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Pre face 

Fracture mechanics of concrete has aroused much interest in many 
universities within the Nordic countries. Therefore a need was felt 
to arrange a seminar in order to exchange information on the work 
which is going on. The seminar was arranged as a mini-seminar, i.e. 
a one day seminar with participation mainly restricted to active 
researchers in the field. 

At the seminar a number of papers we re presented and discussed. The
se papers are presented in this report. The papers are presented in 
an informal way. No reviewing has been performed, and no attempt has 
been made to unify the presentation or typing. Some papers may appe
ar more or less unchanged in other publications. 

I would like to thank the participants of the seminar for their 
contributions to the discussions at the seminar and for their cont
ributions to this publication. 

Lund, March 1987 

Arne Hillerborg 
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FINITE ELEMENT ANALYSIS OF MIXED MODE FRACTURE USING A DISCRETE 
CRACK APPROACH 
by 

Ulf Ohlsson Kent Gylltoft 

Division of Structural Engineering, University of Luleå, S-951 87, 
Sweden 

PREFACE 

This report presents an experimental and numerical study of the 

fracture of a notched unreinforced concrete beam. The work has been 

carried out at the Division of Structural Engineering, Luleå 

University of Technology under the direction of Professor Lennart 

Elfgren. The tests were planned by Kent Gylltoft in 1984 when he was 

an assistant professor in Luleå. The tests were carried out by Leif 

Hedlund and Ulf Ohlsson. Ulf Ohlsson also carried out the numerical 

analysis and wrote this report. The work has been supported by The 

Swedish Council for Building Research (BFR 830900-3). 
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1. INTRODUCTION 

A crack in a structure can propagate in different ways. To facilitate 

the analysis three basic mades have been named, see Fig. 1.1. A lot of 

work has been carried out to study mode I, the opening mode, see for 

example [1J, [2J, [3]. The other two modes sliding and tearing have so 

far only been studied in a few tests. 

II m 

Fig. 1.1 Basic modes of crack extension: 

I, opening mode; II, sliding mode; III, tearing mode [3] 

In this paper a study of a mixed mode fracture is presented. Experi

mental and analytical results are compared for a beam according to 

Fig. 1.2. Here both mode I and II occur. 

The first experiments on the beam in Fig. 1.2 were carried out by 

Arrea and Ingraffea in 1982 [4]. They subjected the beams to eyelic 

loading. Af ter each loading cycle the crack growth was inspected. One 

conclusion Arrea and Ingraffea drew from their tests was that the 

fracture mechanism was a mode I opening (tensile) fracture. 

Another type of beam that has been tested is the double notched beam 

in Fig. 1.3. Four different sizes of the beam were tested by Bazant 

and Pfeiffer in 1985 [5J. Compared to the beam in Fig. 1.2 the loading 

points were here located more elose .to the notch. The fracture mechan

ism was said to be a mode II sliding (shear) fracture. 
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Several investigators have modelled the beams in Figs. 1.2 and 1.3 with 

the finite element method using both discrete and smeared fracture models. 

Arrea and Ingraffea, 1982 [4]; used a discrete fracture model, based 

on linear fracture mechanics with different mixed-mode fracture 

initiation theories. Crack trajectories observed in the tests were 

reproduced with the finite element analysis. 

Glemberg, 1984 [6], modelled the beam in Fig. 1.2 using a smeared 

fracture model. The calculated load-displacement curves are in agree

ment with the experimental ly obtained curves, but the calculated crack 

trajectory does not match the laborator y tests. 

Rots, 1985 [7], modell ed the beam in Fig. 1.3 with a smeared fracture 

model. He succeeded in reproducing the experimental crack trajectories. 

Oldenburg, 1985 [8J, also used a smeared fracture model for the beam 

in Fig. 1.2. But his model also included the possibility of plastic 

deformations in compression. He succeeded in matching the calculated 

load-displacement curves and the crack trajectories with the experi

mental results. 

De Borst, 1986 [9], analyzedthe beam in Fig. 1.2 using a smeared 

fracture model. The load-increment is determined from the conditian of 

constant increase of Crack Mouth Sliding Displacement, CMSD, at every 

step. He obtained a very good correlation between the experimental and 

the calculated load-displacement curves, but the crack trajectories 

did not match the experimental ones. 

2. EXPERIMENTAL STUDY 

2.1 Test specimen 

Four concrete beams were cast for the experiments. They were cast in 

plywood forms and in two different batches. Steel plates, thickness 

3 mm, were fixed in the bottom of the forms to make the notches. Six 

concrete cubes, 150 x 150 x 150 mm3 , were also cast in each batch. 
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[mm] 

Fig. 2.1 Test Specimen 

to, 
-=~~--~~=-~'~52 

Af ter the casting the beams were covered with plastic film and kept 

wet. The forms were removed af ter three day s and the beams were then 

moved and cured in water until the day of testing. 

The concrete mix had the following proportions: cement 10.6 %, fine 

aggregate 41.9 %, coarse aggregate (erushed stone, maximum size 16 mm) 

39.9 % and water 7.6 %. The cement used was Cementa Std Slite. The wa

ter/cement ratio was 0.72. 

Results from the cub e tests are summarized l.n Table 1. The mean 

values of the tensile and compression strengths in batch 2 were 

f = 3.0 MPa and f = 35.4 MPa. 
et cc 

Table 2.1 Cube tests 

Cube No. Age Density Splitting Compression 
strength, strength, 

Q f ct f 
3 cc 

days kg/m MPa MPa 

x 1000 

Batch 2 1 68 2.39 3.0 33.9 

2 68 2.39 3. 1 35.4 

3 68 2.38 3.2 36.1 

4 68 2.39 3. 1 35.2 

5 68 2.38 2.8 35.7 

6 68 2.40 2.9 36.0 
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2.2 Test set-up 

A servohydraulic testing equipment with a capacity of 270 kN was used 

in the tests. The test set-up is shown in Fig. 2.2 and 2.3. The de

fleetian of the beam, at the loadpoint er was measured with two Linear 

Variable Differential Transformers, LVDT, attached to a steel frame. 

The Crack Mouth Displacement, CMD, was measured with an extensiometer, 

see Fig. 2.4. 

STEEL BEAM 

HEP. toO 

Fig. 2.2 Test set-up 

Flg. 2.3 Test set-up 

LOAD CE..LL 

LVDT 

c 

"- EXTENSIONEiER 
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Fig. 2.4 Extensiometer 

The CMD measured in the tests includes the crack opening as weIl as 

the crack sliding. The ratio between the Crack Mouth Displacement, 

CMD, and the "Crack Mouth Slidi"ng Displacement, CMSD, is 1.3 at peak

load according to the FEM-calculations. 

The load was measured with a load cell with a range of ± 500 kN. The 

loading of the beam was strain-controlled, with the extensiometer at 

the crack tip as the feedback source to the hydraulic cylinder. The 

loading velocity was equal to an increase in CMD of 0.08 ~m/s. 

Test data was collected on two xy-recorders, plotting load versus CMD 

and load versus deflection. 

2.3 Test results 

Test results from two beam tests are presented in this report. The two 

beams were east in the second batch. Test results from the beams cast 

in the first batch are not presented due to difficulties in controlling 

the load during the tests. 

Fig. 2.5 shows the load versus CMD and Fig. 2.6 the load versus de

formation curves of the tested beams. Only one load-deflection curve 

is shown, due to a transducer fault. 
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--------~-------

BEAM2 

1.0 2.0 3.0 4. DE-Dl 

CRACK MOUTH DISPLACEMENT CMD (mm) 

Fig. 2.5 Experimental load-CMD curves 

---ri-----

1.0 2. O 3. O 4.0E-0l 

DEFLECTI ON (mm) 

Fig. 2.6 Experimental load-deflection curve 
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The experiments were run in a very stable manner and could be controlied 

until the dead-weight of the beam broke it into pieces. 

The crack trajectories are presented in Fig. 2.7. They are curved and 

in accordance with the tests of Ingraffea [4]. 

- BEAH 1 

(S \DE. 1 AJ~D 

BEA"1 :2. 

(SIDE. 1 AwD 

2) 

2) 

I 

/ 
I 

I 
I 

Fig. 2.7 Experimental crack trajectories 
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Figs. 2.8-2.11 show the tested beams af ter failure. 

Fig. 2.8 Beam 1 af ter testing 

Flg. 2.9 Beam 2 af ter testing 



Fig. 2.10 Crack surface of beam 1 

Fig. 2.11 Crack surface of beam 2 
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3. NUMERICAL STUDY 

3.1 Finite element model 

The adopted material model is based on nonlinear fracture mechanics. 

The element mesh is shown in Fig. 3.1. 

(a) 

B 

7 

6 

L 
(b) 

Fig. 3.1 al Finite element model of the beam 

b) Linkage elements 
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Plane, linear elastic three- and four-node elements together with 

two-node linkage elements were used. 

A fracture zone, with the same trajectory as the crack in the tests, 

was modelled with the linkage elements. 

The linkage element can be visualized like in Fig. 3.2. It has non

linear material properties. The 1-direction is normal to and the 2-

direction, the shear-direction, is parallel to the fracture zone. The 

material properties are different in the two directions. Fig. 3.3 

describes the constitutive relations for the linkage element. There is 

also an interaction between the stresses in the 1- and 2-direction, so 

that when the peak stress is reached in the tension-direction, the 

fracture stressline 2 in the shear-direction is lowered, Fig. 3.4. 

2 

Fig. 3.2 Linkage element [3) 

Fig. 3.3 constitutive relations for the fracture zone 
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8 
S· 

Fig. 3.4 Lowering of the fracture stressline 2 in the shear-direction 

[3] 

The linkage element has been developed by Kent Gylltoft and is further 

described in [3]. The linkage element is implemented in a special 

version of the finite element program FEMP [10]. 

The fOllowing material parameters were used: 

E = 30 GPa 

f t = 3.0 MPa 

f s = 3.0 MPa 

f s = 5.0 MPa (upper part of the beam where high compressive 

stresses are present) 

EU = 20 

Gf = 150 N/m 

The width of the fracture zone was 10-5 m. The loading of the beam was 

performed by stepwise moving the point C in Fig. 3.1 downwards. 
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3.2 Results from the finite element calculations 

The numerically obtained curve of load versus CMSD is shown in Fig. 

3.5. The solution is stable up to peak load, but the softening part is 

unstable and gives numerical problems. 

0.4 0.8 1.2 1.6E-01 

CRACK MOUTH SL!OING DISPLACEMENT CMSD (mm) 

Fig. 3.5 Load versus CMSD curve from the finite element analysis 

The curve of load versus CMD from the FEM-calculation is in Fig. 3.6 

compared to the test results from beam 1. There is a good correlation 

in the prepeak part of the curves and the peakload differs only 15 \, 

but the model gives a too ductile post-peak behaviour. 
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FE-ANALYSrS 

EXPERIMENT BEAMl 

0.4 0.8 1.2 1.6 2.0 2.4 2.8E-0l 

CRACK MOUTH DISPLACEMENT CMD (mm) 

Fig. 3.6 Load versus CMD curve from the finite element analysis 

We shall now look at the stresses in the fracture zone at different 

load leveIs. The location of the linkage elements 1.5 shown in Fig 3.1b 

and in Fig. 3.7 the tensile stresses in the elements 1 to 5 are shown 

as a function of the CMSD. 
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2 3 4 

1. O 2.0 3.0 4.0 5.0 6.0 7. O E-02 

CRACK MOUTH SUDING DISPLACEMENT (mm) 

Fig. 3.7 Tensile stresses in elements 1 to 5 

The figure shows that the crack in the FEM-model developes as a ten

sile crack. Af ter peak load for CMSD = 0.07 mm element number 4 has 

reached the maximum stress 3 MPa. The stress in element 1 has de

creased to 0.8 MPa. 

The elements 6-8 are subjected to large compressive stresses together 

with shear stresses. The shear strength is therefore raised to 5 MPa 

for the three elements. Fig. 3.6 shows the shear stresses in the ele

ments. No fracture occurs in these elements during the calculation. 
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7 

6 

8 

1.0 2.0 3.0 4.0 5.0 6.0 7.0E-02 

CRACK MOUTH SLIDING DISPLACEMENT (mm) 

Fig. 3.8 Shear stresses in element 6 to 8 

Plots of deflections and principal stresses at three different load 

levels are shown in Appendix 1. 

4. nJSCUSSrON 

The numerical study shows that the fracture of the beam can be 

modelled as atensile fracture. The model gives a good prediction of 

the peak load and the crack growth at different load levels can be 

studied. 

When the peak load is passed, the model gives a too ductile solution 

and it soon runs into numerical problems. What can then be improved, 

to get a better result? 

A finer element mesh will probably give smoother load-deflection 

curves. The crack is now modelled with only 8 linkage elements. 
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The chances of getting a more stable post-peak curve had probably been 

greater if the loading was performed by giving desplacement control to 

the nodes on the top of the concrete beam, instead of a prescribed 

displacement at. t.he loading point of the steel beam. The steel beam 

cannot be modelled infinitely stiff, and if the steel beam is weak 

compared to t.he concrete beam the solution af ter peakload will never 

converge. 

Fig. 4.1 shows the experimental load deflection curve on the second 

beam at the loadpoint C in Fig. 4.2. The deflection was measured with 

two LVDT:s attached to a steel frame placed on top of the beam. The 

load deflection curve therefore shows the deflection related to a line 

bet.ween point A and B in Fig. 4.2. 

1.6 ~--~---r--~----r---~---r--~----~--~--, 
E+02 

1.2 
-----l---~-. 

O.B 

2 o 
r:::l 

0.4 -< 
Cl 
-' 

1.0 2.0 3.0 4. DE-Dl 

OEFLECTl ON (mm) 

Fig. 4.1 Experimental load deflection curve 
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A 

Fig. 4.2 Definition of deflection 

What is then the real deflection of the beam? If we look at the 

numerical study of the beam and calculate the downward movement of 

point A and B at the peakload of beam 2/ point A has moved downwards a 

distance of 0.026 mm and point B a distance of 0.006 mm. When the load 

af ter peakload decreases again, point A and B will start moving up

wards. The real load-displacement curve will then be like in Fig. 4.3. 

1.6 r---r---,----.,.---r---r---,----,.---r---r---, 

E+02 

1.2 

0.8 

z c 
'" <: 0.4 
'" ....J 

1.0 2. o 3. o 4. DE-Dl 

DEFLECTI ON (mm) 

Fig. 4.3 Modified load deflection curve 
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The post-peak part is now much steeper. This shows that even if the 

loading was performed by giving displacement controI to the nodes on 

the concrete beam, it would be difficult or impossible to get the 

right po~t-peak solution. 
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APPENDIX 

This appendix shows plats of the displacements and the principal 

stresses at three different load levels in the FE~-calculation. 

Fig. A 1.1 Displacements P=72 kN 

L----------------------~L ____________________ --~ 

Fig. A 1.2 Displacements P=132 kN 

Fig. A 1.3 Displacements P=137 kN CAFTER PEAKLOAO) 
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P=72 kN 

Fig. A 1.7 Principal stress@s 

P=132 kN 

Fig. A 1.8 Principal stresses 

P=137 kN CAFTER PEAKLOAO) 

Fig. A 1.9 Principalstresses 
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SMEARED CRACK ANALYSIS OF CONCRETE USING A NONLINEAR FRACfURE 
MODEL 

by 

Ola Dahlblom and Niels Saabye Ottosen 
Division of Structural Mechanics, Lund Institute of Technology 
Box 118, S-221 00 LUND, Sweden 

SUMMARY 

The smeared crack approach is adopted and to circumvent 
the problem of lack of objectivi ty, this smeared approach is 
based on a reinterpretation of the ficti tious crack model of 
Hillerborg et al. This reinterpretation is bas ed on the 
introduction of the essential quantity, the socalled equivalent 
length, which is a purely geometrical quantity determined 
entirely by the size and form of the element region of 
interest. Following the same concept, it turns out to be 
possible to obtain an objective description of the shear 
stiffness along the crack plane~ which depends on the size and 
form of the element region in question and the elongation 
across the infinitely thin crack zone. 

The theory is implemented in a finite element program and 
results obtained for the response of a concrete tension 
specimen support the appealing features of the proposed 
approach. 

