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Numerical study of positron-hydrogen scattering
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We present results of numerical experiments that are the one-dimensional analog of positron-hydrogen
scattering. The obtained wave functions are exact, within model restrictions.@S1050-2947~98!01501-7#

PACS number~s!: 34.70.1e, 32.80.Rm, 34.50.Rk
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I. INTRODUCTION

The positron-hydrogen system is one of the simpl
three-particle systems in that a rearrangement process ca
observed. The system consists of three distinguishable
ticles that can exist in three steady-state configurations:
drogen and free positron (H1e1), positronium and free pro
ton (Ps1p), and three dissociated particles (e11e21p).
There is no positron-electron-proton bound state@1,2#. The-
oretical work on this system began with the work of Mass
and Mohr@3# in 1954 and it has continued to be an area
active research@4–6#. Experimentally, this has been a ve
difficult system to study, mainly because of the low inten
ties of the available positron beams. The first measurem
of the positronium formation cross section were not repor
until the beginning of this decade@7#. A brief review of the
most recent available calculations and experimental dat
given by Kernoghanet al. @8#.

In this paper we report initial results from numerical e
periments that are the one-dimensional analog of posit
hydrogen scattering. The restriction to one dimension~1D!
obviously eliminates many physical effects from consid
ation. For example, in 1D there are only two scattering
rections, forward and backward. However, the problem
mains fully quantum mechanical in 1D, and we can exp
the greater simplicity to obtain numerically the exact tw
body time-dependent wave functions, including the effec
the full correlation interaction without approximation. The
wave functions can permit inspection of the rearrangem
dynamics in unprecedented detail.

II. POSITRONIUM IN 1D

The Hamiltonian is given by

H5
1

2
p1

21
1

2
p2

21V~x1!2V~x2!2V~x12x2!. ~1!

Positron and electron variables are denoted by 1 and 2
spectively. The electrostatic interactions are described by
soft-core Coulombic potentialV(x)51/(x211)1/2 previously
used in studies involving a positive core and one or t
571050-2947/98/57~4!/2572~6!/$15.00
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electrons@9,10#. Our model contains two additional approx
mations:~i! it does not allow for positron-electron annihila
tion and~ii ! the nucleus does not move. The first approxim
tion is adopted in many theoretical studies of positron-at
scattering and has been justified by calculations that find
the annihilation cross section is three orders of magnit
smaller than cross sections for other inelastic channels@11#.
The second approximation is obviously justified in the
gime of very low incident positron kinetic energy.

Before considering the scattering problem we calcula
the hydrogen and positronium eigenstates by diagonaliz
the relevant two-body Hamiltonian matrix in each case,
ing a five-point approximation of the kinetic-energy term
The energies of the lowest states are presented in Table I
for high n the expected Rydberg behavior is foun
En;21/n2. A more detailed analysis reveals that the ene
relations are best understood in terms of a quantum de
such thatEn52R/(n1Dn)2 @12#. The quantum defect is
parity dependent since states of even parity sample mor
the soft core of the potential than odd-parity states. For
drogen it was determined thatR52.00 a.u. and

Dn5H 0.620, n even

0.597, n odd.
~2!

TABLE I. Binding energies for one-dimensional hydrogen a
positronium eigenstates.

n BH ~a.u.! BPs ~a.u.!

1 0.66982 0.58818
2 0.27494 0.17861
3 0.15149 0.09302
4 0.09270 0.05302
5 0.06354 0.03597
6 0.04550 0.02490
7 0.03461 0.01892
8 0.02689 0.01439
9 0.02171 0.01164
10 0.01773 0.00936
2572 © 1998 The American Physical Society
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57 2573NUMERICAL STUDY OF POSITRON-HYDROGEN SCATTERING
For positroniumR51.00 a.u. and

Dn5H 0.340, n even

0.274, n odd.
~3!

The agreement between the quantum-defect-modified R
berg relation and the numerically calculated energies
creases withn. Even atn52 they differ by no more than 6%
and byn510 they agree to within 0.07%.

III. POSITRON-HYDROGEN SCATTERING DYNAMICS

The evolution of the electron-positron system is det
mined by the time-dependent Schro¨dinger equation~in di-
mensionless atomic units!

i
]C~x1 ,x2 ,t !

]t
5HC~x1 ,x2 ,t !. ~4!

with H given in Eq.~1!. In our numerical experiments th
initial state consists of the electron bound to the proton in
hydrogen ground state and the positron in a Gaussian pa

ce1~x1 ,t50!5exp@2~x12x0!2/4s2#exp@ ik0x1#, ~5!

propagating towards the hydrogen atom. A typical choice
packet width wass530 a.u., givingDE'0.02 a.u. for initial
kinetic energies up to 1 a.u. Solutions of the time-depend
Schrödinger equation, given this initial condition, wer
found numerically on a spatial grid using a split-operator f
Fourier transform method described in detail elsewh
@13,14#.

