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Symbol Time Offset Estimation in Coherent OFDM Systems

Daniel Landstrom, Sarah Kate Wilson, Jan-Jaap van de Beek, Per Odling, and Per Ola Borjesson

Abstract—This paper presents a symbol time offset estimator prefix in the OFDM symbol, intersymbol interference (1SI) and
for coherent orthogonal frequency division multiplexing (OFDM) intercarrier interference (ICl) can be avoided [7]. Most coherent
systems. The estimator exploits both the redundancy in the cyclic oEp\ systems transmit pilot symbols on some of the subcar-
prefix and available pilot symbols used for channel estimation. The riers to measure the channel attenuations. Both the cvclic prefix
estimator is robust against frequency offsets and is suitable for use . . . > ] y P
in dispersive channels. We base the estimator on the maximum- and the channel estimation pilots contain information that can
likelihood estimator for the additive white Gaussian noise channel. be used to determine the symbol start.

Simulations for an example system indicat_e a system performance  Assume that one transmitted OFDM symbol consistsVof
as close as 0.6 dB to a perfectly synchronized system. subcarriers of whichV,, are modulated by pilot symbols. L&t

Index Terms—Communication system, delay estimation, multi- denote the set of indexes of ti#, pilot carriers. We separate
carrier, orthogonal frequency division multiplexing (OFDM), syn-  the transmitted signal in two parts. The first part contains the
chronization, time estimation. N — N, data subcarriers and is modeled by

1 j2mkn/N
I. INTRODUCTION s(k) = JN Z Tyl 270 @)

L . nC(0,....,N—1}\T
OST coherent orthogonal frequency-division multi-

plexing (OFDM) systems, such as the Digital Videgvherea:n is the data symbql transmitted on thth subcarQrier,
Broadcast (DVB) system [1] and the Broadband Radio Acceg%mg somz constellatlc_)n with a\_/leragebenej@y: B {c|i$7i| d}b
Network (BRAN) [2], use pilot symbols to estimate the channJI e second part contains té, pilot subcarriers, modeled by
[3]. In this paper, we present a method to use these pilot m(k) = 1 Zp oi27kn/N @)
symbols for symbol time synchronization in conjunction with VN "

nCY
the redundancy present in the cyclic prefix [4]. Though the . . .
synchronization algorithm in [4] performs well without pilots,wherep" is the pilot s%/mbol t2ransm|tted on theth subcar-
r. We assumé {|p,|?} = o2, although some systems use

performance can be improved by using channel estimati fi ) K .
pilots also for synchronization, yielding a more accurate es oosted pilots [1]. (Itis straightforward to extend our method to

mate of the time offset. Synchronization is a critical problem iﬂccommodate_ boosted pilots.) . . : .
In the following,we assume an additive white Gaussian noise

OFDM systems, and the effects of synchronization errors ) : . . X
y y a(rA?\NGN) channel, not introducing any time dispersion, and we

documented in, e.g., [5]-[7]. del th ved si 1
First, we derive the maximum-likelihood (ML) estimator foyMOdel (e receive signa(k) as

a symbol time offset in coherent OFDM systems. It is based r(k) = s(k—0) +m(k —6) +w(k) 3
ona sw_tably ghosen model of the OFDM symbol, ?mphaSIZ”x)\%eree represents the unknown integer-valued time offset and
the cyclic prefix redundancy and the presence of pilots, but dis-,

: . ; : w(k) is additive complex white zero-mean Gaussian receiver
regarding channel dispersion, frequency offset, and signal cor : . .
Two properties of the received signal

X . ; ) . noise with variancer2.
relation. This estimator’s performance is, however, very sensi: Lo s o .
: o : . allow for the estimation of: the statistical properties &f k)
tive to variations in the carrier frequency. Based on knowledge S g
. . . nd the knowledge of.(k). We simplify the statistical proper-

about how to jointly estimate time and frequency offsets when . . .

. . ; les of s(k) so that we can derive a tractable estimator. First we
not using pilots [4] we make aad hocextention of the ML es-

. . . : ssume that the time-domain sigrét) is a Gaussian process
tlmatpr that is robust against frequency offsets and suitable %ﬁh varianceao?, wherea = (N — N /N). In an OFDM
practical systems. e

system with a reasonably large number of data-carrying subcar-
riers(IV, < N), s(k) has statistical properties similar to a dis-
crete-time Gaussian process (by the Lindeberg theorem [8, pp.
In OFDM systems, the data are modulated in blocks by mea3®88-369]). Secondly, as in [4], we make simplifying assump-
of a discrete Fourier transform (DFT). By inserting a cyclitions about the statistical properties of the correlation(éf).
In systems employing a cyclic prefix, the tdilsamples of the
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number of pilots is small. So, while we do model the correla
tion due to the cyclic prefix, we disregard any other correlatiol
between time-symbols.

