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Triangulation of Points, Lines and Conics

Klas Josephson and Fredrik Kahl
May 25, 2008

Abstract

The problem of reconstructing 3D scene features from maltiggws with known camera
motion and given image correspondences is considered.isTaislassical and one of the most
basic geometric problems in computer vision and photogratryn Yet, previous methods
fail to guarantee optimal reconstructions - they are eifii@gued by local minima or rely on
a non-optimal cost-function. A common framework for thamgulation problem of points,
lines and conics is presented. We define what is meant by amalgtiangulation based on
statistical principles and then derive an algorithm for pating the globally optimal solution.
The method for achieving the global minimum is based on coavel concave relaxations for
both fractionals and monomials. The performance of the aukth evaluated on real image
data.

1 Introduction

Triangulation is the problem of reconstructing 3D scenéuies from their projections. Naturally,
since it is such a basic problem in computer vision and phatagetry, there is a huge literature
on the topic, in particular, for point features, s€e 13]. The standard approach for estimating
point features is a two-step approach:

(i) Use alinear least-squares algorithm to get an initiheste.

(i) Refine the estimate (so calldmindle adjustment) by minimizing the sum of squares of re-
projection errors in the images.

This methodology works fine in most cases. However, it is-ketwn that the cost-function is
indeed non-convex and one may occasionally get trappedcal lninima []. The goal of this



paper is to derive the statistically optimal cost-functioi [17], and an algorithm which gives the
globally optimal solution with a guarantee. The algorithraynserve as a benchmarking tool for
other methods which are non-optimal. On the other hand, ashaisee, the developed algorithm
shows good empirical performance on real data and it candxfos reliably computing optimal
estimates in a structure from motion system.

In [6], the two-view triangulation problem for points was trehtd he solution to the optimal
problem was obtained by solving a sixth degree polynomikis Was generalized for three views
in [16], but the resulting polynomial system turns out to be of eigh degree and the solution
method based on Grobner bases becomes numerically umst&bken though the state-of-the-
art methods have improved in this areg, [this approach is not generalizable for an arbitrary
number of views. In 1] convex linear matrix inequalities relaxations are useagproximate
the non-convex cost-function (again, in the point case),nauguarantee of actually obtaining
the global minimum is provided. For line and conic featutés, literature is limited to closed-
form solutions with algebraic cost-functions and to locptimization methods, se€]and the
references therein. Global optimization techniques hdse lzeen applied to other problems in
multiple view geometry, se€l.[] as well as the survey papei]|

In this paper, we present a common framework for the trizatgar problem for any number of
views and for three different feature types, namely, poiities and conics. An algorithm is pre-
sented which yields the global minimum of the statisticalhyimal cost-function. Our approach is
most closely related to the work if]f where fractional programming is used to solve a number of
geometric reconstruction problems including triangolatior points. Our main contributions are
the following. First, we show how a covariance-weighted-¢oaction - which is the statistically
correct thing to consider - can be minimized globally. Fomgnéeature detectors, e.g4,[19),
it is possible to obtain information of position uncertginf the estimated features. Second, we
present a unified framework for the triangulation problenpaihts, lines and conics and the cor-
responding optimal algorithms. Finally, from an algoriikbrpoint of view, we apply convex and
concave relaxations of monomials in the optimization frewmrdk in order to handle the Plicker
constraints for line features. To our knowledge, globalroj#ation over the Plicker manifold has
not been done previously in multiple view geometry.

The paper is organized as follows. Section 2 contains a itedaiion on projective geometry
and how points, lines and conics projection can be writtensimilar manner. In Section 3 we give
expressions for the geometrical reprojection error ant skee problem we solve. Further on in
Section 4 the optimization using a branch and bound algarighdescribed, including calculation
of a lower bound for the objective function. In Section 5 enailon of the method is presented



with experiments on three different data set.

