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The Optimal Sampling Pattern for Linear Control
Systems

Enrico Bini, Senior Member, IEEE, Giuseppe M. Buttazzo

Abstract—In digital control systems the state is sampled at
given sampling instants and the input is kept constant between
two consecutive instants. By optimal sampling problem we mean
the selection of sampling instants and control inputs, such that
a given function of the state and input is minimized.

In this paper we formulate the optimal sampling problem and
we derive a necessary condition of the LQR optimality of a set
of sampling instants. As the numerical solution of the optimal
sampling problem is very time consuming, we also propose a
new quantization-based sampling strategy that is computationally
tractable and capable to achieve a near-optimal cost.

Finally, and probably most interesting of all, we prove that
the quantization-based sampling is optimal in first-order systems
for large number of samples. Experiments demonstrate that
quantization-based sampling has near-optimal performance even
when the system has higher order. However, it is still an
open question whether or not quantization-based sampling is
asymptotically optimal in any case.

Index Terms—Control design, Least squares approximations,
Linear feedback control systems, Linear systems, Optimal con-
trol, Processor scheduling, Real-time systems.

I. INTRODUCTION

Reducing the number of sampling instants in digital con-
trollers may have an beneficial impact on many system
features: the computing power required by the controller,
the amount of needed communication bandwidth, the energy
consumed by the controller, etc. In this paper, we investigate
the effect of sampling on the optimal LQR. We formulate the
problem as follows

T
minimize; / (2’ Qx + @ Ru) dt + z(T)' Sz(T)
0

&= Az + Bu M

o

where x and u are the state and input signals (moving over
R™ and R™, resp.), A € R"*", Be R"*™, Qe R"*" R €
R™>m G e R™*™ are matrices, with ) and S positive semi-
definite, R positive definite (to denote the transpose of any
matrix M we use the compact Matlab-like notation M"). The
control input signal « is constrained to be piecewise constant:

ﬁ(t) = U YVt € [tkfl, tk)
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with 0 = {5 < t1 < < ty = T. The sequence
{to,t1,...,tn—1,tn} is called sampling pattern, while t
are called sampling instants. Often, we represent a sampling
pattern by the values that separates two consecutive instants
that are called interarrivals 7. The sampling instants and the
interarrivals are related to one another through to the relations

to=0
=300 Ti

In periodic sampling we have 7, = 7 for all k, with 7 =T /N
the period of the sampling.

In our formulation, we intentionally ignore disturbances to
the system. While accounting for disturbances would certainly
make the problem more adherent to the reality, it would also
prevent us from deriving the analytical results that we propose
in this paper. The extension to the case with disturbances is
left as future work.

In continuous-time systems, the optimal control u that
minimizes the cost in (1) can be found by solving the Riccati
differential equation

T, =1 — tk.
k>, [ k+1 k

{ K=KBR'BK-AK-KA-Q ®
K(T)=S5
and then setting the input u as

u(t) = —R'B'K (t)z(t). (3)

In this case, the achieved cost is
Joo = 2y K (0) 0.

For given sampling instants, the optimal values uy, of the
input that minimize the cost (1) can be analytically determined
through the classical discretization process described below. If
we set

A =®(m), @

By =T(m), (5

Qr = Q(m), (6)

Ry =R(m,), (D

p(T) = /OT (I)(t)/Ql—‘(t) dt, pk = P(Tk), (8)

then the problem of minimizing the cost (1) can be written as
a discrete time-variant problem

Trp+1 = Apxr + Brug
given xg



with the cost
N—-1
J=az\ySrn + Z (@), Qrrr + up Rpur, + 22}, Prug).
k=0
This problem is then solved using dynamic program-
ming [1], [2]. The solution requires thje backward recursive
definition of the sequence of matrices Ky,
Kk :Qk_BleleZ} (9)
Ky =38,
with Qk, Rk, and Bk, functions of f(kH as well, defined by
Qk = Qr + A Ki 11 Ay,
Ry = Ry + BLKHlBk,
By, = P, + A} Ky, 1By
Then, the optimal input sequence uy, is determined by

up, = —R; ' By, (10)

with minimal cost equal to

-
J = ZCOK0I0.

(1)

Equation (10) allows to compute the optimal input signal uy
for given sampling instants tg,t1, . ..,ty. In fact, the optimal
input sequence depends on Ay, B, Qk, Ry, P, Qk, Rk,
and By, which are all function of the inter-sample separations
Tk = tr41 — ti. However, to our best knowledge, the problem
of determining the optimal sampling pattern is still open.

