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LINEAR QUADRATIC CONTROL PACKAGE
PART II - THE DISCRETE PROBLEM ¥

XK. Martensson

ABSTRACT

In this report we consider the linear quadratic control problem

under the restriction that the control variable is constant over
the sampling intervals. Algorithms and flow chart for numerical

solution are presented. The program can be used to design opti-

mal control systems and to compute optimal filters and predic-

tors for implementation on process control computers.

TThis work has been supported by the Swedish Board for Tech-

nical Development under Contract 68-336-f.
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1. INTRODUCTION

In a previous report {2} we have discussed the solution of the
continuous version of linear quadratic optimal control (linear
system equations, quadratic cost functional). It was shown that
the optimal control is a linear time-varying or, in the asymp-
totic case, constant feedback from the state variables of the
system. The success of this control strategy thus continuously
requires complete information about the state of the system,
and possibility for the control variable to change according

to the control law. However, in many applications at least one
of these conditions is violated. Complete information about

the state for example, may either be too expensive from an
instrumentation point of view or even impossible to get conti-
nuously (e.g. chemical reactors). A reconstruction of the sta-
tes using a Kalman filter then requires off-line digital compu-
tations, and if a process control computer is used to implement
the optimal control, the estimates will be available only at
discrete sampling events. The control variable is then changed
only at these sampling events, and thus both conditions men-

+tioned above are violated.

Tt is then convenient to state the problem in a somewhat diffe-
rent way. Instead of looking for the best continuous control,
we shall try to find the control in the class of piecewise
constant functions, and it shall be the best in this class in
the sense that the criteria is still as small as possible. The
solution will then be directly applicable on a process control-
ler and the estimates can~be computed between two subsequent

sampling intervals.

The problem is stated and solved in section 2. Notice that,
despite of the discrete nature of the problem, we have chosen
an integral criteria. This will punish the overall behaviour
of the system, while a discrete criteria just considers the
state of the system at the sampling events. Moreover, very
little about the influence of different criteria parameters

can be predicted in the discrete case, while at least some
simple rules are known in the continuous (Butterworth patterns,

etc.). The connection to the continuous case is justified in




section 3. In section 4 we consider the numerical solution of
the problem. Algorithms and flow chart for a complete program
package are presented. Finally, in section 5, some typical

examples are solved and briefly discussed.

2. THE DISCRETE CONTROL PROBLEM
Consider the linear time-varying system

Dty = ACE) -+ x(t) + B(t) « ult) (2.1)
dt

where x(t) is the n-dimensional state vector, u(t) is the r-
dimensional unconstrained control vector, and A(t) and B(t) are

nxn respectively nxr matrices. Moreover, A(t) and B(t) are assumed

to be piecewise continuous and bounded. Let t and te > 1, be

fixed initial and final times, and let

x(t ) = x (2.2)
o o
be the initial condition for (2.1). Denote by V(Xo,to;tf,u) the
functional
. te x(s)\ T x(s)
V(xo,togtf,u) = X (tf)-QO-X(tf) + [ +Q(s) - ds
to u(s) u(s)

(2.3)

QO and Q(s) are assumed to be nonnegative definite symmetric
matrices of order n x n and (n + r) x (n + r), and Q(s) is a

composite matrix

Q.- (s) Q- ,(s)
W) = 11 12

QQI(S) sz(s) (2.4)
where
Qpp(s) = leT(S> (2.5)

The dimensions of Qll’ le and Q22 aren xn, n Xx » and r X r,

and they are all bounded and pilecewise continuous.

The optimal control problem then consists of determining the
control function u(t) on the interval [to,tf] in such a way
that the nonnegative quantity (2.3) becomes as small as pos-
sible. (2.3) will be referred to as the cost functional, and

Qo’ Qll’ le and Q22 as the cost or criteria matrices.




Denote by Vo(xo,togtf) the minimal value of (2.3) with respect
to the class of all piecewise continuous functions defined on
[to,tf]. Let this class be denoted by Uc' Then
O . - : L]
v (xo,to,tf) = min V(Xo,to,tf,u) (2.6)

ueU

c

Under these assumptions the solution of the problem is well
known {2}, and the minimal value of (2.3) is a quadratic func-

tion of the initial state

VO, tit,) %L . S(t3t)x (2.7)

where S(t;tf) is the solution of the Riccati equation with
S(tf;tf) = QO. We will now consider the problem under the re-

striction that u e Ug> and Uy is the class of all piecewise

A
constant functions defined on [to,tf]. Let VO(XO,tO;tf) be the

analogue of (2.6), that is
V)

o )
\ (xo,togt ) = min V(Xo,togtf,u) (2.8)

ueUd

£

Then obviously the following holds

VO(x .t 3t.) € VOUx ,t 5t.) (2.9)
O) O, ~ 09 O, d

f f

since Ug € Ug,- %ore detailed results concerning the difference

o o) . . .
between V- and V~ are glven 1n section 3.