INTRODUCfION 

Modelling of cracks in concrete can, 
accomplished by two different approaches: 
smeared approach. 

in princip le , be 
a discrete and a 

The discrete approach, Ngo and Scordelis [lJ and Nilson 
[2J, is physically appealing as i t reflects the localized 
nature of cracking, but its numerical implementation is 
hampered by the need for letting the cracks follow the element 
boundaries which, in turn, requires the introduction of 
additional nodal points. Al ternatively , the cracks can be 
allowed to develop in arbi trary directions and thereby 
intersecting the elements, but this approach requires a 
redefinition of the original mesh arrangement. Obviously, this 
redefinition complicates the approach significantly even thåugh 
automatic procedures for the redefinition of the mesh have been 
developed, Ingreffea and Saouma [3J. 
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Computationally, the smeared approach is much simpler. as 
possible strain and displacement discontinuities introduced by 
the cracking are ignored and attention is given only to the 
changing ability to transfer stresses across the crack plane. 
Consequently, only the constitutive model expressed in terms of 
stresses and strains needs to be modified by the appearance of 
cracks. This modification is performed in a smeared manner over 
the element region of interest and it therefore leads to a very 
convenient numerical scheme, originally proposed by Rashid [4J. 

However, this original smeared concept exhibi ts an 
essential shortcoming, as demonstrated by Bazant and Cedolin 
[5J. For a completely brittle behaviour together with a simple 
strength criterion to detect the initiation and propagation of 
cracks, the loading that results in propagation of cracks in a 
structure loaded in tension, depends entirely on the mesh size. 
This socalled lack of objectivity also implies that the total 
energy dissipated by the c racks approaches zero, when the 
elements be come infinitely small. 

Significant improvements of the modelling of cracks were 
provided by the crack band model of Bazant and Oh [6J and by 
the fictitious crack model of Hillerborg et al. [7J. Whereas 
the crack band model describes the bi linear behaviour of a 

.crack by three parameters (tensile strength Ut' fracture energy 

G , and size of process zone w ) all considered to be material 
c c 

parameters, the fictitious crack model is a two-parameter model 
(at,Gc )· 

Moreover, whereas the crack band model of Bazant and Oh 
[6J is essentially a smeared approach. the fictitious crack 
model of Hillerborg et al. [7J is original ly a discrete 
approach. Nilsson and Oldenburg [8,9J pioneered the idea of 
making a smeared version of the fictitious crack model without, 
however, being able to obtain entirely satisfactory results, 
Oldenburg [9J. Also the later composite fracture model of 
Willam [lOJ bears similari ties with this work. Pursuing this 
concept and following the lines of' [llJ, the fictitious crack 
model has been reformulated in [12J so that it can be applied 
in a smeared manner. This reinterpretation of the ficti tious 
crack modelleaves i ts predictions entirely .. unchanged, but in 
order to obtain a smeared interpretation it becomes necessary 
to introduce a socalled equivalent length. This implies that 
also the smeared version of the fictitious crack model becomes 
a three-parameter mode l , but it turns out that the equivalent 
length is a purely geometrical quantity determined entirely by 
the form and size of the element region of interest. whereas 
the corresponding quanti ty in the crack band model of Bazant 
and Oh [6J, the size of the process zone w , is claimed to be a 

c 
material property. 

In the present paper. the smeared version of the 
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fictitious crack model [12J is presented. Finally, some results 
for tensile test specimens are presented. 

FICTITIOUS CRACK MODEL 

The fictitious crack model of Hillerborg et al. [7J takes 
as its basis the experimentally observed fact that cracking is 
a discrete phenomenon and that cracking is not completely 
bri ttle, but rather is characterized by a softening effect 
caused by cohesive stresses in the microcracked region. For a 
concrete bar loaded in tension into its post-peak region, the 
fictitious crack model describes cracking as elastic unIoading 
along the entire length of the bar and an additional elongation 
occurring in an infinitely thin cracked zone. It is of interest 
that the fictitious crack model does not rely upon a.relation 
between stresses and strains as the behaviour of the infinitely 
thin cracked zone is described by a constitutive relation 
expressed in terms of stress and elongation .. This description 
was original ly suggested using experimental evidence, only, but 
i t is of interest that i ts acceptance can be based on purely 
thermodynamical arguments, [11J. 

Following the discussion above., the fictitious crackmodel 
describes the post-peak behaviour of the uniform and 
homogeneous concrete tension bar of length L as illustrated in 
Fig. l, where, for simplicity, a linear relation between stress 
a and crack elongation w is adopted. 

L 

Region 1 

2 

Region 2 

(} 

Fig. 1 - Fictitious 
crack model 
of Hi llerborg 
et al. [7J 

The resulting elongation, u, for the entire bar becomes 

where E = Young' s modulus , a t = tensile strength, and N is the 

slope of the a-w curve. Tension and elongation are considered 
positive quantities. The total energy dissipated, Dt , when the 

stress eventually has dropped to zero is related to the area 
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under the a-w curve of Fig. 1, i.e. 

Le. (2) 

where A is the cross sectional area of the bar and G denotes 
c 

the cri tical fracture energy. Observing that Wo = -a tlN, cf. 

Fig. l, we obtain from Eq. 2 

Moreover, defining the quantity A by 

2G E 
c 

A = -2-
at 

we obtain 

E 
N = - ~ 

(3) 

(4) 

(5) 

It should be observed that A, the socalled characteristic 
length, is a material parameter having the dimension of length. 

DEFINITION OF EQUIVALENT LENGTH 

The previous equations can be reinterpreted in the spirit 
of a smeared crack approach by introducing an equivalent strain 

* * c , uniformly distributed on the bar length, Le. c = u/L. 
From Eqs. 1 and 5 we obtain 

(6) 

The tangential stiffness modulus, ~, then becomes 

da E 
ET = --A 

1 - [" 

As the bar is assumed 
elongation, ET must be 

restriction 

to be subjected to 
negative, providing 

(7) 

an increasing 
the following 
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L < A (8) 

Equations 6 and 7 clearly show that the post-peak 
behaviour not only depends on the material parameters E and A, 
but also becomes size-dependent through the appearance of the 
term L. This effect is illustrated in Fig. 2 and in accordance 
with experimental ev i dence, it appears that the longer the bar, 
the more brittle the response. However, it is of importance to 
realize, that irrespective of the length L, the description of 
the post-peak behaviour given through Eq. 6, implies that the 
correct total energy = AG·· will always be dissipated when the 

. c 
stress eventually has dropped to zero. 

1\" 
J I \ , 

J I \', 
J I \ " 

J I \ " Al L =3 
I \ ' 

J I \ =2 " 
/ 1=1 " " ... 
1=0.5, \ " 

I I \ ' ..... 

2 3 
BE 
Lat 

·Fig. 2 - Behaviour of bar for different AIL-ratios 

Starting from the original discrete approach of the 
fictitious crack model, we have arrived at an alternative 
description given by Eqs. 6 and 7, which provides exactly the 
same predictions. It appears, however, that Eqs. 6 and 7 yield 
a constitutive relation expressed in terms of stress and 
strain. This means that Eqs. 6 and 7 can be used in a smeared 
crack approach. It is important, however, that to achieve this 
formulation, we have introduced a length L into the 
constitutive relation. 

For the onedimensional case considered, this length L is 
simply the length of the bar considered. If more onedimensional 
fini te elements were used to model the bar, we must for the 
element, which exhibits cracking, use the constitutive relation 
Eq. 6, where L now should be the' length of that element. 
Consequently, we are led to introduce a socalled equivalent 
length, L , into the consti tutive relation Eq. 6. For the 

eq 
onedimensional elements considered, this equivalent length is 
simply the length of the cracked element normal to the crack 
plane. This observation suggests the following definition of 
the equivalent length applicable to all elements: the 
equivalent length, L , of a finite element is the maximum eq 
length of the element region of interest in the direction 
normal to crack plane. This definition is illustrated in Fig. 3 
for the 3-node triangle and the 8-node isoparametric element 
with 2x2 Gauss point integration. 
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Fig. 3 - Definition of equivalent length L eq 

Note that for the 3-node triangle, the element region of 
interest is obviously the total element region, whereas for the 
8-node element, the element region of interest is the region 
related to the Gauss point in question. The above definition of 
equivalent length applies for three-dimensional elements as 
weIl. 

SMEARED CONSTITUTIVE EQUATIONS - PLANE STRESS 

Having established the definition of equivalent length for 
arbi trary finite elements wi th arbi trary crack directions, we 
shall now generalize the smeared constitutive relations 
discussed above. 

For simplicity we shall assume linear elastic behaviour 
and eraeking under plane stress c ond i tions (consideration to 
plastic effects and other stress states is straight forward). 
Assume that a crack plane develops normal to the x-axis. 

In accordance with the experimental ev i dence that no 
necking effects are related to the crac~ development, the 
displacements in the infinitely thin eraeked zone are assumed 
to be purely el ongat i ona l , i.e. no Poisson effect is present. 
Therefore, the strain in the y-direction is determined by the 
usual Hooke's law. In the x-direction, a results in a strain x 
component given by Eq. 6, whereas a provides a strain 

y 
component in the x-direction e qua l to the usual elastic 
contribution. The above observations lead to 

E 
l O A 

l a = 2 A v c r--ot x x 
l-v - -- l-AlL O 

eq 
a L v c 2 A v y eq eq y l-v - --
T 2 'Y L O 
xy l-v -A/L xy eq 

O O eqG 
E ef 

(9) 
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From Eq. 9, we have the relation T = G f~ ,where G f = 
xy e xy e 

effective shear modulus. The determination of Gef is a subject 

of much controvercy. see for instance [13J. Its inclusion 
makes it possible to simulate shear stiffness along the crack 
plane, i.e. aggregate interiock. Usually, one writes Gef = aG, 

where G = elastic shear modulus and a = shear retention factor 
(O~a~l). Of ten, the a-factor is simply given a constant value, 
typically a = 0.1-0.4. and many numerical experiments have been 
performed in order to evaluate the effect of different 
a-values. 

In reality, the a-value must be a function of crack width, 
relative displacement tangential to the crack plane and of the 
nature of the crack surface. Also, the a-value is expected to 
decrease with increasing crack width so that for small widths, 
a is close to uni t y and for large widths, a is close to zero. 
Moreover, just like the tangential slope of the softening 
branch, ET' the a~factor must also depend on the size of the 

finite element in question in order that the total shear 
behaviour of a concrete specimen does not depend on the number 
of elements. 

The objectives above can be achieved in a manne r 
completely analogous with the derivation of Eq. 6 by assuming 
the relative displacement tangential to the crack plane, w . 

s 
related to the infinitely thin cracked zone to be determined by 

w w =-T 
S G xy 

s 
(10) 

where the constant G = slip modulus. In the finite element 
s 

outside the infini tely thin cracked zone, the usual elastic 
shear relation T = G~ is assumed to hold. The assumptions 

xy xy 
above imply that 

G f = 
e 1 

G 
(11) G w 

+ ---G L 
s eq 

where w as before denotes the crack elongation normal to the 
craek plane and where L is the equivalent length of the eq 
finite element region in question. The simple relation, Eq. lO, 
provides elose agreement with the experimental results of 
Paulayand Loeber [14J when G = 3.8 MPa. 

s 

Eq. 9 is wri tten in a total form, but for numerieal 
purposes the eorresponding ineremental formulation might be 
advantageous. Noting that Gef is not a eons tant , but depends on 
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w, which is given by w = (ox-Ot) IN , cf. Fig. 1, we obtain from. 

Eqs. 9 and 11 af ter some algebra 

[WX 

E 1 O dE. 2 A v x 
do 

l-v - -- l-AlL O dE. L v y eq 2 2 eq 2 y 
dT G fA"Y G f AV l-v -AlL 

xy e xy e xy eqG d'Y G L E GL E E ef xy 
s eq s eq 

(12) 

1t is of interest that whereas Eq. 9 is symmetric, Eq. 12 is 
not, Moreover, Eq. 12 clearly shows that the incremental shear 
stress is coupled not only to the incremental shear strain, but 
also to the incremental normal strains. 

FINITE ELEMENT RESULTS 

The theory proposed above has been implemented into a 
fini te element program and some resul ts for the behaviour of 
the concrete tension specimen shown in Fig. 4 will be given 
below. Due to symmetry. only one quarter of the specimen will 
be considered. The dimensions of the specimen are taken from 
the experimental investigation of Petersson [15J. 

al y bl 

SO 

Dissipation 

o 
M 

~ 
u 

50 

Fig. 4 - a) concrete specimen of Petersson [15J, dimensions 
are in mm, A = cross sectional area; b) calculated 
total force - total elongation diagram shown in 
principle 

The fini te element solution 
approach and the following 

scheme follows a tangential 
material parameters all 

representative for concrete were adopted: E = 
v = 0.2, 0t = 3.3 MPa, G =130 N/m, G = 3.8 MPa. c s 

4 2.1-10 MPa, 

By prescribing equal, increasing displacements along the 
upper and lower surface of the specimen, the specimen is loaded 
into the post-peak region until i t has disintegrated 
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completely. In reality, cf. Petersson [15J, this disintegration 
corresponds to the development of a single crack having the 
area A, as shown in Fig. 4a). 

The purpose of the calculations is not to compare results with 
eA~erimental evidence, but rather to document that the 
suggested smeared approach is objective in the sense that for 
decreasing finite element size the total energy dissipated due 
to eraeking approaches the correct value. By definition, the 
correct total dissipated energy is AG, where G is the 

c c 
prescribed fracture energy = 130 N/m. From the calculation 
results, we can construct the total force-total elongation 
diagram as shown in principle in Fig. 4b). The calculated 
dissipated energy is obtained from the area under this curve 
and by dividing by the cross sectional area A, we can determine 
the calculated fracture energy G l' For decreasing sizes of c,ca . 
the finite elements, G l should converge towards the exact 

c,ca 
value G, 

c 
objective. 

if the suggested smeared approach should be 

Using a 3-node triangular element and a 4-node 
isoparametric element, the finite element mesh of different 
models is shown in Fig. 5. The crack pattern, when the specimen 
has.disintegrated completely, is also shown. 

Mesh A Mesh B Mesh C Mesh D 

+ 

Mesh E Mesh F Mesh G Mesh H 

Fig. 5 - Finite element meshes and crack patterns 

Because the stresses and strains in the constant strain 
element are evaluated here simply at the centroid of the 
elements, the calculated crack direction might differ from the 
true horizontal direction. This implies that shearing along the 
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crack plane will contribute to the load bearing capacity. It is 
of interest that even for the tension specimen considered, this 
mobilization of the shear stiffness might be quite 
considerable. 

To illustrate this, mesh C of Fig. 5 was used in 
combination with the usual simplified assumption for the shear 
stiffness along the crack plane, i. e. Gef = aG, where a is 

considered to be a constant. For typical a-values = 0.01, 0.1, 
and 0.4 the obtained force-elongation diagram is shown in Fig. 
6. It appears that even for this simple tension specimen is an 
accurate description of the variation of the shear modulus, 
Gef , very essential. Consequently, in all the remaining 

calculations, the consistent approach proposed by Eq. 11 was 
applied. 

ForcelNl 

Dlsplacement Im) 

Fig. 6 - Force-displacement curves for mesh C of Fig. 5 with 
Gef = aG, where a is considered to be a constant 

The resul ting force-displacement curves 
shown in Fig. 5 are shown in Fig. 7 and 
improvement compared with Fig. 6 is obvious. 

for 
the 

the meshes 
s ignif i can t 

The resulting calculated fracture energy, G l' is shown c,ca 
in Fig. 8 as function of the number of degrees of freedom. It 
appears that the calculated fracture energy converges very 
closely to the exact value, G , documenting that the adopted 

c 
smeared approach is objective. Moreover, we observe a dramatic 
improvement of the results as compared with the corresponding 
results of Oldenburg [9J. 
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_lO· 

\.50 

Dlsp(ocemen1 Im) Dlsplocem"nt Iml 

.00 

Fig. 7 - Force-displacement curves for the meshes shown in 
Fig. 5 

Gc,caIIN/m) 

160 

150 

"O 

Fig. 8 - Calculated frac
ture energy for 
the meshes of 
Fig. 5 as function 
of number of 
degrees of freedom 
(DOF) 

The results shown above cannot be claimed to be of 
complete generality, as the cracks mainly are parallel to one 
of the element boundaries. In a general finite element 
analys i s , cracks will have arbitrary directions with the 
element boundaries. 

