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ON THE CONVERGENCE PROPERTIES OF THE GENERALIZED LEAST SQUARES
IDENTIFICATION METHCD

T, SHderstridm

ABSTRACT.

Modelling of a discrete time system is often made by paramstric iden-
+ification. A linear difference equation is adapted to the dynamics of
the system. The parameters of the equation can easily be estimated by

the least squares method. This method has several advantages, but if

the residuals are correlated, the estimates are biased. The method of
generalized least squares proposed by Clarke is constructed to overcome
this difficulty. This method is an iterative procedure, The dynamics of
the system and the correlation of the residuals are estimated alternately.

The purpose of thisreportis to present an analysis of the convergence
properties of “he generalized least squares method. Two different variants
are examined. They correspond to different ways of estimating the corre-
lation of the residuals. It is shown that one of those variants is equi-
valent to a maximization of the likelihood function of the problem, when
suitable assumptions are made. In this case the possible result of the
method is clesely related to the mumber of local minimum points of a
correspornding loss function. Under the sassumption of suitable regularity
conditions of the input signal ard the system dynamics the following is
theoretically shown in the report.

For every given system the minimization gives the true valiues of the
parameters if the signal to noise ratio is high encugh., It is further
shown that the minimization may give wrong values of the parvameters if
the signal to noise ratio is low enough. I this case the loss function

has no unique local minimum point.

The second variant is the one proposed by Clarke. By counterexamples
it is shown that also this variant may give wrong estimates for high

neise levels,

The existence of wrong parameter estimates is illustrated by numerical
examples, Plant measurements as well as simulated systems are used.
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WSTRIAL DATA

atrod process
stillation colum

zlear reactor

81

83

8L

thm
1ts of a special

) for first order

the second version

rxﬁ:ing outputs {y(t)} are given from an experiment. The
I of:a:n identification is to fit a mathematical model to
on data. This can be done in many ways. A good survey of

rent identification methods is given in [41.

ir to develop some theory it is assumed that the process ig
rred by some equation. The process given by this equation will
1ed the system in this report, while the medel refers to the

aficn obtained in some way from the given data.

e .that the system is linear, discrete, time invariant and of

te ‘order. I the disturbances can he represented by stationary
andom:ﬁrocesses, the system can in general be represented by

At hy(t) = Blg Hult) + vit) (1.1
where ¢(£) is the output at time ©, ul(t) the input at time t and

(t) a stationary stochastic process. q_1 is the backward shift
operator and

_):‘!+a1q-d{+...+aq—n' 1,23

-
* ... +Dbg (1,3)

—
n
=
-
£

LIt is assumed that the system is asymptoticzlly stable.
 For simplicity introduce the following conventions

: 1) e(t) is always denoting white noise (a sequence of independent,
equally distributed random variables with zero mean

ii) :12 denotes the variance of Eez(t)



i1ii} S denotes the ratio

to noise ratio,

In the following it will be assumed that the noise v(t) can be

expressed as

v(t) = Blg Nett)

2

g

B2 (1)

where H(q—q) is a stable filter and e(t) white noise,

Introduce the matrix notatiens

F'y(n-}’l )
Y = .

y(N+n)J

-y{nl,.
¢ = | .

4

-y(N+n-1)...

~y(1)

-y ()

(1.1) can be written as

Y =¢8 +V-

where N is arbitrary,

v{N+n)

vin+#}

vinl)... u1)

u(N#n~1)... u(N)

» which is proportional to the signal

(1.w)

(1.5)

The least squar
8y = ||Y -
V(8 H
with the well-k
" T
613 =8 + (¢' ¢)

assuming that t

Astrém has show
v{t) is white 1

Corvelated nois
squares (GLS) n
come this situe
1.3 The Markov

Introduce the €

[ (0).
v

r (1) denotes -

v

If R is known -
&) = [l¥-98

v, (e) [1¥-¢

with the resul



roporticnal to the signal

noise v(t) can be

(1.4

e noise,

~—r

(1.5)

1.2 The least squares method

The least squares (L3) estimate O of ¢ is obtained by minimizing
. . A A
Vigto) = Y - ¢8| = €Y - ¢8)7 (Y - ¢8)
with the well-known solution
L T, \=1,T
GLS-B + (37¢) ‘¢V (1,6

assuming that the. inverse exists.

Estrm has shown [1] that this method gives consistent estimates if

v(t) is white noise.

Correlated noise causes biased estimates, The generalized least
squares (GLS) method introduced by Clarke [8] is intended to over-

come this situation.

1.3 The Markov estimate

Introduce the symmetric matrix R, which is assumed to be non-singular

EXCONY rV(N+1)‘

i I‘V(O) |

rv( 1) denctes the covariance function of the noise v(t).

If R is known the Markov estimate By of 6 is obtained by minimizing
v () = [|v-e6]]2 ., = (v-e0) R (v-48)

M R-‘I

with the result




-1, T -1

By =0 + 6 R ey Ry 1.7

which is a consistent estimate.
This follows from the consistency of the LS estimate as shown below,

It is believed that the following description of the Markov estimation
besides proving consistence will give some more insight in the method
and motivation for the generalized least squares method (Introduced

in the next section} as well,

From the relation (1.1)

v {4

v = He 1.8
where
1
h,
H=|: 0
Pyq by 1
and
e(n+1)
e = ,
e(N+n)

Define the filter F(q_1) by
Ftg "y = HgH™ .9

and form a correspording matrix

From §1.8) it

R:EV’VTZUZH

and invoking (

-1 _1 T
R ﬁ—QFF

)

Tnireduce the

-
yF(t) Flg v

it

o) = g H

or in matrix 1

Then ¥, (6) = K
M -

From (1.5), (1
YP = ¢FB + e

From (1.15) ar

follows from 1



1.7)

:stimate as shown below,

1 of the Markov estimation
e insight in the method
res method (introduced

(1.8)

(1.9

- 1
1
£
. o]
F =
e £ 1

¢1.9) can then be written

F=nl

From (1.8) it follows that

R = EVVT = GZHBT

and invoking (1.11)

-t _1 .T
F —_ZFF

a

Trtroduce the filtered signals

yF(t) = F[q_1y(t)

L = v Huw

or in matrix language

¢F = Fa, YF = Y

1

Then VM(B) = ?

From (1.5), (1.8), (1,11} and (1.14)

YF:¢F6+e

Trom (1.15) and (1.16) it is seen that the consistenay of él“!

follows from the consistency of the IS estimate.

oF-gF T v -o8)

(1,10)

1.71)

(1,12}

(1,13}

{1.14)

{1.15)

(1.16)




1o

In figure 1 the configuration adapted to 1S is shown This system

v(t) = e(t) (white noise) - the fli.'lter T
and y (t) ha

eft)
1
Alg-h
ult) ' Big-1) yit)

Alg-1)

ult} IF

Figure 1

Figure 2 shows the general situation corresponding to {(1.1)

Figure 3
eft) ‘ - If R and the
obtained and
iEﬂ:.s(‘q:i".l) system. This
Vit) = ing the cons
uft) 8{g-1 ylt}

Figure 2
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-5 shown This system can, however, also be represented by figure 3, where

the filter F(q-1) has been moved and the filtered signals uf (t)
and yF(‘t) have been introduced.