The paper is organized as follows. In Sections II-A and II-B
we recall some natural sampling techniques. In Section III
we formulate the problem of optimal sampling and we report
some results. Since solving the optimal sampling problem
is very time consuming, in Section IV we propose a new
sampling method that we call quantization-based sampling
being related to quantization theory. In Section V we prove
that quantization-based sampling is optimal for first-order
systems when the number N of samples tends to oo, while
in Section VI we investigate second-order systems.

A. Related works

Triggering the activation of controllers by events, rather
than by time, is an attempt to reduce the number of sampling
instants per time unit. A first example of event-based controller
was proposed by Arzén [3]. In self-triggered controller [4],
the control task determines the next instant when it will be
activated. Wang and Lemmon addressed self-triggered linear
Hoo controllers [5]. Self-triggered controllers have also been
analysed and proved stable also for state-dependent homoge-
neous systems and polynomial systems [6]. Very recently, Rabi
et at. [7] described the optimal envelope around the state that
should trigger a sampling instant. Similar as in this paper,
they consider the constraint of N given samples over a finite
time horizon. In our paper, however, we aim at establishing
a connection between quantization-based sampling (properly
defined later in Section IV) and optimal sampling in absence
of disturbances.

The connections between “quantization” and the control has
been studied deeply in the past. Often the quantization was
intended as the selection of the control input over a discrete set
(rather than dense). Elia and Mitter [8] computed the optimal
quantizer of the input, which was proved to be logarithmic.
Xu and Cao [9] proposed a method to optimally design a
control law that selects among a finite set of control inputs.
The input is applied when the (scalar) state reaches a threshold.
The number of thresholds is finite. In a different, although
very related, research area Baines [10] proposed algorithms
to find the best fitting of any function u with a piecewise
linear function @, which minimizes the L? norm of u — 4.
However, in all of these works, the instants ¢;,...,fx5_1 at
which the approximating function changes are not optimiza-
tion variables, while in this paper we explicitly investigate the
optimal selection of the sampling instants. Moreover, in our
method, the control inputs ug,...,un—_1 are not determined
by a quantization procedure (as in [10]), but rather by the
solution of an optimal discrete time-varying LQR problem.

Finally, a problem related to the one considered here was
addressed by Kowalska and von Mohrenschildt [11] who
proposed the variable time control (VTC). Similarly to our
approach, they also perform the cost minimization over the
sampling instants as well. However, the authors perform a
linearisation of the discrete-time system in a neighbourhood
of every sampling instant, losing then optimality.

The contributions of this paper are:

« the determination of a necessary condition for the opti-
mality of a sampling pattern;

o the introduction of the quantization-based sampling,
which is capable to provide a cost very close to the
optimal one with a small computational effort;

« the proof that quantization-based sampling is optimal for
first-order systems with a large number of samples;

« anumerical evaluation that shows that quantization-based
sampling is near optimal for second and higher order
systems as well.

II. SAMPLING METHODS

For any given sampling method, we evaluate the temporal
distribution of the sampling instants by the sampling density,
whereas the capacity to reduce the cost by the normalized cost.
Both metrics are formally defined below.

Definition 1: Given a problem, specified by xg, A, B, @,
R, and S, an interval length 7', and a number of samples IV,
we define the sampling density on m : [0,T] — RT of any
sampling method m as

1
N7

Notice that the sampling density is normalized since:

O'Nym(t) YVt € [tk, tk+1).

N-1

T N-1 thi1 1
/ oxm(t)dt = 3 / onmlt)dt = 3 i = 1
0 k=0 7 tr k=0 Tk

To remove the dependency on N we also define the follow-
ing density.



Definition 2: Given a problem, specified by xg, A, B, @,
R, and S, and an interval length T, we define the asymptotic
sampling density o : [0,T] — R of any sampling method
m as

Om(t) = lim onm(t).
N —o00

The density o, provides significant information only when
N is large compared to the size of the interval [0, 7], while
in reality it is often more desirable to have a small N to
reduce number of execution of the controller. Nonetheless, the
asymptotic density can still provide informative results that can
guide the design of more efficient sampling techniques, even
when N is not large.

While the density o, provides an indication of how samples
are distributed over time, the quantity defined below returns a
measure of the cost associated to any sampling method.

Definition 3: Given a problem, specified by xg, A, B, @,
R, S, an interval length 7', a number of samples N, we define
the normalized cost of any sampling method m as

N2 Inm— Jeo
CNm = T gL

where Jn m is the minimal cost of the sampling method m with
N samples and J, is the minimal cost of the continuous-time
systems.

