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Preface
Preface

My interest in robustness analysis by use of integral quadratic constraints
started in the fall 1993. Docent Anders Rantzer and I had started to look
for a new stability result for systems with slowly time-varying parameters.
The intention was to obtain tools that could be used for robust adaptive
control and gain scheduling. We had a result that could be viewed as
a generalization of the upper bound for the complex structured singular
value. The next step was to exploit the fact that the parameters were
real-valued. To do this we needed something that could be viewed as a
generalization of the G-scale for the computation of the real structured
singular value. It turned out to be hard. The main reason for this is that it
is nontrivial to interpret the G-scale as a multiplier in the feedback loop.
In other words, it was hard to derive the desired result in the classical
framework for stability theory.

At this point we started to consider Professor Megretskis interesting
paper “Power Distribution Approach in Robust Control” that had been
published at the IFAC World Congress the same year. It was easy to de-
rive the desired result using Megretski’s approach. However, many ques-
tions arose at the same time. In particular, how did the power distribution
approach compare to the classical stability theory, why was it only formu-
lated for the linear case, and what did the proof look like? Rantzer and
Megretski started to develop the approach further, now under the name
of integral quadratic constraints (IQC).

The next step in the work on slowly time-varying systems was to find a
method to compute the multipliers that appeared in our stability criterion.
Professor Pascal Gahinet at INRIA in France provided us with an early
version of LMI-Lab, a software package for solution of convex optimization
problems in terms of linear matrix inequalities. At this point the ideas
for this thesis started to take form. The main effort of my research has
since then been focused on the problem of computing the multipliers that
appear in the IQC approach for robustness analysis.

Outline of the Thesis

The main contribution of this thesis is contained in Chapters 2 through 5.
Every chapter is a self-contained unit and can be read independently of
the others. One reason for this is that the thesis has grown out from four
different papers. The price paid is that some material appears at several
places in the thesis.

Chapter 1 (Introduction): This chapter contains a presentation of the
IQC approach for stability and robustness analysis. Some effort is also
made to put the methodology in perspective with other approaches for
stability and robustness analysis. The chapter ends with a brief descrip-
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tion of the main ideas of the thesis. The work on slowly time-varying
parameters is summarized in one section of the chapter. That work will
be published in:

JONssoN, U. and A. RANTZER (1996): “Systems with uncertain parameters—
time-variations with bounded derivatives.” International Journal of
Robust and Nonlinear Control. Accepted for publication.

An early version of the paper was presented at the conference:

JONsSsoON, U. and A. RANTZER (1994): “Systems with uncertain parameters—
time-variations with bounded derivatives.” In Proceedings of the 33rd
IEEE Conference on Decision and Control, pp. 3074-3079, Lake Buena
Vista, Florida.

Chapter 2 (Popov Multipliers): In this chapter it is shown how the
Popov criterion can be used in a natural way in the IQC framework. As a
result of this we can show that in stability analysis of systems with slope
restricted nonlinearities it is possible to combine the Popov criterion and
a famous stability criterion by Zames and Falb. An example shows that
the combined criterion is superior to any of the two criteria alone. We
also obtain a new Popov criterion for systems with slowly time-varying
parameters. The chapter has grown out of the report:

JONSsoN, U. (1996): “Stability analysis with Popov multipliers and inte-
gral quadratic constraints.” Technical Report TFRT-7546, Department
of Automatic Control, Lund Institute of Technology, Lund, Sweden.
Submitted to a journal. "

’

The main result of the chapter is applied in:

JONssoN, U. and M. Latou (1996): “Stability analysis of systems with
nonlinearities.” In Proceedings of the 35th IEEE Conference on
Decjsion and Control, Kobe, Japan. Accepted for p.ubl@cation'.

JONssoN, U. (1996):. “A popov criterion for systems with slowly time-
varying parameters.”. Submitted.

Chapter 3 (Computation of Multipliers): This is the central chap-
ter of the thesis. A format for tomputing the multipliers that appear in
IQC based robustness and performance analysis is presented. The idea is
to parametrize a finite-dimensional and convex subset of the multipliers
in such a way that the corresponding restricted robustness test can be
formulated as a convex optimization problem. We give several examples
on how multiplier descriptions of nonlinearities, dynamic uncertainties,
parametric uncertainties, performance specifications, and signal specifi-
cations can be treated in our format. Early work in the direction of this
chapter can be found in:
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JONssoN, U. and A. RANTZER (1995): “A unifying format for multiplier
optimization.” In Proceedings of the American Control Conference,
pp. 3859-3860, Seattle, Washington.

JONssoN, U. and A. RANTZER (1995): “A format for multiplier optimiza-
tion.” Technical Report TFRT-7530, Department of Automatic Control,
Lund Institute of Technology,, Lund, Sweden.

JonssoN, U. (1995): “Robustness analysis based on integral quadratic
constraints.” In Euraco Workshop: Recent Results in Robust and
Adaptive Control, pp. 171-189, Florence, Italy.

Chapter 4 (Duality Bounds in Multiplier Computation): Analysis
problems that appear in IQC based robustness analysis are generally
infinite-dimensional but convex. By restricting the analysis to a finite-
dimensional subspace, as discussed in Chapter 3, we obtain a problem
that is tractable for numerical solutions. However, the quality of the so-
lution is critically dependent on the choice of subspace. We show in this
chapter how duality theory can be used to investigate the quality of a
particular finite-dimensional restriction. A considerable effort is invested
in a discussion on computational issues for the dual robustness problem.
Preliminary ideas along the direction of this chapter were presented in:

JonssoN, U. and A. RANTZER (1995): “On duality in robustness analysis.”
In Proceedings of the 34th IEEFE Conference on Decision and Control,
pp. 1443-1448, New Orleans, Louisiana.

An improved and more elegant format for the dual was then derived in
the following report, which also is the basis for the chapter:

JonssoN, U. (1996): “Duality in analysis via integral quadratic con-
straints.” Technical Report TFRT-7543, Department of Automatic Con-
trol, Lund Institute of Technology, Lund, Sweden. Submitted to a jour-
nal. '

Chapter 5 (Duality in Analysis with Mixed Multipliers): It is shown
in this chapter that the dual problem derived in Chapter 4 is particularly
attractive when the set of multipliers consists of a constant part and a fre-
quency varying part. The frequency varying part is defined by a frequency
independent constraint. The chapter is based on the report: :

JonssoN, U. and A. RANTZER (1996): “Duality bounds in robustness
analysis.” Technical Report TFRT-7544, Department of Automatic
Control, Lund Institute of Technology, Lund, Sweden. Accepted to
Automatica.

The result has also been presented in:
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JONssoN, U. and A. RANTZER (1996): “Duality bounds in robustness
analysis.” In IFAC World Congress, Preprints, volume H, pp. 35-40,
San Fransisco, California.

Chapter 6 (Concluding Remarks): This sections contains some con-
cluding remarks and suggestions for future research.
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Introduction

1.1 Background

Stability and robustness analysis has played an important role in the de-
velopment of theory for automatic control systems and other feedback sys-
tems. There are many different definitions of stability in the literature.
However, regardless of if we discuss stability in terms of boundedness
and convergence of the systems state vector or boundedness of the input—
output map for the closed loop system, stability is always a property that
assures that the system does not explode in some sense. It is thus the
least one must require of a system in practical applications. The next
step is to require satisfaction of robustness or performance specifications.
Robustness means that we require some form of margin for stability. This
could, for example, mean that stability holds not only for the nominal sys-
tem but also for the class of systems obtained by including an uncertainty
model to the nominal system. Performance specifications are typically a
measure of the disturbance rejection in the system. . '

This thesis is devoted to the theory and application of so called in-
tegral quadratic constraints (IQCs) in stability and robustness analysis.
The focus of the thesis is the particular approach for using IQCs that
was outlined by Megretski (1993b) and further developed in Rantzer and
Megretski (1994) and Megrets)d and Rantzer (1995).

Many methods for stability and robustness analysis can be regarded
as being IQC-based. A typical feature of these methods is that multipliers
are used in the analysis and that the stability criterion can be formulated
as a feasibility problem in terms of a set of multipliers. We will shortly
review some of the most important multiplier-based methods for stability
and robustness analysis in the next section. The review is by no means
complete but it treats some of the most used and popular methods and
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Chapter 1. Introduction

it is sufficiently informative to allow us to put these methods in perspec-
tive with the IQC framework. We also introduce various convex problems
involving linear matrix inequalities (LMIs). These LMI methods will be
important tools in later chapters of the thesis.

The organization of the remaining part of this chapter is as follows.
Section 1.3 introduces some of the notation and mathematical prelimi-
naries that will be used in the first three chapters of the thesis. The IQC
method, as it was proposed in Megretski and Rantzer (1995),is introduced
in Section 1.4. Some of the most important features of this methodology
is discussed in some depth. An application of the IQC method to systems
with slowly time-varying parameters is given in Section 1.5. A detailed
treatment of the classical multiplier method for input—output systems is
given in Section 1.6. We show that the IQC framework has several ad-
vantages over the classical multiplier technique. The Lyapunov function
method for deriving absolute stability results is presented in Section 1.7
and some of its potential and limitations are discussed. Finally, Section 1.8
shortly presents the main ideas of the thesis.

1.2 Related Work

We will here shortly review several well-known methods for stability and
robustness analysis.

Absolute Stability Theory “

Lure and Postnikov (1944) proposed the absolute stabilit}; problem. They
considered the system

1

Ax + bu, x(0) = xo, \
= cx, Co (1.1)
o(y),

u

where A € R™" is Hurwitz, b,cT € R", and where ¢ is a memoryless non-
linearity that belongs to the sector [0, 00),1.e., ¢ (y)y = 0 for all y. The sys-
tem can also be represented as in Figure 1.1, where G(s) = c(sI — A)~1b.
The system is said to be absolutely stable if the state vector is bounded
and converges asymptotically to zero for all possible nonlinearities from
the stated class and for all initial conditions. Lure and Postnikov obtained
such a condition by applying Lyapunov’s direct method with

V(x) = sTPx + A / ’ p(0)do, (1.2)
0
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1.2 Related Work

Y |cetxp0(t)

][]

Figure 1.1 A block diagram description of the system in (1.1). The plant has the
transfer function G(s) = c(sI — A)~!b and ce?'xg8(¢) denotes the response due to
the initial condition.

where P = PT > 0 and where 4 > 0. The integral in the definition of this
Lyapunov function is nonnegative due to the assumption on ¢.

A breakthrough in absolute stability theory came with Popov (1961).
Popov showed that the system in (1.1) is absolutely stable if there exists
A = 0 such that

Re[(1+jwd)G(jw)] <0, Vo €[0,00].

The importance of this result is that the stability condition is formulated
in terms of the frequency response of G. The existence of a suitable A can
be determined from a Popov plot of G, see, for example, any of the books
Khalil (1992), Slotine and Li (1991) or Vidyasagar (1993).

Shortly after the advent of the Popov criterion, Yakubovich derived the
famous Kalman-Yakubovich-Popov lemma (KYP). This lemma gives an
equivalence between Lure’s and Popov’s solutions to the absolute stability
problem, see Yakubovich (1962) and Kalman (1963). .

The development of the absolute stability theory was rapid after the
advent of the KYP lemma. In the Soviet Union, Yakubovich derived results
for systems with slope restrictions on the nonlinearities in Yakubovich
(1965a), for systems with hysteresis nonlinearities in Yakubovich (1965b),
and for systems with several nonlinearities in Yakubovich (1967).

In the west stability results for systems with time-varying gains, slope
restricted nonlinearities and multiple nonlinear gains were developed.
Many of these results are collected in the monograph Narendra and Taylor
(1973). N
We will in Section 1.7 compare the approach for absolute stability
theory that we have discussed here with the IQC methodology that is the
topic of the thesis.

Input—Output Stability

In parallel with the development of absclute stability theory during the
1960s there was also intensive work on the input—output approach for
stability analysis. This work is based on operator theory and functional

v 15




Chapter 1. Introduction

L a

A Yy L ]
Figure 1.2 The system under study in the input-output approach for stability
analysis.

analysis. The most powerful results are obtained when the system is de-
fined on a Hilbert space. We assume that this is the case and that the
system under study is on the form

y=Gu+f, (1.3)
u=Ay+g,

where G and A are operators on the Hilbert space. See also Figure 1.2. We
use positive feedback interconnections in contrast to most of the reference
literature on input—-output stability, which consider negative feedback in-
terconnections. We do this in order to allow for easy comparison with the
IQC methodology.

The first important step in the input—output theory was taken by
Zames and Sandberg. They introduced a framework that allows consider-
ation of unbounded signals in the loop and that ensures that the system
equations in (1.3) make sense. Extended“spaces and the issue of well-
posedness are the corner stones of this framework. We will discuss these
notions in some more detail further on. With the initial questions settled
it was possible to derive the two most fundamental results in the input-
output theory, namely the small gain theorem and the passivity theorem,
see, for example, Zames (1966a), Sandberg (1965b) and Sandberg (1965a).

The small gain theorem and the passivity theorem give conditions for
stability that are too conservative in many applications. However, the
introduction of loop transformations and multipliers can reduce the con-
servatism. It was shown in Zames (1966b) that several important results
such as the circle criterion and the Popov criterion can be obtained in
this way. The most powerful technique uses noncausal multipliers for the
analysis. This technique was developed in Zames and Falb (1968) and
it is also treated in the monographs Willems (1971a), and Desoer and
Vidyasagar (1975).

Let us illustrate how the stability conditions look when we use multi-
pliers. We assume that G is a stable linear time invariant operator with
rational transfer function. The idea is to find a multiplier M that makes

16
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A look positive in the sense that
/ (M(j0)500)'AD)jo)do 20, VyeLaf0,00).  (1.4)
~00

Here ¥ and A/(;) denote the Fourier transforms of y and A(y). Assuming
that M is a rational transfer function and that certain technical conditions
hold, the stability condition reduces to the frequency domain condition

Re[M(jo)G(jw)] <0, Va €[0,00]. (1.5)

The multiplier-based stability theory will be discussed in more detail in
Section 1.6, where we investigate its relation to the IQC approach devel-
oped in Megretski and Rantzer (1995).

Dissipativity Theory

The theory for dissipative dynamic systems developed in Willems (1972)
and Hill and Moyland (1980) gives an abstract framework for stability
analysis of a general class of systems. Dissipativity of a system means that
it in a general sense absorbs more energy than it supplies. This theory
has been used successfully for stability analysis of nonlinear systems in,
for example, Hill and Moyland (1976), and Byrnes et al. (1991), and for
large scale systems in Moyland and Hill (1978). The dissipativity theory
can be interpreted in terms of IQCs. However, the class of multipliers that
has been considered are memoryless and thus very restricted.

Topological Separation

Safonov introduced an abstract approach for stability analysis in Safonov
(1982). The idea is to consider the topological separation of the graphs of
the systems G and A in Figure 1.2. He could use this method to capture
many classical stability results. Safonov also applied his abstract frame-
work to obtain a multiplier-based multivariable circle criterion, see also
Safonov and Athans (1981). However, the set of multipliers that was used
is somewhat restricted due tothe use of what we will call hard IQCs.

Postmodern Robustness Analysis -

The issues of stability robustness and performance robustness of feedback
systems have gained a lot of attention since the late 1970s. The question
is whether a feedback control system will maintain stability and perfor-
mance in spite of plant variations or plant uncertainties.

The H,, methodology was introduced in Zames (1981). The idea was
to use the Hoo-norm to quantify frequency domain plant uncertainty and

4 17




Chapter 1. Introduction

N2

Figure 1.3 System setup for robust performance analysis.

system performance in terms of the signal gain from disturbances to the
error output. The system under consideration is on the form in Figure
1.3. Here @ denotes a linear time invariant nominal plant and A denotes
the plant uncertainty. It is assumed that the system is scaled such that
Al € 1, where || - || denotes the Hy-norm. The disturbance signals
are denoted by w and the error output is denoted by z.

It is in general conservative to consider full block uncertainties. The
idea of taking the structure of the uncertainty into consideration was
independently proposed by Safonov (1982) (the multivariable stability
margin) and Doyle (1982) (the structured singular value, u). A lot of
attention has since then been directed towards the problem of developing
numerical methods for the robustness analysis. As an example, let us
consider the computation of the complex structured singular value.

It is assumed that the uncertainty block satisfies A(jw) € A, where
the spatial structure, A, is defined as

A = {diag(81L,,,... ,0slr5,A1,... ,Ap) : 8; € C, A; € C¥™},  (1.6)

Here it is assumed that

i=1 j=1

for consistency among the dimensions. The structured singular value for
a matrix M € C™ ig defined as

pa(M) = (min{o(A): det(I - MA) = 0, A € A}) ™
The optimization problem

Yu = sup ]#A(G(jw))-

wel0,00

gives a bound for assuring robust stability of a system with structured
uncertainty. In fact, the feedback interconnection of G and A is stable if
and only if ¥, ||Alle < 1, see, for example, Zhou et al. (1996).

18 .




1.2  Related Work

Exact computation of g is in general a hard problem. Indeed, it can
be shown to be NP-hard, see Toker and Ozbay (1995). Instead of exact u
computation one usually resorts to the computation of upper and lower
bounds. An upper bound can be obtained in the following way.

Let D be a set of matrices that commute with the structure of A, i.e.,
every D € D satisfies DA = AD. Then an upper bound of y, can be
obtained by solving the optimization problem

- . — . -1
Ya sup 52£G(DG(‘]CO)D ). (1.7

w€[0,00]

In practice, this problem is solved by choosing a finite frequency grid over
which the optimization is performed. This is the way y; is computed in
the software package Balas et al. (1993). We will in Example 1.5 see how
the computation of y; can be formulated in the IQC framework.

An interesting relationship for y; was obtained in Poola and Tikku
(1995). There it was shown that y; gives a nonconservative bound against
arbitrarily slowly varying structured linear perturbations.

The u theory was later extended to include real-valued uncertainty
(parametric uncertainty) in Doyle (1985) and Fan et al. (1991). We will
not discuss the computation of upper bounds for real and mixed com-
plex/real i here. However, a simple case that is easily extended into full
generality is discussed in Example 1.6.

The term postmodern robustness analysis in the title of this section is
adopted from Doyle et al. (1991). Several reasons for using this term were
given in that paper. The one that deserves particular attention is the use
of linear matrix inequalities (LMIs) in modern robust control.

Robustness Analysis and LMIs

The recent development of efficient algorithms for the solution of convex
problems involving LMIs has opened up new perspectives for the analysis
and synthesis of control systems. It is in particular various interior point
methods that have proved to be successful both in theory and applications.
We refer to the monograph Nesterov and Nemirovski (1993) and the sur-
vey Vandenberghe and Boyd (1996) for details and further references on
interior point methods.

One reason for the popularity of the LMI methods is due to the avail-
ability of reliable software packages. Several of these have been developed
by control groups around the world, see, for example, Gahinet et al. (1995),
El Ghaoui (1995), and Wu and Boyd (1996).

We will in Chapter 3 show that a large class of problems in analysis of
robust stability and robust performance can be formulated as, or at least
be approximated by, either of the following problems.

. 19




Chapter 1. Introduction

Feasibility problem for LMIs (LMIP): Find x € R” such that

n
F(x)=Fo+ Y xFi <0,
i=1

where F; = FF € R™" are given matrices. This means that F is an affine
function of x € R",

Eigenvalue problem (EVP): Solve the optimization problem

infy subject to
Ax,7) < 0,

where A depends affinely on x and 7 and takes values in the space of
symmetric matrices.

Generalized Eigenvalue Problem (GEVP): Solve

infy subject to
¥B(x) < A(x), B(x)<0, C(x)<0,

where A, B and C depend affinely on x and take values in the space of
symmetric matrices.

The LMI problems presented above involve only strict LMIs. A non-
strict LMI is an inequality on the form F{x) < 0. Strict LMIs are easier
to treat numerically. Control oriented treatments of LMIPs, EVPs, and
GEVPs can be found in the surveys Boyd et al. (1993), Boyd et al. (1994),
and Packard et al. (1991).

1.3 Notation and Preliminaries
This section contains the notation and some preliminary results that will

be used in the first three chagters of the thesis. First follows a list of
notation.

M* Hermitian conjugate of a matrix.

[ The Euclidean norm |x| = vxTx.

o (M) The largest singular value of a real or complex matrix M.
RL.™ The space consisting of proper real rational matrix functions

with no poles on the imaginary axis. For H € RLZ™ we define
H*(s) = H(-s)T.
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RHL™ The subspace of RLY™ consisting of functions with no poles in
the closed right half plane. The subspace RHY™ (&) consists
of functions that satisfy the property H(s — &) € RHZ™,

6() The unit step function defined as 6(¢) = 1 for ¢ > 0 and
8(t)y=0fort < 0.

Pr The truncation operator on the vector space of functions map-
ping R into R™. It is defined by Pru(t) = u(t)6(T - ¢).

L2[0,00) The Lebesgue space of R™ valued signals with norm defined
by

lul? = / " (o)t

The space L} (—o00,00) is defined in a similar fashion.

L7.[0,00) The vector space of functions f satisfying the condition Prf €
L2[0,00) for all T > 0. This space contains signals that are
unbounded in the Ly norm. For example, the exponential func-
tion f(¢) = €'6(¢) and the unit step function 6(¢) are included
in this space.

diag(;,-) If A; : L [0,00) — L3/[0,00), for i = 1,2, then the operator
diag(A1, Ag) : L3 T™2[0, 00) — L *™[0,00) is defined by the
input-output relation

] = L)
¥2 Ag(uz)
where y;,u; € Lg/[0,00) for i = 1,2.

Preliminaries

We next present some of the mathematical and system theoretic pre-
liminaries that will be used. We refer to Desoer and Vidyasagar (1975),
Willems (1971a), Francis (198%), and Luenberger (1969) for more detailed
treatments.

Causality of an Operator: An operator H : L2[0,00) — L} [0,00)
is said to be causal if PrHPr = PrH for all T > 0. This means that
the value at a certain time instant does not depend on future values of
the argument. The operator H is said to be anticausal if (I — Pr)H =
(I = Pp)H(I — Pr), for all T > 0. This means that the value at a certain
time does not depend on past values of the argument.
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Boundedness of an Operator: A causal operator H : LJ1[0,00) —
L%,[0, 00) is bounded if H(0) = 0 and if the gain defined as

Hu
jH) = sup 1Y (18)
ueL[0,00) flue]|
u#0

is finite. Note that the gain is defined in terms of functions in L}}[0, 00)
and not the corresponding extended space. However, the definition in (1.8)
implies boundedness on LZ,[0,0), since ||PrHu|| < [[H|| - ||Pru|| for all
u € L2[0,00) and all T > 0. It can be shown that |[H|| is the smallest
such bound.

We will use noncausal operators as multipliers for stability analysis
in this thesis. A noncausal operator H : LI'(—00,00) — Li(—00,00) is
bounded if H(0) = 0 and if the gain

|| Hull

u €Ly (—oo,00) ”u“
u#z0

5l =

is finite.

Convolution Operators: A convolution operator with transfer function
H e RL&™ is defined in the following way. Let  be the weighting function
defined as the inverse Laplace transform of H, i.e., h(t) = L1{H(s)}.
Then for any u € LJ'(—o0,00) we define

(Hu) () E hvu(t) = /_oo Rt - t)u(z)dr (1.9)

The notation * refers to convolution. In this way H defines a (possibly
noncausal) map of L(—o0,00) into Lb(—oc,00). This operator. is linear
time-invariant and bounded. It can be shown that the Ly-gain becomes

|H| = supT(H(j0). (1.10)
The restriction of H to L3'[0, oq) is defined in the same way.

A linear time invariant convolution operator with transfer function
H e RHf;jm is causal and bounded. The corresponding weighting function

satisfies h(t) = O for all £ < 0. For any u € L*[0,00) the convolution in
(1.9) reduces to

t
(Hu)(2) = / h(t - 7)u(r)dr,
0
from which the causality follows. The gain is defined as in (1.10).
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Inner Products, Adjoints, and Quadratic Forms: The vector spaces
L2'[0,00) and L (—o0,00) are Hilbert spaces and we can define the fol-
lowing inner product

(w, Y = /_ " w(@®)To()dt = 51; /_ " i) 5 o) do.

The last inequality follows from Parseval’s theorem and the notation %
refers to the Fourier transform of u defined as

u(jo) = /_ ” u(t)eV¥de.

Let H : LP(—o00,00) — Li(—00,00) be a bounded linear operator. The
adjoint operator H* satisfies

(u,H*v) = (Hu,v)

for all u € L¥(—00,00) and all v e Li(—00,00). The adjoint of any H e
RL5™ is defined by H*(s) = HT (- s) It can be shown that the adjoint
of a bounded convolution with transfer function H € RHZ™ is a bounded
anticausal operator.

Any H = H* € RL™™ defines a quadratic form on L}}[0,00) in the
following way. Let u € LI*{0,00), then ~

(u, Hu) = / "y (Hu) e = o | Z a(jw)* H(jw)a(io)do,

defines a quadratic form. The last inequality follows' from Parseval’s the-
orem. We will at some places in the thesis allow quadratic forms to be
defined in terms of more general functions. It is not an essential restric-
tion to assume that these functions satisfy the properties presented in
this section. \

Nullspace, Range, and Orthogonal Complements: Two vectors x
and y in R™ are said to be orthogonal if ¥y = 0. This is also denoted
x L y. The orthogonal complement of S = R™ is denoted S*. It consists of
all vectors x € R™ orthogonal to every vector in S.

The nullspace N (4) of a matrix A € R>™ is defined as N\(A) = {x :
Ax = 0}. The range is defined as R(A) = {Ax : x € R™}. We have the
important relation R (AT)! = A[(A).
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Figure 1.4 Iilustration of the relative interior of a set S < R?. The affine hull
of S is the hyperlane, H that is illustrated in the figure. The relative interior of S
consists of the grey area in the figure. It does not contain the solid contour.

Convexity and Relative Interior: The relative interior of a set S
R™ is denoted ri S. It is defined in terms of the affine hull of S, which
is denoted aff S. The affine hull is defined as the set of all linear com-
binations on the form > @;x;, where x; € S, and ) «; = 1. We can now
define ri S as the set of points of S, which are interior relative aff S. This
means that for any x € ri S, there exists £€ > 0 such that all y € aff §
with |x — y| < € are also members of S. The definition is illustrated in
Figure 1.4.

A set C in a linear vector space is convex if axy + (1 — a)xq € C, for all
x1,%3 € C and a € [0, 1]. Furthermore, C is a convex cone if ox1+ fxg € C,
whenever x1,x; € C and o, > 0. The convex polytope, C, with vertices
at x1,... ,x, € R™ is defined as the convex hull of these points, i.e.,

n n
C = co{xl,... ,xn} = {Zaixi o 20, Zai = 1}
i=1 i=1

Let F(x) = Fo+ > 1x,F,, where F; ="FF e R™". We say that the
nonstrict LMI F(x) < 0 is strictly feasible 1f the strict LMI F (x) < 0is
feasible. The set {x : F(x) < 0} is convex and even a convex cone if F = 0.

In terms of LMIs we have the following relation. Assume that F(x) < 0
is strictly feasible and consider

Ci={xeR":F(x) <0}, and G = {x eR":F(x) < 0}.

Then C; = ri Cp and C; = Gy, i.e., the closure of C; is equal to C;. This
fact will be used in Chapter 3.

AN
Useful Facts on Factorization: We will use the following facts several
times in the thesis.

LEMmA 1.1
(i) Any X € RL»™ satisfying X(jw) = X*(jw) > 0 can be represented
as X = R*R, for some R € RHZ™.

(i1) Any Y € RL™*™ satisfying Y(jw) = —Y*(jw) can be represented as
Y = S8 — 8* for some S € RH™.
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Proof:  Part (i) is well-known and easy to see. We prove the second
part. Let us assume that Y = Y, + Y, where Y., Y}, € RHZ". Then the
condition of the lemma implies that

Yo+ Yoo = -5 = Y,

Since the causal and the anticausal part of both sides must be equal we
get Y, = —Y7. This concludes the proof. |

Absolute Continuity: Absolute continuity is a necessary and sufficient
condition for x to be the indefinite integral of its derivative, i.e., the rela-
tion x(¢) = xo + f¢ #(z)dz holds for all ¢ > 0, see Royden (1988) or Riesz
and Sz.-Nagy (1953).It is thus a reasonable assumption on the solution of
a system of differential equations. It can be shown that if x, £ € L.[0, 00},
then x is absolutely continuous on any finite time interval [0, T'].

The next lemma will be used frequently in Chapter 2. It is formulated
in, for example, Desoer and Vidyasagar (1975).

LEMMA 1.2
If a function satisfies x,% € LZ[0,00), then x is bounded and x(f) — O as
t — oo. O

1.4 Robust Stability Theory Based on IQCs |

The purpose of this section is to give a brief overview of the framework for

stability and robustness analysis that was developed in Megretski (1993b)

and Megretski and Rantzer (1995). We will pay particular attention to the

underlying assumptions and characteristics of this method. This will allow

us to compare the IQC method with other approaches for stability theory.
We consider the system shown in Figure 1.5, i.e.,

¥=Gu+f, (1.11)
u=A(y)+8,

where G and A are assumed to be bounded causal operators. It is fur-
ther assumed that G is linear time-invariant with transfer function in
RH%™. The injected signals f and g are assumed to be in L5,[0,00) and
L2t [0, 00), respectively. The operator A will sometimes be called perturba-
tion. The reason is that our system can be considered as consisting of a
nominal linear plant G in feedback interconnection with a perturbation
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g u

Figure 1.5 Linear time invariant plant G in positive feedback interconnection
with a bounded perturbation A.

A that contains, for example, all nonlinearities, time-varying components,
unmodeled dynamics, and parametric uncertainties in the system.

A well-posedness assumption is typically needed in operator-based sta-
bility theory. The following definition of well-posedness and stability was
suggested in Megretski and Rantzer (1995).

DEFINITION 1.1—WELL-POSEDNESS AND STABILITY

The feedback interconnection of G and A in (1.11) is well-posed if the map
(u,y) — (f,g) has a causal inverse on L5'™[0,c0). The system is stable if
in addition there exists a constant ¢ > 0 such that

T T
/ Iy + [u?)de < C/ (F12+1g|®dt, VYT = 0.
0 0

O

This well-posedness assumption demands the existence of a unique so-
lution (u,y) e L&™[0,00) for every pair of injected signals, (f,g) €
LLtm[0,00). A well-posed system is thus nice enough to ensure a solu-
tion that is defined and reasonably regular on any finite time interval.
However, note that this does not mean that the system is stable. The
truncated norms ||Pru|| and ||Pry|| of the signals in a well-posed system
can tend to infinity as T — oo and the growth may be arbitrarily fast. It is
possible to infer well-posedness from conditions on the incremental gain
of the system, see, for example, Desoer and Vidyasagar (1975) or Willems
(1971a). \

We will next give some examples of systems that do not satisfy the
well-posed assumption. We say that these systems are ill-posed.

ExamrrE 1.1

Consider the feedback interconnection of G(s) = 1/(s + 1) and the non-
linearity ¢(x) = x + x2. Let the injected signals be f = 0 and g(¢) = 6(¢).
The closed loop system is described by the differential equation

x=x22+1 ¢t20
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The solution arctan(x) = ¢6(¢) or equivalently x(¢) = tan(#)@(t) is clearly
not in Leg,[0, 00) since it goes to infinity as ¢ — 7 /2. Note that this system
is not on the form studied in the thesis since ¢ is not bounded on Ls.[0, 00).

O

The next two examples are taken from Willems (1971a).

EXAMPLE 1.2

Let G(s) = 1 and let A = 1 —¢~5T, In this case the closed loop operator
becomes (I - GA)™'G = e°T. Hence, the system is not causal and thus not
well-posed. O

ExAMPLE 1.3

Consider the case when G(s) = 1, A = % and f =0.If £ = 1, then the
return ratio (I — GA) is not invertible and the system is clearly not well-
posed. For all other cases of £ we get (I — GA)™'G = 1/(1- k). However,
even here it is questionable if the system is well-posed or not in the case
|k| > 1. For example, if the system is a model of two interconnected
physical systems then there will always be some small delay in the loop.
In this case it can be shown that the step response for the physical system
is unstable, i.e., s(¢) = 0o as t — co. This is in conflict with the expected
solution from the model s(¢) = 1/(1 - %)6(¢). Hence, for some applications
this system should be regarded as ill-posed. O

The examples above illustrate how ill-posedness can be a consequence of
algebraic loops. .

The idea behind the IQC approach for stability analysis is to find a de-
scription of the perturbation A in terms of integral quadratic constraints.
Every IQC is defined in terms of a matrix function IT , Which we call multi-
plier in this thesis. The following formal definition was given in Megretski
and Rantzer (1995).

DerFiNITION 1.2—IQC

Let IT : jR — CU+mx(+m) he 3 bounded measurable function that takes
Hermitian values. A bounded operator A : L.,[0,00) — L2[0,00) is said
to satisfy the IQC defined by\l’I if

= [ (o) 1’ (o)
— j — >0 - ;
/—oo {A(y)(jw)} Hie) [A(y)(jw)} =0 (1.12)
for all y e L4[0,00). 0

As an example we note that the IQCs defined by the multipliers

Njjw) = [é _OI], and II(jw) = [(I) (ﬂ
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defines A to be contractive and positive, respectively. More general mul-
tipliers are discussed later.