F————— =
| e(t}——:
| |
| =l
Alg-h
I l
| l
uit) 3 ulF(t) [ Biq) yred [y yit}
Fig') 7 A0 I Fo g s
L - _1
ding te (1.1)
] . Figure 3 ) ’ S

- If R and then the filter F(q_1) are known, uF(t) and yF('t) are easily
obtained and it is sufficient to deal with the framed part of the
system. This part, however, is quite similar to figure 1, thus indicat-

ing the consistency of the Markov estimate.




1.4. The generalized Least Squares method. Two versions.

The assumption of R known is highly unrealistic, In the general least
squares (CLS) method & and R are hoth estimated in an iterative way.

1. Guess a covariance matrix Rk
2. Compute By, from {1.7) with R = Rk'

3. IDvaluate the residuals € = Y-¢Bk and use them to estimate a new

covariance matrix Rk P
4,  Put k=k+1 and'repeat® from 2 until the estimate converges.
In this report two versions of the generalized least squares method
are treated. In both versions the estimates of R are obtained by
fitting an autoregression to the residuals.

Version 1:

This version can be described by the following scheme.

A

. St L c =1 n
1. Guess a filter Ck(q Y=1+ Oqd Heeetoa
F 3
2, Compute yk('t} and uk(t) from
F g
yk(t) = Ck(q dy(t) (1.17)
() = G, (a” Jult)
and determine ék by applying 1S to the model

!A‘-k(q-1 )yi(t) = é]((q—1lﬁz(t) + elt)

3. Evaluate

e (1) = A
Determine
4, Put k=k#1
Clearly, this -

A(qq () = J;
with e(t) white

Version 2:

This version cc
stheme is the

F
0. Put yo(t)
1., Guess a fi

2, Compute y}E

AORES
W) = ¢
and determ

A @ ke



2 versions.

¢, In the general least

d in an iterative way,

them to estimate a new

imate converges.

least squares methed
R are obtained by

schemre,

~n

(1,173

el

3. Evaluate the residuals
(0 = A y(t) - ’Pk(q"%(tﬁ (1.18)
Determine 6k+1(q‘13 by fitting an autoregression to the residusls.
4. Tut k=k+1 and repéat from 2 until convergence,
Clearly, this version corresponds to the model

A(q_1)y(t) = }n3(q.xI ult) +

a(t) (1.19)
e h

with e{t) white noise.

Version 2:

This version coincides with Clarkes criginal proposal [8]., The iteration
scheme is the following.

0. Put yi(t) = y(o), (1) = ultd, ke
. 5 1 s et
1. Guess a filter C (g ') = 1 + qQ tialt q
Ck c{(ﬁ e ck‘n

2. Compute yP(t) and F(t) from
X Y

T 2. =1 F

vi.(8) = C (g Dy . ()

k- k k= (1.17")
F _ Ao =14F

ult) = G lg Dy ()

and determine ék by applying 1S to the model

Aty = B (g k@) + et




3. Evaluate the residuals

st = A a7y - B (ol (e (1.18")

and determine a new filter Ck " (qq) by fitting an autorepreasicn
to the residuals.

4. Put kek+1 and repeat from 2 until convergence,

With this version a successful iteration precedure ends when
ak(qh1) 1 W

The corresponding medel is

Alq Dy = g Huc) +

e(t) (1.20)

For both the versions of GLS it 15 of cowrse not necessary that the
orders of the operators A B and C are the same. Tn this report the
orders will in general be assumed to be the same, but the generali-
zation is trivial,

The second version may be better if the noise v(t) is not generated
as an autoregression, Tt will be shown, however, that both versions
may fail (give biased estimates) at high noise levels,

The GLS method has scme simdlarity with the repeated LS method as
pointed ocut in [4],

Tn the repeated LS method (1S with successively higher order of the
model) it is hoped that the A and B polynomials will have some factors
in comon. These factors are due to the correlation of the present noise.

In the GLIS m
(1.19) is re

{A(q_1 3Cq

The GLS meth
that the A &

In order to «
nature of th
specified.
Some results
-1
v(t) = H(g

-1
where Hlq )

Sometimes sp
finite order

H(q_1) = —
Clq
where
_.’[ N
Clg ) =1+

has all zerc

In these cas

vit) = '—1_—1

Cla

The reason
with the mod

It 'will be
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In the GIS method there are always factors in common, To realized that,

{1,19) is rewritten in the form

¢1.181) A qn o e g g
[A(g 'JC(g My(t) = [B(q JC{q (¥ + e(t)

fitting an autcregression
The GLS methed can thus be interpreted as a LS method with the constraint

that the A and B polynomials have commen factors.

“gence.
Tn order to closer exsmine the properties of the two versions, the

nature of the noise v(t) or the covariance functicn rv{r) mst be

redure ends when specified.

Some results in.this report require only
v(t) = Hq e(t)

(1.20) where H(q_1)_ is a stable filter and e(t) is vhite noise.

Sometimes special interest will be pald to the following filter of

finite order

10t necessary that the

] ™) = ——
ne. In this report the 4 ) c(q"T)
ame, but the generali-
where ' s ¢
v(t) is not o - - -
15 not generated B Clq 1) =1 + {:1q 1+"'+qu n

w, that both versions
» levels, . . .
has all zercs outside the unit circle.

peated IS met
v method as In these cases obviously

‘ V() = —— e(t) (1.21)
¥ higher order of the : Clq )

s will have some factors i

ation of the present noise. .. - . .
present noise The reason for a study of (1.21) is its similarity in structure

with the model (1.19),

Tt -will be shown that under suitable repularity conditions on the




le

input signal and the system dynamics the first version of the

GLS method will always give consistent estimates, if the signal
to noise ratio is high enough. However, if the noise level is high
encugh this version can give asymptotically biazsed estimates. It
will also be showm that the second version can give bilased esti-
mates if the signal to noise ratio is low, ALl results hold asymp-
totically when the nunber of data tends to infinity.

II. MATHEMATI:

2.1, Ergedic -

It is the pur
of data tends

he least squ

" $
= + (=

BI_S 8 ¢

The elements
is valuable t

in case of co

The questions

nature are cc
The main resy
Theorem 2.1

g0y = atq™
where

Gl and H
orders.

e(t) is white
ult) = u1(f)

u, {t) determ
is a pericdic

l(.

