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A Linear Algebra Approach to Minimal
Convolutional Encoders

Rolf Johannesson, Member, IEEE, and Zhe-xian Wan

Abstract— This semitutorial paper starts with a review of
some of Forney’s contributions on the algebraic structure of
convolutional encoders on which some new results on minimal
convolutional encoders rest. An example is given of a basic
convolutional encoding matrix whose number of abstract states
is minimal over all equivalent encoding matrices. However, this
encoding matrix can be realized with a minimal number of mem-
ory elements neither in controller canonical form nor in observer
canonical form. Thus, this encoding matrix is not minimal accord-
ing to Forney’s definition of a minimal encoder. To resolve this
difficulty, the following three minimality criteria are introduced:
minimal-basic encoding matrix (minimal overall constraint length
over equivalent basic encoding matrices), minimal encoding ma-
trix (minimal number of abstract states over equivalent encoding
matrices), and minimal encoder (realization of a minimal encoding
matrix with a minimal number of memory elements over all
realizations). Among other results, it is shown that all minimal-
basic encoding matrices are minimal, but that there exist (basic)
minimal encoding matrices that are not minimal-basic! Several
. equivalent conditions are given for an encoding matrix to be
minimal. It is also proven that the constraint lengths of two
equivalent minimal-basic encoding matrices are equal one by
one up to a rearrangement. All results are proven using only
elementary linear algebra. Most important among the new results
are a simple minimality test, the surprising fact that there exist
basic encoding matrices that are minimal but not minimal-basic,
the existence of basic encoding matrices that are nonminimal, and
a recent result, due to Forney, that states exactly when a basic
encoding matrix is minimal.

Index Terms— Convolufional code, basic encoding matrix,
minimal-basic encoding matrix, minimal encoding matrix,
minimal encoder.,.

1. INTRODUCTION

ORNEY'’S landmark paper: “Convolutional codes I: Alge-
braic structures” [1] (see also [2]) constitutes an abundant
source of important results on the algebraic structure of
convolutional codes. After having introduced a most important
concept, viz., a basic convolutional encoder (which has both a
polynomial encoding matrix and a polynomial right inverse),
Forney defined a rate R = b/c basic encoder to be minimal if
its overall constraint length v is equal to the maximum degree
 of the b x b subdeterminants of its encoding matrix.
In this semitutorial paper, we show that there exist basic
encoding matrices that have a minimal number of abstract
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states' and, hence, can be realized by a minimal number of
memory elements over all equivalent encoders but are, quite
surprisingly, not minimal according to Forney’s definition! To
resolve this difficulty we introduce the following three mini-
mality criteria: minimal-basic encoding matrix (minimal over-
all constraint length over equivalent basic encoding matrices),
minimal encoding matrix (minimal number of abstract states
over equivalent encoding matrices), and minimal encoder (re-
alization of a minimal encoding matrix with a minimal number
of memory elements over all realizations). Our definition of
a minimal-basic encoding matrix is equivalent to Forney’s
definition of a minimal encoder.

In Section II, we introduce the controller canonical and
observer canonical forms of a linear sequential circuit. The
distinction between convolutional encoders and their generator
and encoding matrices is discussed in Section IIl. In Section
IV, we discuss the equivalence of encoders and we also give
Forney’s definition of a basic encoder. The important concept
of minimal-basic encoding matrices is introduced in Section V.
In this section, we give three equivalent statements for a basic
encoding matrix to be minimal-basic. We also prove that the
constraint lengths of two equivalent minimal-basic encoding
matrices are equal one by one up to a rearrangement. From
the minimal-basic encoding matrix we proceed to introduce
the minimality of a general encoding matrix in Section VI
Several equivalent conditions for a general encoding matrix
to be minimal are given. After having defined a minimal
encoder in Section VII, we give an example of a basic minimal
encoding matrix that is not minimal-basic and, hence, has no
minimal realization in controller canonical form. Finally, in
Section VIII, we prove that every systematic encoding matrix
is minimal. We also show a minimal realization of a systematic
encoding matrix which has neither a minimal realization
in controller canonical form nor one in observer canonical
form. »

Some of our theorems are new, others can be found explic-
itly in Forney’s papers [1]}-[3], and a few are given implicitly
in these papers, but we have proven all results by using only
elementary linear algebra. Most important among the new
results are a simple minimality test, the surprising fact that
there exist basic encoding matrices that are minimal but not
minimal-basic, the existence of basic encoding matrices that
are nonminimal, and a recent result, due to Forney, that states
exactly when a basic encoding matrix is minimal.

II. CONTROLLER AND OBSERVER CANONICAL FORMS

Let F2((D)) denote the field of binary Laurent series. The
element (D) = Y0 z;D* € Fo((D)), r € Z, contains

i=r
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only finitely many negative powers of D. For example,
g(D)=D2+1+D*+ D"+ D +...

is a Laurent series.

Let F3[[D]] denote the ring of formal power series. The
element f(D) = Y72 f;D' € Fy[[D]] is a Laurent series
without negative powers of D.

A polynomial p(D) = 3;2 p; D* contains no negative and
only finitely many positive powers of D. If pg = 1 we have
a delayfree polynomial, e.g.,

p(D) =1+ D?+ D*+ D5

is a binary delayfree polynomial of degree 5. The set of binary
polynomials F3[D) is clearly a subset of F2((D)).

Given any pair of polynomials z(D),y(D) € F2[D], with
y(D) # 0, we can obtain the element z(D)/y(D) € F2((D))
by long division. Since sequences must start at some finite time
we must identify, for instance, (1+ D)/D?(1+ D + D?) with
the series D™2 4+ 1+ D + D3 + - - - instead of the alternative
series D=2 + D=5 + D=5 4 ... that can also be obtained by
long division but which is not a Laurent series. Obviously,
all nonzero ratios £(D)/y(D) are invertible, so they form the
field of binary rational functions F;(D), which is a subfield
of the field of Laurent series Fo((D)).

We can of course consider n-tuples of elements from
F2[D],F2[[D]],F2(D), or Fo((D)). For example, =(D)
(Z?in xgl)Di’ Zio?—-rz xEZ)Di7 I Z?—ir.. zz(n)Di)’ where
T1,72, -+, Tn € Z, is an element in Fg((D))("), the n-
dimensional vector space over the field of binary Laurent series
F2((D)). Let r = min {ry,72,-++,7,} and put :cgj) = 0 for
i < r;, then we can express z(D) also as

oo
$(D) = Z($$1)7zz('2)7 e ’mz('n))Di'

i=r

Thus, F2((D))™ = F(z")((D)), where F(;)((D)) is the set of
all Laurent series in D with coefficients in the n-dimensional
TOW vector space F(Z" ) over F,. The elements in the field
F((D)) are usually called scalars. Similarly, F2[D]™ =
FV[DL,Fo[[D|™ = FP[D)), etc. If =(D) € FP[D],
we say that (D) is polynomial in D. The degree of the
element (D) = 3" (V2P ... z{)Di is defined to be
m, provided (mﬁ,‘)z&%) ez )) # (00---0). For simplicity,
we also call elements in F”([D]] formal power series when
n > 1 )

Consider the controller canonical form of a single input
single output linear system as shown in Fig. 1. The delay
elements form a shift register, the output is a linear function
of the input and the shift register contents, and the input to
the shift register is a linear function of the input and the shift
register contents.

From Fig. 1, it follows that

v(D) = w(D)g(D)/q(D), ®

where

gD)=go+aD+ -+ gn D™ @
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Fig. 1. The controller canonical form of a rational transfer function.

