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Absﬁract

This paper discusses the numerical properties of a new
algorithm for finding the steady-state solution of

t

P{t+l) = FP(t)F + Q- FP(t)H {I*FHP(t)H 1T HP(t}F

Introduction

In a recent péper by FrieﬂlandergAKailath, and Lijung {11,
a new algorithm is derived for finding the steady state
solution of the Riceati-type equation

P (e+l) =FP(L)FE + Q- rp () EE[T + 8p (0 EE T Yap (1) FY (1)

which arises e.¢. in Kalman filter theory. (1} may converge
guite slowly, and there is need for a fast algorithm to
overcome this difficulty.

The new machinery developed by Friedlander et al is based
on tho so-called Redheffer star-product, defined thus:

A1 A5 By

L3

5 -
w1
Bay Baal By Bopt |BgytRygBy (2 A‘L?BZL} 3 Bop dEByyBy o) "By

12 311(”“ Byt By By "‘”B},f‘*lzfl Byyhyy) B

22

Héfag Allfgil etc are nin-matricess Alé and B 1 muast fulfil
certain requirements for the inverse to 6xlst (ekg. Alﬁazl

may have all its elgenvalues in the IHP, as in the case below.) It is

readily verified that the star-product is asscciative.

o(t) P{t) P{t) Q)

Defining 8{t) =

} and M%) =

wit) of(e) HE(eyR(E) PR
we note that (1) is exactly the eguation for the (1,2)-
—element of S(t)*M(t) using the ABCD-lerma. If M{t) is
independent of t, S§(t+k} = $(t)$Mﬁk
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Since (1) converges to a positively definite solution
regardless of P(0) ({(provided ?(G} ie positively definite),
we may choase'P(O) = O and get the following doubling
formula:

g(2P=1) = m*<P | (2)

The four recursive equatilons from (2} are

- - =1 -
(3) @k»ﬂ, = @k(I Pk?ik} _@k % =

= - =1 Lt _
(4} Pk+l = pk-%»@kpk_(I WkPk) .@k Po =

- S, IS | R, -
{5} wkﬂ = Wk+@k wk(z. pkwk) @y WG = =H"H

{6) eguals the transpose of (3}

Convergence properties

The iteration (1) converges if the system [H,F] is detect-
able, i.e. at least all unstable modes are observable.

if Q is positively definiﬁe, sD is P{w}; and convergence
difficulties do not arise in general. ' ‘

If O is positively semidefinite, P(=) is positively definite
or semidefinite, depending on ‘whether the system [B,F] is
contrellable or not; here, @ = BtEe In this ¢gase, diffi-
culties may arise due to the numerical inaceuracy of the
computer. Due to this inaccuracy, P(t} may become positively
definite or indefiniﬁe. In the former case, P(t) will
convarge to a positively definite solution, which is not

the correct solution with respect to the gilven initial data,
- In the latter case, P(t) is not a proper initial value

for further computation, but the iteration may still



converge to the correct solution, or instability may occur.
(For a discussion of these probleme in the continuous case,
see [2].) '

From a purely analytical point of view, all these qualities
are inherited by the algorithm. However, unlike (1), (4}
does not necessarily converge to a solution of the '
algebraic eguation

1 t

t v o~ reutrr + et mer

P = ¥PF
since it is a doubling formula, arnd may thus produce false
results if perturbed during the computation. However,
provided that F is not pathological in some sense, such
inaccuracies will not grow fast enough to affect the
result.

Numerical tests

The algorithm has been tested versus direct iteration of
(1) for various dimensions and numbers of cutput signals.
Its main disadvantage seems to be its large memory require-
ment. On the other hand, the computing time is in generél
80 reduced by using the algorithm, that it has proved to be
economically advantageous for almost all cases tested.

The inverse to be computed inlké) is of the same dimension
as the state vector, whereas in (1) it is of the same order
as the number of output signals. This implies that for
systems of sufficiently large dimension with few outputs
the direct iteration will supersede the algorithm; for the
single output case, the limiting dimensicn seemg to be 10,
judging by the test.