]u1 ) -y

u,(t) = Tlq
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1T, MATHEMATTCAL PRELIMINARIES

2.1, Freodic propepties of time series

T+ is the purpose to develop results which are valid as the number
of data tends to infinity.

The least squares estimate Brg (1.4) can be written

T T
8. = b ey e v
8ig= 0% 57 Gy )}
T¢‘ Tv
The elements of the matrices %— and 9’1\‘{_ are sample covariances, It

ig valuable to know when these sample covariances converge as Nre, and

in case of convérgence the limits too.

The questions are answered by ergodic theory, Some results of this

nature are collected in Appendix A,

The main result is the following.

Theorem 2,71: Consider the system

y(t) = e<§‘1)u(t) +HGT) e(t)

where ¥ v

G(q—1) and H(q_1} are asymptotically stable filters of finite

orders.
olt) is white noise with finite fourth moment and independent of u(t}
u{t) = u,i(t) + u.z("c)

1 €8) deterministic and almost periodic, that is to every e> C there

is a pericdie function uj(t) such that
Ju, ) - u%(t)l <e allt

uQ(‘t) = F(q"1) v{t) with 'E‘(q'q) an asymptotically stable filter of




finite order and v(t) white noise with finite fourth moment.

let further D1(q-1) and DQ'(q—q) be asymptotically stable filters
of finite orders.

Then
4 D _ 1 yit)
lim 5 (D,[(q y(t) + Dz(q u{t)
=1 ult)
> - y{t)
= E(D1 (g yit) + Dz(q Judt)) (2,1
s u(t)

with pfobabilifji one and in mean square,

n
If x(t) is deterministic, E x(t} denotes lim %— % ox(t).

e t=d

2.2, Persist

Definition &
Delinition .

1 I
i) 1im i 1
W t:

exist and
3i) the n bn

r'u(O‘

L

is positive

Some simple
characteriz
in [15]. In

(proved in '

Lemma 2.1:
the spectra
tion is nen

points.

If u(t) is-
sist of a
considered

Corr: let y
order n and

then y(t) 1

A simple ap
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te fourth moment. 2,92, Persistently Exciting Signals.

ically stable filters Definition 2.1: u(t) is said to be persistently exciting of order n if

N N
1) Hmg putt) =T and lin & 5 fu-Aluto-a = 7 0
e & 1=l oo t=1 ’
exist and
ii) the n by n symmetric matrix
{2, B Ly ]
n r (0 (M 7y e
R =
u
13
1 n I‘u(
= I x(t).
N 21 r,(0)

is positive definite.

Some simple properties of persistently exciting signals and a
characterization of this concept in the frequency domain is given
in [15]. In this report the following properties will be used
(proved in [15]1).

Lemma 2.1: u(t) is persistently exciting of order n if and only if
the spectral density corresponding to the sample covariance fune-
tion is non zero (in distributive senfe) in at least n different

points.

If u(t) is periodic, the spectral density will be discrete and con-
sist of a nurber of &-functions. The distribution &(x) is here

considered as non zero in x = 0.

Corr: Let y(t) = H(q_lI ni(t), If ul¥) is persistently exciting of
order n and H{q_1) is stable and has no zeros on the unit oircle,

then y(t) is persistently exciting of order n,

A simple application of the definiticn is made in
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n-1 ,
- - - +3. The sysi
lemma 2.2: Let y(t) = Hiq Dult)  HQ ) = z ng 2.3, The eyel
: i=0
1) If y(¥)} = 0 with probability one and u{t) is persistently ’ Consider the
exciting, then hi =201 =0,,,,n1 -1
v(t) = Klg
ii) IT u(t) is not persistently exciting of order n, then e
there exists H(q_1) f 0 such that y(t) = 0 with probability ' Definition 2
: as the 2k by
one.
R
¥
Proof'; _ R =
uy
e ¢
rvu(O)..... ru(n-l-1) ho
2 —
i 0)e.e
By (1) [ho...hn_,]] r'y( )
r, (0 b4
y(t) = 0 with probability cne if and enly if Ey*(t) = 0.
1) Ey(? = 0 and R, non singular implies h, = 01 = 0,...n-1
ii) Ru is singular, Take the vector
I.lc 1 n+i
. = 1im N I
' New & t=n+
h
n-1
in the null space of R, Then E y('t)2 = 0.
0.E.D, temma 2.1, 1
-1
y{t) = Kiq
Then
T

"
g
il
m".S
g



11 -
¥ h.q
i=0 1

W ul(t} is persistently

g of order n, then
'(£) = 0 with probability

1-1) h

Q
0 h_,
2@y = o0,

21

2.3, The system covariance matrix

Consider the undisturbed linear system

w0) = Ko™ )

Definiticn 2.2: The system covariance matrix of order 2k is understood

as the 2k by 2k symmetric matrix

y yu
R =
R R
uy u
r'y(O)... r’y(k-1) r’yu(D)... r'yu(k-'l)
~K}laes s (0
ry{o) ryu(’i k} r'yu( }
r'u(U) ru(k—‘l)
L_ Z‘u(U) ]
_ ) y EY
y{t-1 )_‘
1 n+y
=limg » fyCt=1).. . ylt=kult-1)., . u(t-k)]
Moo t=ndl | y(t-kd ‘
ult-13
u(t=k) |

Lemma 2.1. let R be the system covariance matrix of order k of

H|

y(t) = Kig Hutt

Then

xTRx

(B}

r (0}
E
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with

e(t) = T(q Dy(t) + 6tq” )

T ) . TR
Flq Y =1 fiq y Gla )= g.q
1 1

- T
X = [f1...fkg1 gk]

Proof:  Straight forward caleulations give

T .4 N yee=n
¥R = limpx . [yCGe=1). . oult=k)1x
N trn+l Wt-k)
y{t-1)
1 n+N ylt-k) o
slims @ Uf,....5g...5.1 |utt=1)]
Moo B gm0 )
1 n+N 7
=lim-ﬁ I () =r (D)
N & tmnt €

Theorem 2.2.:
Alg Hy(t) =
be of order r
Consider the

i)  Assume 1
n+k, the

ii) Assume 1
n+k, the
null spe

£,

where T,

Fq™ ) -

G(q—1) :

L(q_:l)
iii) Assume *

corder n

Remark: In t
sistently ex
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Thecrem 2.2.: Let the controllable, asymptptically stable system
Aq Dy = Ba Huo)

be of order n.

Consider the system covariance matrix R of order Zk.

i)  Assume that k < n. If u(t) is persistently exciting of order
n+k, then R is positive definite.

i1} Assume that k > n, If ult) is persistently exciting of order

-k)1x ntk, then R is-singular {positive semidefinite). Further the

nill space of R is spanned by vectors of the form

= (2.2)

L™

where fi and g, fulfil the relations

Q.E.D. » k t . »

Flg D= 1 fiq = Alg ) L{g) {2.3a)
i=1 g
k

6a = 1 ga = B@ ) e (2.3b)
i=1

T B

g )= I laqg is arbitrary (2.u4)

i=1
1ii) Assume that k > n. If u(t) is not persistently exciting of

order nt+k, then R is singular.

