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A theoretical treatment of damped oscillations in the transient state kinetics 
of single-enzyme reactions 
Ulf RYDE-PETTERSSON 

Avdelningeii for Biolcenit, Kemicentrum, Lundb Universitet, Swcden 

(Received May l6iJuly 5 ,  1989) - bJB 89 0600 

An extension of the available kinetic theory for reactions in the transient state is presented which establishes 
that single-enzyme reactions may exhibit damped oscillations under the conditions of standard kinetic experiments 
performed by stopped-flow techniques. Such oscillations may occur for reasonable magnitudcs of rlite constants 
in the enzymic reaction mechanism and at physiological concentrations of enzyme and substrate. In the simplest 
reaction systems, the oscillations will be strongly damped and lead to progress curves resembling those of a 
reaction governed by standard exponential transients; statistical rcgression methods may then have to be applied 
for their detection and characterization. The observation that single-enzyme reactions may exhibit oscillatory 
behaviour points to a previously unrecognized possible source of the damped oscillations observed in metabolic 
systems such as the pathways of glycolysis or photosynthesis. 

Present mechanistic knowledge about enzymic catalysis is 
based to a large extent on results obtained by kinetic mcthod- 
ology. The corresponding theory has been the subject of exten- 
sive investigations and several generalized treatments are now 
available to show how experimentally applicable rate 
equations can be derived for enzymc reactions in steady as 
well as transient states [I -51. Since the time dependence of 
enzymic reactions is governed by non-lincar differcntial 
equations lacking a general analytical solution, the applica- 
bility of analytically derived rate equations has to be justified 
by a proper choice of (linearizing) experimental conditions. 
In thc case of steady-state kinetic studies, one examines initial 
reaction velocities using substrate in large excess to enzyme. 
Similar precautions havc to bc takcn in transient state kinetic 
experiments perrormed by stopped-flow techniques to ensure 
that reactions proceed under approximately linear (pseudo 
first-order) conditions. 

Assuming that linearizing pseudo first-ordcr conditions do 
occur, the initial time course of an enzymic reaction will be 
governed by one or several exponential transients [4]. Previous 
dctailcd theoretical treatments have considered only the case 
that rate parameters for the exponential transients are real. 
The possibility cannot be excluded, however, that the transient 
ratc parameters under certain conditions inay be complex, 
such that thc time course exhibits thc characteristics of a 
damped oscillation rather than conforming to an exponential 
first-order process in the standard kinetic sense. 

The occurrence of damped oscillations in biological reac- 
tion systems has received much attention during the last two 
decades [6 ~ 81. Considering the attempts to interpret these 
oscillations in terms of a kinetic coupling between distinct 
en7ymes in metabolic pathways, it is of obvious interest to 
examine if a single-cnzymc reaction may exhibit an oscillatory 
behaviour. The theoretical analysis now prescnted cstablishes 
that such may well be the case. Generalized and specific re- 
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lationships are derived to illustrate the possible behaviour of 
a single-enzyme system in that respect. The implications of' 
the results are discussed with rcgard to the practical evaluation 
and interpretation of kinetic data relating to the transient 
phase of enzymic reactions performed under linearizing exper- 
imental conditions. 

THEORY 

Ceiieral behnviour of' reactions of King-Altrnnn type 

Previous generalized treatments of the kinetics of a single- 
enzyme reaction [4] have been based on the inechanism dis- 
cussed by King and Altman [I], according to which the reac- 
tion involves I I  + 1 enzymic species EXo, EX1,. . . , EX, (includ- 
ing free enzyme). Reaction steps in the mechanism arc as- 
sumed to be either monomolecular isomci-izalions 

or biniolecular reactions between an enzyme-containing 
species and a nun-enzymic reactant R,: 

IC,, in Eqns (1 and 2) represents the ic valucs dcfincd by Wong 
and Hanes [a].  