The scaling factor N2/T? is motivated by the observation
(proved by Melzer and Kuo [12]) that the cost J(7) of periodic
sampling with period 7 can be approximated by J., + k72 +
o(7?) for small values of the period 7 (the Taylor expansion
in a neighbourhood of 7 — 0 has not first order term).

To remove the dependency on IV, we also compute the limit
of the normalized cost.

Definition 4: Given a problem, specified by xg, A, B, @,
R, and S, an interval length T', we define the asymptotic
normalized cost of any sampling method m as

¢m = lim ¢y m. (12)
N—00

The asymptotic normalized cost (12) is also very convenient
from an “engineering” point of view. In fact, it can be readily
used to estimate the number of samples to achieve a bounded
cost increase with respect to the continuous-time case. If for
a given sampling method m we can tolerate at most a (small)
factor € of cost increase w.r.t. the continuous-time optimal
controller, then

CN.,mJoo
N2

(1+€)Joo > Inm = T2 + Joo,

from which we deduce

N>T & o, [
€ €

Relation (13) constitutes a good hint for assigning the number
of samples in a given interval.

Notice that the cost Jy,m, of any method m with NV samples,
can be written by Taylor expansion as

JN,m:Joo(1+T2N720N,m) :Joo(1+T2N720m) +O(N72)

13)

with the remainder o(N ~2) such that limy_,o, N20(N~2) =
0. Hence, for a small value of N, the approximation of (13)

is tight as long as the remainder o( N ~2) is small. While we
do not provide any analytical result in this sense, later in the
experiments of Section VII, we show that this approximation
is quite tight for all the considered examples.

Below, we recall the characteristics of the existing sampling
methods.

A. Periodic sampling

The simplest (and almost universally used) sampling method
is the one obtained by dividing the interval [0,7] in N inter-
vals of equal size; it corresponds to the choice ¢, = k7T'/N and
it is called periodic sampling (abbreviated per). We then have
that all the inter-sampling periods are equal: 7, = 7 = T/N
for all k, and the sampling density is, obviously, constant, with

pern(t) =1/T, VN,

For the periodic case, it is possible to determine analytically
the asymptotic normalized cost cper. In 1971, Melzer and
Kuo [12] approximated the solution K(7) of the Discrete
Algebraic Riccati Equation to the second order of the sampling
period 7, in a neighbourhood of 7 = 0. They showed that

— T2 2
K(r) :KOO—FX? + o(17),

being K the solution of the ARE of the continuous-time
problem (2) and X the second order derivative of K (7) in 0,
that is the solution of the following Lyapunov equation

1
AX+ XA+ EA’KOOBR*B’KOOA =0. (14

with
A=A-BR 'B'K,.
Melzer and Kuo [12] also proved that such a solution is

positive semidefinite. Hence the normalized asymptotic cost
in the periodic case is

/
26K oo
 xpXxo
200 Koo

In the case of a first-order system (n = 1), assuming without
loss of generality B = R = 1, the Lyapunov equation (14)
has the solution X = -- (K., — A)K?2 and the ARE has the
solution Ko, = A + /A2 + Q. Hence the asymptotic cost
becomes

Cper = 2—14(AMAQ+Q+A2+Q). (15)

B. Deterministic Lebesgue sampling

As the number of samples N — oo, the optimal sampled-
time control input « tends to the optimal continuous-time input
u. It is then natural to set the sampling instants so that @
approximates u as close as possible.

A tentative sampling method, that we describe here for the
only purpose of a comparison with our proposed sampling
method which will be described later in Section IV, is to set a



threshold A on the optimal input u, so that after any sampling
instant ¢y, the next one t;; is determined such that

Ju(thsr) —ults)] = A

with u being the optimal continuous-time input. Through
this sampling rule, however, we cannot establish a clear
relationship between A and the number N of sampling instants
in [0, 7). If we assume that the dimension of the input space
is m = 1 (which allows us to replace the notation of the norm
|||, with the notation of the absolute value |-|), we can enforce
both a constant |u(tr11) — u(tx)| (except when @ changes its
sign in (¢, tr+1)) and a given number N of sampling instants
in [0, 7] by the following rule

Vk=0,...,N—1,

tk+1
()| dt = /
x/t; N

where u is the optimal continuous-time control input. We
call this sampling method deterministic Lebesgue sampling
(abbreviated as dls), because of its similarity to the (stochas-
tic) Lebesgue sampling proposed by Astrém and Bernhards-
son [13], which applied an impulsive input at any instant
when the state, affected by disturbances, was hitting a given
threshold.