Now consider the final time tf as fixed, and let the interval

[to,tf] be split into N semiopen intervals [ti’ti+Ti) in such
a way that
k-1
te =t T LTy (2.10)
1=0
and
ty 7 te (2.11)

The set {Ti} will in the sequel be called the sampling inter-
vals. To guarantee uniqueness of the control variable we
assume that u(t) is constant over the intervals [ti,ti+Ti).

(Fig. 1).
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Fig. 1
The solution of (2.1) will then be
x(t) = ¢(t,tk) X(tk) + T(t,tk) u(tk) tkstStk+l (2.12)

where ¢(t,tk) is the fundamental matrix of (2.1) satisfying

i; bt t) = ACE) 6(t,t,) £ stet,
(2.13)
(t 1) = I
and
t
F(t,tk) = i ¢(t,s) B(s) ds teststy (2.14)

k

Splitting up the functional (2.3) into a sum of integrals over

the sampling intervals we get

t T
" . 7 N-1 "k+1/x(s) Qy;(8) Qq,(s)) [ x(s)
Vix ,to,tf,u)—x (tf)Qox(tf)+ T S ds
© k=0t \u(s) Q,1(8) Q,,(s)] {uls)

(2.15)

or




. N-1 Tl
V(Xo,togtf,u)=x (tf)QOX(tf)+ § S/ {x (S)Qll(s)x(s) +
k=0 tk

+uT(S)Q22(s)u(s)+xT(s)Q12(s)u(s)+

+uT(S)Q21(S)X(S)}dS (2.16)

Using the relation (2.12) and the fact that u(t) = u(tk) if

tststy g the terms under the integral can be made independent

of x(s) and u(s).

T+l o Tl .

i x (8)Qq,(s)x(s)ds = i {x7(t )¢ (s,tk)Qll(s)¢(S,tk)x(tk) +
k Xk

" XT(tk)¢T(8,tk)Qll(s)F(s,tk)u(tk) ¥ uT(tk)FT(s,tk)Qll(s)

T T
¢(S,tk)x(tk) + u (tk)F (S’tk)Qll(S)r(S’tk)u(tk)}ds

(2.17)

Bl Yl

Soou(s)Q,,(s)u(s)ds = s u (t )Q,,(s)ult, )ds (2.18)

272 k=22 k

T Ty
Tl o Bl T

Sox (S)QlQ(s)u(s)ds = J {x (tk)¢ (S,tk)le(s)u(tk) +

e Ty

4 uT(tk)FT(S,t )Qp,(s)ult)ds  (2.19)

Finally
b1 . Tier1 .
f u (S)Qzl(s)x(s)ds = f X (S)le(S)U(S)dS (2.20)
T t
k k
since
T
Q21(S) = le(s)

v} V] 2V v}
Define the matrices Qll(tk), QlZ(tk), QZl(tk) and Q22(tk) of

dimensions n x n, n x ¥, r x n and r x r in the following way

Berl
/ ¢ (s,tk)Qll(s)¢(s,tk)ds (2.21)

Ty

v
;o {e

Ty

V]
Qp1(ty)

T

PN T
QlQ(tk) (s,t )Qll(s)r(s,tk) + ¢ (s,tk)le(s)}ds

(2.22)




T

v av]
Q,1 () = Q1) (2.23)
N [
Q22(tk) = i {r (S,tk)Qll(s)F(s,tk) + Q21(s>r(s,tk) +
T
Koo (5,£,)Q,,(s) + Q,,(s)}ds (2.24)

Then from (2.16) to (2.24) follows that

Ter1 =)\ T Q1(s) Q) [x(s)

S ds =
Ty uls) QQl(S) Q22(S) u(s)
T v N
i x(tk) Qll(tk) Slz(tk) x(tk)
- av]
u(tk) QZl(tk) sz(tk) u(tk) (2.25)

and consequently

" T N-1 X(tk)
Vix ,t 3t ,u) = x (£t )Q x(t,. ) + =

o’ o’ f f" o f ~

k=0 u(tk)

av] n,
Qu () Qo (i =1y (2.26)
n ny
QZl(tk) Q22(tk) u(tk)

The problem of minimizing the continuous functional (2.3) given

the system (2.1) under the restriction u e U thus is equiva-

d)
lent to the problem of minimizing the discrete functional (2.26)

given the system (2.12) - (2.14).

v
It is dinteresting to notice that the crossproduct term le(tk)
may well differ from zero in the discrete functional, although

it may be zero in the continuous.