Fig. 2. The observer canonical form of a rational transfer function.

and
gD)y=1+q@D+ -+ g, D™ ?3)

Let ¢(D) = g(D)/q(D), then v(D) = u(D)t(D) and we
say that t(D) is a rational transfer function which transfers
the input u(D) into the output v(D). From (1), it follows
that every rational function with a constant term 1 in the
denominator polynomial g(D) (or, equivalently, with ¢(0) = 1
or, again equivalently, with ¢(D) delayfree) is a rational
transfer function that can be realized in the canonical form
shown in Fig. 1. Every rational function g(D)/q(D), where
q(D) is delayfree, is called a realizable function.

In general, a matrix G(D) whose entries are rational func-
tions is called a rational transfer function matrix. A rational
transfer function matrix G(D) for a linear system with many
inputs and/or many outputs whose entries are realizable func-
tions is called realizable.

In practice, given a rational transfer function matrix we have
to realize it by linear sequential circuits. It can be realized in
many different ways. For instance, the realizable function

got+ gD+ +gmD™
1+@D+ -+ gnD™

has the controller canonical form illustrated in Fig. 1. On the
other hand, since the circuit in Fig. 2 is linear, we have

U(D) = u(D)(go +aD+---+ ng"‘)‘
+ v(D)(‘IlD + qum),

O

©)

which is the same as (1). Thus, Fig. 2 is also a realization of
(4). In this realization the delay elements do not in general
form a shift register as these delay elements are separated
by adders. This is the so-called observer canonical form
of the rational function (4). The controller and observer
canonical forms in Fig. 1 and 2, respectively, are two different
realizations of the same rational transfer function.
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III. CONVOLUTIONAL CODES AND THEIR ENCODERS

We are now prepared to give a formal definition of a
convolutional transducer.

Definition: A rate R = b/c (binary) convolutional trans-
ducer over the field of rational functions Fo(D) is a linear
mapping

Fo((D)) - F3((D))
u(D) — v(D), )
which can be répresented as
’ *(D) = w(D)G(D), @)

where G(D) is a b x c transfer function matrix of rank b with
entries in F2(D) and v(D) is called a code sequence arising
from the information sequence w(D).

Obviously we must be able to reconstruct the information
sequence u(D) from the code sequence v(D) when there is no
noise on the channel. Otherwise the convolutional transducer
would be useless. Therefore we require that the transducer
map is injective, i.e., the transfer function matrix G(D) has
rank b over the field Fo(D).

Definition: A rate R = b/c convolutional code C over
F2 with the b x ¢ matrix G(D) of rank b over Fy(D) as
its generator matrix is the image set of a rate B = b/c
convolutional transducer w1th G(D) as its transfer function
matrix.

It follows immediately from the definition that a rate R =
b/c convolutional code C over F with the b x ¢ matrix G(D)
of rank b over F2(D) as a generator matrix can be regarded
as the F2((D)) row space of G(D). Hence, it can also be
regarded as the rate R = b/c block code over the infinite field
of Laurent series which has G(D) as its generator matrix.

We call a realizable transfer function matrix G(D) delayfree
if at least one of its entries g(D)/q(D) has g(0) # 0. If G(D)
is not delayfree it can be written as

G(D) = D'Ga(D), ®

where i > 1 and G4(D) is delayfree.

Definition: The generator matrix of a convolutional code
over Fy is called an encoding matrix of the code if it is
(realizable and) delayfree.

Definition: A rate R = b/c convolutional encoder of a
convolutional code with encoding matrix G(D) over F2(D)
is a realization by a linear sequential circuit of a rate R = b/c
convolutional transducer whose transfer function matrix is
G(D).

Theorem 1: Every convolutional code C has an encoding
matrix.

Proof: Let G(D) be any generator matrix for C. The
nonzero entries of G(D) can be written

D®ig;;(D)/q:;(D), ©

where s;; is an integer such that g;;(0) = ¢;;(0) =1, 1 <
1 <b, 1 £ j < c. The number 3;; is called the start of the
sequence

t(D) = D*4g;;(D)/q:5(D)

= D% +t,, 1 D% 4 (10)
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Fig.3. Arate R = 1/2 convolutional encoder with encoding matrix Go (D).
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Fig. 4. A rate R = 1/2 systematic convolutional encoder with feedback
and encoding matrix G1(D).

Let s = min; ;{s;;}. Clearly

G'(D) = D~*G(D) (11)
is both delayfree and realizable. Since D~° is a scalar in
F2((D)), both G(D) and G'(D) generate the same convo-
lutional code. Therefore G'(D) is an encoding matrix for the

convolutional code C. O

Including nondelayfree generator matrices in the set of
convolutional encoders would only clutter up the analysis
without any benefits.

A given convolutional code can be encoded by many
essentially different encoders. For example, consider the rate
R = 1/2, binary convolutional code with the basis vector
vo(D) = (1+ D+ D? 1+ D?). The simplest encoder for this
code has the encoding matrix

- Go(D)=(1+ D+ D? 1+ D?%). 12)
Its controller canonical form is shown in Fig. 3.

If we choose the basis to be vy (D) = a1(D)vo(D), where
the scalar a1 (D) is the rational function a1 (D) =1/(1+ D+
D?), we obtain the encoding matrix

GI(D) =(1 14%_-‘-_1_7221)“2' )

which is a systematic encoding matrix for the same code
(Fig. 4). When a rate R = b/c convolutional code is encoded
by a systematic encoding matrix, the b input sequences appear
unchanged among the ‘c output sequences.

For example, the output sequence v(D) = (v{V(D) v (D))
of the systematic convolutional encoder with encoding matrix
G1(D) shown in Fig. 4 can be written as

13)

v((D) = u(D)
@ (D) = w(D)—F 2

1+ D+ D? (19)

If a convolutional code C is encoded by a systematic encoding
matrix we can always permute its columns and obtain an
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Fig. 5. A rate R = 1/2 catastrophic convolutional encoder with encoding
! matrix Go(D).

encoding matrix for an equivalent convolutional code C’ such
that the b information sequences appear unchanged among
the first ¢ code sequences. Thus, without loss of generality,
a systematic encoding matrix can be written

G(D) = (I, R(D)), s)
where I, is a b x b identity matrix and R(D) a b x (¢ — b)
matrix whose entries are rational functions of D.

Being “systematic” is an encoding matrix property, not a
code property. Every convolutional code has both systematic
and nonsystematic encoding matrices.

If we further change the basis to v2(D) = a2(D)ve(D),
where ap(D) € Fy(D) is chosen as ax(D) = 1+ D, we
obtain a third encoding matrix for the same code, viz.,

Go(D)=(1+D* 14D+ D?+D3). (16)

In Fig. 5, we show its controller canonical form.

Theorem 2: Every convolutional code C has a polynomial
encoding matrix.

Proof: Let G(D) be any encoding matrix for C and let
q(D) be the least common multiple of all the denominators in
(9). Since g(D) is a delayfree scalar in F2((D)),

G'(D) = q(D)G(D) (7

is a polynomial encoding matrix for C. O

An encoder whose encoding matrix is polynomial is called
a polynomial encoder.

For convolutional codes, the choice of the encoding matrix
is of great importance.

Definition: A generator matrix for a convolutional code is
catastrophic! [4] if there exists an information sequence u(D)
with infinitely many nonzero digits, wy(u(D)) = oo, that
results in codewords v(D) with only finitely many nonzero
digits, wg(v(D)) < oo.

Example 1: The third encoding matrix for the convolu-
tional code given above, viz.,

G2(D)=(1+D*® 1+ D+D*+D?

is catastrophic since #(D) = 1/(1+D) = 1+ D+D?+- - - has
wgr(w(D)) = oo but (D) = u(D)G2(D) = 1+D+D? 1+
D?) = (11)+ (1 0)D + (1 1)D? has wg({v(D)) = 5 < co.
When a catastrophic encoding matrix is used for encoding,
finitely many errors (five in the previous example) in the
estimate B(D) of the transmitted codeword v(D) can lead to

IThe term “catastrophic” does not actually appear in [4]; it seems to have
been introduced by Massey in a seminar in 1969.
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- Fig. 6. A rate R = 2/3 convolutional encoder.

infinitely many errors in the estimate %(D) of the informa-
tion sequence u(D)—a “catastrophic” situation that must be
avoided!