To investigate this aspect, the highly distorted meshes 
shown in Fig. 9 were adopted. The crack pattern when the 
specimen has disintegrated completely is also shown. 
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Mesh I Mesh J Mesh K Mesh L 

Mesh M Mesh N Mesh O Mesh P 

Fig. 9 - Highly distorted finite element meshes and crack 
patterns 

The resulting force-displacement curves are shown in Fig. 
10. It is apparent that due to the low order of the triangular 
element, the distorted meshes have. difficulties with reflecting 
the correct deformation mode. Even though the response shown in 
Fig. 10 is inferior compared with the results shown in Fig. 7, 
it is of interest that a smooth convergence occurs. In 
calculating the fracture energies of Fig. 11, the tail of the 
force-displacement curves have been replaced by straight lines 
as sho~TI in Fig. 10. 

ForceiNI 
-l O~ 

1.50 

Fig. 10 - Force-displacement curves for the distorted meshes 
of Fig. 9, 
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Gc,collNlml 

'DO 

L K 

150 

100 

0.02 Q.Ol. 006 (NOOFl·' 

Fig. 11 - Calculated fracture energies for the distorted meshes 
of Fig. 9 as function of number of degrees of freedom 
(DOF) 

The obtained resul ts demonstrate that the presently used 
smeared approach is objective. For distorted meshes of 
triangular elements the estimation of the fracture energy is. 
however. a bit high. This is a result of the inability of the 
element type to mode l the inhomogeneous strain distribution 
correctly. when highly distorted meshes are used. It may be 
concluded that elements of low order is unfavourable in 
connection with smeared crack analysis. This is also supported 
by results obtained with eight-node isoparametric elements. 

CONCLUSIONS 

The fictitious crack model of Hillerborg et al. [7J is 
originally formulated as a discrete model. In recogni tion of 
the essentiai numerical drawbacks related to such an approach. 
we have made a reinterpretation of the fictitious crack model 
in the spirit of a smeared approach. The key to this 
reinterpretation is the introduction of the socalled equivalent 
length being a purely geometrical quantity determined entirely 
by the size and form of the element region of interest . The 
introductionof the equivalent length implies that irrespective 
of the size of the fini te element. the dissipated fracture 
energy remains. in principle. the same. Following the same 
concept. i t turns out to be possible to obtain an objective 
description of the shear stiffness along the crack plane. which 
depends on the size and form of the element region in question 
through the equivalent length and which also depends on the 
elongation across the infinitely thin crack zone. 

Through finite element calculations of a tension concrete 
specimen. the theory was demonstrated to be objective even for 
highly distorted meshes . However. the resul ts obtained wi th 
distorted element meshes indicate that a low order of the 
element shape functions is unfavourable in connection with 
smeared crack analysis. 
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INTRODUCTION 

In terms of constitutive equations materials such as rock, con-
-' 

crete, and other cement based composite materials are character

ized by the fact that they exhibit a socalled strain softening 

behavior prior to failure. 

Though there is still a great deal of discussion on the validi-

ty of stress/strain curves which include strain softening, see 

e.g. [1], it is generally agreed on that failure of rock and ce

ment based composite materials is always governed by the nuclea

tion and growth of microvoids or microcracks [2], It is also agreed 

on that it is this darnage evolution that is responsible for the 

nonlinearity of the stress strain curves for the above mentioned 

materials. Darnage evolution is also responsible for the develop

ment of a so-called process zone ahead of tension cracks in rock 

and concrete. 

In the calculation of e.g. concrete structures loaded in tension 

or bending darnage evolution has been accounted for in a nurnber 

of different ways. As two extremes one might men~ion the fracture 

mechanical approach where the process zone has been included as a 

fictitious crack [3] - [6], and the continuurn approach, see e.g. 

[7] - [11], where the darnage evolution is included via a stress

strain curve with strain softening. 

Further information on the treatrnent of strain softening and crack 

development can be found via the detailed bibliography in [9]. 

Though the correct approach to damage modelling in concrete struc

tures is not gennerally agreed on, it is evident that a continuurn 

approach is very suitable in describing darnage evolution in fibre 

reinforced (cement based) materials, since we are dealing here with 

a high ly homogenized kind of damage, and it is possible to define 

and experimental ly exarnine a weIl defined set of damage modes, e.g. 

matrix cracking, fibre cracking, fibre/matrix debonding, and so on 

[ 1 6] • 

In this paper the continuum approach to darnage modelling will be 

investigated. We will not deal with the structural level, but with 

the microscopic level. Thus to be precise, we will investigate the 

possibility of deriving phenomenological constitutive equations 

which can be used in a continuurn approach to e.g. concrete. The 
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tools that will be used are the so-called continuum damage mechan

ics theory (CDM), see e.g. [12] - [16], and composite material theo

ry (CMT), see e.g. [17] - [19]. CDM-theories constitute a group of 

theories which derives local constitutive equations in the conti

nuum mechanics sense from three definitions or lawsjassumptions: 

1) A definition of internal variables which describe the damage 

modes in question. 

2) Constitutive equations involving the influence of the inter

nal damage variables on the overall material behavior. 

3) Evolution equations which describe the damage evolution as 

function of the applied load. 

By applying composite material theory the first and the second pro

blem of the CDM-approach has been solved in one step, as we shall 

see in the following. Furthermore, due to the rather general CMT's 

which are available, it is possible to a) model damage with a 3D 

model, b) model the effect of anisotropic damage, and c) model the 

effect of damage geometry (e.g. spheres contra microcracks, given 

a damage evolution law) . 

Finally, it should be mentioned that the results from 3D-composite 

material theory can be reduced to 2D or 1D models, as it will be 

shown in the case of the derivation of the constitutive equation 

for a unidirectional fibre reinforced composite material. 

COMPOSITE MATERIAL THEORY FOR MATERIALS WITH VOIDS OR CRACKS 

First we will summarize some of the basic results of elastic CMT. 

These results are general,i.e. they apply to any composite materi

al whether it contains infinitely stiff inclusions or voids or 

eraeks. The results are due mainly to Hill [20]. 

The starting point for a 3D-composite material analysis is usually 

a so-called representative volume element, RVE, with total volume 

V (including voids) and surface orV) (which does not include inter

nal surfaces on voids and/or eraeks) . On the structural level aRVE 

can be thought of as a material point, however, on the microscopic 

level the RVE is an element containing many inhomogenities. 
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In the following it is assumed that all phases (matrix and in

clusions) are linear elastic and small strain elasticity is used 

throughout the analysis. 

In order to investigate the behavior of the RVE two kinds of bound

ary conditions are prescribed. Either 

o .. n. = L .. n. 
1J J 1J J on å (V) , ( 1 ) 

where o.. is the microscopic stress field, n. is the outward 1J 1 
unit normal to ö(V) and Lij is a stress tensor which is con-

stant:. in space. 

Or 

on ö (V) , (2) 

where u. are the microscopic displacements, E .. is a strain ten-1 1J . 
sor constant in spac~ and xi are the coordinates. 

The tensor s L .. 
1J and E .. 

1J are called the macroscopically homo-

geneous stress and strain, respectively, since they represent the 

homogeneous fields which would be introduced if eg. (1) and (2) 

were prescribed on a homogeneous volume element. 

Denoting by an overbar the volume average of the stress and strain 

field: 

-o .. 1J 

e:: .• 
1J 

= 

it follows 

o .. = 
1J 

and 

e:: •• 
1J = 

V 

o .. dV , 1J 

f e:: •• 1J dV 

V 

, 

from the divergens 

L. 
1J 

given (1 ) , 

E .. 
1J 

given (2) • 

(3 } 

(4) 

theorern that 

(5 ) 

(6 ) 
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Furthermore, it follows from the principle of virtual work that 

the volume average of strain energy density, W, is given by 

w = ~ f ~ er ij E ij dV 

given the boundary conditions (1) or (2). 

Next we define the free energy density ~ for the RVE as 

~ = W er .. n. dA, 
~J J 

(7 ) 

(8 ) 

where o(V) denotes the part of å(V) where the stress is prep 
scribed. It is readily shown, using the divergens theorem once 

more, that 

~ 
1 - - (1) , = "2 CJij Eij given ( 9) 

~ 
1 - - given ( 2) .- ( 1 O) = "2 er . . E .. 

~J ~J 

The stiffness and compliance of the composite material are in 

general defined by 

-
°ij = Lijkl Ekl ( 11) 

given (1) or (2) 
( 12) 

where -1 
= Mijkl · 

We will not go into details about the determination of Lijkl or 

Mijkl just mention that there exists a whole class of solutions 

which are based on eg. (5) and (6) and on the solution for an 

ellipsoidal inclusion embedded in an infinite matrix. Non-dilute 

concentrations of ellipsoidal voids or cracks can e.g. be dealt 

wi th using Levin I s method, [21] and [22]. 

The solution for the compliance, obtained by using Levin's method, 

can in general be written as 

Mijkl = ~jkl + S Hijmn ~~nkl ( 1 3) 
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where superscript 'm' refers to the matrix material, and B is a 

scalar which describes the crack density or the volume concentra

tion of the voids, and where Hijkl is a fourth order tensor. We 

will consider three cases here: 

(i) Aligned, penny-shaped cracks: Here B is given by 

13 = 471" 3 
3 n a 

where n is the number of cracks per volume and 

a is the crack radius. The tensor Hijkl is 

transversely isotropic. The explicit expression 

is given in Appendix 1. 

(ii) Randomly distributed penny-shaped cracks: Here 13 

is aga in given by eg. (14), but Hijkl " is now iso

tropic. An expression is given in Appendix 2. 

(iii) Spherical voids: Here 13 is given by 

s = 

where c denotes the volume concentration of the 

voids. The H-tensor is again isotropic and an ex

pression is given in Appendix 3. 

(14) 

(15) 

Note, finally, that with the composite material compliance given 

by eg. (13) f the corresponding stiffness is given by 

(1 6) 

with 

-1 
Rijkl = I ijkl + S Hijkl ' ( 1 7 ) 

where I ijkl denotes the fourth order identity tensor. 

A completely different approach to the determination of composite 

material stiffness and compliance is the. composite material element 

approach. In this approach the stiffnessjcompliance of a single 

inhomogenity surrounded by a suitable amount of matrix material is 

determined by subjecting this material element to appropriate bound-
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ary conditions. Finally, the stiffness/compliance of the composite 

material element is equated with the stiffness/compliance of the 

composite material as a whole. 

Using this approach the 1D axial compliance of afibre reinforced 

composite material containing unidirectional infinitely long fibres 

and transverse matrix cracks along with fibre/matrix debonding has 

been determined. The solution can be written as (E, M, and cr de

noting scarIars): 

s == M a , ( 1 8) 

with 

-bR.,) bErn d I 
tE f + b~ + t ' 

( 1 9) 

where b denotes matrix thickness, tfibre thickness, R., length 

of non-debonded interface, and d length of debonded interface. See 

also fig. 1. Ef and Em denote Young's modulus for the fibres and 

the matrix respectively, and n denotes the number of transverse 

era eks per length of the fibre. Given n and d where 

d < 2n ' 
(20) 

we have 

(21 ) 

and AR., is determined according to 

(22) 

Here \) rn and \) f denotes Poisson' s ratio for the matrix and the 

fibres, respectively. The ratio b/t describes the volume con

centration of the fibres since 

t 
b+t == c 

f (23) 

Once M has been determined, the stiffness of the cornposite ma

terial can be determined from 
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1 
L = (24) 

M 

The solution (19) has been derived by means of a shear lag type 

of analysis. The derivation is outlined in Appendix 4. 

Note, finally, that eg. (18) is the one-dimensional eguivalent to 

eg. (12). It is clear that there exist one-dimensional eguivalents 

to egs. ( 1) - (11) as weIl. 

b 

..E-2t 

b 

L--------------------~A/ 

Fig. 1. The composite material element representing the fibre 

reinforced material with matrix cracks and fibre/matrix 

debonding. 

THE CDM - APPROACH 

In the previous section some expressions for the determination of 

the stiffness and compliance of different materials with voids or 

cracks are given, along with an expression for the free energy 

density related to the volume element under consideration. The 

expression for the free energy density depends on the type of 

boundary conditions prescribed to the RVE. 

In terms of darnage description the 3D - material with voids or 

cracks are described by a non-dimensional darnage parameter S 
which can be split into two non-dimensional darnage parameters 

a 1 , a 2 • In the case of penny-shaped cracks we would get 
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(25 ) 

and in the case of spherical voids we would get 

f3 
a 1 a 2 

< 1 = a 1 a 2 1 - a 1 a 2 
, (26 ) 

where in both cases 

a 1 = (k)3 n , (27) 

41T (~)3 a 2 = 3"" (28 ) 

where k is a characteristic length and a denotes the radius of 

either crack or void. 

The damage of the fibre reinforced material was described by two 

damage parameters, n, number of cracks per length, and d, length 

of the debonded fibrejmatrix zone. DimensionIess versions of these 

parameters are easily introduced by writing 

d 
a 1 = t ' 

a = n • t . 
2 

(See eg. (19». 

Assuming that a 1 

thermodynamic force 

A = y 

and 

A 
Y 

(29 ) 

(30 ) 

a 2 are independent internaI variables, a 

can be defined as 

y = 1,2. ( 31) 

This thermodynamic force can be interpreted as a 2D energy release 

rate. 

With the 3D composite material theory the damage force can be 

written as 

A 
Y 

1 
= 2" 

given the boundary condition (1), or as 

y = 1, 2 (32 ) 
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y = 1, 2 (33) 

given the boundary condition (2). 

Similar expressions can be given for Al' in the case of the one

dimensional description of the fibre reinforced composite material: 

A 
Y 

when a 

Al' 

when a 

1 = 2 

macroscopic 

= _ .1 E2 aL 
2 aay 

macroscopic 

(34) 

stress I: is prescribed, or 

(35 ) 

strain E is prescribed. 

The last step in the CDM-approach is to define a damage evolution 

law. We chose here the simplest possible, the socalled brittle law. 

For a given . (admissible) damage state, al" admissible strain or 

stress states are defined by a constant positive scalar function 

f, such that 

f (lo. ) < 1. 
y = (36) 

Furthermore, we assume that damage growth follows an evolution law 

which can be written as 

day = (O, O) 

da y 

da 
y 

= (O, O) 

df = o 
'dAy 

when f (Al') < 1 

f(Ay ) = 1 

when 
af dEij ~ 
~J 

f(Ay ) = 1 

when 
af dE .. ~ 
~J 

~J 

( 37a) 

(37b) 

::; O af dL. < O or 
a I: ij 

~J 

(37c) 

> O df dL. > O or 
d L. ~J 

~J 

depending on the boundary conditions. In eq. (37c) o is given by 
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( 38a) 

o = (~~)-1 (_ af ) 
da aA ~ dEij 

Y Y ~J 

(38b) 

depending on the prescribed boundary condition. Strictly speaking 

egs. (37) and (38) apply to the 3D case. In our 1D case the 

last term on the right hand side is simplified since the indices 

i,j vanish. 

We are now, in principle, ready to mode l any stress - strain his

story and investigate the influence of darnage description and 

evolution laws. We can e.g. start with some initial darnage state 

(a 1 , a 2 ) (which might be (0, O)}, and. then strain the RVE. At 

some point in the load history we will reach f = 1 and the 

darnage'evolution will start. Additional straining will result in 

damage evolution such that f 5 1 according to eg. (38b). The 

direction (in the a 1 a 2 - plane) in which the darnage takes place 

depends on the initial darnage state and the f-function according 

to eg. ( 3 7 c) . 

Results are most easily obtained by using a nurnerical scheme which 

models the load history by means of incremental steps. Note in 

this connection that if the darnage evolution results in a descend

ing stress-strairi curve, the n the load history must be described 

in terms of strain and not stress, in other words o must be 

positive. 

SOME EXAMPLES 

To illustrate the method described above, we have prescribed a 

uniaxial tensile strain field to aRVE containing spherical voids, 

randomly distributed, penny-shaped cracks, or penny-shaped cracks 

aligned so that the crack surfaces are perpendicular to the strain 

field. 

As f-function we have chosen a "'super ellipsoid" 

(39) 
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where Acrit Acrit 
1 ' 2 (Acrit Acrit) are constants. Writing 1 '2 as 

(40) 

we can say that Acrit describes the overall critical energy 

level and g (or g) describes the difference in the energy levels 

related to the two damage modes. Following this line of thinking, 

we can think of the f-function as a description of the interaction 

of the damage modes. 

In fig. 2 to fig. 4 we have outlined the influence of the initial 

damage vector given the damage description and the f-function; 

furthermore, the influence of the f-functiorr given the damage de

scription and the initial damage and, finally, the influence of 

the damage description given the f-function and the initial da

mage. 