The stopping condition used was | P{t+1l) ~P(t)}l < &, where
il » Il is a modified matrix norm. ¥In general, nothing can be



said about the & nacessaﬁy to acquire a certain degree of
accuracy, and two different &'s should be used.

One disadvantage of {4) is that its operations do not
automatically produce symmetric resulta; in fact, the
output matrix P{=} showed a dlscrepancy of 0.1 per cent
in the numerically most unfavourable case.

Finally, it should he stressed that the execution times

in the appendix should not be taken too sefiously, since
the convergence rate depends heavily on the matrix entries
and not only on the dimensions involved.
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Aggendix I

The matrices of the testbatch:

i. ~1 g -3 Ha = 1 1.5 1
F=|=3 =3 4 ) ’
4 Qg =2 1 1.5 1
Hb = 1.5 2 -1
~={d.5 3 2
2, =20 i0 10 ' Ha’HE same ag abhove
Fe= | «18 17 22|

3. (1 0 0 0 0 1} H, =jl 1 1 1 1 1]
11 0 0 0-=1 ) )
sl 110 01 i1 1 1 1 1
1-1 1 1 0 -1 By = {~L2 2 -1 -1 L5 1.5
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0.4 1.5 2 0.4 0.4-1.2
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4. (~0.1 0 < 0 H, = [«2 4 -5 7 -8 10]
0
P = 5 Hbgﬁc same as above
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Anpendix II

Approximate execution time of the loop in milliseconds for
the algorithm and direct iteration respectively

Run No. Algorithm Iteration
1 a 30 ' 5
1b 25 40
¥ 2 a 35 -
2 b 30 %
0 3 a 190 *
' 3 b 160 285
3¢ 120 200
4 a 116 *
4 b : 120 . ok
4 ¢ 120 , *
5 a. 810 800
5 b 610 . : %
5  s00 x

(%) means that execution was interrupted due to maximun
number of iterations. In any of these cases the execution
. time was already longer than that of the algorithmn,

f
t



1 ce e e T e aw e e . [ . B TSy . N s

in
=011 ,28/76=0050L:2 7 (r i}

Pou Hag

GE LSELE CURF(LY unin3sli DATALN) 0010621 BLAMK COMMOM(2)Y 800000

AL REFFRENCES (NUOCK, MAMF)

3 s Imen

' CTETP S

o LRDUT

1 s TQ2Y

4 C et 1D

} c JOptk

YO5TuPy i

50, SSIGHNMaMT  (RPLOCK: TYPEf'ﬁfLﬂTivé LﬁCATIﬁMe NAME?

' NE772 101K NN non773 102F agnn ana77e 103F 6000 ghia
} An1G07 108F nand nniats 100F nono 0nioi7 1i0F 0600 noin
= BNenee L1206 nant onan27 12%6 npni aaootlt 1336 606t onon
: aauG7Tl 1526 no0t onARInzg 1696, nont nRoLtYd 1636 o0l 0003
! SNULNS 2070 pgnt paniss 2126 npnt nontTn 2246 06661 000l
; nngzin zulg nont gansies 25%G 7 nang no0237 2576 giint GO0z
1y ONG766 PGS nyan g aoonnn F apon R oON3LNn H oond 1 8047
FopoDuTTO J aunn [ ONN7aN ¢ agni I onn7eS NUT aops R 0606

