



CHAPTER 1. INTRODUCTIONBelykh map f : Q→ Q by
f(x, y) =

{
(λx + (1 − λ), γy − (γ − 1)), if y > kx,
(λx − (1 − λ), γy + (γ − 1)), if y < kx,where the parameters are 0 < λ ≤ 1, −1 < k < 1 and 1 < γ ≤ 2

1+|k| . See Figure1.1. In this work we will study a similar map with the only di�erene that thesingularity set is the set ([−1, 0] × {−k}) ∪ ({0} × [−|k|, |k|]) ∪ ([0, 1] × {k})instead of {y = kx}, that is we approximate the line {y = kx} with a pieewiseonstant urve.
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Figure 1.1: The Belykh map for γ = 3
2 , λ = 3

8 and k = 1
4 .We show that when the map expands area (γλ > 1) then there is an openset P of parameters suh that the SBR-measure is absolutely ontinuous withrespet to Lebesgue measure almost surely if the parameters are in P .There are similar results in the literature. In the ase when k = 0 and

γ = 2 the system is the fat baker's transformation, studied by Alexander andYorke in [1℄. In this ase the map is the produt of its projetions to the �rstand the seond oordinate. The projetion on the seond oordinate is thetwo-shift. This simpli�es the alulations and the SBR-measure is the produtof the one-dimensional Lebesgue measure and a Bernoulli onvolution. Theresult of Solomyak in [35℄ implies that for Lebesgue almost every parameter thefat baker's transformation has an SBR-measure whih is absolutely ontinuouswith respet to the Lebesgue measure. Alexander and Yorke showed that if λ−1is a Pisot number then the SBR-measure is singular to the Lebesgue measure,sine then the Fourier transformation of the Bernoulli onvolution does not tend10



to zero at in�nity and hene an not be absolutely ontinuous with respet toLebesgue measure, [11℄.In the ase of expanding maps, that is maps that eventually are expandingin every diretion, muh is known. Buzzi, [3℄, and Tsujii, [36℄ showed indepen-dently that any expanding pieewise analyti map of the plane has an absolutelyontinuous invariant measure. In higher dimensions Tsujii [37℄ showed that anyexpanding map whih is pieewise a�ne on �nitely many polyhedral piees hasan absolutely ontinuous invariant measure. Buzzi showed in [2℄ that almostany expanding map whih is pieewise a�ne on a more general type of pieeshas an absolutely ontinuous invariant measure.Let A be a �nite set and all it an alphabet. A word is an element of theset
A∗ = {a0a1 · · ·an−1 | ai ∈ A, n ≥ 0}and A∗ is alled the language of A. A language L on A is a subset of A∗.Let AN be the set of all in�nite sequenes of elements in A. We de�ne themap σ : AN → AN by σ : {ak}k∈N 7→ {ak+1}k∈N. A ylinder is a set of the form

k[ak · · · ak+l]k+l = {b0b1 · · · ∈ AN | bi = ai, ∀i = k, . . . , k + l}.A subset S ⊆ AN is said to be a subshift if it is invariant under σ and losedin the topology generated by the olletion of all ylinders. We say that a word
a0a1 · · ·an−1 ∈ A∗ is allowed if there is a sequene {ik} ∈ S and an integer
m ≥ 0 suh that ak = im+k for k = 0, 1, . . . , n− 1. The set of allowed words isalled the language of S.In Chapter 2 we onsider the speial ase of the Belykh maps when k = 0and γ and λ are arbitrary. In this ase the dynamis depends only on theseond oordinate and we therefore study the dynamis of the projetion tothe seond oordinate. The map T : [−(γ − 1), (γ − 1)] → [−(γ − 1), (γ − 1)] isthen the following.

T (x) =

{
γx− (γ − 1) if x > 0,
γx+ (γ − 1) if x < 0.The graph of T is in Figure 1.2. By a hange of variables T an be writtenin the form x 7→ γx + α (mod 1) were α = 1 − γ/2. This is similar to the

β-expansion, fβ : [0, 1] → [0, 1), fβ : x 7→ βx (mod 1), introdued by Rényi[28℄ in the ontext of expanding numbers in non-integer bases, see �gure 1.3.The theory was further developed by Parry in [22℄, where he desribes theassoiated subshift � the β-shift, de�ned below � in terms of the orbit of 1.He also proved the existene of an absolutely ontinuous invariant measure andalulated the topologial entropy.Let [x] denote the integer part of the number x and let {x} denote thefrational part of x. Let β > 1. For any x ∈ [0, 1] we assoiate the sequene11



CHAPTER 1. INTRODUCTION

−(γ−1)

(γ−1)−(γ−1)

(γ−1)

Figure 1.2: The graph of T .
0 1

1

0Figure 1.3: The graph of the map fβ : x 7→ βx (mod 1), for β = 3
4 .

d(x, β) ∈ {0, 1, · · · , [β]}N de�ned as follows. If d(x, β) = {ik}∞k=0 then for eah
k ∈ N we de�ne

ik = [βfk
β (x)] = [β{β{β · · · {β

︸ ︷︷ ︸

k

x}}}].The losure of the set of all suh sequenes is denoted by Sβ and it is alledthe β-shift. It is invariant under the left-shift σ : {ik}∞k=0 7→ {ik+1}∞k=0 and themap d(·, β) satis�es σn(d(x, β)) = d(fβ(x), β). If we order Sβ with the lexio-12



graphial ordering then the map d(·, β) is one-to-one and monotone inreasing.Parry [22℄ proved that the map β 7→ d(1, β) is monotone inreasing andinjetive. For a sequene {ik}∞k=0 there is a β > 0 suh that {ik}∞k=0 = d(1, β)if and only if σn({ik}) ≤ {ik} for every n ≥ 0. The number β is then theunique positive solution of the equation
1 =

∞∑

k=0

ikx
−k.The subshift Sβ is the set of sequenes {ik} suh that σn({ik}) ≤ d(1, β)for every n ≥ 0. If x ∈ [0, 1] then

x =

∞∑

k=0

d(x, β)kβ
−k.Any subshift S an be lassi�ed in the following way.De�nition 1.0.0.1. A subshift S is said to be a subshift of �nite type, SFT,if the set of forbidden words is �nite. Equivalently, a subshift is of �nite typeif it is assoiated with a �nite direted graph with labelled verties, that is thereis a �nite direted graph G with labelled verties suh that a sequene is in S ifand only if there is a path in G whih yields the same sequene by reading ofthe labels of the verties along the path.A subshift S is said to be so� if it is assoiated with a �nite direted graphwith labelled edges.A subshift S is said to be spei�ed, or have the spei�ation property, ifthere exists a number k suh that if a and b are words in the language of Sthen there is a word c of length k suh that the word acb is allowed.Note that if S is of �nite type then it is so�. There are subshifts that arenot so� and subshifts that are not spei�ed.It is possible to haraterise the di�erent types of subshifts Sβ in termsof the properties of the sequene d(1, β) and make onnetions to the number-theoretial properties of β, see for example [7℄ and [31℄ for a olletion of resultson the subjet. Among other results are

Sβ is of �nite type if and only if d(1, β) either terminates with zeros oris periodi. [22℄
Sβ is so� if and only if d(1, β) is eventually periodi, that is the orbit of
1 under fβ is �nite. [6℄
Sβ is spei�ed if and only if there is an n suh that there are no n on-seutive zeros in d(1, β). [6℄ 13



CHAPTER 1. INTRODUCTIONIf β is a Pisot number then Sβ is so�. [22℄If Sβ is so� then β is a Perron number. [20℄, [9℄The methods from the β-expansion an be applied to the map T with smallhanges. We will desribe the assoiated subshift and give analogous results tothose mentioned above for the β-expansion. This is done in Chapter 2.In Chapter 3 we study a lass of maps similar to the Belykh systems. Weprove the existene of an absolutely ontinuous invariant measure and proveexponential deay of orrelation for Hölder ontinuous funtion.
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Chapter 2Restrition to one dimension2.1 De�nition of the systemPut Q = [−1, 1]2 and S = ([−1, 0]× {−k})∪ ({0} × [−|k|, |k|]) ∪ ([0, 1]× {k}).Let Q1 and Q−1 be the upper respetively the lower onneted omponent ofthe set Q \ S.Consider the lass of maps f : Q \ S → Q de�ned by
f(x, y) =

{
(λx+ (1 − λ), γy − (γ − 1)), if (x, y) ∈ Q1,
(λx− (1 − λ), γy + (γ − 1)), if (x, y) ∈ Q−1,where the parameters are 0 < λ ≤ 1, −1 < k < 1 and 1 < γ ≤ 2

1+|k| . Theseare the Belykh maps.2.2 The one-dimensional aseHere we onsider the ase k = 0. In this ase the dynamis in the seondoordinate do not depend on the �rst oordinate and the dynamis in the�rst oordinate are ompletely determined by that of the seond. Hene theinteresting dynamis take plae in the seond oordinate and we therefore studythe projetion of f to this oordinate. Let the map T : Iγ → Iγ , where
Iγ = [−(γ − 1); (γ − 1)] be de�ned by

T (x) =

{
γx− (γ − 1) if x > 0,
γx+ (γ − 1) if x ≤ 0.We have de�ned T to be (γ− 1) at 0 for onveniene, but we ould just as wellhave de�ned it to be −(γ − 1).2.2.1 A subshift with two kneading sequenesLet I−1 = [−(γ − 1); 0) and I1 = [0; (γ − 1)]. For any x ∈ Iγ we assoiate asequene i = {ik}∞k=0 ∈ {−1, 1}N de�ned by T k(x) ∈ Iik

for any k ∈ N. Then
x and i satisfy

x =
γ − 1

γ

∞∑

k=0

ik
γk
. 15



CHAPTER 2. RESTRICTION TO ONE DIMENSIONWe let Σγ denote the losure of the set of all suh sequenes and de�ne themap πγ : Σγ → Iγ by
πγ(i) =

γ − 1

γ

∞∑

k=0

ik
γk
.The left-shift σ is de�ned by σ({ik}∞k=0) = {ik+1}∞k=0. It is easy to see that

πγ(σn(i)) = T n(πγ(i)). The set Σγ is invariant under σ and is hene a subshift.We endow the subshift Σγ with the lexiographial ordering, denoted by ≤.Beause T is pieewise monotone inreasing this makes the map πγ monotoneinreasing.We denote by γ = {γk}∞k=0 ∈ Σγ the sequene that satis�es γ − 1 = πγ(γ).If we let −γ = {ik} denote the sequene suh that ik = −γk for eah k then
−(γ − 1) = πγ(−γ) and Σγ is the set

Σγ = {i | −γ ≤ σk(i) ≤ γ, ∀k ∈ N}. (2.1)We will all γ the upper kneading sequene and −γ the lower kneading se-quene.Sine we have de�ned T (0) = (γ − 1) there is no n suh that σn(γ) = −γ.It is however possible that σn(γ) = γ. If we had de�ned T (0) to be −(γ − 1)then we would have the opposite ase.We let Ξ : (1, 2) → {−1, 1}N denote the map that maps γ ∈ (1, 2) to theupper kneading sequene of Σγ . The map Ξ satis�es πγ(Ξ(γ)) = γ − 1.Let K denote the set of kneading sequenes. De�ne
Pn = {γ ∈ K | γ = (γ1γ2 · · ·γn)∞ for some γ1γ2 · · · γn}and let P =
⋃∞

n=1 Pn. For any γ ∈ K de�ne
L(γ) = sup{n ∈ Z | ∃k : γkγk+1 · · ·γk+n−1 = (−γ0)(−γ1) · · · (−γn−1)}.Let

Kn = {γ ∈ K | L(γ) = n}.For any word A = a0a1 · · · al and k, l ∈ N we denote by k[A]k+l the ylinderset de�ned by
k[A]k+l = {i ∈ Σγ | im+k = am, m = 0, 1, . . . l}

=

k+l⋂

m=k

σ−m({i ∈ Σγ | i0 = ak}).We will use the notation [A] = 0[A]l.16



2.2. THE ONE-DIMENSIONAL CASE2.2.2 Classi�ation of the subshiftsWe begin by de�ning some di�erent types of subshifts.De�nition 2.2.2.1. A subshift is said to be of �nite type, SFT, if it is asso-iated with a �nite direted graph with labelled verties.A subshift is said to be so� if the language is assoiated with a �nite au-tomaton, that is a �nite direted graph with labelled edges.A subshift S is said to be spei�ed, or have the spei�ation property if thereexists a number k suh that if a and b are words in the language of S then thereis a word c of length k suh that the word acb is allowed.In this setion we will prove the following theorem, that haraterises thethree types of subshifts in De�nition 2.2.2.1 in terms of the kneading sequene.Theorem 2.2.2.1. The subshift Σγ is of �nite type if and only if γ is periodi.The subshift Σγ is so� if and only if γ is eventually periodi.If γ > √
2 then the subshift Σγ is spei�ed if and only if γ ∈ Kn, for someinteger n.This an be formulated equivalently in terms of the orbit of (γ − 1).Theorem 2.2.2.2. The subshift Σγ is of �nite type if and only if the orbit of