Our primary interest in this series of scattering expe
ments was to study the process of positronium formati
especially in the regime where the initial kinetic energy
the positron is from 0.082 a.u. to 0.670 a.u. In this ene
regime there are several competing inelastic channels: e
tation of hydrogen and the formation and possible excitat
of positronium. The threshold values of initial positron k
netic energy for which these channels become open are
sented in Table II. The time dependence of this scatte
event is of particular interest as it has not been studied
viously.

Several methods have been applied to the visualizatio
the collision process and will be briefly described. The fi
of these methods is to plot the two-particle spatial den

TABLE II. Final states and threshold values of free positr
kinetic energy given the initial conditione11H(n51).

Minimum initial positron
Final state kinetic energy~a.u.!

p1Ps(n51) 0.082
e11H(n52) 0.395
p1Ps(n52) 0.491
e11H(n53) 0.518
p1Ps(n53) 0.577
e11H(n54) 0.577
A A
e11e21p 0.670
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uC(x1 ,x2 ;t)u2, as shown in Figs. 1 and 2. For scatterin
events in which the positron’s initial kinetic energy is belo
0.670 a.u.~the three-body dissociation threshold! the plots
have a high contrast between free positron plus hydro
~vertical lines centered aboutx250) and free proton plus
positronium ~diagonal lines alongx1'x2). The primary
drawback of this method is difficulty in distinguishing be
tween various bound states of hydrogen and positroni
Figure 1 shows a sequence of density plots ofuC(x1 ,x2 ;t)u2

corresponding to different times during a scattering eve
This same information for the first two plots in the sequen
is shown magnified and in the format of contour plots in F
2.

Greater clarity can sometimes be achieved by constr
ing the single-particle densities. The total electron and po
tron spatial densities are defined by

r i~xi ,t !5E
2`

1`

uC~xi ,xj ;t !u2dxj . ~6!

FIG. 1. Two-particle spatial densityuC(x1 ,x2)u2 in four subse-
quent time frames~top to bottom! during a collision. Initially the
electron is in the H~n51! state and the positron is free with
kinetic energy of 0.42 a.u. The positron coordinatex1 is along the
vertical axis and the electron coordinatex2 is along the horizontal
axis. We have used a unit of time based on the frequency of
positronium 1-2 transition such that time is given in multiples
2p/0.409 a.u.
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A positronium spatial density can be estimated by assum
that allC(x1 ,x2) for which ux12x2u<15 a.u. represents pos
itronium. This approach to computing positronium dens
while not rigorous, was found to be in rough agreement w
more formal calculations~except in the region immediatel
surrounding the proton! and is considerably more efficien
computationally. The free-positron density was found
subtracting this positronium density from the total positr
density defined by Eq.~6!. In Fig. 3 the positronium and
free-positron densities are plotted for the scattering ev
shown in Fig. 2.

IV. INELASTIC CHANNELS

In order to gain a better understanding of the scatter
process it is necessary to distinguish between the var
inelastic channels that are available. A method that is be
able to discern different bound states is to plot the tw
particle momentum densityuC̃(k1 ,k2 ;t)u2, which is found by
taking the two-dimensional Fourier transform of the wa
function:

C̃~k1 ,k2!5E E dk1dk2exp@ i ~k1x11k2x2!#C~x1 ,x2!.

~7!

In a plot of the momentum density, as in Fig. 4, hydrog
bound states appear as horizontal lines at a vertical pos
that gives the momentum of the corresponding free posit
Measurement of this momentum plus knowledge of the bi
ing energies enables us to identify the various lines w

FIG. 2. Two-particle spatial densityuC(x1 ,x2)u2 in two subse-
quent time frames during a collision. The contours for thet50 plot
are at 0.001, 0.002, 0.003, and 0.004. The contours for thet518
plot are at 0.0004, 0.0007, and 0.001. Time is given in multiples
2p/0.409 a.u.
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corresponding states through simple application of ene
conservation. Similarly, the diagonal lines fall alon
k11k2'6K, whereK is the total momentum predicted fo
the various states of positronium given the initial condition
However, our ability to distinguish between various sta
using this approach is limited since the spatial extent of
bound states in both position and momentum space incre
with n, making it useful only for H(n51,2) and Ps(n51,2).