VRoonoght w

| & Dy A Ms TOM F{iﬂfiﬂ}EQ(lﬁ?iQ}gH(iﬁ?lD}9QEEQ§ED}
e teP NP (10 10} .
R 101 FORRAT( )
S 1?2 FolmA i 10F11.5)
0 103 FORMATI/ZZ¢10%: 2OMNUMIER OF ITERATIONS: 15}
o 1l FuRMAT{INK e BHMATRIN Fi /) :
i 108 FuMA (/7 LOX s BHMATRIX G/}
ok fU9 FORMAT L/ ¢ LOX BHMATRIY He /)
T : 110 FuRmA) (A /¢ 10X 2THEXECUTION TERMINATER AT K S:18)
[ SV 113 FORMAT(A /7730 STEADY-STATE SOLUTIONe/!
1i% 118 FuRMATIZ: L0 BHMATRIY /)
Lo : Mzl .
L4% T, T
Vi Ll OF =3
15% Ay 2 1xien
1% Mu 2 g=lsey
17% o AD(S:10LY FiTed)
1% P 50 Tz1 8
19% By B0 J= i bl
2k 5O Fyled)sn 1xF{1:Jd}
21 % WalTH (6 1ul)
2pF My 19 To¥en
R 1O WRITE (6elu2) (e lTeddeJi N}
2% N 1 I=len
25 % g 1 JeT e
2% 1 eaD(se10iy i)
2T7¥ MITE (Rel08)
2.1% Ny 25 I=1eN
29% 28 WOITE(6eL02) (2{TerdYrdzielN}

S - Mg 3 Izl esUT



00211
Np2iu
Dozpt
Qo2ed
Ggz226
0e23s
ggzu0
Gp243
gg2s0
fpasa
0nzss
o2t
D0265
np267
Gp272
$o0301
do3ob
0305
D306

’

—>>

A1 NG 3 u=led

So% 3 RpAD(He i) HiTed)

A%% WRITE(5e149)

A% Ny 26 I=tetHUT .

35% 26 MHITE(67102) GriT,dYedzi o)
Ak My 30 Iz1.MUT

A7 hy 30 Jmi e BT

Ik AN ReAD{ss1nl)Y Ri{tes}

A0+4 WRITE(Hr114)

Uk o 31 T=i8MUT

4 31 WRITFene 1021 (0{V o0y e d=1:NUTS
Lok ) Call, LIMPO(F eOpHeReMop T 010, FPSeP T TERR)
B% g W ITE (G 113)

by My 12 Tt

Lo 12 Wy lTF (501021 {(PTHF{T Y s d=let)
Bk W ITE(He10%) TFRR

7% 10% FORMATI//¢ 10X AHTERR =, T3}

Hiyw Siap

Gox% Fidd

EMND OF COMPLILATION; MO NIGEHOSTTCS.



. [ - . . S v e A e A h ot s s A TS T R [ A Al A

-/,
/P8/76=09101 130 (r)

[ F LYMeD CTRY POTUT NOpuS3
LSELT COPE(L) UDDSuAE DATACTY 0010717 BLANK COMMOM(2) 000000

. REFFRENCES (RLOCK . MAME)

St

ECUM

OLyR

A A iy
“J T P
D ioRE i
ST ;

FHit2:

SSIAHMENT  (RLOCK, TYPE» RFLATIVE LOCATIOM: NAME)

01Nl In3F nnao nainin 105F noot aaneos 1L 0001 gaaLav
a00125% 1266 noanp anNnT7E L3OF - ngan nan7Te L31F aoni pooiav?
nauLshs 1456 noni 0anisa 1506 - pont ponni7l 1566 gonl googie
aflu270 2016 nont goonne 211 nong 00n33N 2136 0001 600331
ANNsT1 2336 nnni onouay 8l nonn R onniel FT pong R 000000
WOLe2T IHJIPS poan § onnzés ISING nono I opn764 10 foso ¥ G6007T7Z

g 000314

77l K npn3d 5o annann MSCPH “AQND R 000770 5 0000
OnGa20 Kb .

1% GUROUTTHE LIMOD (F e @t eRsNsHUT o TR TUT(EPS X2+ TERR)