(γ − 1) is periodi.The subshift Σγ is so� if and only if the orbit of (γ − 1) is �niteIf γ > √
2 then the subshift Σγ is spei�ed if and only if the orbit of (γ− 1)is bounded away from −(γ − 1).Consider the ase γ =

√
2. Let

A =
[

−γ − 1

γ + 1
,
γ − 1

γ + 1

]

, B =
[

−(γ − 1),−γ − 1

γ + 1

]

∪
[γ − 1

γ + 1
, (γ − 1)

]

.Then T−1(A) = B and T−1(B) = A. Hene Σγ is not spei�ed even though
γ = 11(−11)∞ ∈ K1.If γ <

√
2 then f(A) ⊂ B and f(B) ⊂ A and Σγ an not be spei�ed.However there is no γ ∈ (1,

√
2) suh that γ is periodi or eventually periodi.Let A be an alphabet and L ⊆ A∗ = {a1a2 · · ·an | ak ∈ A, n ∈ N} alanguage. For x, y ∈ L we de�ne the relation ∼ by

x ∼ y ⇐⇒ (axb ∈ L if and only if ayb ∈ L, ∀a, b ∈ A∗).De�nition 2.2.2.2. The language L is said to be rational if the quotient groupwith respet to the relation ∼ is �nite. 17



CHAPTER 2. RESTRICTION TO ONE DIMENSIONThe following theorem an be found in [10℄. It will be used in the proof ofTheorem 2.2.2.1.Theorem 2.2.2.3 (Kleene). A subshift is assoiated with a �nite automatonif and only if it's language is rational.We an now prove Theorem 2.2.2.1.Proof. We �rst prove that if Σγ is so� then σn(γ) is periodi for some n.Assume that Σγ is so� and σn(γ) is not periodi for any n ∈ N. Thenthere exists an in�nite sequene i1 < i2 < · · · suh that the sequenes
γik
γik+1γik+2 · · · , k = 1, 2, 3, . . .are unique. Consider two sequenes

γik
γik+1γik+2 · · · ,

γil
γil+1γil+2 · · · .Without loss of generality we may assume that there is a j suh that

γik
= γil

, . . . , γik+j = γil+j and γik+j+1 > γil+j+1.The sequene γik
γik+1γik+2 · · · prolong the word γ0γ1 · · · γik−1 but it does notprolong the word γ0γ1 · · · γil−1. Hene the quotient group is not �nite and Σγis not so�. This proves that σn(γ) is periodi for some n if Σγ is so�.We now prove that if γ is periodi then Σγ is of �nite type.The subshift Σγ is of �nite type if and only if it is assoiated with a �nitegraph with labelled verties. Assume that γ is periodi. We onstrut a graphin order to prove that the subshift is of �nite type.Assume that γ is n-periodi. Let

V = {a0a1 · · · an−1 | a0a1 · · · an−1 is an allowed word.}be the set of verties and let
E = {(A,B) | A,B ∈ V,AB is an allowed word.}be the set of edges. Then a sequene is in Σγ if and only if there is a orre-sponding path in the graph G = (V,E). Indeed, a sequene a = a0a1a2 · · ·is in Σγ if and only if the words akak+1 · · · ak+n−1, k = 0, 1, . . . are allowed.This ondition is obviously satis�ed for any path in G. Furthermore, for anysuh sequene the words ak+nm · · · ak+n(m+1)−1 and ak+nm · · ·ak+n(m+2)−1,

k = 0, 1, . . ., m = 0, 1, 2, . . . are allowed and therefore there is a orrespondingpath in G. An example of the onstrution is in Example 2.2.2.1 below.18



2.2. THE ONE-DIMENSIONAL CASEIt is now time to prove that if σn(γ) is periodi for some n then Σγ is so�.Assume that σn(γ) is periodi for some n.If γ is periodi then Σγ is of �nite type and hene so�. Assume that γ isnot periodi. Write γ = α0α1 · · ·αm−1(β0β1 · · ·βn−1)
∞ = γ0γ1 · · · . We mayassume that α0 · · ·αm−1 > β0 · · ·βn−1.For any �nite word a0 · · · aN−1 we de�ne the state (k, l); Put

k′ = max{j | aN−j · · · aN−1 = γ0 · · ·γj−1},
l′ = max{j | aN−j · · · aN−1 = (−γ0) · · · (−γj−1)}and let

k = k′ if k′ ≤ m+ n,

l = l′ if l′ ≤ m+ n,

k = m+ n+ r if k′ = m+ pn+ r, p ≥ 1 and
l = m+ n+ r if l′ = m+ pn+ r, p ≥ 1.Then 0 ≤ k, l ≤ m+ 2n− 1. Let S be the map (a0 · · ·aN−1) 7→ (k, l).Let V = {(k, l) = S(A) | A is an allowed word.} be the set of verties.De�ne the set of edges E by

E =
{
(k1, l1)

L→ (k2, l2) | L ∈ {−1, 1}, a0 · · · as−1L is an allowed word with
S(a0 · · · as−1) = (k1, l1) and S(a0 · · ·as−1L) = (k2, l2),where a0 · · · as−1 = γ0 · · ·γk1−1 if k1 > l1 and
a0 · · · as−1 = (−γ0) · · · (−γl1−1) if l1 > k1

}
.We prove that the graph G = (V,E) determines the subshift Σγ . Observe thatthe word A(β0 · · ·βn−1)B is allowed if and only if the words A(β0 · · ·βn−1)

iB,
i = 1, 2, 3, . . . are allowed. This implies that for any a ∈ Σγ and any j thestate S(a0 · · · aj−1) is de�ned and from the vertex S(a0 · · · aj−1) there is aunique edge labelled with aj going to the vertex S(a0 · · · aj). Hene the subshiftdetermined by G ontains Σγ .Conversely, let a be a sequene determined by a path in G. Then for any
i = 1, 2, 3, . . . the word ai−s+1 · · · ai = ±(γ0 · · · γs−1) where s = max{k, l},
(k, l) = S(a0 · · · ai). Clearly a0 is an allowed word. Assume that a0 · · · ai is anallowed word. The word ai−s+1 · · ·ai is allowed and by the onstrution of G itis lear that the word ai−s+1 · · · aiai+1 is allowed. Hene a0 · · · ai+1 is allowedand by indution a ∈ Σγ .The graph G is obviously �nite so Σγ is indeed so�. See Example 2.2.2.2below for an example of the onstrution.We an now prove that if Σγ is of �nite type then γ is periodi. 19



CHAPTER 2. RESTRICTION TO ONE DIMENSIONIf Σγ is of �nite type then it is so� and σn(γ) is periodi for some n.Assume γ is not periodi. Then we an write γ as
γ = α0 · · ·αm−1(β0 · · ·βn−1)

∞,where β0 · · ·βn−1 < α0 · · ·αm−1. Then there is a k < n suh that β0 · · ·βk−11 >
β0 · · ·βn−1 and (β0 · · ·βn−1)

Nβ1 · · ·βk−11 is allowed for any N . For any N theword
α0 · · ·αm−1(β0 · · ·βn−1)

Nβ0 · · ·βk−11is forbidden but it ontains no smaller forbidden word. Hene the subshift isnot of �nite type. We onlude that if Σγ is of �nite type then γ is periodi.If there is no n suh that γ ∈ Kn then for any n there is an m suh that
[γ0 · · ·γm] = [γ0 · · · γm(−γ1)(−γ2) · · · (−γn)].This implies that Σγ an not be spei�ed.If γ ∈ Kn then for any allowed word C of length m there are k, l with

k + l < n suh that either
Cγlγl+1 · · · γk+l(−11)∞,

Cγlγl+1 · · · γk+l1(−γ)or
Cγlγl+1 · · · γk+l(1−1)∞,

Cγlγl+1 · · · γk+l − 1γare sequenes in Σγ . Hene we have either
fm+k+1(πγ([C])) ⊃

[

0,
γ − 1

γ + 1

]

, or fm+k+1(πγ([C])) ⊃
[

−γ − 1

γ + 1
, 0
]

.For γ > √
2 there is an N , depending on γ, suh that
fN
([

0,
γ − 1

γ + 1

])

= fN
([

−γ − 1

γ + 1
, 0
])

= [−(γ − 1), (γ − 1)].This implies that Σγ is spei�ed.Example 2.2.2.1. Let γ = (11−1)∞. The orresponding graph is in �gure2.1. If we let 1 = 11−1, 2 = 1−11, 3 = 1−1−1, 4 = −1−11, 5 = −11−1 and20



2.2. THE ONE-DIMENSIONAL CASE
6 = −111 then we get the following adjaeny matrix.











1 1 1 0 1 1
0 1 1 1 1 1
1 1 1 0 0 0
0 1 0 1 1 1
1 1 0 0 1 1
0 0 1 1 1 1











11−1 1−11 1−1−1

−11−1−1−11 −111

Figure 2.1: The graph assoiated with the subshift determined by the kneadingsequene γ = (11−1)∞.Example 2.2.2.2. Let γ = 1(1−1)∞. The orresponding graph, onstrutedas in the proof of theorem 2.2.2.1, is in �gure 2.2. The graph for the subshiftdetermined by γ = 11(−11−111−11)∞ is in �gure 2.3.2.2.3 Invariant measuresIn this setion we onstrut an absolutely ontinuous invariant measure. Themethod follows that applied for the β-expansion by Parry in [22℄. We estimatethe number of allowed words of length n in the subshift Σγ and use this estimateto estimate the Lebesgue measure of pre-images of any ylinder. In this way21



CHAPTER 2. RESTRICTION TO ONE DIMENSION
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Figure 2.3: The graph assoiated with the subshift determined by the kneadingsequene γ = 11(−11−111−11)∞.we an onstrut the absolutely ontinuous invariant measure as a weak limit22



2.2. THE ONE-DIMENSIONAL CASEpoint of the sequene
1

n

n−1∑

k=0

ν ◦ T−n,where ν denotes the Lebesgue measure. The limit measure is the measure ofmaximal entropy.By onstruting a Markov partition Hofbauer showed in [13℄ that a lass ofpieewise monotone inreasing maps of an interval has at most �nitely manymeasures of maximal entropy and if the map is transitive then there is a uniquemeasure of maximal entropy. Hofbauer used this method for more general mapsin [14, 15, 16, 17℄.De�ne the following metris.
dΣγ

(a, b) = max
{ 1

γn
| an 6= bn

}

, a, b ∈ Σγ ,

dγ(a, b) =

∣
∣
∣
∣
∣

γ − 1

γ

∞∑

k=0

ak − bk
γk

∣
∣
∣
∣
∣
, a, b ∈ Σγ .The metri dγ is the Lebesgue metri in the sene that it satis�es dγ(a, b) =

|πγ(a) − πγ(b)|.Theorem 2.2.3.1. Let a, b ∈ Σγ. Then 2dΣγ
(a, b) ≥ dγ(a, b).Proof. Assume that dΣγ

(a, b) = γ−n. Then
dγ(a, b) =

∣
∣
∣
∣
∣

γ − 1

γ

∞∑

k=0

ak − bk
γk

∣
∣
∣
∣
∣
≤ γ − 1

γn+1

∞∑

k=0

2

γk
=

2

γn
= 2dΣγ

(a, b).The following lemma is obvious.Lemma 2.2.3.1. For any ylinder [C] of length m we have
dΣγ

([C]) ≤ γ−m−1,

dγ([C]) ≤ (γ − 1)γ−m+1.Lemma 2.2.3.2. Let γ ∈ Kn. Then for any ylinder [C] of length m we have
dΣγ

([C]) ≥ γ−n−m−1.Proof. Let j > 0 be suh that there is no a, b ∈ [C] with dΣγ
(a, b) ≥ γ−m−j.There are numbers k and l suh that the last k letters of C are γ0 · · · γk−1 andthe last l letters of C are (−γ0) · · · (−γl−1). Sine γ ∈ Kn any a ∈ [C] hasthe property that one of these hains of γ0 · · ·γk−1 and (−γ0) · · · (−γl−1) in

a ends after at least n letters. This implies that we an �nd a, b ∈ [C] with
d(a, b) ≥ γ−m−n−1. 23