Following this sampling rule, by construction, the asymp-
totic density is

t)dt, (16)

CJa@®
fo (s

After the sampling instants ¢1,%s,...,tny—_1 are determined
according to Eq. (16), the values of the control input uy are
optimally assigned according to (10).

For the dIs method we are unable to determine the nor-
malized cost cqs, in general. However, in Section V we
analytically compute cqs for first-order systems (n = 1).

odis(t) = |d
S

III. OPTIMAL SAMPLING

We now investigate the optimal solution of the problem (1).
Let us introduce a notation that is useful in the context of
this section. For any vector x € R"™, let us denote by z the

i ) . 1
following vector in R™, with n = %,
_ 2 2 2
x = [z7, 2x122,..., 2210y,
2 2 27/
X5y 2T2T3, ..y 202Tpy ey T 1y 2Tp_1Tn, Ty,

and for any matrix M € R™*", let us denote by M € R™ the
vector

M =[M, Mig,..., M1 n, Mao, Mas,..., Man,...,
/
Q) Mn—l,n—lu Mn—l,n7 Mn,n] .

This notation allows writing the cost (11) as J = :1:6120,
and the Riccati recursive equation (9), as

{ K, = (15, Ki11)

_ 17
Ry =S, a7)

with r : R x R® — R™ properly defined from (9).

Since we search for stationary point of J, let us investigate
the partial derivatives 8 k£ Firstly

oK,
87-h

because K depends only on the current and the future
sampling intervals {7, Tx+1,...,7n—1}. Then we have

h <k = =0,

oK or _

8T: T or a7 (T Kii1)

6Kk . or = (9Rk+1

o~ ok oK) =50 h>k

from which it follows

81_{k hd or _ or _
o lH 8K(T“Ki“)] 5. (T Kni1)  h2k
(18)

Notice that (Tl,I_{H_l) € RP*P,

Since the problem (1) is constrained by Zk o T =T,
from the KKT conditions it follows that at the optimal point
the gradient VJ must proportional to [1,1,...,1], meaning
that all components of V.J have to be equal to each other.
Hence, a necessary condition for the optimum is that for every

h=0,....N—2
o] 9J , 0K _ 0K,
3Th N aTthl 08 Th 087h+1’

which can be rewritten as

, M oor e or e
7 HaK(T“ i+1) | | 5 (7h: Khs1)

or or
aK(Th’Kh“)aT

Finding the analytical solution of (19) is an overwhelming
task. Hence below we propose some special cases that provide
some insights on how the general solution should be. In
Section III-C we describe a numerical algorithm to find the
solution.

(Th+1,Rh+2) =0. (19

A. Two sampling instants: optimality of periodic sampling

If N = 2, then (19) must be verified only for A = 0. In this
special case condition (19) becomes

%(T — Tl,T(Tl,S))
or
oK

in which the only unknown is 7.

Eq. (20) also allows checking whether periodic sampling
can be optimal or not. Let K, be the solution of the DARE
associated to the discretised system with period 7. Then a
necessary condition for the optimality of the periodic sampling
with period 7 is

or = } or

o) |1y - 2 Ko o

where I,, denotes the identity matrix in R™*™. If (21) is false,
then we are certain that when the system state is at zq, periodic
sampling with period 7 is not optimal.

A
Ty

(T — 7'1,7’(7'1,5'))ﬁ

aT(ﬁ,S) =0 (20

K)=0 (1)



B. First-order systems

In the case of a first-order system (n = 1 and then n = 1)
we can avoid using the bold face notation introduced at the
beginning of Section III, since both M and M are the same
scalar value.

The necessary condition for optimality (19) requires to
compute the Riccati recurrence function (7, K) and its par-
tial derivatives. For first-order order, the Riccati recurrence
function r is
’I’(T K) _ QiR — PkQ + (Ai_Rk —?AkaPk + Bsz)K

’ Ry + BiK

(22)
with the following partial derivatives
(97‘ — AkRk — kak 2
O (r ) = et — Del)
0K (Rx + BLK)
or _ 1
Z(rK)= —
o7 M) = EmT B
+ (ApRy, — BiPy)(Q(Ax Ry — BiPy)
+ QAk(ARk — Bpk)K + QAkBk(ABk — BAk)Kz))

(R(Pk + A, B KK)?