The main stability criterion in Megretski and Rantzer (1995) is for-
mulated as follows.

THEOREM 1.1
Assume that

(Z) for all 7 €[0,1], the interconnection of G and 7 A is well-posed,
(zi) for all 7 € [0, 1], TA satisfies the IQC defined by II,

(iii) there exists £ > 0 such that

G(w)1" G(j
U ngoy [ CV9] < o1, voer
I I
Then the feedback interconnection of G and A in (1.11) is stable. O
REMARK 1.1

It is important to make sure that the system satisfies the well-posedness
condition in (i) when applying the theorem. As an example, let G = —1
and A = & > 1. We can then use the positivity multiplier to satisfy condi-
tion (if) and (ii7), still the system is not redsonable in some applications,
see Example 1.3. -

REMARK 1.2

The reason that the first two conditions of the theorem need to be satisfied
not only at 7 = 1 but for the whole interval [0,1] can be found in the
proof that uses an homotopy argument. First show that if the feedback
interconnection of G and 7 A is stable for some 7 € [0, 1], then it is also
stable when 7 is perturbed into 7 + 7, where |74| < ya. Here y, is a
positive constant that is independent of 7. The proof of this property uses
conditions (i) and (ii). The conclusion of the theorem follows by using this
argument from 7 = 0, where the system is stable, up to ¢ = 1 in steps of
size Ya. ‘

It turns out to be important that the system under consideration is
stable in each step of this iteration. It is this that allows us to define the
IQCs in terms of signals in Ly[0, 00). A similar homotopy argument will
be used for the proof of Theorem 2.2 in Chapter 2. O
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REMAERK 1.3

It should be noted that in many applications the validity of (i) and (ii) at
7 = 1 ensures their validity for all other 7 € [0, 1]. This is the case in all
examples of this section. O

We will next interpret some examples from Section 1.2 in the IQC frame-
work.

ExaMPLE 1.4

The positivity condition in (1.4) is equivalent to saying that A satisfies
the IQC defined by
: M(jo)
IMjjw) =
6= |Gy o |

The stability condition in (1.5) is equivalent to the condition

G(jw)

[GUw) !

7 ] {jw) [ } <0, Vo €[0,00].

Note that this condition is equivalent to the third condition in Theo-
rem 1.1. This follows since M was assumed to be a rational transfer func-
tion. O

-

ExampLE 1.5 o

Let us consider the computation of the bound y; in (1.7). We first notice
that the constraint (DM D) < p, where M € C™™, is equivalent to
the constraint M*XM — p2X < 0, where X = D*D. It follows that y;

is equal to y(}}{tz , where ¥y is the solution to the following optimization
problem.

infy subject to (1.13)
3X e RLZ™ such that

X(jw) e {D*D : D €D}, VYo €[0,00],

Rl s

] <0, Vo €[0,00].

This would have been an obvious statement if X was any bounded func-
tion on the extended imaginary axis. However, it can be shown that the
constraint that X is rational is nonrestrictive due to the continuity of G.
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Let us define the following set of matrices, where A is the spatial
structure defined in (1.6),

Ba(y) = {A € A:T(A) < y 2} cC™™,

Any dynamic uncertainty with A(jw) € Ba(y) satisfies the IQCs defined
by the multipliers in the set

X(jw) 0 . . DD e
HA(y)={[ 0 X (jo) : X(jw) e {D*D :D D}}.

To see this we notice that (we suppress the arguments jw)

17" (I
[A] ¥ [A] = D*D — yA*D*DA = D*D — yD*A*AD > 0,

where the last equality follows since DA = AD and the inequality follows
since A € B(y), which implies that A*A < y~1I. Thus, we have shown
that the structured uncertainty with A(jw) € Ba(y) satisfies the IQCs
defined by the multipliers in ITo(y). The optimization problem in (1.13)
can now be formulated as

infy subject to
M0 € TA(y) such that

{G(iw)]*n(jw) [G(;‘a))} f 0, Vo €0,00].

The optimal solution ¥, can be used to give a bound on the maximal

-1/2

norm on the uncertainty A, ie., [|All < 7, " assures stability. a

The optimization problem in this example is a special case of a much more
general class of problems that will be considered from a computational
perspective in Chapters 3, 4, and 5. Next example is a simple case of
mixed real/complex i analysis.

EXAMPLE 1.6

Let G € RH™™ be the nominal system and let A = diag(A1, 5211, ), where
Ay € H™"™ is a dynamic uncertainty block with ||A[l < 1, and where &
is an uncertain parameter with § € [—1, 1]. We assume that m;+my = m.
The perturbation A satisfies the IQCs defined by the multipliers

2(jo)n, O 0 0
. 0 X(jow) 0 Y(jw)
N{jw) = 5 T 5 (1.14)
0 Y(jw)* 0 -X(jo)
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where x(jw) = x(jw) =2 0, and where X,Y : jR — C™?™ satisfy X (jw) =
X(jw)* =2 0 and Y(jo) = Y (jw)*, respectively. To see this we note that
direct calculation shows that the integrand in (1.12) is positive at every
®. We notice that for every 7 € [0,1], 7A is in the same class of operators
as A. This gives the following two properties.

o For every 7 € [0, 1], 7A satisfies the IQC defined by IT in (1.14).

o Well-posedness of the feedback interconnection of G and A implies
well-posedness of the interconnection of G and 7A for 7 € [0, 1].
O0

We next discuss how multipliers can be combined to improve the descrip-
tion of the perturbation A. Then follows a short discussion on the differ-
ence between hard and soft IQCs.

Combination of Multipliers

One of the most distinguished properties of the IQC methodology is the
ease with which multipliers can be combined in order to obtain an as
accurate as possible description of a perturbation A. Indeed, any conic
combination " ;I1;, ¢; > 0 of multipliers that define valid IQCs for A
gives a new multiplier that describes A. From this discussion it is clear
that the set of all multipliers that describe a perturbation in terms of
IQCs is a convex cone.

We will see in Section 1.6 that it is cumbersome to combine the mul-
tipliers that appear in the classical input-output theory. The reason is
that invertibility conditions and factorization conditions’on the multipli-
ers must be taken care of. This gives the IQC framework an advantage
over the input-output method.

Hard versus Soft IQCs

The IQC condition that appears in Definition 1.2 is called a soft 1QC, see
Megretski and Rantzer (1995). This refers to the fact that the integral
in (1.12) corresponds to a energy constraint over the positive time-axis.
The term hard IQC refers to integral quadratic constraints that are re-
quired to hold over every finite time interval [0, T']. Most of the approaches
for stability theory reviewed in Section 1.2 are based on hard IQCs that
can be obtained in the following way. Suppose we have the factorization
I1 = ¥Y*M¥, where ¥ is a bounded causal with linear transfer function
and where M is a symmetric matrix. Then use

pew| Y | mPry| Y |V 20, VT 20, VyeLl[0,00), (1.15)
A(y) A(y)

’ 31




Chapter 1. Introduction

as a hard IQC. The inner product in (1.15) can equivalently be formulated

as g

/0 i w(t)TMw(t)dt > 0, (1.16)
where
w(t) = (\y [A‘(Vy)]) (0). (1.17)

We will use this type of hard IQC when we discuss absolute stability
theory in some more detail in Section 1.7.

Tt is clear that every hard IQC implies the validity of the corresponding
soft IQC. The other implication does not hold in general. This means that
methods that are based on hard IQCs are restrictive in the sense that
the number of available multipliers in general is smaller than in the IQC
approach. It is in particular the use of so called noncausal multipliers that
becomes complicated in a framework based on hard IQCs. An inventive
way to partially overcome the difficulty was developed in Zames and Falb
(1968). This will be discussed in Section 1.6.

1.5 An Application: Slowly Time-Varying Parameters

We will in this section apply the IQC methodology to derive a stability
result for systems with slowly time-varying parameters. The key to this
result is two new sets of multipliers to be used in the stability condition.
The application is taken from Jénsson and Rantzer (1996).

We consider the system

. %(t) = Ax(2) + Bu(t), x(to) = x0,. - (1.18)
y(£) = Cx(t) + Du(?),
u(t) = 5()y(2),
where A € R™* B € R»™,C e\R’”x”, and D € R™™, We assume that A
is Hurwitz and that §(¢) is a real-valued time-varying parameter satisfy-

ing |6(t)] < 1 and |6(¢)| < d. We consider uniform exponential stability
defined as follows.

DEFINITION 1.3—UNIFORM EXPONENTIAL STABILITY
The system in (1.18) is uniformly exponentially stable if there exist m, o >
0 such that for any initial condition x; € R”

|x(£)] < me™E0)|xg|, VE 2 to,
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and for all possible parameter variations, i.e., for all possible functions
6(¢) satisfying the conditions above. O

Our first step is to derive two new multipliers I1z and Ilg that define valid
IQCs for &(¢)I. The multipliers are defined in terms of transfer functions
R,S e RH"™™_ If these have the realizations R(s) = Cr(s] — Ag)™'Bg +
Dy and S(s) = Cs(sI — As)™'Bgs + Dg, respectively, then we define

R¢(s) = Cr(sI — Ag)7%,
Rp(s) = (sI — Ag)'Bg,
Sc(s) = Cs(sI - As)™,
SB(S) = (SI—As)-lBs.

We will use the derivative bound |§(¢)| < d to show that the operator
defined by multiplication with §(¢)] in the time domain satisfies the 1QCs
defined by

_ [R*R +dRy R, 0 ]
B 0 ~R*R + dR*R,RLR
and

[d(s;gsB +8,8;,) S- s*]
Mg = .

S -8 - 0

To prove this we use the so called swapping lemma, which has previously
been used in adaptive control theory, see, for example, Morse (1980).

LEMMA 1.3—SWAPPING LEMMA
Suppose that &(f) has the derivative 6(¢) and let 6 and & denote the
corresponding multiplication operators. Let the convolution operator H
have the transfer function H(s) = C(sI — A)™'B + D € RHZ". Then for
all f € L (—o00,00)

N\
HSf = 8Hf — Ho6Hgf,
where Hg = C(sI — A)™! and Hp = (s — A)"B.
Proof: Let p = d/dt. We note that

(pI — A)(GHsf) = $Hpf + BSF.
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Let H; operate from the left on the equation above. After addition of
0D = D6, we get

SHf = Ho6Hg f + HSF,

from which the lemma follows. O

The swapping lemma shows that permutation of the convolution operator
H and the multiplication operator § gives an extra term that containg
the time derivative of &.

The following inner product space relations will be used. Let x,y €
L2[0,00) and let H be a bounded operator on L3}[0, 00), then

L (x,9) = (3,%),
2. £2(x,y) < (x,%) + (3,9,
3. (Hy,Hy) < ||H||* (3, ).

The same relations hold on Lf'(—o00,00). We can now prove the following
lemmas.

LEMMA 1.4 '
A multiplication operator &, with |§(¢)| < 1 and derivative bound |6(¢)| <
d, satisfies the IQC defined by Ilg, for any R € RHZ™.

Proof: Letv = du, where u € L'[0, 00),"then

2(Rv,Rv) = 2(Rv,5Ru — Rc6Rpu)

1 .
= 2(Rv,SRu) — 2(VdR}, Rv, —=0Rpu
< > < c \/g B ) | ’
< (Rv,Rv) + (Ru,Ru) + d(RzRv,R; Rv) + d(Rpu,Rpu).

Hence by using the definition of the adjoint we get

(()me(2)) =0

for all u,v € LI*[0, 00), such that v = du. ' O

LEMMA 1.5

A real-valued multiplication operator &, with [§(¢)] < 1 and derivative
bound |6(¢)| < d, satisfies the IQC defined by Ilg, for any S € RH™.
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Proof: Letv = du, where u € LI'[0,00), then

2(u, (S - S*w)

2({u, Sou) — (u,68u))
1 .
7_&'58}311)

—-2(u,ScéSpu) = —2(VdSiu,

v

—d({S¢u,S¢u) + (Spu,Spuy)).

(()m(2)) e

for all u,v € L§[0,00), such that v = du. O

Hence, we have

We are now in the position to state a stability result for the system in
(1.18). Let G(s) = C(sI — A)"1B + D, then we have the following result.

THEOREM 1.2 '
Assume that §(¢) is real-valued and satisfies |6(¢)| < 1, |6(¢)] < d and
det(I — 8(¢)D) # 0, V¢. If there exists R, S € RHZZ™ such that

[G(;w)rn(jw) [Ggw)} <0, Vo el0,00], (1.19)

where I1 € RLZ" is defined as

o [BB+drT “Ss-s ,
B S*— 8 —R*R +dY*Y |’
with

Rg :

I = [Sle , and Y = R¢"R.
S¢

Then the system in (1.18) is u\niformly exponentially stable.

Proof: Since the multiplication operator 1 satisfies the IQC defined by
Iz and Ig it follows that it also satisfies the IQC defined by IT = IT +I1g.
The condition that det(I — d(¢)D) # 0 implies that the system in (1.18)
is well-posed. It is now trivial to verify conditions () and (ii) of Theo-
rem 1.1. Hence, an application of Theorem 1.1 proves stability in terms
of Definition 1.1. For this system this also implies uniform exponential
stability according to a result in Megretski and Rantzer (1995). O
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REMARK 1.4
Tt is easy to extend the result to more general classes of time-varying pa-
rameters. For example, block diagonal case diag(61lm,, .- » 6nIm,, ), where

|6x] < 1 and |8 < d, were treated in Jénsson and Rantzer (1996). [J

REMARK 1.5

The swapping lemma has been used before to derive stability results for
slowly varying parameters. For example, Packard and Teng (1990) derived
a result that is related to ours in the case when only I1g is used. A similar

result was later also obtained in Helmersson (1995b). O
REMARK 1.6
For d = 0, IT reduces to
: X(jo) Y(w)
ngo) = [yool ]
Y(oy -X(jo)

where X(jo) = R(jw)'R(jo), and Y(jo) = S(jo) — S(jw)*. It follows
from Lemma 1.1 that any positive semidefinite X and skew-Hermitian ¥
can be obtained in this way. This stability condition corresponds to the
one obtained from a frequency dependent upper bound of the structured
singular value. Note that the multiplier X corresponds to the D scale and
the multiplier Y corresponds to the G scalein Fan et al. (1991) and Young

(1993). |
REMARK 1.7 ’ p

The terms dT*I" and dY*Y in Theorem 1.2 can be viewed as penalties for
taking time-variations into consideration. O
REMAERK 1.8

Consider the case with arbitrary rate of variation, i.e.; when d —> oo. Then
the penalty terms dT*T" and dY*Y tends to infinity in critical directions.
This implies that the condition in Theorem 1.2 can be satisfied only if
the multipliers are constant, i.e., R(s) = Dr and S(s) = Dsg, since then
I and Y are both zero. Thus, the stability condition reduces to a search
for matrices X,Y € R™™ where X = XT 2 0and Y = -Y7 such that

(1.19) is satisfied with
o- X Y ]
Yyt x|

To see this we just note that any X and Y satisfying the conditions above
can be represented as X = D};DR and Y = Dg — Dg for some Dg,Dg €
R, O
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1.6 The Classical Multiplier Theory

The use of multipliers in stability analysis with the small gain theorem or
the passivity theorem can generally reduce conservatism of the analysis
extensively. We will here discuss the classical multiplier theory and re-
late it to the IQC approach for stability analysis. We limit our discussion
to the methodology that was introduced in Zames and Falb (1968), see
also Willems (1971a) and Desoer and Vidyasagar (1975). The theory is
restricted to square systems for reasons that will become apparent. The
main tool in the derivation of the results is the passivity theorem

THEOREM 1.3—PASSIVITY THEOREM
Assume that the feedback interconnection of G and A in (1.11) is well-
posed and that the following conditions hold

(ur, Gur) < —¢llur|?,
(ur,Aur) 2 0,

for all u e LI [0, 00). The system is then stable.

Proof: See, for example, Desoer and Vidyasagar (1975). O

We will next follow the arguments in Zames and Falb (1968) and Desoer
and Vidyasagar (1975) that lead to the multiplier theorem. The idea is
the following. Assume that we want to study stability of system S; in
Figure 1.6. We introduce an invertible multiplier M into the system. This
results in the system S in Figure 1.6. All multipliers in this section are
assumed to be bounded linear operators.

The multiplier M and its inverse are assumed to be bounded but not
necessarily causal. The passivity theorem requires causal operators in the
feedback interconnection and it can therefore not be applied to system Sp
if M or M~! is noncausal. In this case it is required that there exists a
factorization M = M_M,, where M,, M, M*,(M*)"" are bounded and
causal. If such a factorization exists we use the following lemma from
Zames and Falb (1968).

LEMMA 1.6 \
The soft IQCs in (i) imply the hard IQCs in (ii), where (i) and (ii) are
defined as follows.
() For some € > 0,
,MG S e 2,
(v, MGv) < —¢|lv] (1.20)
(v, M*A(v)) 2 0,

for all v € L[0, 00).
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g U G
A Y f S,
g€ ol M
A Yl U_Mf Sa
Mg u

= (M.*_)—l“> G — M,

Mi e A _3_’_ M—l M+f Sg

+

Figure 1.6 In the classical input—output theory a multiplier M is inserted in the
loop resulting in system Sg. The passivity theorem cannot be applied if M or M1
is noncausal. In this case it is required that M can be factored into M = M_M,,
where M*, M, and their inverses are causal and bounded. If such a parametrization
exists, stability of S; is equivalent to stability of S3. The stability conditions can be
stated in terms of IQCs involving the multiplier M.

(if) For some £ > 0,

(ur, M . G(M2)"ur) < —£lurl,

(wr, M*A (M ur)) 2 0, (1.21)

for all v € LE,[0,00) and for all T' > 0.

Proof: Let u € L}.[0,00). Then,

{ur, M .G(M*) 'ur) = (M*v,M,Gv)
= (0, MGv) < —&|| (M) |lur]|".
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This follows since v = (M*) lur € L2'[0,00) and from the first condition
in (1.20). In the same way we get

(ur, MXAM'ur)) = (Mo, M*A(v)) = {v,M*A(v)) > 0,

where v = M['ur € LI[0, c0). |

Consider now system Ss in Figure 1.6. Stability and well-posedness of
system S; and S; are equivalent conditions. This follows since all the
multipliers in S; are bounded and causal. We arrive at the multiplier
theorem below by applying the passivity theorem to system S3. The condi-
tions in the passivity theorem follow from the assumptions in the theorem
statement and from Lemma 1.6.

THEOREM 1.4—MULTIPLIER THEOREM
Assume that

(i) the feedback interconnection of G and A is well-posed,

(ii) A satisfies the IQC defined by

(1.22)

M(jo) = {0 M*],

M 0

(#ii) M canbe factored into M = M_M,,where M, M* and their inverses
are causal and bounded, ’

(iv) there exists £ > 0 such that

, [G(;.w)]*n(jw) [G(;'w)] <-¢l, VocR.

Then the interconnection of G and A is stable. O

N\

REMARK 1.9

If we compare this result with the corresponding result obtained with
Theorem 1.1 we see that the factorization condition is not-needed in the
1QC framework. The price paid for this is that well-posedness is required
for every feedback interconnection of G.and 7A, when 7 € [0,1]. This
condition is in most applications weak. Note that TA satisfies the IQC
defined by (1.22) for every 7 € [0,1]. O
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Figure 1.7 Loop transformations can be used to transform A into a new pertur-
bation A that is suitable for application of the multiplier theorem.

REMARK 1.10 .
The formulation of the multiplier theorem is somewhat different compared

to the corresponding formulation in Zames and Falb (1968) and Desoer
and Vidyasagar (1975). In particular, they state the stability condition in
terms of signals in L'(—o00,00). This means that stability for any of the
systems S; through S; implies stability of the others. Our definition of
stability in Definition 1.1 involves signals in LZ:[0,00) and we can only
have equivalence for stability of S; and Ss. Moreover they define the
soft IQCs in terms of signals in L'(—o00, 00). However, this can be shown
to be equivalent to the corresponding definitions in terms of signals in
L2[0, 00), see Theorem 3.1 in Megretski and Treil (1993). ]

It is often necessary to transform the feedback loop in order to ogbtain
a system that is suitable for application of the multiplier theorem Fig-
ure 1.7 shows such a loop transformation. Here H; and Hy are bounded
causal linear operators. We assume that the loop transformation is well-
posed in the sense that the operators

G=(G-H)(I+HiG)™ and A= (A+H)(I-HA)™?
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are well-defined on LJ[0, c0). We can formulate the following loop trans-
formation result.

PRroPOSITION 1.1—L0oOP TRANSFORMATION
Assume that

() the feedback interconnection of G and A is well-posed,
(ii) A satisfies the IQC defined by

EAS IR A A

where the transformation operator

I: I -—-szl
H1 I
is invertible on LZ [0, OO),

(iit) M canbe factored into M = M_M ., where M,, M* and their inverses
are causal and bounded,

(iv) there exists £ > 0 such that

{Gga))]*n(jw) [G(;'w)‘] < —-¢el, VYo eR.

G

Then the feedback interconnection of G and A is stable.

Proof: We need to show that A and G satisfy condition (ii) and (iv) in
Theorem 1.4. Let us verify condition (ii). We notice that

BRI

where the notation refers to Fngure 1.7. The invertibility of the transfor-
mation operator implies that A is well-defined. It remains to show that
assumption (ii) in the proposition implies (if) in Theorem 1.4. This follows

since ’
251 5®) = ([ 4 1 ] ) 2

for all v and hence for all v in LJ'[0, 00). Condition (iv) is verified in a
similar way. O
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The invertibility condition on the transformation operator and the factor-
ization condition on M is not needed for the corresponding result derived
in the IQC framework. The proposition also indicates a very fruitful ap-
proach to obtain multipliers for the IQC framework. Loop transformations
and multipliers from the classical theory can be used to obtain the IQC
multiplier in (1.23). Hence, it is possible to include loop transformations
in the IQC multipliers. We illustrate with a simple example.

EXAMPLE 1.7

Consider a nonlinearity satisfying the sector condition ax?® < @(x,)x <
Bx? for all (x,t) € RxR*. We assume that f # 0. In an application
of the passivity theorem to a system with such a nonlinearity we use a
loop transformation to obtain a resulting nonlinearity ¢ € sector[0, co).
For this we use H; = —«a and any Hs > 1/ in Figure 1.7. Note that
the choice H, = 1/f does not guarantee invertibility of 1 — Hy¢. An
application of Proposition 1.1 results in the circle criterion.

For the IQC framework we use the multiplier

, 1 -1 %10 1171 -1 20 l1+a/B
N{jw) = =
- 1 10 1 1+a/8 —2/8
Note that we use Hy = 1/8. It is straightforward to see that this multi-
plier defines a valid IQC for ¢. O

The next example shows how the system in Example 1.6 can be treated
with Proposition 1.1. The example is based on the ideas in Balakrishnan
(1995), Balakrishnan et al. (1994), Ly et al. (1994), Helmersson (1995b),
and Goh and Safonov (1995).

ExampLE 1.8

We here assume that the dynamic and parametric uncertainty in Exam-
ple 1.6-satisfies the somewhat stronger conditions ||Aille < 1 —p and
§ € [-1+p,1-p], for some small p > 0. Let A = diag(A;,6) and
let us use Proposition 1.1 with H; = I, and Hy = I. The resulting
transformed multiplier A = (I + A)(I — A)~! can be shown to be pos-

itive semidefinite, i.e., A(Ja)) K A(jw)* = 0. Let us use the multiplier
M = diag(Mil,,,M;) € RL7™, where M; € RLY! and M; € RLZ2™
satisfy the conditions. .

My(jw) = My(jw) > 0,
My(jo) + Mz(j‘,’))j > Q,

for all @ € [0, 00]. In this case it is easy to see that
M(jo)*A(jo) + A(jw)* M (jo) 2 0.
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Furthermore, the conditions on M; and M, imply that M (jw) + M (jo)* >
0. This means that there exists a factorization of M according to condi-
tion (iii) in Proposition 1.1, see, for example, Lemma 2.2 in Helmersson
(1995b). Hence, we can use the multiplier

M+M* M'-M
M-M" —(M+M)]

This is essentially the same multiplier as in Example 1.6. To see this we

let My = x/2 and My = (X — Y)/2, where x,X, and Y are specified as in

Example 1.6 except that x and X now should satisfy strict inequalities.
O

We have seen that the IQC formalism and the classical input—output ap-
proach to stability analysis are closely related. However the IQC approach
has several advantages. In particular, it is easy to combine multipliers
and the use of noncausal multipliers has been simplified. The factoriza-
tion conditions on noncausal multipliers in the input—output framework
is in general restrictive. It can also be seen from the discussion above that
it generally will be quite cumbersome to obtain multiplier descriptions of
complicated A structures in the input—output framework. The conditions
on the loop transformation and the multipliers can be hard to verify.

To conclude we list the following advantages of the IQC method com-
pared to the input-output method.

o) - |

o Invertibility and factorizability of the multipliers are not needed.

¢ It is easy to combine multipliers.

’

» Non-square systems are treated in a natural way.

1.7 A Lyapunov Function Approach

A large number of results in stability and robustness analysis have been
derived by use of a particular Lyapunov function technique. This method
has been particularly useful in absolute stability theory during the 1960s
and in LMI-based robustness analysis during the 1990s. We will discuss
this Lyapunov technique in a notation that allows easy comparison with
the IQC framework. The potential and the limitations of the method will
be pointed out in the end of the section.
Let us consider the system

% = Ax + Bu, x(8) = x,
y = Cx, (1.24)
u = Ay),
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where A € R¥*, B € R™_ and C € R”. Here A is assumed to be
Hurwitz and the operator A : Lée[O, 00) — Lt[0, c0) is bounded and causal.
In most applications of absolute stability theory A is memoryless. It could
for example be a diagonal structure consisting of nonlinearities and time-
varying parameters.

We assume that A satisfies the hard IQC defined by the multiplier
I = ¥*MV¥, where ¥ is a stable rational transfer function and where M
is a symmetric matrix. In other words, the condition in (1.16) holds with
this multiplier. Let ¥ have the realization ¥(s) = Cy(s] —Ag) By + Dy,
and let us define the matrices

. [C ~ [0 C
R e Lt

5D (1.25)
B(IJ-_-[ Z :|, C¢=[C\y D\yé\], DtI):D‘I’jj-

It can be verified that this is a realization of the transfer function

G(s)] |

<I><s>=\v<s)[ ;

where G(s) = C(sI — A)~1B. The following proposition will be derived
by using the Lyapunov technique from absolute stability theory. Well-
posedness means in this proposition that there exists an absolutely con-
tinuous solution x to (1.24) on any finite time interval.

PROPOSITION 1.2
Assume that

(i) the system in (1.24) is well-posed,

(ii) A satisfies the hard IQC in (1.16),

(iii) Ao, Bo,Co, and Dy are defined as in (1.25),

(iv) there exists P = PT > 0, with dim P = dim Ay + n, such that

Ao Bo1T [0 P 07 rAs Bo
{I O}Poojl{lo
0 0

Cq; Dq; M Ccp D(D

< —¢l’ (1.26)

holds for some € > 0.

Then the the state vector x in (1.24) is bounded and x(¢) — 0 as ¢ — oo.
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Proof: Let us define
t
Vz(t)=/w(T)TMw(T)dT.
0

The convolution in (1.17) can be performed in terms of the following dif-
ferential equation

%y = Ayxy, + By [A(yy)} . %,(0) =0,
w = Cyx, + Dy [Ai("y)] .

The IQC condition in (1.16) implies that Va(¢) 2 0 for all £ > 0.
Let xy = [« xT 7, and V1(f) = .')f,'g'qup. The function V(z) = Vi(¢) +
Va(¢), satisfies the following two conditions

(@) V(¢) 2 0,for all £ > 0,
(5) V(t) < —e(|24(8) % + |u(2)|?), for all ¢ > 0,

where the last follows from (iv) in the statement of the proposition. If we
integrate (b) over the interval [0, T'] and use (a) then we obtain

. )
/ (1ol + ul?)dt < %V(O), VT 20°
0

This implies that x5 € L3[0,00) and u € L'[0,00). From the system

equation in (1.24) we see that also iy € L; " [0,00), where n, = dim A,.
Hence, by Lemma 1.2 it follows that x4 is bounded and converges to zero
as ¢ — oo. This proves the proposition. O

Here we list some comments on the Lyapunov technique:

e The perturbation A has Been memoryless and Lipschitz continuous
in most applications of this method. Well-posedness is in this case
obvious.

o It is not always possible to ensure that the integral for the hard IQC
in (1.16) is positive at all time instants T > 0. However, it is enough
to ensure that it is lower bounded. This implies that the function Vy
in the proof of Proposition 1.2 now satisfles Va(¢) = —p for some
p > 0. The proof is easily adapted to this situation.
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e When the Popov criterion is used in connection with this Lyapunov
technique then ¥ is nonproper. This does not add any serious com-
plications. Let us assume that we want to describe a memoryless
nonlinearity ¢ in the sector [0,00) with a Popov multiplier. The
Popov part of the IQC condition in (1.16) will be an integral on the
form

T $(T) 0
/1/0 o(y)ydt = ,1/0 (p(a)da—l/yo o(0)do.

If we assume that the Popov parameter A is nonnegative then the
first term on the right hand side is positive for all T' = 0 and the last
is lower bounded by a constant that depends on the initial output
vo = y(0) and the maximal gain of the nonlinearity. This shows that
lower boundedness of the hard IQC is ensured only if A > 0. We
extend the IQC framework to include nonproper Popov multipliers
in Chapter 2. The use of soft IQCs will allow us to consider also
negative Popov parameters.

s The use of hard IQCs and Lyapunov techniques along the lines of
Proposition 1.2 have proved to be useful to derive conditions for
several interesting robust performance measures. As an example,
we mention the generalized H-performance that has been treated
in, for example, Rotea (1993) and Scherer (1995).

The Lyapunov technique has two major limitations:

e Only hard IQCs are considered which in general limits the number
of multipliers that can be used for the analysis.

e It can be conservative to require positive definiteness of the matrix
P that appear in the (1.26) in Proposition 1.2. In other words, it
is not always the case that this LMI is equlvalen’c to the frequency
domain condition

[G(J'w)

; ]‘P( ) MY (j a))[ o )] <0, Vo e[0,0d].

We will in Chapter 3 show~how robustness analysis with IQCs leads
to LMI conditions on the form in (1.26) but now with no definiteness
assumption on P. e

1.8 Main Ideas and Summary of the Thesis

The main idea of this thesis is to develop tools for practical application
of the IQC approach for robustness analysis. We will in particular focus
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on the problem of finding the multipliers that appear in the robustness
criterion by computational methods. The IQC framework is particularly
suitable for this since it allows easy combination of different robustness
criteria to obtain the strongest possible result.

We illustrate in Figure 1.8 the steps taken for a typical example. We
consider disturbance rejection for the cascade controller in the upper part
of the figure, where @ represents a saturation nonlinearity and A; rep-
resents modeling error. It is assumed that the controllers K; and Ky are
designed such that the nominal system is stable and that K, Ko, G1, and
G are linear and stable. The following four steps are taken in the anal-
ysis.

Step 1. Transform the system into the nominal form in second part of the
figure. Here A = diag(A;, ¢) and G is the stable transfer function

matrix
[ o G1G: K, G1Go G |
T+GKy I+ GoKy '
KleGsz K1G1G2
G=|-K - - K
B 376K TGk 161
L I+ Gsz I + GoKs 1 i

The stability of G can be deduced from the stability of K1, K3, G1, Ga,
and the nominal system.

Step 2. Find multiplier descriptions of the perturbation A, the spectral
properties of the load disturbances, and the performance specifica-
tion. We do this by choosing appropriate convex cones of multipliers
from the IQC library. These cones are then combined into a complete
multiplier description in terms of the convex cone denoted ITmy(y).
Here the parameter y denotes the robustness criterion, which in this
case is a performance measure or rather a measure of the distur-
bance rejection.

The IQC library is the collection of all known multipliers used for
robustness analysis. N

Step 8. Formulate an optimization problem for the computation of the
robustness margin. This is in general an infinite-dimensional op-
timization problem and suboptimal solutions must be considered.
This can be done by restricting the original problem to a finite-
dimensional subspace. T

Step 4. Solve the finite-dimensional optimization problem obtained in
step 3 with an LMI solver.
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The IQC Library

HA1 Hq) Ydl ng Hperf(’)/)
Myt (7) ) ,

|’
infy subject to
31 eIqni(y) such that

G(jw)1* G(j

[ (; )] n(ja))[ (;w)] <0, Yo e[0,00]

\

U -

LMI Problem

Figure 1.8 The figure shows the steps taken in robustness analysis via IQCs
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The ultimate goal would be to derive a fully automatic procedure for the
robustness analysis along the lines of Figure 1.8. This thesis will provide
results in this direction together with relevant theoretical justifications.
The main contributions of the thesis are

We show how Popov multipliers can be used in the IQC framework.
Popov multipliers are defined in terms of a small number of param-
eters and are therefore easy to compute. They also add significantly
to the accuracy of the stability bounds. This is the topic of Chapter 2.

