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A NEW ATGORITHM FOR
RECURSIVE ESTIMATION OF PARAMETERS

IN CONTROLLED ARMA PROCESSES

o
K.J. Astrém and D.Q. Mayne




1. INTRODUCTION

Mathematical models of processes in terms of controlled ARMA
processes are of interest in control engineering. Such models are
convenient representations of systems, whose input-output relation
can be characterized by rational transfer functions, subject to
disturbances having rational spectral densities. The problem of
estimating the parameters of controlled ARMA processeslhas also
received much attention. The maximum likelihood method was applied
in [1] where it was shown that the maximum likelihood estimates were
consistent, asymptotically efficient and asymptotically normal. It
is a drawback of the maximum likelihood method that the likelihood
function is nonlinear. This implies that there may be séveral local
minima and that the optimization may be difficult. Various alternative
methods for estimating the parameters in controlled ARMA processes
have therefore been proposed, e.é. the generalized leést squares [2],
the extended least squares [3] and the two stage least squares [4].

A new method was proposed in [5] and [6]. This method is a multistep
technigue where least squares is used in each step. A recursive
version of the method presented in [5] is presented and analysed in
this report.

The recursive algorithm is of interest for the design of
adaptive regulators and adaptive predictors. A review of recursive
estimation methods is given in [7], It may be legitimally questioned
whether it is of any use to add yet another method to a large number
of already existing routines. Thus guestion can be answered as
follows. 1In the case of pure ARMA processes (i.e. no inputs} it is

known that the maximum likelihood method is globally convergent. Many




of the other recursive methods are, however, not globally convergent
even for ARMA proceéses. There is, moreover, no method which is known
to converge globally when inputs are present. One motivation for
intreducing the method presented in this report is that it is globally
convergent. Another motivation is that the corresponding off-line
method is consistent and asymptotically efficient,

It is unfortunately only possible to analyse the asymptotic
properties of the recursive estimation procedure. Since short sample
properties are also important it follows that it is not possible to
evaluate estimation methods purely by analysis. For this reason it is
thus necessary to explore the proposed method by simulation and also
to investigate its numerxical properties before it can be‘judged scberly.

The report is organized as follows. The process model, consisting
of a controlled ARMA process, is described in Section 2. The off-line
estimation method, which is the basis for the recursive aléorithm, is
presented in Section 3. The properties of the off-line method are also
discussed briefly in that section. The recursive algorithm is presented
in Section 4, and its properties are analysed in Section 5. It isg

shown that the algorithm will under reasonable assumptions always

converge.

2. PROCESS DESCRIPTION

The process is described in this section. The assumptions made

on the process are alsé stated.
Only discrete time processes are discussed. It is thus assumed

that time T is the set of integers T = {...,-1,0,1,...}. Signals are

functions from T to R. They are dencted by lower case letters like u




and y. It is assumed that the process is a controlled ARMA procéss

described by:

-1 -1 -1
Af{g yy(t) = Blg Ju(t) + Clg el(t) (2.1)

where u is the input signal, y the output signal and {e(t)} is a
sequence of independent identically distributed random variables with

) 2 -1 -1 -1
zero mean values and covariances A . In (2.1) A{g '), B{g ) and Cl{g ")

-1
are polynomials of degree n in the backward shift operator gq :

A ) =1t +aqg i+ ... +ag”
1 n
-1 -1 -n
B{g ") = blq ol bnq
~1 -1 -n
Clg ) =1+ ciq + ... F cnq ) {(2.2)

it is assumed that there are no factors common to A, B and C. There is
no loss of generality is assuming that A(0) = (0} = 1. The assuﬁption
that B(0} = 0 is not important; it is made only to obtain symmetry in
certain equations.