Remark: In the not described case, when k < n and u(t) is not per-

sistently exciting of order nsk, nothing general can be stated.
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Preof: Consider the equation
Rx =0 (2.5)

or equivalently

X ERx = 0 (2.5)

With notations from and use of lemma 2.3 this is written

rE(U) =0 (2.7)
WY i
Since then r () = 0 all t, it follows that (2.7 ) is equivalent
£
to

v (0) =0 e () = AlQ et
£q
Now e, (t) = Alq”IF(a” Dyt) + 6™ Dalh] =

= (R B + ata A M = Ba Huen

The original equation (2.1) is thus transformed into hTRuAh =0 or

Ruh =0 (2.8)
with
ru(U).... ru(n+k—1)
R =
u
i ru(U) ]
by
h =
h

Separate two

Case a): Ass

(2.8) implie

T F(q_1} ]

where the le
order k-1.

If k < n thi
is the only

If, on the ¢
form G(q—1)
- k-t
1{q ) = I
iz1

The equatior

eguations
Tx = G

with x as be

. an,bq,.:., s

From the di



25

Separate two cases.

Case a): Assume that u(t) is persistently exciting of order n+k,

(2,8) oo ==mEes . -1
¢2,8) implies h = 0 or B{g ') = 0.
¥ F(a™) ¢ it is then concluded that
{2.6) -1 -
B{g ) _ _Glg 3 (2.9)
-1, " =1 '
: is written Alg ) Flq 1)
where the left hand side is of order n and the right hand side of
2.7 order k-1.

0, orx =20

s . T

2.7 ) is eauivalent If k < n this is a contradiction and Flq )y =8(q
is the oniy solution of (2,5) vhich proves part i),
If, on the other hand, k > n, all solutions of (2.9) are of the
form G(q-1) = —B(q_1) L(q-1), F(q—1) = A(q_1) 'L(qh1} vhere
“, KP4 ‘
Wg > = I l.g is arbitrary. This preves part iil.
i=1

()
0 can be transformed to a system of linear

The equation H(qhﬂ)

equations

ad inte hTRu‘h =0 op

(2.8) T™ = 0 ¥ ?\ﬁ o

with x as before and T a {n+k) by 2k matrix, depending on Aqsenes

. an,b1 seaay bn' More explicitly T is the matrix
0 0 1 0 -|
b,1 l 8y .
T = D 1 * 1
bn b1l a, a,
0 . ! 0 .
b a
L n n

From the discussion it is clear that the null space of T N(T) = {0}




if and only if k¢ n.

Then (2.5) is equivalent to h & N(Ru). let r be an arbitrary vector
in the null space N(Ru). By transforming the equation as before

Tx=nr (2.10)

If k>ntaker =0 and x as (2.1) - (2.u4).
If k = ny, T is a square, invertible matrix and to every r # 0 there
is a non trivial soluticn of (2,10}, This proves part iii),

A 0.F.D,

V
a¥ Il

Interpretation: Consider V = rE{' 0),

e(t) = Flg Dy (t)+6tq” Hu®), Tigh = }15 .07, aa™ - :; £
The system covariance matrix of order 2k is singular §f and only if
the minimum of V drith respect to {£;} and {g,} is zero.

Loosely speaking the result of the thecrem is:

TF k > n, the FiltersF(q 1) and 8(g" ' )are of higher order than the
system and it is possible to get ¥=0.

If k < n it is not possible to get V = 0 if all modes of the system

are excited,

11T, MAIN RESI

In this chapt:
it is shown (
ting the maxir
of convergence
of the likelil
guarantee a wm
3.1). As the «
caomputer the
interest, In -
mum points dej
model {theorer

The seccnd ver
this chapter !

version of GL&



r exciting of order ntk.
be an arbitrary vector
equation as before

(2.10)
d to every » # 0 there

ves part iii).
0.F.D.

. _ k
*, 6(g PR’ £.q
1

ingular if and only if
} is zero.

.

1igher crder than the

[1 modes of the system
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IIT. MATN RESULTS

3,%1. Introduction

In this chapter the first version of GLS is closer examined. First

it is shown (theorem 3.1) that the method can be interpreted as adap-
ting the maximum likelihood technique to this problem. The question

of convergence #s then reduced to an examination of local maximum points
of the likelihcod function. It is rather easy to give conditions which
guarantee a unique global maximum of the likelihood function (lemma
3.1). As the computations of the GLS method must he carried out on a
computer the possible existence of several local maximas is of greater
interest. In thriee theorems it is shown that the nunber of local maxi-
mm points depends on the signal to noise ratio and the arder of the
model (theorems 3.2, 3.3 and 3.4).

The second version can be interpreted _.milariry. In the end of
this chapter it is shown how to construct examples, where this

version of GLS convergesto biased estimates.
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3.2. Maximum Likelihood Interpretaticn

In this section it is shown how the GLS methed can be interpreted
as the maximum likelihood method. Expressicns for a corresponding
loss function are given in mairix notations and using operators.
Finally the limit of this function, as the number of samples tends
to infinity, is studied.

Thecrem 3.1: Assume that the disturbances are given by

1 e (3.1)

C(qnj)

a(t) white Gaussian fioises The first version of the GLS method is
equivalent to maximizing the likelihood function of this problem

v(t) =

by a relaxation method.
Proof ¢

The probability function of y is given by

fly) =

1 1 T,-1
exp [~ 5{¥-36) R (Y-¢621
(2 (derry 172 ?

(3.1) is written by matrix notations

Fv

o
]

o] [« B |

From (1.12) it follows that

R =Bl = (5D

a

The likelihood

-log L = g(¥-4¢

Let
. 1
W(8,F) = ol¥=g
80
“log L = X wis
52

gince det F = 1

3L
302

= 0 implies

so L is maximiz
A2 ~ o~

o = 2Wa,F}
Maximizing L is
algorithm can b
alternating bet
1. Minimize !
2. Minimize 1
which is a rela

Remark 1: Denot
IBN when the rect

(BN has nice aswy
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The 1likelihood function is given by

| can be interpreted log L = (Y 3607 1 Flrev—ge) + . 1 log detTTGAFD ™) + § 1og 20 (3.2)
for a corresponding 02
W using operators,
ber of samples tends let
W(O,F) = %-ﬁ(Y—w)T FIF(Y=46) (3.3
given hy
s0
(3.1
) N x
-lcg L = — w(e F} tw log(u + % log 2n
£ the GLS method is a?
op of this problem since det F =1
3{‘2 = 0 implies Nﬂfs ;) % =0
dg (o”} 20
so L is maximized with respect to ¢” by
~2
a

= W(e,T) (3.1
D) ‘

Maximizing L is then equivalent to minimizing 1'1(6,‘1-‘“). The actual

algorithm can be interpreted as a minimization of this function by
¥

alternating between et
1. Hinimize W(ak,FkJ with respect to Oy

2. Minimize W( 8 k 1) with respect to Fk+‘|

which is a relaxation method.
0.E.D.