SIG~A I 
JEm Aor CDM-ca,l. Al i S'ned l'enny shaped cr-acks 

2.0EOOOO 

1. 5EOI~'OO ............••... /,."0.:05,0, 5) ....... m~~~~r~'TIO'O' 25 
v LORD .H I STORY: 

: / 0(=(0.1 1): lINIAXIAL STRAIN 

1.0EOOOO 

//~L : 
// [~: 

1/ (>(=(2 0.2) ~ 

1/.: ...... .. ~>.~~ ........... : ...... " ... ," ':, .. ~ ..... . 

fl / ' 

1/// : 
,. il /., ... :. 

1/ / 

. . , 
, , ....... , , ... , .... , , . , ..... , , ....... , ..... , .... . 

;/'/ 
,r' / 1/ 

/'/ 
.OEOOOO 

r,m 
~ -
. Aor 

.OEOOOO 1. OEOOOO 2,OEOOOO 3.0EOOOO 4.0EOOOO 5.0EOOOO 

Fig. 2. CDM - calculation of material containing aligned penny

shaped cracks. Effect of initial darnage. 
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:31 GI1A ! C D t"1-c a 1 .J Em Aor . 
Aligned penny shaped crack~ 

1.6EOOOO_ T-----------~----------~------------~----------~----------_r 

ALL CURI.jES: 

1.2EOOOO 

4. OE -001 

":::::::---- . . POl SSOH' S RATI o :0. 25 
\ "-... ~--- . . INITIAL 0<:0.1 1 .. \ ....... <" .~~ ......... ": LOAD HI STORY: 

\, '-, ~ UHI AXIAL STRAH1 

\ ''-... ----.' " ---- ~ '-." ____ : ___ g= ~1,0.9) 

........ ~, ............ "':"~ ..................... . 
, ~_ . --- g= (1,0.6) 
',- . ----. . 
"'- -------:--------. -.... _____ . . --- 9= (i, 0, 3) 

~~ 
............. : ...... , ...... .' .... g= (1,0.1) ............ . 

.OEOOOO tm öl: -
, Aor 

.OEOOOO 1,OEOOOO 2.0EOOOO 3,OEOOOO 4,OEOOOO 5,OEOOOO 

Fig. 3. CDM - calculation of material containing aligned penny

shaped eraeks. Effect of f-function (in terms of g). 
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:;\ 9'=(1,0.6) 
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J~;:< ~: -----. __ ..J 

/f':\ : ~ .... ;;!}~' .... : .. \ ........... : .......... A~ I GNED PENNY SHAP~D CRACKS 

.;;1 . \ . . 
6. OE -001 

dl" . . ,? . \. . 
/ \. RAt'lDOt1L:r DISTRIBUTED SPHERICAL l·jOIDS· 

,OEOOOO 
,OEOOOO 1. O EOOOO 2,OEOOOO 3,OEOOOO 4.0EOOOO 5.0EOOOO 

Fig. 4. CDM - calculation of material containing damage modelled 

by spheres, or aligned or randomly distributed penny

shaped eraeks. 
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In fig. 5 we have shown some experimental results for strain 

softening in tension by Balavadze (shown in [24J) and Hughes and 

Chapman [25]. We can see that some of the theoretical curves re

semble the experimental ones a great deal, however, the validity 

of such a comparison depends heavily on the degree of homo-

genit y of the stress/strain fields in the test specimens. 

er IMPa] 
2.S~--~~-------T------~------~------~----~------~------~ 

2.0r------+--~=-r-----_+------+_~~_+------~----~----~ 

BALAVADZE 

1.SI-----jr-+--;f--f-r_-----'\rl------+_--..-_+-~--~----~---___1 

1.01----,1-.Y-4-----+------+-----~;:::----~--__lIF"' .... =_-__t---___; 

L-____ ~ ______ ~ ______ ~ ______ ~ ______ ~ ____ ~~ _____________ E% 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 

Fig. 5. Experimental results for concrete in tension. 

We have also shown some theoretical stress/strain curves for the 

fibre reinforced composite material, see fig. 6. In this case we 

have used 

( A1 )2 
f = + 

Acrit 
1 

with 

( A 2 )2 
A crit ' 

2 

thus we have eliminated the fibre debonding damage mode. 

(41 ) 

(42) 
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The material parameters used in fig. 6 correspond to a polypro

pylene fibre reinforced cement matrix. Some experimental results 

for such a material consisting of infinitely long uniaxial pp

fibres in a cement matrix subjected to uniaxial tension is also 

shown in fig. 6 and we observe a nice agreement. Note in this 

connection that the only curve fitting parameters that we used 

are Acrit and the initial damage state, and note also that all 

the theoretical curves have been determined using the same value 

for Acrit . 

Finally, it should be noted that the experiments clearly showed 

that the damage in the test specimens was homogeneous. It was not 

possible to detect any visible cracks even at 1.5% strain, thus 

it is reasonable to assurne that the nonlinear effects are due to 

microcrack nucleation as assumed in the theoretical model. 

SI GMA CrvPAJ I CD t"1- cal CIJ 1 at. i cln o f P P- FH C-m.at er i .all 
1.8E0001 

1.5E0001 

1.2E0001 

9. O EOOOO 

6. O EOOOO 

3.0EOOOO 

.OEOOOO 
.OEOOOO 

• 

"'+"+ .. , .. ,+, 

.... , ..... , ....... , , ... , , , ..... , , , ....... , ..... ' ... " , 

• • . . • 
• • • • 

c . c c c c 

c c 
c 

. c f =4.3···'······ 

ALL PO I NTS: EXPER H1Et'lTAL RESUL TS 
ALL CURVES: THEORY WITH Ef =8 GPa Em=32 GPa Acrit=.3 MPa 

2. OE -003 4. OE -003 6.0r003 

Fig. 6. FRC - material, CDM - curves and experimental resul ts. 
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APPENDIX 1 

In the case of unidirectional penny-shaped cracks the H-tensor is 

transversely isotropic and given by the following expression: 

4 r (1 - vm) 2 2 (1 - vm) 4 (1 - vm) vm 5 ] 
HiJ'kl = - L . D iJ'kl + D iJ'kl + m D iJ'kl ' TI (1 _ 2vm) (2 _ vm) (1 - 2v) . 

(A. 1 • 1 ) 

where vm denotes Poisson's ratio for the matrix material and 
245 

where D ijkl' D ijkl' and D ijkl are three of the six transverse-

ly isotropic elementary tensors given by Walpole, see e.g. [18]. 
2 4 5 (Denoted Eijkl , Eijkl , and Eijkl by Walpole) . 

APPENDIX 2 

In the case of randomly distributed penny-shaped cracks the H-tensor 

is isotropic and given by the following expression: 

(1 _ (vm)2) 

(1 - 2vm) 

8 
J ijkl + 15TI 

(A.2.1) 

where vm denotes Poisson's ratio for the matrix material and 
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where Jijki· and Kijkl are the two isotropic elementary tensors 

given by Hill [23]. 

APPENDIX 3 

In the case of isotropically dispersed spherical voids the H-tensor 

is isotropic and given by: 

where 

3 
= "2 

is Poisson's ratio for the matrix material and 

(A.3.1) 

J ijkl 
and Kijkl are the isotropic elementary tensors mentioned in 

Appendix 2. 

APPENDIX 4 

First the compliance of the single composite material element shown 

in fig. 7 will be determined. 

The behavior of the element is described by the following equations: 

pm 
i ,x - O -2- T = , (A. 4 • 1 ) 

p f 
i ,x + O -2- T = , (A.4.2) 

pm 
Em m 

2b = E: x 
(A.4.3) 

p f 
Ef f 

2t = E: x 
(A.4.4) 

i m f 
T = tp (u - u ) , (A.4.S) 

m m 
E: = U 

X ,x 
(A.4.6) 

f f 
E: = U 

Y ,x 
(A.4 .7) 

where 
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pf 
t 

f a x dy 2"" = I (A.4.8) 

o 

b 
pm 

f ax dy 2"" = I (A.4.9) 

t 

and where superscripts m, f, and i refer to the matrix, the fibre 

and the interface , respectively. 

The factor ~ is determined by assuming a 2. order variation in 

the y-direction in the axial displacements u, and by identifying 

um and u f with the following mean values of the displacement 

field: 

t 

= 1 
Ju dy , 

t 
o 

b 

= i;fu dy . 

t 

Furthermore , the boundary conditions 

T = O are fulfilled. 
y=b+t 

We get 

b Gf + t Gm 

T 
y=O 

= O, 'T 
y=t 

i = T 

f u , and using the boundary conditions 

(A.4.10) 

(A. 4 • 11 ) 

and 

(A.4.12) 

Now we can 

O, pf U,) = 
pf = P, we 

solve for 

p, um (O) 

get 

= O, uf(O) = O, along wiht the condition 

tanh (Ax) 

E f 2t A 
l Em b 

+ EID x 2b -E-=f-t-+-E-m-b 

where A is given in eg. (22). 

Thus the compliånce, c for the single element is given by 

c CQ,) 

(A.4. 13) 

(A.4.14) 
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The compliance , C , for the multicracked element shown in fig. 1 

can then be written as 

c = N j c (.Q,) + + ! l 
E t R,= --d 

2n 

(A.4.1S) 

where N is the total nurnber of cracks (elements) and where n = N/L. 

Thus the stiffness of the multicracked composite material element 

is given by 

-1 
L = M I 

where 

M=2(b+t)n-jc(R,)++! l . 
E t .Q.= --d 

2n 

The solution is valid for 

1 
d < 2n 

f 
b 

+-2t 

t 
b 

l 

/1.=0 

iliil!lillil!!III!I!!llillll!!I!III!!II!!i!!li!II!!I!!I lil!i!!lli!II!I!!!!I!llllil!:1111iilll !!llll!l!!!lil I 1111::I"I!I!iili! 

2 l ----------------------~t 

Fig. 7. The basic composite material element. 

(A.4.16) 

(A.4. 1 7) 

(A.4.18) 



68 



69 

FRACTURE MECHANICS AND DIMENSIONAL ANALYSIS FOR CONCRETE 
STRUCTURES 

N. A. Harder 
Institute of Building Technology and Structural Engineering 
University of Aalborg 
Denmark 

SUMMARY 
It is shown how some results obtained by dimensional analysis can be used to check a 
new fracture mechanical theory »the fictitious crack model» and to determine an opti
mal linear a-w relation to be applied in this theory. 

INTRODUCTION 
It is weIl known that a small-scale model of a concrete beam is comparatively stronger 
than a similar full-scale bearn. In [2] Hillerborg, using a new fracture mechanical model 
»the fictitious crack mode!», has shown in a qualitative way, why it must be so. In the 
present paper the same aspect is discussed in a more quantitative way applying dimen
sional analysis. 

Among other things, the role of the brittleness modulus is explained in a new way. 
Le. one of the modellaws from dimensional analysis says that the model must have the 
same brittleness modulus as the prototype. As this, however, cannot be achieved, it is 
shown how to find a correction factor to the modellaw giving the ultimate load of the 
prototyp e determined from a small-scale model test. At last it is shown how the result 
from this dimensional analysis can be used to determine an optimal linear a-w relation 
to be used in the fictitious crack method. 

FRACTURE-MECHANICAL RELATIONS 
In the present paper use will be made of some relations from linear fracture mechanics 
[6] summarized as follows. 

t f t t t t t t t 00 

r 
~---- lO' X 

2a 

Figure 1. 



70 

The simplest problem dealt with in linear fracture mechanics is that illustrated in 
figure l showing a crack of length 2a in a medium under uniform tension 00' 

The condition for the crack to be stable is 

y'EGc 
a <a =-=-o c y'7Ta 

For other stress-fields than uniform tension the inequality can be written 

(1) 

As an approximation e ::; 2 can be used in general for small cracks, but for long cracks 
e may be much greater [3 J. E is the modulus of elasticity and Gc is the potential energy 
release per created one-sided new crack area for 00 ::; 0c' In linear fracture mechanics Gc 
is the same as the fracture energy, GF being the energy dissipation per created one-sided 
new crack area. GF is assumed to be a material property. 0c is the critical value of 00' 

The condition that the crack will be stable up to the stress 00 = au, au being the 
ultimate tensile stress, is 

or 

EGF 
Q =-

c 02 
U 

(2) 

(3) 

(4) 

where ac is the critical crack length and Qc is called the characteristic length of the ma
terial. Qc can be used instead of GF as a fracture mechanical material property. 

In general, one speaks of a ductile fracture (assuming au is a yield stress) if a < ac' 

and a brittIe fracture, i.e. crack-instability, if ac < a. (3) can also be written 

B=~<B =1-
Qc c e2 

where B is the brittleness modulus for a material with small internaI cracks as in figure l. 
Bc is called the critical brittleness modulus. For B < Bc the fracture is ductile. For Bc < B 
the fracture is brittle, and for B = Bc the fracture is brittle and ductile at the same time. 

THE BRITTLENESS MODULUS 
The brittleness modulus for a structural element is defined as 
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a 

Figure 2. 

where Q is a typicallength. All sirnilar elements have the same critical brittleness m-odulus 
Be which can be determined by putting the ultimate load at yielding equal to the ultimate 
load at crack instability [6]. 

THE FICTITIOUS CRACK MODEL 
In this model it is assumed that yielding does not take place beyond a very narrow zone 
called the fracture zone or the fictitious crack. In the fracture zone the constitutive rela
tion between the tensile stress a and the opening w of the fictitious crack is defined by 
a o~w relation as shown in figure 2, [2]. 

Hence, the area under the a-w curve is the fracture energy GF . In a way this provides 
a connection between the linear fracture mechanics and the fictitious crack model. 

DIMENSIONAL ANAL YSIS 
Consider a linear elastic body with or without initial cracks and under a process of de
formation. The loads consist of constant loads p, q, r multiplied by a load factor I, 

ranging from zero to IU at ultimate load. IU Can be written as a function 

Taking force (F) and length (L) as fundamental dimensions, the dimensions of the 
parameters being the arguments of the function are as follows: 

p a concentrated force: F 
q a line force: F . L -1 

r a surface force: F' L-2 

U a prescribed displacement : L 
Q a typicallength: L-
a length of a crack at the surface of the body or half the length of an internal 

crack:L 
Qe characteristic length of the material: L 
v Poissons ratio: Dimensionless 
au ultimate stress: F' L -2 



72 

It is assumed that the material is linear elastic up to the ultimate stress au' i.e. yielding 
does not occur. But when a tensile stress a at a point reaches au' then a new crack starts 
at this point. Taking p and Q as fundamental parameters, the following complete set of 
dimensioniess parameters called 7T-products [l] is obtained. 

1rr = 'Y (A) 

7T = q-Q'p-1 
q 

(B) 

7Tr = r.Q2 'p-1 (C) 
7T =U·Q-1 

u (D) 

7T =a'Q-1 a (E) 

7T =Q .Q-l 
2c c (F) 

7TE = E.Q2 'p-1 (G) 

7Tv = v (H) 

7T =a .Q2'p -1 
au u (l) 

The set of 7T-products is said to be complete, because the parameters are independent, 

i.e. no single 7T-product can be expressed by a product of the other 7T-products. For the 

unknown parameter 'Yu the following 7T-product can be formed 

(K) 

If all the 7T-products in the mod el (index M) are taken as being equal to those of the 

prototyp e (index P) the following MODEL LAWS for complete similarity are obtained. 

'Yp :: l 
'YM 

qp Qp -1 Pp 

qM = CQM )' PM 

ap Qp 

aM = QM 

QcP _ Qp 

QcM - QM 

Ca) 

(b) 

Cc) 

(d) 

(e) 

(f) 



'YuP -=1 
'YuM 
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(g) 

(h) 

(i) 

(k) 

The equations (a) to (i) determine the dimensions, the loads, and material parameters 
. in the modeLAnd from 'YuM the unknown 'YuP is determined from equation Ck). 

In. practice, however, it is not possible to satisfy all equations (a) to (i) at the same 
time. If the model is made of the same material as the prototype, then it follows from 
(g) that 

Pp Qp 2 
=(- ) 

PM QM 
(5) 

and all modellaws can be satisfied except (f) which says 

(6) 

i.e. the brittleness modulus shall be the same in the model as in the prototype. This, 
however, cannot be achieved, becausewhen using the same material in the model and 
the prototye one has 

instead of, from (6), 

Now, using (k), 'YuP can be written 

where the correction factor g can be found by calculations using the fictitious crack 
model on the following two models: 
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Modell 
is identical with the physical model and for this model 

Q(1) = Q P 
cM c 

which means 

and all modellaws except (f) are satisfied. 