The model (2.1} will also be written in the following abbreviated

form:

Ay = Bu + Ce (2.1")

The problem we will consider is estimation of the parameters of the
process (2.1} from observations of input-output records'{u(t),y(t},t ¢ T}

of the process. For easy reference the parameters are gathered into the

vector:




0 = coeff [A(qml),B(qvl),C(qmi)}
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o

... b c, e ... c] (2.3}
n

Conversely to each parameter vector O we can alsc associate polynomials

A, B and C given hy:

-1 -1 -n
A{g ") =1 + Olq + ... + an
Blg ) = oy + 0, q " (2.4)
4 = %t T on :
~3 -1 " -n
Clg ) =1+ 62n+1q + ... + O3nq

Assumptions
The following assumptions are made on the process (2.1} which
generates the data to be used in the system identification:
Al: There are no factors common to all of A, B and C and C(q_l) £ 1.
1

Furthermore the zeros of the polynomials znA(z_l}rand znc(z“ )

are. strictly less than Y < 1 in magnitude.

A2: The input signal is covariance stationary and persistently
exciting of arbitrary order p,
A3: The disturbance e is a sequence of independent random

variables with bounded fourth moments. The disturbanceis

fincorrelated.




3. THE OFF-LINE ALGORITHM

A nevw algorithm for estimating the parameters of the process

{2.1) was proposed in [5] and [&].
method where least squares is used in each

described in this section.

The algorithm is a multistep

step. The algorithm is

Some of its properties are also discussed

together with minor modifications which lead to different versions of

the algorithm.

The Algorithm

Step 1: Estimate Al.and B1 in the model
Aly = Blu
where deg A1 = deg 81 = p by least squares. Let £y
denote the residuals obtained,
Step 2: Estimate Az, B2 and C2 in the model
= +
Ay = B u+ C,e,
where the polynomials have the form (2.2} and ey is the
residual from Step 1, by least sqguares.
Step 3: Filter the signals u, y and €y by C; where C2 is the

polynomial estimated in Step 2

to obtain

the model

(M,)

(Mz)




(M3)

where the polynomials A3, B3 and C3 are of the form (2.2),
by least squares.

Minor Modifications

In Step 1 the parameters are determined in such a way that

the criterion

-1 ~1 2
LA (g y(t)-B (@ ult)]
t

is minimized. 8Similarly the criterion

-1 -1 -1 2
E[Az(q )y (t)-B,(q )u(t)—Cz(q )si(t)]

o, -1
is used in Step 2. Since the leading coefficient in Cz(q ) is one

{c.f. {2.2)) the alternative criterion

-1 -1 -1 2
g{ath yy(t)-B,(q Dul(t)=lc,(q -1]e, (8}

can also be used in Step 2. This means that the model M2 is replaced

by
= —_ 1
Ay Bu + (C2 1)e1 (Mz)
Similarly the model M3 in Step 3 can be replaced by
= _ = = o
AJY = Bju + (C3 C2)e1 (M3)




It is easily seen that these modifications are asymptotically (for
laxge p and large N) unimportant. They will, however, give versions
of the algorithm that are slightly different for finite p and N.

Properties of the Off-Line Algorithm

The residuals El obtained in Step 1 will be close to the process

dinnovations e if p and N are large. 1In [5] and {61 it is shown that

if all zeros of the polynomial an(z_I) have magnitudes less than
v < 1 then asymptotically for large N

2 2{p-n

E[el(t)-e(t)] <Ky (p-n)

For large N and p the polynomials A1 and B1 obtained in-'Step 1 are

also close to the polynomials obtained by truncating the series

: -1 -1 - -1
expansions in ¢ = of the rational functions A{g }/C{g ) and B(q,l)/c(q )

in a sense given precisely in [6]. This result is further illustrated
by the following simple example:

Example 3.1

Consider the process
y(£) = e(t) + ce(t-1), Je| <1
A straightforward solution of the normal eguations gives asymptotically,

for large N, the following cocefficients of the polynomial Al

1_02(p—1+1)