X (’
.L* ¢ AuTHD PP mMOLaMNER ALG 12TH: 1975
¥ C Reffe FRIFOLAMDER sk ATLATHeLJUNG .
[d C 1HE STAR=DROPDUCT TN DISFRETE TIMF LTNEAR LEAST SQUARES
fy % g APPROXIMATION .
.7’%*»- C ,
1ok ¢ CALCULATES THE STEADY=-STATE VALUFE OF P in
2 C P{T+1}:FﬁPET?*FiTRAN§P§+GEF$P£?3*HETRﬂNgﬁB$
Li* . . =] .
L1e ¢ {3 eHEP (T #H{TIANSP) ) #HEP (TIwR {TRANSP
lox ¢ PeRTAIHTHNG TO THE SYSTEM
13 C -
fyw ¢ X{T4+13=F44{T1+0{T)
Lro# L Yo TIoHsX Y+ (T}
Lo% L
1y# w FoIg oF OpDER” mXn
L.® < I1IS OF O¢nNER CRITXRN .
L% ¥ B, OF ORMER NXte ANN RsOF ORNER MUTXNUT: ARE THE cOVARTANCE
&k e AATRICES OF 1 AMD NESPECTIVELY
21% ¢ Ta DILENGIOH PARAGETER
e G o MaXTMJM VALUR OF M AND NOIT I5 10
2h% (. Froe TLST UANTITY.IS A BOUND FOR THFE DISTANCE
S v GrTwFEH Tod COMSFCUTTVE APPROXTMATIONS
A G Y2 1S THE SOLUTIAN MATRIX )
2% C IF ST-ADY STATE TS HAY REACHED IM LESS THAN 25 STEPS e IERR
2w C Tw 1s ELSE O
2% G Wt TG FeQeHe AMD R CARE DESTROYED



colol 29%

c EE TS T
© 0001 3k ¢ :
fpipi S1% C SUBROUTINES REQUITRED
00101 3% C REDHCF
Gpinl 352 ¢ DECOM
8pigl Sk C LoLva
Oopigl 3nx% C
00303 36« MIMENSTON FUIATAY eA{TAe TAY pH(TUTsTAYJR{TUTATUT)
0pin3 7% ..*HTHtjﬂfjﬁ)?F?(lnslﬂ}rXiflﬂflﬂ)eX?{iﬂflﬁ}ex3tiﬁelﬁ)§
gotau 3% : TERR=0
60105 Sk ' Tu=MEchPUtu)
a0i106 Liyw Call, UECOM(ReMIToIUTe 1, @Fﬂ?e?%?ﬂﬁ}
00io7 byx ' WRITE(He130) TG5TMG
npliz Lok 130 FORMAT(BH ISIMneI2)
00113 b 5% Calkl SOLVBUTXIeMUT R TA) .
Bolik Yo Do H IxieN
0oi17 Ghr% P boJzieUT
¢ Bpigzz Le% 4 XA(TedimH(Jde D)
Dolaa Yoy C HTH=¥3%X1
80125 s v g1 T30
0piah yox Ny 41 JeieN
0pizs Sk Sma.0
f 00134 Hy¥ Ny 42 KaieNUT
gp137 Go% 42 SuS+X3{Ye)xX1(Ked)
Gpiel Saw g1 HIH(L,J1=%
Holad Bex Pu 5 I=fedd
GoLa7? g% DY 9 J=ied
Bogise Q% G MUY JI2=HTH{T ¢ J)
Gris5s B97% ng 6 1=tedd
G016l Huk g 6 JzleiN
00163 S0 6 FPEIsJI=rJeld
00Lab GO* ., ¥zd
Gpias Bls . ¢
0166 bo% ¢ LOOR _
0Qie’ 63% 11 Kzkel -
00170 6% TF{K=10n) ﬂ??ﬁséi
Bpi73 Gk 20 Cabl LENMEFIFsNsHTHs TeF 2 QrHTH ﬁagXiFX?pwi,xqahpzej
00474 66* : S20.0
0p17H YL Py 7 1=teid
0Gzp0 BH% By T og=ien :
ap203 Ga% _ 7 %ms+ﬁ;§{@(ird)«¥“{19A;)
00206 7o La5/0
noap? Ty% TE (S=FPS) 858$Q
0g2iad Tax . a9 Ny 10 I=ted . |
gp21hb Ta% Do 10 Jzien
Gp220 T Filed)eXi(Ts )
opazl Tex - Q(IsJ)=X2(Xsd)
Ggz22 Tk : HITHLTJI2X3 (T e )
0p223 7% 10 FI{IsJ)EXe(IsJ)
dgz226 To* : fo 51 I=1eN ’
00231 Ta* ' 51 WRITE(He1311(QL(T ) p =i s Y
floaul Biyk 1317 FURMAT(IOX10F11.5)
fg241 8% G0 TO 11 "
goaul Hp ¢ EnD - O LOOP *
Qoa2bi - B3% C
og2u2 By 21 IeRf=g
Ba2u3 85% A CONTINUE
o244 BGx URITE(6¢103) ¥
np247 Bt 103 FORMAT(INI0e O 2UNUMnER OF TTEPATIONS 15, //)
0250 - 8g* T ozMSCPUL(0)
n925i By fos{I1=10)/K
Bpas? gow O WRITE(ORIUS)Y IO
00255 Yy % 105 FuRMATULHO» OX: 2PHAVERAGE TIuc/??fRﬂTiﬁMs?4¢3n p%}
g0z56 Ypx EnD )

