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ON THE SOLUTION OF THE STATIONARY RICCATI EQUATION BY
INTEGRATION—CHOICE OF STEPLENGTH

ABSTRACT
One way to solve the stationary Riccati equation

=aTY + xa - XBQ§1 BTx + Q,

a's + sa - s8Q; ! BTs + Q

I

until ds/dt is zero. In order to peduce the computation
: it is desirable to increase the steplength as much

ossible. The numerical stability of the integration

_met od limits the steplength. 1In this report the results

ofisome numerical experiments are given. A rule of thumb
for the choice of steplength is also given.




4, INTRODUCTION

consider the linear, time-invariant stabilizable system

= Ax + Bu (1.1)

 0*&
G

'-éﬁd the quadratic cost functional to be minimized

Les]

{ [xT(s) Q1x(s) + uT{s) Qzu(s)]ds (1.2)
0

whére x is the n-dimensional state vector, u the r-dimen-
1 control vector, A a nxn-matrix and B a nxr-matrix.
symmetric nxn-matrix, Qs is non-negative definite,

IQQ is a positive definite symmetric rxr-matrix.
- L x{(t) (1.3)

Q;" B'x (1.4)
X is a symmetric non-negative, definite solution of

algebraic Riccati equation

+ xa - x8Q;" BT

X +Q =0 {(1.5)




be: eigenvectors of

.3 —

A —BQ;1 BT

T
-Q, -A

.fln [1] it is shown that each solution of (1.5) can be

':ehpressed as

_wh-re the inverse is assumed to exist for certain combina-

tions of elgenvectors. Conversely, if [ﬁ1, bQ’ vess D J

t
]
Tee) guxtty) + 3 f [x7(s)Qx(s) + ulte)Qyuls)lds
° (1.8)

- ¢5" BUs(o) =) (1.7)
e S(t) is a solution of the Riccati equation

= aTs + sa - sBQ;" BTS + Q (1.8)

= Q ‘ (1.9)




Let w(t; Q5 t1) be the solution of (1.8) with the initial
condition ‘
ﬂ(t1; Q> t1) = QO (1.10)

Using the fact that the system is stabilizable, it can be
shown [1] that

lim w(t; 0O, ty) =8 (1.11) ,
L
exists. § is a non-negative, definite solution of (1.5).

Using the fundamental matrix approach
Tty Qgs ty) = [2,4 065 1)) + I, (t; t40Q,]

1 (1.12)

[211(t5 tTy) 4 It t42Q,]
where
211(t; tq) 212(t; tq)
I(t, t1) = (1.13)
221(t; t1) EZQ(t; t1)

and

]Q.-

2(t; t,) = B B(t3 t,) (1.14)

&

t

m(ty O, t1) is computed for increasing value of Tt =t until
a stationary solution is reached with desired accuracy.

Method C.
The optimal regulator problem can also be solved by straight-

forward integration of (1.8) until a stationary solution is

reached with desired accuracy, In [2] a fourth-order Runge-




Kutta method was used.

‘Method D (Kleinman's method),
Kleinman [5] has proposed that Newton's method should be

ysged in order to solve (1.5). In each iteration we have

+o-solve the Lyapunov equation

: T )
+ VkAk +Qq L Qoly = 0

The author has no experience with this method.

Choice of method.

ng method A we have to compute all elgenvalues and all
envectors of a Inx2n-matrix, invert a nxn-matrix and
pute a couple of nxn-matrix products. For high-order
tems the eigenvalue problem can cause numerical diffi-

ties, especially if there are multiple eigenvalues.

g method B we have to compute the transition matrix
(1.14), and for high-order systems this may lead to com-
tional difficulties.

od C is computationally simpler than method A and
od B since it can be shown [1] that the numerical inte-

ion is a stable procedure. The disadvantage of method




¢ is that it is time consuming. In order to reduce the
éomputation time it is desirable to increase the step-
 1ehgth as much as possible. The numerical stability of
the integration method used limits the steplength. The
 fésults of some numerical experiments with (1.8) is

given and a rule of thumb for the steplength is also given.