The non-linear differential equations describing the ki- 
netics of this reaction can be linearized with the assumption 
that non-enzymic reactants are present in large excess to en- 
zyme and that therc is no kinetically significant accumulation 
of reaction products. Under such conditions, concentrations 
of all non-enzymic reactants may be treated as constants and 
one obtains [4] the solution 
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[EX,] = [EX,], t 1 A,,e-"'; r = 0,1, ..., n (3)  

where [EX,]=, denotes thc steady-state concentration of species 
EX,.. A,, and I ,  represent amplitudes and rate parameters, 
respectively, for the exponential transients. The amplitudes 
are functions of the transient rate parameters and of the initial 
state of the system. The transient rate parameters, As ,  are the 
n roots of the characteristic equation [4] 

s -  1 

I n - p n - J - l  + p n - 2 1 " - 2  ...(- l>"-lpln+(-l)npo = 0 (4) 

where the coefficients p r  are sums of products of the true or 
pseudo first-order rate constants JC~,. Since all IC,, are real, the 
rate parameters A, are either real or complex conjugated pairs 

As = as + b,i, I s + l  = a,-b,i ( 5 )  
where a,, b, are real, b, > 0 and i = v - 1 .  Assuming that rn 
is the number of complex-conjugated pairs of transient rate 
parameters, Eqn (3) may be rewritten (after renumbering the 
rate parameters) as 

[EX,] = [EXJm + 

? 

m 

e-as'[C,,cos(h,t) + D,,sin(b,t)] 
8 =  1 

+ A,,e-ls.' (6) 
~ = 2 m + l  

where 

Each term in the first sum of Eqn (6) represents an oscilla- 
tory transient that can be characterized by its period time T = 
2rr/b, and its damping factor a,. The period time is determined 
by the imaginary part and the damping by the real part of 
the corresponding complex-conjugated pair of transient rate 
parameters. 

Existence of oscillations 

Pettersson, in his treatment of the King-Altman mecha- 
nism [4], considered only the case where all transient rate 
parameters are real. To show that such must not necessarily 
be the case, we may examine the kinetic behaviour of the one- 
substrate enzyme reaction 

ki kz k3 

E + S =$ ES + EP e E + P  (9) 

where E, S and P denote, respectively, free enzyme, substrate 
and product. With the linearizing approximations described 
above, we have 

k - 1  k-2 k - ,  

[s] = CS $ CE (1 0) 

[PI = 0 (11) 
where cs and cE denotes the total concentration of, respective- 
ly. the substrate and enzyme. The time dependence of the 
concentrations of enzymic species in Eqn (9) then becomes of 
the form indicated by Eqn (3) with the transient rate pa- 
rameters defined by 

1 
2 I = - (k  1 ~ s  + k - 1 + kz + k - 2 C k3) 

The transient rate parameters will be complex if 

(klcs+k-1 +k2-k-2-k3)'-4k~(klC~ - k - 2 ) < 0 .  (13) 

Since cs and all k, are positive, necessary (but not sufficient) 
conditions for oscillations are 

klcs k-2 (14) 

k3 > k - 1 .  (1 5) 
When klcs = k2 = k3  = k > 0 and k - ,  = k - 2  = 0 we have 

Eqn (16) establishes that oscillations indeed may occur in a 
single-enzyme system. 

Characteristics of the oscillations 

In the general solution given by Eqn (6),  the quotient 
bJa, provides a measure of how much oscillation s is damped 
every period. For the particular reaction defined by Eqn (9) 
it follows from Eqn (12) that 

~~ 

fll v 3  

where the equality holds true if, and only if, 

klcs = k 2  = k3  and k- l  = k - 2  = 0 .  (19) 

Eqn (18) implies that the oscillation is strongly damped, such 
that its amplitude declines to less than lj5000 of its initial 
value within one period. The oscillation, therefore, would be 
expected to be of experimentally detectable magnitude only 
for about one-fourth ofa  full period and, when observed, may 
not be immediately recognized as an oscillation. 