2 Projective Geometry

In the triangulation of points, lines and conics, it is essgno have the formulation of the pro-
jection from the three dimensional space to the two dimeradionage space in the same way as
the standard projection formulation used in the point c&se.that reason we begin with a short
recapitulation of the projection of points with a standanthple camera. After that the methods
to reformulate the projection of lines and quadrics intoilsinequations are considered. For more
reading on projective geometry se@.|

2.1 Points

A perspective/pinhole camera is modeled by,
Az = PX, \>0, 1)

where P denotes the camera matrix of sizex 4. Here X denotes the homogeneous coordinates
for the point in the 3D space¥ = [U V W 1]T, andz denote the coordinates in the image plane,
r = [uv 1]7. The scalan can be interpreted as the depth, heice 0 if the point appears in the
image. This property is useful in the optimization perfodhirethis paper.

2.2 Lines

Lines in three dimensions have four degrees of freedom -eaidimetermined by the intersection
of the line with two predefined planes. The two intersectiom{s on the two planes encode two
degrees of freedom. Even if lines only have four degreeseefdom, there are no universal way of
representing every line ii*. One alternative way to represent a line is to use Plickerdioates.
With Pliicker coordinates, the line is represented in an éigher dimensional spa@. The over
parameterization is hold back by a quadratic constrairittths to be fulfilled for every line.

The Plucker coordinates to a line in three dimensionalesjgaa be obtained from the Plucker
matrix,

L =ABT — BAT, (2)

where A and B are two arbitrary 3D points in homogeneous coordinates etitie. It is easy to
see thatl is a skew-symmetrid x 4 matrix. Further on are the six Pliicker coordinates defirsed a
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the elements
E - {l127l137l147l237l427l34} (3)

of L.
From the fact thal. has rank and hencelet L = 0 it follows that the coordinates satisfy the
constraint
Liglsg + liglag + l4log = 0. (4)

The Plucker coordinates are also easy to deal with whengohgutoordinate systems. If a
points X transforms according t&’ = H X, the construction of the Plucker matrix gives,

L' = (HA)(HB)" — (HB)(HA)" =
= H(AB")H" — H(BA")H" = (5)
= H(AB" — BA"YH" = HLH™.

Thus the Plucker matrix transforms Bs= H LH?'. Further, it is easy to show that the coordinates
are independent of the choice of points defining the line.

One advantage with the Plucker representation of linekas it is possible to construct a
Plucker cameraf, that makes it possible to write the projection formula imnailar way as in the
point case. The Pliucker camera equation looks like,

N =PL, (6)

L

whereP is the so called Pliicker camera. The Plucker camera isidgiye

P2 A\ 3
B=1 psApr | (7)
p1 A\ D2

wherep! denote the rows of the point camera matrix antp; denotes the Plicker line constructed
by p; andp;. The Plucker camera is hence a 6 matrix with elements that are quadratic in the
elements of the standard camera matrix. Furthdenotes the projected image line, represented
by a3 x 1 vector.

One difference, however, in the projection equation foedicompared with that of points is
that it is not possible to interpret the scalas depth.

1Alternative definitions are also used.



2.3 Conics

As for lines, we are interested in writing the projection aftaadric to an image conic in the form
of the projection formula for points. Before that we first makshort recapitulation on conics and
quadrics.

A general conic in the plane is defined by the quadratic form

alex = 0. (8)

Herex are points in homogeneous coordinates on the edge of the aodi is a3 x 3 symmetric
matrix. In a similar manner a quadric in space is defined byjtregratic form,

XTCcx =o, 9)

whereX is a point in homogeneous coordinates ahd4 x 4 symmetric matrix.

When quadrics are projected through a pinhole camBraq it a lot easier to work with the
duals to the conics and quadrics. These duals are the emgetdphe structures. For conics, the
envelope consists of lines and for quadrics, the envelopsisoof all planes tangent to the quadric
locus. Provided the quadrics and conics are non-degenerstecan show that the equations for
the duals are

UTLU =0, (10)

whereU are homogeneous plane coordinates And C—1. Similar for conics, one gets
ullu =0, (11)
whereu are homogeneous line coordinates ardc~!. The projection for the envelope forms are
M = PLPT X\ #0. (12)

Now we want to reformulatel@) so it appears in a similar form as the point projection folanu
This is indeed possible.