GHOICE OF STEPLENGTH

.. consider the matrix differential eguation . '

= 87 + sa - sBQ; B'S + Q (2.1)

Qg (2.2)

51 denote the exact solution of (2.1) and S, an approx-
e golution of (2.1) obtained by numerical integration.
oducing AS = 81 - S, we can derive the following diffe-
ial equation for AS

28 = (A-BQ,' B's)Tas + as(a-BQ;' B'S,) + asBQ;' BT a8

(2.3)
the initial . condition
0 (2.4)
tion (2.3) can also be written as
= FL(t)aS + ASF(t) + ASBQ;1 BT as (2.5)




F(t) = [A - BQ;1 BTS?(t)] (2.5)

. T . .
Introducing z = (As1?, A821, Cees Asnn) egquation (2.5) can
be written as

Z =6tz + 0¢]]z]]?) (2.7)

The eigenvalues Pk(t) of G(t) are given by [3]

Fk(t) = A5 () + Aj(t) i3 = 1,2,...,n (2.8)
where A;(t) is an éigenvalue of F(t). To obtain numerical
stability for equation (2.1) it scems reasonable to use a

steplength which makes

2 = Gtz (2.9)

numerically stable for all t,

This means that we obtain the following rule of thumb
Bpax € B

where

'.li(t)h € DS

and D is the domain of stability for the integration method
used,

If we use a fourth-order Runge-Kutta method +to integrate s

Ko< wy (2.10)




and only if

hp, € vi iz 1,2,...0

where p; is an eigenvalue of M and

8 = {a EC| 1 + a + u2/2 ¥ 0/6 ot/ 2u | < 1%

3. NUMERICAL EXPERIMENTS

Tn this section the results of some numerical experiments

are givemn.

Example 1

The system is

%% = u (3.1)

and the cost functional %s

v o= E [100x%(s) + u’(s)Ids (3.2)

T+ is possible to calculate an expression for S(t) and L(t)

s(t) = 10(1-e"29%y/(14e720%) (3.3)

10¢i~e 20ty /(142720 (3.4)

L)
is also possible to calculate an expression for A(t)

—10(1-e" 20ty 7 (146720%) (3.5%




From table 3.1 we can see that if h £ 0.136 the initial
error 1s reduced to zero after 30 steps. If h = (.139
(the predicted maximum steplength) then the initial error
is not reduced. If h » 0.140 the initial ervor is in-

creased.

From table 3.2 we can see the result if we start with
Q, = 0. If h ¢ 0.136 the solution approaches the correct
solution. If h 2 0.140 the difference equations defined
by the fourth-order Runge-Kutta integration procedure
seems to have another stationary solution than the sta-

t#ionary solution to the differential equation.
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ExamEle 2

The system is

dxq

-— = =X, + u
dt 1 1
dt 2 2

and the cost functional is

v = J [0.002001X%(S) + u?(s) + u%(s)}ds
0]

The eigenvalues_kl and'l2 corresponding to the stationary

solution of the Riccati equation are

Ay = ~1.001 and A, = -1.0. The maximum steplength is

ho= 1.39.

From table 3.3 and 3.4 we can see that if h » 1.40 the
numerical solution becomes indefinite, but if h < 1.38
the numerical solution remains positive definite. We
can also see that the numerical solution approaches the
exact solution very slowly if the steplength is chosen

near the predicted maximum steplength.

1.
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rrom table 3.5 and 3.6 we can see the result if Q, = I.
The closed loop eigenvalues are then Aj(t1) = ~-2,0 and
_12(t1) = 0.0. The maximum steplength is now predicted
o, be =0.7 for t = t1 and to be 1.39 when we reach the

stationary value of the Riccati equation. If h » 1.2

the numerical solution "explodes™, but if h = 1.0 the

numerical solution approaches the correct soclution.

Froﬁ table 3.5 and table 3.6 it can be seen that the
.éhdice of initial value (Q ) can reduce the maximum step-
'leﬁgkh.

