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A SELF-TUNING REGULATOR

is pead are

similation read simulations, only a:small frac-
tion is given in this report,

variables with uniformly bounded fourth moments
read variables.

insert: If m=2 and 2=3 the algorithm will converg:
to a controller having a comron factor where the
rest 1s the minimum variance regulator;

-¢ read 1—(9

negative vead positive

ult) read u(t-1)

ig independenrt . read is gaussian and inde-
pendent

self-tuning vead self-tuning regulator

[9] ,[413] and [22] should be overloocked
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a g Order of the
meving average

0
1

Parameter §

-1 ! |_M l.w o
Parameter a

Table 4.1 -

The values of the regulator parameteps wh

make (4.13) a moving average of diffepe
der.

nt g

=
o
1

(1+eq™ Ty = (142" ") (145,97T) & @Lmajémiu

and the control strategy

Paramater p

t
-

2 -2 - °
Parameter &
ult) = o B yit)

values.

The fourth regulator is cbtained by using ¢ = 0 in the

identity above. This can be referred to as the suboptimal
dead-beat regulator.

Parameter §

- I
1 B ;u__u - 0
Parameter ¢

Tigure 4.8 shows trajectories with dit
values when g = ~0.88, b = 0.5 and c
=0, 1 and 2.

ferent starting

= =0.7 and when k =

Fipg. 4.6 - Trajectories given by
The trajectories are obtained by using an

= - H_u\nﬁ+._ )

z dwsAW+mu

when a = =-0.99, b = 0.5, ¢ = -0.7 and for
a) k = ¢ b)Y ko= 1 c) k = 2. )

The triangles show the stability region of
the closed locop systems.
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A(Q)(g~13¥(t) = B{g) - g + wult-k) + Clgllg=-1Ye(t)
and the optimal control law is given by

k-1 :
vu(e) = - £o£9-1)¢ (v(t) -
BF

V)
Wwhere F and € are the same polynomials as before. The mi-

nimum variance is mot influenced through the introduction
of the integrator.

The regulator (8.5} for known systems has the same WA%co:
ture as the regulator (2.7) which is used in the basic
self-tuning regulator. The only difference is that the
regulator (8.5) uses the signal y(t) - ¥.{t) instead of
the process output y(t} only.

To extend the self-tuning regulators to the case with
constant reference values it is assumed that the system
contains an integrator or that one is introduced by using

vu(t) as control signal. The following algorithm can now
De proposed:

Step 1: Estimation. Estimate the parameters «
mA, ey mp in the model

13 seea %

y{t4+k+1) - Yy *+ péﬁwﬁﬁu - %ﬁu + ool gaﬁ%nd:5+gu - %dv

= mohqcﬂﬁu + mgqcnﬁugu oo+ B Vult-231 + el{t+k+)

using the least squares method. The parameter Bg is ag-
sumed known.

Step 2: Control. Determine the control signal from

)
ay ((E-141) =y ) - MWA gy vult-1i)

. mmﬁmsmdmmmmdwamdmwovﬁmwsmn
where o; and g; are the le q

in Step 1.

Notice that this algorithm is identical to the basic self-
tuning algorithm if y is replaced by y(t) - y, and u{t) by
7u(t). The properties of the algorithm will now be demonst-

rated.

Example B.1. Let the system be
() - 0.9y(t-1) = utt=1) + 0.2{elt) ~ 0.5e(t-1}]

The system does not contain any integrater and the control
signal is therefore changed to Vu(t). The minimum variance
regulator is

vu(t) = - 0.u(y(t) = y,) + 0.u(y(t=1) - y.)

r
Part of the output (t = %00 ~ 600} is shown in Figure 8.2
when contrelling with m = 2, & = 0, 845 = 1, QJADV = -0.5
and e,(0) = 0.5. At time t = 500 the reference value is
changed from 2 to 4. The accumulated loss is shown for
1000 steps of time in Figure 8.3.

It is c¢lear from the figures that the regulatocr has an
acceptable performance., The step increase in the loss at
t = 500 is, of course, unavoidable due to the structure
of the problem.



Qutput

- 50

Accumulated loss

0 500 1000

Time

Fig. 8.3 - Accumulated loss for the system in Example 8.1. m

In the example above the parameter estimates were not
muchk influenced by the single change in the reference
value. How much changes in the reference value influence
the parameter estimates depends on how often the changes

occecur and how well the estimates have converged.