Lemma 2.1. The projection of a quadric,
M = PLPT, (13)

can bewritten
M =PL. (14)

where [ and L denote column vectors of length 6 and 10 obtained from stacking the elementsin [
and L. 2, isan 6 x 10 matrix. Theentriesin F, are quadratic expressionsin P.
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Proof. Equation (3) can be written as a tensor produkt,= (P® P)ﬁ, wherel andL denote the
stacked columns dfand L. Due to the symmetry ihand L it can be rewritten asl{). O

As for the line case, it is not possible to make the interpi@tahat the scalak of the projected
conic corresponds to the depth.

3 Triangulation

In triangulation the goal is to reconstruct a three dimemsiccene from measurements/in
images,N > 2. The camera matrice8, i = 1... N, are considered to be known for each image.
In the point case, the camera matrix can be writter: (p1, p2, p3)*, wherep; is a4—vector. Let
(u,v)” denote the image coordinates akid= (U, V, W, 1)T the extended coordinates of the point
in 3D. This gives the reprojection error

T T

p1 X pQX)

r=|u-— , U — . (15)
< p3X p3X

Further,zi\;1 ||l7:]|3 is the objective function to minimize if the smallest regtjon error is to be
achieved inL,-norm. To use the optimization algorithm proposed in thisgrgsee next section),
it is necessary to write the error in each image as a ratiomaition f /g wheref is convex andg;
concave.
The residuat in (15) can be rewritten as
o (uyosTX —piX vpsX —ng)
X 7 piX ’

(16)

is it easy to see that thig,-norm of the residual can be written jag|? = ((a” X)?+ (b7 X)?)/(pI X)?,
wherea, b are4-vectors determined by the image coordinates and the elsroéthe camera ma-
trix. By choosingf = ((a” X)? + (b7 X)?)/(p% X)) (with the domaip! X > 0) andg = p! X, one
can show thaff is indeed convex angl concave. It is straight forward to form the same residual
vectors in the line and conic cases - the only differenceasttie dimension is different.

3.1 Error Distribution

In the remainder of this paper, it will be assumed that thereron the residual elements are
Gaussian. This is true when triangulating points given thaterrors that appear in the image
plane are normally distributed. For lines and conics thisnat be entirely true §] but we argue
that it is an good approximation when the magnitude of thersris small.
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Figure 1: The distributions of the errors in the two residual line case when Gaussian noise is
added to 21 sample points of the true line. A Gaussian digtab is overlaid to the histogram to
compare with.

In order to validate this claim, the following experimentere performed: 100,000 random
images were created consisting of one conic and one lineséelrsguctures were than sampled
with 21 and 63 points for the line and the conic, respectiv@lgussian noise was then added to
these points with a standard deviation corresponding topixed in an image with a resolution
1000 x 1000 pixels. In the next step, a line and a conic were fitted to thpsets using least-
squares. In the line case, the scale was adjusted such ¢éfasstitwo coordinates have a norm of
one and translated such that the distance to the origin wasnoorder to avoid passing through
the origin (since this would mean that the third coordinateild be zero).

As can be seen in Figurethe elements in the line vector residual is not perfectlymaly
distributed but it is an good approximation. In the conice;asigure2 shows that two of the
elements are closer to be perfect normally distributed sé&lvo elements correspond to the center
of the conic divided by a scale factor. The other three elésmare close to normal distributions
even though they are not as close as the other two.

3.2 Incorporation of Covariance
The residual vectorl) may in dimension independent notation be written

o (T X —piX Tnaph X —ph X
pfx Y pEX '

(17)
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Figure 2: The distributions of the errors in the five elemasitthe conic residual vector when
Gaussian noise is added to 63 sample points. A Gaussiaibdi&in is overlaid to the histogram
to compare with.

The statistically optimal cost-function is to weight thesicual vector by its covariancée ] (at
least to a first order approximation). Incorporating caaace weighted error transforms to,

oo (5|

wherelL is the cholesky factorization of the inverse covariancerixéb the structure in each im-
age. Notice that we have chosen to normalize by the last swisdand in that case the covariance
becomes & x 2 symmetric matrix in the point and line cases an@:a 5 in the conic case. The
reason why the covariance matrix is one dimension lower thammage vector is that there is no
uncertainty in the last element of the extended image coates.