,_2(pt1)

i .
a, = (~c) s i=1, ..., p

-1
The truncation of the rational! function 1/C{q "} gives a polynomial




, L i,
with the coefficients (-}, i =1, ..., p. {1

An estimate of the parameters of the process (2.1) is already
cbtained in Step 2. This estimate is the well known two-stage least
squares (28LS) estimate which was originally proposed by Durbin [41,
and later in the automatic control literature [8] and [9]. (Note
that the term 2LSL is used ih the econometrics literature [10] to
describe a different estimaté,closely related to instrumental
variable estimators.}) It is shown in [6] and {9] that the bias of
the 25LS estimate can be made arbitrarily small by choosing the
parameter p in the first step sufficiently large. The following
example from [9] gives the bias of the 2515 estimate of a first order
system:

" Example 3.2

Consider the process
v{t) + ay(t-1) = bu{t-1) + e(t) + cel{t~1)

where the input u is white noise which is independent of e and has

2
variance o, Then [9] as N > =, the 25LS estimate converges to

5Pl (g

a = a
7

(1-¢Py (14§-cP)
b=h0 :

2p-1
~ c p {1-02)
c=c - D

{(I-¢ ™)




_ Az(l—az)(lﬂcz)

2 2
A (C—a)2+b20

If the modified estimate obtained by fitting the model Mé instead of M2

then [9] the 2SLS estimate converges instead to

a=a
b=Db
+1 2
2. P e
-5 2
1+8~-¢ p+2

The example thus indicates that it is slightly advantageous {(at
least for n=1} to use the version of the algorithm where the model Mé
is fitted in the second step._

The 25L8 estimate is known to be inefficient. ‘The purpose
of the third gtep in the algorithw is to reduce the variance

of 2SLS estimate,.

In the second stage of the algorithm the loss function

2
[ajy(t) - Byu(t) - Cye; ()]

It~

=1

t=1

is minimised with respect to 62, i.e., with respect to (the

coefficients of} A2, B2, C2. In the third stage the loss function

1

v, (8,) = il >3 3
393 =y ¢

3
[ v(®) - & ult) -3

e, (677
1 2 2 2

Il o~z

t

is minimised with respect to 83 (i.e. A3, B3, C3). The
likelihood function associated with the problem is:
N
1 N o B 2
Vi, 0 =om 2 gy Cu(t)]
t=1
The maximum likelihood estimate GML minimises v (8) with
respect to 0, It is shown in [14] that 83 + gP w.p. l,as N + o,

that 6 + 0 as p * @, that the asymptotic variance (as N - o)

of YN [0. - 6877 is:
3 _ o -




[Ev2v3(ep)3‘l [mevv, (67) (0P 17 ravdv, @717

and that EVoV_ (8% + mviv (9) and mVv_ (0P) vl (8P -
3 ML 3 3
EV2VML(B) as p * ®, Hence the asymptotic variance of
VN [83 - 8P] tends to that of fﬁ'[BML - 6] as p » w;
this property is not possessed by 82. Since V3 is a convex

{indeed quadratic) function, the estimation scheme can be

regarded as based on a convex appreximation of the likelihood

function.

4. THE RECURSIVE ALGORITHM

Since the algorithm given in the previous section is composed
of three least squares steps it is easy to obtain a recursive algorithm
simply be replacing the least square estimations by recursive least
squares in each step. The recursive algorithm will then be built up
of three recursive least squares steps. Tﬁe equations will be very
similar for all steps. The following notation is introduced to describe
the algorithm.

0, = coeff (AI'BI)' dim Gl = 2p

o4
i

coeff (A ,BZ,Cz), dim 62 3n

2 2

B. = coeff (AB'BB'C3)' dim & 3n ' (4.1}

3

The regressors are denoted as

[~y (t=1) ...y (t-p) ult-1)...u(t-p)1

I

Zl(t)

[-y(t-1)...-y{(t-n) u(t-1)...u{t-n) e£t~1)...€1(t—n)JT

zz(t)

- 10 -