Remar'k 13 Denote the estimate of Agseennd b'l"" »b 12030 a0 by
q)N when the record length is N, It follows from [3] and [61 'that

tpN has nice asymptotic properties:
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~

1. 0y, converges with probability one to the true parameter vector o
as N increases,

2. w0y is asymptotic efficient (i.e, has minimal variance).
3. @y is asymptotic normal with the mean value @ and the covariance

matoix

LR P

24
iy
¥ (2]

N

Remar‘kQW(ék,‘i-‘k) is a decreasing, bounded sequence, which implies
convergence, Possiblé"’boﬁnded 1imits must be staticnary veints of
wee ,i:‘). They cannot be ocal maximum points. Tt is showm in Appendix
B that saddle points have not to be considered either, since they are
not "stable" points, By this concept it is meant that a start of the
iteration sufficiently closed toc a saddle point will not in general
imply convergence to the point. Since the minimization of w(é ,%‘) has
to be carried cut on a computer, rounding errors must be introdiced
in the calculations, ard the probability of convergence to a saddle
point .can for practical cases be regarded as zero, Iocal minimm
points are thus the oniy "practically possible", bounded limits of
(ék,:f‘k) as low,

Remark 3 Note that the convergence of the minimization algorithm is

very siow. It is shown in Appendix B that close to a minimum point

g, will corwverge linearly. .

k

Remark 4 The second version of QLS can be interpreted in a similar
way. let W(a,F) be defined from (3.3) and put

« ~
F= 1 F,, The iteraticn procedure is a minimization with different
i=1

constraints on F. I.e. in step kK, F'i"' "Fk-1 are fixed. W(Bk,l’) is
minimized with respect to Fk' Fk+1 = Pk+2 o :11. This step corre-
sponds to the estimation of the filter Ck(q }. From this imter-
pretaticn it is clear that W(8,F) is decreased in each step. This
fact is shown by straight forward caleulations in 1181,

From the disc
can be expres
W(a,] yeaesdy t

Fety = g

eCt) = Alg™ 1

S0

o) = g

. Aghee™
~1
Alg )

Clearly W is .
different sam
local minimam
probabilistic
totic theory s
In the follow

i)y u(t) =u
u,i(t) is
filter oi
e,{(t) is

ii) w(t) = H

H(q—q) is
eQ(t) ie

iii) 2y {t) anc



¢ true parameter vector o

imal variance).

lue o and the covariance

Jence, which implies
stationary points of

It is shown in Appendix
1 either, since they are
int that a start of the
1t will not in general
mization of I'J(F;,%‘) has
xe must be introdiced
mvergence to a saddle
ero, Local minimum

", bounded limits of

mization algorithm is
e to a minimum point

erpreted in a similar

ization with different

are fixed. w(ék,ﬁ) is
.I. This step corre-
—1). From this inter-
in each step. This
in f187%,
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From the discussion in 1.3 it is clear that the loss functicn WKo,F)

can be expressed as

- s e - 1 N op 2
!-J'(a1,... LN b,],. ..,bnc,l,...,cn) o t;e () (3.5)
€7(t) = CaTDe(®) = e(t) + Cye(t=)4...40_e(tn) (3.5

. =1 e =1
e{t) = Alg y(t) - Blg Hu(t) (3.7
so
P P W N -1

£5ﬂ=0@1)Mq%mF3Mq>Bm duct) +

. Alg )

A, =1
A el (- DI, (3.8)

Alq )

Clearly W is a polynomial in ;1 veee .cA:n where the ooefficients are

different sample covariances. An analysis of W and especially the
local minimm points of this function must therefore be done in a
probabilistic setting., In crder to do the amalysis reasonable asymp-
totic theory will be used.

In the following some assumptions are made

v .
..‘ "
W

g

1) uth) = u (e + &g e, (1)
u;(t} is deterministic, and almost per'iodic.G(q_1) is a stable
filter of finite order.
ey (t) is white noise.

i) v(t) = (g e, ()

H(q“1) is a stable filter of finite order

ez(t) is white noise

iii) e (t) and ez(t) (ult) and v(t)) are independent,




Under these assumptions it follows from Thecorem 2.1 that

W has a limit V(a1...an byo.iby 01...cn) with probabili-

ty one, and that

V(a1...cn) = V1(a1...cn) + V2(a14..cn)

- - 1 F 2
Vi(ﬂ.I-'-Cn) =5 Eai(t)

Ty —aghee™h

A(q"1}

. =g -
ef(t) = crg™h) Al JBlg

u(t)

- A(q_1)a(qd1)h(q_1)
atg™h

er(t) e(t)

The notatien Euf(t) denotes

It is the purpeose of Sections 3.3 - 3.7 closer to exa-
mine the loss function V. The main interest will be an

(3.9)

(3.10)

£3.11)

(3.12)

investigation when the loss function has a unigue local

minimum.

In order to simplify the analysis a bit only "interesting"

values of the parameter estimates will be considered.

In many cases the following compact set in the parameter

‘space will be reasonable:

i) A(z) has 311 zeros inside the circle [2] ¢ el
ii) C(z) " tE 1 1im n 1t le s I‘<1.

iii) b, bounded.

r close to 1.

This restric

i) means
ii) is mot
finite

1ii) must b

3.3. Global

This section
ning the glo

cial case

v(t) = =7
C(g

Lemma 3.1: C
(3.13), Denc

of the syste

i) Global

Alg™

is alw
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om Theorem 2.1 that A . . s .
~ A . This restriction is well justified by physical reasons.
¢, with probabili- ’
i) means that a stable model is required,
) {3.9) ii) is motivated by the vepresentation theorem [21 and
‘ finite variance of the output,
( 1ii) must be fulfilled if the model has finite gain.
3.10)
-1
G ERD NS, (3.11) .
3.3. Gleobal properties of the loss function.
This section contains some simple considerations concer-
(3.12) ning the global minimum of the loss function in the spe-
cial case
v(t) = —— e(t) (3.13)
Clg )
Lemma 3.1: Consider the loss function (3.9) with v(t) as
(3.13). Denote the order of the model by m and the order
7 closer to exa- of the system by n. Assume m 2 n.
‘erest will be an
:as a unique local i} Global minimum points are the solution of
' .o
.o R T
. A" e = atg™heg™ (3.14)
t only "interesting"
be considered. 4 N -1 dr -1
Eg(t) - C(q-1) A(g 3B(gq ) :1A(q JB(g ) et = 0
t in the parameter Alg )
- | with probability one.
ircle lz| ¢ r<l. - -
ii) a, =a. i=1, ... n a. =0 1i=n*, ... m
1t IZI < v, 41 1 ? .l
) bi = b:L i=1%, +v.n bi =0 i =n+1, ... m (3,158)
€y = o4 i=1, v oy = 0 1i=n+1, ... m

is always a global minimum point.
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iii)y If u{t) is persistently exciting of order n+m, m=n,

and the system is controllable, then (3.15) is the

unigue glecbal minimum point,

iv) If u(t) is not persistently exciting of order n+m,
m=n, there may exist other global minimum points
than (3.15),

v) If u(t) is persistently exciting of order n+m, m>n,

there are in general several glcbal minimum points.
These points are equivalent in the sense that they

all satisfy.
o F ;