3.3 Problem Formulation

For the triangulation of points, lines or conics, the optation problem to solve can be formulated
as follows:

min Z | Liri || (19)
i=1



The only thing which differs (except for dimensions) in th#etent cases is that in the line case
it is necessary to fulfill the quadratic Plicker constrétfor the coordinates of the three dimen-
sional structure.

4 Branch and Bound Optimization

Branch and bound algorithms are used to find the global optirffar non-convex optimization
problems. The result of the algorithm is a provable upperlaweér bound of the optimum and it
is possible to get arbitrary close to the optimum.

On a non-convex, scalar-valued, objective functioat the domair), the branch and bound
algorithm works by finding a lower bound to the functidron the domair®),. The lower bound-
ing function should ideally be a convex function to make isgible to find a minimum reliably. If
the difference between the optimum for the bounding fumctind the lowest value of the function
® - calculated so far - is small enough, saythen the optimum is considered to be found. Oth-
erwise the domain, is splitted into subdomains and the procedure is repeatdtse domains.
The algorithm repeats until the gap between the boundingtiium and the value of the objective
function is smaller than the predefined valueHence, the global optimum is attained within a
presete > 0 which can be chosen arbitrarily small.

If the lower bounding function on a subdomain has its minintugher than a known value of
the objective function in another subdomain, it is possibleeglect the first subdomain since we
know that the optimum in that region is greater than the Idwakie obtained so far.

4.1 Bounding

The goal of the bounding functiohy, is that it should be (i) a close under-estimator to the odbin
objective function® and (ii) easy to compute the lowest valig in a given domain. For practical
reasons, convex functions are good candidates as boundiwsgdns. Further, as the domain of
the bounding functions is partitioned into smaller regidhg approximation gap to the objective
function must converge (uniformly). A good choice ®f is the convex envelope, defined as
follows.

Definition 1 (Convex Envelope)Let f : S — R, whereS C R" is a nonempty convex set.
The convex envelope gf over S (denotedconvenv f) is a convex function such that convenv
f(z) < f(x) V2 € S and {i) for any other convex function, satisfyingu(z) < f(x)Vz € S,
we haveconvenv f(x) > u(x)Vz € S.



In Figure3, an example of a convex envelope of a one dimensional funidiplotted.

f(x)

Figure 3: lllustration of the convex envelope; the blueddhe is a functionf(x) and the dashed
red line is its convex envelogmnvenv f(z).

The concave envelope is defined in a similar manner. It camdf hard to compute the convex
envelope (or concave envelope), in fact, it may be as hardraputing the global optimum itself.

4.1.1 Fractional Relaxation

Fractional programming is used to minimize/maximize a sim» 1 fractions subject to convex
constraints. In this paper we are interested of minimizing

p
min filx)
’ i=1 gi(z)
subjectto =z € D,

(20)

where f; andg; are convex and concave, respectively, functions fi®fm— R, and the domain
D C R™is a convex set. On top of this it is assumed tfiaand g; are positive and that one
can compute a priori bounds ghandg;. Even under these assumptions it can be shown that the
problem is\“P-complete f].

Instead of studying equatior2@ more let us rewrite it. Assume that we have bounds on
the functionsf;(z) andg;(z), where the intervals arg;, u;] and[L;, U;], respectively. Let the
2p-dimensional rectangl,, u;] x --- x [l,, u,] x [L1, Uy] x --- x [L,, U,| be denotedyy.
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With auxiliary variables = (¢y,...,t,)" ands = (sy,...,s,)" it can be showed that the global
optimum to @0) is identic as to the following optimization problem,

p
. t;
D D 1)
subjectto fi(z) <i; gi(z) > s;
xeD (t,8) € Qo.
In [18] it has been shown that the problem of finding the convex epeeto a single fraction

t/s as the parts in the sum i2Y), wheret € [l,u] ands € [L, U], is given as the solution of the
following Second Order Cone Program (SOCP):

t
convenv{—} = minimize r (22)
S
. 2V
subject to Vi <7+
' —
2(1— A\
(1= MVu <r—4s_
r—r' —s+s

AL < s < \U (1-NL<s—s<(1-NU
r" >0 r—r' >0
[ <t<u L<s<U

where\ = Z—:t for ease the notation andr’, s’ are auxiliary scalar variables.