The discrete optimal control problem is solved by a straight-
forward application of linear dynamic programming. From (2.8)
follows

ny
) = Min V(x(tn),tn;tf,u) (2.27)

)
VO(x(t ), t_ 3t
n n
ueUd

f

with the boundary condition

o . _ T
\Y (X(tN),tN,tf) = x (tf) Qs x(tf) (2.28)




Y
Then according to the principle of optimality v° should satis-

fy the functional equation

T v N
" x(t_) Q.,(t ) Q. ,Ct )} xCt )
VO(x(t ), st ) =Min n S 2 no+
uel 4 u(tn) QZl(tn) Q22(tn) u(tn)
Vo
V(s Tty (2.29)

with the boundary condition (2.27).

Since the boundary condition is quadratic in the initial state,

we make the approach
’\/O T v
vV (X(tn),tn,tf) = x (tn) S(tn,tf) X(tn) (2.30)

Y]
where S(tn,tf) is a symmetric nonnegative definite matrix of

order n x n. Then

T Y] V)
XT<tn>§<tn,tf>x<tn>=Min *tn) Sll(tn) SlQ(tﬂ) * 0,
uel, u(tn) QZl(tn) Q22(tn) u(tn)
T v}
+ x (tn+l)8(tn+l,tf)x(tn+l)}' (2.31)

which is equivalent to
TR St Lt ox(t ) Min (xT(+ )6 (L .t )8 (t
n n’ f n n n

usUd

v T I T
+Qll(tn)]x(tn)+2 b4 (tn)[le(tn)+¢ (t

n+1°2 n+l’tf)¢(tn+l’tn

"
n+l’tn>8(tn+l’tf)F(tn+l’tn

u(tn)+uT(tn)[TT(tn+l,tn)g(tn+l,tf)F(tn+l,tn)+522(tn)lu(tn)}
(2.32)

since
®(t 1) = 60t >t Ix(E ) + Tt ot dult) (2.33)

To simplify the notations we introduce

x(n) = x(tn)

u(n) = u(tn)
¢ = 00t 41>t
T = T(t t )

n+l’ n

Y+

)]




n, ny

S{n) = S(tn,tf)

Y] N

Q= Qqp(t)

e [av)

Qpp = Qpp(t)

N n

Qpp = Qpplty) (2.31)

Completing the square of the right hand of (2.33) yields

T

T, ¥ v Voo -1, TV voT T
% (n)S{n)x(n)=Min {[u(n)+(T S(n+l)F+Q22) (T S(n+l)¢+Q12)x(n)]

ueUd

V)
[rT§<n+1>r+5221[u<n>+<rT§<n+1>r+522)‘l(rT§<n+1>¢+Ql§>x<n>] -

n Y n, ny
_ XT(n)[¢TS(n+l)F+Q12][FTg(n+l)T+Q22]_1[FT§(n+l)¢+ng] w(n) +

T v i
+ x (n)[¢ S(n+tl)e + Qll}x(n) (2.35)

A regularity condition that guarantees a unique control law 1s
that

T’\/ v
rHS(nt)T + Q,, (2.36)

is strictly positive and thus invertible. The minimum of (2.35)
is achieved if the control variable u(n) is chosen as a linear
feedback from the state variables

n,
u(n) = - L(n) =x(n) (2.37)

v v
where L(n) = L(tn,tf) is of order r x n and

T
2
Substituting (2.37) into (2.35) yields a recursive equation for

V]
S(n)

av) N n ny Y
L(n) = 178+ + Q17 [T S(n+1)¢ + Q] (2.38)

S(n) = ¢ S(n+l)¢ + Qll - [¢7S(n+)T + le][F S(n+1)Tr + Q22]
Ty ~OT
[P"S(n+1)¢ + Q.1 (2.39)
since (2.35) holds for all x(n). The boundary condition is
av]
S(n) = Q (2.40)