CHAPTER 2. RESTRICTION TO ONE DIMENSIONTheorem 2.2.3.2. Assume that γ ∈ Kn. Then for any ylinder [C] suh that
dΣγ

([C]) > 0 we have
γ−n+1 γ − 1

γ + 1
≤ dγ([C])

dΣγ
([C])

≤ 2.Proof. By theorem 2.2.3.1 we have that dγ([C])
dΣγ ([C]) ≤ 2.Arguing as in the proof of Lemma 2.2.3.2 we see that there are integers kand l with k ≤ n− 1 suh that either

a0 = Cγlγl+1 · · · γl+k−1γ,

a1 = Cγlγl+1 · · · γl+k(−11)∞,or
a0 = Cγlγl+1 · · · γl+k1(−γ),
a1 = Cγlγl+1 · · · γl+k(1−1)∞.are in [C]. If m is the length of C then a diret alulation gives dγ([C]) ≥

γ−m−n γ−1
γ+1 and hene

dγ([C])

dΣγ
([C])

≥ γ−n+1 γ − 1

γ + 1
.Theorem 2.2.3.3. Let N(k) denote the number of allowed words of length k.Then

2

γ
γk ≤ N(k) ≤ 4

γ − 1
γk.Proof. There are N(k+1)−N(k) allowed wordsW of length k suh that both

W1 and W−1 are allowed. For eah suh word W−1γ,W1−γ ∈ Σγ . Sine
πγ(W−1γ) = πγ(W1−γ) we may think of the word W as if it was a sequene,suh that πγ(W ) = πγ(W1−γ).Order these N(k + 1) − N(k) words lexiographially and onsider threeonseutive words W1,W2,W3. It an happen that W1 and W2 or W2 and W3are very lose. However dγ(W1,W3) ≥ γ−1

γk . Hene
N(k + 1) −N(k)

2

γ − 1

γk
≤ 2(γ − 1)and

N(k) ≤ 4

γ − 1
γk.24



2.2. THE ONE-DIMENSIONAL CASEConsider the allowed word i0i1 · · · ik−1 of length k. The ylinder [i0 · · · ik−1]has the property that dγ([i0 · · · ik−1]) ≤ γ(γ−1)
γk . Hene

N(k)
γ(γ − 1)

γk
≥ 2(γ − 1).This implies that

N(k) ≥ 2

γ
γk.Corollary 2.2.3.1. The topologial entropy of Σγ is log γ.Corollary 2.2.3.2. The map Ξ : (1, 2) → {−1, 1}N is monotone inreasingand injetive.Proof. If γ < δ then Σγ ⊂ Σδ by (2.1). This implies that htop(Σγ) ≤ htop(Σδ)and so we must have γ ≤ δ.Theorem 2.2.3.4. Let I ⊆ Iγ be any interval. Then for any m

1

m

m−1∑

k=0

ν(T−k(I)) ≤ 4

γ − 1
ν(I),where ν denotes the Lebesgue measure. If γ ∈ Kn and γ > √

2 then there existsa onstant c > 0, depending on γ, suh that
1

m

m−1∑

k=0

ν(T−k(I)) ≥ cν(I).Proof. The set T−k(I) onsists of at mostN(k) disjoint interval eah of measureless or equal to ν(I)
γk . This implies that

ν(T−k(I)) ≤ N(k)
ν(I)

γk
≤ 4

γ − 1
ν(I)and hene

1

m

m−1∑

k=0

ν(T−k(I)) ≤ 4

γ − 1
ν(I).Assume that γ ∈ Kn and γ > √

2. Then Σγ is spei� and there exists an
N suh that for any allowed word i0i1 · · · in−1 there exists a word W of length
N suh that i0i1 · · · in−1WC is an allowed word. So T−k(πγ([C]) onsists ofat least N(k −N) intervals and by Lemma 2.2.3.2 and Theorem 2.2.3.2 there25



CHAPTER 2. RESTRICTION TO ONE DIMENSIONexists a onstant c0 > 0 suh that eah of these intervals has length not lessthan c0ν(πγ([C]))γ−k. Hene
ν(T−k(πγ([C])) ≥ N(k −N)c0ν(πγ([C]))γ−k ≥ cν(πγ([C])),where c depends on γ but not on [C]. This implies the statement of the Theo-rem.Corollary 2.2.3.3. There exists an invariant measure µ, absolutely ontinuouswith respet to the Lebesgue measure ν suh that

µ(A) = lim
n→∞

1

n

n−1∑

k=0

ν(T−k(A)) ≤ 4

γ − 1
ν(A).If γ ∈ Kn and γ > √

2 then µ is equivalent to ν.Parry [25℄ has shown that the measure µ has the density
h(x) = D

∞∑

n=0

(
χ[−(γ−1),T n(γ−1))(x) − χ[−(γ−1),T n(−(γ−1)))(x)

)
,where D is a normalising onstant, and if γ > √

2 then h(x) > D γ2−2
γ(γ−1) .Theorem 2.2.3.5. The measure µ is the measure of maximal entropy. Thatis hµ(T ) = htop(T ).Proof. It su�es to show that hµ(T ) ≥ log γ sine hµ(T ) ≤ htop(T ) for anymeasure and htop(T ) = log γ. Theorem 2.2.3.4 and Lemma 2.2.3.1 implies thatfor any ylinder [C] of length n we have µ([C]) ≤ 4γ1−n. If Cn is the partitionof Iγ into ylinders of length n we have

1

n

∑

[C]∈Cn

−µ([C]) logµ([C]) ≥ 1

n

∑

[C]∈Cn

µ([C])(n log γ − log(4γ))

= log γ − 1

n
log(4γ) → log γ,as n→ ∞. This shows that hµ(T ) ≥ log γ.Example 2.2.3.1. If Σγ is spei�ed then there exists a sequene a ∈ Σγ suhthat {σn(a)}n∈N is dense in Σγ with respet to the metri dγ .Let {an}n∈N = {an,1an,2 · · · }n∈N be dense in Σγ . De�ne

An = an,1an,2 · · ·an,n.26



2.2. THE ONE-DIMENSIONAL CASEThe ylinder sets [An] are all non-empty sine an ∈ [An]. Sine Σγ has �nitememory there exists words AT,n of length Tn ≤ T suh that
b = A1AT,1A2AT,2A3 · · · ∈ Σγ .Let

kn =

n∑

i=1

(i+ Ti).Then by Lemma 2.2.3.1 and Theorem 2.2.3.2 the set {σkn(b)}n∈N is dense in
Σγ with respet to dγ .2.2.4 Ergodi propertiesThe theory of pieewise monotone maps of an interval is well developed. Weuse this theory to onlude that the measure µ onstruted in the previoussetion is the unique measure of maximal entropy and that it is Bernoulli.Theorem 2.2.4.1. Let γ > √

2. If γ ∈ KN then T is mixing.Proof. Bowen [8℄ has shown that any pieewise C2 funtion on an interval withone disontinuity and derivative larger than √
2 is weakly mixing. If T is weaklymixing then T is mixing if and only if there exists a onstant K suh that

lim sup
n→∞

ν(A ∩ T−nB) ≤ Kν(A)ν(B),for any measurable sets A, B.Take any two ylinders [A] and [B]. We prove that
dγ([A] ∩ T−n[B]) ≤ Kdγ([A])dγ([B]), (2.2)for n large enough. Let nA be the length of the word A. Assume that

dΣγ
([A]) = γ−NA and dΣγ

([B]) = γ−NB .Let n > nA. Then
[A] ∩ T−n[B] = {a ∈ Σγ | a = A · · ·

︸ ︷︷ ︸

n lettersB · · · } =
⋃

k

[Ck],where [Ck] are disjoint ylinders of the form [AinA
· · · ij−1B]. There are atmost N(n− nA) suh non-empty ylinders.By Lemma 2.2.3.2 we have dΣγ

([A]) ≥ γ−nA−N−1. We get
dΣγ

([A] ∩ T−n[B]) =
∑

k

dΣγ
([Ck]) ≤ N(n− nA)γ−n−NB

≤ 4

γ − 1
γn−nAγ−n−NB ≤ c1dΣγ

([A])dΣγ
([B]).27



CHAPTER 2. RESTRICTION TO ONE DIMENSIONBy Theorem 2.2.3.2
dγ([A] ∩ T−n[B]) ≤ 2dΣγ

([A] ∩ T−n[B])

≤ 2c1dΣγ
([A])dΣγ

([B]) ≤ c2dγ([A])dγ([B]).Hene T is mixing.Theorem 2.2.4.2. If γ > √
2 then T is topologially mixing.Proof. We show that for any non-empty ylinders [A] there exists a number nsuh that σn([A]) = Σγ . It then follows that T is topologially mixing.Let nA be the length of the word A. Let nγ be the largest number suh that

(−γ0) · · · (−γnγ−1) is a word in γ0 · · · γnA−1. Clearly, nγ < nA. There exists
k, l < nγ suh that either

Aγl · · · γl+k−1(1−1)∞ ∈ Σγ ,

Aγl · · · γl+k−11(−γ) ∈ Σγ ,or
Aγl · · · γl+k−1(−11)∞ ∈ Σγ ,

Aγl · · · γl+k−1−1γ ∈ Σγ .Hene fnA+k(πγ([A])) ⊃ [0, γ−1
γ+1 ] or fnA+k(πγ([A])) ⊃ [−γ−1

γ+1 , 0]. For any
γ >

√
2 there is a number N suh that

fN
([

−γ − 1

γ + 1
, 0
])

= fN
([

0,
γ − 1

γ + 1

])

= [−(γ − 1), (γ − 1)].This implies that T is topologially mixing.Corollary 2.2.4.1. If γ > √
2 then the measure µ is the unique measure ofmaximal entropy.Proof. In [13℄, Hofbauer showed that provided T is transitive then there is aunique measure of maximal entropy.Theorem 2.2.4.3. T is ergodi with respet to the measure µ.Proof. In [19℄ it is shown that that any transformation of a ertain lass oftransformations with n disontinuities has at most n ergodi measures eahabsolutely ontinuous. Thus µ is ergodi.Theorem 2.2.4.4. If γ > √

2 then µ is Bernoulli.Proof. Bowen [8℄ has shown that provided T is weakly mixing, the measure
µ is Bernoulli. As mentioned in the proof of Theorem 2.2.4.1, T is weaklymixing.28



2.2. THE ONE-DIMENSIONAL CASE2.2.5 Connetion to algebrai numbersLet x be a number. We denote by Q[x] the smallest �eld extension of Qontaining the number x. A number x is alled an algebrai number if itis a root of a polynomial with integer oe�ients, that is there are integers
a0, . . . , an suh that x satis�es

anx
n + an−1x

n−1 + · · · + a0 = 0. (2.3)A minimal polynomial of an algebrai number is a polynomial with integeroe�ients with the least degree n suh that (2.3) holds. The roots of a minimalpolynomial are alled the onjugates of x. If x has a minimal polynomial with
an = 1 then x is alled an algebrai integer.De�nition 2.2.5.1. A Salem number is an algebrai integer x of whih all on-jugates have modulus less than or equal to 1 and there is at least one onjugatewith modulus 1.A Pisot number is an algebrai integer x of whih all onjugates have mod-ulus less than 1.In this setion we will prove the following theorem. We denote by Per(γ)the set of points in Iγ with �nite orbit.Theorem 2.2.5.1. If Σγ is so� then γ is an algebrai number of whih allonjugates have modulus less than 2.If γ is an algebrai integer then Per(γ) ⊂ Q[γ].If Q∩ Iγ ⊆ Per(γ) and γ ≥

√
2 then γ is either a Pisot or a Salem number.If γ is a Pisot number then Per(γ) = Q ∩ Iγ .For the β-expansion, similar results with similar proofs an be found in [22℄and [34℄.Let U be the set of γ of the form γ = α0α1 · · ·αm−1(β0β1 · · ·βn−1)

∞. If
γ ∈ (1, 2) and γ is the orresponding kneading sequene then γ solves theequation (z − 1) = πz(γ). For γ ∈ U this yields the equation
zm+n − (α0z

m+n−1 + · · · + αm−1z
n + β0z

n−1 + · · · + βn−1)

= zm − (α0z
m−1 + · · · + αm−1). (2.4)We all this the harateristi equation of γ.Lemma 2.2.5.1. The onjugates of γ with respet to the harateristi equationsatis�es

T 0(γ − 1)zm+n−1 + T 1(γ − 1)zm+n−2 + · · · + Tm+n−1(γ − 1)

= T 0(γ − 1)zm−1 + T 1(γ − 1)zm−2 + · · · + Tm−1(γ − 1).29



CHAPTER 2. RESTRICTION TO ONE DIMENSIONProof. Insert γk = −T k+1(γ−1)−γT k(γ−1)
T 0(γ−1) into (2.4). One get