"’*"5@_,_..__.,% -y R - e N O . O ]

’T"—“‘



Ied

g RE
of3=0

SULROUT
5 TORAGE

EXTERA

agns
pono
npod
nouh
0oa7

5 TURBGE

pont
npuld
nool
ganl
Nyl
nonl
naol
nopl ©
punld I

fwﬁﬂﬁfy

anLol
geiod
foi0l
goiul
oplol
npiod
point
goiol
npiol
gglol
ogLot
npiol
npiol
noi0d

opind

nuLcel
goiol
noiul
00101
60133
neLed
npind
N0i0d
neLot
npLo7
neLiz
nplid
anlils
apizt
opLad

DUEF
1/26/7&wUQ:GI:‘b {e )

{8 RFDHLE g TRY poiuT 0NEAS

HGEL S cupE i) Ja0Tald JATALR) gani?nt BLA

L REFFHENCFB (L OCK raciEd

coM

AL

f "H",)U‘?%

oe®

CERRDS

1%%1GNMENT {ﬁLGCV, TYPE s el ATIVE 1 OCAT
annps7 1090 annd panae? 1116
na3ln LR0OF YIEAN | prRnLen 13ARG
niu2AT 167G npnt cnan2bd 1726
nagz¥7 2156 apnt ann33l DPRG
po03h3 auhy agnit gnnun’ PRAL
aonnho B0ALG apnid annsn? 3076
an(n7n GA64 apnd pansTi RLANE
nnuoftn D1 npnt X aoo i 0P
annsil o nnot 1 pan*1* K

sare RAMT)

nind
nnnt
n{od
F\[}ﬂ?
apht
anng
ptl
Apnn 1

apapst
anns0%
nnnst®
Annw3o
nnnigin
pansR™?
aanti™
qng'ﬂ,i_n

naan K annit?

A apunong

iite
1 BN0G
176G
2AOH
2 f.'}n 15
3174
ARTG
1

C‘

&Us”ieﬁ??nifﬁueCleﬁéeCf

¢ e MNED YA

nﬁpcniiﬁsiﬂ}eﬂ

L¥ QUHTH}U?-N‘Q' RED we Aty AR N
2% 9 ]
¥ v Ayt PER Aot atapR fUA s2TiHs 1775
o < fLF e FO‘TFUL—?\MP?T’-!\':.{\f‘_f\"'.‘k-igk_dull(_
" C . .
S € CALCULI\TFS THF ‘f&"{'&a'gﬂht{{\pucﬁ-{— nf-'T‘.\H’ff{f‘-}
T¥* C )
¥ ¢ pL A2 ny N2
C;*}: G .E";
1o G ho AR nA R
11¥ L
La¥ < WEE At FIO poc WA TPICE
1% ¢ Tt - N TUMA TR L 16 10
e - L ¢l LTCe FRETHE g MATRICES
l.':'J* i Ta "')I;,;F{Hgiﬁbi g",\!\q ,\h‘bf‘ﬂR
Lt C qUHRGuTlH;S pEANTEN
17% L ' (GO
Lo ¢ S OLY
19% ¢
Za% ppAE TS TON ﬁl(fﬁ'?ﬂ)Eﬁz(fhptﬁ‘*hﬁizﬁp
2l *ni‘I“'IA}'ﬂifT“fixirﬂﬁtiﬂeiaxeﬁnfiheﬁh}e
enk *Cl(iﬁflﬂ}¢62ilﬁsia};r3ixn,1
2% C npzpa2En
24 no 1t 1=t
2uk hy 11 J=1et
26yE G:r:}'ﬂ
27 ny 10 ¥EYer
2n+ 1o Q;%&Ax(TaK)¢03<m,d}
2% ) 11 pk(lfg)fq
30% ny 3 L=ten