Since the noise is zero-mean Gaussian and the pilot sigr.so
m(k) is a deterministic signal which is known at the receiver
the modeled received signa{k) is also Gaussian with time-
varying meann (k) and variancewo2. Based on the simplifying
assumptions above, the autocorrelation becomes

1, k=l
) p, k—I=-Nke[6,6+L-1]
Cp(k';l)— P, k—l:N,l€[9,9+L—1] (4)
0, otherwise
where
ao? aSNR . . .
r= aol + ol T aSNR + 1 ®) 20 40 ) 80 100 120 140

time (samples)

2 2
andsNR = o /0 Is the signal-to-noise ratio. Fig. 1. The ML estimator statistics in an AWGN channel. Contribution from
Based on this correlation structure and on the knoWledget cyclic prefix \CP(Q (top), contribution from the p||0t3\ ) (middle),

the time-varying meam(k), we now derive an estimator of theand the resulting log-likelihood functiof(¢) (bottom). One OFDM symbol
time offseté, using data from one received OFDM symbol. (VN + L) is 144 samples and the SNR is 8 dB.

. TIME OFESETESTIMATION 128 supcarriers _and a _cyclic prefix of 16 samples. Every_fifth
] ] ) ] _ subcarrier contains a pilot symbol. For an SNR of 8 dB, Fig. 1
We derive the ML estimator of the time offsetby investi-  gows the contributiond..,,(8), A,(8) and the log-likelihood
gating the log-likelihood function df, i.e., the joint probability f,ction A(6). The function A.,(8) essentially correlates
of the received sampleg) given®, samples spacely samples apart, thus identifying the position
A(6) = Pr{r(})|6}. 6 of the cyclic pr_eflx, and |t_s contrlbuthn gives an qnamb_lguous
but coarse estimate. While the functian(§) contains a filter

The ML time offset estimaté is obtained by maximizing the matched to the pilots and its contribution has very distinct

log-likelihood function over all possible values &f peaks, by itself it would yield an ambiguous estimate because
~ the evenly spaced pilots result in many correlation peaks. To-
Oy = arg mélx{‘\(e)}' 7) gether, however, the properly weighted contributions yield an

unambiguous and distinct peak in the log-likelihood function.
The peaks ofA,(#) fine-tune the coarse estimate based on
A(0) = pAcp(6) + (1 — p)A,(6) (8) Acp(f).
For a large SNRp = 1), the estimate is mainly based on
the cyclic prefix redundancy, whereas for a low SR~ 0)
6+L-1 the estimate relies more on the pilot symbols. If the transmitted
Acp(f) = Re { >t kr(k + N)} signal does not contain any pilot symbols, thén= 0, m(-) =
k=6 0, andp = SNR/SNR + 1. In this case, the ML estimator (8)

In Appendix A, A (#) is shown to be

where

p Ry reduces to the estimator in [4], which only exploits the cyclic
) Z )+ Ik + V)P prefix redundancy.
k=6
reflects the redundancy in the received signal due to the cycfic A Robust Estimator
prefix and Most communication systems experience some fine error in

the estimate of the carrier frequency [7]. That is, the received
)} signalr(k) will have the form

Ay(8) = (1+ p)Re {27

= (s(k — 0) +m(k — 6)) />N L (k) (9)

O+L—1 r(k)
—pRe { Z (r(k) +7r(k + N)"m(k — 9)} wherele| < 0.5. Frequency offsets or channel phase variations
k=6 will cause the phases of the complex-valued moving sumsin (8)
reflects the information carried by the pilot symbols, witac- to appearin arandom manner and resultin anincreased variance
cording to (5). in the estimator. Therefore, we propose a robust estimator based
The estimator (7) weights the information carried by then the ML estimator (7) which we modify in two ways. First,
signal’'s redundancy and the pilot information depending as in [4], we take the absolute value of the terms in the log-
the value ofp, which is based on the SNR and the number dikelihood function instead of the real part, thus preserving the
pilots. Fig. 1 illustrates this for an example OFDM system withonstructive contribution of the peaksA{#). Secondly, since
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Fig. 2. Sensitivity to frequency offsets in an AWGN chan®élR = 10 dB,