T 0(γ − 1)(z − γ)zm+n−1 + T 1(γ − 1)(z − γ)zm+n−2 + · · ·
+ Tm+n−1(γ − 1)(z − γ) + Tm+n(γ − 1)

= T 0(γ − 1)(z − γ)zm−1 + T 1(γ − 1)(z − γ)zm−2 + · · ·
+ Tm−1(γ − 1)(z − γ) + Tm(γ − 1).Sine Tm+n(γ − 1) = Tm(γ − 1) and z 6= γ for the onjugates this gives thestatement in the lemma.We are ready to prove the �rst statement of Theorem 2.2.5.1.Theorem 2.2.5.2. If γ ∈ U then for any onjugate z of γ with respet to theharateristi equation we have |z| < 2.Proof. By Lemma 2.2.5.1 the onjugates satisfy

T 0(γ− 1)zm+n−1 + · · ·+Tm+n−1(γ− 1) = T 0(γ− 1)zm−1 + · · ·+Tm−1(γ− 1).Assume |z| > 1. Then
(|z|n − 1)|zm−1T 0(γ − 1) + T (γ − 1)zm−2 + · · · + Tm−1(γ − 1)|

< |(zn − 1)(zm−1T 0(γ − 1) + T (γ − 1)zm−2 + · · · + Tm−1(γ − 1))|
= |Tm(γ − 1)zn−1 + · · · + T n+m−1(γ − 1)|

< (γ − 1)(|z|n−1 + |z|n−2 + · · · + 1) = (γ − 1)
|z|n − 1

|z| − 1
.Hene |zm−1T 0(γ − 1) + T (γ − 1)zm−2 + · · · + Tm−1(γ − 1)| < γ−1

|z|−1 . Finally
(γ − 1)|z|m−1 <

γ − 1

|z| − 1
+ |T (γ − 1)zm−2 + · · · + Tm−1(γ − 1)|

≤ γ − 1

|z| − 1
+ (γ − 1)

|z|m−1 − 1

|z| − 1
= (γ − 1)

|z|m−1

|z| − 1implies that |z| < 2.Let γ be an algebrai integer. There exists a minimal polynomial
P (z) =

d−1∑

k=0

akz
k + zd30



2.2. THE ONE-DIMENSIONAL CASEsuh that P (γ) = 0. Sine P (γ) = 0 any α ∈ Q[γ] an be written in the form
α =

1

q

d−1∑

k=0

pkγ
k, q, pk ∈ Z. (2.5)Beause of the minimality of P (z), this representation is unique if we hoosethe smallest possible q > 0.Lemma 2.2.5.2. If γ is an algebrai integer then Per(γ) ⊆ Q[γ] ∩ Iγ .Proof. Let α ∈ Per(γ). That is α = α0 · · ·αm−1(αm · · ·αm+n−1)

∞ for somepositive integers m and n. Then
α = πγ(α) =

γ − 1

γ

∞∑

k=0

αk

γk

=
γ − 1

γm

m−1∑

k=0

αkγ
m−k +

γ − 1

γ

∞∑

i=0

n−1∑

k=0

αm+k

γm+k+in

=
γ − 1

γm

(
m−1∑

k=0

αkγ
m−k +

1

γn − 1

n−1∑

k=0

αk+nγ
n−1−k

)

∈ Q[γ].Lemma 2.2.5.3. Let α ∈ Q ⊆ Q[γ] and let α = 1
q

∑d−1
k=0 pkγ

k be the uniquerepresentation of α in the form (2.5). Then for any δ,
α =

1

q

d−1∑

k=0

pkδ
k.Proof. Sine α ∈ Q we have pk = 0 for k > 0.Lemma 2.2.5.4. Let α = 1

q

∑d−1
k=0 pkγ

k ∈ Q[γ]. Then, for any n, there existsa unique vetor (rn,1, . . . , rn,d) ∈ Zd suh that
T n

γ (α) =
1

q

d∑

k=1

rn,kγ
−k. (2.6)Proof. From P (γ) =

∑d−1
k=0 akγ

k + γd we get the relations
γd−1 = −

d−1∑

k=0

akγ
k−1,...

1 = −
d−1∑

k=0

akγ
k−d. 31



CHAPTER 2. RESTRICTION TO ONE DIMENSIONWith these relations α an be written in the form α = 1
q

∑d
k=1 r0,kγ

−k.For any n
T n

γ (α) = γn

(

α− γ − 1

γ

n−1∑

k=0

αkγ
−k

)

,

T n+1
γ (α) = γT n

γ (α) − (γ − 1)αn.Assume that T n
γ (α) has the representation

T n
γ (α) =

1

q

d∑

k=1

rn,kγ
−k.Then

T n+1(α) =
1

q

d∑

k=1

rn,kγ
−k+1 − (γ − 1)αn

=
1

q

d−1∑

k=1

rn,k+1γ
−k +

1

q
rn,1 − (γ − 1)αn.With P (γ) = 0 this an be written in the form T n+1(α) = 1
q

∑d
k=1 rn+1,kγ

−k.To prove the uniqueness, assume that there exists (bn,1, . . . , bn,d) ∈ Zd suhthat T n(α) = 1
q

∑d−1
k=0 bn,kγ

k. Then
γd−1

d−1∑

k=0

bn,kγ
−k = γd−1

d−1∑

k=0

rn,kγ
−k.Beause of the minimality of P (z) we must have bn,k = rn,k.Lemma 2.2.5.5. Let α ∈ Per(γ). If δ is a onjugate of γ then

δn

(

1

q

d−1∑

k=0

pkδ
k − δ − 1

δ

n−1∑

k=0

αk

δk

)

=
1

q

d∑

k=1

rn,kδ
−k (2.7)holds for any n ∈ N. Furthermore, if |δ| > 1, then

1

q

d−1∑

k=0

pkδ
k =

δ − 1

δ

∞∑

k=0

αk

δk
.32



2.2. THE ONE-DIMENSIONAL CASEProof. Sine
γn

(

α− γ − 1

γ

n−1∑

k=0

αkγ
−k

)

= T n
γ (α) =

1

q

d∑

k=1

rn,kγ
−k,

γ solves the equation
zn

(

1

q

d−1∑

k=0

pkz
k − z − 1

z

n−1∑

k=0

αk

zk

)

=
1

q

d∑

k=1

rn,kz
−k (2.8)and so does any onjugate δ of γ.Suppose that |δ| > 1. The set

{(rn,1, . . . , rn,d) | n ∈ N}is �nite sine α ∈ Per(γ). Let c = sup{|rn,k||δ|−k | n ∈ N, 1 ≤ k ≤ d}. By (2.8)
|δ|n
∣
∣
∣
∣
∣

1

q

d−1∑

k=0

pkδ
k − δ − 1

δ

n−1∑

k=0

αk

δk

∣
∣
∣
∣
∣
<
cd

q
.Let n→ ∞. If |δ| > 1 this yields

1

q

d−1∑

k=0

pkδ
k =

δ − 1

δ

∞∑

k=0

αk

δk
.Theorem 2.2.5.3. If Q∩ Iγ ⊆ Per(γ) and γ ≥

√
2 then γ is either a Pisot ora Salem number.Proof. Let δ be a root of P (z) = 0 with |δ| > 1. We prove that δ = γ. Thisimplies that γ is either a Pisot or a Salem number.Let

h = 2
∣
∣
∣
γ − 1

γ
− δ − 1

δ

∣
∣
∣, η = max

{ 1

γ
,

1

|δ|
}

, C =
|γ − 1|
|γ| +

|δ − 1|
|δ| .Choose m suh that ηm ≤ 1

6
1−η

η
h
C
.Take α, β ∈ Q suh that

α = 1(1−1)mαm+1αm+2 · · · ,
β = 1(−11)mβm+1βm+2 · · · . 33



CHAPTER 2. RESTRICTION TO ONE DIMENSIONThis is possible if γ ≥
√

2. By Lemma 2.2.5.3 and 2.2.5.5
α =

γ − 1

γ

∞∑

k=0

αk

γk
=

1

q

d−1∑

k=0

pkδ
k =

δ − 1

δ

∞∑

k=0

αk

δk
. (2.9)Similarly

γ − 1

γ

∞∑

k=0

βk

γk
=
δ − 1

δ

∞∑

k=0

βk

δk
. (2.10)(2.9) and (2.10) together imply

γ − 1

γ

(

2 +

∞∑

k=m+1

αk + βk

γk

)

=
δ − 1

δ

(

2 +

∞∑

k=m+1

αk + βk

δk

)

.This implies that
h = 2

∣
∣
∣
γ − 1

γ
− δ − 1

δ

∣
∣
∣ ≤

∞∑

k=m+1

2
(∣
∣
∣
γ − 1

γ

∣
∣
∣+
∣
∣
∣
δ − 1

δ

∣
∣
∣

)(∣
∣
∣

1

γk

∣
∣
∣+
∣
∣
∣

1

δk

∣
∣
∣

)

≤ 4C

∞∑

k=m+1

ηk = 4C
ηm+1

1 − η
≤ 2

3
h.Hene h = 0 and γ = δ.Lemma 2.2.5.6. Let γ = δ1, δ2, . . . , δd be the roots of P (z). For α ∈ Q[γ] let

rn,k be de�ned by (2.6). For every n let
tn,i =

1

q

d∑

k=1

rn,kδ
−k
i .Then α ∈ Per(γ) if and only if sup{|tn,i| | n ∈ N, 1 ≤ i ≤ d} <∞.Proof. Assume α ∈ Per(γ). It is lear that sup{|rn,k| | n ∈ N, 1 ≤ k ≤ d} is�nite sine {rn,k} is a �nite set. Hene sup{|tn,i| | n ∈ N, 1 ≤ i ≤ d} is also�nite.Assume that sup{|tn,i| | n ∈ N, 1 ≤ i ≤ d} <∞. Sine






tn,1...
tn,d




 =

1

q






δ−1
1 · · · δ−d

1... . . . ...
δ−1
d · · · δ−d

d











rn,1...
rn,d




and the non-singularity of the square matrix we have that {rn,k} is bounded.Sine rn,k ∈ Z the set {(rn,1, . . . , rn,d)} is �nite. Hene there are numbers

N,M suh that rN+M,k = rN,k for any 1 ≤ k ≤ d. It then follows that
α ∈ Per(γ).34



2.2. THE ONE-DIMENSIONAL CASETheorem 2.2.5.4. If γ is a Pisot number then Per(γ) = Q[γ] ∩ Iγ .Proof. By Lemma 2.2.5.2 Per(γ) ⊆ Q[γ] ∩ Iγ .Take α ∈ Q[γ] ∩ Iγ and let tn,i be de�ned as in Lemma 2.2.5.6. By (2.7)
|tn,i| ≤

1

q

d−1∑

k=0

pk|δi|n+k + |δi − 1|
n∑

k=1

|δi|kSine |δi| < 1 for i ≥ 2 it follows that tn,i is bounded for i ≥ 2. By the de�nition
tn,1 = T n(α) is also bounded. Lemma 2.2.5.6 implies that α ∈ Per(γ).2.2.6 Distane to the singularity and return timesPesin developed in [27℄ the theory of a lass of pieewise hyperboli maps withsingularities. The di�ulties with this sort of systems lie in the presene ofthe singularities. A urve in the unstable diretion is uniformly strethed bythe map but an also be ut into piees by the singularities. This an give theresult that the urve is mapped into small piees that do not inrease in length.This phenomenon destroys the loal unstable manifolds.To handle these di�ulties Pesin worked with the sets

{x | d(fn(x), S) > cλ−n, ∀n ≥ 0},
{x | d(f−n(x), S) > cλ−n, ∀n ≥ 0},where f is the map, S is the singularities and λ is the streth rate. If a point xlies in these sets then this guarantees the existene of a loal stable and unstablemanifold of at least length c. It is thus of interest to estimate the measure ofthese sets. In this setion we show that for the map Tγ the measures of theomplement of these sets derease exponentially with c.In [38℄ Young onsidered a lass of systems with some partial hyperboliity.She showed that if there is a positive measure set Λ with su�iently goodhyperboli properties and with exponential deay of the return time, i.e. themeasure of the set

{x ∈ Λ | n = min{k > 0 | fk(x) ∈ Λ}}deays exponentially with n, then this implies the existene of an SBR-measureand exponential deay of orrelations for Hölder ontinuous funtions. We showin this setion that for the map Tγ the above mentioned sets have this property.This ould be used to show exponential deay of orrelations, but for this mapit is easier to show this with help of Fourier series. This is done is setion 2.2.7.35