We discuss robust performance analysis where multipliers are used
to describe signal specifications. This is done in the first part of
Chapter 3.

The cone Ilmy(y) obtained in Figure 1.8 is in most cases infinite-
dimensional. We suggest a format for finite-dimensional restrictions
of this cone in Chapter 3. An approximate solution to the robustness
analysis can then be obtained by use of LMI methods.

In Chapter 4 and 5 we use duality theory to obtain bounds on the
conservatism that is introduced by approximating the robustness
problem.




2

Popov Multipliers

Abstract

Tt is shown how the Popov criterion can be used in stability anal-
ysis based on Integral Quadratic Constraints (IQC). A consequence
of this is that the popov criterion can be combined with a stability
criterion for slope restricted nonlinearities developed by Zames and
Falb. An example shows that the combination of these two criteria
is useful in applications. Another consequence is that several recent
results on stability analysis with Popov multipliers for systems with
parametric uncertainty can be extended by the formulation in the IQC
framework.

2.1 Introduction .

The framework for using integral quadratic constraints (IQCs) in stabil-
ity analysis was outlined for the linear case by Megretski (1993b) and
generalized to treat nonlinear operators in Rantzer and Megretski (1994)
and Megretski and Rantzer (1995). In this chapter we show how to use
Popov multipliers in stability analysis based on IQCs.

The classical Popov criterion states that a positive feedback intercon-
nection of a stable linear system G and a memoryless nonlinearity in the
sector [0, 0) is stable if there exists £ > 0 such that

AN

Re[(1+jwd)G(jw)] <0, Vo €][0,00]. (2.1)
A result of this chapter is that the stability criterion for odd slope re-
stricted nonlinearities in Zames and Falb (1968) can be generalized by

combining it with the Popov criterion. The resulting stability condition
becomes

Re[(1+jwd + H(jw))G(jw)] <0, VYo €[0,00],
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where H is a noncausal multiplier that will be described later. An exam-
ple will show that there exists systems for which it is useful to use this
generalized stability result.

We consider systems consisting of a nominal linear time-invariant op-
erator G in a positive feedback interconnection with a bounded causal
perturbation A. The idea behind the IQC approach to stability analysis
is to find descriptions of A in terms of bounded and Hermitian valued
matrix functions IT that define valid IQCs in the sense that

[ 300 1" . [ 3o
[ | o) | =
-0 | A(Y)(j©) A(y)(jw)
for all square integrable y. The matrix function IT is called multiplier.
The IQC methodology gives a unified approach for multiplier-based
stability analysis that has several advantages compared to the classi-
cal framework described in, for example, Desoer and Vidyasagar (1975),
Narendra and Taylor (1973), Willems (1971a), Zames (1966b), and Zames
and Falb (1968). It should be noted that the term multiplier is used in
a somewhat different meaning in the classical work where it denotes a
device that is used to multiply the operators in the feedback loop in order
to make them look passive or contractive. The multiplier I1 can be used
to collect the multipliers from the classical framework in a structure that
is suitable for defining integral quadratic constraints.
Some of the most important advantages with the IQC methodology are
the following: -

w >0,

/
o Noncausal multipliers are easy to use since there is no need for
factorization conditions.

e It is simple to combine different multipliers that describe a certain
operator. This follows because conic combinations of multipliers that
define valid IQCs for a specific operator still give valid IQCs for this
particular operator.

o There is generally no need to consider the multipliers in terms of

loop transformations.

The cost for the increased flexibility is the need for a stronger but still
very reasonable assumption on well-posedness of the system. -

We will derive a stability result along the lines of Megretski and
Rantzer (1995) that allow us to combine the bounded multipliers with

Popov multipliers on the form .
0 —joAT
J } , (2.2)

Me(jo) = {ja)A 0
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where A is a real matrix. These multipliers are used to define constraints
in terms of the integral

o0
/ vT Aydt, (2.3)
0

where v = A(y) and where it is assumed that both y and v are square
integrable. It is thus necessary that y is differentiable. This is the case
if the nominal plant G is strictly proper. However, strict properness is
in general only required for the output channels analyzed with Popov
multipliers.

The Popov criterion in (2.1) can now be rewritten as

[G(jw)]*[ 0 1—jw,1] [G(ja))

0, Vo e[0,00].
I 1+jod 0 I ]< @ €[00}

Here we added the passivity multiplier to the scalar version of the Popov
multiplier in (2.2). The parameter A is no longer restricted to be positive.
This is, as it was noted in Megretski and Rantzer (1995), a consequence
of the definition of the IQC as an integral over the positive time axis.

The Popov parameter A is in general a full matrix. This is for example
the case in Popov multipliers for parametric uncertainty and slowly time-
varying parameters. With the results of this chapter it is possible to extend
recent stability criteria for systems with parametric uncertainty in Feron
et al. (1995) and Bernstein et al. (1995) into the IQC framework. This
is useful in the sense that we get a larger class of multipliers to use for
the stability analysis. The Popov parameter is defined by a small number
of variables and is thus computationally cheap to determine. This makes
Popov multipliers useful in stability analysis of large complex systems.

New stability criteria for systems with slowly time-varying parameters
and with parametric uncertainty are given as applicatiens of our main
result.

2.2 The Popov IQC \

The standard definition of integral quadratic constraints in ternis of a
bounded matrix function excludes easy use of the Popov criterion. How-
ever, it is possible to extend the definition to include Popov multipliers on

the form
0 —joAT
7 ] (2.4)

Mp(jw) = [jcoA 0
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where A € R™, This multiplier will be used to define constraints in-
volving the integral in (2.3). The reason for defining the Popov multiplier
in terms of a time domain integral is twofold. Firstly, the Popov descrip-
tions are most naturally derived in the time domain. Secondly, since we
consider signals in Lg[0,00) the relation F{y} = jo¥{y} holds only if
v(0) = 0. The Fourier transform of y is here denoted F{y}.

In order to combine Popov multipliers with bounded multipliers we
need a definition that includes both. We suggest the following definition.

DEFINITION 2.1 —INTEGRAL QUADRATIC CONSTRAINT
Let 1 : JR — CU+mx{+m) he 3 bounded and measurable function that
takes Hermitian values and let I1p be the Popov multiplier in (2.4).

We say that A satisfies the IQC defined by I1 = Il1g +Ilp if there exists
a positive constant ¥ such that

ze L[] "0 2

for all y and v = A(y) such that y,y € L5[0,00) and v € LE'[0,00). We use
the notation yy = y(0). O

}dw+/ 20T Ajydt > —7|yol?, (2.5)
]

The differentiability condition on all components of y is restrictive in many
applications. We will therefore extend our definition, in Section 2.4. We
also note that the first term in this definition could equivalently be defined
in terms of the time domain integral

FLT e[

where zp is the weighting function corresponding.to Iz (assuming it
exists).

As a final remark we note that in most instances Popov multipliers
and bounded multipliers define valid IQCs on their own. It could therefore
be argued that it would be moke natural to give separate definitions. New
multipliers could then be obtained from conic combinations II = allp +
BTlp, where o, f > 0. However, Example 2.3 shows that it is sonretimes
necessary to combine bounded multipliers with Popov multipliers in order
to obtain valid IQCs. It is then the combination IT = I + [ p that should
be regarded as multiplier in the stability.analysis.

Next follows some examples of the use of Popov multipliers for describ-
ing nonlinearities, uncertain parameters and slowly time-varying param-
eters.

’
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EXAMPLE 2.1 —MEMORYLESS NONLINEARITY

Let ¢ : R — R be a measurable function satisfying ¢(0) = 0 and a sector
condition axx? < @(x)x < Bx?, where —oco < @ < B < oo. Then ¢ satisfies
the IQC defined by the Popov multiplier

) 0 —joi
np(Jw)=[jm ‘ ]

where 4 € R. This follows since
T y(7) Yo
24 Thm/ o(y)ydt =22 Thm/ p(o)do =—21/ p(0)do =—7|yol%
=0 fg ->00 yo 0

for all y,y € L'[0,00). We can use ¥ = |A|max(|c],|B]). The second equal-
ity follows since Lemma 1.2 in Chapter 1 implies that y(7) - 0 as 7 — 0.
il

The next example shows that the A parameter of the Popov multiplier
can be a full matrix.

EXAMPLE 2.2—UNCERTAIN PARAMETER

Let A = 81, where & is a constant but uncertain real-valued parameter
with § € [-1,1]. Then A satisfies the IQC defined by

0 —ja)A]

Mp(jo) = [ja)A 0

where A = AT € R™™_This follows since*

’

/ 26y" Aydt = / S(yTAy)'dt =lim & [y"Ay]g = ~8y5 Ayo 2~7lyol’,
0 0 —>00

for any y,5 € LI'[0,00) if we let ¥ = G(A)% This Popov multiplier can
be combined with the bounded multipliers that can be derived from Fan
et al. (1991). This results in multipliers on the form

X(o)  Y(o) -joA

M60) = |y ron (o

N
where X (jo) = X(jo)* 2 0, Y(jw) = -Y(jw)*, and A = AT.

The example can easily be generalized to diagonal structures of uncer-
tain parameters as in Feron et al. (1995) or to more general parametric
uncertainty as in Bernstein et al. (1995). See also Theorem 2.4 for a gen-
eralization. O

The Popov multiplier must sometimes be combined with a bounded mul-
tiplier in order to satisfy condition (2.5) in Definition 2.1. This is the case
in the next example.
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EXAMPLE 2.3—SLOWLY TIME-VARYING PARAMETER

Let A(t) = 6(¢)I be a slowly time-varying parameter with 6(¢) € [-1,1]
and &(¢) € [—b,b]. Then A satisfies the IQC defined by the multiplier
I1 = Ip + [1p, where

bA 0]

Hp(jw) = [ 0 o

Mp(jo) = [ 0 ‘j“’A],

joA 0

and where A = AT > 0. This follows since integration by parts gives
00 o0 o .
/ byTAydt+/ 25yT Aydt = 1im [5yTAy]g + / (6 - 8)yTAyde
0 0 0

~8(0)y5 Ayo 2 =G (A)?|y0l?,

for any y,y € L2[0,00). Note that (b—5)yTAy is positive for all # > 0. This

multiplier can be used in combination with other multipliers for slowly

time-varying parameters. We generalize this multiplier in Theorem 2.3.
O

2.3 A Stability Result

We will here present a stability theorem that uses the multiplier descrip-
tions obtained from Definition 2.1. We consider the system

% = Ax + Bu, x(0) = xo,
y = Cx, ‘ (2.6)
u=A®y)+g,

where A € R™ is Hurwitz, B € R” and C e R>". It is further assumed
that g € LZ'[0,00) and that A : L,[0,00) — LI'[0,00) is a causal and
bounded operator. The system in (2.6) can equivalently be represented as
the feedback system in Figure 2.1, where G(s) = C(sI - A)"!B € RHY™,
and where f(¢) = Ce*xy0(t) represents the response corresponding to
the initial condition.

Before we formulate the main stability result, we define well-posedness
and stability of the system in (2.6). These definitions are similar to the
ones in Megretski and Rantzer (1995). -

DEFINITION 2.2—WELL-POSEDNESS

The system in (2.6) is well-posed if for any initial condition xy and for
any input g € LZ}[0,00) there exists a solution (x,u) such that (x,%,u) €
L3,[0, 00) x LZ,[0,00) x L. [0, 00). Furthermore, the map from g to (x,u)
should be causal. O
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gou [,

v A y f(£) = Cetlxo6(2)

Figure 2.1 Block diagram representation of the system in (2.6). Here f corre-
sponds to the response of the initial condition and G(s) = C(sI -~ A)~1B,

DEFINITION 2.3—STABILITY
The system in (2.6) is stable if it is well-posed and if there exist constants
¢ > 0 and p > 0 such that

T T
/(WP+M%MSpmﬁ+c/ia%a
4] 0

for all T > 0 and for arbitrary xo € R* and g € LZ[0, 00). |

The next theorem corresponds to the main stability result in Megretski
and Rantzer (1995) with the exception that it allows the use of Popov
multipliers in the stability criterion. The price paid for this increased
flexibility is the additional assumption on strict properness of the nominal
system. We will give a generalization of this theorem in the next section
where strict properness is necessary only in the channels that correspond
to the part of A described by Popov multipliers.

THEOREM 2.1
Assume that

(i) forallr e [0, 1], the system (2.6) with A replaced By TA is well-posed,
(zi) for all 7 € [0,1], 7A satisfies the IQC defined by I1 = Il + Ip,
(7ii) there exists € > 0 such thgt

[G(jw)

d ]*HMUw)+nPUw»[GU”ﬂ

2| s el YoeR (27

Then the system in (2.6) is stable. -

Proof: 1t follows from the proof of Theorem 2.2 in the next section. O
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COROLLARY 2.1
If g € L[0,00) and if the assumptions of Theorem 2.1 hold, then x is
bounded and x(¢) — 0 as £ — co.

Proof: The conditions of the corollary imply that the system is stable.
Since g € L¥[0,00) and A is Hurwitz we conclude that x,% € L3[0, c0).
Lemma 1.2 in Chapter 1 gives the desired result. O

REMARK 2.1

Corollary 2.1 only assures asymptotic convergence of the state x to zero
with no guaranteed rate of decay. It would be more useful to verify expo-
nential convergence. If for example g = 0, then the conditions in Theorem
2.1 imply exponential convergence if the operator A is memoryless and
bounded. This follows from a result in Megretski and Rantzer (1995). O

2.4 Extension of the Stability Result

In order to use Popov multipliers we have required differentiability of y,
see Definition 2.1. This enforces a condition on strict properness of the
nominal transfer function. This may be overly restrictive in applications,
particularly in the case when A is a sparse matrix. However, the problem
can be overcome. If we introduce P, : R! - R! as the orthogonal projection
onto the range of AT, then we can use the derivative (Pry) = %(P,\ ¥)
in (2.8). This works since R (AT)* = A (A). Hence, Ppy L A(A) and only
the part of y that contributes to the integral in (2.3) is differentiated. We
can use the following refined IQC definition.

DEFINITION 2.4—REFINED IQC DEFINITION :
Let IIp : jR — CUrmx(+m) e 3 bounded and measurable function that
takes Hermitian values, and let Tlp be the Popov multiplier in (2.4).

We say that A satisfies the IQC defined by IT = I +I1p if there exists
a positive constant ¥ such that

e | [2giey] 509 (G| 40+ [ 27 A R 2 Pt

for all y and v = A(y) for which y, (Pxy)" € L4[0,00) and v € LE[0, c0).
O

We illustrate this definition with an example.
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ExampLE 2.4

Consider the diagonal operator A = diag(¢, A1). Let ¢ be a sector bounded
nonlinearity satisfying 0 < @(x)x < «%, for all x € R, and let A; be
a single-input single-output dynamic uncertainty satisfying ||A1|l < 1.
Then A satisfies the IQC defined by IT = IIg + I1p, where

0 1
. x(jw) 0
Mp(jw) = ,
1 -2
0 —x(jo)
with x(jw) = x(jw) = 0, and where
0 -Ajw
) 0
Mp(jw) = : ,
Ajo 0
0 0
with 4 € R. In this case we have
P, - 1 0
A7 o o}
The nominal system G € RHZ? must satisfy the condition Gii(c0) =
G12(00) = 0 in order to ensure differentiability of Pay. O

Next follows the main result of this chapter. We use a more general
parametrization of A than in Theorem 2.1. A remark after the theorem
gives motivation for this parametrization.

THEOREM 2.2
Assume that there is a parametrization A, for 7 € [0,1], of the operator
A and a corresponding parametrized system:

% = Ax + Bu, x(0) = xo, ,
y = Cx + Du, (2.8)
u=A(y)+g.

Let G(s) = C(sI — A)™1B + D and assume that
(i)  A; is causal and bounded for all 7 € [0,1],
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(@) A=A

(Zii) for some x > 0 we have

A, () = A (W < xl72 = 7a] - 171,

for all y le[O,oo), and all 71,72 €[0,1],
(iv) the system in (2.8) is stable when 7 = 0,
(v)  AG(c0) =0,
(vi) for all 7 €[0,1], A, satisfies the IQC defined by IT1 = I1p + I1p,
(vii) for all 7 € [0, 1], the system in (2.8) is well-posed,
(viii) there exists € > 0 such that

G(jw)

I

{G(;a)

)]*(HB(]'CO)-*'HP(J'(U))[ } <-el, VoeR. (29)

Then the system in (2.8) is stable for all 7 € [0,1].

Proof: The proof is given in Appendix 2.8. O
REMARK 2.2 ,

It often possible to use the parametrization A; = 7A. Condition (%) — (iv)
of the theorem statement can then be omitted. O
REMARK 2.3

An example of the more general parametrization is ¢ («,t) = (1 —7)ax +
7o (x,t). It is assumed that ¢ is a sector bounded nonlinearity with ax? <
o(x,t)x < Px?, where 0 < a < B < oo. It follows from the discussion
in Example 1.7 in Chapter 1 that ¢ satisfies the IQC defined by the
multiplier N

-2a 1+a/p -
1+a/B  -2/8 |

It is easy to see that 7 @ does not satisfy the IQC defined by IT when 7 is
small. However, ¢.(x,f) = (1 - 7)ax + 7¢(x,t) satisfies this IQC for all
7 € [0,1]. In fact, ¢, € sector[e, 8] for every 7 € [0,1]. O

go) - |
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2.5 Applications to Systems with Parametric Uncertainty

We will in this section use Popov multipliers to obtain new stability re-
sults for systems with slowly time-varying parameters and for systems
with parametric uncertainty. The first theorem extends the multiplier in
Example 2.3 to give an attractive result on stability for a particular class
of slowly time-varying systems.

THEOREM 2.3
Consider the system

= (A+ BA(#)C)x, x(0) = xo,

where A € R™” is Hurwitz, B € R®™, and C € Rl’f”. Suppose that Ais a
differentiable matrix function with A(¢) € C; and A(¢) € C; for all ¢ > 0,
where

C1 =CO{A1, ven ,AN} C Rle

Cy =co{Qy,...,Qn} cR™
In other words, C; and Cs are the polytopes defined as the convex hulls
of the vertices Ay,...,Ay and Q1,...,Qy, respectively. We assume that
0eCiand 0 € G.

Let there be X = X7 e R™™ 7z ="ZT ¢ R™ and Y,A € R™,
satisfying the conditions

(i) X =0,
(i) ATA = ATA;, fori=1,...,N,
(éii) for i,j € {1,... ,N}

11717z vT I 1
[Ai] [Y —X\} [Ai]“'z'(ATQﬂQfA)zo.

Under these conditions, if

[G(janﬁ z YT—jcoAT] 662)

O; V 09 s
1 Y+jor X I }< @ €[0,09]

holds with G(s) = C(sI — A)~1B, then x(¢) — 0 exponentially as ¢ — oo.
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Proof: The operator defined by multiplication with A(#) satisfies the

IQC defined by
YT — joAT
II{jw) = . .
(jo) [Y+ij X ] (2.10)

To see this let us define the functions
1z yryrI
Fi(A) = ,
=[] [y Zx][s]
and
Fa(A,A) = F1(A) - —;—(ATA +ATA).

We note that X > 0 implies that Fp is a concave function. Hence, by
condition (7ii) and the assumptions on A(f) we have Fa(A(£),A(t)) 2 0.
Evaluation the integrals according to Definition 2.1 gives

00 T
/ yTFl(A(t))ydt+}im / 2yTAT Aydt =
0 - Jo

lim [y a7Ay]; + [ 5" Fa(A®), A®)ydt = ~1iyol’

T—00

’

for all y,7 e L4[0, c0), where we can use ¥ = max;G (A7 A)2 The equality
follows from integration by parts and condition (iz). The inequality follows
since y(7) — 0 as 7 — 0 and since the second integral is positive.

To finish the proof we first notice that 7A(f) € C1 and 7A(¢) € &, for
all 7 € [0,1]. This follows from the convexity of C; and'C; and since 0 is
contained in these sets. By use of this property we can prove the following
statements.

e The system % = (A + Be¢A(¢)C)x is well-posed for any 7 € [0,1].
This follows since the right hand side is Lipschitz continuous for all
t>0. .

e For any 7 € [0, 1], the operator 7A satisfies the IQC defined by the
multiplier in (2.10).

Hence, the conditions of Corollary 2.1 are satisfied. The exponential sta-
bility conclusion follows from the remark following that corollary. O
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REMAEK 2.4 '
In the special when A(¢) = 8(¢)I, where 6(¢) € [-1,1] and 6(¢) € [-b,b],
thenwecanuse Z = X +bA, X =XT >0, Y = -YT, and A = AT > 0.

If A(t) = diag(61())I1,... ,0n(t)In), where each J; satisfles §;(¢) e )
[-1,1] and 5i(t) € [~b;, b;], then we use diagonal matrices X, Y,Z and A,
where each diagonal element satisfies the conditions above. O

The next theorem gives a stability result for systems with a general form
of parametric uncertainty.

THEOREM 2.4
Consider the system

%= (A+ BAC)x, x(0) = xo,

where A € R™ is Hurwitz, B € R™", and C € R>". Suppose that

A € C = co{Aq,... ,An} C R™¢ is a parametric uncertainty. We assume
that 0 € C.
Let I1p be the Popov multiplier
0 —joAT
Ip(jo) = ,
r(jo) {j oA 0 ]

where ATA = ATA; fori =1,...,N, and letIIp € RLE ™M) satisfy

’

2] o]0 s [0 i 2] o0

foralw eRandi=1,...,N.
Under these conditions, if

[G(J'w)

1] ttatjo + magion) [ 757 ] <o

, Vo €[0,00],

holds with G(s) = C(sI — A)~!B, then x(¢) — 0 exponentially as ¢ = oo.

Proof: It is straightforward to show that A satisfies the IQCs defined
by I1p and Ip. Hence, it also satisfies the' IQC defined by IT = Tl + Ilp.
The same arguments that were used to conclude the proof of Theorem 2.3
are also valid here. This proves the Theorem. O -
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2.6 Application to Systems with Nonlinearities

In this section we give a generalization of the stability criterion in Zames
and Falb (1968). We consider the system
x = Ax + bu, x(0) = xo,
y = cx, (2.11)
u= 9y +s,
where A € R is Hurwitz, b,c” € R”, and g € Lg[0,00). Here ¢ is an
odd and slope restricted nonlinearity satisfying the conditions:
(i) ¢ isodd,
(i) (y1-y2)(¢(y1) — @(y2)) 2 0, for all y1,y2 € R,
(iii) there exists £ > 0 such that |@(y)| < k|y|, for all y € R.

The following corollary extends Zames and Falb’s stability criterion for
systems with slope restricted nonlinearities. Our contribution is that we
add a Popov multiplier to the criterion.

COROLLARY 2.2
Assume that the system in (2.11) is well-posed. Let Z(jw) = 1+ Ajo +
H(jw), where A € R, and where

H(jw) = / h(f)e itds,
for some real-valued function with ’ ,

/m h(6)|ds < 1.

o0

Under these conditions, if there exists £ > 0 such that ‘
Re[Z(jw)G(jw)] < -6, Vo eR, - (2.12)
holds with G(s) = c¢(sI — A)71b, then the system in (2.11) is stable.

Proof: We can use the multi\plier

) 0 1-jwd + H(jo)*
nge) = | . . . A
1+ joi + H(jow) 0

This multiplier is the sum of the Popov multiplier in Example 2.1 and the
multiplier derived in Zames and Falb (1968). It is clear that 7 ¢ satisfies
the IQC defined by this multiplier for all 7 € [0, 1]. Hence, the conditions
of Theorem 2.1 are satisfied. It is easy to see that the stability condition
in (2.7) reduces to (2.12). O
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REMARK 2.5

7.ames and Falb considered a more general class of convolution operators
for the nominal system G. They also allowed H to be of a somewhat more
general form than we used here. Tt easy to extend the stability results
in this chapter to this class of convolution operators. This is discussed in
Appendix 2.9. O

The next example shows that the Popov term jwA can be important in
applications of Corollary 2.2,

EXAMPLE 2.5
Let the system in (2.11) have the transfer function

(2% + 5 + 2)(s + 100)

G($) = {5+ 10)%(sZ + bs + 20)’

We can apply Corollary 2.2. With 4 = 0.04 and H(s) = 0.92/(s — 1), we
get

Z(s) = 0.04

s2+ 245 — 2
s—1

Figure 2.2 shows the Nyquist curves for G and ZG. The stability criterion
in (2.12) is satisfied with this Z. This is more easily seen in, Figure 2.3. We
note that it would not be possible to prove stability for this system with
any of the usual stability criteria such as the circle criterion, the Popov
criterion or the off axis circle criterion of Cho and Narendra (1968). We
also note that it would not be possible to use only the multiplier 1+ H (jw)
in (2.12) since the Popov part jwA is needed at @ = co. O

. AN
2.7 Conclusions

We showed how Popov multipliers can be used in the IQC methodolégy for
stability analysis. Examples show that this allow us to generalize several
existing stability criteria into the IQC framework. As a result of our main
theorem we also obtained new stability criteria for systems with slowly
time-varying parameters and for systems with a general class of paramet-
ric uncertainty. The example in Section 2.6 shows that the nonproperness
of the Popov multiplier can be very important in applications.
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Figure 2.2 The diagram shows the Nyquist curve for ZG in solid line and the
Nyquist curve for G in dashed line. It follows that the stability condition in 2.12 is
satisfied.
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Figure 2.3 Here we have zoomed in the details around the origin of the Nyquist
curve for ZG. It is clear that the stability condition in 2.12 is satisfied.

2.8 Appendix: Proof of Theorem 2.2
The following inequalities will be used in the proof

3 < llyll- llll (2.13)
[l + 211 < 2(I=l + 1y 1%), - (2.14)

for arbitrary x,y € LZ'[0, 00). We will also use that

Vi+y < Va+y, (2.15)

for arbitrary x,y > O.
The idea for the proof is to use a similar homotopy argument as that

[ 4
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t ATz - AT1
g

Figure 2.4 Block diagram for illustration of the proof of Theorem 2.2. If the upper
loop is stable when it is disconnected from the lower branch, then the total system
is also stable if |74 — 71| is small enough.

in Megretski and Rantzer (1995). Consider the system in Figure 2.4. We
will show that if the upper loop is stable when it is disconnected from the
lower branch, then the whole system is also stable if |73 — 71| 1s small
enough. Iterative use of this from 7 = 0 up to 7 = 1 in small steps of
equal size will finish the proof. .

Part 1: Assume that the system

<
I

Gu+f, [(t)=Cex0(t), - (2.16)
u=v+g, U=A(y)

is stable for some 7 € [0,1]. Then for any xo € R" and g € Lj'[0,00)
we have (y,v) € L4[0,00) x LI*[0,00) and we will show that there exist
constants ¢y > 0 and pg > 0, which both are independent of 7, such that
y is bounded as

Iyl < polxol + collgl]- (2.17)

To prove that (2.17) holds, we notice that g,v € L[0,00) implies that
also (Ppy)' € LL[0,00). We use that the Fourier transform of A(P,Gv)’
is jJwAG(jw)v(jw). This follows since AG(co) = 0. Use of this together
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2.8 Appendix: Proof of Theorem 2.2

with the relation y = Gv + Gg + f, gives

2/0°° oT A(Pay)dt = <v, [ﬂ*np [ﬂ v> +2/0°°vTA(PAf)'dt

+ %Re/ v(jo)*AjoG(jw)g (jo)dw.

oo}

Hence, the IQC constraint in Definition 2.4 with the multiplier I1 = [l +
Ilp gives

— ¥7|Payol? < <[ﬂ,H3 [ﬂ> +2/OOOUTA(PAy)Idt
= <U, [f}*(nB +11p) [f} v> +2Re<[civ],n3 [Gg0+ f]>
+<[Gg0+f],r13 [Gg0+f}>+2/ooovTA(PAf)’dt

[s.0]
+ %Re/ v(jo)*AjoG(jw)g(jo)dw
-0

< —&lo]? + 2 (calxo| + callgll) vl + eslzol® + callg|*

The first term in the last inequality follows from the frequency inequality
(2.9) in the theorem statement. The other terms follows by use of (2.13)
and (2.14). Let ||[1y;|| = sup, 6 (Iy(jo))for i = 1,2 denote the norms of
the corresponding blocks of the matrix operator !

I1 I1
My = [ 11 12} '
I, Tz

Then-the constants can be taken as

c1 = (Ml - |G|l + Mall) 71 + 72,

cz = [yl |GI® + [Maell - |Gl + [J@AG,
cs = 2| Tl 7in

¢y = 2| G| || Ty .

The constants y1 and ¥, defined as

7= / T(Ce*t)2dt,
0

Ve = / G(ACAeA)?dt
0
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give the bounds on ||f|| and ||Af||, respectively. After some work and with
the use of (2.15) we obtain the bound

ol < elxo| + e2llgll; (2.18)

where e.g.,

1 _
= E (Cl + \/20% + 8((}3 + 7/0'(0)2)) ’

1
. <cz + \/2C§+ 804) .

Hence, using (2.18) we get

U2

7l =I1G(© + &) + fll < polxol + collgll,
where pg = ||G|la1 + 1 and ¢o = ||G||(@2 + 1). This is the bound in (2.17).

Part 2: We now take the key step in the proof. The idea is illustrated
in Figure 2.5. Assume that the system in (2.16) is stable when 7 = 73,
and consider the case when 7 = 7. The system equations can be written
as

y=Gu+f,
u= ATl(y)'i'(ATz_Afl)(yZ"'g' ’

v

The well-posedness assumption implies that for arbitraryx, € R*and g €
LZ:[0, 00) there exists a solution (y,v) € L&,[0,00) x L2 [0,00). Let T > 0
and let-yy = Pry, and gr = Prg, and define g1 = (Ag, = A7) (yr) + 87
It follows from assumption (i) on the parametrization of A that g, €
LZ'[0,00). If we let f and g1 be input signals to the system in (2.16) when
T = 71, then we get the system equations (where the loop signals are
denoted y1, ©1 and vq) N

Y1 = Gul + f’ -
Uy = An(yl) + (Afz - AT1)(yT) +&r.
~ g A
U1 &1

On the time interval [0, T] it follows by the Well—posedness assumption
that this equation is satisfied by Pry; = yr and Prui = urp. Furthermore,
the assumed stability of the system in (2.16) when 7 = 7; implies that
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by
Ui G

U1

As, Y1

)
N

yr
©— Ar, — A,

Figure 2.5 Illustration of the key step in the proof. By well-posedness there exists
a solution (u, y) to the system equations on any finite time interval [0, T, see Figure
2.4 for notation. Truncate the signals in the lower branch and denote the signals
in the upper branch u; and y;. It follows by the well-posedness that yy = Ppy;
and up = Pruy, ie., the loop signals in the truncated system and the system in
Figure 2.4 can be assumed to be equivalent on the interval [0, T']. If the upper loop
is stable, then w1 and y; will have finite energy~This is used to prove that the total
system is stable when |73 — 71| is small enough. /

y1 € L§[0,00), and vy = A, (y1) € LP[0,00). From (2.17) and from the
assumption on the parametrization of A we obtain

lyzll = [[Pryall <llyill < polxo] + coll(Ar, — Ar))(y7) + 7|
<polxo| + cox|T2 — 71| - lyrll + collgrl-
N

Let |72 — 71| < 1/cok, then we get -
llyzll < polxol + collgrll, (2.19)

where po = po/(1—cok|r2—71]) and ¢y = co/(1—cok|Ta—71|) are positive.
A similar bound on ur = Pru can be obtained as follows. We have

v 69




Chapter 2. Popov Multipliers

ur = PTu1 = PT(Ul + (Arl - ATZ)(yT)) + gr. Hence

luzll <llvdll + xlz2 — 71| - [lyz]l + [lg7]]
<arlxo| + azllgill + x|tz — 71| - |lyzll + llgzll
<(a1+ (1+ ag)x|te — T1|po) - %o +
1+ a2)(1+ xl|re — T1lco) - |lgTlls (2.20)

where the second inequality follows from (2.18) with g replaced by g1 and
the last inequality follows by use of (2.19).

The bounds in (2.19) and (2.20) hold for any T' > 0, which implies
that the system in (2.16) is stable when 7 = 71 + A7, if AT < 1/(cox).
Iterative application of this conclusion from 7 = 0, where the system is
assumed to be stable, up to 7 = 1 in steps A7 < 1/(cox) shows that the
system in (2.16) is stable for all 7 € [0,1].

2.9 Appendix: Extension to General Convolution Operators

It is possible to generalize Theorem 2.2 to systems where the nominal
part is from the following class of convolution operators, see Desoer and
Vidyasagar (1975).

DEFINITION 2.5

Let A™™ be the transfer functions with weighting functions on the form

’

N
ot St —t), =0,
g(f) = g()+;g( )

0, t <0,

where g, € L&™[0,00), g; e R®™, and ¢; > 0. o O

This will allow us to consider the generalization of Zames and Falb’s
criterion in the same framework as they used. The following properties
holds, see Desoer and Vidyasagar (1975).

1. The transfer functions in A>™ correspond to bounded and casual
convolution operators. -

2. If G € 4%, and f e LI[0,00) then Gf = g = f € LZ[0,00).
Furthermore, if f € L’”[O 00), then ||Gf|| < |Gl - Ifl, where
|Glleo = sup, T(G(j®)).