The latter point can be illustrated by examination of the 
kinetics predicted by Eqn (9) when rate constants in the mech- 
anism are of the realistic magnitudes indicated in the lcgend 
to Fig. 1. In this specific case, reactions performed under 
standard initial conditions ([El = cE, and [ES] = [EP] = 0 at 
t = 0) will exhibit an oscillatory behaviour for substrate 
concentrations within the range 0.1 -40 pM, i.e. around the 
K ,  value of 5 pM for the enzymic reaction. Progress curves 
obtaining for enzymic species when cs = 30 pM are given in 
Fig. 1 and show that the concentrations of free enzyme and 
species EP appear to vary monotonously with time, despite 
the fact that they are governed by a transient corresponding 
to a damped oscillation. The variablc [ES], howevcr, exhibits 
a distinct overshoot before it attains its steady-state value. 
Fig. 2 shows that the overshoot exhibited by [ES] becomes 
increasingly pronounced when cs is increased, but also illus- 
trates that there is no immediately obvious difference between 
the progress curves obtained in the oscillatory region and 
those obtained for cs values exceeding 40 pM (i.e. giving rise 
to two exponential transients with real rate parameters). This 
indicates that the detection and characterization of an oscilla- 
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Fig. 1. Oscillatory transients in a single-enzyme reaction. Progress Fig. 3.  Progress curvesfor representative enzymic species in the renction 
curves calculated b y  numerical integration of the differential in Eqn f20).  Curves calculated by numerical integration, using rate 
equations govcrning the reaction system in Eqn (9) using k l  = k -  = constants in Eqns (21) and (22) 

and cs = 30 pM 
1 0 7  ~ - 1 s - 1  ,kl  = k - ,  = 1 s - ' , k ,  = k3 = 100s-',cE = 0.01 pM 

As = k[-1 +cos(~ , )  + isin(&)]; s = 1,2, ..., n (23)  

where 
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Ejfect of substrate concentration on the progress curve for 
( 9 } .  Conditions as in Fig. 1 except that cs was varied 
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tory progress curve requires careful data processing by appli- 
cation of, for instance, non-linear regression methods [9, 101. 

Oscillutions in more complex reaction systems 
Results in the preceding two sections were obtained by 

analysis of the kinetic scheme in Eqn (9). This scheme was 
chosen because it represents the simplest realistic case of a 
one-substrate enzyme reaction [I 11. Similar analysis (with the 
linearizing assumptions cs $ cF and [PI 0) of the extended 
reaction system in Eqn (20), 

ki k2 k 3  kn kn+ 1 

E + S + EX1 $ EX, g _ .__ .  EX, - E + P (20) 
k L 1  k L 2  k - 3  k-, 

establishes that the kinetic characteristics of the latter system 
are largely analogous to those of the system in Eqn (9). In 
particular, the reaction in Eqn (20) may exhibit damped oscil- 
lations for certain values of rate constants and substrate con- 
centrations in the system. The quotient of the imaginary part 
and the real part for each of the complex-conjugated pairs of 
transient rate parameters [Im(d,)/Re(12,)] is always bounded, 
attaining its maximum value when 

2ns 
n f l  

&=-. 

The oscillatory transient corresponding to s = 1 will exhibit 
the largest Im(;is)/Re(.l.s) value as well as the smallest Re(&) 
value. Conscquently, this transient will be the main one 
governing the time-course of the reaction system near the 
steady state. Hence it follows that the oscillatory behaviour 
of the reaction system will become increasingly conspicuous 
with increasing magnitude of n. This is illustrated in Fig. 3 for 
the case that Eqns (20) and (22) occur with n = 4. Under such 
conditions, the oscillation will remain of kinetic significance 
for almost a full period and concentrations of all enzymic 
species in the reaction mechanism will exhibit a pronounced 
overshoot in the approach to the stcady state. 

Approximate relationships between transient rate paranzetcrs 
and rate constantsfor the mechanism 

The transient rate parameters, Al, i,, . . . , A,, for an arbi- 
trary reaction of the King-Altman type are solutions of the 
characteristic Eqn (4). Pettersson [4] described a method for 
the derivation of approximate relationships between transient 
rate parameters and rate constants in the case that the rate 
parameters are real and differ considerably in magnitude. This 
method can be generalized to include also the case of complex 
rate parameters. The assumption that rate parameters 'differ 
considerably in magnitude' then has to be specified as 

(25) 

(26) 

(27) 

Re(A,) < Re(&) < . . . < Ke(A,) 

1111 < li/,l < .. .  < 11"l 
and 

where 

1 is I = V'Re(AJ2 + Irn(iJ2 
(21) 

(22) 

Assuming that Eqns (21) and (22) hold true, all transient 
rate parameters will be complex (except one if 17 is odd) and 
evenly distributed around a displaced unit circle such that 

and where the rate parameters As have been numbered accord- 
ing to their size as defined by Eqn (25). If two roots are 
complex-conjugated, the symbol < describing their inter- 
relationship in Eqns (26) and (27) should be substituted by 
the symbol =. 