N =128,L = 16, 1 pilot every 32nd subcarrier (total:4pi|otsubcarriers),angig. 3. The performance in an AWGN channel, with and without a 4%

Sﬁl‘i_: 5 dB. The reference estimator [4] (coarsely dashed), the ML estimatf?équency offsetN = 128, L = 16, 1 pilot every 32nd subcarrier (total: 4
(7) (fine dashed line), and the robust estimator (10) (solid line). The botto[gnot subcarriers), an8NR = 9 dB. Note that the curves for the robust and

figure is a magnification of a part of the top figure. reference estimator are almost on top of each other.

the SNR may not be known at the receiver, we design a generic

estimator assuming a fixed SNR, which we denote WiR. N an AWGN channel a§NR = 10 dB. Even for small carrier
Our robust estimator then becomes frequency offsets, the performance of the ML estimator (dashed

~ . . line in Fig. 2) decreases significantly. The ML estimator is so

brir, = arg max {ﬁAcp(H) +(1- ﬁ)Ap(e)} (10)  sensitive to this distortion that it is of little value in many prac-

] ] . o tical systems. For example, the estimator from [4] (reference es-
where is a fixed design parametgr = «SNR/aSNR+ 1,  timator, dash-dotted line) performs better under frequency off-
and sets larger than 0.2%. The estimator (10) is robust against fre-

. P+L—-1 . K o+L-1 ) , duency offsets. In Fig. 2 (solid line), we see that its variance is
Aqp(0)=| > r*(k)r(k+N) 5 > P +Ir(k+ NI aimost constant, and lower compared to the other estimators, for
k=6 k=6

a large range of frequency offsets.

Fig. 3 shows the variance of the estimators in an AWGN
channel with two different fractional carrier frequency offsets.
With no frequency offsete = 0), the ML estimator and the

Rp(6) =(1+ )

> v (kym(k - 6)

o+L—1 . . . .
. * ad hocestimator, using pilots, have superior performance com-
- (k) +r(k+N k—06)|. ’ ) R )
P kZ:G (r(F) + vk + N))" m( ) pared to the reference estimator. As expected, in this environ-

. . . . . ment, the ML estimator performs best, but the robust estimator
The estimator differs from the estimator in (7) only in the abn P

. X o ~ “Mas only a small performance loss. For SNR values larger than
solute values and the generic c_h0|ce of the welghtm_g faptor,5 dB, the robust estimator is within 1 dB of the ML estimator
Note that the robust estlmator is not ML, although it has boWith c—0.
rowed ideas from ML estimators (see (7) and [4]). When applying the estimators in an environment with a fre-
quency offset, the performance of the ML estimator decreases
significantly, as also previously seen in Fig. 2, while the pro-

We use simulations to evaluate the estimators’ performang®sed robust estimator does not. For SNR values above 7 dB,
both in the AWGN channel (one-tap channel with Gaussidhe proposed estimator is substantially better then the other es-
noise) and in a dispersive channel, showing the variance of tieators for a frequency offsets ef= 4%.
estimates and uncoded symbol error rate. In all simulations, weThough the robust estimator was derived assuming an
use the estimator from [4], which is based only on the cycl®WGN channel, it will be used in practice in a dispersive
prefix partA., of (8), as our reference estimator. The simuehannel. The symbol error rate of a system employing the
lations are based oV = 128 subcarriers, the design SNR,estimators in a dispersive channel is shown in Fig. 4. The
SNR = 9 dB, and a simulation length of 432000 OFDM symsystem uses a 4-PSK signal constellation and has the same
bols. For the AWGN channel, we have used a cyclic prefix gfarameters as in the AWGN simulations but with a cyclic prefix
L = 16 samples, 1 pilot every 32nd subcarrier (4 pilot subcaof L = 8 samples and 1 pilot every 5th subcarrier. The channel
riers in total), and for the dispersive channel we have 1 pil@at exponentially decaying with an rms value of 5 samples and
every fifth subcarrier (25 pilot subcarriers in total). a length of 8 samples and is fading according to Jakes’ model