When® is a sum of ratios as in2() a bound for the function can be calculated as the sum
of the convex envelopes of the individual fractions. Whemsarizing the convex envelopes the
sum will, however, generally not be the convex envelope édtimction. Still the function will be
a lower bound and it fulfills the requirements of a boundimgction. This way of calculating,
by solvingp SOCP problems can be done efficiently]

A more exhaustive description on fractional programmingnutiple view geometry can be
found in [9] where point triangulation (without covariance weighfingtreated.

4.1.2 Monomial Relaxation

In the line case the Plucker coordinates have to fulfill thiecker constraint4). This gives extra
constraints in the problem to find lower bounds.

11



If we make the choice in the construction of the Plicker dowtes that the first point lies on
the planez = 1 and the second on the plane= 0, remember that the Pliicker coordinates are in-
dependent of the construction points, the two paitits: (z;, o, 1, 1)T andY = (y1, vo, 0, 1)
gives the following Plucker coordinates for the lirg3),

L = (11Ys — Toy1, —Y1, T1 — Y1, —Y2, Y2 — T2, 1)T. (23)

This parameterization involves that the last coordinatmesand that only the first one is nonlinear
to the points of intersection. Thanks to this it is only neeeg to make a relaxation of the first
coordinate (in addition to the fractional terms).

The choosen parameterization does not work if the line ialfgto the plane: = 0. If this is
the case we change the coordinate system.

In [14] the convex and the concave envelopes are derived for a miahgp,. The convex
envelope is given by

U .U U, U
_|_ —
convenv(y;ys) = max ylyQL ylLyQ yzyi : (24)
Y1¥Ys T Y1'Y2 — Y1'Y2
Similarly the concave envelope is
L, U U, L
. + -
concenv(y;ys) = min yly?] ylLy2 ?J1L y?] . (25)
Y1Ys tY1Y2 — Y1'Ys

Given bounds ony, 5, y; andy, in the parameterization of a line, it is possible to propaghée
bounds to the monomials i, andxsy;.

4.2 Branching

It is necessarily to have a good strategy when branchingbditbstrategy is chosen the complexity
can be exponentially but if a good choice is made it is posgibbachieve a lower complexity - at
least in practice.

A standard branching strategy for fractional programmiijgq to branch on the denominator
s; of each fractional termy /s;. This limits the practical use of branch and bound optinidrato at
most about 10 dimensions] but in the case of triangulation the number of branchingatisions
can be limited to a fixed number (at most the degree of freeddhe@eometric primitive). Hence,
in the point case is it enough to branch on three dimensiartggi line case four and in the cases
of conics nine dimensions maximally.

12



In the line case, we choose not to branch on the denomindtmtead the coordinates of the
points where the line intersect with the planes- 0 andz = 1 are used for the parameteriza-
tion (4.1.2. This gives four dimensions to split at, independent of ihenber of images. It is
also important to choose a coordinate system such that timenmeal values of these parameters
are kept at a reasonable magnitude. When the decision ohwaatangle to split is taken there
are two choices to make. The first is on which dimension td aplil the second where to split in
the chosen dimension. A reasonable pick of dimension is tieevath the largest interval. The
decision to split can be made in several different ways. Qteergtive is to make use of the bound-
ing function. The hypothesis is that the domain with the munin bounding function is the best
candidate for the minimum of the objective function. To getyaod estimation as possible close
to that point the splitting location can be chosen close ¢ontimimum of the bounding function.
Another way to split is to split the dimension into two equalts. Both these splitting procedure
can be shown to be convergent.|

4.3 Initialization

It is necessary to have an initial domaih for the branch and bound algorithm. The method
used for this is similar in the point and conic case but déferin the line case due to the Plicker
constraint.

4.3.1 Points and Conics

In order to get a bound on the denominators, we assume a bauhd amaximal reprojection error.
Thus the bounds are constructed from a user given maximatdjegpion error. The bounds on the
denominatorg;(x) can then be calculated by the following optimization prafle

fori=1,...,p, min/max g;(z) (26)
subject to fi(z) <v jg=1,...,p,
9;(x)

where~ is the user given bound on the reprojection error. This isaloatic convex programming
problem. In the experiments,is set to 3.