O

More compact (2.35) can be written

v T% n %T T% v Y
8(n) = ¢ S(n+1)¢+Qq{-L (n) [T S(n+l)F+Q22]L(n) (2.41)




v v
Notice that S(n) and the feedback parameters L(n) are computed

backwards in time, the recursive computation starting at the
terminal time t_.. Substituting the control law (2.38) into the

f
system equation gives the optimal system

Y
x(t ) =loCe Lt ) = Tt 4t LG DT =(t ) (2.42)
or
x(t ) = vl T IxCE ) (2.43)

%ow let te approach infinity. Then under what cozditions will
S(tk,tf) converge towards a stationary solution S(tk), and when
will this result in an asymptotic stable optimal system (2.43)?
In the continuous case, that is ueUc, sufficient conditions are
well known {1}, and then analogue results could be established
for the discrete case. Without any proofs we will in the next
section make comparisons between the continuous and the dis-
crete case, and then show that the continuous regularity condi-
tions guarantee regular behaviour of the discrete problem, as

soon as the sampling interval is small enough.

3. COMPARISONS WITH THE CONTINUOUS CONTROL PROBLEM

The results in this section are due to Astrém {4}. Let W(X,t;tf)
be the difference between the minimal values of the functional
(2.3) with respect to the class of piecewise continuous and the

class of plecewise constant control variables. Then
2o o

W(X,t;tf) =V (x,t;tf) -V (X,t;tf) (3.1)
It is clear that W(x,t;tf) > 0. Since in both cases the minimal
values are quadratic in the initial state we have
Wx,tst.) = XTg(t't )x - XTS(t't )x = X T (tst )% (3.2)

3 2 f b f 5 f 9 f
where T(t;tf) is a nonnegative definite symmetric matrix. In
{4} it is shown that

@)

V]
A . (TS_l) < v-v
min VO max

(rs~t 1\] (3.3)

N
>

) < ||TS”




10

provided that the inverse S_1 exists. The quantity XmaX(TS—l)
can be considered as the maximum relative increase of the loss
-1

function due to the restriction u e Ud. (The existence of S
is guaranteed by the controllability and observability criterias.

{11,

From {4} we further have
V]

V(X,t;tf) > V(x,t;tf) (3.4)

as

max (Ti) -~ 0 (3.5)
i

This is equivalent to

[av)

S(t;tf) > S(t;tf) (3.6)

when

max (Ti)+ 0 (3.7)
i

This implies that the minimum value of the discrete loss func-
tion can be made arbitrarily close to the continuous loss func-
tion if the lengths of the sampling intervals are made small
enough. Now consider the time-invariant case, that is, constant
parameters A, B, Qll’ le and Q22, and let the sampling inter-
vals be of equal length h. Then we get a measure of the diffe-

rence

T(t3t) = 0(h?%) (3.8)
or

v 2

S(tstg) = S(t3t) + 0(h”) (3.9)

This is illustrated by an example in section 5, where the solu-
tions for different sampling intervals are compared with the

corresponding continuous solution.

(3.9) together with some more elementary results {4} now makes
it possible to give sufficient regularity conditions for the
time-invariant discrete case.

Assume that the pair (A,B) is completely controllable and that
(C,A), where Q11 = ETC, is completely observable. If h is chosen
small enough, then S(tK,tf) converges towards a positive defi-

nite symmetric matrix S as t_. approaches infinity, and the opti-

f




11

mal system w(tk+l,tk) converges towards an asymptotic stable

constant matrix V.

The restriction to small sampling intervals is important, since
the controllability (observability) may be lost by an improper
choice of h. For large values of h, it is then necessary to con-
sider the transformed system and criteria parameters in a manner

similar to {1}.

4. NUMERICAL SOLUTION

A complete computer program package for solving the problem
has been developed. For simplicity the program is restricted
to time-invariant systems and criterias, and the sampling inter-

vals are assumed to be of equal length. The package consists of:

LIOPSAMP Main program
TRANS Subroutine
NORM "
DYNPROG "

SYMINV "

Referring to the flow chart shown in fig. 2, we give a descrip-

tion of the different parts of the package.

PROGRAM LIOPSAMP

This is the main program administrating inputs and outputs. It
also makes the appropriate calls to the subroutines TRANS and
DYNPROG. Input data required:
N-order of the system (max 10).
NU-number of control variables (max 10).
ITYPE - is set 1 if the system and loss function are given in
continuous form and a transformation to the discrete form is re-
quired. Option exists to apply the dynamic programming routine
directly to a discrete system and criteria. In this case ITYPE
is set 2.

v Y]
ITIME - number of sampling events in which S and L are computed.
TSAMP - length of sampling intervals. In the discrete case this

is arbitrary.