3. We see that sPAG(s) € A" if (Prg,) € LY™[0,00) and Prg; = 0
for all i. Here P, operates column by column.
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4. If sP,G(s) € A>™, then it follows that the Fourier transform of
(PAGS) becomes joP,G(jo)f (jw).

As an example the system

1 =sT 1
G(S — s+1 s+2 }
) 0 L+eT

satisfies sP,G(s) € A%?, when

1 0
P\ = .
A [0 0}

In fact, we have

— LT 4 osT _ 2 41
SPAG(S) = |: s+1 o s+é

It is now possible to obtain stability results of the same type as The-
orem 2.1 and Theorem 2.2 that includes systems from the class 4>, In
all definitions below we assume that A is the Popov parameter that will
be used for stability analysis. We will consider stability of the system

y=Gu+f,

4= Ay) re, (2.21)
where G € A™™ and where A : L [0,00) — LZ[0,00) is bounded and
causal. Furthermore, g € L[0,00) and f,(Paf) € Li[0,00). We can
think of f as the initial conditions response of G. The differentiability
assumption P, f is reasonable in practical applications.

Stability and well-posedness for this system is defined in a similar way
was as before.

DEFINITION 2.6

The system in (2.21) is well-posed if for every pair (f, g) with f, (Paf) €
Li[0,00) and g € LgZ[O,oo),\there exists a solution (y,(Pay)’,u) with
¥, (Pay) € L,[0,00) and u € LZ[0,00). Furthermore, the map (f,g) —
(u,y) should be causal. The system is stable if in addition there exist
positive constants p1,p2, and ¢ such that

T . T
/ (32 + )t < pallFIE + pal(ParfYIP + ¢ / g2,
0 4]

forall T > 0. O
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We note that for the systems discussed in Section 2.3 and Section 2.4 this
definition is implied by the ones in Definition 2.2 and Definition 2.3. This
is easy to see since x,% € L2,[0,00) and u € L,[0,c0) implies that y =
Cx + Du satisfies the conditions for well-posedness in the new definition.
Similarly, with £ = Ceix0(¢), the term p1||f||Z + pal|(Paf)'ll3 can be
bounded by p|xo|? for some positive constant p.

The following proposition corresponds to Theorem 2.2.

PROPOSITION 2.1
Assume that there is a parametrization A,, for 7 € [0, 1], of the operator
A and consider the parametrized version of the system in (2.21):

y=Gu+f,
u=A(y)+8g.

Assume that sPAG(s) € A>™ and condition (i) — (iv), and (vi) — (viiz) of
Theorem 2.2 holds. Then the system in (2.21) is stable.

Proof: The proof is essentially that same as the proof of Theorem 2.2.
The only difference is that we need to replace the terms const|xo| with
terms on the from consti||f|| + consts||(Paf)'|| for suitable constants at
suitable places in that proof. O
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3

Computation of Multipliers

Abstract

Robustness problems are considered, where structural information
about uncertainty is given in terms of integral quadratic constraints.
A flexible format for representation of such information is introduced.
The format supports the use of numerical software for solution of lin-
ear matrix inequalities. Examples are given involving bounded time-
variations and nonlinearities.

3.1 Introduction

The computation of multipliers for robustness and stability analysis is a
problem with a long history. In fact, it was discussed by Zames in his
classical paper Zames (1966b). There he showed that a $table linear sys-
tem G in a feedback interconnection with a slope restricted nonlinearity
is stable if there exists a multiplier M (j®) such that

Re[M (jo)(G(jw) +1)] < 0 Vo € [0,00]
The multiplier can be selected from the class of so called R L multipliers,
see Narendra and Taylor (1973). Zames stated that the main difficulty
in applying this stability condition was to find a suitable multiplier from
this class. \

Several more sophisticated multiplier-based stability results were de-
veloped during the period 1965-1975. We mention in particular the cri-
terion for slope restricted nonlinearities in Zames and Falb (1968) and
the criterion for slowly time-varying parameters in Sundareshan and
Thathachar (1972). See also the books Willems (1971a) and Desoer and
Vidyasagar (1975). These results had their main limitation in the com-
putability of the multipliers. This was mainly due to the lack of powerful
computers and suitable numerical software.
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Since the early 80s a lot of work focused on robustness analysis of
uncertain systems. In particular, multiplier-based methods for diagonally
perturbed linear time invariant systems gained a lot of interest through
the work by Safonov (1982) and Doyle (1982). The theory was extended to
treat also parametric uncertainty in Fan et al. (1991) and Young (1993).
Since only time-invariant uncertainties are considered it is possible to
compute the optimal value of the corresponding multiplier at each fre-
quency of a preselected frequency grid, see Balas et al. (1993), Young
et al. (1992) and Packard and Doyle (1993). This method for multiplier
computation has been successful in applications. However, there are two
problems involved in the approach. First, there is the possibility that
the worst frequency is missed in the frequency grid. This is particularly
serious since the optimal value can be a discontinuous function of fre-
quency if robustness to real uncertain parameters is studied, see Barmish
et al. (1990) and Packard and Pandey (1993). Methods to overcome this
problem was presented in, for example, Packard and Pandey (1993) and
Helmersson (1995a). The second problem is that this approach is not eas-
ily extended to analysis of systems that contain time-varying or nonlinear
components. In this case there exists couplings between the frequencies.
It is then no longer possible to perform a frequency-by-frequency opti-
mization of the multipliers.

The development of efficient algorithms for the solution of convex op-
timization problems involving linear matrix inequalities (LMIs) and the
appearance of software implementations of these algorithms have greatly
increased the possibilities for efficient computations in system analysis.
For references, see Nesterov and Nemirovski (1993), Gahinet et al. (1995),
El Ghaoui (1995), and Boyd et al. (1994). The use of LMI optimization for
computation of multipliers corresponding to different forms of dynamic
and parametric uncertainty was treated in Ly et al. (1994), Balakrishnan
et al. (1994), Balakrishnan (1995), and Helmersson (1995b). The idea be-
hind these papers is to find a finite-dimensional affine’ parametrization of
a subset of the multipliers. The stability criterion restricted to this subset
of multipliers can then by the Kalman-Yakubovich-Popov Lemma (KYP)
be formulated as an equivalent LMI condition. LMI methods for the com-
putation of Popov multipliers have also gained a lot of recent interest,
see, for example, Feron et al. (1995), Bernstein et al. (1995).

Characteristic for all the LMI-based methods for multiplier optirmiza-
tion mentioned so far is that each approach only considers a restricted
class of problems. One reason for this is that they are based on tradi-
tional frameworks for stability analysis. Stability analysis based on pas-
sivity theory, dissipativity theory and parametrized Lyapunov functions
have restrictions that limit or at least complicates their application. For
example, in multiplier-based passivity analysis there are invertibility and
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factorizability conditions on the multipliers that need to be considered.

A unified approach for multiplier-based robustness analysis was sug-
gested by Megretski (1993b). The idea is to use integral quadratic con-
straints (IQCs) to describe uncertainties, time-varying parameters, per-
formance criteria, and frequency characteristics for signals. The method-
ology was later extended in Megretski and Rantzer (1995) to give a theory
that allow us to combine multipliers according to various robustness cri-
teria without any need for invertibility or factorizability conditions.

In this chapter we suggest a unifying format for multiplier computa-
tion by LMI optimization. Our format is based on the IQC framework.
The main idea is to find finite-dimensional parametrizations of the mul-
tipliers in terms of a basis. The stability condition is then transformed to
an equivalent finite-dimensional convex feasibility test that can be solved
by LMI methods. All the examples mentioned above can be treated in our
format.

The first three sections of the chapter discuss robustness analysis with
IQCs and in particular robust performance analysis with IQCs.

3.2 IQC-Based Robustness Analysis

We consider systems consisting of a nominal transfer function G in a
positive feedback interconnection with a bounded causal operator A. We
will for simplicity of notation only consider square systems in this and
the remaining chapters of the thesis.

The basic idea behind the IQC approach for robustnéss analysis is to
find a description of A in terms of bounded and Hermitian valued multi-
pliers, I, that satisfy

 wlilge] el e

for all square integrable y and v = A(y). Here y and U denotes the Fourier
transforms of y and v, respect'{vely.

All multipliers used in this chapter are assumed to be rational transfer
functions. The reason for this becomes apparent when we discuss multi-
plier computation in Section 3.5. We will generaly consider multipliers
consisting of a proper part Iz = I} € RL2m™?m and a nonproper Popov
multiplier on the form

_ 0 —joAT
Me(jo) = [J.w o ] , (3.2)
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where A € R™™, The Popov multiplier gives useful descriptions of static
nonlinearities, parametric uncertainties and of slowly varying parame-
ters.

We use the Popov multipliers in (3.2) to define constraints involving
the integral

/0 ” 2(A(y))TAydt. (3.3)

We note that in order to use the Popov multiplier we must ensure dif-
ferentiability of y. This enforces a condition on strict properness of the
nominal transfer function, which would be overly restrictive in applica-
tions when A is a sparse matrix. This problem can be overcome. If we
introduce P, : R™ — R™ as the orthogonal projection onto the range of
AT, Then we can use the derivative (Ppy)’ = 3‘% (Pay)in (3.3) instead of y.
This works since R (AT)* = A((A). Hence, Ppy L A (A) and only the part
of y that contributes to the integral in (3.3) needs to be differentiated.
The following definition of IQC was suggested in Chapter 2.

DEeFINITION 3.1—IQC

Let Iz = [} € RLZ™2™ and let I1p be the Popov multiplier in (3.2).
We say that A satisfies the IQC defined by IT = I1p +T1p if there exists

a positive constant y such that

0 T 00
/ m <;:B [yD dt+/ 20TA(Pry)'dt > —7|Payol?,
0 v v 0

for all y and v = A(y) such that y, (Ppry)’,v € L}}[0,00). Here zp denotes
the impulse response matrix corresponding to I1g, * denotes convolution,
and yo = y(0). : O

We note that the first integral in the definition above is by Parseval’s
theorem equivalent to the frequency domain integral in (3.1)

In order to obtain the most accurate robustness condition we need to
find as many multipliers for the perturbation A as possible. The next two
properties can be used to combine multipliers for this purpose.

Property 1 Assume that A satisfies the IQCs defined by Iy, ... , [1,. Then
A also satisfies the IQC defined by the conic combination ), &;I1;, where
oa; 20,i=1,...,n.

Property 2 Assume that A = diag(Ay,... ,A;), and that,fori = 1,... ,n,
A; satisfies the IQC defined by

Miay Mg
IT; = e e ,
i(12) i(22)
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where the block structures are consistent with the size of the perturba-
tions A;. Then A satisfies the IQC defined by

[ RETEEN ETED))

TI 11 Hn 12
daug(Hl,... ,Hn) = ) (12)

Hi(lz) 1 22)

Hfl(m) M) ]

This is easily seen by writing out the expression for the IQC in Defini-
tion 3.1.

It follows from the first property that the set of multipliers that de-
scribe A is a convex cone. We use the notation I, for any such convex
cone of multipliers that describe A. In applications it is important to find
an as accurate as possible description of A. A description of A can be im-
proved by addition and augmentation of convex cones of multipliers.

Addition: If A is described by the convex cones Il;a, i = 1,... ,n, then A
is also described by >0 Iia = {> 7 IT; : II; € i }.

Diagonal Augmentation: If, for i = 1,...,n, A; is described by the
convex cone Iy, then A is described by the convex cone

daug(HAl,... aHA,.) = {daug(Hl,... ,Hn) : Hi € HAi}'

Robust Stability Analysis Based on IQCs

We consider stability of a system consisting of a nominal system G in a
positive feedback interconnection with a perturbation A as illustrated in
the block diagram in Figure 3.1. The system equations are given by

y=Gu+f,

u=A)+g. 34

We assume that G is a bounded causal operator with transfer function G <
RH™™, The perturbation A is a bounded causal operator on L;[0, 50). The
input g is arbitrary in LJ}[0,00) and f contains the response due to the
initial condition of the nominal system. We assume that f = CeA%x00(t)
for some matrices A and C and initial conditions vector xp. A is assumed
to be Hurwitz.

Stability and well-posedness for the system in (3.4) is defined as fol-
lows.
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A 1) g

f

Figure 3.1 System consisting of a nominal plant G and a bounded causal pertur-
bation A.

DEFINITION 3.2

The feedback interconnection of G and A is well-posed if the map g —
(y,u) is causal and if there exists a solution (y, (Pay)’,u) € LJ[0, 00) x
L]0, 00) x LZ:[0, 00) for any xo and for any g € L3}[0,00). The feedback
interconnection is stable if in addition there are positive constants p and
¢ such that

T T
[ s+ e < plaof? +c [ lgPat, VT 0.
0 0

O
The next theorem gives conditions for stability of the system in (3.4). It
is a special case of Theorem 2.2 in Chapter 2.

THEOREM 3.1

Let G € RH™™ and let A be a bounded causal operatgr on L2 [0, c0).
Assume that

() for all 7 € [0,1], the interconnection of G and 7TA is well-posed,
(@) for all 7 €[0,1], 7A satisfies the IQC defined by I1 = Tlg + Ilp,
(iii) AG(oc0) = 0, where A is the Popov parameter inTlp,

(fv) the inequality

[609)] gy | %)) <0

I I
holds for all @ € [0, c0]. -
Then the feedback interconnection of G and A is stable. O
REMARK 3.1
It is sometimes useful to consider more general parametrizations than
TA. See Theorem 2.2 in Chapter 2 for more details. [
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Figure 3.2 System setup for robust performance analysis.

REMARK 3.2
The third condition of the theorem statement ensures that P,y is differ-
entiable. It can be omitted when ITp = 0. O

Robust Performance Analysis Based on IQCs

For robust performance analysis we consider the system described by the

equations
HECIME (35)

u = A(y),

where A is a bounded causal operator on L[0,00) and where G is a
bounded causal operator with rational transfer function. We assume that
G 1is block partitioned according to the size of the signals, i.e.,

G
G- [ 11 G2
Go G

The system (3.5) can be illustrated with the block diagram in Figure 3.2.

:‘ e RHgL+l)X(m+q).

Performance of the system in (3.5) is generally measured in terms of
disturbance attenuation. A measure of this attenuation can, for example,
be obtained in terms of the Quergy ratio of the error signal z and the
disturbance w. It is important to exploit the spectral characteristics of the
disturbance w when studying such a performance measure. We will as it
has been suggested in, for example, Megretski (1992), Megretski (1993b),
and Paganini (1995), study performance criteria in terms of signals from
a set ‘I/Vinp c Lg [0,00). This set is assumed to be defined by the convex
cone Yin, < RLZY in the following way -

Wap = {w € LI[0, 00) : / B(j) Y (jo)B(j@)do > 0, YT € Tip}.
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We note that ‘Winp = Li[0,00) if Yinp = {0}. If we in a certain application
have a set of signals 7 then we need to find a convex cone Y, ¢ RLL?
such that W < Wi,. We refer to the next section for a discussion and for
examples. We define robust performance as follows. _ ;

DEFINITION 3.3

Assume that the signal w is in the set W, < LI[0,00) defined by the

convex cone Yinp. The system in (3.5) is said to have robust performance ‘ E
according to the performance specification Ilyer if

(i) the feedback interconnection of Gy1 and A is stable.
(Zi) the inequality
* [z(jo) " SN ]
. I ~ <0
1 (oo o | 2
holds for all z = (Ggg + GuA(I — G11A)*Gr2)w, with w € W,
O

The next theorem gives conditions that ensure robust performance for the
system in (3.5).

THEOREM 3.2
Assume that

s

(i) the interconnection of Gy; and A is stable, ’

(i7) A satisfies the IQC defined by IT = 15 + IIp,

(iii) A[G11(00) Gia(oo)] = 0, where A is the Popov parameter in Ilp,
(iv) there exists Y € Yinp such that '

[G(;a))]*daug (H,npe,f+ [g 3]) (jo) [G(iw)} <0, (36)

\
for all @ € [0, 00].

Then the system in (3.5) has robust performance. -

Proof: The proof is given in Appendix 3.10. O
REMARK 3.3
The third condition of the theorem can be omitted if IIp = 0. | .
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REMARK 3.4
The stability assumption (¢) in Theorem 3.2 can be replaced by the con-
ditions:

(ia) for any 7 € [0,1], the interconnection of Gy; and 7T A is well-posed,
(@) [I; Ogxg]Tpert [I; Oguq]” 20,

(i)’ for any t € [0,1], TA satisfies the IQC defined by I1 = T1g + Ilp.
This is also proved in Appendix 3.10. 0

3.3 Signal Specifications for Robust Performance Analysis

Spectral information on the disturbance should be used to reduce con-
servatism in robust performance analysis. The multiplier set Y., which
defines the input signal to be in a conic subset Wy, < L{[0,00), can be
used to describe various types of spectral information.

In order to get an idea of how Yin, should be chosen we consider the
case when we investigate the Lg-performance and we know that the input
signal is constrained to be in the set 'T/Vinp defined by Yinp. For any Y € Yigp
we obtain the combined multiplier

Mpers(j@) + [g Y(?w)] - K) . +(‘)f(ja))] '

We can see from the frequency domain criterion in (3.6) that Y is only
contributing in a useful way at frequencies where it is negative semidef-
inite. We give two examples that show how Yi,, can be chosen for two
important signal classes. The first was suggested in Megretski (1993b).

Dominant Harmonics: Let w € LI[0,0) be a bandpass signal with
supp W € [—b,—a] U [a,b], where supp @w denotes the support of the
Fourier transform of w. Then w is in the set ‘I/Vinp defined by

Yinp = {Y = T* € RLE: Y(w) 2 0, |0] € [a,b]
Y(jw) < 0, otherwise}.. (3.7)

It is clear from the robust performance condition in (3.6) that we should
choose a multiplier in Yi,, which is as close as possible to

0, || € [a,b],

—ool, otherwise.
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Signals with a Given Spectral Characteristic: Noise signals in a
system are often modeled as stochastic white noise or filtered stochastic
white noise. It is more convenient to consider so called deterministic white
signals in the IQC framework. A realization of a stochastic white signal
has infinite energy and it would for that reason be appropriate to consider
the deterministic white signals to be in LI [0, 00). This was the approach
in Megretski (1992). A recent approach for deterministic white signals
with finite energy for the discrete time case was developed in Paganini
(1996). We will consider a class of signals with given spectral character-
istics that gives analysis results that are similar to the ones of Paganini.
We consider only scalar signals for simplicity. Let

2
Wy = {w € Li[0,00) : |B(je)[? = 1‘;;‘;','@ 1H<jw)12}, (3.8)

where H € RHY4 is strictly proper and where the Hy-norm is defined by

HIl = 51; /_oo |H (jw)|2da.

We can regard W as a set of filtered deterministic noise signals. We have
the following lemma

LEMMA 3.1
We have Wy Wi, when -

’

Yinp = {r Ry [ v(o)HGo) do o}.

—00

Proof:, Letw € Wy and Y € Yy, then

/oo Y(jo)|@(jw) Pdo = M’fg /w Y(jo)|H(jw)|*do 2 0,
-0 1HI3 J-o0

which proves that Wy < Wiy, h O

3.4 A Robust Performance Example
We will here illustrate the ideas from the last two sections with a sim-

ple example. Consider the system in Figure 3.3. The perturbation A is
assumed to be a dynamic uncertainty with ||Al| < 1, where || - || denotes
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Y A LE

"
i

Figure 3.3 System for Example 3.4.

the Hy,-norm. We assume that w belongs to the set in Wy in (3.8) for some
strictly proper filter H. We want to compute the performance measure

W18a
WaTa

The sensitivity function S, and the complementary sensitivity functions
T, are defined as

sup

weWy, |lwlj<1
Ao <1

. (3.9)

U S
AT I A+ AG
TA= (1+A)G0

1+(1+A)G0'

If we assume that the nominal system is stable then the system in Figure
3.3 can be put into the form in Figure 3.2 with

-Gy Gy

— _ 3x2

. G = 1+ Gy 1 1 | e RH”.
Go

We will now use Theorem 3.2 to formulate an optimization problem for
the computation of an upper bound of (3.9). The spectral characteristic
of w can be described by Yin, in Lemma 3.1 and A is described by the
following multipliers

M, = {[x({)w) _x?jw)] (@) 20, ‘v’a)}.

We can ensure that the optimal value of (3.9) is less that y'/2 if the
condition (iv) in Theorem 3.2 holds for some IT € 1, and Y € Yy, and
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with
Wi(jw) Wi(jo)

Hperf(y) = W, (Jw)* W (](0)
—'}’I

The best upper bound is obtained by solving the optimization problem

infy subject to (8.10)
Iy € Ty, Mo = Hpere(¥), T € Yinp, such that

[G(jw) * 0 0])( )[GU )] <0, Vo € [0,00].

7 ] daug <H1,H2 +
This is an infinite-dimensional optimization problem. We will in the next
two sections formulate a methodology that can be used to obtain subopti-
mal solutions to this optimization problem.

3.5 LMI Formulations of Robustness Tests

In this section we derive a method for practical application of the ro-
bust stability and performance results in Section 3.2. The first step in
the analysis is to derive a multiplier description of the perturbation A.
The multipliers are collected in a set I1,"that can be agsumed to be a
convex cone. In case of performance analysis we also need multipliers for
the performance criterion and multipliers that constrain the range of the
input to the system. In order to keep the presentation as simple as possi-
ble we treat only the case of robust stability analysis. Extension to robust
performance analysis is straightforward.

Robust stability analysis based on IQCs can now be formulated as the
following convex feasibility test.

ROBUSTNESS TEST 3.1—INFINITE-DIMENSIONAL FEASIBILITY TEST
Find IT e I14 such that

[G(iw)}*n(jw) [G(;’w)} <o

for all w € [0, 00]. ' O

The convex cone I1, is generally infinite-dimensional. It consists of mul-
tipliers on the form IT = Il + [p, where I € RLZ™?™ and where Ip
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is a Popov multiplier. The Popov term ITp involves only a finite number
of parameters, namely the parameters in A. However, I1p can generally
be chosen from a set of rational transfer functions of arbitrary order. The
infinite-dimensionality of the robustness test makes it hard to implement
directly as a numerical algorithm.

We will introduce a format for a finite-dimensional parametrization of
a convex subcone of I[14. If the robustness test is restricted to this subcone
we obtain a finite-dimensional convex feasibility test that generally can be
transformed to an equivalent feasibility problem for LMIs. The subcone
is defined in terms of a basis multiplier and a convex cone of parameters
according to the following definition.

DEFINITION 3.4

Let ¥ = [¥, Y], where ¥, and ¥, are N x m rational transfer func-
tions, and let My < RM¥ be a convex cone of symmetric matrices. Then
Pr(¥, M,) < T4 denotes the subcone defined as

?A(\P,MA) = {‘P*M\P M e MA} .

We call ¥ a basis multiplier and the set M, is called the parameter set.
O

We note that ¥ in general is nonproper due to the Popov multipliers. If
we for a given M € M, write out the expression for the corresponding
multiplier we see that it has the structure

- [Hn le] _ [‘I‘Z‘,M‘Pa YiMY,
Ty, M) |¥IMY, YiMV, |

Before we give an example we notice that addition and diagonal augmen-
tation of subcones on the the form in Definition 3.4 can be done in a simple
way. .

Addition: Let Py = fplA(\Pl,MlA) and Pop = szA(‘PQ,MzA), then

¥
Pip+Pop = By <[‘1’1] ,diag(Mm,Mm)) ,
2
where
diag(M1a, Mas) = {diag(My, Ms) : M1 € Mia, Mz € Map}.
Augmentation: Let Py, = Pa, (Y1, Ma,) and Pa, = Pa, (W2, My,), then

Y1 0 ¥ 0 .
daug(Py,, Ps,) =£PA([ : 1 },dlag(MAuMAz)),

0 Yo 0 Yo
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where diag(M,,, Ma,) is defined analogously with the same operation in
the case of addition.

We next give an example that illustrates how parametrizations on the
form above can be obtained from well-known multiplier descriptions for a
repeated uncertain parameter. More examples are given in Appendix 3.11.

ExampLE 3.1
An uncertain real parameter 81, where § € [—1,1] can be described by
the following sets of multipliers

i {rX(jw) 0

= 0 —X(j(o)] :X eRLE™, X(jo) = X(jo)* 2 O},

s = {[ 40 Y(j“’)]:YeRszm,Y<jw)=—Y<jw>*},

| Y (jo)* 0
0 —JoA

H3A={ , J J:A:AT}.
LJOA 0

We can use the parametrizations
X(jo) = R(jo)*UR(jw), where U =UT >0,
and
Y(jw) = S(jw) — S(jw)*, where S = VS,

where R € RHY™™ S5 € RHY>™ and U e RMM v € R™M: It fol-
lows from Lemma 1.1 in Chapter 1 that any X and Y satisfying the
stated properties can be factorized in this way. We can now use the finite-

dimensional convex cones Pia(VY1, M1a) € Mg, Poa(We, Map) < HZA and
TaA(‘Pa,MBA) 134, where

R 0 U o
¥, = My, = :U=UT>0},
o a) {5 5] }
I 0 0 0 vV o
0o I MMlo o o v
¥y = , My = :V eR™N L
=1 0 s 2 Vi 0 0 0 R
S0 O o VI 0 o
iwl 0 0 A
\}’3= J , M3A= ZA=AT.
0 I A 0
We note that the constraints that specify the parameter sets are given in
terms of nonstrict LMIs. O
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3.5 LMI Formulations of Robustness Tests

Assume that we have obtained a finite-dimensional cone PA(Y, M) <
I1A. If we restrict Robustness Test 3.1 to P we get the following finite-
dimensional test.

ROBUSTNESS TEST 3.2—FINITE-DIMENSIONAL FEASIBILITY TEST
Find M € M, such that

D(jw)*Md(jw) <0, Yo e[0,00], (3.11)
where
G
O(s) = ‘I‘(s)[ lfs)] (3.12)
is a rational transfer function. O

We note that assumption (iiZ) in Theorem 3.1 implies that ® must be a
proper transfer function. We will next show how the frequency domain
inequality in (3.11) can be transformed to an equivalent LMI. The means
for doing this is to obtain a state space realization of ® and then invoke
the KYP lemma, which we state next.

LEMMA 3.2-—KALMAN-YAKUBOVICH-POPOV
Let M be a symmetric matrix. For the system ®(s) = C(sI - A)"'B + D,
where det(jw — A) # 0, Vo, the following inequalities are equivalent:

a.

O*(jo)MP(jw) < 0, Vo e[0,00].

b. There exists a matrix P = PT € R where n = dim(A), such that

A B1"ToprPlo]l[a B
I 0 P oo I o<o.

C D 0 oM C D

The equivalence holds for nonstrict inequalities if in addition (4, B) is
controllable.

\

Proof:  The lemma follows from Willems (1971b) in the case when (A, B)
is controllable. The formulation of the case with strict inequalities does
not require controllability. An alternative proof is given in Rantzer (1996).
I}

Introduce a realization ®(s) = Co(sI-As) 'Be+Do. It is by the assump-
tions on G and ¥ no restriction to assume that Ag has no eigenvalues on
the imaginary axis. Hence, it follows by the KYP lemma that Robustness
Test 3.2 is equivalent to the following LMI test.
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RoOBUSTNESS TEST 3.3—FEASIBILITY TEST WITH LMIS
Find P = PT and M e M, such that

T
Ao Bg 0 PO Ay Bo

I 0 P 0} 0 I 0 < 0.
Co Do 0 0[M || Co Do
The last constraint is an LMI condition. |

The parameter set M, can often can be specified in terms of strict or
nonstrict LMIs, see, for example, Example 5.1 and the examples in Ap-
pendix 3.11. Strict LMIs are easier to solve numerically. We will here
formulate conditions that allow us to solve the nonstrict LMIs as strict
LMIs.

Since M, is a convex cone we have ri My = My, where ri M, denotes
the relative interior of M. This proves the equivalence of the following
two problems.

1. Find M € M, such that ®(jo)*M®(jo) < 0, Vo € [0, ].
2. Find M e ri M, such that ®(jo)*M®(jw) < 0, Vo € [0,00].

This means that every constraint in M, that is formulated in terms of a
strictly feasible nonstrict LMI can be solved in terms of its strict version.

3.6 Computation of Robustness Criteria

In applications we often want to compute the stability margin or a per-
formance measure for the system. We consider the computation of such
robustness criteria in this section.

We need to parametrize the multipliers in terms of ¥, the robustness
criterion. This gives us a set valued function, I1x(y), of multipliers. The
robustness criterion can then be computed as an optimization problem on
the following form.

PrivMaL 3.1—PRIMAL OPTIMIZATION PROBLEM
\

infy subject to
311 e IMa(y), such that

P:q1G(jw) 1" G(j
(o) I(jw) o) <0, Vo e]0,00],
I I
where IIA(y) is a convex cone of multipliers for every value y. O

We assume that the following monotonicity condition holds.
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3.6 . Computation of Robustness Criteria

DEFINITION 3.5—MONOTONICITY OF ITA(7)

If o > 71, then VII; € Ia(y1) there exists IIo € IIa(y2) such that
II1(jw) = I(jw) for all ® € [0,00]. This ensures that the constraint
P is satisfied for all ¥ > Yop = infp y. O

The next example illustrate how such optimization problems can appear.

ExXAMPLE 3.2

Consider the system in Figure 3.1 with G € RH®® and a structured
perturbation A = diag(Aj, 8, 83). Here A; € H,, corresponds to a dynamic
uncertainty block with ||A1]lee € 1 and &§; : Lg[0,00} — Lg,[0,0) are
nonlinear operators satisfying the norm conditions ||62]] < 1and ||83]| < p.
We want to find an upper bound for p such that stability is guaranteed.
We can use the multipliers in

() = {diag(x1(j@), x2, x3, —x1(j®), —x2, —yx3) :
x1(jw) 2 0,Vw,and x9,x3 = 0}.

It is easy to see that I1,(y) satisfies the monotonicity condition. An upper

bound can be found by solving Primal 3.1 and then use pmax = 7 1/2

the bound.

ot s

A suboptimal solution to the optimization problem in Primal 3.1 can be
found in the following way. Restrict the problem to a finite-dimensional
convex cone Py (¥, Ma(y)) < Ma(y), where Mx(y) c RM¥ is a convex cone
of symmetric matrices for every ¥ € R. We assume that Po(¥, Ma(y))
satisfies the monotonicity condition in Definition 3.5

The constraint in Primal 3.1 can then be transformed to an equivalent

LMI condition in the same way as before. The corresponding restricted
optimization problem can be solved in either of the following ways.

1. f3y bisection on y.

2. As an eigenvalue problem for LMIs (EVP).

3. As a generalized eigenvalue problem for LMIs (GEVP).
\

The last two alternatives are not always possible to use. We restrict our
discussion to the case when Ma(y) has the form -

M11 M12 M11 M12
M = : My, 3.13
) {[Msz 7M22] [Msz M22] © A} (8.13)

Here M, < RV is assumed to be a convex cone of symmetric matrices.
This means that Ma(y) consists of matrices that depend affinely on 7.
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This form for Mx(y) is common in applications. Assume that we have the
realization ®(s) = C(sI — A)"!B + D of

G(S)] ‘

B(s) = ¥(s) [ i

If we use Pa(¥, Ma(y)) in Primal 3.1 with Mx(y) as in (3.13) then by the
KYP lemma we have the following equivalent optimization problem.

infy  subject to (3.14)
9P = PT, M e My, such that
Pl ae,um,y) <o,
where
A B]'[o Plo o A B
I 0 P 0} O 0 I 0
A(P,M,y) =
Cy Dy 0 O0|Mn Mp C: Dy
Cz Dz (VY Msz }’Mzz Cz Dg

(3.15)

The C and D matrices have been structured consistently with the struc-
ture of M in (3.13).

&

Eigenvalue Problems for LMIs ¢

We will here give a condition on M, in (3.13) that allow us to formulate
(8.14) as an EVP. To be more precise we will assume that the matrix block
My in (3.13) depends on one parameter only.