Being “catastrophic” is a generator matrix property, not a
code property. Every convolutional code has both catastrophic
and noncatastrophic generator matrices.

We define the constraint length for the ith input of a
polynomial convolutional encoding matrix as [1]

(18)

v = lrgfgc{deg 9:;(D)},
the memory m of the polynomial encoding matrix as the
maximum of the constraint lengths, i.c.,

m = lrggétb{w},

(19)

and the overall constraint length as the sum of the constraint
lengths [1]

b
V= E V.

i=1

(20)

The polynomial encoding matrix can be realized by a linear
sequential circuit consisting of b shift registers, the ith of
length v;, with the outputs formed as modulo-2 sums of the
appropriate shift register contents. For example, in Fig. 6 we
have shown the controller canonical form of the polynomial
encoding matrix

1+D D 1

G(D)z( D> 1 1+D+D2)’

whose constraint lengths of the 1st and 2nd inputs are 1 and
2, respectively, and whose overall constraint length is 3.

The number of memory elements required for the controller
canonical form is equal to the overall constraint length.

We define a physical state o of a realization of a rational
encoding mattix G(D) at some time instant to be the contents
of its memory elements. If G(D) is polynomial, then the
dimension of the physical state space of its controller canonical
form is equal to the overall constraint length v.

For a rational encoding matrix G(D) we define the abstract
state (D) associated with an input sequence u(D) to be the
sequence of outputs at time 0 and later, which are due to that
part of w(D) that occurs up to time —1, and to the all zero
inputs thereafter. The abstract state depends only on G(D)
and not on its realization. Distinct abstract states must spring

@y
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from distinct physical states at time 0. Clearly, the number
of physical states is greater than or equal to the number of
abstract states. :

Let P be the projection operator that truncates sequences to
end at time —1, and @ = 1 — P the projection operator that
truncates sequences to start at time 0, i.e., if

#(D) = ugD? + ug D* 4

then
wp)p = {paP"H ot el A<k g
and
w(D)Q =uo+w D +uD* +--- (23)
Clearly,
P+Q=1 4)

Thus, the abstract state 8(D) of u(D) can be written concisely
as

(D) = u(D)PG(D)Q. (25)

Note that in an observer canonical form of a polynomial
encoding matrix the abstract states are in 1 —1 correspondence
with the physical states since the contents of the memory
elements are simply shifted out in the absence of inputs.

Since the abstract state does not depend on the realization
we have the same abstract states in the observer canonical
form as in the controller canonical form.

IV. EQUIVALENCE OF ENCODERS AND BASIC ENCODERS

In a communication context it is natural to say that two
encoders are equivalent if they generate the same code C. It
is therefore important to look for encoders with the lowest
complexity within the class of equivalent encoders.

Definition: Two convolutional encoding matrices: G(D)
and G'(D) are called equivalent if they encode the same
code. Two convolutional encoders are called equivalent if then'
encoding matrices are equivalent.

Theorem 3: Two rate R = b/c convolutional encoding
matrices G(D) and G’(D) are equivalent, if and only if there
is a b x b nonsingular matrix T(D) over Fy(D) such that

G(D) = T(D)G'(D). (26)

Proof: If (26) holds, then clearly G(D) and G'(D) are
equivalent.
Conversely, suppose that G(D) and G’(D) are equivalent.
Let g,(D) € F2(D)© be the ith row of G(D). Then there
exists a w;(D) € F2((D))® such that

9:(D) = u;(D)G'(D). @7
Let
u (D)
T(D) = "2(:D) (28)
"b(.D)
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Fig. 7. Controller canonical form of the encoding matrix G'(D).

Then

G(D) = T(D)G'(D), 29
where T(D) is a b x b matrix over F((D)). Let S’(D)
be a b x b nonsingular submatrix of G'(D) and S(D) be
the corresponding b x b submatrix of G(D). Then S(D) =
T(D)S'(D). Thus T(D) = $(D)S'(D)~! and, hence, T(D)
is over F2(D). Since G(D), being an encoding matrix, is of
rank b it follows that T'(D) is also of rank b and, hence, is
nonsingular. O

Example 2: By Theorem 3 the encoding matrix for the rate
R = 2/3 convolutional encoder shown in Fig. 6

_(1+D D 1
G(D)*( D 1 1+D+D2)
is equivalent to the encoding matrix

—— 1+D D 1
G(D)_(1+D2+D3 1+D+D*+D? 0)’

since there is a nonsingular matrix

(D) = (1+D1+D2 (1))

such that G’(D) = T(D)G(D). The controller canonical form
of G'(D) is shown in Fig. 7. Since G(D) and G'(D) are
equivalent, the encoders in Figs. 6 and 7 encode the same
code.

Definition:  (Forney [1])-A convolutional encoding matrix
is called basic if it is polynomial and it has a polynomial
right inverse. A convolutional encoder is called basic if its
encoding matrix is basic.

Next, we consider the invariant-factor decomposition of a
rational matrix [1], [5].

Invariant-Factor Theorem: Let G(D) be abx ¢, b < ¢,
binary rational matrix of rank r. Then G(D) can be written
in the following manner:

G(D)

= A(D)I(D)B(D), (30)
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where A(D) and B(D) are bx b and ¢ X c, respectively, binary
unimodular matrices and where T'(D) is the b x ¢ matrix

O(b,c—b) 3

0

in which 0= is a b x (c—b) zero matrix, a;(D) and 3;(D)
are nonzero binary polynomials satisfying a;(D) | ai+1(D)
and 8;11(D) | Bi(D), i = 1,2,-+-,7r = 1.

A square binary polynomial matrix is called unimodular if
its determinant is 1. The unimodular matrices are uniquely
characterized as the square polynomial matrices that have
polynomial inverses. In an invariant-factor decomposition the
unimodular matrices A(D) and B(D) are not unique, although
the %%’s are uniquely determined by G(D) and are called
the invariant factors of G(D).

Consider a rational encoding matrix G(D) with invariant-
factor decomposition G(D) = A(D)I(D)B(D) and let G’
(D) be an encoding matrix consisting of the first b rows of
B(D). Then

«y D
Bi(D
aqz(D
G(D) = A(D) o G'(D),
ap D)
Bs(D) G1)

where a;(D) and j;(D) are polynomials satisfying o;({D)|
oiy1(D) and Bip1(D) | Bi(D), i = 1,2,---,b — 1. Since
both A(D) and

a1(D)
B1(D)

a2(D)
B2(D)

ab[D!
Bs(D)

are nonsingular matrices over Fy(D) it follows from Theorem
3 that G(D) and G’(D) are equivalent. But G’(D) is polyno-
mial and since B(D) has a polynomial inverse, it follows that
G'(D) has a polynomial right inverse (consisting of the first b
columns of B~1(D)). Therefore, G'(D) is basic and we have
the following algorithm.
An Algorithm to Construct a Basic Encoding Matrix Equiv-
alent to a Given Encoding Matrix:
1) Compute the invariant-factor decomposition
G(D) = A(D)T(D)B(D).
- 2) Let G'(D) be the first b rows of B(D). G'(D) is a basic
encoding matrix equivalent to G(D).

We summarize these results in Theorem 4.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 39, NO. 4, JULY 1993

Theorem 4: (Forney [1]) Every rational encoding matrix is
equivalent to a basic convolutional encoding matrix.