400

Time

1
500

Fig. 8.2 ~
i 8.2 The ocutput of the system in Example 8.1 for

t = 400 -~ 800 when the reference value is

changed from 2 to 4 at time + = 500.




8.2. Time-Varying Reference Signals.

The serveo problem will now be considered. To simplify it
is first assumed that there are no disturbances. Integra-
tors are introduced in the system to make it possible for
the output to follow reference signals of different types
in the usual way. The conventional regulator is then re-
placed with a self-tuning regulator in anzlcgy with the
case of constant reference values.

One class of regulators for sampled data system is the

one which makes the error zero as quickly as possiblé. The
regulators which achieve this will depend on the reference
signals. For impulse changes the. regulators are dead-beat
regulators. There seems to be no accepted name for this
class of repgulators for other veference signals. These
regulators will here be called generalized dead-beat re-
gulators.

Dead-beat regulators are the deterministic cerrespondence
to the minimum variance regulators. When thepe are no dig-
turbances and the reference signal is time-varying it can
thus be expected that the self-tuning regulator converges
to a generalized dead-beat regulator. That this assump-
tion may be true can be seen from the following example.

Example 8.2. Consider the system

(1=1.5071+0.7972) (1-q" H2y¢6) = (140.5¢" u(e) (8.5)

which contains two integrators. Let the reference value
be a triangular wave with amplitude % and a period of 50
steps. The system is controlled by a self-tuning regula-
ter with m = 4% and & = 1. The initial covariance matrix
was P(0) = 10 % I and the exponential forgetting factor
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Fig. 8.4 = Output of the system in Example 8.2. The re-
ference signal is a triangular wave and is
indicated by the thin line.



was x = 0.99. The output from the system at different
perieds of time is shown in Figure 8.4. From the figure
it is seen that the self-tuning regulator converges to

& regulator with the property that the error is zerc af -
ter one step after a change in the reference value has
occured. The regulator obtained after 2300 steps (80
changes in the reference signal) was

-1 -2 -3
uet) = 2:00 - 4.00q + 2.89q ° =~ 0.70q

= v.(t)
1+ 0.50q"" e

This is almost the same as the generalized dead-beat re~
gulator of the system (8.8) when the reference signal is
a triangular wave. The generalized dead-beat regulator
is in this case

wety = (1=1.5¢7740.7972) (2-q7T)

- v (t)
1+ 0.5 " e

which gives the closed loop system

y() = (2" y_(-1)

For the system (8.8) the self-tuning algorithm converges
Tto the same controller independent of the amplitude and
period of the triangular reference signal as long as the
system has time toc settle between the changes. @

Simulations have shown that the self-tuning algorithm
converges to a generalized dead-beat regulator when the
noise is equal to zero and the reference signal is a
square or a triangular wave. The period of the reference
signal must, however, not be tao short., It has not yet

been possible to give a rigorcus proof, but simulations

clearly indicates that the self-tuning really converges
to a generalized dead-beat regulator which depends on the

properties of the reference signal.

Let the system to be controlled be described by the mo-
del

{(q-1)ACQ)y{t) = Blglul{t-k)

If the reference signal is a square wave the generalized

dead~beat regulator is
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u(t) = %mndv

Foa.t1)
The closed loop system will then be
y{t) =y, (t=k-1)

If the system to be controlled containg two integrators,

i.e. it is described by
(q-132A(q) = B(glult-k)

and if the reference signal is a triangular wave then the

generalized dead~beat regulator is

aFALQ) [(k+2)g = (k1))
B(q)(q+2q™ T+, . . 4kgeica1)

ut) = wmnﬁv

The closed loop system will be
y(t) = (k +2 - hw+4vp[4uwuﬁﬁ-xléu

Simulations have shown that it is not necessary that the
system to be controlled contains any integrators. If the



self-tuning regulator has enough parameter the integra-
tors will appear in the B-polyncomial. The convergence
rate is, however, very much slower compared to the case
when integrators are introduced. From a practical point
of view it thus seems desirable +o include a priori know-

ledge of the gross features of the reference signals by
introducing integrators.