PROPOSITION 3.1—EIGENVALUE PROBLEM
Assume that there exist a matrix MY, and a parameter « such that

(i) My = aM, for all M € My, ,
(ii) o is restricted to be positive.
Then (3.14) can be formulated as the EVP

infy subject to
3P = PT, M € M2, such that (3.16)
A(P,M,y) <0,

where M2 = {M € Ma: My, = M3,}.
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Proof: Consider the optimization problem in (3.14). Assume that y >
infp,, ¥ and that P = PT and M € M, are feasible for the constraint, i.e.,
A(P,M,y) < 0. By assumption we have Moy = @M, for some o > 0. It
is clear that A(P/o,M /&, y) < 0 and that M /o € M2, This shows that it
is nonrestrictive to formulate the optimization problem as in (3.16). This
is an EVP since A(P,M, ) is an affine function of P, M e Mg, and 7.
Note that M} is a convex set. O

EXAMPLE 3.3—EXAMPLE 3.2 CONTINUED

In Example 3.2 let x; = R*UR, where R € RHYX! is a basis multiplier
and U = UT > 0 is the parameter. Hence, we can use the parametriza-
tion Pa(¥, Ma(7)), where ¥ = diag(R,1,1,R,1,1), and where MA(y) =
{diag(U,x2, x5, —U, —x2,—¥x3) : x2,%3 2 0, U = UT > 0}. In this exam-
ple Mss = x3 and it is no restriction to fix its value to xg = 1. We can
therefore use

M2 = {diag(U,x2,1,~U, x5, ~1) 1 %2 2 0,U = UT > 0}

in the EVP in Proposition 3.1. Let G be

900 Gn Giz O
G = m 0 G22 G23 ’
0 .Gs» Gs3
where
1 1
G =4, Gyg = , Gog = ——,
s+1 -s+1
- 100 1 S 10
e = ) G = .
G2 = 770257100 0% = Zro2st1 BT 5+10

We obtained the results in Table 3.1 using LMI-Lab, Gahinet et al. (1995).
Here ng4e, denotes the numbenr of (decision) variables in the optimization
problem and Ritz(p,n) denotes the multiplier

. - —py 1T
Ritz(p,n) = [1 £& ... E—i%;n] :

We did not find a basis R that gave a substantially better result. In Sec-
tion 3.7 we use duality theory to show that the optimal value of ¥ in fact
is close to 103. |

’ 91




Chapter 3. Computation of Multipliers

nae | Ritz(p,n) | Yopt
58 1 103.44
83 Ritz(0.1,1) | 103.29

Table 3.1 Numerical results for Example 3.3. Here nge, denotes the number of
unknown (decision) variables in the problem. It gives a measure of the complexity
of the computations.

Generalized Eigenvalue Problems for LMIs

The next proposition states conditions that allow us to formulate the op-
timization problem in (3.14) as a GEVP problem on the following form.

infy subject to
3P = PT, @ = Q¥ < 0, M € M, such that (3.17)
yB(M)< @, BM)<0, C(P,M,Q)<0.

Here B and C are linear functions of M, P, and .

PROPOSITION 3.2—GENERALIZED EIGENVALUE PROBLEM FOR LMIs
Assume that we have matrices N1 and N, satisfying the conditions

(@) [Ca2 D2]N;i =0,
(ii) for any M eri Ma,

NQT[CQ Dz]TMgz[Cz Dz]Nz < 0,

(iii) the matrix [N; N3] is square and invertible. -

Then the optimization problem in (3.14) can be formulated as the GEVP
in (3.17) with

N
B(M) = Nj [Cq Dz]TMzz[Cz Dy | Ny,

and

C(P,M,Q) =[N, Ny|"A(P,M,0)[N: N2]+[g g],

where A(P,M,y) is defined in (3.15).
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Proof:  To see this we note that the constraint A(P,M,y) < 0 in (3.14)
holds if and only if

[Ny N.]"4®,M,y)[Ny N:]<0.

This constraint can be formulated as

C(P,M,O)+y[g @(3”)] < 0.

Consider an arbitrary P = PT and M € M, such that this inequality
holds. We first note that it is no restriction to assume that M € ri M,,
which implies that B(M) < 0. It is clear that there exists a @ = QT < 0
such that the last three constraints in the GEVP hold. For the other
direction we note that when the constraint conditions of (3.17) holds then
we clearly have A(P,M,y) < 0. This proves the proposition. O

REMARK 3.5

Assume that Mye < 0 for all M € ri M, and that [C2 Do ] has full row
rank. Then the conditions of Proposition 3.2 are satisfied if we let the
columns of N be a basis for A/([C2 Dy]) and the columns of N be
a basis for A{([C2 Dz])*. These conditions on Mgy and [C; D] are
often satisfied in applications and they also ensure that the monotonicity
condition on PA (¥, Ma(y)) is satisfied. ) O

ExampPLE 3.4

Consider again the system in Figure 3.1 with the same G as in Example
3.3 but with A = diag(d1, d2, As), where 61 and &, are nonlinear operators
on Lg,[0,00) with ||6;]] < 1, for i = 1,2, and where A3 € Hy, has the norm
bound ||As|le < p. Again we want to find an upper bound for p such that
stability is guaranteed. We use the multipliers

I (y) = {diag(x1, 22, x3(j®), —x1, —%2, —yx3(j®)) :
h x1,%2 = 0,x3(jo) = 0, Val.

If we use x5 = R*UR, where R and U are as in Example 3.3 then we get
Pa(W, Ma(y)), with ¥ = diag(1,1,R,1,1,R) and

Ma(y) = {diag(x1, %, U, —x1, —29,~YU) : 21,25 2 0, U = U" 2 0}.

In this case My = —U. Hence, the conditions in Remark 3.5 are satisfied
for every reasonable choice of R and its state space realization. By using

: 93




Chapter 3. Computation of Multipliers

Naec | Ritz(p,n) Yopt
58 1 103.3
86 | Ritz(5,1) | 5.13
119 | Ritz(5,2) | 0.4789
158 | Ritz(5,3) | 0.1918
203 | Ritz(5,4) | 0.1918

Table 3.2 Numerical results for Example 3.4. Here Ritz(p,n) is defined as in
Example 3.3.

LMI-Labs GEVP routine we obtained the numerical results in Table 3.2.
The dual to this optimization problem will in the next section be used to
show that the last two basis functions Ritz(5, 3) and Ritz(5,4) are close
to optimal. We obtain the upper bound pmae = (0.1918)71/2, O

The Robust Performance Example

We will here briefly show the robust performance example in Section 3.4
can be transformed to a suboptimal EVP problem. We first find finite
dimensional cones.

Tia: We can use Pa(W, M,), where

R 0 U 0 r
= = M = >
¥ [O R]’ and M, {[O —U] U=U _O},

and where B € RHY! and U € RV,

Mpere: We use Poere(V, Mpers(7)), where

W, 0 O
sz 0
Y=|0 W, 0|, and Mp(y)= x>0,
0 -—yx
0 0 1

Yinp: Weuse Pyp([0 0 W],M,), where ¥ € RHY, and where Miy, is
defined as in (3.29) in Appendix 3.11.

We obtain a finite-dimensional parametrization Prot(Wrot, Mmot(y)) for the
total multiplier in (3.10) as

0 0
- Prot(y) = daug(Pa, Pnp + Ppert (7)) © daug (HA, Mpere(7) + [O T ]) .
inp

94 »




3.7 Duality Bounds

With this order of addition of Pinp and Pyere(7) we get Myt (y) on the form
as in (3.13) with My, = x, and where x must be positive. This means that

we can use Proposition 3.1 to formulate a suboptimal version of (3.10) as
an EVP.

3.7 Duality Bounds

The key problem with the LMI approach for multiplier computation is to
find a suitable basis multiplier ¥ for the cone PA(V, Ma(y) < Ia(y). A
large basis affects the speed of the computations severely. It is therefore
useful to have tools that help us to choose a good basis multiplier and tools
that can help us to evaluate the quality of a particular basis multiplier.
We will discuss briefly how the dual to Primal 3.1 can be used to give
a lower bound on the objective value y. This gives the desired quality
measure of the basis multipliers.

Figure 3.4 illustrates the use of the dual. The left hand side of the
figure illustrates that the primal constraint P is satisfied for all ¥ > Y.
The upper half of the right hand side illustrates the assumption that the
constraint of the restricted primal is satisfied for all ¥ larger than its
objective value 7,. A similar monotonicity condition will hold for the dual
optimization problem. The dual is infinite-dimensional and we have to
consider suboptimal solutions to it. Any such suboptimal dual objective
gives a lower bound on the objective value, Yo, of the primal. A small
duality gap indicates that the basis multiplier used for the primal is close
to optimal. !

A detailed treatment of the dual to Primal 3.1 will be given in Chapter
4 and 5. We will here state and solve the dual to the optimization problem
in Example 3.3. The multipliers in that example are of the form

Mi(7) = {G(jo) + ¥ : B(ja) € Ba(y), Yo & [0,60], ¥ € ¥a(1)},
(3.18)

where ®,(y) < C?™?™ ig a closed convex cone of Hermitian matrices for
all y € R, and ¥(y) < R¥2™ is a closed convex cone of symmetric
matrices for all y € R. Optimization problems involving such multipliers
are treated in Chapter 5. :

EXAMPLE 3.5—DUAL OF THE OPTIMIZATION PROBLEM IN EXAMPLE 3.3
The multipliers in Example 3.3 are of the form in (3.18) with

@A (y) = {diag(x1,0,0,—x1,0,0) : x1 > 0},
Ya(y) = {diag(0, o, x3,0, —x2, —¥x3) : X2,%3 2 0}.
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Y

PSS, A I } Duality gap

Figure 3.4 The vertical axis of the diagram corresponds to the objective value
y of the optimization problem. The left hand side of the diagram illustrates the
monotonicity condition on the infinite-dimensional primal optimization problem. The
right hand side illustrates the same monotonicity condition on the restricted primal.

It also shows how the dual can be used to obtain a lower bound on the objective
value Yopt.

It follows from the results in Chapter 5 that a, possibly suboptimal, so-
lution to the dual can be solved in the following way. Choose a frequency
grid Q = {1, w2} and solve the optimization problem:

»

supy subject to

(371,Z3 > 0, at least one nonzero, such that
[Gu(jo) Gu(jo1) 0]Zi[Gu(je1) Gui(jo1) 0] -Zy, 20,
[Gu(j@s) Gu(jo2) 0]Z:[Gu(jos) Gra(jws) O] —Zz, 20,

2
D [0 Gu(jor) Ges(jor)]1Z:[0 Gaa(jor) Gas(jar)]" = Zay, 2 0,
k=1

2 N
> [0 Gaa(jon) Gss(j@r)1Ze[0 Gaa(jwr) CGas(jor)]" = 72y, = 0.
k=1 -

The constraints in this optimization problem involve complex-valued lin-
ear matrix inequalities. We used LMI-Lab for various choices of frequency
grid. The results are presented in Table 3.3. We see that the last value in
the table is close to the solution of the primal in Example 3.3, O
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o | 0|
10 | — | 0.026
1 | - | 018
1 |10 | 1021

Table 3.3 Solution to the dual optimization problem in Example 3.5.

(1 W3 Yd
10 — | 0.026
5 — | 0.032
1 10 | 0.183
1 5 | 0.183
098 | — | 0.186

Table 3.4 Solution to the dual optimization problem in Example 3.6.

ExamMPLE 3.6—DUAL OF EXAMPLE 3.4
For Example 3.4 we have

() = {diag(0,0,x3,0,0, —yx3) : x3 > 0},
Pa(y) = {diag(x1,x2,0, —x1, —x2,0) : x1,x2 = 0}.

The dual will in this case be similar to the dual in Example 3.5. Numer-
ical solution with LMI-Lab for different frequency grids are presented in
Table 3.4. The largest value was obtained with only one frequency in the
grid. O

3.8 Practical Considerations

This section considers severalspractical aspects concerning the suggested
method for multiplier computation. We discuss issues that arise in a com-
puter implementation of the method and a brief discussion on the problem
of choosing suitable basis multipliers is given.

Issues in a Computer Implementation

In a computer implementation all manipulations are performed in terms
of state space realizations of the transfer functions involved. In particular,
the transfer function ¥ = [¥, ¥ ]inPa(¥,M,)is represented in terms
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of a state space realization. It is no restriction to assume that the Popov
multipliers contributes only to ., see Example 3.1. We use the following
notation

0
=C(sI-A)"'B+D+s[E, 0],
¢ |D. Dy|E.

where B = [B, Byland D =[D, D]
Assume that we have the cones Pia(W1, M1a) and Por(¥2, M2s), where
¥, and ¥, have the realizations

Ai|Bu By | 0
Cy I Dy, Dy l Ey,

¥ =

[ Ay 1 Bys Bgp l 0
, Y=
Cz I DZa D2b ‘ E2a

(3.19)

Then the transfer function ¥ resulting from the addition Pia + Pop has
the realization

Ay 0 | Byl O
g 0 Ay B 0
¥ - [ 1] - il (3.20)
Yo C: O Dy Eq,
0 Cy|Dz|Ezn

Let us consider diagonal augmentation in the same way. Assume that we
have the cones Py, (W1, Ma,) and Py, (¥2, My, ), where ¥4 and ¥s have the
realizations in (3.19). Then diagonal augmentation daug(®Pa,, Fa,) gives

g [Yu 0 ¥y O ]
| 0 WY O Yo
A, O|B, O By 0] 0 0
| 0 4|0 B 0 By O 0 (321
C; 0|Dww O Dip O |Ew O
0 C| 0 Dy 0 Dy| 0 B

We next show how to find a realization of

o-r[?]

Assume that we have obtained a realization ¥(s) = Cy(sI — Ay) By +
Dy + sEy and let the realization of the nominal system be G(s) = C(sl -
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A)7'B + D. By assumption (iii) in Theorem 3.1 and Theorem 3.2 it follows
that it is no restriction to assume

Hence, with

~ c = D
C = ) D = 3
o] 2=[]

we obtain the state space realization ®(s) = Co(sI — Ao) 'Bo + Do,
where
Ay B‘Pa] B\yﬁ}
o Al B
Co = [Cy DyC + EyCA], Do = DyD +E4CB.

Aq>=[ B¢={

(3.22)

These matrices can then be used in Robustness Test 3.3.

The constraints that define M, can in many examples be formulated in
terms of LMIs or frequency domain inequalities that have an equivalent
LMI formulation. We refer to Appendix 3.11 for examples. All manipula-
tion are also here performed in terms of the state space realizations.
Minimal Realizations: A very important issue regarding the efficiency
of the LMI computations is that the realization of the transfer function
Y¥ is of low order since this affects the order of P in Robustness Test 3.3.
The order of this matrix determines the number of variables that the LMI
solver has to optimize. ‘ '

Assuming that ¥; and ¥, above have minimal realizations, we see
from (3.21) that diagonal augmentation results in a ® with minimal re-
alization. However, when we add P;x and Pps then, as can be observed
from (3.20), we obtain a realization that is observable but not necessarily
controllable. By the PBH rank test, see Kailath (1980), we have control-
lability if and only if

sl — Al 0 Bl
k =ni+ng VseC,
ran 0 sl — A, B2] ni + ng s

where n; = dim (4;), i = 1,2. We can see that the realization is con-

trollable if for example eig(A;) N eig(A2) = &. To conclude we have the
following properties.
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Initial
Multiplier

Solve
LMI Problem

w Yes

No

Improve
Muitiplier

I

Done

Figure 3.5 Algorithm for multiplier optimization.

1. If the basis multipliers supplied by the user have minimal realiza-
tions then the realization of ¥ can lose minimality only when adding
multiplier sets.

2. The suggested realization of

D=V [f] (3.23)

in (3.22) may lose minimality even if both G and ¥ have minimal
realizations. ’

It would be possible to use a model reduction algorithm to reduce the order
of a non-minimal realization. However, there are some drawbacks with
this. First it may introduce unnecessary numerical errors. Secondly, most
model reduction algorithms require causal systems. This is a problem if
noncausal multipliers are collected in ¥ since this gives an unstable ® in
(3.23). This is sometimes convenient to do but never necessary. Thirdly,
the sparsity pattern of the matrices appearing in Robustness Test 3.3 may
be lost. This might increase cor{qutational complexity.

Choice of Basis Mulitipliers

The success of the proposed method for multiplier computation is cri%ically
dependent on our ability to find a good basis multiplier. In applications we
use the algorithm in Figure 3.5. The different steps are explained below.

Step 1. Initial Multiplier: Start with simple multipliers. Popov multi-
pliers and constant multipliers are often sufficient. The correspond-
ing LMI computations will be of low complexity.
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Step 2. Solve LMI Problem: Depending if we have a feasibility prob-
lem or if we compute a robustness criterion we solve the convex
feasibility test in Robustness Test 3.3 or any of the optimization
problems in Proposition 3.1 or Proposition 3.2.

Step 3. Satisfied?: For a feasibility problem we stop once we have a
feasible solution or if we can prove unfeasibility of the problem by
using duality theory. For robustness margin problems we stop when
the duality gap is small.

Step 4. Improve Multiplier: This is the hard step. We used ad-hoc ar-
guments for the numerical examples in the thesis. We discuss this
below.

Ideas for Improving the Basis Multiplier: In each iteration we ob-
tain a multiplier I, = W;M,¥;, where M, is the solution to the LMI
problem in the second step of the algorithm. The quality of this multi-
plier can be investigated by studying the function

f(0) =7 ([G(ﬁ“’)]* o) {G(ﬁ“’)D ,

where A denotes the largest eigenvalue.-A plot of (@) as a function of
@ in a diagram gives information about the worst frequencies. A suit-
able multiplier that is active at these frequencies should be included to
improve the basis. However, the choice of this additional multiplier is a
difficult problem. To see this we notice that the multiplier I, in gen-
eral is structured since it has been obtained by a diagonal augmentation
1, = daug(ITx(), ... , x(n)). Every multiplier I in this combination is
also subject to various constraints. It is therefore a nontrivial problem
to improve the multiplier such that it contributes in useful directions.
However, although it is a nonsmooth and infinite-dimensional problem
we believe that it is possible te develop useful gradient methods that in-
dicates how the additional multiplier should be chosen.

It may also be useful to exclude those parts of the basis '¥;, that does
not contribute to the robustness problem. This can be done by investigat-
ing elements in M} that are small in magnitude. The corresponding parts
of ¥}, can most probably be removed without any loss.

The removal and inclusion of multipliers is performed by adding or
removing suitable subcones Px(¥3+1, M(z+1)a) to the total multiplier de-
scription.
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3.9 Conclusions

We have introduced a format for multiplier computation in robustness
analys. It is applicable to a large class of systems. The resulting compu-
tational problem can be formulated as a convex optimization problem in
terms of linear matrix inequalities. There are interesting problems that
remains to be solved. It would in particular be useful to have tools that
give directions for improvement of the basis multiplier that defines the
subspace over which the analysis is performed.

3.10 Appendix: Proof of Theorem 3.2 and Remark 3.4

Let w e LI[0,00) be in Wyp. The stability assumption implies that A(y) €
L7'[0, 00). Consider the operator

~ 0 O
1= daug (HB + HP,Hperf + l:o Yinp:l) .

We note that the condition A [ G11(00) Giz(o0)] = 0 implies that

G1*~[G "
H= [I} H[I] e RL{ ™ (Em),

Hence, H is a bounded and Hermitian valued operator on Lgm”)(—oo, 00).
NF

Evaluation of the corresponding quadrat’ic functional for [A/(E)* v ]*
gives

oo [ [SO] 5] (2] [0 [ 2] e[ 2]
2];0 A()TA(Pry) dt + /_Z [A/(y;)} g [&%)] de+ /_:@*Yﬁda).
2 ~7|Payol?=0 0

The equality follows from the o})servations
G [A(Ay)] - H ,
w z

F-1 {ij[Gu G2 ] [Ag)}} = A(Ppy)',

and
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where 7! denotes the inverse Fourier transform. We note that P, y(0) =
0 since it is assumed that there are no initial conditions in the system.

©rzl* z
/ [A:| Hperf|:,\:| do < 0.
oo LU w
This proves the theorem.

The statement of Remark 3.4 follows since the upper left block of the
inequality (3.6) implies that

[Gll(jw)]*n(jw) [Gn;jw)] N [Gm(jw)

I 0 0

) . [ Gar(jo)
j{ Hperf(.]w) |: :| <0,
for all @ € [0,00]. By assumption (ib) the second term is nonnegative.

Hence, the stability follows from Theorem 3.1.

3.11 Appendix: Finite-Dimensional Multiplier Sets

This appendix gives several examples of how different multiplier sets can
be put into the finite-dimensional format P (W, M,) in Definition 3.4. The
list of examples is by no means complete but it shows how a wide variety
of constraints can be treated.

We start to show how a conic combination of multipliers can be put
into the format in Definition 3.4. A conic combination of multipliers IT =
Yoiqoi(Wi+ ¥}), where a; 2 0, can be represented as Px (¥, M,), where

¥4 0 (le

v = R MA = o 20
v, 0 |axd
I ol .. o | 0

We will in the next three subsections treat multipliers for the pertur-
bation A, multipliers for performance specifications, and multipliers for
signal specifications, respectively. :

Multipliers for the Perturbation A

We will here show how finite-dimensional parametrizations in the format
of Definition 3.4 can be obtained for multiplier descriptions of polytopic
uncertainty, slowly time-varying parameters, and slope restricted nonlin-
earities.
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Polytopic Uncertainty: Let A(¢) be a measurable real-valued matrix
function with A(¢) € co{Ay,... ,Ax} for all £ > O (the polytope defined as
the convex hull of the vertices A; € R™™). Then the operator defined by
multiplication by A in the time domain satisfies the IQCs defined by the
multipliers in P (¥, M4), where ¥ = I, and where

117 I
M, = MERZ"‘X2"‘:M22SO,[ ] M[ ]zo,Vi,...,N .
A; A;

Here My, is the lower right m x m matrix block. Note that the set M, is
defined in terms of a finite number of LMI conditions.

Slowly Time-Varying Parameter: Let us consider a slowly varying
multiplication operator. Let A(¢) = &(¢)I, where §(t) is a slowly time-
varying real parameter that satisfies the constraints

E<S(t) <k VE20,

—205(t) < ia(t) < 208(), Vi 2 0.

for some 0 < k < k < 0o and ¢ > 0. We can assume that % is small and
that % is large. We can use the multipliers that follows from the stability
result in Sundareshan and Thathachar ¢1972), where the case with a
single parameter was treated. The extension to repeated parameters is
trivial as was shown in Jonsson (1995). Let M1, M, € RHZ™(«) with
M;(jo — o)+ Mi(jo — «)* 2 0 for all € R and for i = 1,2. We can use

M{jw) = U 0 . M(je) )
0[2) 0
where M = My + M3,
A finite-dimensional subcone is obtained by using My = UMy and
My = VMg, where Myg, My € RHY™(a) and U,V € R"‘XN In the
format Px (¥, M,) we use -~

Iy 0
¥ 0 Iy ’
0 M
Moy 0
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and
0 0o U 0
My=<(M= 0o 0 0V O (jo) MO (jw) 20, VweR
A= = UT 0 0 0 . 1y 1y = Y, € >
o Vvl 0 o
where
I, 0
0 Iy
()] =
1(8) Mlo(s—(X) 0
0 M20(S—a)

We can obtain a controllable realization of ®; from controllable realiza-
tions of M1y and Myy. The frequency domain constraint for M, is then
equivalent to a nonstrict LMI. This is a consequence of the nonstrict ver-
sion of the KYP lemma.

Multiplication by a Harmonic Oscillation Let A(t) = cos(wot)ln,
be the multiplication operator defined by (Au)(¢) = cos(wot)u(t). We can
use the multipliers from Megretski and Rantzer (1995),i.e.,

(X (jo + jan) + X(jo - joo)) 0

N{jw) = / ,

ve) 0 ~X(jo)
where X (jw) = X(jw)* = 0. Let us use the finite-dimensional restriction
X = R*UR, where U € R¥Y gatisfies U = UT > 0, and where R €
RHY*™ has the realization R(s) = C(sI — A)"'B'+ D. In the format
Pr(F, M,) we use

5 0 U 0 0
‘P:[O R}, MA=\{ 0 U o :U=UT20}.
0 0 -U

The transfer function B € RH2Y*™ ig obtained by a spectral factorization.
It has the realization

ro=[G o (e[ T[] 5] ems
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We will next prove this spectral factorization. With X = R*UR we can
represent (X (s + jwo) + X (s — jwo)) as

%R(s+ja)0) *[U 0] \—/1—§R(s+ja)o)
LR(s—jo)| L0 Ul|ZR(s-jon)

There is, however, a problem since

is not in RL2™™. This is taken care of by making a similarity transfor-
mation of B with

T [In I, ]
i —jI ]

This gives the realization

R(s) = <—301 w21>|(2(1)3>
(o o) ()

With this representation it is easy to verifgr that ,

= [U 015, . =,  [U 074
Fo)|y o|Bo=Fe | |ke.
where R is defined as in (3.24). This gives the result.

Odd Slope Restricted Nonlinearity Assume that the nonlinearity
¢ : R — R satisfies the conditions

(i) @ isodd, N
(i) there exists £ > 0 such that |p(y)| < k|y|, for all y € R,

(iii) the slope condition

o< L0006
Yi— Y2

holds with —c0 < @ < f < o0.
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We assume for simplicity that S # 0. Then ¢ satisfies the IQCs defined
by the multipliers

, 0 ho + H(jo)*
M(jw) =TT [ho + Hjo) 0 T, (3.25)

see Zames and Falb (1968). Here hy > 0, and H is a strictly proper
rational transfer function with a corresponding weighting function %z that
satisfies the the L;-norm condition

IAlls = / IB()dt < ho.

The transformation matrix is defined as
1 _R-1
T - [ p ] |
1 1

To obtain a finite-dimensional parametrization we use the ideas suggested
in Laiou (1995). Let H; € RLX, i = 1,...,N, be strictly proper basis
functions for a finite-dimensional parametrization of H and express H as

N
H =) (Af -AD)H,
i=1

where A}, A7 = 0. We can assume that H; = H;; + Hj,., where the causal
part has the realization H;, = C;.(sI—A;;) 1B, and where the anticausal
part has the realization Hjge = Cige(sI —*Ajae) ' Bige. The Li-norm of the
weighting function corresponding to H; can be computed as

”hzlll =/ lCiceAictBic]dt‘f'/ |Ciace-AiactBiac]dt-
0 0

Then the constraint

Y AF + ARl < ho (3.26)
ensures that ||2||1 € ho. To obtain a parametrization P5 (W, M) we define
_ - N } -
e 1 o
1 0 -1 AF |-
Hy |0 (|74l A7
Y=| -H |0]|T @ = | ||k |, A=
Polo E '
A'F
Hy |0 ol il
| —Hy | 0] L 1wl e
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hl(t) hz(t) h3(t)

Figure 3.6 Impulse responses with little overlap.

We can now use Pa(W¥,M,), ¥ is as above, and where

0 AT
MA:{Mzh 0}:chMtblsO,hozo,ljzo,ﬂi‘zo},

The Lj-norm constraint in (3.26) is in general conservative. We need to
find basis multipliers H; with impulse responses that overlap as little
as possible in order to avoid unnecessary conservativity, see Figure 3.6.
This is generally hard since the impulse responses h; are combinations
of exponential functions and it would require multipliers with high order
transfer functions to obtain the desired overlap condition. This affects the
speed of the LMI conditions. It is for many applications sufficient to use
basis functions with impulse responses .

G

e t>0 0, t>0
hm(t) = d ha(t) =
m(®) {0, t<o, 2nd () {t”e“’, t <0,

where o > 0. Then use the multiplier

Ay -2z AF—A;
H{jo) = ‘_L—Lm' - —"———Ln' ,
() ;ﬂ m;{ﬂ (o + a)ym+t n;\%ﬂ (o — o)n+1

where 4 is a set containing the pole locations, and where M, and N,
contains the degrees of the transfer functions in the basis. These sets are
chosen by the user. ’

We finally note that there is a class of multipliers also for the case when
the slope restricted nonlinearity is not odd, see Zames and Falb (1968).
They are of exactly the same form as those in (3.25) with the exception
for the additional constraint 2 (¢) < 0. This adds an extra difficulty to the
multiplier computation. However, it can still be solved with LMI methods,
see Chen and Wen (1995).
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Multipliers for Performance Specifications
We here give an example of a multiplier for performance specifications.

Weighted Sensitivity Consider the condition
IWH|l <1

on the weighted induced Lg-norm of the closed loop system. Here W ¢
RHéff is a weighting function and H = G + Ga1A(l — G11A)"1Gyy is
the closed loop system operator. This performance specification can be
represented by the multiplier

fuati) = [VUTF0O) 0]

0 -I,

which is included in the cone Ppers (¥, Mperr), where

W 0 I; 0
¥ = y Moers = x 205,
[0 Iq] pet Ho _IJ * }

An example that illustrates the use of this performance specification was
given in Example 3.4.

Multipliers for Signal Specifications

We recall that a subset W < LJ[0,00) can be described in terms of a
convex cone Yiyp if W < Whnp, where

-

W%m::%ueLﬂQmﬁt/ wuwrruwmmm»dwzo,vrer}.

Dominant Harmonics Let w € Li[0,00) be a bandpass signal with
suppw € [-b,—a] U [a,b], where supp W denotes the support of the
Fouriér transform of w. It was shown in Section 3.3 that it would be
optimal to use the multiplier

. 0, lo|] € [a,b],
Y =
(o) {—oo[ , otherwise.

A finite-dimensional subcone that approximates the optimal multiplier is
obtained by using Y(jw) = (x|H(jw)|*> — d)I, where H is a given band-
pass filter with monotonic slopes around some point in the interval (a, b).
The following constraints must be satisfied:

x|H(jb)|2-d > 0, (3.27)
x|H(ja)|>-d = 0, (3.28)
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|H |2 XH]? - d

ala)
b -a | a b o jb —a\—l—/a b\_a)

Figure 3.7 Filter specification for band-pass signals.

where x,d > 0. The idea is illustrated in Figure 3.7. We can obtain mul-
tipliers that are close to optimal if H is a sharp filter. In our format we
use Pinp (¥, Minp), where

HI

¥ - [ ! q] , Minp = {diag(xl,, —dI,) : (3.27) and (3.28) holds} .
q

Signals with a Given Spectral Characteristic: Consider the follow-

ing subset of LI[0, c0)

2
Wy = {w e LL[0,00) : |B(jw)|? = llllIL;IIII%lH(jw”Z}’

where H € RH2 is strictly proper and where ||H||; denotes the Hz-norm
of H. It was shown in Lemma 3.1 that Wy < Wi, when

o0
Yinp = {r =Y* e RLY?: / Y(jw)|H(jo)*do = o}.
-0
In order to find a finite-dimensional parametrization of Yiy,, we let T =
YUY, where ¥ € RHY*! and where U = UT € RM™¥, Assume that
we have the realization ®(s) = ¥(s)H(s) = Co(s] — Ap) 1Bo. Then the
condition Y € Yinp becomes

T poo oo o
/ ®(jw)'U®(jw)dw = BY / A CTUCpet*'dt Bo.

oo 0 _

Py

A well-known argument shows that Py = PJ satisfies the Lyapunov equa-
tion

Aqu) -+ Pq)Aq) + CgUCcp =0.
It follows that we can use Pinp (¥, Minp) < Yinp with this ¥ and with
Minp = {U : ALPg + PoAg + CTUCy = 0,
BIPyBg = 0, and Py = P1}. (3.29)
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4

Duality Bounds in Multiplier
Computation

Abstract

Frequency domain conditions involving multipliers are useful for
robustness analysis. The resulting analysis problem is generally con-
vex, but infinite-dimensional and numerical solutions restricted to
finite-dimensional subspaces need to be considered. The resulting
finite-dimensional problem can be transformed to a linear matrix in-
equality, which can be solved with efficient algorithms. This chapter
presents a format for the dual of the infinite-dimensional problem.
The dual optimization problem can be used to estimate the conser-
vatism of particular finite-dimensional subspaces for the primal.

’

4.1 Introduction

Many practical systems can be modeled as a feedback interconnection of
a linear time-invariant (LTI) plant G and a perturbation A. The pertur-
bation consists of everything in the system that cannot be modeled as an
LTI plant. For example, it can contain nonlinear elements, time-varying
elements, and uncertain elements with various assumptions on the un-
certainty. N

Several classical results from 1960-1975 give sufficient conditions for
stabilityin terms of the Nyquist curve in the case when G is a single-input
single-output (SISO) plant for various nonlinear and/or time-varying per-
turbations, see for example Desoer and Vidyasagar (1975). Since the early
1980s much progress have been made on computational methods for ro-
bustness analysis in the case of multivariable systems with structured
uncertainty. For example, Doyle introduced g-analysis, which can be used
for robustness test of a large class of systems with structured LTI per-
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turbations by solving an optimization problem at a preselected grid of
frequencies, see Doyle (1982), Packard and Doyle (1993). However, in the
case of nonlinear and/or time-varying perturbations there exists coupling
between frequencies and the optimization problems at different frequen-
cies cannot be treated separately. One way to overcome this problem is to
parametrize the multipliers involved in the optimization problem in terms
of a basis of rational transfer functions, Ly et al. (1994) and Balakrish-
nan et al. (1994). The corresponding optimization problem can then be
transformed into an equivalent linear matrix inequality (LMI) which can
be solved by efficient numerical algorithms. The set of multipliers for the
original, primal, optimization problem is in general infinite-dimensional.
Parametrizing this set in terms of a finite-dimensional basis means that
we only solve a restricted version of the primal. The effectiveness of this
approach is therefore critically dependent on the choice of basis.

The objective of this chapter is to derive a dual optimization problem
that can be used to investigate the quality of a particular basis. More
precisely, if there is a small duality gap then this shows that we have a
good basis for the primal optimization problem.

We will consider robustness analysis in the unified framework based
on integral quadratic constraints (IQCs) that was suggested in Megretski
(1993b) and Rantzer and Megretski (1994). The computation of a robust-
ness criterion, ¥, is an optimization problem of the following type

infy subject to -
1 eIl , such that ’
A7) (4.1)
Glio)T* G(i
[ (;w)] M(jo) [ (j“’)] <0, Vo e[0,00],

where T, (7) is a convex cone of rational transfer functions for every value
of the parameter 7. The cone I15(y) is generally infinite-dimensional and
we obtain solutions to (4.1) by introducing a finite-dimensional rational
basis for the multipliers in IT,(¥). Then we solve an equivalent optimiza-
tion problem that has LMI conditions in the constraint. The solutions
obtained by this method are generally suboptimal.