Provided that Eqns (26) and (27) apply, the coefficients pr 
in Eqn (4) will be given approximately by 

kits = k2 = .. .  = k,+l = k 

k - ,  = k - ,  = ... = k ,  = 0 .  
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pr = 2Re(i,+J n Jus (28) 
3 = r + 2  

if I.,. and 
otherwise by 

are a conjugated pair of complex roots, and 

n 
p =  I n 1 s  

s = r t l  

Since the coefficients p ,  are known functions of K valucs in 
mechanisms of the King-Altman type, Eyns (28) and (29) 
provide generalized relationships for the interpretation of ex- 
perimentally observed transient rate parameters, whether real 
or not. 

DISCUSSION 
The present investigation establishes that the transient 

approach of a single-enzyme reaction towards the steady state 
may exhibit the characteristics of a damped oscillation under 
standard conditions of kinetic experiments performed by 
stopped-flow techniques. Such tcchniques have becn exten- 
sively applied for several decadcs, but there have been no 
reports of the experimental detection of oscillations in single- 
enzyme systems. (Oscillations have been observed in the reac- 
tion catalysed by peroxidase, but these oscillations origin from 
a complicated systcm of partly non-enzymic reactions [I 11 and 
are therefore of less general interest.) A possible reason for 
this is indicated by the present observation that oscillations 
will arisc only for certain combinations of valucs of rate con- 
stants in the mechanism and over certain ranges of substrate 
conccntrations. Many transient-state kinetic studies may well 
have been directed towards reaction systcms, or performed 
over concentration rangcs, wherc no oscillations may occur. 

On the other hand. it should be noted that the appearance 
of oscillations in reaction systems such as the one in Eqn (9) 
or (20) is favoured by conditions which imply that all forward 
rate constants in the mechanism (including the apparent first- 
order rate constant k,rs for substratc binding) are of similar 
magnitudc and much grcater than rate constants for the reac- 
tion steps in the reverse direction. Enzyme reactions showing 
such characteristics are by no means physiologically unreason- 
able. On the contrary? several investigations have been pre- 
sented which indicate that an evolutionary pressure in the 
direction of higher reaction rates should tend to modify rate 
constants such that the condition expressed by Eqn (21) is 
approached [12, 131. The condition in Eqn (22) depends on 
thc reaction equilibria and will be approached for reactions 
in which the formation of products is thermodynamically 
favoured. Hence it may be concluded, firstly, that evolution 
would be expected to favour a functional design of enzymes 
that allows for the appearance of oscillatory transients. Sec- 
ondly, it follows that the oscillations should obtain over a 
fairly wide range of substrate concentrations that may be 
considered as physiological in the sense that they are of the 
same order of magnitude as the K,,, for the enzymic reaction. 

Considering this, the absence of rcports on an oscillatory 
transient behaviour of single-enzyme reactions scems unexpec- 
ted and points to the possibility that such transients have not 
been recognized as oscillations when actually observed. This 
possibility is favoured by the results in Figs 1 and 2, which 
show that oscillatory transients are not necessarily 
conspiciuous but may readily be mistaken for transients 
governed by real rate parameters. It seems reasonable to as- 
sume that the lack of precedence for an oscillatory behaviour 
of single-enzyme systems has led to neglect of the interprct- 
ational possibility that transients may be characterized by 
complex rate parameters. One may hope that the present 
results will stimulate the search for oscillatory events in single- 
enzyme reactions and lead to modified procedures for the 
evaluation of transient-state kinetic data. The inclusion (as a 
standard routine) of statistical tests to discriminate between 
transients exhibiting real and complex rate parameters would 
seem highly desirable and may be required for unambiguous 
interpretation of the observations made. 

The prcscnt rcsults also have an obvious bearing on the 
origin of the damped oscillations which have been observed 
in multi-enzyme systems [6 - 81 and which usually have been 
attributed to a kinetic coupling between different enzymes. If 
a single-enzyme reaction can oscillate, then the possibility 
exists that these single-enzyme oscillations may extend to the 
pathway as a whole through projection and amplification. 
'This possibility will be considered in a future investigation. 

This investigation was supported by grants from the Swedish 
Natural Sciencc Rcscarch Council. 
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