Fig. 2 shows how a carrier frequency offset (normalized to ttj@], it is quasi-static so that it is constant over each symbol. We
subcarrier spacing) affects the performance of the estimatorsassume perfect channel knowledge and perfect compensation

IV. SIMULATIONS



548 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 50, NO. 4, APRIL 2002

0 T - ' — [4] to derive an ML time offset estimator for coherent OFDM
- e Peterence sstimator |1 systems. Secondly, it is possible to improve the synchronization
P et ain]  performance when also taking the channel estimation pilots into
””” ST Hecount.
........ ‘\ L A APPENDIX

LOG-LIKELIHOOD FUNCTION (6)
The log-likelihood function can be written as [4]

oLt r(k), 7(k + N))
Z 10g< ))) (( /:_—i-N )—i—Zlogf

Uncoded symbol error rate
(=]

11)
: ; ‘ » ; : - where f () denotes the probability density function of the
102 . i ; : . i ; e variables in its argument. The two-dimensional density
6 2 4 6 0 18 6 1 2 f(r(k),r(k+ N)) is given in (12), shown at the bottom

Average SNR (dB)
of the page, where the constamtis as defined in (5). The
Fig. 4. Performance of the 4-PSK system in a dispersive chaihet, 128,  one-dimensional densit§ (»(k)) in (11) is given by
L = 8, 1 pilot every 5th subcarrier, artiNR = 9 dB. The channel consists of
8 taps (independently fading according to Jakes’ model) with an exponentially

decaying power-delay profile and rms value of 5 taps. F k) :ﬁ exp <— i (k)( 5 +(k2) o) ) . (13)
7 (o2 + o o2+ 02

for the phase rotations of the signal constellation due to timeln three steps, the first term in (11) is now calculated. First,

offsets. Thus, we isolate the effect of synchronization errogsibstitution of (12) and (13) yields a sum of a squared form. In

from possible performance loss due to nonideal channel estie second step, we expand and simplify this form by noting that

mation. To see the effect of the dispersive channel, we choose

e = 0 (no frequency offset). The performance loss with respect m(k—6) =m(k+N—6), kelf,0+L-1 (14)

to perfect synchronization shown in Fig. 4 is due to ISl and IGye to the cyclic prefix. In the third step, we ignore the terms

caused by synchronization errors. S ik — 6))* and 32015 og(1 — p?) because they
We see that the robust estimator now is superior to the othefge constants and are not relevant to the maximizing argument

In this simulation, the cyclic prefix and the channel impulse reyf the log-likelihood function. The first term is now proportional

sponse have the same length. Under these tight synchronizagipn

requirements, the robust estimator has a 0.6-dB loss compargg

with a perfectly synchronized system at a 10-dB working SNR. Z log < (r(k),r(k+ N)) )

For the ML estimator and the reference estimator, this loss is 1. [ (r(k)) f (r(k + N))

dB and 3.5 dB, respectively. 94D 1
xRed > r(k)r(k+N)
V. DiscussioN ANDCONCLUSION P
As seen in Fig. 1, the,,(#) is an ambiguous function with p i 9 9
periodic peaks when the pilots are evenly spaced. We have ob- ~ 5 Z (|T(k)| +[r(k+ N)| )
k=60

served (in simulations not shown in this paper) that the peaks oLt

surrounding the symbol start can be lowered by not having the . ,*
pilots evenly spaced. Therefore, the pilot pattern is an inter- (1= p)Re Z [ (k) 17k N ik = 6) ¢

. . . . k=06
esting design parameter and system design could benefit from (15)
taking synchronization aspects into account when designing the
channel estimation pilot pattern. Similarly, the second term in (11) can be calculated, again

We draw two conclusions from our investigation. First, it i:ioting that some terms in the expansion are independefit of
possible to extend the analytic techniques earlier employedand do not affect the maximizing argument of the log-likelihood

fQr(k),r(k+N))
(k) —m(k=6)]*=2p - Re {(r(k) —m(k—6))(r(k + N)—m(k + N—=6))* }+|r(k + N)—m(k-+N—)[
exp
(O +aw) (1_p2)
72 (o2 + 02 ) (1 1?)

12)
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function. From these calculations, the log-likelihood function [3] P. Hoher, “TCM on frequency-selective land-mobile fading channels,”

consists of the three terms in (15) and the additional term

1- p2 *
Re< Y " r(k)ym*(k — 6) (16)

P k

Expression (8) now follows readily.
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