READ N,NU,ITYPE,ITIME,TSAMP
READ A,B,Q0,011,Q12,Q22

ITYPE=2

ITYPE=1

PRINT THE PARAMETERS
AND THE CONTINUOUS
SYSTEM AND LOSS
FUNCTION

CALL TRANS AND
TRANSFORM TO DISCRETE
SYSTEM AND LOSS
FUNCTION

12

Y

4

PRINT THE SAMPLED
SYSTEM AND LOSS
TUNCTION

= {
s (N)=Q0
I =1

CALL DYNPROG

v
La-Dy= T8 141y 140, ) T H TS (=T 04Q) D)

-L(N-I)

v Tf\; V) ’\/T T'\J v
s(N-I)=¢ 8(N—I+l)¢+Qll—L (N-T) (T S(N—I+1)F+Q22)
V]

Fig.

v
Q0=s(N-I)

I

NO

v

n
PRINT T,s(N-I),L(N-I)

I = ITIME?

I+1

2

Flow chart

YES

STOP
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A - system matrix of order N x N (¢ in the discrete case).
B - system matrix of order N x NU (T).

Q0, Q11 - criteria matrices of order N x N (30 and 511).
Ql2 - criteria matrix of order N x NU (612).

Q22 - criteria matrix of order NU x NU (522).

SUBROUTINE TRANS (N, NU, TSAMP, NOCONV)

This subroutine performs the transformation of the system and

criteria matrices. From (2.12) we have

x(t) = ¢(t,tk)x(tk) + F(t,tk)u(tk) tkststk+l (4,1)
where
L s(t,t) = ACE)$(t,t,) (4.2)
Cb ’k B CPt:_tk e
dt
¢(tk,tk) = I
and
t
F(t,tk) = i ¢(t,s)B(s)ds T ststy (4.3)
k

With the restriction to time-invariant parameters (4.1) and (4.3)

are equal to

A(t—tk)
¢(t,tk) = e (4.4)
and
T A(t-s)
r(t,t,) =/ e S’ds B (4.5)
%

In the dynamic programming routine we are only interested in

¢(tk+l,tk) and F(tk+l,tk).

Let 1 be the length of the sampling intervals, then (4.4) and

(4.5) are reduced to

At
¢(tk+l,tk) = e ¥ k (4.8)
T As
F(tk+l,tk) = é e"""ds B ¥ k (4.7)




1y

(4.6) and (4.7) could be computed by straightforward series

expansions since the exponential series is uniformly conver-
gent for all constant matrices A. However, before discussing
numerical aspects we shall consider the transformed criteria

matrices. To simplify the notations we introduce

s(t) = o't (4.8)
and
t As
I'(t) = f ¢7ds B (u.9)
o)
Then (2.21) - (2.24) are reduced to
v T T
Qll(tk) = [ ¢ (S)Qll ¢{(s)ds ¥ k (4.10)
o
2V} T T T
QlQ(tk) = é {¢ (S)Qll r(s)+¢ (S)le}ds ¥ k (4,11)
n, ~ oo )
QZl(tk) = QlZ(tk) ¥ k (4.12)

oV T
Q,,(t) = I {FT(S)Qll F(s)+FT(s)Q12+Q21 r(s)+Q,,kds ¥ k (4.13)
O

(4.10) - (4.13) could also be computed by series expansions, and
thus the transformation problem cuuld be solved by five straight-
forward but time-consuming expansions. However, we will now prove

that just two series are enough.

Introduce the uniformly convergent series

2 3 L S n+?2
T(t) =T Lo+ At 4 a2 X 4 - 5 ARk (4.14)
21! 3! b1 n=0 (n+2)!
and
t T
Y(t) = f {Is + A T(s)} Qll{IS + A T(s)lds (4.15)
o
Let
P(t) = It + A T(t) (4.16)
Then
¢(t) = I + A P(1) (4.17)