Numerical estimates of positronium formation cross s
tions for the lowest two states were found using a slig
modification of momentum density method. Before taki

f

FIG. 3. Free positron and positronium spatial densitiesr(x) in
four subsequent time frames~top to bottom! during a collision.
Initially the electron is in the H(n51) state and the positron is fre
with a kinetic energy of 0.42 a.u. Time is given in units
2p/0.409 a.u.
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57 2575NUMERICAL STUDY OF POSITRON-HYDROGEN SCATTERING
the Fourier transform a mask was applied to eliminate
drogen from the wave function, giving a plot with clear
separated diagonal lines as shown in Fig. 5. An estimat
the probability to form positronium in a particular state c
be found by summingux(k1 ,k2)u2 in the region for which
k11k2'6K, wherex(k1 ,k2) is the Fourier transform of the
masked wave function. We will refer to this as the mas
transform method.

Finally, a more formal approach can be used to obt
cross sections for Ps(n) formation as a function of the P
kinetic energy. Writing the wave function in terms of hydr
gen bound statesjn(x2) and positronium bound state
fn(x22x1) we get

FIG. 4. Initial and final momentum distributionsuC̃(k1 ,k2)u2 for
the collision shown in Fig. 1. The positron wave vectork1 is along
the vertical axis and the electron wave vectork2 is along the hori-
zontal axis.

FIG. 5. Final momentum distributionux(k1 ,k2)u2 after applying
a spatial mask to eliminate hydrogen. This plot is the masked
sion of Fig. 4~b!.
-

of

-

n

C~x1 ,x2!5 (
n51

` E dkbn~k!jn~x2!
1

A2L
eikx1

1 (
n51

` E dkcn~k!fn~x22x1!
1

A2L
eik~x11x2!.

~8!

Since hydrogen and positronium states are not orthogo
this expansion breaks down in the region wherex1 is small
~near the proton!. However, since the positron is repelled b
the proton there is only a brief portion of the collision durin
which there is a significant amount of the wave function
this region. Therefore,

cn~k!'E E drdRfn~r !e22ikRC~r ,R!, ~9!

wherer 5x22x1 andR5(x11x2)/2. This method provides
the most complete and accurate information about posi
nium formation, but at a high computational expense.c1(k)
andc2(k) were computed at the final time in the scatteri
event shown above. In Fig. 6 we plot the correspond
kinetic-energy-dependent quantityc̃n(Ekin), where

c̃ n~Ekin!5 ucn~1AEkin!u21ucn~2AEkin!u2. ~10!

The peak in the plot ofc̃1(Ekin) is located at a positronium
kinetic energyEkin of approximately 0.34 a.u., which is th
value predicted from conservation of energy consideratio
Since the kinetic energy of the incident positron is peak

r-

FIG. 6. Cross sections for the formation of positronium in t
n51 andn52 states with kinetic energy (Ekin).
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2576 57J. M. LARKIN, J. H. EBERLY, D. G. LAPPAS, AND R. GROBE
around 0.42 a.u. we expect little or no production of posit
nium in the first excited state, which is confirmed by the lo
values of c̃2(Ekin). The structure in thec̃2(Ekin) plot in the
vicinty of 0.1 a.u. is not well understood at this time.

The population in the staten can be computed by inte
grating ucn(k)u2 over all k. We will refer to this as the pro-
jection method. A comparison between the mask-transfo
method for calculating positronium cross sections and
more rigorous projection method is shown in Fig. 7.
noted previously, the mask-transform method is not capa
of accurately measuring states for whichn>3. However, the
agreement between the methods at the lower states is
good. In Fig. 8 we show the final populations as a function
the kinetic energy of the incident positron, calculated by
projection method. The maximum production of ground-st
positronium occurs for an incident positron with 0.68 a.u.
kinetic energy, which is slightly above the three-body dis
ciation threshold. Our one dimensional model has a ma
mum production of positronium in staten53 and below at

FIG. 7. Positronium formation cross sections as a function of
kinetic energy of the incident positron. The cross section fou
using the projection method is labeled by the solid line and t
found using the mask-transform method is denoted by3.
-

m
e

le

ite
f
e
e
f
-
i-

an incident energy of 0.70 a.u., which is 4.5% above
dissociation energy. Experimental measurements of the t
positronium formation cross section made by Sperberet al.
@7# found a maximum at 1562.8 eV. This maximum is lo-
cated 10.3% above the dissociation energy~13.6 eV!.

Finally, we should note that one can justify the on
dimensional model by observing the degree of qualitat
agreement with experimental data and other calculations
can be found in@8#. For example, our Ps(n51) cross section
of Fig. 7 seems to have the same maximum as in Fig. 2~a! of
Ref. @8#. The other cross sections have similar features.

V. SUMMARY

In this paper we have presented several tools for study
the one-dimensional analog of positron-hydrogen scatter
The expansion into positronium bound states in the diff
ence coordinate and plane waves in the sum coordinate
particular interest since it can be used in the study of n
conservative systems, unlike some of the other methods
scribed earlier in this paper. The nonconservative las
assisted positron-hydrogen scattering process can be stu
with special emphasis on enhancement of the positron
formation cross section.
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