In order to estimate the conservativeness of a particular basis we de-
rive the dual optimization problem. The dual is an infinite-dimensional
optimization problem that can be hard to solve. However, by considering
finite-dimensional restrictions, we can solve it for a large number of prob-
lems that are of interest in practice. Initial results in the direction of this
chapter have been presented in Jonsson and Rantzer (1995).
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4.2 Mathematical Preliminaries

This section presents the necessary mathematical preliminaries and nota-
tion needed in the chapter. The following standard definitions and results
from functional and convex analysis can be found in Luenberger (1969).

o Let X be a normed vector space. The dual of X is the Banach space
consisting of all bounded linear functionals on X and it is denoted
by X*. If x € X and x* € X*, then (x,x*) denotes the value of the
linear functional x* at x. We only consider vector spaces defined over
the real scalar field and real-valued linear functionals.

e Let H : X — Y be a bounded linear operator. Then the adjoint
operator H* : Y* — X* is defined by the relation

(Hx, y*> = <x, ny*>,

for all x € X and y* € Y*.

e Let A; @ Ly/[0,00) — LJ/[0,00), for i = 1,2. Then the operator
diag(A1, Ag) : Li*™[0, 00) — L *™2[0,00) is defined by the input-

output relation
) =[]
ye Ag(uz) |’
where y;,u; € Lg[0,00) for i = 1,2. g

o A convex cone C is a convex subset of a vector space with the property
thatif x € C, then ax € C for all o > 0.

e We will use the following notation for optimization problems with
constraints ‘

infy f infy subject to P,

where P denotes a constl\"aint definition.

The following separating hyperplane theorem will be a main tool-in the
chapter.

PROPOSITION 4.1—SEPARATING HYPERPLANE THEOREM

Let C, and C; be disjoint convex sets in a normed vector space X. Assume
further that C; is open, then there exists z € X* such that {x1,2) < (xg,2)
for all x; € C; and x5 € Cs.
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Proof: This is essentially Theorem 3 on page 133 in Luenberger (1969).
In fact: C = C; — Cy is an open and convex set such that 0 ¢ C. By the
geometric Hahn-Banach theorem there exists an element z € X* such

that (x,2z) < 0 for all x € C, from which the proposition follows. O
Next is a list of notation and function spaces used in the chapter.

M Denotes conjugation of a complex-valued matrix.

MT Denotes the transpose of a matrix.

M* M* = " denotes Hermitian conjugation of a complex matrix.

I Denotes the identity operator or the identity matrix.

tr The trace of a matrix defined as tr(M) = > My, i.e., the sum of

the diagonal elements.

|-|r  The Frobenius norm of a real or complex matrix M is defined as
|M|p = \/te(M*M).

RLZ™ The space consisting of proper real rational matrix functions with
no poles on the imaginary axis. Note that x € RLZ>™ satisfies
x(—jw) = x(jw). We also note that x* generally means the ad-
joint defined as x7(—s). The adjoint reduces to the Hermitian
conjugate of x when s = jw. We define the norm on RL">™ as
llx|| = maxye[0,00)|2(j@)|F. This is not the usual norm on RLZ™.

RHZY™ The subspace of RLZ*™ consisting of functions with no poles in
the closed right half plane. g

Sprm - The subspace of R™™ consisting of symmetric mxm matrices with
the Frobenius norm. The dual space can be identified with S/™>™
itself and the linear functionals are defined as (x,z) = tr(xz),

. where x,z € S, ‘ ‘

Smxm - The subspace of C™™ consisting of Hermitian mxm matrices with

the Frobenius norm. The dual space can be identified with S™™
itself and the linear functionals are defined as (x,2) = tr(xz),
where x,z € 57", Notethat this linear functional is real-valued.

S ™ The subspace of RLZX™ consisting of functions satisfying x(jw) =
x(jw)* for all w.

\Y

The notation M > 0 (M > 0) means that the matrix M e S/¥"
is positive semidefinite (positive definite). If x € SZ™2™ then we
sometimes use the notation x > 0 (x > 0) to mean that x(jw) > 0
(x(jw) > 0) for all @ e [0,00]. Similarly, x; > x3 means that
x1(jw) — x2(jw) = 0 for all @ € [0, o0].
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Note that the functions in $”*™ can be viewed as a subspace of the contin-
wous and Hermitian valued functions defined on the extended imaginary
axis. Their limit value lim,_ x(j®) is a well-defined matrix in S7*".

We will need the dual of S7™. Proposition 4.2 below shows that we
can use the Banach space of functions of bounded variation on the ex-
tended real axis. It would be possible to work with functions defined on
the unit circle instead of the extended real axis. In fact, we could use
a Mobius transform (the so called bilinear transformation) to transform
the functions on S™ so that they are defined on the unit circle. The
corresponding dual space is also defined on unit circle. We will however
transform back to the extended real axis. The main reason for doing this
is that it is most natural to work on the extended real axis when analyz-
ing systems that are defined in terms of transfer functions in RHy,. We
use the following definitions.

mxm  The Banach space of functions R U {00} — Smxm of normalized

bounded variation. Every z € S™™ satisfies the properties

(i) z(-w) = —z(w) for all @ € [0,00] and 2(0) = 0,
(ii) z is continuous from the left on (0,00).

The norm on S"2™ is defined as ||z|| = T.V.(z), where

o N
TV.(2) = / (@)l = 25up > |2(@3) - 2@kl

- k=1

where 0 = @y < W1 € @3 £ ... € @y = oo is a partition of [0, 00},
and the supremum is taken with respect to all such partitions.
Every z € S7%™ has ||z|| < co.
Prm  The positive cone defined as
P = {7 € ST z(wy) 2 2(@y), Yoo > w3 2 0}
We sometimes use the notation dZ > 0 to mean that Z € Pgg™.

PROPOSITION 4.2

The dual of S™™ can be identified with Sy, If x € ST and z € 5™,

then the linear functional is defined by the Stieltjes integral

(x,2) = /_ Z tr(x(jw)dz(w))
Y (4.2)
= 2 lim 3" tr(x(j0s-1)(2(@5) ~ 2(04-1)));
k=1

where 0 = @y < W1 < W3 < ... < @y = oo is a partition of [0, 00], and the

,,,,,
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Proof: We use the Mobius transform w(z) = (z—1)/(z+ 1) to transform
the unit circle, 9D, to the imaginary axis. For any x € S let ¥ = xo .
The restriction to the unit circle of the functions X obtained in this way
is a subspace of the Banach space of continuous functions x : D — S7*™
defined by the following assumptions:

(i) x(eV®) = x(e/®), for all w € [0, 7],
(if) the norm is defined as ||X|| = max,e[o.7|%(e’®)|F.

It follows from Theorem 1, on page 113 in Luenberger (1969) that the
dual space consists of functions z : 8D — S™™ of bounded variation.
The proposition follows after transformation with the inverse Mébius map
w1t ie, z(w) = Z2(y1(jw)) for all @ € [~o0,00]. Note that the symmetry
around @ = O for the spaces ST and ST implies that we can compute
the Stieltjes integral in (4.2) in terms of positive frequencies. O

The next two propositions will be used in applications of our duality re-
sults. The first one is immediate.

ProOPOSITION 4.3
Let z € 5557, The condition

(x,2) 20, VxeSZ™ with x(jw) 2 0,

implies that z € P, O

For the second proposition we consider the’space of skew-Hermitian func-
tions in RL™, ie., the functions satisfy y(jw)* = —y(jw). The dual
space consists of functions of bounded variation with the same properties
as the functions in S except that they take skew-Hermitian values.
The functionals can be defined in terms of the same Stieltjes integral as
in (4.2). We have the following proposition. *

PROPOSITION 4.4
Let z € 572%™ The condition

{y,z2—2") 20, Vy e RLZ™ with y(jo)* = —y(jw),
implies that z — 2* =0.
Proof: Wenote that z—2* takes skew-Hermitian values. The proposition
follows from the corresponding property for matrices. Hence, assume that

Z = Z* and that tr[Y(Z - Z*)] 2 Ofor all Y = -Y*. Let Y = Z - Z*.
Then 0 < —tr[(Z — Z*)*(Z — Z*)] < 0. Hence, Z — Z* = 0. O
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A A

G(s) z G(s) w

Figure 4.1 System setup for stability analysis and performance analysis respec-
tively.

4.3 The Primal Optimization Problem

A general and unified approach to the use of multipliers was introduced
in Megretski and Rantzer (1995). The method is based on the concept in-
tegral quadratic constraint (IQC). A bounded operator A (possibly nonlin-
ear) on L0, 0o) is said to satisfy the IQC defined by the matrix function
IT € §2>2m  called the multiplier, if

[ o) 17 0e) "
/_oo [A/(;)(]w)} M{jw) [A/(;)(Ja))} do > 0, forallveL7[0,00).

Here 9 and A(v) denote the Fourier transforms of v and A(v). Based on
this definition, each operator A can be described by a set IT of multipliers
that define IQCs satisfied by A. -

IQCs can be used in robustness analysis of the systems in Figure 4.1.
Here G is a bounded causal with transfer function in RH;*” and A is a
bounded causal operator on LZ[0, 00). It is possible to analyze the system
with respect to robust stability and robust performance. The first step in
the analysis consists of finding a description of the perturbation A in terms
of multipliers. The following properties are convenient when deriving a
description of A.

Property 1 If A is described by the convex cones IT;a and Iz, then A is
also described by IIp = Tl1a +\H2A = {Hl + Ty : 11 € I114,105 € HzA}.

Property 2 Assume A has the block-diagonal structure A = diag(A1, Az),
and that, for i = 1,2, A; satisfies the IQC defined by i

M;ay iag)
W=l Mgy |’
i(12) i(22}

where the block structures are consistent with the size of A; and Ag,
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respectively. Then A satisfies the IQC defined by

Miay 0 | Mgy 0
0 TIpuy| O  Iaag
daug(T1y,I1p) = -
1_[1(12) 0 Hy(22) 0
0 H3(12) 0 (a2

If, for i = 1,2, A; is described by the cone I, then A = diag(A;, Ag) is
described by daug(I1s,,1a,) = {daug(1y, IIs) : TI; € ITx,, T3 € T4, }.

Addition and diagonal augmentation of any finite number of cones can
be done in the same way.

In robust performance analysis we also need multiplier descriptions of
the performance specification and the characteristics of the input signal.
These should be augmented to the multiplier description of A. This is
discussed in more detail in Chapter 3 and Section 4.8. The robustness
analysis can be formulated as an optimization problem on the following
form,

PrRIMAL 4.1—PRIMAL OPTIMIZATION PROBLEM

infy subject to
3T € M4 (y), such that
P:qrajo) G(jo)
I I

»

} M{(jw) { ] <0, Vw e[0,0],
where TTj(y) < SZ™2™ is a convex cone for every ¥ € R. This implies that
0e HA(}/) . O

The parameter ¥ corresponds to the robustness criteria which is investi-
gated. It could, for example, correspond to a stability margin. We assume
that the following monotonicity condition holds.

DEFINITION 4.1—MONOTONICITY OF I A7)

If 2 > 71, then VII; € Ix(1) there exists IIy € II5(y2) such that
INi(jo) = z(jw), for all @ e [0,00]. This ensures that the primal con-
straint is satisfied for all ¥y > infp 7. O

The constraint P in the primal optimization problem typically corresponds
to an infinite-dimensional convex feasibility test. The following compu-
tational algorithm for obtaining a, possibly suboptimal, solution to Pri-
mal 4.1 can be used. This is explained in more detail in Chapter 3.
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(i)

(iii)

4.3 The Primal Optimization Problem

Restrict the primal optimization problem to a finite-dimensional sub-
space by considering the subcone Py (¥, Ma(y)) < Ha(¥) defined as

Po(¥, Ma(y)) = {¥*"M¥ : M € Ma(7)}.

Here ¥ € RLY)?™ is a basis multiplier and M(y) < RM¥ is convex
cone of symmetric matrices for every ¥ ¢ R. It is assumed that
Pa(W, Ma(y) satisfies the same monotonicity assumption as IT4(7).

It follows from the Kalman-Yakubovich-Popov lemma that the con-
straint of the restricted optimization problem is equivalent with a
finite-dimensional LMI test. The restricted optimization problem be-
comes

infy subject to
p {EPO = P¥, M e Ma(y) such that
LMI

NTA(Py, MYN < 0,

Here A is a constant matrix that depends on the state space real-

ization of
O =V G
= e

and 4 depends linearly on Py and M.

’

We can obtain a solution to the restricted primal by either of the
following methods.

a. By bisection on 7.
b. As an eigenvalue problem for LMIs.
c. As a generalized eigenvalue problem for LMIs.
LMI, EVP, and GEVP problems can be solved efficiently by numerical

software, see for example Boyd et al. (1994), Boyd and El Ghaoui
(1993), and Nesterov and Nemirovski (1993).

The success of the computational method described above depends on the
choice of finite-dimensional subspace for the restricted primal. It is de-
sirable to keep the dimension of this subspace as low as possible since
the speed of the LMI computations depends critically on it. In order to
evaluate the quality of a particular subspace we would like to have a
method to obtain lower bounds on the primal optimization problem. The
dual optimization problem derived in the next section can be used for

v 119




Chapter 4. Duality Bounds in Multiplier Computation

Yy

Figure 4.2 Notation used to deseribe the motion of ships.

exactly this purpose. The dual is infinite-dimensional. However, in ap-
plications we may obtain, possibly suboptimal, solutions by restricting
attention to finite-dimensional subspaces. The resulting restricted dual is
an optimization problem with a finite-dimensional convex constraint. We
can then consider the primal optimization problem solved when we have
obtained suboptimal solutions of the primal and the dual with a small
gap between their corresponding objective values. We illustrate with an
example.

EXAMPLE 4.1—SHIP STEERING DYNAMICS

We will consider ship steering dynamics as in Example 9.6 in Astrom and
Wittenmark (1989). The dynamics for the ship can, with notation as in
Figure 4.2, be approximated by the Nomotp model

(1) = v(t)(~ax(?) + bu(t)v(t)),
w(t) = (),

where ¥ denotes the heading of the ship, v denotes the rudder angle, and
v is the speed of the ship. It is assumed that v(¢) > 0. We will as in Astrém
and Wittenmark (1989) study stability of the ship steering dynamics for
an open loop unstable tanker controlled by the PD regulator

v.= —-Ky,
K(s) = Rk(1+sTy),

where 2 = 2.5 and T; = 0.86. It is assumed that a = —0.3 and 6 = 0.8.
We will investigate the particular case when v(£) = vo + A cos{wyt), where
vo > 0 and A > 0. We want to find a bound A, such that stability for
the ship steering dynamics is guaranteed for all A < Apax.

It is possible to represent the system as in Figure 4.1. This can be
done with A = Acos(wgt)lz and a transfer function G, which will be in
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Amax 0.

0381

0.08 . 2 L . n L
Q 100 200 300 400 500 600 700

Ndec

Figure 4.3 The primal optimization problem is solved for six different choices
of finite-dimensional subspace (x). The size of the subspace is given in terms of
the number of decision variables in the corresponding LMI constraint. The solid
line corresponds to an upper bound obtained from the dual optimization problem
described in Section 4.4.

RHZ? when vy > 0.1744. Let ¥ = A~2. We can then describe A with the
convex cone

1 . .
g - {[IRU@ oD XG@=0 0 5ol
0 ~-rX(jo)

see Megretski and Rantzer (1995). Let ¥y be the solution to Primal 4.1
with this G and I1,(y). We can then guarantee stability for the ship dy-
namics when A < Ay = 7’0_1;/ 2. We solved the restricted primal for six
choices of finite-dimensional subspace for the case when vy = 0.5 and
wo = 0.5. Figure 4.3 shows how the bound for A increases for increas-
ing subspaces. The upper bound given by the dual assures that the two
largest finite-dimensional subspaces are close to being optimal. We refer
to Section 4.6 for details on the computations and the choice of subspaces.

O

AN
4.4 The Dual Optimization Problem -

We will in this section discuss the dual to the optimization problem in
Primal 4.1. Let Mg : S2%m — ™M he the linear operator defined by

- [5]a[3].
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for any I1 e §2"2m_ Then the primal constraint P can be formulated as:
3IT e T(y) such that MgIT < 0. The adjoint M} : ST — S2maem ig
the operator that takes an arbitrary Z € Si™ mto the function M3Z <

NBV
S$2mx2m that corresponds to the integral measure

|59 az [*9”) } .

The next theorem states the equivalence between the following dual
optimization problem and Primal 4.1.

DuaL 4.1—TgE DuAL OPTIMIZATION PROBLEM

supy subject to
3Z e PIX™ Z £ 0, such that

NBV
D: {G

Jae[o] camor

where
,(y)® = {W e Sv@™ . (I, W) 2 0, VII e TIx(7)}, (4.3)
is the positive conjugate cone corresponding to ITx(y). Here dITA(y)® is

used to denote the set of integral measures corresponding to I1x(7)®, i.e.,

-

dHA(V)e {dW W e HA(’)/)e} !
O

The last constraint in the dual optimization problem could equivalently be
formulated as M%Z e [a(y)®. The formulation in terms of the integral
measure is more suggestlve and will be used in most instances in this
chapter. The constraint means that the condition

o (ng0) | C¥ ) az(w) | FY9 ) s o,
[t (moor [ 5" azte |77

must hold for all TT € TIA(y).

THEOREM 4.1
Primal 4.1 and Dual 4.1 have the same objective value, i.e,

1113f Y = sgp .
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Proof: If y < infp ¥ then the convex sets

Cl = {MGH 11 e HA(Q/)},
Cy = {X e ™™ : X(jw) < 0,V e [0,00]},

are disjoint. By the separating hyperplane theorem and the property that
0 e TIA(y) there exists a nonzero Z € S™™ guch that

(X,Z) 20, VX eCy, (4.4)
(X,Z) <0, VX eC,. (4.5)

For (4.5) to hold we need Z € Py". Condition (4.4) gives

(Mgl'I,Z) >0, VIIe HA(}’) =4
(ILMEZY 20, VI el\(y) <
M3Z e T(p)®.

Hence since ¥ < infpy was arbitrary we have infp ¥ < supy, 7. For the
opposite direction we note that the monotonicity assumption on the y
dependence of I15(y) implies that for every ¥ > infp ¥ there exists I1 e
IIa(y) such that C; n Cy # &. This implies that there is no nonzero
Z e P such that M3Z e TIA(y)®. Hence, suppy < infpy and the
theorem is proved. - O

’

REMARK 4.1

Furthermore, it follows from the proof of the theorem that the dual con-
straint D is satisfied for all ¥ < y,py = infp y. This can also be seen from
the following argument,. If there exits Z € P72 such that M3Z e Ia(2)®
or equivalently if (MgI1,Z) > 0, VII € I15(}2), then for all 1 < y and
for all IT; € ITa(y1), there exist ITs € Ila(y2) such that (MgIl1,Z) >
(Man,Z) > 0. Hence, M(X;Z S HA(}’l)@ for all n £ 7.

The left half of Figure 4.4\llustrates that the primal and dual con-
straints are satisfied above and below the optimal value ., respectively.
In applications we generally find solutions to the primal and dual op-
timization problem by considering restrictions to finite-dimensional sub-
spaces. The right half of Figure 4.4 illustrates that the resulting primal
and dual generally gives suboptimal solutions ¥, and ¥4, respectively. The
size of the duality gap 7, — ¥4 gives an indication on the quality of these
solutions. O
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Figure 4.4 The primal constraint P is satisfied for all ¥ > yupt and the dual
constraint D is satisfied for all ¥ < yopt. The size of the duality gap indicates
the quality of the suboptimal solutions that are obtained when finite-dimensional
restrictions are considered.

THEOREM 4.2—UNFEASIBILITY
Let 11, be a convex set. The following statements are equivalent:

(1) There exists no I1 € I, such that

999 e [*49] <o, v o

(it) There exists a nonzero Z € P™ such that

G G1*
{ ] VA [ ] e dIg,
I I

where I1¢ is defined as in (4.3).

Proof: (i) == (ii): Assume that there isno I € I, such that MgIT < 0.
Then the convex sets Cy and Cy defined as in the proof of Theorem 4.1
are disjoint. By the separating hyperplane theorem there exists a nonzero
Z e ST and a real constant ¢ such that

(X,ZW\> ¢, VX eCy,
(X,Z) <c, VX eCs.

Since Cj is an open cone we see that also in this case we need Z e P
and ¢ = 0. As in the proof Theorem 4.1 we conclude that M{Z < IT¢.

(i) == (i): By assumption there exists a nonzero Z e PZy" such that
(MgI1,Z) 2 0 for all IT e ITs. This implies that there exist frequencies
such that MgII(jw) £ O since otherwise this linear functional would be
negative. O
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Combination of Multipliers

We will next derive the dual in the case when the multiplier specification
is refined to be [1a(y) = daug(Ila,(¥),... 14, (¥)), where

Mo = 3 s (). (4.6)
j=1

It is assumed that I1j, (y) < SZ>™ is a convex cone for all y € R,
which satisfies the monotonicity condition in Definition 4.1. For consis-
tency among the dimensions we require that ) ;_; m; = m. Let us define
the matrices

B = (Opsiim I Omoiom ) (47
and let us partition G consistently with the size of the different I1,,, i.e.,
Gy
G=1| 11,
Gy

where G; € RHZ*™. Then we have the following corollary to Theorem 4.1.

COROLLARY 4.1
Let ITa(y) = daug(Is, (7),...,Ia, (7)), where ITy, (¥) is defined as in (4.6).
Then ’

infy = supy,
P D
where the primal and dual constraints are defined as

3I1 e Ia(y) such that
P )" /
4[4 <o st

and
iZ e PRy, Z#£0, such that

D:{[G;

E;

G. * n;
]dZ [E] eJanin(y)@, fori=1,...n,
respectively. Here the E; are defined in (4.7).
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Proof: By the assumptions on the individual I1,, it follows that ITA(y)

satisfies the monotonicity condition in Definition 4.1. Hence, Theorem 4.1

holds. We need an expression for IT(¥)®. Let the operators P; : SZw2m
2mix2mi he defined as

E 0 E, 017
PW = w R
' [0 E,-] [0 EJ

for all W € S27%™, Then
A(7)® = {W e SZmem . (11, W) > 0, VII e IA(y)}

=<(W: (daug(Hl,... ,Hn),W) > 0, VII; = Zl‘lij, Hij € HjA,‘(}’)
j=1

noon
=S W: ZZ(Hij,TiW) > 0, VII;; € ILx (7)

i=1j=1

ni
={WiBWe(\a(® i=1...,np,
Jj=1

where the last equality follows since each I1js, (¥) is a convex cone. Hence,
the condition M3Z e IIA(y)® becomes PMEZ € (ViLi s, (¥)®, for i =
1,...,n. The dual constraint, D, in the statement of the corollary follows
from the definition of P; and the formulation in terms of measures. O

4.5 Computational Issues

Dual 4.1 is defined in terms of functions in Swv. This class of functions
is very large and the corresponding optimization problem is therefore not
tractable for computations. The main purpose of this section is to show
how the dual can be restricted to a certain subspace such that the result-
ing optimization problem in many applications involves a finite number
of matrix constraints. This approach for obtaining suboptimal solutions
to Dual 4.1 is useful in a large number of practical applications. We in-
troduce a function space S that can be identified with the subset of
mxm

man consisting of functions where the variation corresponds to a finite
number of step discontinuities. The following notation will be used
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mxm The normed space consisting of step functions of the form

N-1

2(0) = Y (220(0 — @1) — Z50(— 0 — ©3)) + 2N O0o(®) — ZN oo ~0),
k=1

where the unit step functions are defined as

0, w<0 0, @ < 0o
6(w) = I, >0’ Ooc(@) = I ® =00’

and where z;, € S™™, Zivzl |zz|lF < oo, N is any finite integer,
and @, € [0,00), & = 1,...,N — 1. The norm on Sy is defined as
N
llzll = 23 =1 l2alr < oo.
Pxm The positive cone of functions z € ST having coefficients satisfy-
ing z; > 0 for all &.

Every z € §7™ defines an integration measure with atomic support, i.e.,
it has support only at a finite number of frequencies. This is the reason
for the notation Suy (Atomic Measure). The restriction of Dual 4.1 to this
subspace can be formulated as

supy subject to

3Z e P™, Z # 0, such that (4.8)
DAM . g ,

M(X;Z € I1x ()/)e)

The restricted adjoint M} : ST™ — S2m*2™ i defined as the operator that
maps Z € SZ™2m t0 a step function with the coefficients

[G(J'Iwk)J z, [G(J'Ia)k)r _

Using the formulation in terms of integration measures means that the
last constraint in (4.8) can bé formulated as (we neglect the negative
frequencies in order to save space)

N . . *
G G
E [ (JIwk)] Zy, [ (JIwk)] 8w, (®) + neg frequencies e dIIA(7)®,
k=1

where J,, denotes the purely atomic measure on R U {oco} with support
at w.
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Hence, for any given choice of frequency grid Q = {1, ... , @y}, which
defines the discontinuities of the step function, the constraint definition
Day in (4.8) involves only a finite number of complex valued matrices.
In a large number of applications it turns out that the constraint in Dau
consists of linear matrix equalities and inequalities. We can solve the re-
stricted dual in (4.8) with a bisection algorithm. The constraints involving
complex matrices can be transformed into constraints involving real ma-
trices by use of the following standard procedure.

Let z = 2, +iz; € C™ be a complex valued matrix with 2,,z; € R™.
We can then represent z as the matrix

Zr 2
7 = e R2mx2m.
—2; 2r

The following properties hold.

1. The conditions for z to be Hermitian can be stated as z = z* &

Z = ZT which implies that z, = 2T and z; = —2f.

2. If z is Hermitian, thenz > 0 & Z 2 0.

3. Multiplication and addition of complex matrices correspond to mul-
tiplication and addition of the corresponding real valued matrices.
Hence, we have z1 + 25 & Z1 + Zy and 2125 & Z1Zs.

There are cases when the computational approach described above is not
successful. For example, there does not always exist a function with a
finite number of step discontinuities such that the constraint in the dual
is satisfied. In other words, there exists cones I1x such that it is impossi-
ble to find Z € P/ satisfying M3Z € I1$. An example will be given in
Section.4.8. Note also that for our computatmnal approach to be success-
ful it is necessary that every conjugate cone ITjy, (¥)® in Corollary 4.1 is
suited for the approach. If this is not the case then another basis for the
restriction of Sy should be considered. In Chapter 5 it is shown that the
computational approach dlscuss\ed above is successful with a small num-
ber of frequencies in the grid Q for a large class of problems of practical
interest.

Hard Primal and Soft Dual

It often happens that there are algebraic constraints in the dual that
are hard to treat numerically. We illustrate this with a simple example
below. We will also show how this problem can be overcome by introducing
alternative primal and dual problems.
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4.6 Computational Issues

EXAMPLE 4.2

Consider robust stability for the system in Figure 4.1. Let A = 61, where
6 is an unknown parameter with 6 € [-p,p]. We want to find an upper
bound for the size of p. Let ¥ = p~2, then 61 can be described in terms of
IT14(y) and ITga(y), where

Iia(y) = {[}é —7(:X] X(jw) 20, Vo € [O,oo]},

and

Hoa(y) = {[; ﬂ Y e RL™, Y(jo)* = -Y(jo), Vo € [O,oo]}.

To find the conjugate cones IT1a(¥)® and I (7)® we consider W e §2mem
with the structure

W W
W=[ 1 12J'

sz W22

By definition, W € II3(y)® if for all IT € Iya(y) we have (I, W) > 0.
This constraint reduces to (X, W13 — yWas) = 0, for all X (jw) = 0. Hence,
by Proposition 4.3 we get

ha(7)® = {W € SGve™ : Wi — yWae € P}
Similarly, the constraint (IT, W) > 0, for all [T € IIga(y) reduces to the
condition (Y, W}, — Wia) 2 0, for all Y(jw) = —Y(jw)*. Hence, Proposi-
tion 4.4 gives
[oa(7)® = {W € SZZ™ - Wy — Wiy =0},

It follows from Corollary 4.1 that the corresponding dual is

\
supy subject to
3Z e Py™, Z #0, such that

D:{GdZG* - ydZ >0
GdZ - dZG* =0,

where the last constraint is algebraic. For this dual it is no restriction to
use the computational method described above with only one frequency
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in the grid Q, see Chapter 5. We get

supy subject to

dw € [0,00], Z € S¥™, Z >0, Z # 0, such that
D:{G(jw)ZG(jo) —yZ =0

G(jo)Z - ZG(jw)* = 0.

(4.9)

It is shown in Appendix 4.10 that the last constraint in (4.9) corresponds
to finding a frequency where G(jw) has a real valued eigenvalue. Finding
such frequencies is generally a hopeless numerical problem.

In Appendix 4.10 we also prove that the optimization problem in (4.9)
is equivalent to finding the frequency where G(jw) has a real-valued
eigenvalue of maximal modulus. More precisely:

Pake = 7ot = max {|A(G(jw))| : M(G(jo)) € R, @ €[0,c0]},

where A(G(jw)) denotes an eigenvalue for G(jw). The primal optimiza-
tion problem for this simple example is thus equivalent to the Nyquist
criterion. This is of course well-known. What is more interesting is that
even for this simple example the dual becomes quite complicated from a
computational perspective. O

The example motivates the use of alternative primal and dual optimiza-
tion problems. Dual problems with algebraic constraints of the type in
this example can be avoided by considering a primal Wit}/l harder con-
straints on the multiplier. This will give a corresponding dual with softer
constraints. For example, let the primal be

PrIMAL 4.2-—HARD PRIMAL OPTIMIZATION PROBLEM
infy subject to
3 € I1a(y), such that

Py [G(;a))

—cl < II(jw) < ¢l, Yo € [0,00], -

}*H(ja)) [\G(;‘a))] < ~¢gl, Vo €[0,00],

where £ > 0 is small and where ¢ > 0 is large. O

This restriction of the original primal is reasonable in a computations
perspective since only bounded entities can be treated in the computer
and the constraints will always be obtained with some marginal ¢, if they
are obtained at all.
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The monotonicity assumption on I14(y) is no longer enough to ensure
that the primal constraint Py is satisfied for all ¥ > infp, ¥. The following
alternative assumption will ensure this. This condition is satisfied in all
examples considered in this chapter.

DEFINITION 4.2—MONOTONICITY OF [15(y) FOR HARD PRIMAL
If %o 2 71, then for all —c¢I < I1; € I1a(71) there exists Iy € I15(y2) such
that —cl < Iy < T14. O

Under this assumption on IT1s(y) we derive the following dual to Pri-
mal 4.2

DuaL 4.2—SoFT DUAL OPTIMIZATION PROBLEM

supy subject to
3Z € PI", Z £0, such that

Dg: [G

I } dZ [(I}] e dlIA(»)® + dB(Z,¢,c),

where

B(Z,¢,¢) = {X e e /_ " ([ dX (o)) < £ / (:tr(dZ(a)))}‘

[e 0]

Here |dX| denotes the absolute value of the integration measure dX, see
Rudin (1987) - O

The next proposition states that the hard primal and the soft dual have
the same objective value.

ProposiTION 4.5 ,
Primal 4.2 and Dual 4.2 have the same objective values, i.e.,

infy = supy.
Py Ds

Proof:  The proof is similar {o the proof of Theorem 4.1 and it is given
in Appendix 4.11. O

Let us consider Example 4.2 with the soft dual. The constraint in (4.9)
need in this case only be satisfied with a precision dependent on ¢ and &.
The situation is illustrated in Figure 4.5.

The suggested soft dual has very much in common with the idea of
adding a small complex perturbation to each real parameter in the com-

putations for the mixed real/complex singular value, see Packard and
Pandey (1993).
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B, Im p 2 B3
f(— N
Re

Figure 4.5 If £/c is sufficiently small then any point of the Nyquist curve within
the balls By and Bj satisfies the constraint of the soft dual. The optimal value will
be obtained by a point in Bj. If £/c becomes to large then also points in By satisfies
the soft dual constraint. This will give an optimal value that is far from what should
be expected from the original optimization problem.

There are examples when the difference between the objective values
for Dual 4.1 and Dual 4.2 is large even when ¢ is small and ¢ is large, see
Figure 4.5. This is often an indication that the system model with G and
A is ill-conditioned. Problems of this type can be detected in applications.
Assume that we find a suboptimal value, 7;, of Primal 4.1 and a subop-
timal solution, ¥4, of the corresponding soft dual in Dual 4.2. In normal
situations we have ¥, > ¥4, if € and c in the soft dual are chosen suitably
small and large, respectively. However, if we obtain Yz, > 7, then this
indicates that the system under consideration either lack reasonable ro-
bustness or is wrongly modeled. We illustrate this situation in Figure 4.6.

’

4.6 The Ship Steering Example, cont’d

We will here describe the computations for the ship steering example in
Section 4.3. We first discuss the primal optimization problem.