Let us now investigate the condition on 7g,...,7ny_1 tO
satisfy (19). Since we assume xy # 0, we have that at least
one of the two factors in (19) is equal to zero.

Remark 5: First, we observe that if 75, is such that Ay Ry =
By, Py, then aa—l’;(m, K) = 0 for any possible K. Let us set k*
as the minimum indices among the k such that A, Ry, = By, P.
From (18), it follows that 9Ko — (), for all h > k* + 1. In

8Th _
fact, for such special 7y, the value of K~ is

9 D _ p2
Ry~

that is independent of Kj-,; and then independent of any
Tk*+1,--.,TN—1. These are all potential critical points that
need to be explicitly tested.

If instead all intersample separations are such that ARy
never equals By, P, (this happens if the minimum 7, such that
ARy, = B Py, is larger than 7', or when 7 is small enough
since AkRk =R+ O(Tk) and kak = #Tg + O(Tg)),
then from (19) it follows that an optimal sampling pattern
must satisfy the condition

or _
E(Thﬂ”(ﬂwl, Kpyo))—

or or

T(Tha T(Th+1 ) Kh-i-z))g (Th+17 Kh+2) =0.

BYra (23)

This relationship allows finding all intersample separations
T0,...,TN—2 Starting from any 7y_; using the backward
recursive equations (23) and (17). In order to fulfil the equality
ZkN;(Jl T, = 1 we have then to choose 7y_1 appropri-
ately; this is made through an iterative procedure that we
imR]leI}lented to scale the value 7n_; until the constraint

w—o Tk = T'is verified. In Section V, this condition will
be exploited to find the asymptotic behaviour of optimal
sampling.

C. Numerical solution

In general, finding the 7,...,7n—1 that solve Eq. (19)
is very hard. Hence we did implement a gradient descent
algorithm, which iteratively performs the following steps:

aJ aJ ) at the

67’0"”’67’]\771

1) computes the gradient VJ = (
current solution;

2) project V.J onto the equality constraint Zivz_ol T =T
by removing the component that is orthogonal to the
constraint;

3) performs a step along the negative projected gradient and
then update the solution if the cost has been reduced or
reduce the length of the step if the cost is not reduced.

As it will be later shown in Section VII this numerical
optimization procedure is capable to find solutions that are
much better than both periodic and dls sampling. However, this
considerable cost reduction has a price. The major drawback of
the numerical algorithm is certainly its complexity. Moreover,
being the problem non-convex, the gradient-descent algorithm
does not guarantee to reach the global minimum.

Only the computation of the gradient of the matrix K
with respect to all sampling instants has the complexity of
O(N?2n3?). This step needs to be computed over and over
until numerical stopping criteria of the gradient descent al-
gorithm are reached. While still giving interesting insights
on the optimal sampling pattern problem, this considerable
computational cost prevents both computing the asymptotic
behaviour for large /N and practical applications of this result.
For this reason, we propose below another solution which
demonstrated surprising properties (proved later in Section V).

IV. QUANTIZATION-BASED SAMPLING

In this section we describe a sampling method that is
capable to provide a near-minimal cost (considerably lower
than dIs sampling) without requiring to execute a heavy
optimization routines. The basic idea is to approximate the
optimal continuous-time control input w with a piecewise
constant function.

This approach is well studied under the name of quanti-
zation, a discretization procedure which aims to approximate
a function, in the L? sense, by means of piecewise constant
functions. Given a function u € LP(Q2) the goal is to find a
piecewise constant function % taking only N values, which
realizes the best approximation of u, in the sense that the
L? () norm

[ @)~ a(@)l, do
Q
is minimal. In our case, if the dimension of the input space

is m = 1, the quantization problem can be formulated as
minimizing the quantization error Eqnt

N-1 itpiq
Eqnt = Z / |u(t) — ug|? dt. (24)
k=0 vtk
withtg =0 and tny =T.
In this problem the unknowns are the constants

{ug,...,un—1} to approximate the function u, as well as the



intermediate instants {¢1,...,tny—1}. If we differentiate the
quantization error Egyn. with respect to u; we find that

1 tht1
uy, = 7/ wdt.
te+1 — e Je,

which, not surprisingly, states that the constant uy, that better
approximates u in the interval [tg,tx41] is its average value
over the interval. Thanks to (25) the quantization cost can be
rewritten as

(25)