I'(t) = P(1) B (4.18)
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and

D pee) =T + A PGE) = ¢(t) (4.19)
dat

(4.10) is now reduced to

o T T o T g
Q1 (=S ¢7(s)Qq4 ¢(S)dS:I P7(s)Qqy ¢(s)-{ J P (8)Qq4 ¢ (s)ds A
o o o

(4.20)
Introduce
T
S(t) = /P (S)Qll ¢ (s)ds (4.21)
o
Then
i T
Qll(tk) = P (T)Q11 $(t) - S(1) A (4.22)
since P(0) = 0. But
T i T 2
S(t)=/ P (S)Qll ¢ (s)ds= {Is+AT(s)} Qll{I+As+A T(s)}ds =
o o
K T
= [/ {Is+A T(s)} Qll{IS+A T(s)l}ds] A +
o
! T
+ f {Is+A T(s)} Q11 ds ' (4.23)
o
which is reduced to
S(1) = Y(o) A+ T(r)Qy, (4.2u)
since
4 P(t) = Tt + A T(D) (4.25)
dt :

Y]
Then Qll(tk) can be computed from the series (4.14) and (4.15).
v

Making use of (4.,18) and (4.19), (tk) can be written

Q12

n, T T T T
Ql2(tk) =/ ¢ (S)Qll I'(s)ds + [ ¢ (S)le ds =
o

O
T T T
=[ s ¢T(S)Qll P(s)as] B + 5 & Q, ds (4.26)
o) o ds

or
"y
Qqy(ty) = sTeoy B + Yo Q (4.27)
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which again only involves the series (4.1%) and (4.15). From

(4.12) immediately follows

Y] f\JT
Qyq () = Q50T (.

v}
For Q22(tk) we have

n, T T T T T T
Qgg(tk):f r (S)Qll I'(s)ds+/ T (S)Q12d8+fQ21 I'(s)ds+/ Qnds
o o o o

(4.
But
_d
r(t) = — T(t) B (4
dt
and then
T
T IR A ]
é T (S)Qles =BT (T)le (4
! T T T
I Qyq I'(s)ds = (B~ T (T)le) (4.
o
The first term of (4.29) is reduced to
TooT oot T _
ST (S)Qll r(s)ds = B~ f [Is+AT(s)] Qll[Is+AT(s)]ds B =
o o
= BT v(1) B (4.
and finally
T
[ Qy,ds = Qy, 1 (4.
o
Then
v
Q22(tk):BT Y(t)B+BT TT(T)Q12+(BT TT(1)Q ) +Qy,t (4
Summarizing the computations required we have
1. Compute T(1) and Y(t)
P(t) = It + A T(T1)
S(t) = Y(o)A + TH(0)Q
3. ¢(t) = I + A P(1)
r(t) = P(r) B
s _ 5T
%ll(tk) = PT(T)Qll ¢(%) - S(t) A (4.
t,.) = 857 (t) B + P°(
Q9 (g RS ™) Q9
%21(tk) = Q%2(tk) - .
Q22(tk) = B~ Y(¢)B + B~ T (T)Q12 + le T¢t) B + Q22 T

28)

29)

.30)

+31)

32)

33)

34)

.35)

36)
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The series expansions are computed in the following way

2 3
(1) = T E 4 AT 4 =
21 3!
_2 1, o, an’ _
21 31 y o
2 oo
= t z Tn (4.37)
n=1
where
T, = T
21
7 - (AD)
2 3
T = iéfi“zﬂll (4,38)
n (n+1)! »

Although Y(t) is given in the integral form (4.15), it is easy
to show that

Y(£) = t° @Y (4.39)
n=1 n

where

1
Yl = gT (QQll)

_ 1 T
Y, = = (3 Qyq (At) + 3 (AD' Q)

?

1 ? T T
v, = = (4 Qpy (AT + 6 (AD)" Qqq (A) + & (AT)" Q)
vy = —L (v (At) + (AT Y L+ Qi T+ T T Q)  (4.40)
n (n+2) n-1 n-1 11 n n 11 )

The series are truncated when

[T Y

Al i | -10

max 1 R T < 10 (4.481)
[ozT, [o=v
n=1 n=1

or after 35 terms if this condition is not yet satisfied.
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The parameters of TRANS are:

N - order of the system (max 10).

NU - number of control variables (max 10).

TSAMP - length of sampling intervals (t).

NOCONV - returned 1 if the series expansions have not con-

verged to the desired accuracy (4.41), otherwise 0.

The system and criteria matrices A, B, Qll’ le, Q22 are pro-

v1ded via a common block, and upon return they contain ¢, T,

Qll’ le and sz

SUBROUTINE NORM (A,N,IA,S)

This routine computes the norm used in the criteria (4.41). The

norm is chosen as

S = min {max } ‘ (4.42)

i3

[ ]
o

Parameters:

A - quadratic matrix.

