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Dynamics of concentration variations in laminar
tube flow

1. INTRODUCTION

The dynamics of concentration variations in a tube with
a stationary laminar flow will be investigated. It is
assumed that the concentration across the inlet is con-
stant. This concentration is taken as the input to the
system. The average concentration over the cross section
of the tube at a distance a downstream from the inlet is

taken as the output.

2. A MATHEMATICAL MODEL

Consider a stationary laminar flow in a circular tube with
radius ro. Let r denote the distance from the center of the
tube and x the distance downstream from the tube inlet.

Let c(r,x,t) be the concentration at a point (r,x) at time
t. If the flow is laminar we have .

(1) clr,x,t+h) = c(r,x~-hvir),t)

where v(r) is the velocity at a distance r from the center of
the tube. The concentratien thus satisfies the following
partial differential equation
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Since the concentration at x=0 is assumed independent of r

we get
(3)  clr,0,t) = ult)

where u is the input. The output is the average concentwation

At x = a 1l.e.
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The dynamics of the system can thus be represented by
the equations (2), (3) and (4). The state is the con-

centration in 0 x r<ry 0s x5 a.
. -3 .

3. INPUT- OUTPUT RELATIONS

Introducing (1) into (3) we find that the system can

be characterized by the input output relation
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Taking Laplacetransforms we find

’ a
Y{g) = 2r0"2 0% oS 7ir) dr U(s)
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The transfer function is thus given by
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where the last equality is obtained by changing the variables

N T t and v“l denotes the inverse function.
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Now observe the relation
Gle) = 5 e ®Th(p)at
0

and we find that the step response of the system.1is given by

0 t < a/vo

(7 HCE) :QL[rowlvul(a/t)}z t 3 a/vo

Notice that the equation (6) can also be obtained by taking
Laplace transform of (2), (3) and (4).

The equation (7) can be derived directly by assuming that the

system is initially of rest and making a unit step change. The

concentration after the step is shown in Fig. 1.

Fig. 1 Concentration after a unit step.
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For w=a we thus f

The average concentration of x = a is thus

0
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which is identical to (7)
4, A SPECIAL CASE
Now consider a special case. Assume
. _ n
(8) y(r) = v, i - (r/ro) 1
Then
ro=opg [1 - Mfﬁgi_ll/n
' 0
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In Fig. 2 we show the step responses for different values of n

Fig. 2 Step responses (39) for n = 1,2,4,8 samt 16. For

comparisions we also show the response of a delayed

first order system.

For n = 2 we get in particular
0 t < a/vD
H(t) =
- t oz a/'vD
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