It is well-known that dead-beat regulaters as well as mi-
nimum variance regulators can be very sensitive to changes
in the regulator parameters if the system is nonminimum
phase. To investigate the sensitivity of the regulator ob-
tained when using the self-tuning algorithm it is for
simplicity assumed that the peference signal is a square
wave. Let the system be

E,;th.ﬁii = B%(q)ult-k)

Assume that the regulator is

ult) = q“a¢a) () - y(t3)
B(q)(q s T, . 41y T v

The closed loop system will be

K+1
(8% + (AB®-A%B))y(t) = AB%_ (1)

If 4 = A° and B = B® the characteristic polynomial reduces
to ﬁW+4
tions in the parameters the poles of the closed loop sys-
tem are close to the zeroces of QW+4
ro outside the unit circle the system will be very sensi-
tive for variations in the parameters of the controller,
compare [1, p. 181]. The generalized dead-beat regulator
will thus be sensitive if the system is nonminimum phase

OLO
A”BY and the factor A°B° cancels. For small perturba-

A%BY. 1f 4°B° nas any ze-

and also i1f the system is unstable. This is also veri-
fied by simulations with the self-tuning regulator. The
difficulties with nonminimum phase systems can be handled
in the same way as in Section 6, i.e. increase the number
of time-delays used in the identification. Unstable sys=
tems can be stabilized using a fix regulator. The self-
tuning algorithm can then be used to control the stabi-~
lized system.

It is difficult to analyze the servo problem when the re-
ference value varies with time and disturbances are in-
cluded. Since the algorithm converges to the minimum va-
riance regulator when the reference value is constant and
to a generalized dead-beat regulator when the noise is ze~-
ro it can be conjectured that the algorithm will converge
to different controllers depending on the relative magni-
tude of the noise and the variaticn in the reference sig-

nal. This is illustrated in the following example.

Example B8.3. Consider the system
y(t) = 1.9y{t-1) + 0.8y(t-2) = ul{t-1) + ce(t)

Let the reference signal be a square wave with amplitude
4 and period 400 steps. The system is simulated for dif-
ferent values of the standard deviation of the noise, o,
and with m = 2 and & = 0. The results of simulations are

shown in Table 8.1.

The regulator changes from the dead~beat regulator npé =
= =1.00, a, = 0.90} to the minimum variance regulator
AQA = =1.90, a, = 0.90) when the intensity of the noise

is increased.

The example shows that different types of exciting signals
will make the algerithm converge to different regulators.



Loss per ste Loss for one umit
" N o divided by o2 when change in the ref.
1 2 the ref. value is wvalue when the
constant noise is zero
0 -1.00 0.90 5.25 1.00 _
0.1 ~1.08 .89 2.85 1.03
0.2 -1.20 0.88 1.89 1.09
0.8 ~1.51 0.90 1.18 1.31
1.0 =-1.71 0.80 1.0 1.52
2.0 -1.83 0.91 1.00 1.69
4.0 -1.87 0.91 1.00 1.76

Table 8.1 - Parameter estimates for the system in Example

8.3 when having different noise amplitudes.

The parameter values oy = -1.00, o, = 0.90
correspond to the generalized dead-beat and

oy = =1.90 and e, = 0.90 correspond tc the
minimal variance regulator. The table alsoc
shows the loss that would be obtained for the
different regulators when only having noise

or a time-varying reference value is acting on
the system. M

Simulations show that self-tuning regulators can be used
to tune controllers beth for the regulator and the servo
problem. The simple structure that is used here to take
care of the reference signals has, however, some drawbacks
for the serve problem. One drawback is that it is diffi-
cult to influence the transient behaviour of the closed
loop system. Consider for instance the case when the re-~
ference signal is a square wave. The self-tuning regula-
tor used makes the output equal to the reference signal
delayed as many steps as there are time~delays in the sys-
tem. It can, however, be desirable that the step response
is a more smooth signal. This can for instance be arranged

by using a model which has the desired step response.

The difference between the output of the model and the
output of the system can then be used as the input sig-
nal to the self-tuning controller. This solution has the
drawback that the controller only gets information about
changes in the reference signal via the model. A Dbetter
performance can be obtained 1f the controller also gets
direct information about changes in the reference signal.
This can be taken care of by a feedforward signal from

the reference value.

The self-tuning algorithm has the property that it adapts
its parameters depending on the environment. The regula-
tor will converge to a generalized dead-beat regulator if
the changes in the reference signal are dominating and to
a minimum variance regulator if the noise is dominating.
This adapticn in the parameters can also be regarded as an
adaption in the performance criterion in the sense that
the controller changes from a controller for transient
control to a controller for steady state control.
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