Bg”™)) _ Bta™h) £3.16)

1

Ay a™h

1 1

atg™Me™y atg™He™

Proof: Clearly inf vy = 0. Further inf V, = % Ee?(t). To

realize that define

s g n, -1 ® .
6l 1) - A(g_1)C{9_1) -1+ 1 g i
A(q JC{a ) i=

Then

= (3.17)

i) The e

<
n

have -
ii) The at
iii) From 1
NG

and by
the as

iv) An exe

v) Lemma

A(q_1

)
so (3.
In gen
Blq™ ™
(3.17)

Remark: The
the result.



cf order n+m, m=n,
then (3.15) is the

ting of order n+m,
1 minimum points

of order n+m, m>n,
bal minimum points.

he sense that they

(2.16)

(3.17)

i)

iv)

v)

V, = inf V

35

The equations

1

V, = inf V2

have the solutions (3.14),
The assertion follows directly from i).

From Lemma 2.2 it is concluded that

t

Aa™HBe™ = ag He™

and by arguments as in the proof of Theorem 2.1

the assertion follows,

An example for a first order system with a # ¢

ult) = a%, A = 21

é =, 0, ﬁ = b

Lemma 2.2 implies ) v
A(q“1)B(q_1) = A(q_1)ﬁ(q"1)

so0 (3.16) is proved. (3.17) follows from (3.14}),
In general the factor in common between A(q_1) and
B{q_1) can be chosen in several ways to satisfy

€3.17).
Q.E.D.

Remark: The assumption that (3.13) holds is essential For
the result.




3.4, Estimates at high signal to noise ratios.

Models of correct order.

In this section a thecrem of uniqueness is given and dis-
cussed. The essential part of the procf is found in Ap-

pendix C as a series of lemmas.
Theorem 3.2: Let the system of order n
At Hye) = Bla Huce) + vy, vt = Hg Delt) (3.418)

be controllable and the input u(t) persistently exciting
of order Zn. Hsgﬁme(that the order of the model is n.
Consider parameter estimates in 2, an arbitrary compact

set.

Then there is a constant SO such that if SO £ 8 < = then
the loss function (3.9) has exactly one stationary polint

in #. This peoint is a local minimum and satisfies

a; = oa; ¢t 0(1/8) i=1 ... n
bi = bi + 0(1/8) i=1 n {3.19)
ey = eyt G(1/8) i=s A n
where &(q 1) = 1 + & -1y + 2. g™ and (& )
q = 14 . 29 qreneCy
is the minimum point of
- 2
E[C(q )v(t)} (3.20)

Proof: Intreduce the vectors x and y by

a, - a,
~ c
a_ - a 1
<= | n v = |
b1 - b1 .
c
A n
_bn B bq

Then the lo
1

Vix,y) = 7
with P(y) a
ata”Hy o

uF(t)
This fact £
and Theoren
all y. Furt
so that & ¢
The functic

It has a ur

positive de

‘nished.

What sense

i) The :
This
3.1)

ii) The
vate:

iii) The

cruc




» ratios,

'8 is given and dis-

f is found in Ap-

H(q_?)e(t) {3.18)

sistently exciting
the model is n.

arbitrary compact

if S0 £ 8 < = then
e stationary point

d satisfies

(3.19)

and (57,,..5 )

(3.20)

3950

Then the loss funetion (3.9} can be written

V(x,y) = % xTP(y)x + eh{x,y)

with P(y) as the covariance matrix of the system

1]

atgHyFe) = - B o

Fey = etq Huto)

11

This faect follows from Lemma 2.3, From corr of Lemma 2.7
and Theorem 2.2 follows that P(y) is non singular for
all y. Further the loss function is assumed to be scaled
so that ¢ denotes the quantity 1/5.

The function h{(0,y) = 2 E[E‘,(qp‘])v(t)]2 is quadratic in vy.
. 4]

It has a unique minimum point Vs which fulfils hyy(U,yO)

positive definite., Invoking Theorem C.1 the proof is fi-

nished.
Q.E.D,
What sense have the different assumptions?
s F

i) The restriction on the input signal is very natural.
This condition is necessary for the result (Lemma

3.13-

ii) The study of only parameter estimates in ¢ is moti-
vated before.

iii) The restriction on the signal to noise ratio-is

crucial as is shown in Thecorem 3.3.
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iv) The assﬁmption of controllability is essential. If
the system is non controllable, there is a factor
in cemmon between A(q ) and B(q . Equation (3.18)
can be divided by this factor, obtalning a controll-
able system of lower order- than the original and
with another correlation of the noise. If the sys-
+em is not controllable, it is thus equivalent to
regard the order of the model as higher than the
order of the (controllable part of the) system. This
situation is treated in Section 3.7, where it is
shown that non contrcllable systems in general will

give no unique local minimum,
2t F3

3.5. Estimates at low signal to noise ratios.

This section deals with the case of low signal to noise
ratios. It turns out that a possible property of the nocise

plays an essential role for non unigueness.

Definition 3.2. The noise v(t) = H(q_1)e(t) fulfils the
"noise condition®™ (NC} if there ex1st at least two diffe-

rent palrs of polynomials A (q }, C (g 1} and A (q 1),
C (q ), such that

2

A, s qn, =

Vy(ay ey, qeaney) = E[A(q JClq DMl ) oc4) (3.9)
Alg )

has a local minimum point with a p051t1ve deflnlte matrix

of seCOTd orger deflvatlves in (aﬂ a4 011 ..c1n) and
e

(a21...a2n, Coqenn 2n).

Remark:
w{t) = Hig
Alq

is the mea:

interpretsa:

Corr 1: v{-

point with

Proof: Take
to another

Copr 2: If

v{t) = ——l:

Clq

it is suffj

and C(q-1)
Aq(q-1) anc
Proof A (c
<, (q ) C2
and global)
derivatives

2%y,

— = 2F
da.da.