CHAPTER 2. RESTRICTION TO ONE DIMENSIONFor eah m ∈ N and α > 0 de�ne the sets
Λ+

m,α = {x | inf
n≥0

γαndΣγ
(σnx, γ) > γ−m},

M+
m,α = {x | inf

n≥0
γαndΣγ

(σnx, γ) ≤ γ−m}.Note that
Λ+

m,α ⊆ Λ+
m+1,α, (2.11a)

M+
m,α ⊇M+

m+1,α. (2.11b)De�ne the hit-time τΛ+
m,α by

τΛ+
m,α

(x) =

{
min{n ≥ 1 | σnx ∈ Λ+

m,α} if {n ≥ 1 | σnx ∈ Λ+
m,α} 6= ∅,

∞ otherwise.Lemma 2.2.6.1. For any m ≥ 1, n ≥ 0 and α > 0,
µ(σ−n(M+

m,α)) ≤ 4γ2+α

γα − 1
γ−m,

ν(σ−n((M+
m,α)) ≤ 4γ2+α

γα − 1
γ−m.Proof. Let

B = {x ∈ Σγ | inf
n
γ⌈αn⌉dΣγ

(σnx, γ) ≤ γ−m},

Bi =
∞⋃

k=0

k+i[γ0 · · · γm+⌈αk⌉−1],where ⌈x⌉ denotes the smallest integer not less than x. Note that B = B0.We use that dγ([S]) ≤ γ(γ − 1)γ−m for any ylinder [S] of length m ≥ 1 toestimate the Lebesgue measure of Bi as follows.
ν(Bi) ≤

∞∑

k=0

ν(k+i[γ0 · · · γm+⌈αk⌉−1])

≤
∞∑

k=0

N(k + i)γ(γ − 1)γ−(k+i+⌈αk⌉+m) ≤
∞∑

k=0

4γ2−αk−m

=
4γ2+α

γα − 1
γ−m.36



2.2. THE ONE-DIMENSIONAL CASEIt now follows that
µ(B) = lim

n→∞

1

n

n∑

i=0

ν(Bi) ≤
4γ2+α

γα − 1
γ−m.The inlusion M+

m,α ⊂ B yields the inequality for µ in the theorem. Theinequality for ν follows by B = B0.For eah m ∈ N and α ≥ 1 de�ne the sets
Λ−

m,α = {x | inf
n≥1

γαndΣγ
(σ−nx, γ) > γ−m},

M−
m,α = {x | inf

n≥1
γαndΣγ

(σ−nx, γ) ≤ γ−m}.and the hit-time
τΛ−

m,α
(x) =

{
min{n ≥ 1 | σnx ∈ Λ−

m,α} if {n ≥ 1 | σnx ∈ Λ−
m} 6= ∅,

∞ otherwise.We an write M−
m,α in the form

M−
m,α =

∞⋃

n=1

[γn · · ·γ⌈αn⌉+m−1]. (2.12)Lemma 2.2.6.2. For any n ≥ 0 and α > 1

ν(M−
m,α) ≤ γ − 1

γα−1 − 1
γ1−m.Proof. This estimate follows by (2.12).

ν(M−
m,α) ≤

∞∑

n=1

ν([γn · · · γ⌈αn⌉+m−1]) ≤
∞∑

n=1

(γ − 1)γ1−(⌈αn⌉+m−n)

≤
∞∑

n=1

(γ − 1)γ1−(α−1)n−m =
γ − 1

γα−1 − 1
γ1−m. 37



CHAPTER 2. RESTRICTION TO ONE DIMENSIONLemma 2.2.6.3. The following inlusions hold
σ−1(Λ−

m,α) ⊆ Λ−
m+⌈α⌉,α

σ(M−
m,α) ⊆M−

m−[α],α

σ(Λ+
m,α) ⊆ Λ+

m+⌈α⌉,α

σ−1(M+
m,α) ⊆M+

m−[α],α

Λ±
m,α ⊆ Λ±

n,α, m ≤ n,

M±
m,α ⊇M±

n,α, m ≤ n.Proof. Take x ∈ σ−1(Λ−
m,α). Then for y = σx ∈ Λ−

m,α it holds that
dΣγ

(σ−ny, γ) > γ−m−αn,for some n ≥ 1. This implies that
dΣγ

(σ−nx, γ) > γ−(m+⌈α⌉)−αn,for any n ≥ 0. Hene x ∈ Λ−
m+⌈α⌉,α and so σ−1(Λ−

m,α) ⊆ Λ−
m+⌈α⌉,α.The other inlusions an be proved in a similar way.Theorem 2.2.6.1. Given m ∈ N and α > 0, the following estimates are valid.

ν{x ∈M+
m,α | τΛ+

m,α
(x) = n} ≤ 4γ1−m−α(n−1),

ν{x ∈ Λ+
m,α | τΛ+

m,α
(x) = n} ≤ 4γ1−m−α(n−2), n ≥ 2

ν{x ∈ Σγ | τΛ−

m,α
(x) = n} ≤ γ − 1

γα−1 − 1
γ2−m−n, α > 1Proof. Let x ∈M+

m,α. Then there exists an n ≥ 0, suh that
x = x0x1 · · ·xn−1γ0γ1 · · ·γm+⌈αn⌉−1xm+⌈αn⌉+n · · · .If n > 0, then

σx = x1x2 · · ·xn−1γ0γ1 · · · γm+⌈αn⌉−1xm+⌈αn⌉+n · · · ∈M+
m+α,α ⊆M+

m,α.This shows that that σkx ∈M+
m,α for 0 ≤ k ≤ n. Hene for n ≥ 0

{x ∈M+
m,α | τΛ+

m,α
(x) = n+ 1} ⊆ n[γ0γ1 · · · γm+⌈αn⌉−1]38



2.2. THE ONE-DIMENSIONAL CASEand so
ν{x ∈M+

m,α | τΛ+
m,α

(x) = n+1} ≤ N(n)(γ−1)γ1−m−⌈αn⌉−n ≤ 4γ1−m−αn.Let x ∈ Λ+
m,α. In order that σx ∈M+

m,α, there must be an n ≥ 1 suh that
x = x0x1 · · ·xn−1γ0γ1 · · · γm+⌈α(n−1)⌉−1xm+⌈α(n−1)⌉+n · · · .Then σkx ∈M+

m,α for 1 ≤ k ≤ n. This implies that
{x ∈ Λ+

m,α | τΛ+
m,α

(x) = n+ 1} ⊆ n[γ0γ1 · · · γm+⌈α(n−1)⌉−1]and
ν{x ∈ Λ+

m,α | τΛ+
m,α

(x) = n+ 1} ≤ N(n)(γ − 1)γ1−m−n−⌈α(n−1)⌉

≤ 4γ1−m−α(n−1).Finally, for any n ≥ 1

{x | σkx ∈M−
m,α, 1 ≤ k ≤ n} ⊆

∞⋃

j=1

[γj · · ·γ⌈αj⌉+n+m−1] = Mm+n,α.Hene
ν{x ∈ Σγ | τΛ−

m,α
= n} ≤ ν(Mm+n−1,α) ≤ γ − 1

γα−1 − 1
γ2−m−n.2.2.7 Deay of orrelationsSine T an be written in the forms x 7→ γx + 1 − γ

2 (mod 1). It is easy toalulate the deay of orrelations with help of Fourier series.Theorem 2.2.7.1. Let A be the set of funtions on Iγ , representable withFourier series
φ(x) =

∑

k∈Z

ake
i π

γ−1
kx,with the property that |ak| ≤ A

k2 for some A depending on φ. Then, for any
φ, ψ ∈ A there exists a C suh that

∣
∣
∣

∫
(
φ ◦ T n

)
ψ dν −

∫

φ dν

∫

ψ dν
∣
∣
∣ ≤ Cγ−nholds for any n ∈ N. 39



CHAPTER 2. RESTRICTION TO ONE DIMENSIONProof. Let
φ(x) =

∑

k∈Z

ake
i π

γ−1
kx ∈ A, ψ(x) =

∑

k∈Z

bke
i π

γ−1
kx ∈ A.With a hange of variables we an write T as

T : [0, 1) 	; x 7→ γx+ α (mod 1),were α = 1 − γ
2 . Equivalently, we may de�ne T on the unit irle T.

T : T 	; z 7→ ei2παzγ ,where α = 1 − γ
2 . We an then write φ and ψ as

φ(x) =
∑

k∈Z

akz
k, ψ(x) =

∑

k∈Z

bkz
k,with di�erent ak and bk but with the property that |ak| ≤ A/k2 and |bk| ≤

B/k2. We an now rewrite ∫ (ψ ◦ T n)ψdν as follows.
∫
(
φ ◦ T n

)
ψ dν =

∫
∑

k,l∈Z

akble
i2παγ

γn
−1

γ−1 zkγn+ldν

=
∑

k,l∈Z

∫ 1

0

akble
i2παγ

γn
−1

γ−1 ei2π(γnk+l)tdt.Assume that γ is irrational. Then
∫
(
φ ◦ T n

)
ψ dν =

∑

k,l∈Z

k 6=0

akble
i2παγ γn

−1

γ−1
ei2π(γnk+l) − 1

i2π(γnk + l)
+ a0b0.This gives the following estimate of the orrelations.

∣
∣
∣

∫
(
φ ◦ T n

)
ψ dν −

∫

φ dν

∫

ψ dν
∣
∣
∣ ≤

∑

k,l∈Z

k 6=0

|ak||bl|
∣
∣
∣
sin(π(γnk + l))

π(γnk + l)

∣
∣
∣

≤
∑

k,l∈Z

k 6=0,|l|≤ 1
2
γn

|ak||bl|
1

|π(γnk + l)| +
∑

k,l∈Z

k 6=0,|l|> 1
2
γn

|ak||bl|.The �rst sum is estimated by
∑

k,l∈Z

k 6=0,|l|≤ 1
2
γn

|ak||bl|
∣
∣
∣
sin(π(γnk + l))

π(γnk + l)

∣
∣
∣ ≤ 2

πγn

∑

k,l∈Z

|ak||bl|.40



2.2. THE ONE-DIMENSIONAL CASEThe seond sum is estimated by
∑

k,l∈Z

k 6=0,|l|> 1
2
γn

|ak||bl| ≤
∑

|k|> 1
2
γn

∑

j 6=0

AB

j2k2
≤

∑

|k|> 1
2

γn

AB

k2
2
(

1 +

∫ ∞

1

t−2dt
)

≤ 4AB2

∫ ∞

1
2

γn−1

t−2dt =
16AB

γn − 2
.Hene there exists a C suh that

∣
∣
∣

∫
(
φ ◦ T n

)
ψ dν −

∫

φ dν

∫

ψ dν
∣
∣
∣ ≤ Cγ−n.If γ is rational then

∫
(
φ ◦ T n

)
ψ dν =

∑

k,l∈Z

γnk+l 6∈Z

akble
i2παγ

γn
−1

γ−1
ei2π(γnk+l) − 1

i2π(γnk + l)
+

∑

k,l∈Z

γnk+l 6=0

akbl.The �rst sum is estimated by
∣
∣
∣
∣
∣

∑

k,l∈Z

γnk+l 6∈Z

akble
i2παγ γn

−1

γ−1
ei2π(γnk+l) − 1

i2π(γnk + l)

∣
∣
∣
∣
∣
≤

∑

k,l∈Z

k 6=0,|l|≤ 1
2

γn

|ak||bl|
1

|π(γnk + l)|and the estimates of the orrelations are done similarly as in the irrationalase.
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Chapter 3Absolutely ontinuous invariantmeasure for a lass of pieewisea�ne hyperboli endomorphismsThis hapter is based on the following artile.T. Persson, Absolutely ontinuous invariant measure for a lass of piee-wise a�ne hyperboli endomorphisms, (to appear in Disrete Contin.Dyn. Syst.)AbstratWe onsider a lass of non invertible pieewise a�ne hyperboli endomorphismswith singularities and show that for an open set of parameters there existsalmost surely an absolutely ontinuous invariant measure. Also, exponentialdeay of orrelations is proved for Hölder ontinuous funtions.3.1 IntrodutionIn [1℄, Alexander and Yorke onsidered a one parameter lass of maps alled thefat baker's transformations. These maps are pieewise a�ne maps of the squarewith one expanding and one ontrating diretion. Their results together withthe result of Solomyak in [35℄, imply that for an open set of parameters, almostsurely there is an absolutely ontinuous invariant measure. The fat baker'stransformations are a speial ase of the Belykh map, introdued in [5℄ byBelykh. Shmeling and Troubetzkoy onsidered in [33℄ the Belykh map for awider range of parameters. It was further investigated in [32℄.In this artile we onsider a three parameter lass of endomorphisms similarto the Belykh map. In fat, this lass has a non empty intersetion with thelass of Belykh maps onsidered in [33℄ and [32℄ and it ontains the fat baker'stransformations. We show that there is an open set of parameters for whihthere is almost surely an absolutely ontinuous invariant measure.Similar results in two dimensions, but in the ase of expanding maps, wereindependently obtained by Buzzi in [3℄ and Tsujii in [36℄. The orrespondingresults for arbitrary dimension are in [2℄ and [37℄. 43