The Primal Optimization Problem: Let X(jow) = R(jo)*UR(jw),
where B € RHY2 and U = UT > 0. We can then use the finite-
dimensional convex cone consisting of the functions

Rlo7" |V 0 0 Rlo
0 U| o U =UT 203 cla(y).
0|R 0 0| -yU 0|R

Here R is obtained by spectral factorization of [R*(s + j@o) UR (s + j@o) +
R*(s—jwo)UR(s—jwg))]/2. If R has the realization R(s) = C(sI-A)"'B+
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YoptSh - - - o |- === = - =

Vdsf==-=======-=9------

Negative Duality Gap

Ypt------ | AU RN
YOpt ———————

Figure 4.6 System models that lack suitable robustness can be detected in the
following way. Find a (suboptimal) solution, ¥;, to Primal 4.1 and a (suboptimal)
solution, ¥y, to the soft dual in 4.2. Then a negative duality gap ¥, — 74, indicates
that there is such a lack of robustness. Here 5t denotes the optimal value of Primal
4.1 and Ypg denotes the optimal value of the soft dual in Dual 4.2.

D e RHY*?, then
~ C 07[sI-A -woI 17'B D
= H2NX2'
By o) ot ol M*[O]ER S

Table 4.1 shows numerical results obtained by LMI-lab, see Gahinet et al.
(1995), when we use R on the form

. : _ oy 7 1T
Ritz(p,n) = [ I §—+§I2 g-;%)-,,lz] .

The results are given in terms of the obtained bound Apax.

The Dual Optimization Problem: In order to solve the corresponding
dual optimization problem we need the conjugate cone ITx(y)®. In other
words we need the set of W e 524 such that for any IT € TI4(y)

.1
(L, W) = <X(]CO), E(Wn(w + @) + Wi (@ — o)) - 7W22(w)> 2 0.
(4.10)
Since (4.10) shall hold for any X (jw) = 0, we get

(Wu(a) + C()o) + Wn(w — 600)) — )/W22(0)) € Pﬁ;‘%} .

DO| =

Huﬂ@={W:
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If we let S, denote the shift operator defined by Su,Z(®) = Z(w + ),
then the dual can be formulated as

supy subject to

2%x2
. AZ e Pg7, Z £ 0, such that, (4.11)

%(SwoGdZG* +8_0,GdZG*) - ydZ > 0

The computational ideas in Section 4.5 and the form of the second con-
straint in (4.11) suggests that we choose a grid Q = {w;,...,wy} satis-

fying
DE-1)L+l T O = Opry] = W(k+1)L+l — Do,

fork=1,..., K—1and! =1,...,L, see Figure 4.7. Let

Zyr  Zpr ]

Z, = [
—Zy Zrr

for £ = 1,...,N, where N = (K + 1)L. Here Z;z = ZF, € R¥? and
Zy = —ZZ'I e R¥?, Further let

_ [ ReG(jw;) Im G(jcok)] —
~Im G(jo) ReG(jay) '

We can then formulate the restricted dual optimization pfoblem as

supy subject to

Daum

IAZrum+1 2 0, at least one nonzero, such that -

1
‘2‘GL+ZZ(L+Z)G12:+Z -vZ; 20,

1
Dy 5(G(k+1)L+lZ(\k+1)L+ngl;+1)L+l

+G(k—l)M+lZ(k—1)L+lG(Tl;—l)L+l) ~YZprw1 2 0,

1
’2“G(K—l)L+lZ(K—1)L+lG(K—l)L+l = YZgrL+ 2 0,

\fork=1,..., K-1,1=1,...,L.

Note that the constraint set is an LMI condition. Numerical results ob-
tained with LMI-Lab are given in Table 4.1.
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T\t

0 w1 O @L dpy W2 Op4] D3L WKL W(K+1)L
o Wy o Wy

e B

[0 [Oh) (O

Figure 4.7 Frequency grid for the dual to the ship example.

R(S) Amax

I 0.

Rita(L, 1 oggg K|L| @ | Aun
%z(,) . 2| 1]0185|0.195
Ritz(1,2) | 0.120

i 4 |1]0185 0194
Ritz(1,3) | 0.162 8 | 101850194
Ritz(1,4) | 0.184 ' |
Ritz(1,5) | 0.188

Table 4.1 Table with results for the primal and dual optimization problem re-
spectively. Here Ap .y denotes the bound on A obtained from the primal. The bound
Apin =1/ 7'1/ 2 is obtained from the dual. This bound has no interpretation in terms
of stability for the ship steering dynamics. It gives an indication of the quality of
the solution to the primal optimization problem.

4.7 Slope Restricted Nonlinearities

We will in this section consider a class of multipliers that gives a partic-
ularly complicated dual. Let ¢ : R — R be a slope restncted nonlinearity.
We assume that ¢ satisfies the properties

(i) ¢ is odd,
(it) there exists & > 0 such that ¢(x) < k|x|, Vx € R,
(iii) 0 < ple=ol) ooy #\xz, where 0 < ¢ £ 0.

X122

Let H be a strictly proper transfer function. The corresponding weighting
function A and its L; norm are defined as

0 % / H(jo)d™ do,

Il = [ " |h(o)lde.

Il
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It follows from Zames and Falb (1968) that the slope restricted nonlin-
earities satisfies the IQCs from the following convex cone

0 ho + H(jow)*
IIp = AL € ko, Ro =0 5.
A {lho+H(jco) —%Re(ho+H(ja))) Wil < ho. ho }
(4.12)

In the next lemma we derive the restriction of the conjugate cone IT? to

the step functions in S22

LEMma 4.1
Let W e §%2 be a step function with step discontinuities at @, ... , oy-1,
and wy = oo. Each coefficient is structured as

Wir Wi ]

W, =
* [Wrz,k Wase

If ¢ = oo, then the dual cone II$ N $22 is defined as

g ~ 2 = {w S R03 Wias > sup R - Wigse ¢ } |
= = (4.13)
Proof: By definition W e T1® N S22 if for any I1 € T4,
., ,
(ILW) = 4> Re([ho + H(jwp)|Wizs) 2 0. (4.14)

k=1

We need to show that the constraint in (4.13) is a necessary and suffi-
cient condition for (4.14) to hold. For the proof of sufficiency we note that
H(jon) = 0 and

H(jay) = / h(t)e @ dt,

A simple argument gives the inequality

N-1 00 N-1 ‘
Re Z H(jwp)Wigp = / h(t)-Re (Z W12'ke-1ﬂ’kt> dt
o h o (4.15)

[\

~||2|1 - sup |Re Wigpe /o
teR

-
it
-
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4.7 Slope Restricted Nonlinearities

It follows from this inequality and the norm condition ||||1 < ko that the
constraint in (4.13) is a sufficient condition for (4.14).

In order to prove the necessity we show that the inequality in (4.15)
is nonrestrictive. For this we notice that f(f) = Re Y0 | Wipze /%! ¢
Lo (—00,00). The dual space of Lq(—00,00) is Le(—00,00) and the linear
functionals are defined by the integral

(o]
hf)= [ nwrod
-0
Hence, by the definition of norm for these linear functionals, we get

pinf, B f) = =hollFlle (4.16)
where ||f]lo = supser | (¢)|. In our application we only consider strictly
proper H e RLX'. The exponentials {t*¢~*0(¢)}%, and {t*e!0(-£)}%,
are dense in L1[0, 00) and Li(—o0, 0] respectively, see Szegd (1975). This
means that we can approximate an arbitrary 2 € Li(—00,00) with any
accuracy with a suitable finite linear combination of such exponential
functions. The corresponding transfer function will be in RLY! and it
follows that (4.16) also holds when we consider the optimization over the
weighting functions corresponding to this class of rational functions. This
proves the necessity. |

It is clear from (4.13) that the frequencies for the step discontinuities
must be chosen with care. Actually, for ch01ces most choices of frequency
grid the right hand side of (4.13) will be Zk 1|Wiz|. However, if we let
the frequencies be rational numbers then the right hand side of (4.13)
will be periodic and there is a possibility that the condition is satisfied.

We will next consider unfeasibility of a stability test for systems with
a linear time invariant plant G in the forward loop and a slope restricted
nonlinearity in the feedback loop.

PROPOSITION 4.6—UNFEASIBILITY WITH ZAMES AND FALB’S MULTIPLIER

Assume that there exists @y, ... ,@0y-1 € [0,00),and 21,... ,2y = 0, where
at least one z; is nonzero, such that
N\ N-1
ZRe (zk(G(]a)k) - —)) > sup Resz(G (jor) — )e‘J“”’t ,  (4.17)
k=1 e -

where wy = oo. Then there is no solution to the the stability test: Find a
strictly proper H € RLL! with weighting function A such that

a. ||kl < 1.

b. Re ((1 + H(jo)(G(jo) - %)) < 0, Vo € [0,00].
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Proof: The stability test can be formulated as: Find Il € I14 such that
MgTI < 0, where Mg : SZP%m — §mXm s defined as

14+ 1
Mgl = [G“Z} H{G_Z},
I I

and where I1, corresponds to the convex set in (4.12) when ¢ = oo and
ho = 1. Hence, the proof follows from Theorem 4.2 and Lemma 4.1. O

It is in most applications hard to find a suitable frequency grid for ap-
plication of Proposition 4.6. However, the next example shows that it can
be done. A different way of treating unfeasibility of the stability test in
Proposition 4.6 has been reported in Megretski (1995).

ExampLE 4.3
We consider the system in Figure 4.1 when A is a slope restricted nonlin-
earity with slope in [0,c] and when G has transfer function

82

G(s) = (s2 + a)(s? + B) + 10-4(14s3 + 21s)’

where & = 0.9997 and B = 9.0039. This is a system with two very distinct
resonances at @ &~ 1 and @ =~ 3. A similar system was used in Willems
(1971a) to give a counterexample to Aizerman’s conjecture,

The purpose of the example is to find a bound on ¢ suc¢h that stability
of the system is guaranteed. The simple multiplier H(s) = — 5235 can
be used to prove stability for ¢ = 0.0048. If we use Proposition 4.6 with
w1 = 1 and ws = 3, then the condition in (4.17) is satisfied if ¢ = 0.0061.
Hence, the duality gap is reasonable small despite the low order of the
multiplier H. Figure 4.8 shows the Nyquist curves for G(jw) — % for ¢ =
0.0061 and ¢ = 0.0048, respectively. O

N\
4.8 Robust Performance Analysis

We will here investigate the dual that appears in robust performance
analysis of the second system in Figure 4.1. We assume that the transfer
function has structure

G G
Gz{n 12

e RHm+a)x(m+q)
Ga1 Gzz} *
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Figure 4.8 The upper plot shows the Nyquist diagram of G(j ®) — 1/c when
¢ = 0.0061. There is no solution to the feasibility test in Theorem 4.8 for this value
of c. The lower plot shows the Nyquist diagram of G(j @) —1/c when ¢ = 0.0048.
The multiplier H = 6.25/(s + 2.5) can be used to prove stability for this case.

and that the input signal is in the class of w e LI[0, 00) satisfying the
IQC defined by the convex cone Tinp € SL9, ie.,

/ B(jo) Y (j0)b (jo)dw,2 0, YT € Yip. (4.18)

It follows from Chapter 3 that robust performance analysis gives opti-
mization problems on the following form.

PRIMAT: 4.3—ROBUST PERFORMANCE ANALYSIS

infy subject to
dII; €Iy, Iy € Hpe{f(y), T € Yinp, such that

Ppae 1 S 1GT* 0 01\ [G
! [1} daug(Hl,H2+[0 Y’D [I}(J‘wko, Vo & [0,00],

where I1, is a convex cone of multipliers for A, and where Myere(y) defines
the performance criterion. O

We assume that [Ipe¢(7) € S29% is a convex cone for every ¥ € R, which
satisfies the following monotonicity condition.
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DEFINITION 4.3—MONOTONICITY FOR Ipere ()

If ¥ > 71, then VII; € Ipee(y1) there exists Il € Mpers(72) such that
I1; > Tl,. This ensures that the constraint Ppes in Primal 4.3 is satisfied
for all ¥ > infp ., 7. O

The dual optimization problem corresponding to Primal 4.3 becomes.
DUAL 4.3—ROBUST PERFORMANCE ANALYSIS

supy subject to
37 ¢ pimaxm*a) 7 20 guch that

Gu G *
{ 1 12]dz [Gn Ci)lz] e drt®.

I 0 I
Dpert Gy, G Go1 Gosl®
21 22 21 22
dZ A pers (V) %,
(Zog € Y

inp»
where

Yo, ={W eSHI: (X, W) 20, VI € Yinp}-

We have the following duality result. ,

PROPOSITION 4.7
Primal 4.3 and Dual 4.3 have the same objective values, i.e,,

inf y = sup¥y.

perf Dypert

v {0 O en}

We notice that the convex cone daug(TTa, Mpers(7) + ¥) obviously satisfies
the required condition on monotonic y dependence. We can then apply
Corollary 4.1. We have

Wi Wi 2 .
v {[Wm sz} € S Wi ET%J}.

Proof: Let
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Hence, we see that the constraint

Go1 G a7 G211 Gaz c J¥®
0 1 0 I

reduces to Zyy € Yf?lp

and the proposition follows. I
REMARK 4.2

Assume that the condition [I 0]Ts[I 0]% = 0 holds for all TI; e
Myere(y) and for all ¥ € R. Then the solution to Dual 4.3 is ¥4t = oo if the
following stability test is unfeasible: Find I1; € I, such that

[ Gu(jo) Gu(jo)

( ]*nl(ja))[ ! }<0, Vo € [0,].

This follows since for every 7 € R there exists a nonzero Z e P{p9*m+2)

with the structure
7 = [ le Oqu:|

Ogxm  Ogxq
such that the constraints in the dual are satisfied. 0O

We will illustrate this proposition with two simple examples. The first
example shows that restricting the dual to the subspace of step functions
can be useless. Not even suboptimal solutions can be obtained in this way
for this example.

EXAMPLE 4.4
Let G € RH!, We want to compute

o Il
P

, 4,19
59 Tl (4.19)

where || - || denotes the Lz-non\n, and where

[[w]f?

W = {w e Lg[0,00) : [@(jo)|? = “H“5|H(ja))]2}.

Here H is a strictly proper transfer function in RHY?, and the Hy-norm
is defined by

1 [ .
11 = 52 [ HGo) do
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It is shown in Chapter 3 that every w € W satisfies the condition in (4.18)
when

Yinp = {r e St /_m Y(jo) H(jw)?*do 2 o}.

oo

Let us try to compute (4.19) by solving Primal 4.3 with this Yy, and with

HA=®,and
x 0
| 1§ - = tx 200,
= {[s %)x20)

We will see that this gives the correct solution, i.e., ngf = ||GH||2/||H ||2-

It is no restriction to use x = 1. We first assume that y > infp . 7.
Evaluation of the quadratic form corresponding to the operator on the left
hand side of the last constraint in Ppes for w € W gives

[# [ o ol li] e

w2 e .
_ [IIIH|I||2 | 16HP do - yexll + [ Vil do < o
2 J-o0 . -

The last term in this expression is nonnegative by definition of Y. Hence,
we can conclude that y,,t > ||GH||2/||H||2. The question is if equality is
obtained at the infimum? We will show that this is the case. Our strategy
for proving this is to first show that Dual 4.3 gives the correct value. Then
Proposition 4.7 shows that the primal also have this objective value. The
conclusion of this is that (4.19) can be computed with arbitrary precision
by use of Primal 4.3.
The positive conjugate cones becomes
N\

(4]
ng = {CWQ : W()(CO) = /o |H(jV)|2dV, c 2 0} CS;;;&, -

Mpert (7)® = {W € SH2 /_ " (dW11 (@) — ydWaz (@) 2 o}.

The last one is easy to derive. The first follows since Yy, is the positive
half-space determined by Wy, i.e. Yinp = {Y : (Y, Wo) = 0}. The dual
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S [T
0 Grﬁér)—va %

1]
et

Figure 4.9 Control system for Example 4.5.

becomes (note that [Ty = & and thus m = 0)

supy subject to
3Z € PX, Z #0, such that

m az m € e (1)®,

ZeY®

inp*

This optimization problem reduces to
00
supy subject to / (IGHP - y|HY) dw > 0,
—00

which gives the correct solution ysy = [|GH |l2/||H 2.

We cannot use step functions for this example. This follows since no
W e Sh belongs to Y&, For more general examples where, for example,
dynamic and parametric uncertainty blocks are included in the model we

need to have functions on the form Wy in the basis. |

ExaMpPLE 4.5

Figure 4.5 shows a feedback system consisting of a plant G, a controller
G;, and a multiplicative uncertainty represented as W(s)A(s). Here W de-
notes a weighting filter. We assume that A is a linear time invariant with
|Allo < 1, where || - || 18 the Usual Ho-norm. The load disturbance w is
assumed to be a low-frequency signal satisfying supp w(jw) < [-0.1,0.1],
where supp w denotes the support of the Fourier transform of w. The pur-
pose of the example is to compute the worst case induced Ly-norm of the
system from w to y. The system can be transformed into the normal form
for robust performance problems in Figure 4.1 with

1 [—GpGrW Gp]

“O=1rge| w o q,
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Assume that the plant has transfer function

10

Gr(s) = T (s + 10)°

and that we use a P controller designed with the Ziegler-Nichols frequency
method, which gives G.(s) = 12.2. Further assume that the weighting
filter is the constant W(s) = 0.1. We use the multiplier descriptions

no= {5 ] xtw 20}

et (7) = {[g _(;x} %2 0},

Yinp = {T € SE1: Y(jw) 2 0, © € [-a,a], Y(jw) <0, @ ¢ [~a,a]}.

and

Suboptimal solutions to Primal 4.3 can be obtained after introduction of
finite-dimensional restrictions of 115 and Yin,. We use

{[Is IO%HIJ o) [13 ;}:“UT?O}CHA,

for some basis multiplier R € RHY*!. For the cone Yiyp it is optimal to
choose multipliers that are zero in the interval [—a, a] and large negative
outside this interval. We use the multipliers ’

{MlH (o) = 22 : A1|H(ja)* — A2 2 0,41, A2 2 0} & Yinp,

where H is rational low pass filter with monotonically decreasing ampli-
tude function. This is illustrated in Figure 4.10. :

With @ = 0.1 we obtained the results in Table 4.2. Here Y5 denotes the
optimal value of the primal optimization problem and the corresponding
Lg-performance is 731{3 . The multiplier Ritz(p,n) is defined as

\
Ritz(p,n) = [1 & ... g—;%g—,,].

We will next consider the corresponding dual optimization problem. Tt is
easy to see that the positive conjugate cones becomes

N = {W e S22: Wiy — Wee € Py},

Mpere(7)® = {W e 52 . /_ ” (dWi1(®) — ydWas(w)) = o},
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|H|? A|H|% - Ay

—Qa a w 7a a\ [0
Figure 4.10 The idea for obtaining multipliers for the cone Yi,p. The magnitude

of the low pass hilter H should be approximately flat in the interval (~a,a) and
strongly decreasing outside this interval.

H R Yopt
1

5 1 0.105

ler_l Ritz(3,1) | 0.0919

-2 | Ritz(3,2) | 0.0919
2% 1 0.0879
2% | Ritz(3,1) | 0.0778
18- | Ritz(3,2) | 0.0778

Table 4.2 Numerical results for the primal optimization problem in Example 4.5.

and

Yfgp ={W ¢ 51\1,;‘} W(w1) — W(ws) 2 0, when a > oy > w220
W{(w1) — W(wg) < 0, when 0o 2 w1 > w3 2 a}.
The primal in this example is of a special type. It could have been solved
by frequency-by-frequency optimization over the interval [0, cc]. The dual
can for this reason be solved by use of a function in S%Z with only one

step discontinuity. More general formulations of this type of optimization
problems will be treated in Chapter 5. The dual becomes

supy subject to \
Jw €[0,00], Z €eC??, Z =2Z* 20,Z £ 0, st.
[Guu(jo) Gu(jo)]Z[Gu(jeo) Gi(jo)]" —Z11 20,
[Ga1(j@) Ga(jo)]Z[Ga(jo) Ga(jo)]" - 7vZsa 20,
Z22 =0ifw ¢ [0,&].

We obtain a solution to the dual by considering the following two steps.
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(Z) If there exists @ € [0,00] such that |Gi1(jw)| = 1, then Yo = 00, In
this case the closed loop system is unstable, see also Remark 4.2.

(it) Otherwise consider the dual over the frequency interval [0, a].

Using LMI-Lab we obtained the solution ., = 0.0764. The duality gap
0.0014 is mainly due to the low order of the filter H. However, it seems
that a filter of very high order is needed in order to obtain a smaller
duality gap.

|

4.9 Conclusions

We have derived the format for the dual to optimization problems that ap-
pear in robustness analysis based on IQCs. The purpose of the dual is to
give lower bounds to optimization problems that corresponds to finding the
optimal multiplier in an infinite-dimensional convex set. We have shown
how approximate solutions to the dual in many cases can be obtained
by solving a finite-dimensional optimization problem at a preselected fre-
quency grid. It is shown in Chapter 5 that this approach is successful with
a small number of frequencies in the grid when constant multipliers are
combined with frequency dependent multipliers that take independent
values at different frequencies.

4.10 Appendix: Proof of the Statement in Exarhple 4.2

Assume that there exists a nonzero Z € §7*™ with Z > 0 such that

GZG* - yZ > 0,

4.20
GZ -ZG* =0, ( )

where G € C"™. We will first show that the second constraint in (4.20)
implies that G has at least one real-valued eigenvalue.

From Lemma 5 of Rantzer\(1996) it follows that for (4.20) to hold
Z must be on the form Z = Y )" 22}, where Gzpzj = 223G for kb =
1,...,m. Assume that z;, # 0. Then multiplication with z; from the-right
in the last identity gives

sz = /lkzk, /lk = z};sz/(z};zk).
This implies that

0 = Gzp2} — 232iG* = 232 (s — L),
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from which we conclude that A; is real for each & with nonzero z;.

Next we prove that at least one of these eigenvalues have magnitude
greater than or equal to y. With Z = ;' ; zp2z}, the first condition in
(4.20) becomes

m m
Z Gzp2, G — Y22, = Z(A% —¥)zrzy, 2 0.
k=1 k=1

This implies that |A;| > y for at least one k. The largest possible value of
y is obtained when Z = 2,2z}, where z; is the eigenvector corresponding
to the real-valued eigenvalue of G with largest magnitude. The value
becomes li. This proves the statements in Example 4.2.

4.11 Appendix: Proof of Proposition 4.5
If ¥ < infp, ¥ then the convex sets

Cl = {(Mgn + el,IT —cl, 11 —-CI) Il e HA()/)},
Cy = {(Xo,X1,X5) € ST x §2mx2m o GImx2m . X.(jw) < 0, Vo,

are disjoint. Since the second set is open it follows from the separating
hyperplane theorem that there exists a nonzero triple Z = (Zy,Z1,22) €

Smm . (§2m2m)2 guch that .
(X,Z) 20, VX eCy, (4.21)
(X.Z) <0, VX eCy (4.22)

For (4.22) to hold we need Z € P x (P2m<2m)2, Condition (4.21) can be
reformulated as '

(H,MéZo +7Z1 - Z2> +c <I, ;ZO - 71— Z2> >0, VII € HA()/) (4.23)

Since ITa(y) is a cone containi\ng 0 it is required that both terms need to
be positive. Hence, the following constraints need to be satisfied

MEZ() + Z1 — Z2 € HA()/)@, (424)
(1,21 + Zy) < §<1,z0>, (4.25)

from which it also follows that Zy # 0, since otherwise we get Z =
(Zo,Z1,Z3) = 0.
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We will next show that the constraints in (4.24) and (4.25) can be
replaced by the constraint M Zy € IT5(y)® + B(Zo, £,c). We notice that
if we let X = Z; — Z; for some Z1,Z, € P272™ then we can instead use
the minimal decomposition (Jordan decomposition) X = Z* — Z~, where
Z*,Z~ e P2mm corresponds to mutually singular positive measures dZ+
and dZ~. In this case we have the relation

<1,z+ + z+> = /w tr(|dX (w)|) < I, Zy + Zs).

where |dX| denotes the absolute value (total variation) of dX, see Rudin
(1987). Hence infp, ¥ < supp, 7. For the opposite direction we note that
the monotonicity assumption on Il (¥) implies that for every y > infp, ¥
there exists IT € ITa(¥) such that C; N Cy # . This implies that there
is no triple (Zo, Z1,23) € P x (P2mx2m)2 guch that the constraints in
(4.24) and (4.25) holds. Hence, supp, 7 < infp, 7.
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5

Duality in Analysis with
Mixed Multipliers

Abstract

Multipliers are used in stability theory to reduce conservatism
and exploit structural information about system components. For an
important class of stability problems, which gives a resulting infinite-
dimensional multiplier optimization, a corresponding dual problem is
stated. The dual gives valuable information about the original prob-
lem, in particular error bounds for its finite dimensional approxima-
tions.

5.1 Introduction ’

Absolute stability theory, including passivity and small gain theorems,
is an important tool for analysis of systems with nonlinearities, time-
variations, and uncertainty. So called multipliers are used to reduce con-
servatism and exploit structural information about the system compo-
nents. However, systematic methods for computation and optimization of
such multipliers have not been available until recently.

The development of numerical methods for multiplier optimization
started with the structured stngular value in the early eighties, Safonov
and Athans (1981), Doyle (1982). The real breakthrough came with the
polynomial time algorithms for convex optimization with constraints de-
fined by linear matrix inequalities, Nesterov and Nemirovski (1993), Boyd
et al. (1994). This was used in connection with multiplier optimization in
Balakrishnan et al. (1994) and Ly et al. (1994) and in full generality in
Rantzer and Megretski (1994), Megretski and Rantzer (1995).

In general, the computation of multipliers becomes a convex optimiza-
tion problem over an infinite-dimensional space. Such problems can be
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solved by considering a sequence of finite-dimensional approximations.
More specifically, in the search for a rational function that satisfies cer-
tain constraints, the finite-dimensional approximation could mean that
the denominator is fixed, while the search is restricted to the numerator
coefficients. For example, this approach was used in controller design by
Boyd and Barratt (1991).

Duality plays an important role in optimization theory, particularly
in convex optimization. This chapter aims to demonstrate that multiplier
optimization is no exception. For an important class of stability problems,
which results in infinite-dimensional convex optimization, we will state a
corresponding dual problem. The dual gives valuable information about
the original problem, in particular error bounds for the finite dimensional
approximations.

A general and unified approach to the use of multipliers was intro-
duced in Rantzer and Megretski (1994), Megretski and Rantzer (1995)
based on the concept integral quadratic constraint (IQC). An operator A
(possibly nonlinear) on LJ'[0, 00) is said to satisfy the IQC defined by the
matrix function I1, called multiplier, if

= [ o) 1" [ (o)
o o d > 0, forallv eLl0,00).
/_oo|(Av)(ja))] ”("”)[(Avxm)} 2 10.%0)

Here v denotes the Fourier transform of v. Based on this definition, each
operator A can be described by a set I1, of multipliers IT, that define IQCs
satisfied by A. For example, a passive operator satisfies the IQC defined
by

M(jo) = [? é]

while a linear time-invariant operator with H,-norm less than one, sat-
isfies any IQC defined by a matrix of the form

\
ngo) - [0 0]
—x(jo)l

where x(jo) > 0 for @ € R. Basically, all properties of an operator, that

can be expressed by IQCs, can be exploited in stability analysis.
Consider the feedback system in Figure 5.1, where G is a linear time

invariant operator with stable transfer function, and where A is a bounded

causal operator. Robust stability analysis for this system can be formu-
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Figure 5.1 Feedback system with perturbation.

lated as optimization problems on the form

infy subject to
31T € IIx(y) such that

P . (5.1)
[G(Jw)] M(jw) [G(Jw)] < 0, Vo €[0,0],
I I

where ¥ corresponds to the robustness criterion under consideration. The
set ITo(y) is generally infinite-dimensional and approximate solutions to
(5.1) can be obtained by considering optimization over a finite-dimensional
subset of T1,(y). Conservativeness of this approach can be investigated
by means of the dual optimization problem corresponding to (5.1). The
dual was considered for general assumptions on the multipliers in ITx(y)
in Chapter 4. This is in general a complicated optimization problem. In
this chapter we show that the dual is particularly attractive in the case
of constant multipliers, frequency dependent multipliers defined by a fre-
quency independent constraint, and for multipliers that are a combination
of these two classes of multipliers. We use the term mixed multipliers for
the last class of multipliers.

5.2 Mathematical Preliminaries

This section presents the necessary mathematical preliminaries and nota-
tion needed in the chapter. The following standard definitions and results
from functional analysis are available in for example Luenberger (1969).

o Let X be a normed vector space. The dual of X is the normed space
consisting of all bounded linear functionals on X and it is denoted by
X*. If x € X and x* € X*, then (x,x*) denotes the value of the linear
functional x* at x. The vector spaces considered in this chapter are
defined over the real scalar field and the linear functionals defined
by functions from the dual space are real valued.
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e The (Cartesian) product of two vector spaces X; and X3, which are
defined over the same field of scalars, is denoted X; x X5 and it
congists of all ordered pairs x = (x1,%3), with x; € X; and xy € X,.
Here x1 and x» are said to be the coordinates of X;xX,. Addition and
scalar multiplication is defined as (x1, x2) + (y1, ¥2) = (X1+y1, %2+ y2)
and a(xl,xz) = (axl,axg).

o The dual of X; x X, is given as X] x X;, where X7 and X; are the
duals of X7 and X, respectively. Given x = (x1,x2) € X1 x X3 and

x*

= (x},x3) € X7 x X3, we define (x,x*) = (x1,x]) + (%2, x5).

e X% denotes the Cartesian product of N copies of X.

o Let H: X — Y be a bounded linear operator. Then the adjoint
operator H* : Y* — X* ig defined by the equation

(Hz,y*) = (x, Hy"),

for all x € X and y* € Y*.

Next is a list of notation and function spaces used in the chapter.

=|

RL7

Conjugation of a complex valued matrix.

Hermitian conjugation of a matrix.
The Frobenius norm of a real or complex matrix M is defined as
|M|F = /tr(M*M).

The vector space consisting of proper real rational matrix func-
tions with no poles on the imaginary axis. Note that H € RLZ™

- satisfies H(—jw) = H(jw).

RHZ™

Smxm
R

Smxm
c

152

The subspace of RL?" consisting functions with no poles in the
closed right half plane.

The subspace of R™™ onsisting of symmetric matrices with the
topology determined by the Frobenius norm. The dual space can
be identified with 7™ itself. The linear functionals are défined
as (X,Z) = tr(XZ), where X,Z € SI"™.

The subspace of C™ ™ consisting of Hermitian matrices with the
topology determined by the Frobenius norm. The dual space can
be identified with 5™ itself. The linear functionals are defined
as (X, Z) = tr(XZ), where X,Z € SJ"™.
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Some Results from Convex Analysis

We will next state some results and definitions from convex analysis.
References for this material are Luenberger (1969) and Rockafellar (1970)

s A translated subspace is called an affine set (linear variety). The di-
mension of an affine set is defined as the dimension of this subspace.

o The affine hull of a nonempty set S, denoted aff S, is the unique
smallest affine set containing S

o The relative interior of a nonempty set S, denoted ri S, is the collec-
tion of points in S, which are interior points of S relative to aff S.
This means that for every xg in the relative interior of S, there ex-
ists £ > 0 such that all x e aff S satisfying ||x — x0|| < & are also
members of S. Hence, the relative interior of S is an open subset of
aff S.

e The dimension of a convex set C, denoted dim C, is defined as the
dimension of the affine hull of C.

o A convex cone C is a convex set with the property that if x € C,
then ax € C for all ¢ > 0.

The following two theorems will be the main tools in this chapter.

THEOREM 5.1—SEPARATING HYPERPLANE THEOREM

Let Cy and Cy, be disjoint convex sets in a normed vector space X. Assume
further that Cs is open, then there exists x* € X* such that (x1,x*) <
(x2,x*) for all x; € C; and x3 € Cs.

Proof:  This is a minor reformulation of Theorem 3 on page 133 in
Luenberger (1969). O

THEOREM 5.2—HELLY

Let {C;|i € I} be a collection df closed bounded convex sets in R*. I is a
set of indices. If M;;C; = @, then there exists a subcollection consisting of
n + 1 or fewer sets {Cy,|@; €I, i = 1,... ,n + 1} such that "**1C;, = @.

If the index set I is finite then the result also holds when the C are not
necessarily closed or bounded.

Proof:  See Rockafellar (1970) or Hormander (1994). Note that this is
not the most general formulation of Helly’s theorem. |
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5.3 Frequency Dependent Multipliers

We will in this section study the case when the multipliers are defined
by a frequency independent constraint. More precisely we consider the
convex cone

Ha(y) = {® € RLZ™™ : ®(jw) € ®s(y), Vo €[0,00]},

where @4 (y) c S2™%™ is a closed convex cone for all ¥ € R. Note that
the values between different frequencies are independent except for the
requirement that @ should be a rational function. We assume that ®,(y)
satisfies the following monotonicity condition.

Monotonicity Assumption on ®,(y): If 72 > 71, then V®; € ®x(11),
there exists @y € O (y2) such that @; > ©,.