;:.f uﬁ$;9 and }

~From table 3.7 and 3.8 we can see that ifYh is sufficient-
'j1y émal1 the numerical solution approaches a positive,
semi~definite solution of the algebraic Riccati equation,

. 1= -1.001 and Az = 1.0,
the closed loop system is unstable.

closed loop eigenvalues are A




15,

‘I = 7 pue suaBustdeis 1uedegyTp o3 g srdwexs ut (wy) “lsooo,  csee eTqeL
5501 80°S e0be6E" L 570L 888 0000-0001 hz" |
Gg0L 66" L NGIREE N 5e0L Tl L 0000+ 0001 0Z° 1
0000000° L 6666660 986271880 0000-0001 001

og 07 0L 0
y
(2) sdazs o asquny




16.

"I = %) pue syiSustdess jusaesyTp doF 7 aTdurexy ut (y.3x)%ls *9re TRl
L§66666" | 7396666 " | 0£95966" L 0000000° & hZL
00000002 L9B6666" | LL888BE" L 0000000 | 0Z° 1L
0000000°¢ 0000000° 2 £886666° L 3000000° | a0 L

o€ 0z 0L 0
u

(1) sdeis Jo asquny




17.

"0 = % pue suaBustdess jusaeirrp oy z atdwexy ut (y.s)tlsgpg

"LTE ?TqEy
LELLS §29- L2278 ¢cZ9- BECLLSEg9~ 00000000 ge L
898LE8¢g" L- LLZEZZEL" 0 LShggece 0~ 0000000° ¢ Ot~ L
666666685°0 69066666°0 692h6366°C 00000000 0g- 1L
0oogoeo-L 00000¢C0" L ELCBESBE( 06060000 00" L

ge 0z oL 0
q

(>) sdeas o nmnﬁbz




18,

‘0 = %) pue syaSuerdezs jueasgyrp aoF g ordwex3 ut (y-x)%%s cgeg e1qe:
0000000°0 00000000 80000000 00000000 0n" L
50000000 0000000°0 0000000°0 00000560°0 0z° L
0000000°0 0000000°0 0000000°0 0000000°0 00"}

og 0z 0L 0
4

(>) sdals Jo a=quny




19,

From table 3.9 and 3.10 we can see that if Qg = 10-I the
steplength must be chosen to be =0.15 in order to obtain

numerical stability.

From table 3.11 and 3.12 we can see that it is possible
to start with Q, = diag(0.0, 1.0) and use a steplength

near the maximum possible and obtain numerical stability.
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Example 3.

The A-matrix is given in table 3.13 and the B-matrix is
given in table 3.1%. The matrices in the cost functional
are defined in table 3.15, 3.16 and 3.17.

The absolute largest eigenvalue to (A—BQ51 BTX) is Moy T

~0.86907, and we predict the maximum possible steplength
- 1.60, TFrom table 3.18 and 3.19 we can see that if Lk

joo s PR

< 1.64 the method is numerically stable. If the step- :
length is increased to 1.66 and larger, the numerical '
solution becomes indefinite as can be seen from table 3.20

and 3.21.
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It has been argued that numerical instability could be

detected by inspecting the quantity

§(k) = n;ix {[sij(k)—sji(k)] / [sij(k)!}

and in table 3.22 we show this Quantity for different
steplengths. In table 3.22 we also show another quantity

(k)

dsij
p(k) = Ijl_li.l;( {l _T l / ’Slj(k)

. In this example this quantity is more sensitive to numerical
instability than §.
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4. CONCLUSIONS

The numerical integration of the Riccati equation is known
to be a stable procedure. The numerical stability of the
integration method used determines the upper limit of the
steplength. The following rule of thumb can be given for the

cheoice of steplength, hmax'

Let hi(t) be the eigenvalues of R
(a-Q," BT s(t)) -
and

’Jk(t) = a (t) + Aj(t) 1,3 = 1,2,...,n

The maximum steplength is then given by

h €
max h

where h is given by

h = min{h|h Pi(t) €Dy, vk, t)

h 5°

and D_ is the domain of numerical stability of the inte-

gration method used.

A necessary condition to satisfy this rule is that
h ﬁk EDS

where

)]kzxi+ij i, = 1,2,...,n

and A, is an eigenvalue of
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For some

Tyy

(A-BQ," B
For some choices of Q, may be a sufficient condition too.
It has also been proven that an improper choice of QO may
lead to a considerable . reduction of the steplength., It
has been proven as well that the choice QO = 0 may lead
to a Iimiting value of S(t) such that the closed loop

system is unstable.
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