CHAPTER 3. ABSOLUTELY CONTINUOUS INVARIANT MEASUREIn [38℄ Young introdued a method using a tower onstrution for provingexponential deay of orrelations for a wide range of hyperboli maps. Amongother examples in the artile she uses the method to prove exponential deayof orrelations for a lass of pieewise C2 maps in two dimensions. Buzziand Keller proved in [4℄ that a lass of pieewise a�ne and expanding mapshave exponential deay of orrelations. In Setion 3.5 the method of Young isadopted to show exponential deay of orrelations for our lass of maps.3.2 The lass of endomorphismsPut Q = [−1, 1]2 and S = ([−1, 0]× {−κ})∪ ({0} × [−|κ|, |κ|])∪ ([0, 1]× {κ}).Let Q1 and Q−1 be the upper respetively the lower onneted omponent ofthe set Q \ S.Consider the lass of maps f : Q \ S → Q de�ned by
f(x, y) =

{
(λx + (1 − λ), γy − (γ − 1)), if (x, y) ∈ Q1,
(λx − (1 − λ), γy + (γ − 1)), if (x, y) ∈ Q−1,where the parameters are 1

2 < λ ≤ 1, −1 < κ < 1 and 1 < γ ≤ 2
1+|κ| . SeeFigure 3.1.
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Figure 3.1: The map f for γ = 3
2 , λ = 9

16 and κ = 1
4 .The set S is the disontinuity set. Let Sv = {0} × [−|κ|, |κ|] be its ver-tial omponent and Sh = ([−1, 0] × {−κ}) ∪ ([0, 1] × {κ}) be its horizontalomponent.44



3.2. THE CLASS OF ENDOMORPHISMSWith a little more work the method of this paper an be used for mapswith singularity sets with more than one jump. The only di�ulty is to showthat the omplete bakward orbit of the vertial omponents of the singularityonsists of �nitely many piees.The main di�ulty in working with the map f is that it is not invertible.To handle this problem we lift the map f to an invertible map f̂ on the threedimensional ube. The idea is to prove the desired result for f̂ and then projetthe result on f . This idea has previously been used in [33℄ and [32℄.The map f̂ is de�ned as follows. Put Q̂ = [−1, 1]3 and Q̂i = Qi × [−1, 1],
i = −1, 1. De�ne f̂ : Q̂1 ∪ Q̂−1 → Q̂ by

f̂(x1, x2, x3) =

{
(f(x1, x2), τx3 + (1 − τ)), if (x1, x2, x3) ∈ Q̂1,

(f(x1, x2), τx3 − (1 − τ)), if (x1, x2, x3) ∈ Q̂−1,where τ is hosen so small that f̂ is invertible on its image, that is τ < 1
2 . SeeFigure 3.2. Denote by π the projetion from Q̂ to Q, de�ned by π(x1, x2, x3) =

(x1, x2).

Figure 3.2: The map f̂ for γ = 3
2 , λ = 3

4 , κ = 1
4 and τ = 1

4 .Given a sequene i ∈ Σ2 = {−1, 1}N, de�ne the ylinder set
R̂l,m

i (λ, γ, κ) = {x̂ ∈ Q̂ | f̂n
λ,γ,κ(x̂) ∈ Q̂in

, n = −m,−m+ 1, . . . ,−l},where 0 ≤ l < m ∈ N. We will write R̂m
i (λ, γ, κ) for R̂0,m

i (λ, γ, κ). Let
Σλ,γ,κ = {i ∈ Σ2 | Rl,m

i (λ, γ, κ) 6= ∅ ∀l,m ∈ Z} 45



CHAPTER 3. ABSOLUTELY CONTINUOUS INVARIANT MEASUREbe the oding of the system f̂λ,γ,κ. Denote by σ the left shift.The set
Λ̂λ,γ,κ =

⋂

n∈Z

f̂n
λ,γ,κ(Q̂)is the attrator of f̂λ,γ,κ. It is easy to see that the map ρλ,γ,κ : Σλ,γ,κ → Q̂de�ned by ρλ,γ,κ : i 7→ (x1, x2, x3) where

x1 =
1 − λ

λ

∞∑

n=1

i−nλ
n,

x2 =
γ − 1

γ

∞∑

n=0

inγ
n,

x3 =
1 − τ

τ

∞∑

n=1

i−nτ
n,satis�es ρλ,γ,κ(σ(i)) = f̂λ,γ,κ(ρλ,γ,κ(i)) for all i ∈ Σλ,γ,κ and ρλ,γ,κ(Σλ,γ,κ) =

Λ̂λ,γ,κ. Hene Λ̂λ,γ,κ is the set
Λ̂λ,γ,k =

{

(x1, x2, x3) | ∃i ∈ Σλ,γ,κ : x1 =
1 − λ

λ

∞∑

n=1

i−nλ
n,

x2 =
γ − 1

γ

∞∑

n=0

inγ
n, x3 =

1 − τ

τ

∞∑

n=1

i−nτ
n

}

.Let ν̂ denote the normalised Lebesgue measure on Q̂ and for n ∈ N de�ne
ν̂n = ν̂ ◦ f̂−n. The sequene of measures

µ̂m =
1

m

m−1∑

n=0

ν̂nonverges weakly to the SBR-measure, µ̂SBR. In [33℄ it is shown that themeasure µSBR = µ̂SBR ◦π−1 is the SBR-measure of f . It has the property thatthe onditional measures on the unstable manifolds are absolutely ontinuouswith respet to Lebesgue measure.The map f satis�es the onditions (H1), (H5)-(H9) in [27℄ and this im-plies that there exists C, q > 0 suh that ν(f−nU(S, ε)) ≤ Cεq for all n > 0,where U(S, ε) denotes the ε-neighborhood of S. This implies that µSBR(Λ) =
µ̂SBR(Λ̂) = 1. In [27℄ it is also shown that hµ̂SBR

= hµSBR
= log γ.Let x ∈ Q. We de�ne the loal stable manifold W s(x) of x to be the largestonneted subset of {y ∈ Q | d(fn(x), fn(y)) → 0, n → ∞} ontaining x. If46



3.3. ABSOLUTELY CONTINUOUS INVARIANT MEASUREthe set {y ∈ W s(x) | d(x, y) < δ} is a onneted urve of length 2δ then de�ne
W s

δ (x) = {y ∈ W s(x) | d(x, y) < δ} to be the stable manifold of x with length
2δ. Otherwise we say that W s

δ (x) does not exist.Sine f is not invertible we an not de�ne the loal unstable manifold of xin the usual way. Let
D−

δ = {x | d(f−n(x), S) > δγ−n ∀n ≥ 0}.This set has positive Lebesgue measure if δ is taken su�iently small, see [27℄.It is even true that
µSBR

(∞⋃

l=1

D−
l−1

)

= 1.If x = (x1, x2) ∈ D−
δ then for any y = (y1, y2) with y1 = x1 and |x2−y2| < δ wehave d(f−n(x), f−n(y)) < δγ−n for all n ≥ 0. We an thus de�ne the unstablemanifold of x = (x1, x2) ∈ D−

δ of length δ to be the set
W u

δ (x) = {y = (y1, y2) | y1 = x1, |x2 − y2| < δ}.If x 6∈ D−
δ then we say that W u

δ (x) does not exist.3.3 Absolutely ontinuous invariant measureWe will prove the following theorem.Theorem 3.3.0.2. There is an open ball P ⊂ {λ, γ, κ} suh that µSBR ≪ νfor a.e. (λ, γ, κ) ∈ P .There are parameters in the set {γλ > 1, κ = 0} for whih the SBR-measure is not absolutely ontinuous. In [1℄, Alexander and Yorke point outthat if κ = 0, γ = 2 and λ−1 is a Pisot number, then the SBR-measure issingular with respet to Lebesgue measure. If γλ < 1 then there an notbe any absolutely ontinuous invariant measure µ, sine then the Lebesguemeasure of fn(Q) onverges to zero but µ(fn(Q)) = 1 by invariane.3.4 Proof of the theoremTo prove Theorem 3.3.0.2 the method of Peres and Solomyak in [26℄ will beused. This is a simpli�ed version of the method used by Solomyak in [35℄. Peresand Solomyak showed the almost surely absolutely ontinuity of a Bernoullionvolution when the assoiated shift spae is the full two-shift Σ2. In thisproof we have to work with the more restrited shift spae Σλ,γ,κ.The following Lemma from [35℄ will be used in the proof of Theorem 3.3.0.2.47



CHAPTER 3. ABSOLUTELY CONTINUOUS INVARIANT MEASURELemma 3.4.0.1. Let ε > 0 be �xed and I ⊂ (γ−1+ε, 0.64). There is a onstant
c suh that for any k ∈ N and any {ai}∞i=0 ∈ {−1, 0, 1}N the following estimateis valid. ∫

I

χ{λ||λk+
P

∞

i=k+1
aiλi|<r} ≤ c(γ−1 + ε)−kr.Let γ, κ be �xed and I ⊆ (0.5, 0.64) any interval suh that {γ}×I×{κ} ⊂ P ,where the set P will be hosen later.Let Br(t) = [t− r, t+ r] and let

D(µλ,s,x
SBR , t) = lim inf

r→0

µλ,s,x
SBR (Br(t))

2rdenote the lower derivative of the measure µλ,s,x
SBR � the onditional measure of

µλ
SBR with respet to the loal stable manifold W s(x). The partition of Q intoloal stable manifolds is learly measurable so the onditional measures existand we an use them as follows. We want to prove that for a.e. λ there is a set

Ωλ suh that µλ
SBR(Ωλ) > 0 and

∫

Ωλ

D(µλ,s,x
SBR |Ωλ

, y)dµλ,s,x
SBR (y) <∞ (3.1)holds for a.e. x. This implies that the measure µλ,s,x

SBR restrited to the set
Ωλ is absolutely ontinuous for a.e. x. Sine the onditional measures on theunstable manifolds are absolutely ontinuous with respet to Lebesgue measure,this implies that µλ

SBR|Ωλ
is absolutely ontinuous with respet to Lebesguemeasure. Sine µλ

SBR(Ωλ) > 0, ergodiity then implies that this also holds forthe measure µλ
SBR.Fatou's lemma implies that in order to prove (3.1) it su�es to prove that
lim inf

r→o

1

r

∫

Ωλ

µλ,s,x
SBR (Ωλ ∩Br(y))dµ

λ,s,x
SBR (y) <∞.We may rewrite this as

lim inf
r→0

1

r

∫

Ωλ

∫

Ωλ

χ{|y1−z1|<r}dµ
λ,s,x
SBR (z)dµλ,s,x

SBR (y) <∞. (3.2)We will hoose a lass of funtions x : I → Q suh that x(λ) ∈ Ωλ and provethat the following estimate is valid
lim inf

r→0

1

r

∫

I

∫

Ωλ

∫

Ωλ

χ{|y1−z1|<r}dµ
λ,s,x(λ)
SBR (z)dµ

λ,s,x(λ)
SBR (y)dλ <∞. (3.3)48



3.4. PROOF OF THE THEOREM
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Figure 3.3: Some inverse images of Sv.This then implies that µSBR ≪ ν for a.e. λ ∈ I. Instead of proving (3.3) weuse that µSBR = µ̂SBR ◦ π−1 and prove the equivalent ondition
lim inf

r→0

1

r

∫

I

∫

Ω̂λ

∫

Ω̂λ

χ{|y1−z1|<r}dµ̂
λ,s,x̂(λ)
SBR (ẑ)dµ̂

λ,s,x̂(λ)
SBR (ŷ)dλ <∞. (3.4)To prove (3.4) the symboli oding Σλ,γ,κ will be used. Sine we have γ and