A

cayentn {1Re]

PLTe’




Gopz74
ety
dpa2t?
Q0302
0nips
30306
0311
003313
00313
00316
do3zi
Jn32y
in3zs
30330
Jpiz2
JpE35
CAL0
0343

31 %

d2x
334
R YIE.
5%
A
A7
Sa%
3ow
%
Gy %
e
SIeE
By

Lok
Goyw
B 7%
G
LG%
5n%
51%
52
Baw
S
55 ¢
S6%
Sy
REL:

L%
6%
oo #
LS
trey ¥
tnxk
O6%
H 7%
6[}.‘%‘
Gok
Tox
Ti%
Tox
7%
Thx
Fe%
6%
74
7o+
Tuv
8%
1%
Bk
HBax
Bix
g%

Bow¥

B+
Gax
89%
Dk
E2 L
Yo%
9
Il %

NG

1an

i3

Lf
15

A
17

[

ANV

)
23

i g5

Ny I ouztey

ﬂittfq):aJif?rJ)

T2 Izt

ni61911201€I9T5$1e0

CALL DECOMIDT eme 1001 (0F=70 1ST113)
(ﬁ.;.\LQL f,OL\foﬁl?h?’z\lfMéinj '
MRITE (651303 151G

FURMAT (apt ISIMae T2

Clzpigns

A SR STy

O 13 goq,

820,10

N 18 Koy,

: '-:S%-Hj_ffri()*f’}?(f(nﬂ

Cl01s pyug

ﬁlzdﬁ*h?

U 15 1271 e 14

N0 IS Unien

S2n.n

RI] 16 Kzi el
BESERZCT K) #0D (K s )

“Liied):g

DLz atxny

fo 17 LB PR

NG 17 Jote

S20,0

R LRSI
G:S%ﬂq{l;ﬁ}$DI{Vsd}

Pelie,izg

WAz,

VI JELep
CQ(I:J)3A3(19J3+n2(?§Q)
ﬁl:ﬂﬁ*ﬂ?
Dy ig Iﬁ‘}ab!
Ny ig Jzmy e m
Sz, 0 .
U an g,y
q:S+R3{{7K)$n?(KrJ)

“i(lpd)zg

oy el PO

B gy Jzi ey :
mi(zsd}?uJT(TEJ}

RAVI Y Ity ;
ﬁLEIpI)zh;{Iefﬂ$T;ﬁ i

CALL LECANMIDT e1p 10014 0F =70 ISTH8)
CALL SOLV SR enDetigr  101)
WmITEEﬁa?jn} ToTeig

DiEpApnn

Ny 21 T=1eM

IS BTN

Sz, 0

NG 2o K= st
§23+A;€?¢ﬁ}*ﬁ2{K5J}

BAEIsg}:@

Cozptang

DU 23 12y,

W23 Uzi,y

Sag.n

o280 kg,
q;5+m}€?pﬁ}$n}{“ad}

(‘c:fffd)::c;

Py £y zﬂipi\j

Nu 6 gz,
Ca(xfd;:cgczpdp+ﬁetfﬁdi

%



ARBRTY!
T 0346
NG351
Dp3sy
o355
1360
np368
ap3ah
D0366

..——::g':‘}

gy Cyzplan?
5 PL 26 T21H
CFw Py 25 J=1eM
Oy Sx0.0 _
Sux Ny 26 K=1efl &
$00% 26 SIStAGLTeK) %12 (K» )
101 % 25 Culle =8
1{};1--%1 F“i;TURM
1%k it
ERGOOF CDMPLILALTOM: © ND ATAGHASTTOS.