Model2 
is a fictitious model being the same as model l except for Q~ll being determined from 
(f): 

QM 
Q~~ = QcP Qp 

which means 

As all modellaws for model 2 are satisfied, it follows from (k) that 

'Y(2) 
'V - ",(2) - uM - g0'V 'uP - 'uM - m 'YuM - luM 

'Y(2) 
uM 

g=(i) 
'YuM 

'YuM 

Defining the scale ratio o: by 

Qp 
0:=-

QM 

the following relations are obtained 

Q(1) = Q 
cM cP 

(7) 



B(2) - B 
M - P 
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When calculating 'Y~ and 'Y~~ using the fictitious crack method, the only difference 
between model l and model 2 is that w(2) = ex-l w(l) which follows from G~~ = ex-l G~~. 
Le. the a-w curve for model 2 is affine with that of model 1. 

In order to sketch the function g = g(ex), a new parameter, THE BRITTLENESS INDEX 
exc is defined as follows 

(8) 

Hence, 

i.e. model 2 is ductile for exc < l and brittle for l < exc ' Furthermore, 

i.e. model l is ductile for exc < (X and brittle for (X < exc ' Here, »ductile» and »brittle» do 
not mean anything more than 

ductile: B < Bc 

brittle: Bc < B 

and often Be cannot be determined in the usual way as explained above. However, using 
(l) from linear fracture mechanics with Gc = GF, one obtains . 

jJEG(l) I.EG va 
FM =y1 FP -va _ ex 0 (1) -_ 

cM- ex 0cP- ~ou eva;- eJex-Iap V (Xc 
(9) 
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vlEG(2) !'E -l G(l) 
0(2) = FM v' J CX FM = _l _ 0(1) _ l 

cM eva; e~ .fii CM -..;ex; Ou 

Now, consider the two cases CXc < l and l < cxc' separately. 

Ctc < 1: 

Model 2 is ductile and assuming cx> l, modellis duetile. Hence 

(2) 
'YuM Ou 

g=(I)= -=1 
'YuM Ou 

1 < cxc: 

Model2 is brittle. For CXc < cx, modell is ductile and (lO) gives 

(2) (2) 
'YuM °cM' 1 

g=- :-=- <l 
1'(1) Ou I'(X 

uM V ..... c 

F or cx < cxc' model l is brittle and (9) and (10) give 

(2) (2) 
'YuM °cM 1 <>=-=-=--

e (1) (1). /-
'YuM GcM yCt 

This result is shown in figure 3. 

g 

, , 
I 
I l 

VCX;; - - - -1-- - - - -~I""_=----_--- g = gc = V-~-c 
I 
I 
I 
I 
I 

+-------~I -------+I--~--_4I--------. cx 
l 2 CXc 3 

Figure 3. 

(lO) 
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From figure 3 it is seen that the function g = g(a) in the modellaw I'uP = gl'uM 

is completely determined by the value of the brittleness index a c. 

Although ac is the critical value of a stress aO which is often not actually existing 
it is believed that the result obtained above from (9) and (lO) borrowed from the lin
ear fracture mechanics, can be used in the following way: g = g(a), see figure 3, can 
be determined by calculations using the fictitious crack method. Only a few calcula
tions are necessary because if g = l for the first trial, the n a c < l and g = l for all 
l < a. Furthermore, if two calculations give the same result g = gc < l, then from 
figure 3. 

l a=-
c g~ 

l g=-ya 

1 
g=gc=--

Fc 

and also the critical brittleness modulus Bc is determined by 

AN OPTIMAL LINEAR a-w RELATION 

(11 ) 

In order to make a check of the theory g can be calculated for different values of a in 
the interval l < a ~ a c . Then, provided it is per~ssibIe to use (9) and (10) from linear 
fracture mechanics, the result sh ou Id be g = l/Va, especially for a = a c one should ob
tain g = l ly' a c ' and the theory can be checked without making any experiments. Not 
relying on (9) and C l O) the theory can only be checked by making experiments. 

If, as an approximation, the a-w relation is taken to be linear, this relation is determined 
by the two parameters au and GF or au and Qc. 

au can be determined by a cylinder splitting test and GF by a 3 point bending test as 
proposed in [4]. As there are some problems, however, regarding this test [5] it is proposed 
that the test is made on two similar models with different values of a. The largest model 
then could be looked upon as the prototype (a = l) and 

I'uCa=l) 
gl = I' Ca> l) 

u 

obtained from the tests could be compared with 

I'~i1 
g2=m 

I'uM 

obtained from calculations. 
Then GF can be adjusted so that the difference between gl and g2 is minimized. 

In this way no use is made of linear fracture mechanics, only results from dimen
sional analysis are used to determine GF . 
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ABSTRACT 

The necessi ty of time-dependent fracture mechanics analyses of 

concrete failure is pointed out. A proposed numerical method 

simulating a visco-elastic fracture behaviour is summarized to

gether with future plans. The aim and content of an experimental 

program regarding the time-dependent behaviour of concrete are 

given. 

INTRODUCTION 

Application of fracture mechanics to failure analyses of concrete 

has led to a better understanding of the concrete failure 

mechanisms. Mathematical modeIs, which in a more realistic manner 

simulate the observed behaviour of concrete during failure, have 

been developed. However, it is not until recent ly that the influ

ence of time has been incorporated in the modeIs. As the mecha

nical behaviour of concrete is strongly time-dependent, the frac

ture process being no exception, this is a major improvement. 
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In the work presented in this paper the concept of the fictitious 

crack model (FCM), original ly propos ed by Hillerborg, Modeer and 

Petersson /1/, is used. The time-dependent behaviour is taken 

into account by using visco-elastic crack elements, rather than 

pure ly elastic ones. A summary of the numerical method is given 

together with a description of the experimental work in progress. 

NUMERICAL TECHNIQUE 

Numerical calculations are needed when failure analyses based on 

the FCM are carried out. Different solution techniques have been 

proposed, as the line crack approach and the smeared crack 

approach (the latter is the crack band theory by Bazant & Oh 

/2/). Common to both is the use of the finite element method 

(FEM). In this work the line crack approach is used. 

The line crack approach 

The fracture of concrete is characterized by strain softening . 

This is due to micro cracking in advance of the progress of a 

major crack. In the line crack approach this behaviour is simu

lated by uniaxial truss elements in the micro cracked zone in 

front of the major crack. The elements have a negative stiffness 

(below they are called FCM elements) to account for the 

decreasing stress transfer with increased deformation. They are 

introduced in nodes where the tensile strength is reached. 

Visco-elastic behaviour 

The FeM element behaves like a spring with negative stiffness 

i.e. it describes an elastic time-independent stress-strain rela

tion. But the concept of the FCM can al'so be used to describe a 

time-dependent fracture prosess . This is achieved by letting a 

visco-elastic eguation govern the stress-strain relation in the 

truss element. In mechanical terms, this is the same as combining 

springs with dashpots as in rheological modeIs. 
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Rheological models are used to give a phenomenological descrip

tion of the actual nature of creep. The creep deformation may 

consist of a partly reversible visco-elastic movement and pos

sibly also a plastic movement /3/. The visco-elastic movement 

consists of a purely elastic phase and a purely viscous phase. A 

viscous deformation is in the same way as a plastic deformation 

never recovered at unIoading . It is always time-dependent and 

there is always proportionality between the rate of viscous 

strain and the applied stress at a given time. 

Visco-elastic element 

A time dependent behaviour can be simulated numerically by pre

scribing a visco-elastic constitutive equation to a FCM element, 

on general form written as: 

u = g(u, p, p) (l) 

where u is the deformation and p the corresponding load in the 

element, and u and p their time-derivates. 

To test the validity of visco-elastic FCM elements, most existing 

FEM software have to be modified. In this pape,r a short review of 

a numerical solution technique reported by Sönnerlind and 

Eriksson is given /4/. 

In /4/ the following presumptions are made: 

the microcracked zone behaves visco-elastic 

material outside the microcracked zone behaves purely 

elastic 
the crack path is known in advance 

the crack path follows the element boundaries 

the non-linear crack formation is simulated by uniaxial 

load and deformation 

A substructure technique is used, by which the problem only con

tains the degrees of freedom that either have external forces or 

are located along the crack path. 
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In the FEM model, double nodes are placed along the crack path as 

if a crack already existed. The model is then analysed with a 
number of load cases equal to the number of double nodes plus the 
number of external loads. Each load case is either a unit load in 

one of the nodes with externa l force or a pair of unit loads in 
the two corresponding crack nodes, see Fig l. This is in 
accordance with the technique used by Petersson /5/. 

p. 
I 1,-_1 _---..I 

(b) 

(a) 

(e) 

Fig l. structure with external forces (a) and examples of load
cases; an unit load in a node with an external force (b) 
and a pair of unit loads in two corresponding crack nodes 
(c) • 

As a result of the analys is with unit loads, it is possible to 

establish the following relations: 

= ApsHpp! 
AssHps 

(2) 

where up - displacement in nodes with external forces 
Us - relative displacement between corresponding crack 

nodes 

Pp 
Ps 

- external forces 
- pair of forces between corresponding crack nodes 
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and where the content of matrix A is the calculated displacements 

from an analysis with unit loads. 

During a complete failure analysis the crack opening will initi

ally be zero. When the tensile strength is reached in one node, 

itstarts separating in two corresponding nodes according to some 

constitutive visco-elastic equation. If a limiting crack width is 

reached, no stress will be transferred, and the two corresponding 

crack nodes behave independently. According to this it is 

possible to divide Us into three different categories and write: 

Uc - type 1: "closed" 

Us = u a - type 2: "active" 

Uo - type 3 : "open" 

If this is introduced into eg (2) and p is separated in the same 

way, A can be written as a matrix of 4 x 4 submatrices. Two 

conditions must be fulfilled i.e. Uc = o, and the force s 

corresponding to U o equal zero, Le. Po = o. Together with a 

consti tut i ve equation coupling each element in u a and Pa' the 

problem can then be solved. The analys is is carried out in an 

iteration loop, and the components in U s may change from U c 

through u a to Uo during the iteration. 

Visco-elastic concrete element 

Resul ts from the test analyses , on a three point bend specimen 

with five different constitutive eguations, showed that the solu

tion technigue works without any numerical problems. Therefore, 

it remains to find a constitutive eguation that describes the 

actual time-dependency ofconcrete . with such an equation the 

numerical method can be applied to concrete materials. 

EXPERIMENTAL PROGRAM 

To get some insight to the time-dependence an experimental 

program has been started. The results from this progressing work 

will give input to a first proposal to a visco-elastic equation 
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governing time-dependent fracture of concrete. The FEM program 

can then be used to compare analysis with experimental results to 
further improve the constitutive equation. 

The direct scope of the experimental work is to examine the time
dependence of fracture energy and to measure the crack formation 

rate under constant load. The crack formation will be observed by 

use of a TV-based holographic technique. As the experimental work 

is still in progress the results will be presented in a later 
paper. 

Test program 

The same concrete mix was used for all specimens. It contains no 

admixtures, standard Portland cement (SP4A), crushed aggregate 

8/16 mm, and natural sand 0/5 mm. The water-cement ratio is 0.48. 

The compressive strength at 28 days is approx. 65 MPa. 

To produce the desired number of specimens six batches were made. 

From each of the first three batches, two plates (100 mm x 600 mm 

x 1200 mm) we re cast in a horizontal position. From each of the 

last three batches, ten beams (100 mm x 100 mm x 1200 mm) were 

cast in moulds. In addition, from each batch, nine cubes (100 mm 

x 100 mm x 100 mm) were cast. 

The specimens were covered with wet burlaps and a thin polymer 

folium until demoulding, that took place af ter about 24 hours. 

Then the specimens were cured in water at 200 C until the time of 

testing. At the age of 14 days, five beams (100 mm x 100 mm x 

1200 mm) were cut from each of the six plates, as shown in Fig 2. 

Fig 2. From each plate five beams were cut. Dimensions in mm. 
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The specimens are going to be tested, according to the test pro

gram given in Fig 3. Half the number of them will be test ed at 

the age of 28 days, and the other half at the age of 90 days. 

Type of specimen Number of specimens Purpose 

l§ r 

I i 7200 
I 30 Dynamic E- modulus 

~ ~ , . 
Fracture energy 

I I I ~ 42 
,~ 300 ! 300 I -i-fl.QQ Crack width 

• 

~ Tensile strength 
~I I 78 
~( 600 t and E-modulus 

\ 

10 ~ 18 Compressive strength 

l.ill4-+ +-f1.QQ 

Fig 3. Test program to be carried out on 28 and 90 days old 
concrete. 

First the dynamic E-modulus of the beams is measured. Then the 

beams are cut in two equally long parts. These shorter beams are 

used either for determining the tensile strength and the tensile 

E-modulus, or for fracture energy tests. In the fracture energy 

specimens a notch, 5 O mm deep and 2 mm wide, is sawn in the 

middle of the 600 mm long beam. 

The fracture energy tests are performed in a specially designed 

fracture energy set-up that does not introduce any gravitational 

effects on the test results and which has weIl defined boundary 

conditions. On some specimens the fracture energy is determined 

according to normal practice, i.e. at a constant rate of 

deformation. In this way the maximum load is reached in 

1.5-2 minutes. On other specimens the deformation is stopped at a 

level corresponding to a load below maximum. At this load level 
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cracks will continue to grow. In order to keep the load constant, 

the deformation in the direction of the load must be increased. 

with the test machine used, it is initially possible by contrel 

of deformation to keep the load constant within at least 0.1 %. 

But af ter a while the damage in the fracture zone is so 

extensive, that it is no longer possible to maintain a constant 

load. The test is then continued in a normal manne r , i. e. the 

load will decrease in a stable manner with increased deformation. 

In this way a fracture energy time-dependence is found. The 

deformation at the notch mouth, at the notch tip, and 25 mm ahead 

of the notch tip (in the crack path direction) is measured. This 

is done in order to see how the fracture zone grows under 

constant lead. 

The tensile test is carried out in a set-up for direct tensile 

strength measurements on prismatic specimens. 

CONCLUSIONS 

A numerical method, based on the fictitious crack model, is 

developed. The method makes possible time-dependent failure 

analyses of an arbitrary material. Crack formation is simulated 

by visco-elastic crack elements. 

The preliminary tests of the FEM program with visco-elastic FCM 

elements have been successful. It remains to establish a visco

elastic equation, that describes the behaviour of concrete. 
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1. INTRODUCTION 

The minima of reinforeement speeified in different eodes of praetiee were 

ealeulated quite a lono time ago, using simple theories. Comparisons between 

reinforeement minima aeeording to different building eodes are made in this 

paper. Common applieation of computers and development of numerical methods, 

particularly Finite Element Method, and the latest aehievements in application 

of Fracture Meehanics to concrete give the possibility of testing those old, 

not very exact formulas. 

In order to specify the minimum reinforeement in the ease of a wall 

subjected to restrained shrinkage eomputer calculations have been performed. 

This paper describes these ealculations and the theory used in the finite 

element analysis. The results are discussed. 

2. MINIMUM REINFORCEMENT ACCORDING TO DIFFERENT BUILDING CODE S AND RESEARCH 

WORKS 

2.1 CODE MODELE CEB-FIP 1978 /1/ 

The eonditions for determining the minimum reinforcement area in all 

cases of loading are propos ed in § 15 of CODE MODELE. The stress in 

reinforeement during eraeking in concrete should be lower than the 

yield strength of reinforeement - fYk 

This means that: 

Pmin 

A 
s 

A 
e,ef 

f etm 

fYk 
....•...•.................•..........••. ( 1 ) 

in whieh A is an effeetive (redueed) area of eonerete: e,ef 

A e,ef A 
g 

p 
er 
p 

p 
) 3 + n' A • [1 _ ( er) 3] 

s p 
•••••••••••••••••••••• (2) 

f etm is the mean tensile strengthof eonerete defined as a function of 

the eompressive strength f ek . 
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2.2 NORME SIA 162 1983 (SWITZERLAND) /2/ 

Pmin 

A 
s 

A 
c 

•••••••••••••••••••••••••••••••••••••••••• (3) 

According to this formula, proposed in the Swiss building code, stress 

in reinforcement is reduced to 70 % of yield strength. This gives greater 

reinforcement. In cases of massive constructions the cross-sectional 

area should be reduced to max 200 mm from each surface of the structure. 

2.3 BBK 79 (SWEDEN) /3/ 

Pmin ••••••••••••••••••••••••••••••••••••••••••••• (4) 

in which Aef is an effective area of concrete, Fig. 1. 