THEOREM 5.3

infy = sup supy,
P wel0,00] D(w)

where primal and dual constraints are defjned as
30 e RLZ™2™ such that
D(jw) € Pa(y), Vo € [0,00],

[SUT gy [0

P
] <0, VYo el0,0],

and

3Z e S™™ Z >0, Z # 0, such that

D(w): [G(ja»] 2 [G(jw)

I I ] € (DA(y)@’

respectively, and where the positive conjugate cone is defined as
Dy (7)® = {W e ST (D, W) 20, VD e®u(y)}
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Proof: It follows from Lemma 5.1 in the appendix that if y < infpy
then there exists @ € [0, 00] such that the convex sets

o {[G(;w)]*q) [G(;'w)} o E(DA(},)}’

Cy = {X e S™™: X < 0}

are disjoint. By the separating hyperplane theorem there exists a nonzero
Z € S5¥™ such that

(X,Z) 20, VXeC, (5.2)
(X,Z) <0, VX eC,. (5.3)

For (5.3) to hold it is required that Z > 0. The condition in (5.2) can be
reformulated in the following way

<[G(;a))] G(Jw) > VO € @4(y)
— <(D, [G(;'cu) G(qu) > VO € ®,(7)
,::,[G(i“’)}z{(}(; )} € @u(7)® ,

This proves that infpy < supp(,) 7. For the opposite direction we note
that the assumption on ®,(y) implies that for every y > infp y there
exists ® € RLZ™2™ gatisfying the conditions of the primal constraint.
This implies that for every @ € [0,00] we have Ci N.Cy # . Hence,
there is no separating hyperplane, and therefore no nonzero Z > 0 such
that the second condition in the dual constraint holds. Thus we have
SUPy e[0,00] SUPD(w) ¥ < infp ¥. This proves the Theorem. O
\

REMARK 5.1 )

In applications we may fail to find the optimal frequency for the dual opti-
mization problem. Howerer, any @ € [0, co] such that the dual constraint
is satisfied can give a useful lower bound for the primal. O

We will next give a simple example that illustrates the theorem. In partic-
ular, the example shows that the frequency @ = oo needs to be included
in the dual.
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ExampLE 5.1
Consider the system in Figure 5.1 with
2s+1
Gls) = s24+2s+1

and A = §, where J is an uncertain real valued parameter, which takes
values in [—a, a]. We want to find a bound o/may such that the system is
stable when @ < @y... We can obtain one such bound by considering the
primal in Theorem 5.3 with

q)A(V)={[x. Jy]:xZO,yeR},
—Jy —rx

and then use apay = 1/ /Yopt; Where ¥, is the primal objective. The
primal optimization problem can be formulated as

infy subject to
dx,y € RL},;(I, such that

sup ]9C(J'60)HG(J'0))I2 =71+ 2y(jo)Im G(jw) <0,
we|l,00

x(jw) 2 0, Vo €][0,00],

y(jo) eR, Vo e][0,c0].
It is easy to see that the optimal solution is the maximal value of |G(jw)|?,
subject to the constraint that Im G(jw) = 0. From Figure 5.2 we see that

Yopt = max(|G(0)% |G(joo)|?) = |G(joo)|? = 4. We will hext see that the
dual of Theorem 5.3 gives exactly this solution. It is easy to verify that

Pu(1)® = {W € SP%: Wi1 — yWpe 2 0, Im Wiy = 0},
Hence, the dual can be simplified to 7
supy subject to

dw € [0, 0], such that

IG(j\a))l2 -7 20,

Im G(jw) = 0,
which has the solution Y, = |G(joo)|? = 4. The primal and the dual gives
the same bound, max = 2. This bound is nonconservative and it follows

that the primal and the dual optimization problems both corresponds to
the Nyquist criterion. [

The next example is also simple but illustrative. It will will be continued
in the next section.
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-2 -1.5 -1 ~-0.5

Figure 5.2 Nyquist curve for the system in Example 5.1.

Gy A

Ag Gy

Figure 5.3 System in Example 5.2.

EXAMPLE 5.2 -
Consider the system in Figure 5.3, where Gy, G2 € RH,, and where A,
and Ay are linear time-invariant uncertainties satisfying [|A1]l < 1 and

|[A2]le < . The system can equivalently be described as in Figure 5.1
with A = diag(A;, Az) and

0 &
G = RHZ?,
[Gz 0 ] € HHe

We want to find a bound @« such that the system is stable if & < 0fyay.
Such a bound can be obtained by solving the primal in Theorem 5.3 with

Da(y) = {diag(x1,x2, —x1, —yx2) 1 xp 2 0,k = 1,2},
and then use Gmax = 1/4/Yopt- It is easy to verify that
Oa(¥)® = {W e 55 : Wiy — Wag 2 0, Wap — YWy > 0} .
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The dual in Theorem 5.3 can be written

supy subject to
dw € [0,00], 211,222 = 0, 211 # O or 292 # 0, such that

229|G1(j®)|* = 211 2 O,
211|Go(j@)|* — yz22 2 0,

which can be further simplified into

sup_ |G1(jw) G2 (jw)[*.

we[0,00

Hence the dual objective is ||G1Gz||%,. This result is of course expected. In
the next section we consider the same problem with time-varying param-
eters d; and Js. Then two frequencies will be involved in the dual. O

REMARK 5.2

If we allow Ay, Ag to be linear time varying with arbitrarily slow rate of
of variation then the primal in Example 5.2 is also a necessary condition
for stability, see Poola and Tikku (1995). O

5.4 Constant Multipliers .

i

We will in this section give a similar result as Theorem 5.3, with the
multiplier assumed to be a constant matrix from ¥ (y) < S52™2™. In
other words, we consider the primal in (5.1) with

a(y) = ¥a(y).

We assume that Wa(y) is a closed convex cone for all ¥ € R, which satis-
fies the following monotonicity condition.

\
Monotonicity Assumption on W(y): If ya = 71, then V¥ € ¥Ya(n1),
there exists Wy € Ya(y2) such that ¥, > ¥s. .

THEOREM 5.4
Let Qn = {w1,... ,on} denote a grid with N = dim (¥a(y))+ 1 frequen-
cies. Then

infy = sup sup 7,
P Qn D(Qw)

158 ’




5.4 Constant Multipliers

where the primal and dual constraints are defined as
¥ € Ya(y), such that

] o vt
and

3Z, € 7™, Zy, =2 0, at least one Z; # 0, such that

D(Qy): Z Re [G(J'Iwk)] 7, {G(J'Iwk)r e Wa(y)®,

o €Qy
respectively, and where the positive conjugate cone is defined as
Pa(r)® = {W e ST (P, W) 20, V¥ e¥s(y)}.
Furthermore, if 0 ¢ ri ¥a(y), then N = dim (Wa(y)) is sufficient.

Proof: This theorem is a special case of Theorem 5.5 in the next section.
O

EXAMPLE 5.3

Consider again the system in Figure 5.3 but now with time-varying pa-
rameters A; = §1(f) and Ay = 8y(¢) safisfying |61(£)] < 1, V£ = 0 and
|82(t)| < o, V& = 0. Again, we search for the largest omax such that the
system is stable if @ < .. By solving the primal in Theorem 5.4 with

\IIA(}/) = {diag(xl’x% _xly‘7x2) C Xp 2 O,k = 1’ 2}’
we ge:c the bound max = 1/./Fopt- It is easy to verify that
Ya()® = {W eS8 : Wig — Wag 2 0, Wop — YWy 2 0}.

Since N = dim (¥a(y)) = 2and 0 ¢ ri Wa(y) it is sufficient with two
frequencies in the dual. The dual can be formulated as

supy subject to

dwq, @y € [0,00], 211,,222,, 21155222, = 0, not all zero, s.t.
1 2 ; 2 (5.4)
292, |G1(Jw1)|”* — 211, + 222,|G1(Jws)|* — 211, 2 0,

211,|Ga (j1)|? — v292, + 211,| G2 (j®2)|? — 202, 2 0.
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It is no restriction to assume that |Gz (jw2)| 2 |Ge(jw1) and |Ga(jws)| > 0.
Then the constraint in (5.4) can formulated as

|Ga(jos) | 2 N2 |Ga(jr1)?
< — 2L 299, |G + Gi(jo —211,(1 —
- 22,|G1(j@1)|” + 222,| G1(Jwe)|” — 211, ( Galjs) 2

NP RTE

This implies that ¥ < ||G1]|2,||Gzl|%,- Furthermore, we obtain equality by
choosing 211, = 229, = 0. Hence we have shown that the dual objective is
Yot = ||G1]/%||Ga|%,, and furthermore that the dual optimization problem
involves two frequencies unless the norms ||G1 | and ||Gz||e are obtained
at the same frequency. O

REMARK 5.3

If we in this example consider time-varying operators d; and dy with ar-
bitrary time-variation, which satisfy ||d1|| < 1 and ||2|| < o, then the pri-
mal in Example 5.3 is also a necessary condition for stability, see Shamma
(1994), Megretski (1993a) and Megretski and Treil (1993). a

5.5 Mixed Multipliers

»

We will in this section derive the dual of robustness problems involving
both frequency dependent multipliers and constant multipliers. More pre-
cisely, the multipliers involved are from the set

Ha(y) = {® + ¥ € RLZ™®" : ®(jo) € s(y), Vo € [0,00], ¥ €¥a(7)},

where @, () c 527%™ and Wa(y) € S2™2™ are closed convex cones for all
y € R, which satisfy the following assumptions.

Monotonicity Assumptions on D, (y) and Wa(y):

1. If 2 > 71, then V@ € ®a(y1), there exists @y € @4(y2) such that
D1 > D,

2. If v = 7, then V¥ € ¥A(51), there exists ¥o € Ya(y2) such that
¥, > Yo

Next follows the main result in this chapter.
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THEOREM 5.5
Let Qn = {®1,... ,wn} denote a grid with N = dim (Wa(y)) + 1 frequen-
cies. Then

infy = sup sup ¥,
P Qn D(Qw)

where the primal and dual constraints are defined as
3@ e RLZ™2™ ¥ e ¥,(y), such that
D(jw) € Pa(y), Yo €[0,00],

P

G(i . G(i

[ (;a))] (®(o) +¥) [ (;a))] <0, Vo e][0,0],
and
3Z, € 7™, Zp, 2 0, at least one Z; # 0, such that

G(jwk)] [G(J.a)k)r
A o) ® VYo, € Qy,
D(Qy) [ I ® 7 € Ou(y) r € QN

Z Re [G(J'Ia)k)} Z {G(J'Ia)k)]* e ¥a(1)?,

o €Qy

respectively, and where the positive conjugate cones are defined as
OA(7)® = {W e ™" (B, W) 20, VO eDa(y)},
Pa()® = {W e SZ™2™ (P, W) 20, V¥ e¥a(y)}.

Furthermore, if 0 ¢ ri Wa(y), then N = dim (Wa(y)) is sufficient.

Proof: The case when dim(¥a(y)) = 0 is treated in Theorem 5.3 so we
may assume that dim (¥4(y)) > 0. The proof is based on'the idea in Poola
and Tikku (1995) and Paganini (1995) to use Helly’s Theorem to reduce
an infinite number of convex constraints involving the constant multiplier
¥ to a finite number of such constraints. For given @ € [0, 0] we define

Cou(y) ={Y e ¥Ya(y): Ht\b € DA(Y), s.t. Mg(w)(P + ¥) < 0},

where Mg(®) : S7™2m — §™™ denotes the linear operators defined by

Mo(0)® = [G(;‘a;)rq) [G(ﬁ.w)} ’

for any @ € 52™?™, We note that C,(y) is a convex set. The proof is based
on the following two statements, which are proved in Appendix 5.8.
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Statement (i): If y < infp 7, then (), ¢[oq) Co(y) = . Furthermore

infy = sup Y.
P Nacfose) Co(7)=2

Statement (ii) The condition (,¢jo ) Co(¥) = @ holds if and only if
there exists at most N = dim {Wa(y)) + 1 frequencies w;,... ,on €
[0, oo] such that N, Co, (7) = &. Furthermore, if 0 ¢ ri ‘PA(y),then
N < dim (Ya(7)-

From statements (i) and (i7) above, it follows that y < infp y if and only
if there exist at most N frequencies ws,... , @y such that the convex sets
(here we let Mg* = Mg(wg))

Cl = {(Mg’l(CDl +‘P),... ’MgN(d)N +\P)) : (I)k € q)A(}’), Y e ‘{’A()/)},
Co = {X es™ . X <0}

are disjoint. By the separating hyperplane theorem this is equivalent to

the existence of a nonzero N-tuple (Zy,... ,Zn) € (SN such that
N
> (XwZi) 20, VY(Xy...,Xn)eCy (5.5)
k=1
N
> (X Zi) <0, V(Xi,...,Xn) € Co. (5.6)
k=1

It is clear that for (5.6) to hold we need Z;e >0,fork=1...,N.
The condition in (5.5) gives

Z (Mg (wp)Pr, Zy) + Z (Mg(wp)¥, Zy) =
k=1

N N '
> (D, Ma(@r)*Zs) + <\PaZReMG(wk)ka> 20
k=1

k=1

for all @ € ®A(y) and for all K € Wa(y). Hence,

(€00 2[00 e, ne

ZR { ka)]zk{G({,wk)]*e‘i’A(y)@

and the theorem follows. O
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5.6 A Numerical Example

chassis

p(?) 2 I

q(t)

Figure 54 Process model of car suspension.

REMARK 5.4

It is in general impossible to find the optimal frequency grid Qu for the
dual. However, it follows from the proof that any grid Qy that allows the
dual constraint to be feasible gives a useful lower bound. In applications
we use Theorem 5.5 in the following way. Restrict the primal constraint to
a finite dimensional subspace and choose a frequency grid Qy for the dual.
We denote the corresponding primal constraint Drp. If the the duality
gap infp,, ¥ — supp(q,) ¥ is small then we know that we are close to the
optimal solution. Otherwise improve the subspace for the primal and the
frequency grid for the dual.

The dual constraint, D(Qy), may contain algebraic conditions that
are hard to treat numerically. In this case we have to use approximate
solutiens of the feasibility problem D(Qy). We refer to.Section 4.5 for a
discussion. O

N
5.6 A Numerical Example

In this example we investigate the performance of the suspension of a
simple car model. We will follow the approach in Hansson (1995) to obtain
a simple model of the system. Figure 5.4 shows one fourth of a car with
one wheel and the car suspension equipment consisting of a nonlinear
spring with nonlinear spring constant %(-) and damping ratio d. Below
follows a list of notation for this example
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H Notation [ Explanation ”
p(®) spring length

q(?) road profile

unsprung length of spring

mass of car body
9.81m/s
nonlinear spring constant

@..?voag*g

damping ratio of the spring

The differential equation describing the length of the spring p(¢) due to
the road profile ¢(¢) is

m (B(8) + §(t)) = —k(p(?) - po) — dp(t) — mg.

It is valid as long as the car has contact with the road. In order to obtain a
state space equation we use the states x1(¢) = p(¢) — p° and x(¢) = #1(2),
where p® is the stationary value of p(¢) when g(¢) = 0. We assume that
k(p(t) - po) + mg = k(x1(2) + p° = po) + mg = ky(x1(£) + ¢(x1(2))), where
¢ is a nonlinear function satisfying kminx? < @(x)x < Emaxt?, Vx € R.

The mass of the car is uncertain due to varying load. It is assumed
that m € [m,77]. We let the nominal mass be mo and we define m by the
relation

1 ra
1 = — +ad, /
m my
where my = 2mm/(m + m), § € [-1,1], and a = (m — m)/(2mm).
With the state x = [x1 %2 ]T and output z as the normal force acting
on the compartment, we get the following model for the system’

) = Lot pien e * 1]
= w7
2] Lp (R + @(x1)) —dw2) | [ -1 (5.7)
z(t) = kl(xl + (p(.‘)\cl)) + dxs,
where w = ¢ is regarded as a disturbance to the system.
The system in (5.7) is equivalent to the system in Figure 5.5 Where

the nonlinearity ¢ and the uncertainty 6 are collected in a perturbation
matrix. This system is equivalent to the system in Figure 5.1 with

G = starp(Q, H),
a= 17 4
0 ¢

164 ’




5.6 A Numerical Example

where starp(., ), denotes the Redheffer star product defined as in Redhef-
fer (1959) and Packard and Doyle (1993)

Fi(Q,Hy) Qi2(I — H11Q2) 1Hyo

starp(@, H) = Ho1(I - Q22H11) Qa1 Fu(H, Q) ’

where

Fy(Q Hu) = Qu + QuuH1u (I - Q:2H11) ' Qua,
and

Fu(H, Q) = Has + Ha1Qo2(I — H11Q2) ' Hio.

The matrices H and @ are defined as

0 0 1 0 0]
B 0 —k -d O
0
H=| 0 0 o 1 o0 |, Q=[Q2x2 gm],
0 1 0 0 -1 7 Rz
kB, 0 k d O

»

@iz = [z Oge], Qo = , Qo2 = diagf0,1/mo,s™1,).

O O O
o O R ©

We are interested in studying worst case Lg-performance of the sys-
tem above subject to the nonlinearity ¢ and the mass uncertainty 9.
We assume the following normalized parameter values, k; = 1, d = 0.2,
Bmin = —0.1, kpax = 0.1 and m € [0.8,1.2]. In this case G € RH23, An

upper bound for the induced Lg-norm of the system is given as }/jgf , Where
Yopt is the solution to the following optimization problem

infy subject to
AY € ¥YA(y), @ € RL&O’"XM, such that
®(jw) € @a(y), Vo €[0,00],

(GG @) <o,

P

]* (®(jo) + ¥) [ Vo € [0, 0],
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o 3

Figure 5.5 Transformed system.

where
o 0 0 0 0 07
0 x 00 jy O
o 0 00 0 O
o) = 2 ,vyeR x>0,
8(7) 0o 0 00 o0 o ®YEWT
0 —jy 0 0 —x O
(lo 0 00 0 O] )
and
(70.1%2x; O 0 0 0 ]
0 0 0 0 O 0
0 0 xo 0 O 0
¥ = \ ,x3 2 0
2(7) 0 0 0 -2 0 0 o
0 0 0 0 0 0
.0 0 0 0 0 -yx3 |

The performance multiplier has been included in Wa(y).

An approximate solution to the primal can be obtained as suggested in
Chapter 3. The idea is to restrict the search of the frequency dependent
multiplier to a finite-dimensional subspace. Let x(jw) = R*(jo)UR(jw)
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Ro(s) | So(s) Yopt
1 1 UNFEASIBLE
1 | Ritz(0.2,1) 14.64
1 | Ritz(5,1) 14.64

Table 5.1 Numerical results for the primal optimization problem in the car sus-
pension example.

and y(jo) = VS8(jo) - S*(jo)VT, where R € RHY!, § ¢ HMX gre
basis multipliers and where U € RM¥N  gatisfying U = UT > 0 and
V € R™¥ are the corresponding coordinates. The resulting optimization
problem can be transformed into an LMI optimization problem in U and
V. We obtained the solution in Table 5.1 using LMI-lab, Gahinet et al.
(1995), where

. - -py* 1T
Ritz(p,n) = [1 £2 ... (=217

Higher order basis functions did not give smaller primal objective value.
Does this mean that the last two basis functions in Table 5.1 are close to
optimal? We will use the dual in Theorem 5.5 to investigate this question.
In order to solve the dual for the car suspension example we need to
determine the cones ®,(y)® and Wa(y)®. It is simple to verify that

’

(I)A()/)€B = {W € ngﬁ i Wag —Wss 20, Im Was = 0} ,
Fa®={WeS®: 01°Wu - Wi 20, Was - yWes 2 0}

We have dim (¥a(y)) = 2 and 0 # € ri ¥4(). This means that'we need a
frequency grid with two frequencies, i.e., Q = {w1, w3} In order to state
the dual we define some transfer functions and matrices

H1 = [Gll G12 G13 ]’
Hy = erl Ga2 Gas],
H3 =[Gs1 Gss Gss],

Hy=[1 0 0],
Hs =[0 1 0],
He=[0 0 1].

For any choice of grid with two frequencies we get the following, possible
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suboptimal, dual optimization problem.

supy subject to

D(Q):

This optimization problem can be transformed into an optimization prob-
lem involving real matrices and 2 algebraic conditions, which corresponds
to the constraints Im (Ha(jw)Z:HY) = 0,k = 1,2.

3Z1,Zy € S22, such that

Z1,2Z5 > 0, at least one nonzero,
Hy(jor)ZpHy(jo,) — HsZ,HY >0, k=12,
Im (Ha(jwr)ZpHY) =0, k=1,2,

»

> "Re(0.12H; (jos) ZpHi (jop) — HiZHY) 2 0,
k=1

2
> Re(Hs(jws) ZpH (jop) ~ YHsZoHE) 2 0,
k=1

With only the frequency w; = 0.91 in the grid, we get Yot = 14.60 and g
0.1491 -0.1230 0.1020 0 —1.4879 0.0081
Zy~ | —0.1230 149706 -0.1650|+i | 1.4879 0 1.0122
0.1020 -0.1650 0.0704 ~0.0081 -1.0122 0

It is easy to verify that Z; satisfies the conditions for the dual and we see
that the dual objective y,py = 14.60 is very close to the value of the primal
objective Yopt = 14.64. This shows that the chosen basis are indeed close

to optimal.

5.7 Concluding Remarks

We have derived duality results fér obtaining bounds in robustness analy-
sis with mixed multipliers. Several examples have shown its applicability
for simple cases.

It is general impossible to find the the optimal solution to the dual.
However, suboptimal solutions can be obtained by chosing a frequency
grid Q = {w1,...,wn}. Then solve the optimization problem SUPp(qy) ¥ In
Theorem 5.5. This problem can be solved by bisection on . The constraint
in the optimization problem corresponds to a finite dimensional convex
feasibility problem. For suitable choices of frequency grid this gives a
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useful lower bound on primal optimization problem. This bound can then
be used to investigate the quality of the suboptimal primal.

The suboptimal dual is in general less expensive in terms of compu-
tations than the corresponding suboptimal primal. Hence, in many cases
little effort is required to obtain useful duality bounds.

5.8 Appendix: Proof of Statement (Z) and (ii).

This appendix contains proofs for statement (i) and (ii) in the proof of
Theorem 5.5.

Proof of statement (i) The next lemma is the main tool for the proof of
statement (7). The lemma says that it is nonrestrictive to constrain ® in
the primal constraint to be rational transfer function. In other words, we
would not gain anything from using an arbitrary function on the extended
imaginary axis with values in ®4(y).

LEMMA 5.1
Let G € RH™ ¥ e 522" and y € R. Then the following two state-
ments are equivalent

(i) For every w € [0,00], there exists ® € ®,(y) such that

G(jw) ] J[Gljo)
[ 7 ] (¢+‘I’)[ 7 }<0./
(i) There exists ® € RL2™?™ guch that ®(jw) € ®(y) for all w € [0, o0]
and
[G(iw)] (®(jw) + ) [G(iw)] <0, Voel000.  (5.8)

Proof: The implication (ii) — (i) is obvious. For the other direction
we use the assumption in (i) and the continuity of G to construct a ® €
RL2Z™2™ that satisfies the conditions in (ii). To do this we first transform
condition (5.8) to the unit circle. For this we use the Mobius transform
w(z) = (2 - 1)/(z+ 1) and the notation @(z) = G(y(2)) and ®(z) =
@ (w(2)). The condition in (5.8) becomes

[é(?m)]*@(e]-w)w) [é(;iw)] <0 Voe[or. (59
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By (i) and the continuity of G on the unit circle it follows that every
v € [0,7] is contained in an open (as a subset of [0,7]) interval I, such
that

A (L0
[G(e’ ) <0, Vwel,

I b

]*@VW)[

for some ®, € ®,(y). Compactness of [0,7] implies that there exists
a finite number of such intervals I,,,...,I,, that cover [0,7z]. It is no
restriction to assume the following

1. @y, is in the relative interior of ®x(y), for £ = 1,...,N.

2. v1 = 0 and vy = 7. Since, é(dvl), @(ej"N) e R™™ it then follows
that it is no restriction to use ®@,,, ®,, € S2™?™,

3.I,, nl,,,=Q,fork=1,... N-2

Let us now define the intervals I, and J; as

I = IVk\(IVk+1 UIVk—l)’
Jk = (Olk,ﬂk) = Ivk mIVku'

It is then clear that the continuous function (5C defined as

q)vk, w € Ik,
Bo(e®) = L APy, + (1= )Py, @ =cap+(1-a)By e

D, (e=/®), o € [-7,0)

is in the relative interior of ®,(y) for all @ € [0, 7] and it satisfies (5.9).
Next, let us define

Bn(e) = 5= [ Bele)Rnel@ L, (5.10)

where the Fejér kernel K, is defined as
Nm
B m+1l-|n] ,
Kn(z) = 5 —1

n=-m

It is easy to verify that ®,,(e~?) = ®,,(e/%) and ®,,(¢/%) = @, (/*)*. We
note that ®,, corresponds to the rational function
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where

= m+1l—in| [~ i _ing 2mx2
AL i R2mem
" mma) ), P €

From Fejérs Theorem it follows that &\)m - &)C uniformly on the unit
circle as m — oo, see, for example, Young (1988). Hence, the function
D(s) = Bn(pi(s)) € RLZ™2m satisfies the conditions in (i) if m is
taken sufficiently large. O

Let Yopt = infp y. It is clear from Lemma 5.1 that ¥ < ¥, implies that
Nwef0,0]Co(¥) = . Furthermore, it follows from the assumptions on
DA(y) and Wa(y) that if ¥ > yop then NCyp # . This means that the
condition NCy, = & implies that y < ¥, and statement (i) is proved.

Proof of statement (ii) We first reduce the number of frequencies to
N = dim (¥a(y)) + 1. This part is proved in the same way as a similar
result in Poola and Tikku (1995). For any € > 0 and p > 0, define the

compact convex set Cy,(7,€,p) as

Co(y,6,p) = {¥ € VA(y): Mg(w)(® +¥) < —€,
D e (I)A(y)’ |(I)| <p, |\P| < P}

Next assume that NCo(y) = @. Since Cyo (7, £,p) < Co(y) it follows that

méw(y,e, p) = &. By Helly’s theorem there exists N or fewer distinct
frequencies wy,... ,wy € [0,00] such that

AN 1 Cop(1,8,p) = @ (5.11)

Take sequences {¢;}, {p:} with & — 0, and p; — oo and let, for each i, @,
be the corresponding frequency such that (5.11) holds. By the sequential
compactness of [0,00] we can after going to subsequences assume that
& — 0, p;i = oo and @), > Y for some a)k [0, 00]. This follows since
there is either an unbounded subsequence @j, —> oo or it staysin a compact
interval and convergence follows.

Assume that Nl ,C o (7) is nonempty, i.e., assume that there exists

Yo € N{L,Cu(¥). By continuity of G € RHZ™, there exists & > 0,
Po < oo such that for £ = 1,... ,N, ¥ € 5m(y,eo,po) for all ® in an
interval I;, around a)k We can assume that the intervals are of either of
the forms [@9 — 8o, @}, + o], [0, 6], or [1/8, o], for some o > 0.

Next choose index i such that & < &o, pi = po, and a)k € I, then

Y, € ﬂk=1cwz(% &i,pi) = &, which is a contradiction. Hence, it follows
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that m};’:lcwg (7) = @. The reverse implication is trivial.

Next assume that 0 ¢ ri Wa (). We will show that there exists N+ 1 =
dim (Wa(7)) + 1 frequencies w; such that "N*1C,,(y) = &, if and only
if there exists a subcollection consisting of N frequencies @y, such that
ij‘LICa,kj(y) = J. We can assume that Cp,(7) # @, for k = 1,... ,N + 1,
since otherwise the result is obvious. The idea is to show that we can fix
one element of the matrices C,,(y) to either 1 or —1. This reduces the
dimension by one and the result follows from Helly’s Theorem.

We will use the following property:

(@) if ¥ € Cy,(7), then a¥ € Cy,(y), for all a > 0.

It follows from the convexity of Cy,(7) that if ¥ € Cy, (y), for all £, then
there is also Wy € ri W4 (¥) such that ¥y e Cy, (), for all k. Hence, since
0 ¢ ri Wa(y) and by property (a) it follows that we can fix one element in
all Cy, (7) to either 1 or —1. Denote the corresponding sets C3, (7). We have

MECY () = @ and it follows from Helly’s theorem that there exists a
subcollection consisting of N frequencies @y, such that NGO (1) = @
J

It is clear that also m}\’: 1kaj (y) = @.
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6

Concluding Remarks

Integral quadratic constraints (IQCs) can be used in robustness analysis
of feedback systems. This thesis has discussed how. Structural informa-
tion about uncertainties, nonlinearities, signals, and performance specifi-
cations can be characterized and utilized. Four main topics are treated in
the thesis.

Stability Theory: The thesis has provided results for robust stability
and performance analysis with combinations of bounded multipliers and
nonproper Popov multipliers in an IQC framework. Popov multipliers are
inexpensive to compute, and they can contribute significantly to the accu-
racy of the stability conditions. An example in Chapter 2 shows that the
nonproperness of such a multiplier can be important in applications.

New Multipliers: The strength of the IQC framework is that multipli-
ers from many different robustness criteria can be combined in a simple
and non-restrictive way. It is of interest to extend the set of multipliers
available for system analysis. The thesis has provided several classes of
multipliers: :

s Two new sets of multipliers for slowly time-varying parameters.

¢ Popov multipliers for slowly time-varying parameters that are de-
fined in terms of a convex polytope, and a similar class of multipliers
for the corresponding clags of parametric uncertainties.

s Multipliers for signals with a given spectral characterestic.

Computation of Multipliers: Robustness analysis in the IQC frame-
work leads initially to infinite-dimensional optimization problems. Finite-
dimensional approximations need to be considered in applications of the
method. A flexible format for finite-dimensional restrictions of the original
robustness problem has been introduced in Chapter 3. The subspace for
the restriction is defined in terms of a basis of rational transfer functions.
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Duality Bounds: 1t is of interest to obtain bounds for the conser-
vatism introduced when restricting the robustness problem to a finite-
dimensional subspace. Duality theory has been used to obtain such bounds.
The possibilities and limitations of the duality results are discussed in
some depth. A large class of problems of practical interest that gives a
particularly attractive dual are identified in Chapter 5.

A discussion in Chapter 4 has shown that approximate solutions to
the dual also have the potential to identify ill-conditioned problem formu-
lations and system models.

Extensions and Future Research

There are several directions in which the IQC framework can be extended.
We will here outline some of them.

Multiplier Computation: More effort needs to be invested in the ap-
proach for multiplier computation. The following issues are important.

s Guidelines for the choice of suitable basis multipliers.
o Development of user friendly software interfaces.
o Applications to reasonable sized physical systems.

All numerical examples in the thesis have been solved using a preliminary
version of a software package that interfaces LMI-Lab. It consists of com-
mands for combining multipliers, commands that define multiplier sets
for various nonlinearities, uncertainties, -and signal specifications, and
commands for the robustness analysis and for evaluation’ of the results.

New Theory: Hysteresis phenomena are common in control applica-
tions. It appears, for example, in mechanical control components such as
valves and transmission mechanisms. Several frequently appedring hys-
teresis phenomena can be modeled as multivalued functions. This adds
an extra difficulty to the stability analysis since, such hysteresis functions
often define unbounded operators. Based on ideas from Yakubovich (1963)
and Yakubovich (1965b) we recently derived stability results for a class
of uncertain systems with hysferesis nonlinearities, see Jonsson (1996).
A new result on exponential stability in an IQC framework in Ranzer and
Megretski (1996) seems to be useful for extending this work further.

Controller Synthesis: The information provided by multipliers should
to the largest possible extent be exploited in controller synthesis. This is
the idea used in D — K iteration for controller synthesis in the framework
of structured singular values. The optimization problem in a D — K it-
eration is non-convex and NP-hard. It is thus computationally expensive
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and convergence to the global optimum cannot be guaranteed. However,
in the hands of a good control engineer it can still be a very useful tool.

Synthesis results for robust controllers subject to unstructured uncer-
tainty and various performance objectives have been developed by many
authors. The underlying framework for much of this work can be inter-
preted in terms of IQCs and the design equations can be formulated as
an optimization problem over linear matrix inequalities. For references,
see for example, Iwasaki (1993), Boyd et al. (1994), Gahinet et al. (1995),
Beran (1995), Scherer (1995), Chilaly et al. (1996), and EL Ghaoui and
Folcher (1996).

An extension to the case of structured perturbations gives synthesis
results in terms of bilinear matrix inequalities (BMI), see, for example,
Megretski (1994) and Safonov et al. (1994). This means that we again
have a nonconvex and potentially NP-hard problem. It has been debated
whether it is a good idea to pursue these problems or not. However, al-
though it is unlikely that we will find algorithms that ensure convergence
to the global optimal with reasonable computational effort, we believe it is
useful to develop suboptimal techniques that take some of the information
in the IQCs into consideration in the synthesis of controllers.

An interesting idea for using structural information about uncertainty
in the design of gain-scheduled controllers was presented in Packard
(1994) and Apkarian and Gahinet (1995). The scheduling parameters
are used in the controller and this results in convex synthesis problems.
Complex-valued parameters were considered in the original papers. An ex-
tension to real valued parameters was obtained in Helmersson (1995b). A
further generalization that has connections with the IQC framework was
obtained in Scherer (1996).
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