N - order of A.

TA - dimension parameter.

S - resulting norm.

SUBROUTINE DYNPROG (F,G,Q11,Q012,022,N,NU,S,UL,IA,IB,IERR)

Y Y] Y]
Given S(n+l) the subroutine computes S(n) and L(n) according to

(2.35) and (2.36), that is

aV] n,

L = r7S@enr + 0,170 [r78(melde + Q1] (1.43)
and

v T v iy TV " v

S(n) = ¢°8(n+t1)¢ + Qq - L (n) [T S(+1)T + Q,,] L(n)  (4.44)

For computational reasons a more suitable form of (U4.U4) is
S(n) = ¢ S(n+l)¢ + Qll - L7 (n) [T7S(n+l)¢ + le] (4.45)

Parameters: N

s V]
F,6,Q011,012,Q22 - System and criteria matrices ¢,T,Q11,Q12,Q22.
N - order of the system (max 10).

NU - number of control variables (max 10).




19

S - When calling DYNPROG S contains g(n+l) upon return S con-=
tains g(n).

UL - returned containing E(n).

IA,IB - dimension parameters.

TERR - returned -1 if the inversion has failed.

SUBROUTINE SYMINV (N,IA,IFAIL,A)

A fast routine for the inversion of a symmetric matrix A. {3}.

SYMINV is used in subroutine DYNPROG for the computation of
-1

(rTS(ne1)r + sz

Parameters:
A - symmetric matrix, returned containing AL,
N - order of A.

TA - dimension parameter.
IFAIL - returned O if the subroutine has executed correctly,

1 if not.

The accuracy of the program varies with the parameters 1nvolved.
A useful measure of the accuracy is the symmetry of S(n)5 and
therefore no attempts to make S(n) symmetric after each step
are made. As soon as the series expansions in subroutine TRANS
have converged within 35 terms, the results have shown good
accuracy. If the transformations fail, a decrease of the length
of the sampling intervals will give faster convergence. All the
programming is done in CDC-3600 FORTRAN, and total memory re-

quirement is about 5k.
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EXAMPLES
Double-integral plant.

The system 1is

..___:ll:X

dt 2

dx2

—t =y (5.1)
dt

and the cost functional to be minimized is chosen as

10
v o= x§(10> rroEu%(s)as : (5.3)

o 2

This corresponds to

0 1 0 1 0 0 O 0

A= B= Q = Q.= Qq,= Q,,=(0.5)
0 0 1 ° lo o Holo o 1210 22

The sampling intervals are chosen as t = 1.0, and then we have

the sampling events t, = 0,1,...9,(10). Computed feedback
parameters and a complete output from the program are given

in appendix.

Double-integral plant, asymptotic behaviour. Consilder the
system (5.1) with the criteria
t
f

V:XT(tf)Qo () é {x§<s>+le<s>x2<s>+2x§<s>+u2<s>}ds
(5.1)
Then
0 1 0 1 1 0
A= B= Q = Q = Q =1.0
0 0 1 11 1 5 12 0 22

and Qo arbitrary. In the continuous case it is well known
that independent of Q_, S(t;tf) approaches a stationary value
S as te tends to infinity. Although we have in section III
proved the analogue behaviour only for small values of 1,
this holds if t = 1.0, and is i1llustrated in fig. 3. The ele-
ments of the feedback matrix i(tn,tf) are converging towards

the same stationary value independent of QO.
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Fig. 3

Components of the feedback matrix L for various Qg
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Double-integral plant, comparison with the continuous case.

This example illustrates the relations stated in section III
between the continuous and the discrete problem. We consider
the same system and loss functional as in example A. §(8,10)
has been computed for t = 1.0,0.1,0.01, and are presented

in fig. 4 together with the continuous solution S(8,10). We

notice that g(8,10) equals S(8,10) in about two more digits

at each step, which well confirms the O(hz)—behaviour.