7.56 
'e~...l--.I<. 

" 156 
<+6/2 

~~~~~~~~~+ 

<+6/2 

a 

c 

b 

Fig. 1 An effective area of concrete according to the 

Swedish building code BBK 79. 

f cth is defined as 1.5 x f ctk ' 

7.56 

<+61 
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2.4 The research report "ARMATURE MINIMALE POUR LE CONTROLE DE LA 

F ISSURATION " - J-P JACCOUD, H CHARIF. LAUSANNE 1985 /4/ 

Pmin ••••••••••••••••••••••••••••••••••• (5) 

in which: 

Act the total area of the cross section 

y the safety factor, proposed to be 1.2 

n a factor reducing the concrete tensile strength. 'Schiessl /5/ 

proposes n between 0.4 and 0.8 depending on the thickness of 

concrete element, Fig. 2. 

n 

0.8 

0.5 

Fig. 2 Factor n reducing the concrete tensile strength. 
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3. THE MECHANISM OF SHRINKAGE - INDUCED CRACK PROPAGATION IN A CONCRETE 

W~L 

All above mentioned proposals give similar results in cases of not very 

thick concrete walls, plates and other types of structures. The degree 

of reinforeement designed in aecordanee with these methods seems to be 

too high. Many tests have been done whieh prove the faet that eonerete 

has lower tensile strength during the forming of the first eraek (fet,o)' 

than its usual tensile strength (fetm) . Aeeording to the results from 

the direct tensile tests presented in /4/ and /6/ f is about 30% 
et,o 

lower than f etm . 

Lower concrete tensile strength gives a lower value of the ratio fet/fYk 

and an equal relative deerease in the minimum reinforeement area. 

There is also anoter faetor eontributing to deerease of P. . The 
m~n . 

tensile strength is never reached at the whole eross-section of the 

eonerete strueture at the same moment. In order to explain this, let's 

eonsider our particular strueture. This is a very long wall (we assume 

that ~t is infinitely long) whieh stands on a very stiff base e g rock. 

The wall is drying. Since the length is infinite the shrinkage indueed 

by drying is restrained, whieh causes tensile stress. As the process 

of drying continues tensile stresses inerease. The stresses are greatest 

at the surface of the wall and drop to a minimum in the middle. Af ter 

the peak tensile stress is reached a erack is formed. According to the 

Fietitious Crack Model (FCM) introdueed by Hillerborg in /7/ the tensile 

str~ss in concrete doesn't drop to zero. The fictitious craek forms, 

while it is still able to carry some load, Fig. 3. 

As the load (restrained shrinkage) inereases the fietitious eraek 

inereases in length and width. When the width reaches a limiting value, 

the stresses drop to zero, and a real erack forms. 

Following the process of drying and eraek propagation there are different 

stress distributions through the wall at different times, Fig. 4. 

., 
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Fig. 3 Stress distribution aeeording to the Fietitious 

Craek Model. 
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eaused by restrained shrinkage and eraek propagation. 
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Fti = s • S er , 
, t~ 

(x) dx ...••••..•....••.••..•.•••••......••....• (6) 

-d/2 

in which d is the thickness of the wall, s - the distance between the 

rebars, reaches its maximum value. This is the maximum force which 

should be earried by one rebar. The value of this force is lower than 

the value usually used for counting the minimum reinforcement F = f • A . 
et e 

The aim of these ealculations was to investigate this force using a 

numerical approach, and describing concrete' and its properties as 

exactly as possible. 

4. THEORY USED IN CALCULATIONS 

4.1 Drying of concrete 

A differential equation describing diffusion in one direction in eoncrete 

was pr~posed by Bazant in /8/ 

8 8h 8hh 8T 
(k --) + --- + k • ax h 8x 8t 8t 

in which: 

h - hurnidity 

x - space eoordinate 

t - time 

T - temperature 

8h 
8t 

• •••••••••••••••••••••••••••••• (7) 

kh - nonlinear humidity coefficient 

Fig. 5 shows the result of the calculation of the humidity at various 

times t' = t-t af ter the beginning of the process of drying. In the 
o 

caleulation the following values we re used: 

d = 0.16 m, t = 7 days. 
o 
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Fig. 5 Humidity distribution in the wall at various times o 

4.2 The shrinkage of concrete 

The formula proposed by Bazant and Panula in /9/ was used . 

• • • • • • • • • • • • • • • • • • • • • • • • • • • o ••• (8) 

4.3 Constitutive relations for concrete 

An analytical constitutive relation of concrete under a general three 

dimensional stress state was used. The concrete is assumed to be a 

continuous, isotropic and elastic - plastic material. 

The constitutive relations for concrete proposed by AoC.T Chen and W-F 

Chen /10/were adopted in FEM-calculations. 

The failure function, the initial discontinuous function and the loading 

functions are functions of J 1 (the first invariant of the stress state 

tensor o .. ) and J 2 (the second invariant of the deviatoric stress 
lJ 

tensor S .. ) . 
lJ 
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The proposed functions have the following forms: 

The failure function (plus in the third term to describe the compression 

region, minus for the tension - compression region) : 

f 
u 

(o . . ) 
~J 

The initial discontinuous function: 

The loading function: 

f . (o . . ) 
~J 

Compression 

rOllure 
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o 

.................. ( 11 ) 
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Fig. 6 Initial Discontinuos, Loading and Failure Curves in Biaxial 

Principle Stress Space /10/. 
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The ineremental elastie - plastie strain-stress relationship used in 

the FEM-program: 

dE. , 
~J f Hijk1 

L 

•••••••••••••••••••••••• (12) 

in whieh H., kl is the elastie eomplianee matrix and H is the strain 
~J. 

hardening rate function. 

4.4 The Fraeture Meehanies approach 

The Fietitious Craek Model (FCM) was used in the analysis. Fig. 7 

shows two stress - deformation relations proposed by Pettersson /11/, 

whieh were adopted in the ealeulations. The value of the fraeture 

energy GF was ehosen to be 60 N/m and the tensile strength of eoncrete 

3 MPa. 
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Fig. 7 The o-w eurves used in the analysis. 
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5. FEM - ANALYSIS 

A two-dimensional finite element analys is of the wall subjected to 

drying shrinkage was performed. The mesh for this analysis is shown 

in Fig. 8. 

, 
, 
, 

, 

T 200 

h 50% 

Fig. 8 Finite element model. 

v 

v 

This mesh idealizes a representative horisontal cross section through 

the wall. Since the drying conditions - temperature and humidity at 

both sides of the wall are the same, the drying process proceeds 

symmetrically. So, only half of the thickness of the wall was analysed. 

The degree of freedom in the x-direction at both ends is restrained 

(this is to imitate the wall of infinite length). Themesh is composed 

of 8 rows x 37 element. Totally 296 four - node square elements. The 

parameters of the environment in which the wall is drying were chosen: 

temperature T = 200 C, humidity h = 50%. 

The first crack was initiated in the middle of the length of the model 

by the time the load was equivalent to two days of drying. The crack 

was propagated through the whole thickness of the wall when a load 

equivalent to 66 days of drying was reached. 
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6. CONCLUSIONS 

A finite element approach has been taken to analyse the crack propagation 

in drying eonerete. The long concrete wall subjected to restrained shrinkage 

has been calculated using The Fictitious Crack Model. 

Based on the results of the calculations the following major conclusions 

may be stated for the concrete structures in which the restrained shrinkage 

occurs. 

I Shrinkage - induced eraeking begins at very early age - a few days 

af ter the drying process has started (in this calculation, 2 days) . 

II Cracking through the whole thickness of the structure occurs af ter 

2-3 months, depending on the thickness of the wall. For the 0.16 m 

thick wall this period was calculated to be 66 days. 

III The total maximum tensile force (defined earlier in this paper) which 

should be carried by one rebar was found to be 70% of the value of the 

force usually used in calculations of minimum reinforcement 

(F = f • A ). 
et c 

This leads to the very important conclusion that in concrete 

structures subjected only to restrained shrinkage the minimum 

reinforcement area may be reduced to 70% of the minima specified 

in codes of practice. 
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area of concrete, effective area of concrete, 

total area of concretei 

gross area of section; 

area of tension reinforcementi 

material constantsi 

thicknessi 

concrete modulus of elasticity 

forcei 

compressive strengths 

of concrete 

tensile strength of concretei 

raised value of concrete tensile strengthi 

yield strength of reinforcementi 

loading function, initial discontinuous 

function, failure functioni 

strain hardening rate furrctioni 

elastic compliance matrixi 

humidity; 

first invariant of the stress tensor 

°1+ 0 2+0 3 i 

second invariant of the stress tensor 
2 2 2 

6 (°1-°2) +(°2-°3) +(°3-°1) 

nonlinear humidity factori 

axial loadi 

axial load at which eraeking occurSi 

deviatoric 
l 

°ij- "3 oH 

stress tensor 

6, , 
~Ji 

distance between rebarsi 

square - root hyperbolic law in time; 

temperature; 

total time, time at which drying process starts, 

t-t i 
o 

crack width; 

space coordinate; 
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E:. . , 
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loJ 
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Pmin 
6 .. 

loJ 
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dE: .. 
loJ 
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do .. 
loJ 
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parameters i 

safety factori 

strain tensor, incremental strain tensori 

shrinkage strain, shrinkage strain af ter 

the infinite time; 

stress tensor, incremental stress tensori 

principal normal stress in direction i; 

coefficient; 

minimum reinforcementi 

Kroneeker delta, 6ij =1 when i=ji 

6 .. =0 when irfj; 
loJ 
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MODELLING OF HOOK ANCHORS 

Lennart Elfgren and Ulf Ohlsson 
Division of'Struetural Engineering 
Luleå University of Teehnology, 
S-951 87 LULEA, Sweden 

Paper presented at aNordie Seminar on "Fracture Meehanies of Conerete 
Struetures" at Lund Institute of Teehnology, Lund, Sweden, on November 6, 
1986. 

1. GENERAL 

The anchorage in conerete of inserts and fixings ean be classified 

inta three group s depending on the way the load is transferred inta 

the eonerete, see Fig. 1 [1J: 

• The load is transferred by conerete eompressive stresses (hook anehorsl 

• The load is transferred by adhesion (adhesive anehors) 

• The load is transferred by friction (expansion anehors) 

In this paper hoa k anehors are analysed with the fictitious erack 

model [2]-[5J. Modelling of adhesive anchors by the same method is 

diseussed in [6J-[8J. 

2. HOOK ANCHOR 

This kind of anehor i of ten plaeed in the strueture before the con

erete is east. However, there are also anehors whieh are placed in a 

hale drilled into the structure. 

The propagation of a erack from the edge of the "hook" can be studied 

by a diserete eraek approach [2]. In Fig. 2 an example is given of 

sueh a study [3J, [4J. 

As can be seen from Fig. 2, the fictitious (dashed line) and the real 

eracks (full line) growas the load is inereased. The era eks form a cone 

and the crack tip has to penetrate a larger area the more it grows. This 

implies that the eraek is very stable also for fatigue loads. As soon as 

the craek tip penetrates a small distance, the stress in the zone around 

the craek tip will decrease and thus the craek propagation will be halted. 

For this reason there is usually no fatigue problems for the conerete, for 

a bolt whieh is loaded at alevei reasonably below its static failure load. 
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Fig. 1 Different ways of load transfer from an anchor to eonerete [1J 

(a) Compressive stresses - hook anehors 

(bl Adhesive stresses - adhesive anehors 

(c) Frietion stresses - expansion anehors 
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Fig. 2 Fracture mechanics model used for study of crack propagation 

[3J, [4]. (a) Dimension of finite element mode l (96 axisymmetric 

elements + 10 linear crack elements). (b) Material model for 

loading (AB) and unlaoding (Be) of crack element; et = tensile 

strain, w = crack width. The following material proper ties were 

used for steel and eonerete: E = 210 GPa, v = 0.3, s s 
Qs = 7 800 kg/m3 , E = 30 GPa, f t = 3.0 GPa, v = 0.2, c c c 
Qc = 2 400 kg/m3 , Ge = 60 N/m (fracture energy) and 

Wu = 40 x 10-6 m (maximum fictitious crack width. No shear 

eapacity was assumed. (e)-(f) Isostress lines for maximum 

tensile stress for different load leveis. A micro crack 

(fictitious erack) is marked with a dashed line and a real 

erack is marked with a full line. (c) p = 75 kN, (d) P = 193 kN, 

(e) p = 213 kN, maximum load, (f) P = 196 kN, af ter maximum 

load. The figure illustrates a test, where the anehor head 

deflection is the steering parameter. 

The influenee of material properties and erack path have been studied 

in [5J and same examples are given in Figs. 3 to 8. 

In Fig. 3 the geometry of a balt and a erack is given. The crack 

propagation has here approximately been ehoosen to be.in the direetion 

of the maximum tensile stress at the crack tip. Material properties 

are given in Fig. 4 and some results from finite element calculations 

are given ~n Figs. 5 to 8. 

In Fig. 5 load-deformation diagrams are given for a strai~ht eraek 

with an inclination of 45°. Three different fracture energies are 

eompared to each other, one lower (50 N/m) and one higher (150 N/m) 

than the standard value (100 N/m) shown in Fig. 4. It ean be seen from 

Fig. 5 that a higher fracture energy gives a higher load-carrying 

capacity. 

In Fig. 6 a load-deformation diagram is given for the curved crack 

according Fig. 3. In Fig. 7 the deformed geometry of the same bolt is 

shown close to the maximum load. 
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In Fig. 8 the stresses and deformations in three crack elements are 

illustrated for different load leveis. The load levels are also indi

cated in Fig. 6. In element 1 the shear stress first reaches a maximum 

value. This leads to a modification of the tensile stress - deformation 

diagram, see Appendix A. In elements 5 and 9 the tensile stresses first 

reach maxi.mum values. This leads to modification of the shear stress -

deformation diagrams, see Appendix A. 

3. DISCUSSION 

Comparisons of analytical results with test results [S] show that the 

fictitious crack in general gives a plausible description of what 

happens when a hook anchor is loaded. 

Further studies should be directed at 

• the interaction between the tensile and the shear stress-strain 
diagrams 

• the values of the material properties 

• other forms of crack patterns. 

144 mm 

16 
~ 

Fig. 3 Anchor wi.th inclined crack embedded in a cylindrical concrete 

foundation with a diameter of 2.8 m and a height of 0.8 m [S] 
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Fig. 4 Material properties used in finite element modelling of crack 

in Fig. 3 [5] 

p [kN] 

274 -

222 

200 

100 150 N/m 
100 

0.2 0.4 0.6 ···0.8 1.0 1.2 6 [mm] 

Fig. 5 Load-deflection diagrams for an anchor with the same general 

dimensions as the anchor in Fig. 3. However, a straight crack 

is studied with an inclination of 450 and three different 

fracture energies are compared, 50, 100 and 150 N/m. Material 

properties according to Fig. 4 with different values of Wu 
(0.5 x 0.133, 0.133 and 1.5 x 0.133 mm) [5] 
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P 196 kN 
max 

100 

0.0 0.2 .0.4 0.6 0.8 1.0 6 [mm] 

Fi,g. 6 Load~deflection diagram for an char in Figs. 3 and 4 [SJ. 

Load levels indicated by letters refer to Fig. 8 

real fictitious crack 

Fig. 7 Deformation at 95 % of Pmax for anchor in Fig. 3 [SJ 
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(j Element 1 1: 

b c d e f g 

a 
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(j Element 5 1: 

i - ----------, 
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g .h I 

w k 

(j Element 9 1: 

-- ---------, 
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w 

Load Load Elements that pass fracture line 
l evel s 1 evel 1 2 3 

a 5.2 kN a-b 1s 
b 10.4 kN b-c 2s Fracture lines 
c 36. 1 kN c-d 1s 
d 46.8 kN d-e 3s IL e 98.0 kN e-f 4-5t 2s 
f 133.2 kN f-g 6t 3s, 4-5t 
g 144.3 kN g-h 7-9t, 10s 
h 146.9 kN h-i 6-8t 
; 194.4 kN i-k 9t 2-3, 5 
k 18 101 kN k-l 
l 196.3 kN 1- 10s 4, 6-9 

(s = shear mode dominating , t = tension mode 
dominating; ef. Fig. A2) 

Fig. 8 Stresses and deformations in elements 1, 5 and 9 for different 

load levels for the an char in Figs. 3, 4, 6 and 7. 
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APPENDIX A 

CONSTITUTIVF. MODELLING OF LINKAGE ELEMENTS [9] 

General 

The fracture mechanics of bonding diseussed here concerns the contact 

zone between two materials: steel and eonerete. Both sliding effects 

and tensioning effeets are considered, because fracture occurs in two 

directions simultaneously. The failure can be eharaeterized as a 

fracture zone, a crack, whieh arises in the eontaet surface between 

the steel and the eonerete. The model is in principle the same as 

Gylltoft has presented in [9] for the bond between steel and eonerete. 

Constitutive modelling 

The two materials steel and eoncrete are modelled separately as iso