Now, we have the following.

Theorem 5: (Forney [1]) Two basic convolutional encod-
ing matrices G(D) and G’(D) are equivalent if and only if
G'(D) = T(D)G(D), where T(D) is a b x b polynomial
matrix with determinant 1.

Proof: Let G'(D) = T(D)G(D), where T(D) is a
polynomial matrix with determinant 1. By Theorem 3, G(D)
and G'(D) are equivalent.

Conversely, suppose that G'(D) and G(D) are equiva-
lent. By Theorem 3, there is a nonsingular b x b matrix
T(D) over F2(D) such that G'(D) = T(D)G(D). Since
G(D) is basic it has a polynomial right inverse G~1(D).
Then, T(D) = G'(D)G~Y(D) is polynomial. We can re-
peat the argument with G(D) and G'(D) reversed to obtain
G(D) = S(D)G'(D) for some polynomial matrix S(D).
Thus, G(D) = S(D)T(D)G(D). Since G(D) is of full rank,
we conclude that S(D)T(D) = I,. Finally, since both T(D)
and S(D) are polynomial, 7'(D) must have determinant 1 and
the proof is completed. O

Let G(D) = A(D)I'(D)B(D) be an invariant-factor de-
composition of a basic encoding matrix G(D). Then G(D) =
A(D)G'(D) where G'(D) is the b x ¢ polynomial matrix
that consists of the first b rows of the matrix B(D). Since
the matrix A(D) is a b x b unimodular matrix it follows
from Theorem 5 that G(D) and G'(D) are equivalent basic
encoding matrices.

V. MINIMAL-BASIC ENCODING MATRICES

We -shall now show that among all equivalent encoding
matrices there exists a basic encoding matrix whose con-
troller canonical form requires a minimal number of memory
elements.

First, we shall consider only basic encoding matrices. The
following definition is equivalent to Forney’s definition of a
minimal encoder [1].

Definition: -~ A minimal-basic encoding matrix is a basic
encoding matrix whose overall constraint length v is minimal
over all equivalent basic encoding matrices.

Let G(D) be a basic encoding matrix. The positions for
the row-wise highest order coefficients in G(D) will play a
significant role in the sequel. Hence, we let [G(D)], be a
(0, 1)-matrix with 1 in the position (4, j) where deg g;;(D) =
v; and 0, otherwise.

Let us write
G(D) = Go(D) + G1(D), (32)
where
D»n
Dv2
G1(D) = [G(D))n. (33)

DVb
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Then, all entries in the ith row of Go(D) are of degree
< v;. Clearly the maximum degree p among the b x b
" subdeterminants of G(D) is < v.

Theorem 6: Let G(D) be a bx ¢ basic encoding matrix with
overall constraint length v. Then, the following statements are
equivalent.

a) G(D) is a minimal-basic encoding matrix.

b) The maximum degree 1 among the bx b subdeterminants
of G(D) is equal to the overall constraint length v.
c) [G(D)}a is of full rank. '

Proof: 1t follows inimediately from (33) that b) and c)
are equivalent. Thus we need only prove that a) and b) are
equivalent.

a)=>b): Assume that G(D) is minimal-basic.

Suppose. that y < v, ie., tank [G(D)], < b. Denote the
rows of G(D) by ry,rs,---, 7, and the rows of [G(D)]; by
[r1], [re), - - -, [rs)- Then there is a linear relation

[rh] + [rizl +eot [rid] =0 (34
The ith row of G1(D) is D¥[r;]. Without loss of generality
we can assume that v;, > v;,, j = 1,2,---,d — 1. Adding

D¥a7Va D% r; | + D¥a "2 D% {r; 1 4+ - -
+D”id_""d*1 DVia—1 [ria_ll‘
= Dwd([rh] + [riz] +e + [rid"l]) (35)

to the iqth row of G1(D) reduces it to an all zero row.
Similarly, adding

DVia=Vig; 4+ DVia"Viapg 4 ... 4 DViaTVia ri,_, (36)
to the igth row of G(D) will reduce the highest degree of
the iqth row of G(D) but leave the other rows of G(D)
unchanged. Thus we obtain a basic encoding matrix equivalent
to G(D) with an overall constraint length which is less than
that of G(D). This is a contradiction to the assumption that
G(D) is minimal-basic and we conclude that ;4 = v.

b)=>a): Assume that 4 = v.

Let G'(D) be a basic encoding matrix equivalent to G(D).
From Theorem 5 follows that G'(D) = T(D)G(D), where
T(D) is a b x b polynomial matrix with determinant 1.
Since det T'(D) = 1, the maximum degree among the b x b
subdeterminants of G'(D) is equal to that of G(D). Hence,
is invariant over all equivalent basic encoding matrices.

Clearly u is less than or equal to the overall constraint length
for all equivalent basic encoding matrices and it follows that
G(D) is a minimal-basic encoding matrix. ]

Corollary 7: Let G(D) be a b x ¢ basic encoding matrix
with maximum degree p among its b x b subdeterminants.
Then G(D) has an equivalent minimal-basic encoding matrix
whose overall constraint length v = pu.

Proof: Follows from the proof of Theorem 6 and the fact
that 4 is invariant over all equivalent basic encoding matrices.
0
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Example 3: Consider the encoding matrix for the encoder
in Fig. 7, viz,,

I 1+D D 1
G(D)_(1+D2+D3 1+D+D*+D? 0)'

The rank of
o= 1 o)

is one. Hence, G'(D) cannot be a minimal-basic encoding
matrix. ’
On the other hand, G'(D) has the following three b x b

. subdeterminants:

1+D+D*1+D*+ D314+ D+D*+ D3

and, thus, 4 = 3. Hence, any minimal-basic encoding matrix
equivalent to G’(D) has overall constraint length v = 3.

The equivalent basic encoding matrix for the encoder in
Fig. 6 :

_ (14D D 1
G(D)—( D2 1 1+D+D2)

has

o=} 5 ‘1’).

with full rank and, hence, is a minimal-basic encoding matrix.

Clearly we can use the technique in the proof of Theorem
6 to obtain a minimal-basic encoding matrix equivalent to the
basic encoding matrix G'(D) for the encoder in Fig. 7. We
simply multiply the first row of G'(D) by D*2~*1 = D? and
add it to the second row:

10 14D D 1
D? 1/\1+D?>+D3 1+D+D?2+D?* 0

_(1+D D 1
- 1 1+D+D? D? )

Thus, the minimal-basic encoding matrix equivalent to a given
basic encoding matrix is not necessarily unique.

In general, we have [1] the next algorithm.
A Simple Algorithm to Construct a Minimal-Basic Encoding
Matrix Equivalent to a Given Basic Encoding Matrix:
1) 1F [G(D)]y, has full rank, THEN G(D) is a minimal-basic
encoding matrix and we STOP; ELSE GO TO next step.
2) Let [ri,], [ri,],- - -, [ri,] denote a set of rows of [G(D)]n
such that v;, > v;;, 1 < j < d, and

[7'3'1] + [r‘iz] +t [rid] =0.

Letr;,,r;,,- -, 1;, denote the corresponding set of rows
of G(D). Add '

DVia=Va r+ DVia ~Vi2 ro+ -+ D”id—""d-l T,

to the iqth row of G(D).
Call the new matrix G(D) and GO TO step 1.
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Corollary 8 (Forney [1]): Every encoding matrix is equiv-
alent to a minimal-basic encoding matrix.

The physical state space of a controller canonical form of
an encoding matrix of overall constraint length v contains
2V states. This type of realization plays an important role in
connection with minimal-basic encoding matrices as we shall
see in the sequel, but first we prove a technical lemma.