κ �xed and vary λ it is the dynamis taking plae in the horizontal diretionthat is ruial. It is hene the dynamial behaviour of the vertial omponentof the singularity Sv that is important. Below, we will hoose a set P in whih
Sv behaves as if it does not exist.One heks with a numerial alulation that for γ = 1.858, λ = 0.54 and
κ = 0 there are only �nitely many points in the omplete bakward orbit ofthe vertial piee of the singularity, Sv. Numeris are only used to see this inan easy way. It does not in�uene on the rigorousity of the proof. In this ase,when κ = 0, we have Sv = {0}. Figure 3.3 and 3.4 illustrate this by showingthe two possible paths of {0} starting in Q1. The points in the bakward orbitof Sv are marked with × in the �gures. The dashed lines are the border ofthe sets f(Q1) and f(Q−1). The arrows shows how the points are mapped by
f−1. Eah path drawn in the �gures terminates after �nitely many steps, afterwhih there are no more inverse images. 49



CHAPTER 3. ABSOLUTELY CONTINUOUS INVARIANT MEASURE
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Figure 3.4: Yet some inverse images of Sv.The numerial evaluations of the points are in Table 3.1 and Table 3.2.Comparing these values with
f(Q1) = [1 − 2λ, 1] × [1 − γ, 1] = [−0.08, 1]× [−0.858, 1],

f(Q−1) = [−1, 2λ− 1] × [−1, γ − 1] = [−1, 0.08]× [−1, 0.858],shows that there are no more points in the bakward orbit of Sv and that thesepoints are bounded away from the set f(S). This allow us to draw the followingonlusion. There is an open neighborhood U of Sv suh that f−N(U) = ∅ for
N su�iently large.By the ontinuous dependene on the parameters of the �nitely many pointsin the bakward orbit of Sv, there exists an open ball P ⊂ {γ, λ, κ} around
(γ, λ, κ) = (1.858, 0.54, 0) suh that the bakward orbit of Sv behaves in thesame way for any (γ, λ, κ) ∈ P in the following sense. For any (γ, λ, κ) ∈ Pthe bakward orbit of Sv ontains �nitely many piees, eah bounded awayfrom f(S), and there are uniform numbers α > 0 and N > 0 suh that U =
([−α, α] × [−|κ|, |κ|]) satis�es f−N(U) = ∅. This implies that U ∩ Λγ,λ,κ = ∅for any (γ, λ, κ) ∈ P .Reall that we have the parameters γ and κ �xed and I is an interval suhthat {γ} × I × {κ} ⊂ P . Partition I into sub intervals {It}p

t=1, suh that
|It| < 1

15α. This an be done so that p < 15|I|
α

+ 1. For eah t = 1, . . . , p �x a50



3.4. PROOF OF THE THEOREM
iterate oordinates numerialvalues ontained in

0
00 0

0
f(Q1) ∩ f(Q−1)

−1
−1+λ

λ
−1+γ

γ

−0.8519
0.4618

f(Q−1) \ f(Q1)

−2
−1+2λ−λ2

λ2

−1+2γ−γ2

γ2

−0.7257
−0.2132

f(Q−1) \ f(Q1)

−3
−1+2λ−λ3

λ3

−1+2γ−γ3

γ3

−0.4919
−0.5766

f(Q−1) \ f(Q1)

−4
−1+2λ−λ4

λ4

−1+2γ−γ4

γ4

−0.05916
−0.7721

f(Q1) ∩ f(Q−1)

−5
−1+2λ−2λ4+λ5

λ5

−1+2γ−2γ4+γ5

γ5

−0.9614
0.04623

f(Q−1) \ f(Q1)

−6
−1+2λ−2λ4+2λ5−λ6

λ6

−1+2γ−γ4+2γ5−γ6

γ6

−0.9285
−0.4369

f(Q−1) \ f(Q1)

−7
−1+2λ−2λ4+2λ5−λ7

λ7

−1+2γ−γ4+2γ5−γ7

γ7

−0.8677
−0.6969

f(Q−1) \ f(Q1)

−8
−1+2λ−2λ4+2λ5−λ8

λ8

−1+2γ−γ4+2γ5−γ8

γ8

−0.7549
−0.8369

f(Q−1) \ f(Q1)

−9
−1+2λ−2λ4+2λ5−λ9

λ9

−1+2γ−γ4+2γ5−γ9

γ9

−0.5462
−0.9122

f(Q−1) \ f(Q1)

−10
−1+2λ−2λ4+2λ5−λ10

λ10

−1+2γ−γ4+2γ5−γ10

γ10

−0.1596
−0.9528

f(Q−1) \ f(Q1)

−11
−1+2λ−2λ4+2λ5−λ11

λ11

−1+2γ−γ4+2γ5−γ11

γ11

0.5563
−0.9746

Q \ (f(Q1) ∪ f(Q−1))Table 3.1: The points in Figure 3.3.
51



CHAPTER 3. ABSOLUTELY CONTINUOUS INVARIANT MEASUREiterate oordinates numerialvalues ontained in
0

00 0
0

f(Q1) ∩ f(Q−1)

−1
−1+λ

λ
−1+γ

γ

−0.8519
0.4618

f(Q−1) \ f(Q1)

−2
−1+2λ−λ2

λ2

−1+2γ−γ2

γ2

−0.7257
−0.2132

f(Q−1) \ f(Q1)

−3
−1+2λ−λ3

λ3

−1+2γ−γ3

γ3

−0.4919
−0.5766

f(Q−1) \ f(Q1)

−4
−1+2λ−λ4

λ4

−1+2γ−γ4

γ4

−0.05916
−0.7721

f(Q1) ∩ f(Q−1)

−5
−1+2λ−λ5

λ5

−1+2γ−γ5

γ5

0.7423
−0.8773

Q \ (f(Q1) ∪ f(Q−1))Table 3.2: The points in Figure 3.4.
λt ∈ It. The following lemma will provide su�ient ontrol when hanging theparameter λ.Lemma 3.4.0.2. For any t and any λ, λ′ ∈ It the symboli spaes Σλ,γ,κ and
Σλ′,γ,κ oinide.Proof. A point x̂ = (x1, x2, x3) ∈ Q̂ lies in Λ̂λt

if and only if there is a sequene
{in}n∈Z suh that
x1 =

1 − λt

λt

∞∑

n=1

i−nλ
n
t , x2 =

γ − 1

γ

∞∑

n=0

inγ
−n, x3 =

1 − τ

τ

∞∑

n=1

i−nτ
nand f̂n

λt
(x̂) ∈ Q̂in

for all n ∈ Z. Let x̂ = (x1, x2, x3) ∈ Λ̂λt
. We show that forany λ′ ∈ It there is a point x̂′ = (x′1, x

′
2, x

′
3) ∈ Λ̂λ′ suh that the orrespondingsequene {i′n}n∈Z satis�es i′n = in for all n ∈ Z. In this way we de�ne a map

Ξλt,λ′ : Λ̂λt
→ Λ̂λ′ by Ξλt,λ′ : x̂ 7→ x̂′.It su�es to show that the point x̂′ = (x′1, x

′
2, x

′
3) de�ned by

x′1 =
1 − λ′

λ′

∞∑

n=1

i−n(λ′)n, x′2 =
γ − 1

γ

∞∑

n=0

inγ
n, x′3 =

1 − τ

τ

∞∑

n=1

i−nτ
nsatis�es f̂n

λ′(x̂′) ∈ Q̂in
for all n ∈ Z. Then this implies that x̂′ ∈ Λ̂λ′ . A hangeof λ has only in�uene on the seond oordinate of f̂(x̂). Sine the loal stable52



3.4. PROOF OF THE THEOREMmanifolds are parallel and oriented in the diretion of the seond oordinateit su�es to hek that when hanging λ, the seond oordinate never moveover the vertial disontinuity Sv. We do this by an estimate of the derivative
d
dλ

(
1−λ

λ

∑∞
n=0 i−nλ

n
). A simple alulation gives that

∣
∣
∣
∣
∣

d

dλ

(1 − λ

λ

∞∑

n=0

i−nλ
n
)
∣
∣
∣
∣
∣
≤
∣
∣
∣
∣
∣

1

λ2

∞∑

n=0

inλ
n

∣
∣
∣
∣
∣
+

∣
∣
∣
∣
∣

1 − λ

λ

∞∑

n=1

ninλ
n−1

∣
∣
∣
∣
∣

≤ 1

λ2

∞∑

n=0

λn +
1 − λ

λ

∞∑

n=1

nλn−1 =
1 + λ

λ2(1 − λ)
< 15,if 1

2 < λ < 3
4 . This implies that

|x1 − x′1| ≤ sup
λ

∣
∣
∣
∣
∣

d

dλ

(1 − λ

λ

∞∑

n=0

i−nλ
n
)
∣
∣
∣
∣
∣
|λt − λ′| < 15|It| ≤ α.This means that x̂′ does not ross the vertial piee of the singularity and henestays on the same side of the singularity as x̂. Similarly one shows that anyiterate f̂n

λ′(x̂′) of stays on the same side of the singularity as f̂n
λt

(x̂).Remark. The partition of I into subintervals is arbitrary so in fat the sym-boli spaes oinide for any λ, λ′ ∈ I.We have shown that the symboli spae Σλ,γ,κ does not hange when λvaries. We also need to estimate how the measure µ̂λ
SBR hanges.Lemma 3.4.0.3. There is a onstant c1 > 0 suh that for any t and any

λ, λ′ ∈ It
c−1
1 µ̂λt

SBR(Cλt
) ≤ µ̂λ

SBR(Cλ) ≤ c1µ̂
λt

SBR(Cλt
), (3.5)for any ylinder set of the form Cλ = k[ikik+1 · · · in]n =

⋂n
j=k f̂

−j
λ (Q̂ij

), k < n.Proof. Sine there are only �nitely many inverse images of the set Sv, all otherinverse images of the singularity will onsist of a horizontal line. As λ varies over
I these horizontal lines are not hanged, only the inverse images of Sv hanges.There is thus a onstant c1, independent of t, suh that for any λ ∈ It and anyylinder set of the form Cλ = k[ikik+1 · · · in]n =

⋂n
j=k f̂

−j
λ (Q̂ij

), 0 ≤ k < n wehave
c−1
1 ν̂(Cλt

) ≤ ν̂(Cλ) ≤ c1ν̂(Cλt
).Espeially c−1

1 ν̂(f̂−m
λt

(Cλt
)) ≤ ν̂(f̂−m

λ (Cλ)) ≤ c1ν̂(f̂
−m
λt

(Cλt
)) for any m ∈ Nand so

c−1
1 µ̂λt

SBR(Cλt
) ≤ µ̂λ

SBR(Cλ) ≤ c1µ̂
λt

SBR(Cλt
), 53



CHAPTER 3. ABSOLUTELY CONTINUOUS INVARIANT MEASUREfor any ylinder set of the form Cλ = k[ikik+1 · · · in]n =
⋂n

j=k f̂
−j
λ (Q̂ij

) with
k < n.Remark. Lemma 3.4.0.3 is also valid for the onditional measures on thestable manifold.Sine the entropy of the onditional measures are a.s. equal that of themeasure, the Shannon-MMillan-Breiman theorem implies that given ε > 0,there exists a number n0(λ, x̂, ε) suh that

µ̂λ,s,x̂
SBR

({

ŷ | µ̂λ,s,x̂
SBR (R̂q

λ(ŷ)) < e−q log(γ−ε), q > n0(λ, x̂, ε)
})

> 1 − ε.Lusin's Theorem implies that there is a number n1(ε) and a set Ω̂0,λt
suh that

n1(ε) ≥ n0(λt, x̂, ε) when x̂ ∈ Ω̂0,λt
and µ̂λt

SBR(Ω̂0,λt
) > 1 − ε. We put

Ω̂λt
=
{

ŷ ∈ Ω̂0,λt
∩ Ŵ s(x̂) | x̂ ∈ Ω0,λt

and
µ̂λ,s,x̂

SBR (R̂q
λ(ŷ)) < e−q log(γ−ε), q > n1(ε)

}

.Then µ̂λt

SBR(Ω̂λt
) > 1 − 2ε.Put Ω̂λ = Ξλt,λ(Ω̂t) for λ ∈ It. By Lemma 3.4.0.3 it follows that if ŷ ∈ Ω̂λthen

µ̂λ
SBR(R̂q

λ(ŷ)) < c1e
−q log(γ−ε), q > n1(ε)and

µ̂λ
SBR(Ω̂λ) > c−1

1 µ̂λt

SBR(Ωλt
) > c−1

1 (1 − 2ε).Take a λ0 ∈ I and x̂λ0
∈ Ω̂λ0

. De�ne x̂(λ0) = x̂λ0
and for λ ∈ I de�ne x̂(λ)so that ρ−1

λ,γ,κ(x̂(λ)) = ρ−1
λ0,γ,κ(x̂(λ0)). Then x̂ is ontinuous. By Lemma 3.4.0.1

Ti,t,k =

∫

It

∫

Ω̂λ∩R̂k
i1(λ)