tropic and linear elastic materials, eharacterized by Young's modulus 

of elasticity E and Poisson's ratio v. The contact zone between the 

the steel and the eonerete, the fracture zone, is modelled as a non

linear material. Here both normal stresses o (normal to the eontact 

surfacel and shear stresses T (within the eontaet surfaeel are eon

sidered. In this study, only one shear direction is considered. 

Stresses in the shear direetion of ten exeeed the stresses in the 

normal direction. The shear capacity consists not only of pure shear 

strength but also of frietional forces, whieh will playan important 

role. 

These two types of eontributionare difficult to separate, so only the 

sum of them is considered. The dominating part played by the shear 

stresses and the relatively eons tant nature of the frictional resistanee 

produced by the frietional force s even with large variations in defor

mation make it possible to obtain a rough estimate of the constitutive 

relations in the shear direction from direct experimental measurement, 

at least when loading is monotonic. Such a relationship is sketehed in 

Fig. A1a. 
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Path OABE in Fig. A1a usually has a good correlation with experimental 

results. In this case, path OABCD is used as a simplification. 

The constitutive relationship in the direction normal to the contact 

surface, path OABC in Fig. A1b has the same principal configuration as 

for concrete in tension. 

o 
B 
-- .... E 

A 

D B c 
~~--+------+====--y 

Yu 
~L---~----------~~===--E 
o Eu 

(al 

Fig. A1 

( bl 

Constitutive relations for the fracture zone under monotoni c 

loading 

(a) Shear direction 

(b) Direction normal to the contact surface 

Fracture criterion 

All the lines in Fig. A1 are upper limits for a stiffer performance 

during cyclic loading, here called "elastic" performance. When the 

lines are reached, some sort of "fracturing" occurs. The lines are 

therefore called "fracture stress lines". 

When fracture occurs in one direction, this must also influence the 

behaviour in the other direction. The assumptions used here are shown 

in Fig. A2. The different stages of the fracture process, corresponding 

to one fracture stress line each, are marked 1, 2 and 3 in Fig. A2. 

The principle applied here is that each fracture stage should be 

reached in the two directions at the same time. 

Fracture stress line 1 is automatically reached in the two directions 

simultaneouslYr since the lines in both directions pass through the 

origin of coordinates. 
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Fig. A2 

( b) 

Interaction between the constitutive relations in the two 

directions ('-1) and (o-e) [9] 

If fracture stress line 2 is first reached in shear, point A in Fig. 

A2a, line AC in Fig. A2b will be rotated around point C to position 

A'C until fracture stage 2 is a150 reached in tension. On the other 

hand, if fracture stress line 2 is first reached in tension, point A 

in Fig. A2b, line AB in Fig. A2a will be lowered to position A'B' 

until fracture stage 2 is also reached in shear. The fracture stress 

line parameters are changed in such away, that the point common with 

the subsequent fracture stress line (indicat.ed by a higher number) is 

kept unchanged. When IDeal unioading takes place in a crack element 

the stresses in that element will decrease. This may explain why some 

points in Fig. 8 are not situated on any fracture line. 

"Ult.imate fracture", fracture stress line 3, will also be reached ~n 

the two directions at the same time. This means that when point C is 

reached in one of the two directions, line CD in the ot.her direction 

will be changed to position C'D, so that the stress is reduced to zero 

in that direction als~. 

The onset. of each fracture stage occurs when either the shear stress, 

or the tensile stress o fjrst reaches its corresponding fracture 

stress line, independent of the stress magnitude in the other 

direction. This may be called a "maximum stress criterion". 
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MODELLING OF MULTIPLE CRACK FORMATION IN REINFORCED CONCRETE STRUCTURES. 

ANALYSIS OF BEAM WITH LONGITUDINAL REINFORCEMENT. 

Bjc,brn Bergan 

Norwegian Institute of Technology, Trondheim 

Division of Concrete Structures 

INTRODUCTION 

Nature of the problem 

Consider the severely eraeked beam shown in Fig.· 1. The figure 

illustrates two important problems in analyses of reinforced eonerete: 

the large number of cracks developed before failure 

when the ultimate load is reached, the final crack propagates 

diagonal ly from a point near the support instead of penetrating 

where the moment has its maximum 

These phenomena are, of course, related to the mechanical properties of 

eonerete, and to interaction between reinforcement and eonerete. 

Aim and scope 

The ultimate goal is to simulate the process of multiple eraeking and 

its effect on the interaction between steel and eonerete. 

The aim of this study was to investigate the obstacles in applying an 

incremental method as suggested by Modeer /1/ to multiple crack 

problems. 

r-bb-leh10 
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METHOD OF ANALYSIS 

Fracture criteria 

Fracture in concrete 

A major principal stress criterion is utilized to govern fracture 

within concrete. As the maximum principal stress exceeds the tensile 

strength/ a fracture zone is created. With a few reservations/ this 

condition renders reasonably good correlation with concrete fracture. 

It is also easy to compute the load at which fracture occurs. A more 

general criterion would be a modified major principal stress criterion 

with a cut-off on the tension/compression side. Howevei/ this requires 

a more complicated algorithm for computing fracture load. 

stresses paralIeI to cracks are neglected that is/all fracture within 

concrete is assumed to be tensile. 

Bond stress 

A shear stress criterion is used between steel and concrete (Fig. 2). 

The selected curve is based on experiments performed by Nilson /2// and 

a multi-linear curve is approximated. This is a commonly used approach 

to modell bond stress variations. /2// /4// /5/. In most cases/ it 

yields fairly good results. Stresses normal to the bond zone are not 

accounted for. As shown by Robins and Standish /3// a pure sheai stress 

criterion renders too low fracture limits when compressive forces are 

applied normal to the direction of the reinforcement. Such loading 

conditions are present near the support of the beam. A Mohr-Coulomb 

fracture conditian would give even better results. Mod~er /1/ sug gests 

an angle of friction of 39° . 

r-bb-leh10 
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Fracture in steel 

As for concrete a major principal stress criterion is "applied to the 

reinforcement· 

Adapting the fracture criteria to FEM analysis 

Membrane elements are chosen for concrete and reinforcement. Truss 

elements are utilized for representing bond. 

Fracture of concrete 

since all fracture is assumed to be tensile, simple truss elements are 

sufficient to simulate the microcracked zone. The negative modulus of 

elasticity is determined based on a linear o-w approximation (Fig. 3). 

The area of the microcracked concrete (MCC) element is calculated as 

the fraction of the total cross sectional area represented by the node. 

These definitions secure that the strain energy rate consumed in the 

fracture zone is of the right order of magnitude. The MCC element is 

eliminated as the accumulated stress in the node reaches zero. 

Bond stress 

Truss elements are utilized in the zone between concrete and 

reinforcement. In addition, the vertical displacements of the 

corresponding concrete and steel nodes are coupied. This is don e in 

order to obtain a non-singular global system. Moduli of elasticity are 

calculated from the multi-linear approximation in Fig. 2. The cross 

sectional area is determined as the surface area of the reinforcement 

which is represented by the node. 

r-bb-leh10 
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Computational method 

The method utilized in this study is based on a series of FE 

calculations on slightly different element meshes. For each run, 

another node reaches its fracture criterion, and the element structure 

is modified according to the foregoing paragraphs. A load of unity is 

applied during FE computation, and the load and stresses are then 

multiplied with a factor so that the accumulated stress in one node 

equals its fracture condition. A more detailed description is presented 

in Appendix E, /1/. 

Crack arrest 

As two or more cracks are developed close to each other, the release of 

elastic strain energy close to the microcracked area will lead to 

complicated stress distributions. Local compression zones between 

cracks are created, and this effect is commonly known as "crack 

arrest". 

Crack arrest must be specifically dealt with in the analysis. Because 

of the special properties of the MCC elements, artificial tensile 

forces are induced during the closing of eraeks. 

The problem is overeorne by changing the modulus of elasticity of the 

MCC elements back to the original Ee (Fig. 5) as soon as a negative 

displacement is detected in a fracture zone. The global system is kept 

numerically stable by coupling the degrees of freedom normal to the 

truss axis. An average cross sectional area is used for these crack 

arrest elements. This yields a stiffness divergence of maximum 37% from 

the exact value. 

This action lS based on the assumption that the modulus of elasticity 

of concrete in compressian is not serlously affected by transverse 

cracks. 

r-bb-leh10 
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SIMULATION PROGRAM 

Test specimen 

General 

The selected specimen is a beam with longitudinal reinforcement only. 

It is included in the comprehensive study of shear strength ln 

reinforced concrete beams by Bresler and Seordelis /6/. 

Geornetry and Material Data 

Fig. 4 illustrates the geornetry of the tested beam. 

A table of material data used in this analysis if given in Fig. 5. 

Choice of Element Types and Mesh Size 

The original element mesh is shown in Fig. 6. Isoparametric 

quadrilateral eons tant strain elements are seleeted for their 

reasonably good aceuracy and low eost. Ström /7/ concludes that 

quadrilateral four-node elements subjected to bending yield reasonably 

accurate results in linear elastic analyses. Cook /8/ concludes that 

quadrilateral elements "tend to stiffen and loose aecuraey if their 

form be come a general quadrilateral rather than a rectangle". 

The mesh refinement is based mainly on the distance between the cracks. 

Seeondary measures have been expedient element shapes and economy. 

Computational resources 

The analysis is carried out on a eomputer with a 64 bit representation. 

The linear elastie finite element program used executes all 

caleulations in single precision variables. A Gauss type equation 

solver was applied to handle the negative diagonal elements of the 

stiffness matrix. 

r-bb-leh10 
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PRESENTATION OF RESULTS 

Numerical condition of the system 

The equation solver failed to carry out decomposition when a load of 

35% of the expected fracture load was reached. 

Open cracks were not created , but 30 microcracked eonerete elements 

were introduced in the element mesh. Neither bond failure nor yielding 

in the reinforeement were present at this stage. 

An explanation for the abrupt termination has not yet been fully 

established , but it is believed that the differenee in stiffness of 

adjacent elements is too big. 

This singularity problem may be remedied in several ways. The author 

suggests one of two measures to be taken: 

1. Utilizing an FE program whieh calculates ln double precision 

variables I or 

2. Applying forces instead of elements in the fracture zones to 

represent dissipation of fracture energy. 

Stress distributions during load history 

Fig. 7 shows the bond stress distribution of the lower reinforcement 

bar at 6 different load leveis. The increasing fluctuations are assumed 

to be due to crack arrest. In Fig. 8 , the concrete stresses elose to 

the reinforcement are presented at the same load levels as above. In 

Fig. 8 , the concrete stresses elose to the reinforeement is presented 

at the same load levels as above. The inereasing fluctuations in bond 

stress are assumed to be due to erack arrest. This is confirmed by the 

stresses in the corresponding conerete elements. Concrete stresses at 3 

vertical projections are shown in Fig. 9. 

r-bb-Ieh10 
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Reinforcement stresses are plotted at 3 stages of load history in Fig. 

10. 

The load-deflection curve is presented in Fig. 11. 

Accuracy of the analysis 

The correlation between the crack pattern of the actual experiment and 

the analysis is poor. Several cracks are formed at a level of 44.8 kN 

in the experiment, while at a load of 54 kN in the analysis, no cracks 

are initiated yet. This discrepancy is probably caused during estima

tian of material parameters. Tensile strengh, f t' and characteristic 

length, ICh' are determined from experimental results of modulus of 

elasticity and modulus of rupture. The relationship between tensile 

strength and modulus of rupture was approximated based on beam 

experiments by Modeer /1/. The experiments in /6/ was performed af ter 

13 days curing, and this was not accounted for in the estimation. 

As accuracy was of secondary importance in this investigation, material 

data were not altered to match the experimental values. 

r-bb-leh10 



126 

CONCLUSIONS 

, 
Two problems concerning multiple crack analyses were revealed ln the 

present study. 

1. Singularity. 

The choice of numerlC representation of the reinforced concrete 

beam caused computational problems. Different approaches to 

over come these difficulties are suggested. 

2. Crack arrest. 

Release of elastic strain energy from two or more microcracked 

zones, causes artificial increase in stresses at nodes subjected 

to crack arrest. 

Furthermore, the study indicates that a multiple crack approach may 

yield agreater understanding of the structural behaviour of reinforced 

concrete. 

r-bb-leh10 
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Geometry ef the analysed beam. 
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Figure 5. 

Material data applied in the analysis. 
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Figure 6. 

Element mesh of the unfractured beam, details of bond and reinforcement 
representation. 



BOND STRESS 6:. 

(N/mm2 ) 

I 
.8 

-r~--r-~-r-r-,T<~ .~ 
~~--r-~~-r~0 
+-+---+--,f-!--f-,-i. <j. 
~~--r--l-~-+-~<S .&.1 
~~--r--l-~-+-~d 
~~--+7"'''T--T''~~d 

=g~ti~~~~d .2. = d 
.....L-L+-L-...l.--L--'--I-'d 

133 

~/ 
~----~----~---+~--------~ 

Figure 7. 

-.2. 
6:. LOAD LEVEL A. '9.' kN 

•• LOAD LGVEL B, 22.9 kN 

T LO AD LEVEL C. 27.0 kN 

DIST ANCE FROM 

MIDPOINT (mm) 

Bond stress along middle sectian of the lower reinforcement bar. 

I 
-. __ r-.--r-.-.-,T<~ 
_+-1+-+-+-+-1+--10 
_+--1+--+-+-+--1+--14 
--!-1-!--+--+-_It--t--i<S 

1 1 -+-+-+--+-1.-.1.-+-+1 -;d 
-+-+--1f7""'r==f"'-<;;:I"'i-..J---I~ 

, , <{ 

- Z.'75 

-~2.s 

r Z. 2.5 

z 

-.l.--.L....\--l--'-~--J.-t'<~ cia .... \J -+----l.(-Io,....o---:\-+OO---'1~O'""O-D-IS-T-A-N-C-E-ovFROM 
6:. LO AD LEVE L A, '9.' kN 

• LOAD LEVEL B, 22.9 kN MIDPOINT (mm) 
" LOAO LEVEL c, 27.0 kN 

Figure 8. 

Horizontal stresses in concrete just below the lower reinforcement bar. 



134 

NORMAL STRESS 

(N/mm 2 ) 

I 

I 
I 

I 

Figure 10. 

I I I 
I I I 

't~ 
35 

30 

I I 
I 2.5 

I I 
V "'i-
I , I , , 10 

~ 

d 
<et 
<i
d 
<fl 
<i 
<~ 

<fl 

400 

6. LOAD LEVEL A. 19.1 kN 

• LOAD LEVEL B. 2~.9 kN 

"f' LOAD LEVEL C. 27.0 kN 

Zoo DIST ANCE FROM 

MIDPOINT (mm) 

Horizontal stresses in reinforcement at the middle sectian of the beam. 

l"l o -I -1 -3 -~ 2 'f o -. ' •• ) .~ .!) .) 2 4 o -I .% .~ .~ .5 ·6 ., 

I I I I I I I ~ I I I I I I I I ~ I I I I I I I I I I I .. 

A-S C AB C A B C. 
,....----,-r-"""1 

600 300 o 
LDAD LEVEL A. 10.1 kN 

DIST ANCE FROM MIDPOINT (mm) LOAD LEVEL B, ~:!.9 kN 

LO AD LEVEL C. 27.0 kN 

Figure 9. 

Horizontal stresses in concrete at 3 vertical projections as indicated. 



135 

LOAD (kN) /'::,. 

2.5 

20 

IS 

10 

5 

~~--+-~~-+--+-~r--~ 
.8 -f.o .2. .'1 .6 

DISPLACEMENT (mm) 

Figure 11. 

Load-deflection curve of the analysis. 
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Prediction of shear force and shear displacement for construction 

ioints and cracks in eonerete. 

Jan Norberg 

Inst. f. brobyggnad 

KTH 

5-10044 Stockholm 

Introduction 

In the case of damaged concrete construction or in the case of 

prefabricated concrete combined I~ith east in place concrete the 

transfer of forces between the old and new concrete has great 

importance for the construction. A description of the transfer of bond 

forces is very complicated and t.he design recommendations are 

empirieal. The microplanemodel proposed by Bazant and Gambarova /1/ 

gives the possibilit.y to calculate the stress in cracks and 

construction joints in concrete from the elastic stadium over to the 

cracked stadium. 

The stresses in t.he material are the sum of stress in planes of 

various directions. Each plane is assumed to represent microcracks 

parallell to the plane. In an isot.rop material planes of all 

directions will be equally frequent. 

The st.rain in the planes is the transformed global strain tensor. In 

each plane the stress depends on the strain in the same plane. Only 

the normal strain and the normal stress in each plane are considered 

in this paper. The sum of planes is able to transfer shear stress even 

if t.he shear stress in the planes is neglected. 
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n,.5n ,e.,., 

Fig 1 Definition of directions 