Lemma 9: Let G(D) be a minimal-basic encoding matrix
and let

n
wD)= 3 u? - u{)D", (37
where m is the memory of G(D) and n > -m. If
w(D)G(D)Q = 0, then u(D) = 0.

Proof: Let
v(D) = u(D)G(D). (38)
Then, by assumption,
v(D)Q = u(D)G(D)Q = 0. (39

Thus each coefficient of D%, ¢ > 0, in v(D) must be 0. Write
G(D) as in (32), then we have

v(D) = u(D)Go(D)

D
D¥-
+u(D) [G(D)]n-  (40)
Dve
Without loss of generality, we can assume that
M=Vi=Vy=-=VU>V41 > 2 U 41)

Then the coefficient of D™*+", where m +n > 0, in v(D) is
(D D - a0 - OIG(D)h,

which must be 0. Since G(D) is a minimal-basic encoding
matrix, [G(D)]s is of rank b. Hence, ul =
un’ = 0. Proceeding in this way, we can prove that u(D) = 0.

O

(Lemma 9 also follows from the predictable degree property
introduced in [1].)

u® — ..

Theorem 10: Let G(D) be a minimal-basic encoding ma-
trix whose overall constraint length is v. Then?

# {abstract states} = 2. 42)

Proof: Consider the controller canonical form of the
minimal-basic encoding matrix G(D). Clearly input sequences
of the form

vy vo
w(D) = (Z w)D= 3" W@ D
i=1

i=1

Vo
3 u(_be"')
=1
43)

2¢#{.} denotes the cardinality of the set {-}.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 39, NO. 4, JULY 1993

will carry us to all physical states at time 0. Then we have
the abstract states

s(D) = w(D)G(D)Q, @“449
where u(D) is of the form given in (43). Every abstract state
can be obtained in this way and we have

#{abstract states} < 2”. 45)
To prove that the equality sign holds, it is enough to show that
u(D) = 0 is the only physical state that produces the abstract
state 8(D) = 0. This follows from Lemma 9. O

We shall conclude this section by proving that the constraint
lengths are invariants of equivalent minimal-basic encoding
matrices. First we need the following

Lemma 11: Let V be a k-dimensional vector space over
a field F and let {aj,a,---,ax} be a basis of V.
Let {B1,B5,---,8;} be a set of I, I < k, linearly
independent vectors of V. Then there exist k — [ vectors
o THRY : TIPSR TR RS f41 < Gi42 < --+ < ig < k, such
that {8,,8s,- -, B, @i, , @iy oy -+, 0, } isalso abasisof V.

Proof: Consider the vectors in the sequence 8,, 85, -,
B, a1,a, - -, a; one by one successively from left to right.
If the vector under consideration is a linear combination of
vectors to the left of it, then delete it; otherwise keep it.
Finally, we obtain a basis 81,85, , B, @iy, @iyt * 5 Qi
15i1+1<“-<ikSk,0fV. O

Theorem 12: The constraint lengths of two equivalent
minimal-basic encoding matrices are equal one by one up to
a rearrangement.

Proof: Let G(D) and G’(D) be two equivalent minimal-
basic encoding matrices with constraint lengths vy,v2,- -+, 14
and v}, v}, - -, v}, respectively. Without loss of generality, we
assume that v < e <---<ypand ] <V <--- <y,

Now suppose that v; and v/ are not equal for all 7,1 <4 < b.
Let j be the smallest index such that »; # v}. Then, without
loss of generality, we assume that v; < v;. From the sequence
91,92, ,9,91,9% " , 9} we can according to Lemma 11,
obtain a basis g1,95, ", 9;:9%,,,, 95,50 ,g;, of C. These
b row vectors form an encoding matrix G”(D) which is
equivalent to G'(D). Let

(g1, 95, o} \{6},,1, 95,0002 95} = {90,590, 40, -

(6)
From our assumptions, it follows that
J J J
RN WA @)
=1 =1 =1
Then we have
j b j b
V=3 w3 <At 3 =Y @)
=1 I=j+1 =1 l=j+1

where v/ and v" are the overall constraint lengths of the
encoding matrices G'(D) and G”(D), respectively.
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From Theorem 3, it follows that there exists a b X b

nonsingular matrix T(D) over Fz(D) such that

G"(D) = T(D)G'(D). 49)

Since G'(D) is basic it has a polynomial right inverse G'~!(D)

and it follows that -

T(D) = G"(D)G'(D) (50)

is polynomial.. Denote by ' and u” the maximum degrees

among the b x b minors of G'(D) and G”(D), respectively.
It follows from (49) that

p" = deg | T(D) | +4'. (51)

Clearly » > 4 and, since G'(D) is minimal-basic, v’ =
by Theorem 6. Thus,

V' >deg | T(D) | +v' >V, (52)

which contradicts (48) and the proof is completed. a

Corollary 13: Two equivalent minimal-basic encoding ma-
trices have the same memory.

The statement in Theorem 12 is equivalent to a classical
result of Kronecker [6]; see also Forney [7].

VI. 'MINIMAL ENCODING MATRICES

We shall now proceed to show that a minimal-basic encod-
ing matrix is also minimal in a more general sense.

Definition: A convolutional encoding matrix is minimal if
its number of abstract states is minimal over all equivalent
encoding matrices.

Before we can show that every minimal-basic encoding
matrix is also a (basic) minimal encoding matrix we have to
prove the following lemmas.

Lemma 14 (Forney [1], [3]): Only the zero abstract state
of a minimal-basic encoding matrix G(D) can be a codeword.

Proof: We can assume that the abstract state s(D) arises
from an input u(D) which is polynomial in D~ and of degree
< m and without a constant term, i.c., (0) = 0. Thus,

s(D) = u(D)G(D)Q. (53)
Then, it follows that
u(D)G(D) = w(D) + s(D), (54)

where w(D) is polynomial in D! without a constant term.
Assume that s(D) is a codeword, i.e., there is an input
/(D) € Fa((D)) such that
s(D) = o/ (D)G(D). (5

Since 8(D) is polynomial and G(D) has a polynomial inverse
it follows that w'(D) € F2[D].
Combining (54) and (55) we have

(u(D) + v/(D))G(D) = w(D). (5§)
Consequently

(w(D) +w(D))G(D)Q = 0. 7
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By Lemma 9,

u(D) +u/(D) =0 (58)

and, hence, w/'(D) = 0. It follows from (55) that s(D) = 0.
O

Lemma 15: Let G(D) and G'(D) be equivalent encoding
matrices. Then, every abstract state of G(D) can be expressed
as a sum of an abstract state of G'(D) and a codeword.
Furthermore, if G'(D) is minimal-basic, then the expression
is unique.

Proof: Assume that G(D) = T(D)G'(D), where T(D)
is a b x b nonsingular matrix over F2(D). Any abstract state
of G(D),sa(D), can be written in the form u(D)G(D)Q,
where u(D) is polynomial in D! without a constant term.
Thus, we have

s6(D) = w(D)G(D)Q = w(D)T(D)G'(D)Q
= w(D)T(D)(P + Q)G'(D)Q
= u(D)T(D)PG'(D)Q + u(D)T(D)QG'(D)Q.
(59

Since u(D)T(D)P is polynomial in D~! without a constant
term it follows from (25) that

sc'(D) = w(D)T(D)PG'(D)Q (60)

is an abstract state of G'(D). Furthermore, u(D)T(D)Q is a
formal power series, and so is u(D)T(D)QG'(D). Hence,

v(D)¥w(D)T(D)QG'(D)Q

=u(D)T(D)QG'(D) (61)

is a codeword encoded by G'(D). Combining (59), (60), and
(61) we obtain

s6(D) = 8c:(D) + v(D) ©2)

and we have proved that every abstract state of G(D) can be
written as a sum of an abstract state of G'(D) and a codeword.