4.3.2 Lines

In the case of lines, the Plicker constraint makes thingsradre problematic. Instead we choose
a more geometric way of getting bounds on the coordinatdseatito points defining the line.

13



For each image linewe first set the scale such that the norm of the first two coatdsequals
one and then we make a translation to avoid the line to passighrthe origin. Two parallel
lines (; andl;y) are then constructed with pixels apart (one on each side®f Then, we make
the hypothesis that the two points defining the optimal 32 lwith our choice of coordinate
systems) are located on the planes 0 andz = 1, respectively. Now, in order to find bounds on
x1, T2, Y1, Y2, SEE equatiorn2B), we need to solve the optimization problems,

max/min T
subjectto 1, PX <0 (27)
I5PX >0,

whereX = [xy, 15,0, 1]" and the corresponding fg¢ with X substituted td” = [y;, 32, 1, 1] .
Again, it is important to choose the coordinate system shahthe planes = 0 andz = 1 are
located appropriately. In addition, to avoid getting an auntded feasible region, the maximum
depth is limited to the order of the 3D point furthest awaytha experiments, we setto 5 pixels.

5 Experiments

The implementation is made in Matlab using a toolbox calle®@&Mi [17] for the convex opti-
mization steps.

The splitting of dimensions has been made by taking advardéthe information where the
minimum of the bounding function is located, as describeSantion4.2.

While testing the various cases, we have found that the agtax performed in the line case
- a combination of fractions and monomials - the bounds ord#reminators is a critical factor
for the speed of convergence. To increase the convergeresl sp local gradient descent step
is performed on the computed solution in order to quicklyagb®& good solution which can be
employed to discard uninteresting domains.

Two public sets of real datavere used for the experiments with points and lines. One of a
model house with a circular motion and one of a corridor withastly forward moving camera
motion. The model house has 10 frames and the corridor 1Thelsettwo sequences there were
no conics. In Figurel samples of the data sets for points and lines are given. A tkal data
sequence was used for conic triangulation, see Fi§ure

2http://www.robots.ox.ac.uk/vgg/data.html
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Figure 4: Image sets used for the experiments.

Points and lines were reconstructed and then the reprofeetrors between different methods
were compared. The other methods compared are bundleraépisand a linear method][ The
covariance structure for the lines was computed by fittingeio measured image points. In the
reconstruction only the four first frames were used. In theskascene, there are 460 points and in
the corridor 490. The optimum was considered to be founceip between the global optimum
and the under-estimator was less than 10 %. The resultseserged in Tablesand?2.

Data set| Optimal Bundle Linear

Mean Std| Mean Std| Mean Std
House | 0.15 0.14| 0.15 0.14| 0.16 0.15
Corridor| 0.13 0.11| 0.13 0.11| 0.13 0.11

Table 1: Reprojection errors for points with three diffdrerethods on two data sets.

Data set| Optimal Bundle Linear

Mean Std| Mean Std| Mean Std
House | 1.40 0.92| 1.41 0.93] 1.62 1.03
Corridor| 3.42 4.29| 3.30 4.34] 4.02 5.45

Table 2: Reprojection errors for lines with three differerdthods on two data sets.

In the house scene, the termination criterion was reachredd in the first iteration for all
points and for most of them the bounding functions was veogelto the global minimum (less

15



than the 10 % required). In the corridor scene, the averageauof iterations were 3 and all
minimas were reached within at most 23 iterations.