13

2

3 V2

m = 2k
Baiacj
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y is essential. If Remark:

there is a factor
_1). Equation (3.18)
btaining a controll-

wit) = 519:;l e(t)
AlCg '3

the original and

nocise, If the sys- is the measurement noise if all noise of the process is

hus equivalent to interpreted as measurement necise.

higher than the

of the) system. This

3.7, where it is

Corr 1: v(t) fulflls (NC) if there exzsts a mlnlmum
point with V positive definite, A(q i) t C(q

ams in general will N . .
Proof: Take A2 iﬁC, C2 = A, By symmetry this corresponds
to another point satisfying the predescribed conditions.

Coprr 2: If

atios,

vtt) = —1 o e(t)

+ signal to noise Clg )

operty of the noise -1
it ig sufficient that there is a factorization of Alg )

and €(q~ ) such that A(qnj)C(q_1) = A(q )C (q" 1) where
Aq(qnq) and C1(q 1y have no factors in common.

8885,

e{t) fulfils the
t least two diffe-
1) and Az(q—1),

Proof A (q ) = A1(q_ ), 1§q i Cy (q~ ) and A (q 1y =

Cy {q~ }, ¢ 5 “1y - A1(q 1y define two different (local

and global) minimum points. The matrix of second order

-1 2 derivatives is given by
)

i~ e(t)} (3.9)

-

2%, —in =1 “3a 1
~—%— = 2E [q C(qg )v(t)]{q Jelq )v(t)]
ve definite matrix Baiaaj .
1n? 011.,.c7n) and
2%y, Sin o _en i
— - 9E [q 1ciq )v(t)][q 3A(q }v(t)] +
da., 3¢ N

+ QE{[q"i"jv(t}][A(q_1)a(q_1)v(t)]}
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32y

—2 ZE[[q"iA(q_1}v(t)}[q"jA(q_1)v(t)]]

Baiacj

DU I T -1 -1
With Alq ")C{q ") = A{q JC(q ') the second term of
Bzvz/aaiacj vanishes and % V; becomes the system cova-

riance matrix of
ATyt = S hute),  ue) = Al v

From Theorem 2.1 it follows that V; is positive defi-~
nite. - '

=
.

' Q.E.D.

It would be valuable to know, when (NC) is fulfilled
in general. Hewever, (NC) is depending on the orders
of A(qu1} and a(q_1) and the correlatien of the noise.
Some results for the simple case of first crder models
are given in Section 3.6.

The concept of (NC) is now used in a theorem of non

uniqueness.

Theorem 3.3. Assume that the noise v{*) fulfils (NC).
Then there is a number S1 > 0 such that 0 < S ¢ 5, imp~
lies that the loss funection V (3.9%) has more than one

local minimum,

Remark: The result of the theorem holds only for suffi-
ciently small values of the signal to noise ratio., Si-

-mulations show, however, see Chapter 4, that the result

may be true also for reasonable values of §S.

Proof: It will be shown that V has (at least) two local

minimum points satisfying

i
=

Atg™h

"
@}

et h
It follows T

tions

v

Y - o

ab;
are a system
ters. The sy

+ a .
on ay nd o4

Put this sol

.-
Bai

ay
3c

where it has
x denotes th:

(NC} implies
tisfying

Vg(xi) pos:




)v(t)]

second term of

i the system cova-

,_1)v(t)

s positive defi-
Q.E.D.

C) is fulfilled

g on the orders

ion of the noise.

irst order models
theorem of non

=y fulfils (NC).
1t 0 < 8 ¢ 5, imp-

18 more than one

ls enly for suffi-
noise ratio. 8i-
y that the result
of S.

least) two local

A(q—j)

AsCaTh) + 0Cs)

ota™h Ci(q_1) + 0(8)
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(3,21)

It follows from the proof of Theorem 3.2 that the equa-

tions

o |
o=
n
Q
=
13
-
ja

are a system of linear squaticns in the unknown parame-

ters. The system has always a unique solution, depending

on a; and = but net eon S.

Put this seclution into the remaining equaticns.

H_ -9 i=1, ...,n
da.,

1
N oo i=1, ..., 0
aC,

1

{3.22) is now written in the form, «
o

0= VI + 8V1(x)

where it has been assumed that 02 =

Eel(t) = 1.

T
x denotes the vector Ea1...an, c1...cn] .

(NC) implies the existence of two points x4 and x, sa-

tisfying

Valxyd = 0

V;(xi) positive definite

(3.22)

(3.23}

(3.24)




From Lemma C.3 it follows that the solutions (2.21)

exist.

When the variables are ordered as

[a1... a  Cqveecy b1...bn]

the matrix of second order derivatives will be
1
Vz(xi + 0(3) 0(5)

0(8) REE SP
ot ¢

where P is a positive definite matrix, From Lemma B.§

it follows that V" is positive definite .and that the

obtained solutions of V' = 0 are local minimum peints.

Q.E.D.

Bohlin [5] has given results, which can be used to test
if an estimate is the true maximum likelihood estimate.
The test guantity involves sample covariances of e{t)
and u(t)., If, however, the noise level is high this
method cannot be used successfully in the case described
here., The minimum points of the loss function will give

residuals sﬁ(t) and ez(t) satisfying 51(t) - gy(t) = 0(8)

80 also all possible test quantities will differ just a
little if S is small.

3.6, Analy:

order
The noise «

first orde:

loss funct

V2(a1,c) =

where
Ty = I'wh)
wit) = Hlq

Alq
An analysis

Lemma 3.2.
if and onls

P 2 -
D% = r,](r2

Proof: See

The follow:
noise cond:
the measure



clutions (3.21)

28 will be

¢. From Lemma B.S§
.te and that the

11 minimum points.

Q.E.D.

:an be used to test
Jkelihood estimate,
-ariances of e(t)

1 is high this

the case described
function will give
gq(t) ~ e,(t) = 0(8)
will differ just a

437"

3.6. Analysis of 'the "noise condition" (NC) for first
order models,

The noise condition (NC) will be cleoser analysed for
first order models in this section. In this case the

loss functicn (3.9} reduces to

Vz(éq,é) = [1 + ($+5)2+ 325211‘0 +
+ {2($+é)(1+;é)]r'1 + [zéé}rz (3,25}

where
I"T = P\'.'I( T)

-1
wee) = B oct)
Alg )

An analysis of this function is made in

Lemma 3.?. For models of order one (NC) is fulfilled
if and only if

s .t

wo_ 2 _ 2 _ 225,12
p* = rilr,-r,) 4(r -ri)(ry norp) > 0 (3.28)
Proof: See Appendix D.