Assume now that G’(D) = G(D) is minimal-basic. To
prove uniqueness, we assume that

86(D) = 8s(D) +v(D) = 8,y (D) + (D), (63)

whete 8,,4(D), 8,,,(D) are abstract states of Gmp(D), and
v(D),v'(D) are codewords. Since the sum of two abstract
states is an abstract state and the sum of two codewords is a
codeword it follows from (63) that

s::nb(D) = 3mb(D) + Slmb(D) = v(D) + ‘U’(D) — v”(D)
64

is both an abstract state of G (D) and a codeword. From
Lemma 11 we deduce that

85(D)=0 (65)
and, hence, that

8mb(D) = 81, (D), (66)
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and
v(D) =v'(D),
which completes the proof.

(67)
O

Theorem 16 (Forney [1]): Let G(D) be any encoding ma-
trix equivalent to a minimal-basic encoding matrix G,,s(D).
Then

# {abstract states of G(D)}

> t{abstract states of Gmp(D)}.  (68)

Proof: Consider the following map:
¢ : {abstract states of G(D)} — {abstract states of Gp(D)}
36(D) —8ms(D),
where
36(D) = 8ms(D) +v(D), (69)

in which v(D) is a codeword. From Lemma 15, it follows
that ¢ is well-defined. .

By the first statement of Lemma 15 we can prove that every
abstract state 8,,,(D) can be written as a sum of an abstract
state of G(D) and a codeword. Hence, we conclude that ¢ is
surjective which proves the theorem. O

Remark: The map ¢ in Theorem 16 is clearly linear.
Moreover, if G(D) is a minimal encoding matrix, then ¢ is
necessarily an isomorphism of abstract state space of G(D)
and that of G(D).

From Theorem 16, Corollary 17 follows immediately.

Corollary 17: Every minimal-basic encoding matrix is a
(basic) minimal encoding matrix.

Next, we shall prove the following little lemma.

Lemma 18: Let G(D) be a b x ¢ matrix of rank b whose
entries are rational functions of D. Then a necessary and
sufficient condition for G(D) to have a polynomial inverse
is: for each w(D) € F,(D) satisfying u(D)G(D) € F5[D]
we must have u(D) € F,[D].

Proof: Since the necessity of the condition is obvious we
shall prove only the sufficiency. Let us assume that G(D) does
not have a polynomial inverse. Then, from the invariant-factor
decomposition

G(D) =
a1 (D
B1(D) as(D
A(D) 7D B(D)
g: g 0 --- 0
(70)
follows that ap(D) # 1. Clearly,
uD) = (00 BN a0y erypl
but
uwmw)( %ﬁ%ﬂmmm

- ..0)B(D) e K5[D]. (72)
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O

We are now well prepared to prove the following theorem
on minimal encoding matrices.

Theorem 19 (cf. [1]): Let G(D) be an encoding matrix and
Grp(D) be an equivalent minimal-basic encoding matrix.
Then, the following statements are equivalent.

a) G(D) is a minimal encoding matrix.

b) # {abstract states of G(D)} = # {abstract states of

Gms (D)}
c) Only the zero abstract state of G(D) can be a codeword.
d) G(D) has a polynomial right inverse in D and a poly-
nomial right inverse in D!

Proof: Tt follows immediately from Theorem 16 that a)
and b) are equivalent.
Next, we prove that b) and c) are equlvalent In the proof
of Theorem 16, we have defined a surjective map

Hence, we have proved our lemma.

¢ : {abstract states of G(D)} —{abstract states of Gp(D)}
8G(D) —8ms(D),

where

86(D) = 8mp(D) + v(D), (73)

in which v(D) is a codeword. Clearly, ¢ is injective, if and
only if b) holds, and if and only if c) holds. Hence, b) and
c) are equivalent.

It remains to prove that c) and d) are equivalent.

c)=d): Suppose that c) holds. First we shall prove that
G(D) has a polynomial right inverse in D~1. Let u(D) €
F,(D) and assume that v(D) = u(D)G(D) is polynomial in
D~'. Then D~'u(D) is polynomial in D~! without a constant
term, i.e.,

D ly(D)Q = 0. (74)
But
~'9(D)Q = D™'u(D)(P + Q)G(D)Q
= D~ 'u(D)PG(D)Q + D™ 'u(D)QG(D)Q
=0, (75)
where
D™'u(D)QG(D)Q = D~ 'u(D)QG(D) (76)

is a codeword. Hence, from (75) and (76) it follows that the
abstract state D~'u(D)PG(D)Q is a codeword and, then,
since ¢) holds, it is the zero codeword. Thus,

D~ 'u(D)QG(D) = a7
and, since G(D) has full rank,
D 'u(D)Q =0 (78)

or, in other words, u(D) is polynomial in D~!. Since every

rational function in D can be written as a rational function

in D!, G(D) can be written as a matrix whose entries are

rational functions in D~!. We can apply Lemma 18 and
_ conclude that G(D) has a polynomial right inverse in D~!.
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Next, we shall prove that G(D) has a polynomial right
pseudo-inverse in D. (By a polynomial right pseudo-inverse
of G(D) we mean a ¢ X b polynomial matrix G=1(D) such
that G(D)G~- 1(D) D*I, for some s > 0.) Let GZ}(D)
be a polynomial right inverse in D~! of G(D). Then there
exists an integer s > 0 such that D*GZ}(D) is a polynomial
matrix in D and

G(D)D*GZ{(D) = D*I, (79)
i.e., D*G_}(D) is a polynomial right pseudo-inverse in D of
G(D).

Finally, we shall prove that G(D) has also a polynomial
right inverse in D. Let u(D) € F5(D) and assume that

v(D) = u(D)G(D) is polynomial in D. Then,
v(D) = uw(D)PG(D) + u(D)QG(D), (80)

where u(D)Q is a formal power series. Thus, u(D)QG(D) is
also a formal power series and, since v(D) is polynomial in
D, it follows that u(D)PG(D) is a formal power series. Then

u(D)PG(D) = u(D)PG(D)Q (81)

is an abstract state. From (80), it follows that it is also a
codeword and, since c) holds, we conclude that

w(D)PG(D) = (82)
Since G(D) has full rank,
uw(D)P =0 (83)

or, in other words, u(D) is a formal power series.
Since (D) is polynomial and D*GZ}(D) is a polynomial
matrix in D it follows that
9(D)D*GZ(D) = u(D)G(D)D*G
= u(D)D?

Zi(D)
(84)

is polynomial, i.e., u(D) has finitely many terms. But u(D) is
a formal power series, hence, we conclude that it is polynomial
in D. By Lemma 18, G(D) has a polynomial right inverse in
D.

d)=>c): Assume that the abstract state sg(D) of G(D) is a
codeword. That is,

- s¢(D) =u(D)G(D)Q
= v/(D)G(D), (85)
where u(D) is Fg)olynomial in D! but without a constant term
and u'(D) € F5((D)). Since s¢(D) is a formal power series
and G(D) has a polynomial right inverse, it follows that «'(D)
is also a formal power series.
Let us use the fact that

Q=1+P (86)
and rewrite (85) as follows:
36(D) = w(D)G(D) + u(D)G(D)P
=u(D)G(D). @7
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Let GZ}(D) be a right inverse of G(D) whose entries are
polynomials in D~1. Then

u(D)G(D)G-X(D) + u(D)G(D)PG~}(D)

= w/(D)G(D)G}(D), 8)
which can be simplified to
(D) + uw(D)G(D)PGZ3(D) =w/(D).  (89)

Since u(D)G(D)P is polynomial in D ! without a constant
term, it follows that w(D)G(D)PGZ1(D) is polynomial in
D! without a constant term. Furthermore, u(D) is polyne-
mial in D~ without a constant term and '(D) is a formal
power series. Thus, we conclude that '(D) = 0 and, hence,
that sg(D) = 0

The simple minimality test d) is a new result related to
Forney’s global invertability test [7] and to the minimality
test of Loeliger and Mittelholzer [8].