"
S(8,10) , u e U

d
0.16666 66667 0.33333 33333
t=1.0
0.33333 33333 0.66666 66666
/0.15797 78831 03159557662
t=0.1
0.31595 576672 0.63191 15324
0.15789 55679 0.31579 11359
t=0.01
0.31579 11359 0.63158 22720
S(8,10) , u e Uc
0.15789 47369 0.31578 94737

0.31578 94737 0.63157 89474
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PRINTOUTS FROM PROGRAM LIOPSANMP

THE CONTINUOQUS SYSTEM IS

MATRIX A

=0.0000000000+000

=0.0000000000+G00

MATRIX B

=0,0000000000+000
1.00000006000+4000

MATRIX QO

1.0000000000+000

=0.,0000000000+000

MATRIX Q41

=0,0000000000+000
=0.,00000000006+000

MATRIX Q42

-3,0000000000+G00
-0.0000000000%000

MATRIX Q22

5.0000000000-001

1.0000000000+000
=0,0000000000+000

=0.0000000000+000
=0.0600000000+000

=0,0000000000+000
=0.00000060000+000

NUMBER OF SAMPLING INTERVALS= 490

LENGTH OF SaMPLING INVERVALS=

1.006000

Appendix




PRINTOUTS FROMN PROGRAM LTOPSAMP

THE DISCRETE SYSTEM IS

MATRIX AD

1.0000000000+000
0.0000000000+000

MATRIX BD

5.0000000000-001
1.0000000000¢000

MATRIX Q0D

1.0000000000%000
-0.0000000000+000

MATRIX Q114D

0,0000000000+000
0,0000000000+000

MATRIX Q412D

0.0000000000+000
0.0000000000+000

MATRIX Q22D

5.0000000000-0G01

1.,0000000000+000
1.0000000000+000

=0.,0000000000+000
-0.,0000000000+000

0,0000000000+000
0,00000000002000

NUMBER OF SAMPLING INTERVALS= 410

LENGTH OF SAMPLING INTERVALS=

1.00000




COMPUTED FEEDBACK PARAMETERS

SAMPLING EVENT=Ti- 13T3AMP
COMPUTED S-MATRIX

6.6606666665-001 He66666066665=001
6:66666666065-001 He6666666665-001

COMPUTED L-MATRIX{U==L»X)

6e6666666669-001 He6666666669=001

SAMPLING EVENT=T4=  2sTSAMP
COMPUTED S-MATRIX

1,66606666666-001 3.3333333331-001
3.33333333314-001 8.6666666663-001

COMPUTED L-MATRIX(U==L»2X)

5.0000000001-001 1.0000000000%000

SAMPLING EVENT=T4- 32TSAMP
COMPUTED S=HMATRIX

5.4054054050-002 16846216215-001
1.6216216215-001 4,8648648645~001

COMPUTED L-MATRIX{U=-=LaX)

2:7027027027-001 8.4081081082-001

SAMPLING EVENT=Ti- 42TSAMP
COMPUTED S=MATRIX

2.3255813953=-002 9,3023255810-002
9.3023255840-002 3:7209302324-001

COMPUTED L-MATRIX(U==LaX)

1.6279069767-001 6565116279067-001

SAMPLING EVENTsTi- 54 LSAMP
COMPUTED S=MATRIX

11976047904-=002 5.2880239518=¢02
5.,9880239520-002 2:9940119759-001

COMPUTED L-MATRIX(U=-L=2X)




1.0778443414-001 5.,3892215566~-001

SAMPLING EVENT=Ti- 62TSAMP
COMPUTED S=MATRIX

609444444447 003 4+1666666666-002
4:1666666666-002 2.4999999999-001

COMPUTED L=-MATRIX(U==LoX}

7.6388888886=-002 4.5833333333-001

SAMPLING EVENT=Ti- 75TSAMP
COMPUTED S=MATRIX

40.3763676152-003 3e0634573304-002
3,0634573304-002 2,1444204312-001

COMPUTED L-=MATRIX(U==L2X)}

5.6892778993-002 3.98249452%5~001

SAMPLING EVENT=Ti- g TSAMP
COMPUTED S=MATRIX

20.9325513204-003 203460410557-042
2634604109557-002 1.8768328445-004

COMPUTED L=-MATRIX{U==lL2X)

4,3988269796-002 3¢5190615836-001

SAMPLING EVENT=Ti- aTSAMP
COMPUTED S=-MATRIX

0,0597322352-003 1,8537590444=-002
1,85375901413-002 1066838341101-001

COMPUTED L-MATRIX(U=={ #X)

3.5015447993-002 3.14513903492-001

SAMPLING EVENT=Ti-= 102TSANMP
COMPUTED S=MATRIX

1.5045015049=-003 15045015016=-002
1.5015015016~002 1.5045015015-001

COMPUTED L-MATRIX{U==L=2X)

2.8528523530-002 2.8524523529-001