The following examples illustrate the fact that the
noise condition depends on the cecvariance function of

the measurement noise w(t).

w(t) = L e(t)

(1+aq_1)(1+cq"1)




ANC)Y is fulfilled if and only if a # o {(Corr 2 of Def.
3,17,

Then D¥ > 0 if and only if

V3
!P1% > E— Ty

W

For the speciél striucture wit) = (1 + cq_1)e(t) this is

never fulfilled.

vy o= 6]

Then D¥ = 4 rgrz and the sign of D¥ is equal to the
sign of r,. For the special structure w(t) = (1 + anz)
« a(t). D¥ > 0 if and only if v > 0, i.e. (z2 + v} has

.zeros on the imaginary axis.

Example Y4:
w(t) = L5 et)
1 %+ aq

Up to second order terms in a and c D¥ is given by
D¥ = (a - e){3a + Ta) £ ...

This expression indicates that a rather involved rela-
. tion between a and e determines if (NC) is fulfilled

oy not.

3.7. Estir
Hodel

Since the
practice,
the model
section it
rect order

The result
Neglecting

i) it m

ii) with

zes

If the ord
the system
one minimu
applies if

part ii).

Thecrem 3.

atg" Dy
be control

Assume tha
that u{t)

der parame
Then there



¢ (Corr 2 of Def,

ca”Me(t) this is

s equal to the
w(t) = {1 + YqHQ)
i.e. (z2 + v) has

# is given by

er involved rela-
C) is fulfilled

4555

3.7. Estimates at high signal to noise ratios.

Models of too high an order.

Since the true order of a system seldom is known in
practice, it is valuable to know what will happen if
the medel has higher order than the system, In this
section it is shown how the result for models of cor-

rect order (Theorem 3,2) can be generalized,

The result of Theorem 3.2 can be described as follows.
Neglecting terms 0(1/8) the (unique) minimum satisfies

1) it minimizes V1(a1... bi... cn},
ii} with the remaining degrees of freedom it minimi-
zes Vylag... cn).

If the order of the model is greater than the order of
the system it will turn out that there may be more than
one minimum point, but the characterization above still

applies’ if local minimum points are concerned under
part ii).

'
Thecrem 3.4%: Let the system @

Al Dy = Bl hutt) + vird),  vit) = Hg ety (3.27)
be controllable and of order n.

Assume that the order of the model is ntk, k > 0 and
that u(t) is persistently exciting of order Intk Consi-
der parameter estimates in £, an arbitrary compact set.
Then there is a constant 8, such that if 8, % 5 < =,

=



All local minimum pointsof the loss funetion (3.8} number of

fulfil condition
. A " = atg g™ v o), s = (3.28) Remark 2:
property
Bla™") = BT L™ + o), 5 e (3.29)
» Py o B _ B
where L(g ) = 1 + &,q LTI N R A(q_1) A
Further L(q"1) and a(q_1) fulfil Remark 3:

general ca

L") = Wq ") +0(1), So o (3.30
I ;
cq™ ) = B ;1> (1) 5 1 ve) = —t
q = a + 0 y ¥ ™ {3.3. C(q
where (Ej, Cee s Ek’ 51, ches En+k) is a staticna- all points
ry point of

L(qn1}é(q——

V3(21, cevs B Caa e Cn+k) =

- AL - are gl

= 211" Mg v 1? (3.3 global
. Vi is sing

. . R . of Def. 3.:
The matrix of second order derivatives of V3 in
lows that 1

(2 cees © ) must be positive definite or po-
1007 ik global minj

sitive semidefinite.

If the matrix of second order derivatives of V3 in
} is positive definite, then there

=8
T8
~

(8,5 vv1s C
1?2 ’ Tnik 3.8. Counte

exists a unique local minimum point of the form

(3.28) - (3,31} and the terms ¢ (1) can be replaced Jersic

by 0(1/8). Further the matrix V" is pesitive de- )
In this sec

finite in this point.

P behaviour o
The questio
Suitable co

has not bhee

Proof: See Appendix E.

Remark 1: The number of stationary points of Vg and the




: loss function (3.9)

S > @ (3'-23)'

S e (3.29)
+ qu'k.
il
= (3.30)
w (3.31)

n+k} is a stationa-

(3.32)

ivatives of V3 in

ve definite or po-

derivatives of Vq in
finite, then there
point of the form
>{(1) can be replaced

V" is pesitive de-

sints of Vs and the

47

number of local minimum points of V are coupled to the
condition (NC} introduced in Section 3.5.

Remark 2: All possible local minimum points have the

property

o -1

§(q_1) - B(q_1) yol1), S =

Alg ) Alq )

Remark 3: If Vi is singular in (51, s En+k) nothing

general can be stated. In the special case

v(t) = ~—1—— e(t)
: C{q
all points (31, ...,'Rk, ;1, s ;n+k) satisfying
g hee™ = ce™ (3.33)

are global minimum points of V3 and for some of them
Vg is singular. This follows from the proof of Corr 2
of Def., 3.2. However, from Lemma 3.1, part i), it fol-
lows that the points satisfying (3.33) correspond to
global minimum points of the 1esE function.

3.8, Counter examples to convergence of the second

version of GLS.

In this section an example illustrating the possible
behavicur of the second version of GLS is described.
The question of convergence of this version under
suitable conditions cannot be answered easily, and it

has not been studied by the author.



The following case will be taken in+to consideration. The
system and the model are both of first order., The itera-
tion is started with the LS estimate of a and b. Condi-
tions for convergence in the next step are examined. If
the estimated operator a(q"1) =1 then the following es-
timation of a and b will give the same resul+t as before.

The interesting equations are thus:

“ r (1)
= - £ = 0 (3.34)
r (0)
E ’.
e0t) = (1 + aqg” Hy(t) - bg lult) (3.35)
r (0)  -r (0)][a —r (1) :
y yu N ¥ (3.36)
b

_ryu(G) ru(O)

ryu(1)
Example: Consider the system

(1 + aq” Hyet) = ult) + vit),  v(t) = ——— e(t)

T + eq

where u(t) is white noise. There is a number S, > 0 such
that if 0 < § ¢ 8, then (3.34) has two solutions w.r.t,a,
which satisfy

a = 0(8), s + 0
a= -+ 0(38), 8 >0

In Appendix F the existence of these solutions are

proved.
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o consideration. The

'st order. The itera-

+ of a and b, Condi-
‘ep are examined, If

:n the following es-

ime result as pefore,

= *——m—-jmm-_— e(t)

1+ ¢q 1

a number SO > 0 such

wo solutions w.r.t.a,

solutions are

19

Note that in this example of first order systems, only
systems with a specizl value of a and a low signal %o
noise ratio will converge to bilased estimates, Never-
theless, the examples indicate that the method may
yield "wrong" results. If the iterations procedure is
studied in more steps, several more cases of convergence

to uncorrect estimates may be detected.

If there is no restriction on the input signal, other
examples can be constructed. For example, if the input
signal is not persistently exciting of order ?, there
are values of a, independent of 5, such that the sys-
tem in the example above will yield biased estimates.
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