Corollary 20: Every minimal encoding matrix is noncatas-
trophic.

Proof: 1t was pointed out by Forney [1] that a convo-
lutional encoding matrix is non-catastrophic if and only if it
has a polynomial right pseudo-inverse. Hence, our corollary
follows immediately from Theorem 19. d

The following simple example shows that not all basic
encoding matrices are minimal.
Example 4: Consider the basic encoding matrix

1+4D D ) 90)

G(D)=( D 14D

which has g = 0 but v = 2. Clearly, it is not minimal-basic.
The equivalent minimal-basic encoding matrix,

Gmy(D) = (i (1)),

has only one abstract state, viz., 8mp = (0,0), and can, of
course, be realized without any memory element.

Since G(D) has two abstract states, viz., 80 = (0,0) and
8; = (1,1), it is not minimal!

Moreover, G(D) is invertible and its unique inverse is G(D)
itself. But

2y

G~Y(D) = G(D)

_(1+D D
=\ b 1+D

1+D! 1
=( D— lDlgl),
; B
T h

92

which is not a polynomial matrix in D~'. By Theorem 16 we
deduce again that G(D) is not minimal.

Before we state a theorem on when a basic encoding matrix
is minimal, we shall prove two lemmas.
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Lemma 21: let fi(D), f2(D),---, fi(D) € F2[D] with
(f1(D), fo(D),---, flD)) = 1,

where (f1(D), f2(D),---, fi(D)) denotes the greatest com-
mon divisor of fi(D), fo(D),- -, fi(D), and let

(93)

n = max (deg f1(D),deg fo(D),- -+, deg fi(D)).  (94)

Then for m > n D~™fi(D), D" fs(D), -, D" fi(D)

€ Fz [D7!] and

(D™ f1(D), D™ fp(D), -, D™ (D)) = D=,
95)

Proof: Let

f’t(D) = Dsigi(D)7 1= 1129' ’ "17 (96)

where s; is the start of f;(D) and g;(D) € F2[D] is delayfree.
From (93) follows

min (81, 82,++,8) =0

o7

and

(gl(D)’QZ(D)""agl(D)) =L (98)

For m > n
D™™f(D) = D~™D?%g;(D)
— p—(m—si—deg g:(D)) ( D~ deB8:(D) g ( D))

= p—(m—deg fi(D)) (D' deg -‘7‘(D)gi(D)) ,

i=1,27"',l7 (99)
where the last equality follows from the fact that
deg fi(D) = s; + deg g:(D), t=1,2,---,l.  (100)

Since D—4ee%:(D)g,(D),

1,2,---,1, are delayfree it
follows from (99) that .

(D™™ f1(D), D™™ fy(D), -+, D™ fiy(D))
= p—(m-n) (D~ deg91(D) g, (D), D~ 4e89:(D) g (D), ...,

D—des 9‘(D)g1(D)> .
(101)

Clearly,
(D— deggl(D)gl(D), D—deggz(D).‘h(D)’
,D—dezyz(D)g,(D)) =1 (102)

a

and the proof is completed.
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Lemma 22: Let G(D) be a basic encoding matrix and
let r and s be the maximum degree of its b x b minors
and (b — 1) x (b — 1) minors, respectively. Then the b-th
invariant factor of G(D) regarded as a matrix over Fo(D~1)
is 1/D~(r=9),

Proof: Let G(D) = (gij(D)), 1<i<b, 1< j<e
and let n = max; j(degg;;(D)). Write G(D) as a matrix

over F2(D™1) as follows:
_ D_ng,;'(D) _ 1
o) = (ZZ2) = o), a0
where
GAI(D) = (D—ngi]‘(D)),"j (104)

is a matrix of polynomials in D~?.

Since G(D) is basic it follows, by definition, that it has a
polynomial right inverse. Hence, it follows from the invariant-
factor decomposition (70) that

ar(D)=az(D)=---=ap(D)=1 (105

(all B;(D) are trivially 1 for a polynomial matrix). Let

A;(G(D)) be the greatest common divisor of the ¢ X ¢ minors
of G(D). Since [5]
A(G(D)) = ax(D)as(D) - ai(D),  (106)
we have in particular
A4(G(D)) = Ap-1(G(D)) = L. (107)

An ¢ x ¢ minor of G_; (D) is equal to the corresponding minor

of G(D) multiplied by D~™. Hence, by Lemma 21, we have
Ay(G-1(D)) = D~ (108)
and
Ap_1(G_1(D)) = D~(n6-1)=9), (109)
Thus the bth invariant-factor of G_1(D) is [5]
| _Ay(G(D)) b= (110)

8 1(G(D)) - D=

From (103) and (110), it follows that the bth invariant factor
of G(D), regarded as a matrix over F3[D~1], is

1 D™ 1
D-n ' D—(r=s) - D~(r—s)’

O

We are now ready to prove the following new theorem
which was recently formulated by Forney [9].
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Fig. 8. Minimal encoder for the encoding matrix G'(D) given in (111).

Theorem 23: A basic encoding matrix G(D) is minimal if
and only if the maximum degree of its b X b minors is not less
than the maximum degree of its (b — 1) X (b — 1) minors.

Proof: From Theorem 19, it follows that a basic encoding
matrix G(D) is minimal if and only if it has a polynomial right
inverse in D~!. By the invariant factor decomposition G(D)
has a polynomial right inverse in D~ if and only if the inverse
of its bth invariant factor, regarded as a matrix over Fy[D 1],
is a polynomial in D~1. By applying Lemma 22, the theorem
follows. a

This theorem follows also from Forney’s global invertibility
test [7].

VII. MINIMAL ENCODERS

We shall now return to our favorite encoding matrix given
in Example 2, viz.,

v 14D D 1
G(D)—(1+D2+D3 1+ D+ D?+ D3 0)'(111)

In Example 3, we showed that G’(D) is not minimal-basic,
ie., p < v. Its controller canonical form (Fig. 7) requires
four memory elements but the controller canonical form of
an equivalent encoding matrix (Fig. 6) requires only three
memory elements. However, G’( D) is a basic encoding matrix
and, hence, it has a polynomial right inverse. Furthermore, it
“has a polynomial right inverse in D!, viz.,

1+D'+D24+D3 D!
GZi(D) = 1+ D" !4+ D3 D! (112)
D24+ D3 D!

Thus, from Theorem 19, we conclude that G'(D) is indeed a
minimal encoding matrix!

Definition: A minimal encoder is a realization of a minimal
encoding matrix G(D) with a minimal number of memory
elements over all realizations of G(D).

Theorem 24 (Forney [1]): The controller canonical form
of a minimal-basic encoding matrix is a minimal encoder.

Proof: The proof follows immediately from Corollary 7
and Corollary 17.

Example 5: The realization shown in Fig. 8 of the minimal
encoding matrix G’(D) given in (111) is a minimal encoder.
(This realization was obtained by minimizing G'(D) using a
standard sequential circuits minimization method.)
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Notice that the minimal realization shown in Fig. 8 is
neither in controller canonical nor observer canonical form!
This particular minimal encoding matrix does not have a
minimal controller canonical form, but it has, of course, an
equivalent minimal-basic encoding matrix whose controller
canonical form (Fig. 6) is a minimal encoder for the same
convolutional code.