∫

Ω̂λ∩R̂k
i−1

(λ)

χ{|y1−z1|<r}dµ̂
λ,s,x̂(λ)
SBR (ẑ)dµ̂

λ,s,x̂(λ)
SBR (ŷ)dλ

≤ c21

∫

It

∫

Ω̂λt
∩R̂k

i1(λt)

∫

Ω̂λt
∩R̂k

i−1
(λt)

χ{|Ξλt,λ(ŷ)1−Ξλt,λ(ẑ)1|<r}

dµ̂
λt,s,x̂(λt)
SBR (ẑ)dµ̂

λt,s,x̂(λt)
SBR (ŷ)dλ

= c21

∫

Ω̂λt
∩R̂k

i1(λt)

∫

Ω̂λt
∩R̂k

i−1
(λt)

∫

Ip

χ{|Ξλt,λ(ŷ)1−Ξλt,λ(ẑ)1|<r}

dλdµ̂
λt,s,x̂(λt)
SBR (ẑ)dµ̂

λt,s,x̂(λt)
SBR (ŷ)

≤ c2(γ
−1 + ε)−krµ̂

λt,s,x̂(λt)
SBR (R̂k

i1(λt))µ̂
λt,s,x̂(λt)
SBR (R̂k

i−1(λt))

≤ c2r(γ
−1 + ε)−k(γ − ε)−kµ̂

λt,s,x̂(λt)
SBR (R̂k

i1(λt)).54



3.5. DECAY OF CORRELATIONSSine
Λ̂λ × Λ̂λ =

∞⋃

k=0

⋃

i

R̂k
i1(λ) × R̂k

i−1(λ)we an proeed as follows
∫

I

∫

Ω̂λ

∫

Ω̂λ

χ{|y1−z1|<r}dµ̂
λ,s,x̂(λ)
SBR (z)dµ̂

λ,s,x̂(λ)
SBR (y)dλ

=

p
∑

t=1

∞∑

k=0

∑

i

Ti,t,k

≤
p
∑

t=1

∞∑

k=0

∑

i

c3r(γ
−1 + ε)−k(γ − ε)−kµ̂

λt,s,x̂(λt)
SBR (R̂k

i1(λt))

≤
p
∑

t=1

∞∑

k=0

c3r(γ
−1 + ε)−k(γ − ε)−k ≤

p
∑

t=1

c4r = c5r.Hene
lim inf

r→0

1

r

∫

I

∫

Ω̂λ

∫

Ω̂λ

χ{|y1−z1|<r}dµ̂
λ,s,x̂(λ)
SBR (ẑ)dµ̂

λ,s,x̂(λ)
SBR (ŷ)dλ ≤ c5. (3.6)This is independent of the hoie of x̂ : I → Q so this proves Theorem 3.3.0.2.3.5 Deay of orrelationsConsider the following lass of Hölder ontinuous funtions de�ned on Q

Hη = {φ : Q→ R | ∃C : |φ(x) − φ(y)| < Cd(x, y)η ∀x, y ∈ Q}.We will show that f has exponential deay of orrelations for funtions in Hη.More preisely, we will show the following theorem.Theorem 3.5.0.3. Let (λ, γ, κ) ∈ P . There is a τ = τ(η) < 1 suh that if
φ, ψ ∈ Hη then there is a C = C(φ, ψ) suh that

∣
∣
∣
∣

∫

(φ ◦ fn
λ,γ,k)ψdµSBR −

∫

φdµSBR

∫

ψdµSBR

∣
∣
∣
∣
< Cτn.In [38℄, Young introdues a general sheme for proving exponential deayof orrelations. The method is to �nd a set Θ with nie hyperboli properties55



CHAPTER 3. ABSOLUTELY CONTINUOUS INVARIANT MEASUREand a hyperboli produt struture;
Θ =

(
⋃

ωs∈Γs

ωs

)
⋂
(
⋃

ωu∈Γu

ωu

)

,where Γs and Γu are olletions of stable and unstable urves respetively, anda return time R : Θ → N suh that fR(·)(·) : Θ → Θ.For ω ∈ Γu let νω denote the onditional measure of the Lebesgue measure
ν with respet to the urve ω. If the onditions

νω(ω ∩ Θ) > 0, for eah ω ∈ Γu

ν{x ∈ Θ | R(x) > n} < Cθn, for some C and θ < 1,

(fn, Q) is ergodi for eah n > 0,and some other regularity onditions are satis�ed then this is su�ient to on-lude exponential deay of orrelations for Hölder ontinuous funtions.Among other examples in [38℄, Young shows how to �nd the set Θ and thereturn time R for a lass of pieewise C2 hyperboli maps in two dimensions.This lass of maps is di�erent from our lass but still the method an be usedto onstrut Θ and R. We give the onstrution of Θ and R below.The fat that (λ, γ, κ) ∈ P makes the onstrution of Θ easier. This isbeause there is a uniform estimate of the length of the loal stable manifoldsfor these parameters. From Setion 3.4 we onlude that W s
α(x) exists for all

x ∈ Λ. Theorem 3.5.0.3 is true also if (λ, γ, κ) 6∈ P but then we have to workwith the set
D+

δ = {x | d(fn(x), S) > δγ−n ∀n ≥ 0},whih would have made the onstrution of Θ somewhat more tehnial.We will now proeed with the onstrution of Θ and R. It is important togather enough expansion in the unstable diretion. For this purpose we takean N ∈ N suh that γN > 2e
1
e .Choose δ > 0 so that for any urve ω in the unstable diretion with lengthnot greater than δ the set fN (ω) onsists of at most two onneted omponents.This an be done sine we an hoose δ to be the smallest distane betweenthe lines in the set ∪N

n=0f
−n(Sh).Take 0 < δ0 <

1
6δ to be so small that the set

Aδ0
= {x ∈ Θ |W u

2δ0
(x) exists}has positive Lebesgue measure. For any x ∈ Aδ0

we de�ne Ω(x) = W u
δ0

(x).Put
Γs(x) = {W s(y) | y ∈ Ω(x)},
Γu(x) = {W u(z) | z ∈ Aδ0

, W u(z) ∩W s 6= ∅, ∀W s ∈ Γs(x)}.56



3.5. DECAY OF CORRELATIONSWe let Θ(x) be the hyperboli set with the produt struture de�ned by Γs(x)and Γu(x).For any x ∈ Aδ0
we let Q(x) be the smallest open retangle ontaining

Θ(x). The open sets {Q(x)}x∈Aδ0
form an open overing of Aδ0

. Sine Aδ0
isompat we an selet a �nite subover {Q(xi)}r

i=1. The sets {Θ(xi)}r
i=1 willthen over Aδ0

. We will write Θi for Θ(xi).We de�ne the return time R to ∪Θi on a subset of the sets Θi. Let i be�xed. We iterate the map fN and onsider the onneted omponents of theset (fN )n(Ω(xi)).We onstrut for eah n ∈ N a partition P i
n of Ω(xi)\{R ≤ n} into onnetedurves with the property that if ω ∈ P i

n then (fN)n(ω) is a onneted urve oflength < 6δ0.Let P i
0 be the trivial partition, P i

0 = {Ω(xi)}. Assume that P i
n−1 is de�ned.Let ω ∈ P i

n−1. Sine (fN )n−1(ω) is a onneted urve of length < 6δ0 the set
(fN )n(ω) onsists of at most two onneted omponents. Let {ω′

j}j=1,2 be theorresponding omponents of ω. If (fN)n(ωj) has length < 6δ0 then we put
ωj in P i

n. If however (fN )n(ωj) has length ≥ 6δ0 then there is a k suh that
(fN )n(ωj) rosses Q(xk) with segments of length ≥ δ0 stiking out on eahside of Q(xk). Sine |(fN )n(ωj)| > 6δ0 we have (fN )n(ωj) ∈ Γu(xk) and thisimplies that (fN )n(ωj)∩Q(xk) ⊂ Θk. We de�ne R = n on ωj∩(fN )−n(Θk). Inthis way we get two piees of length > δ0 on eah side of (fN)n(ωj \ {R = n}).We partition ω \ {R = n} into {ωj,k}m

k=1 suh that δ0 < (fN )n(ωj,k) < 6δ0 andput {ωj,k} in P i
n.Finally, if ω ∈ Pn−1 then we de�ne R = n on the set

Sω =

(
⋃

ωs∈Γs(ω)

ωs

)
⋂
(
⋃

ωu∈Γu

ωu

)

⊂ Θi,where Γs(ω) is the set of loal stable manifolds in Γs(xi) whih has non-emptyintersetion with ω. The uniform estimate on the length of ωs ∈ Γs impliesthat (fN)n(Sω) ⊂ Θk.Lemma 3.5.0.4. Let Ω = Ω(xi) for some xi. There exists C > 0 and θ1 < 1suh that
νΩ{R > n} ≤ Cθn

1 .Proof. Let T1(x) be the smallest n ≥ 1 suh that if ω ∈ Pn−1 is the omponentontaining x then |(fN )n(ω)| ≥ 6δ0. If there is no suh n then we say that
T1(x) is not de�ned. Note that T1 ≤ RSuppose that Tk(x) has been de�ned. Then we de�ne Tk+1(x) to be thesmallest n > Tk(x) suh that if ω ∈ Pn−1 is the omponent ontaining x then
|(fN )n(ω)| ≥ 6δ0. Let Tk = {Tk is de�ned}. 57



CHAPTER 3. ABSOLUTELY CONTINUOUS INVARIANT MEASUREEah time a segment is strethed to a length over 6δ0 a piee of length 2δ0returns to one of the sets Θi. This implies that if ω ∈ Pn−1 and T1|ω = n then
|(fN )n(ω)| < γN6δ0 and so

νΩ(ω ∩ {R = T1})
νΩ(ω)

>
2δ0

6δ0γN
=

1

3γN
.Hene

νΩ(ω ∩ {R > T1})
νΩ(ω)

< 1 − 1

3γN
= θ2.This means that νΩ(T2)

νΩ(T1)
< θ2. Similarly we get

νΩ(Tk+1)

νΩ(Tk)
< θ2.This implies that νΩ(Tk) < θk

2 and νΩ{R > Tk} < θk
2 .For any k

{R > n} ⊂ {Tk ≥ n} ∪ {Tk < n < R}. (3.7)There is a number M suh that if ω ∈ Pn−1 then ω \ {R = n} an beovered by less than M elements from Pn.Let Kp = {ki}p
i=1 where k1 < k2 < · · · < kp with kp ≥ n and kp−1 < n.Consider the set AKp

= {Ti = ki, i = 1, 2, . . . , p}. It an be overed by lessthan 2kpMp elements from Pkp
. Sine the length of Ω is 2δ0 we have

νΩ(AKp
) ≤ 2kpMp6δ0(γ

N)−kp

2δ0
= 3Mp

( 2

γN

)kp

.If p≪ n then by Stirling's formula
(
n

p

)

≈ nn+ 1
2 e−n

p!(n− p)n−p+ 1
2 e−n+p

=
e−pnp

p!

(

1 − p

n

)p−nand so if ε is small enough
[εn]
∑

p=0

(
n

p

)

≤ C1

[εn]
∑

p=0

e−pnp

p!

(

1 − p

n

)p−n

< C1(1 − ε)−n

[εn]
∑

p=0

(
n
e
(1 − ε)

)p

p!
< C1(1 − ε)−ne

n
e
(1−ε).58



3.5. DECAY OF CORRELATIONSChoose ε so small that θ3 = e
1−ε

e Mε2
(1−ε)γN < 1. This an be done beause of thehoie of N . Then

νΩ{T[εn] > n} ≤
[εn]
∑

p=0

∑

Kp

νΩ(AKp
) ≤

[εn]
∑

p=1

(
n

p

)

3Mp

∞∑

kp=n

( 2

γN

)kp

≤ C2

(

e
1−ε

e M ε2

(1 − ε)γN

)n

= C2θ
n
3 .We use (3.7) to approximate νΩ{R > n}. We hoose k = εn and get

νΩ{R > n} ≤ C2θ
n
3 + θεn

2 ≤ Cθn
1 .We have proved that the return time R deays exponentially. This is notquite what we want. R is the time needed for a piee of Θi to return to some

Θj, but we would need R to be the return time from Θi to Θi. Arguing asin [38℄, we an hoose Θ∗ = Θi for some i suh that the return time R∗ of
Θ∗ satis�es νω{R > n} < Cθn for some θ < 1. This is su�ient to onludeTheorem 3.5.0.3. Note that the SBR-measure onstruted with the method in[38℄ is the same measure as the SBR-measure onstruted in Setion 3.2.
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