In the line case, the under-estimators works not as well #seipoint case. This is due to the
extra complexity of the Plucker coordinates. This make®ettessary to perform more iterations
before itis possible to state that the global optimum ismedavithin a given certainty. In the house
scene with the circular camera motion the breakpoint ishregevithin at most 120 iterations for
all the tested 12 lines. However, for the corridor sequenteaweaker camera geometry (at least
for triangulation purposes) it is not even enough with 5@@ations for 6 of the tested 12 lines.
Even if a lot of iterations are needed to certify the globatimium, the location of the optimum in
most cases is reached within less than a handful of iteration

It can be seen in Tablesand 2 that both a linear method and bundle adjustment work fine
for these problems. However, in some cases the bundle atgasteprojection errors get higher
than the errors for the optimal method. This shows that muadjustment (which is based on
local gradient descent) sometimes gets stuck in a localmmimi. The opposite also occurs in
some cases: bundle adjustment gets better results thamptineabmethod. The reason for this
is twofold. The first reason is that a threshold is used in @l method for the gap between
the optimal value and the found value of the objective fuorctiThis gap is fixed to 10% in our
experiments which leaves a margin. The second reason ithikahargin of error is not attained
in all line experiments where we instead reach the maximaration number.

The result can also be seen in Figrerhere two lines from each data set are compared with
reprojected line.

5.1 Conics

For conics, some example images can be found in Figwih marked image conics. The covari-
ance structure was estimated by fitting a conic curve to nedsonage points. The corresponding
3D quadrics were first computed with the optimal and a lineathmd. The result of the reprojected
conics from these two methods are imaged in Figure

The number of iterations performed to reach the global mimmwith a gap less then 5 % of
the bounding function for the three conics were 3, 6 and 14.ca@sbe seen from the images,
the quadrics in the data set are planar and hence the conditiober of the correspondingx 4
matrix should be zero. For the three estimated quadrics thé@hoptimal method, the condition
numbers aré.2-1073,3.7-10~" and8.8 - 10~5. This can be compared with the result for the linear
estimate with condition numbers 8f7 - 1074,4.1 - 10~° and1.1- 10~%.
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(@) (b)

Figure 5: The result from reprojection of lines. The greeshaal line is the original and the red
solid line is the reprojected. Image (a) is from the housese@nd (b) is from the corridor.

The result of the optimal method was also compared with kuadjustment. In the local
optimization the result of the linear method were used dgli@ation. The norm of the residual
from the three estimated quadrics are shown in Ta&blés can be seen there the result of the
optimal method and bundle adjustment is identical. Thiswsthat bundle adjustment reached the
global optimum in all the experiments.

Conic #| Optimal | Bundle | Linear
1 39.5 39.5 1190
2 5.00 5.00 160
3 15.3 15.3 2660

Table 3: The norm of the residuals when quadrics were reaastst. It is obvious that the linear
method isn’t good enough and that bundle adjustment redbkagobal optimum.

Figure7 (a) shows the reprojected conic compared with the origimabhe of the conics. The
fitting is very good and it is obvious from Figurgb) that the linear result is far from acceptable.
In part (c) of Figure7 a comparison of the optimal method and bundle adjustmeittaens. As
can be seen there the result is almost identical.
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Figure 7: The result of the reprojected conics of the datandeigure6. In image (a) a part of the
reconstruction with optimal method is viewed. The lightegrdine is the reprojection and the dark
red the original conic. In (b) the red lines are the repropecafter linear method and the white
when the optimal method were used. In (c) the image in (b) é&d in. The added blue dashed
line is the result from bundle adjustment initialized wilke tresult from the linear method (red), as
can be seen this line almosst perfectly coincide with thelt@&®m the optimal method.

6 Discussion

A unified treatment of the triangulation problem has beeridesd using covariance propagation.
In addition to traditional local algorithms and algorithivased on algebraic objective functions,
globally optimal algorithms have been presented for ttegulation of points, lines and conics.
For most cases, local methods work fine and they are gendaaligr in performance. However,
none of the competing methods have a guarantee of globality.
The performed experiments show that bundle adjustmentswwedl. This conclusion may

come as no surprise. It has already been observed in theiemoease for pointsd]. Now it is
shown that this is true for any number of views for point feasu Perhaps the main contribution
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of this paper is to serve as a benchmarking algorithm of algorithms since it gives a way to
evaluate the performance of other methods.

A future line of research is to include more constraints meRktimation process, for example,
planar quadric constraints. This opens up the possibdiperform optimal auto-calibration using
the image absolute conic. An other line of research is to avpicomputational efficiency for
global optimal triangulation problems.
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