VIII. SYSTEMATIC ENCODERS

In a rate R = b/c convolutional code encoded by a sys-
tematic encoding matrix, the b information sequences appear
among the c output sequences. Without loss of generality,
we assume that the first b output sequences are the exact
replicas of the b input sequences. Systematic convolitional
encoding matrices are simpler to implement, have trivial right
inverses, but unless we use rational encoding matrices, i.e.,
allow feedback in the encoder, they are, as we know (see
e.g., [10]), in general, less powerful when used together with
maximum likelihood decoding.

A basic encoding matrix has the greatest common divisor
of all b x b minors equal to 1 [1]. Thus, it follows that every
basic encoding matrix must have some b x b submatrix whose
determinant is a delayfree polynomial, since otherwise all
subdeterminants would be divisible by D. Premultiplication
by the inverse of such a submatrix yields an equivalent
systematic encoding matrix, possibly rational. Thus, we have
the following. ’

Theorem 25 (Costello [11]): Every convolutional encoding
matrix is equivalent to a systematic rational encoding matrix.

Example 6: Consider the rate B = 2/3 nonsystematic
convolutional encoder illustrated in Fig. 6. It has the minimal-
basic encoding matrix

D? 1 14+D+D?

G(D)=(1+D D 1 )

with ¢ = v = 3. Let T(D) be the matrix consisting of the
first two columns of G(D):

(D) = (1+D D).

D* 1
We have det(T(D)) = 1 + D + D3, and
1 1 D
—1 _ .
(D)= 1+D+D3(D2 1+D)
Multiplying G(D) by T~}(D) yields a systematic encoding
matrix Geys(D) equivalent to G(D):

Gsys(D) =T_1(D)G(D)
1
“1+D+D3

1 D 1+D D 1
D2 14D D? 1 1+D+D?
_<1 0 MPLEAD- 3&2”3)
o1 e )
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Fig. 9. Observer canonical form of -the systematic encoding matrix in
Example 6.

Its observer canonical form requires a linear sequential circuit
with feedback and p = 3 memory elements as shown in Fig, 9.

The systematic encodinig matrix in the previous example
was realized with the same number of memory elements as
the equivalent minimal-basic encoding matrix (Example 3).
Hence, it is a minimal encoding matrix. Every systematic
encoding mattix can be written (15)

G(D) = (I, R(D)), (113)

where I is a bx b identity matrix and R(D) a bx (c—b) matrix
whose entries are rational functions of D. Such a systematic
encoding matrix G(D) has a trivial right inverse, viz., the

¢ X b matrix
1 e
&)= (g)

which is polynomial in both D and D~!. Hence, it follows
from Theorem 19 that this minimality holds in general.

(114)

Theorem 26 (Forney [1]): Every systematic encoding ma-
trix is minimal.

An Algorithm to Construct a (Minimal) Systematic Encod-
ing Matrix Equivalent to a Given Minimal-Basic Encoding
Matrix:

1) Find a bxb nonzero minor of the minimal-basic encoding

matrix G(D) and let it be the determinant of the b x b
submatrix T(D) of G(D).

2) Compute

T~1(D)G(D),

which is a (minimal) systematic encoding matrix equiv-
alent to G(D).

¥ T-Y(D)G(D) # (I, R(D)), THEN permute the
columns of T-(D)G(D) and form Ggys(D)
(Iy R(D)), where Gsys(D) is a (minimal) systematic
encoding matrix that encodes a convolutional code
which is equivalent to the code that G(D) encodes.

Example 7: Consider the rate R
encoding matrix '

G(D) = (

with 4 = v = 2. Let

T(D) = (“E)D 11))

3)

2/4 minimal-basic

1+4D D 1 D
D 1 D 1+D

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 39, NO. 4, JULY 1993

u® Po)
u(? (@
D D
3
D J D (R @
& b o

Fig. 10. Minimal realization of the systematic encoding matrix in Example 7.

Then, we have

1 1 D
_1 —
T (D)“1+D+DZ(D 1+D)
and
Gsys(D) =T~Y(D)G(D)
1
T1+D+D?
i D 1+D D 1 D
D 1+D D 1 D 1+D
2 2
(10 g ),
0 1 oo 9DvD7

Clearly, Gqys(D) has neither a minimal controller canonical
form nor a minimal observer canonical form but by standard
minimization techniques for sequential circuits we obtain the
minimal realization shown in Fig. 10.

IX. CONCLUSION

In this semitutorial paper, we have given a summary of some
of Forney’s previous work along with a few new contributions.
Most important among the new results are Theorem 19d), the
surprising fact that there exist basic encoding matrices that
are minimal but not minimal-basic, the existence of basic
encoding matrices that are nonminimal, and a recent result,
due to Forney, which states exactly when a basic encoding
matrix is minimal (Theorem 23).

X. COMMENTS

Current work on minimal encoders over groups (e.g., For-
ney and Trott [12], Loeliger and Mittelholzer [8]) constructs
canonical minimal encoders from a set of shortest linearly
independent code sequences (“trellis-oriented generators”), a
‘type of construction that may have been first published by
Roos [13]; see also Piret [14]. In Forney [7], the approach of
[1] is extended to generalized minimal encoders that are in
controller canonical form but not necessarily polynomial.

ACKNOWLEDGMENT

The authors’ debt to D. Forney is both obvious and grate-
fully acknowledged. The authors are also grateful to J. Massey
for his interest and encouragement over the years. Without
their stimulation, the authors would not have reached the
view of convolutional codes that is presented in this paper.
D. Forney’s detailed comments on the manuscript have been
of great value.



JOHANNESSON AND WAN: A LINEAR ALGEBRA APPROACH TO MINIMAL CONVOLUTIONAL ENCODERS

REFERENCES

[1] G.D. Forney, Jr., “Convolutional codes I: Algebraic structure,” IEEE
Trans. Inform. Theory, vol. IT-16, pp. 720-738, 1970.

[2] , “Correction to ‘Convolutional ‘codes I: Algebraic structure,””
IEEE Trans. Inform. Theory, vol. IT-17, pp. 360, 1971.

[3] ——, “Structural analyses of convolutional codes via dual codes,”
IEEE Trans. Inform. Theory, vol. IT-19, pp. 512-518, 1973

[4] J.L. Massey and M.K. Sain, “Inverses of linear sequential circuits,”
IEEE Trans. Comput., vol. C-17, pp. 330-337, 1968.

[5] N. Jacobson, Basic Algebra I. San Fransisco, CA: Freeman, 1974.

[6] T.Kailath, Linear systems. Englewood Cliffs, NJ: Prentice Hall, 1980.

{7} G.D. Fomey, Jr., “Algebraic structure of convolutional codes, and alge-

braic system theory,” in Mathematical System Theory, A.C. Antoulas,
Ed. Berlin: Springer-Verlag, 1991, pp. 527-558.

1233

[8] H.-A. Loeliger and T. Mittelholzer, “Convolutional codes over groups,”
submitted to IEEE Trans. Inform. Theory, 1992.
[9] G.D. Forney, Jr., Private communication, Aug. 1991.
[10] A.J. Viterbi and J. K. Omura, Principles of Digital Communication and
Coding. New York: McGraw-Hill, 1979
[11] D.J. Costello, Jr., “Construction of convolutional codes for sequential
decoding,” Rep. EE-692, Univ. of Notre Dame, Notre Dame, IN, Aug.
1969.
[12] G.D. Fomey, Jr. and M. D. Trott, “The dynamics of linear codes over
groups: state spaces, trellis diagrams and canonical encoders,” submitted
to IEEE Trans. Inform. Theory, 1992.
[13] C. Roos, “On the structure of convolutional and cyclic convolutional
codes,” IEEE Trans. Inform. Theory, vol. IT-25, pp. 676-683, 1979.
[14] P. Piret, Convolutional Codes: An Algebraic Approach. Cambridge,
MA: MIT Press, 1988. '