The normal strain in any plane l e ,is the strain vector of the 
n 

plane projected on to the direction of the normal of the plane. 

e=n.n.e., 
n l) l) 

( 1 ) 

Where e. ,is the global strain tensorn and n. cosinus for the angle 
lJ l 

between the normal of the plane and the global direction of 

coordinates i. 

The normal stress S ,depends on the normal strain ln the same 
n 

plane, e 
n 

s = F(e ) (2) 
n n 

If the virtual work in the volume of an uni t sphere is equal to the 

virtual work done by forces on the surface of an unit sphere we get. 

4 öW = 3-Tf s .. oe .. = J s öe dS (3) 
l) l) S n n 

where S and 41l/3 are the area and the volume of an uni t sphere, 

and on the surface of an unit sphere the displacernent is related to 

the strains by: ÖU = röe = oe 
n n 

Substituting Eq 1 inta Eq 3 we get 

3411' s .. oe. ,= J s n.n.öe .. dS 
lJ l) S n l) l) 

(4) 

As (4) holds for every 6e. , the global stress tensar can be calculated. 
1J 
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3 
s. ,= -4 f s n. n ,dS 
lJ 115 n l J 

(5 ) 

According to (1) and (2) the incremental stress in the planes is 

ds = (ds Ide ln}n1de}1 n n n; ; 

Differentiatian of (5 ) will give the incremental stiffness. 

ds .. = 3 
f 

ds 
ninjnkn1ds dek1 4TT 

-n 
lJ de 

S n 
(6 ) 

3 r ds 
ninjnknldS D. 'k' = -n 

4TT J de lJ • 
S n 

(7 ) 

Where Dijkl are the components of the incremental stiffness matrix. 

The integrals of (5) and (6) have to be evaluated numerically by 

approximation as a finite sum. If the sum is evaluated on a gr id in 

the .-8 plane the stress and the incremental stiffness can be 

calculated by Eq 8 and Eq 9. 

s .. 
lJ 

N 
;TTNi 1: [n.n.sin. s J 
... a= 1 l J n el. 

(E: ) 

(9 ) 

Where N is the number of points on the surface of asphere which 

contribute to the sum and el. is the point where the contribution to 

the sum is calculated. The strain and hereby the stress will be equal 

on diametrically opposite points on the surface of the sphere. The sum 

can be calculated on one half of the surface of the sphere. In the 

case of plane strain due to symmetry the sum can be done over only 

one fourth of the sphere. 
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A constitutive relation for the planes. 

In each plane the normal stress is related to the normal strain . 

according to fig 2. 

Fig 2 normal stress versus normal strain 

Elastic stadium 

The elastic modulus of the planes is two times Young's modulus of the 

material. The elastic properties of an isotropic material with Young's 

modulus , E , will hereby be obtained. The Poisson ratio will be 

eons tant in the elastic stadium I v = 0.25 

Compression 

The maximal eompression stress in the planes is set to the uniaxial 

compression stress of the material. An ideal plastic relation is 

assumed in the planes. Even if a straight line relation is used in the 

planes the sum of planes becomes gradually softer with increasing 

strain. The assumption of maximal compression stress in the planes 

will have great importance for the shear stress in the crack. With the 
conditions that are used in the following caleulations, the stress in 

a crack the maximal compression stress normal to the plane of the 

crack will be equal to the maximal compression stress in the planes. 
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Tension 

The relation between stress and strain is approximated with straight 

lines. An elastie relation is assumed up to the maximal tension stress 

in the planes. With inereasing strain a linear decreasing relation 

between strain and stress is assumed. The relation between strain and 

crack width is expressed by the equivalent length. The equivalent 

length is equal to the length of the side of four-node rectanglar 

finite element in finite element caleulations. In the case of 

unloading in the planes the stress is assumed to unload toward origo. 

In the sum of planes this assumption will lead to an unioading in a 

straight line towards origo for unioading in uniaxial tension. 

Depending on the value equivalent length used in the caleulations the 

maximal tension stress in the planes will be exeeeded at different 

crack widths. The maximal tension stress in the sum of planes will 

henee depend on the equivalent length. 

Fracture energy 

Aceordind to these relatioris in the planes bet~~een strain and stress I 

the value of fracture energy will be eons tant for different values of 

the equivalent length. 

G = 
F 

e l 
u 

wi 
U 

3 
2 

( 10) 

Fig 3 shows the relation between normal stress and crack width for 

different values of equivalent length. The calculated maximal tension 

stress decreases with increasing equivalent length. 
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0,1 W mm 

Fig 3 normal stress versus crack width 

calculated values for different equivalent lengths, 1=4-16 mm 

A computer program is developed to determine the stress in a 

construction joint or a crack. The crack width and the shear 

displacement in the crach are assumed to be eons tant along the 

whole crack. 

From the strain in the crack band the stress is calculated. The 

maximal strain in every plane must be stored if unioading in the 

planes are taken into account. 

The following data are used in the calculations: 

s -30 MPa 
c 

6~1Ö5 et = 
GF = 86.4 N/m 

E = 30000 MPa 
l 4, 8 och 16 mm 

For different values of the equivalent length the following can be 

calculated. 
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l e s f 
u t t 

mm MPa MPa 

4 4*10- 3 3.60 3.35 

8 2*10 
-3 

3.60 3.26 

16 1*10- 3 3.60 3. 12 

The maximal tension stress , f t , is the value for the case of 

uniaxal strain. 

In the calculations the crack width, w , first is increased to a 

certain value without shear displacement, t:, The shear displacement 

is then inereased with a eons tant crack width. The following relations 

between strain and displacement are used in the crack band. 

e = w/l 
x 

i'xy t:,jl 

e = e = 'Y xz i'yz =.0 
Y z 

With increasing shear displacement the stiffness both normal to the 

crack plane and in it decreases. With inereasing shear displacement 

the normal stress changes from tension to compression. The 

caleulations are carried out up to a shear displacement value of twiee 

the crack width. 
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Fig 4 Calculated values of shear and normal stress in a crack band 
with constant crack width and increaslng shear displacement. 
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Fig 5 Calculated values of shear and normal stress in a crack band 
with constant crack width and increasing shear displacement. 
l = 16 mm 
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In the calculations the contribution from planes in compression and 
the contribution from planes in tension can be separated (tig 6). 

At large deformations most of the stress transfer in a crack band is 

done by compression in the planes. 
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.000 
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0,02. mm 

A 

0.02 mm 
A-tB 

B 

Fig 6 Calculated values of shear and normal stress in a crack band 

with constant crack width and increasing shear displacement. 

l = 16 mm 

A stress from planes in tension 

B stress from planes in compression. 
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Fig 7 shows stress and strain in planes with the normal in the xy

plane. Strain and stress are showed in the right size in radial 

direction. First the crack width is increased at zero she,H 

displacement. The shear displacement is then increased at constant 

crack width. Planes in certain directions will now have a decreasing 

strain and in planes in other directions the strain will increase. 

This unioading in certain directions will create a path dependence in 

the stress on how a certain strain condition is reached. 

Sira/n, e. n 

w e".-
j l 

In fht!. x-y plcme 

><. 

decreasin9 .s-Cra/" 

inc.reas/ng .sira/n 

5 tre. ss I .$ n.. 

In fhe X-Ij pkne 

x. 

W-FO, .1-0 w=L1 #0 

Fig 7 Stress - strain in the xy-plane 

The transfer of shear forces in cracks and contruction joints in 

concrete has been experimental ly studied by a number of investigators. 
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A recent investigation has been made by Walraven /2/. The transfer of 

shear stress in a crack with compressive normal stress can be 

expressed by a friction coeffecient. 

1 xy = IJ 0x ( 11 ) 

Fig 8 shows calculated values with the multiplane mode l compared with 

experiments done by Walraven. The cube strength of concrete is used as 

the compressive strength in the planes. Perfectly pIastic behavior is 

assumed in the planes both in compression and tension, the resuIt is 

hereby uneffected by the equivalent length. The respons of the crack 

band is caIcuIated for zero tension strength in the planes and for a 

tension strength of 1/10 of the cube strength. Walraven's results lie 

between these two extremes. 

2. 

,00 -----::~--~-:---..L----L--=::::::::.i~ 
.0 0.'2.. 0.4 0.6 0.8 1.0 

~(C. 
Fig 8 Friction coefficient versus normal stress in a crack. 
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The following symbols are used in this paper: 

e 
c 

s 
n 

St 
s 
c 

E 
n 

E 

w 

/:; 

l 

n, 
l. 

e, , 
lJ 

s. , 
1.J 

f t 
f 

c 
GF 
D; ~ 1 l 
..ljK~ 

N 

ej; 

El 

s 

v 

= 

= 

= 

= 

= 

= 

= 
= 

= 
= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

normal strain ln the planes 

strain at maximal tension stress in the planes 

strain at zero tension stress in the planes 

strain at maximal compressian stress in the planes 

normal stress in the planes 

maximal tension stress in the planes 

maximal compression stress in the planes 

elastic modulus of the planes 

Young's modulus for the material 

crack width 

shear displacement in a crack 

equivalent length 

cosine for the angle between the normal of a plane 

and the global direction i 

global strain tensor 

global stress tensor 

maximal tension stess in the material 

maximal compression stess in the material 

Fracture energy 

Stiffness matrix 

Number of integration points 

angle between the normal of a plane and the 

global x-direction 

angle between the normal of a plane and the 

global y-direction 

surface area of a unit sphere 

normal stress in a crack 

shear stress in a crack 

friction coefficient at compressive normal stress 

in a crack 

Poisson ratio 
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l. INTRODUCTION 

VTT has entered upon a new research project concerning concrete tech
nology in arctic offshore structures. This is a continuation research 
to a previous project in the same research area. 

The purpose of this study is to find a way of handling the abrasion 
resistance of concrete in offshore structures under artic conditions. 
The factors that usually cause abrasion are the repeating freezing and 
thawing of concrete as well as the forces produced by moving ice being 
smashed against the structure. As a final result we hope to obtain more 
knowledge of new mixes and structures that can bear arctic conditions. 

The project is composed of several sub-tasks; these are presented in a 
form of a list below: 

The inspection of existing sea structures 

In this part an attempt is made to find out to what extent certain 
structures have been damaged. Some lighthouses on the Finnish 
coast have already been investigated. 

The fracture theory of concrete 

The principal task is to develop a theory that can explain the 
failure mechanism of concrete in the case of restraint forces and 
external forces. The method will be used with the aid of FEM 
analysis in a computer program. Some tests are included in this 
part of study. 

The factors of resistance 

In this part, the factors that cause chemical and physical cor
rosion of concrete are studied. The effect of time on resistance 
is also examined. 

The design values of concrete used in offshore structures 

The cube strength of concrete in offshore structures is usually 
higher than 60 MPa and the air content is about 7 %. The Finnish· 
Standards lack the design values for these kinds of concrete. 

Functional requirements for concrete in arctic conditions 

A summary of different factors that contri bute to the resi stance 
of concrete. 
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An abrasion testing method 

An abrasion testing machine and suitable analytical methods are 
developed in this study. 

High-strength concrete 

The basic concept of high-strength eoneretes 60 •.. 120 MPa. 

2. ENVIRONMENTAL EFFECTS ON OFFSHORE STRUCTURES 

Good resistance of concrete is necessary to arctic offshore structures. 
In arctic conditions the continuous freezing and thawing in sea water 
causes microcracking in the transition regions between aggregate par
ticles and cement mortar. Subsequent to cracking the bond effect be
tween mortar and aggregat~ is damaged and so the abrasion process can 
be very quick. Fig. 1 shows test results of the freezing-and-thawing 
tests. 
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VSl. VS2 blended 
cement 

Fig. 1. Strength of test specimens measured af ter freezing-and-thawing 
cycl es. 

Loads caused by moving ice crushing against the structure are also 
rather considerable. The fact that these loads are dynamic and cyclic 
has to be taken into account. The magnitude of force depends on the age 
and temperature as well as on the dimensions and velocities of ice. 

Chemical corrosion may also, cause a loss of strength. 

All these factors can cause visible damage to offshore structures as 
shown in Fig.2. 
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Fig. 2. Damage to the surface of a lighthouse. 

3. TESTS 

In order to discuss the effect of different loading types we need to 
know certain material properties and how these properties change during 
the time that loading conditions are changing. In this connection the 
stress-strain relationship of concrete is of primary importance. The 
effect of microcracking and fatique as well as chemical corrosion has 
to be included in this relationship and therefore we have to perform 
tests in which these factors are taken into account. Previous studies 
indicate that freezing-and-thawing tests in which test specimens are 
placed in salt water is a reliable manner to model the effects of cyc
lic freezing. Different mix proportions are chosen and the specimens 
(cylinders and cubes) made with these mixes undergo first freezing-and
thawing tests each having certain amount of cycles. Subsequently the 
compressive strength and fatique strength of specimens are obtained, as 
shown in Fig. 3. The crack patterns in the failure areas are also 
examined. 

d 

Fig. 3. Material properties af ter freezing-and-thawing tests. 
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Test specimens are made with different mix proportions. In addition to 
Portland cement, blastfurnace cement and Portland cement with silica 
fume are also used. Some of the specimens are made using lightweight 
aggregate. The cube strength varies from 40 MPa to 60 ~lPa and air con
tent from 3 % to 7 %. 

Studies concerning the ice force that is acting upon a small aggregate 
particle visible on the surface of a specimen are of special interest. 

The bond strength of the transition region between cement paste and 
particles should also be studied, for which reason the following tests 
are carried out. A particle (0 = 35 mm) embedded in concret~ as shown 
in Fig. 4 is pulled out from the concrete simultaneously with the 
determination of the force needed. The same mix proportions are used 
for the specimens as i n determini ng the stress-strai n re l a ti on, except 
that the maximum parti cle .size of aggregate i s here 8 mm. The speci mens 
undergo a freezing-and-thawing test prior to the pull-out test in order 
for these results to be compatible with stress-strain relation. 

t PARTICLE 0 32 MM 

Fig.4. Test specimens for determination of bond strength. 

4. APPLICATION OF FRACTURE THEORY 

The constitutive models of concrete need to be adjusted to fit exper
imental data. However, the data needed in calibration is not compli
cated. Here are some examples: 

Cedolin: the compressive strength fc' the initial values of the 
Young's modulus Eo' and the Poisson's ratio Vo /1/. 

Kotsovos: the uniaxial cylinder compressive strength f c /1/. 

Ottosen: the initial Young's modulus Eo' the initial Poisson's ratio 
V , the uniaxial compressive and tensile strength fc and f t, 
s~rain corresponding to compressive strength e:c and the post
failure parameter D describing strain softening /1/. 

In this study attempts are made to apply our experimental data to the 
different constitutive models of concrete. The input data is determined 
in such away that the ice-abrasion, freeze-thaw effect, etc. are taken 
into account. This means that the material properties depend not only 
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on current stresses or strains but on the strain rates and long-term 
attacks such as corrosion and repeated freezing. 

A way of adding these constitutive models and failure criteria to a 
computer program, called ADINA, is studied. It is a practical, allpur
pose FEM program and i ts program code i s easy to mo d if y • 

The loads brought about by moving ice have to be modelled truthfully. 
However, forces are cyclic and dynamic and in calculations these ef
fects have to be treated in a simple way. Loading can be converted into 
static load by the Wöhler diagram. The method can be calibrated with 
test results of abrasion tests. 

5. CONCLUSIONS 

A lack of information leads to difficulties. The effect of chemical 
corrosion and microcracking in the transition region is not distinct. 
The modelling of ice forces also needs some studying. 

This project has now reache'dits middle stage. Aims and plans are made 
and fi xed, and tests are about to begi n. The fi nal resul ts are to be 
expected at the end of the year 1987. 
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