N-1

T
Eqnt :/ uldt = 37 (s — ) sl
0

k=0
Now we differentiate the error with respect to ¢y, with k =

1,...,N —1. We find

Ean 1 trt1 2

9 ant _ 0 / udt —
tr

Ot SOtk \ trr1 — t

2

) 1 b
Aty \ ty — tpr /tkludt
1 terr |2
i ee—— /tk wdt| + 2u'(tg)ur+
1 wo | ,
m /tkludt —2u/ (tg ) ug—1

= —|uk|2 + 2u'(tk)uk + |u;€_1|2 — 2u'(tk)uk_1
= Jup—1 = u(ty) [ = Jup — ulty)]?

from which it follows that the sampling sequence that mini-
mizes the quantization error must be such that
|uk_1 — u(tk)|2 = |uk — u(tk)|2. (26)

We can then define the quantization-based sampling method
(abbreviated with qnt) as follows:

1) the optimal continuous-time input w is computed;

2) the piecewise-constant function % that minimizes Fgnt

of (24) is found by applying the gradient condition
of (26);

3) for the sampling instants to(= 0),¢1,...,tn—1,tN(=
T) of this solution 4, we compute the optimal input
sequence from (10), since the inputs of (25) are not
optimal for the minimization of J.

An efficient implementation and a proof of convergence of
this algorithm is beyond the scope of this paper. The interested
reader can find our implementation of this function at github.
com/ebni/samplo. Finally, we remark that the method gnt is
applicable to any linear system with dimension of the input
space m = 1 and any dimension n of the state space.

A. Asymptotic behaviour

As shown in [14], [15] the quantization problem of a func-
tion u € LP(Q), is equivalent to minimize the Wasserstein’s
distance W), (1, v) where i is the image measure u? (dz/|Q|)
and v is a sum of Dirac masses

1 N
V= Nzisyk
k=1

As N — oo, the asymptotic density of points y; can be
computed and is equal to

f(y)m/ (m+p)
[ fly)ym/(m+p) dy

where m is the dimension of the space of values of v and f
is the density of the absolutely continuous part of the measure
.

If the input space has dimension m = 1, then we find
f(y) = 1/]u[(u"(y)), being u the solution of the Riccati
equation (3). From the asymptotic density of values ¥, which

1S |u|,1/(1+p) (ufl(y))
J 1|75 (u=1(y)) dy

we can pass to the asymptotic sampling density, which is then

|a(t)|p/(1+p)
y la/ 0 e

ant(t)

Taking p = 2, i.e. minimizing the L? norm fOT |u—w|? dt, we
end up with the asymptotic sampling density
B (10
y fals) ds
Equation (27) provides a very interesting intuition, which

can be used as follows to determine the sampling instants.
The steps, also illustrated in Figure 1, are described below:

ognt (t) 27)

1) the optimal continuous-time input w is computed;

2) the sampling instants ¢;,...,¢{5_1 are determined such
that their asymptotic density is (27), by construction.
That is we choose t1,...,tx_1 such that

Vk=0,... N—1,
tk+1 1 T
[ aopra =5 [ a@pea e

th 0
with the usual hypothesis of tg =0, ty =T
3) for such a sampling sequence to(=
0),t1,...,tn—1,tn(= T), we compute the optimal
input sequence from (10), which guarantees to minimize
the control cost J for given sampling instants.

Fig. 1: Sampling according to the asymptotic density.

After the optimal continuous-time input u is computed (which
has the complexity of solving a Riccati differential equation),



the complexity of computing the sampling instants from u is
O(N). Notice that the difference between this method and the
dls method (whose instants are selected according to (16)) is
only in the exponent of |u].

This method is abbreviated with q23 to remind the 2/3
exponent in (28). Although method 23 follows from the
asymptotic sampling density (i.e. with N — o0) of method
gnt, as it will be shown in Sections V and VI, this method
produces sampling sequences with a near-optimal cost also for
reasonably small values of V.

Finally, we remark that, similarly to the method qnt, the
method 23 is applicable to any linear system with dimension
of the input space m = 1 and any dimension n of the state
space.

V. FIRST-ORDER SYSTEMS: QUANTIZATION IS
ASYMPTOTICALLY OPTIMAL

These quantization-based sampling techniques (methods gqnt
and gq23) follow the intuitive idea that the optimal discrete-
time input should mimic the optimal continuous-time input.
As it will be shown later in Section VII, their excellent
capability to reduce the cost appears in all the performed
experiments. Unfortunately, we were unable to prove a general
result that relates the costs Jy gnt Or Jn g23 to the minimal
continuous-time cost J, or to the cost of optimal sampling
JN,opt- Nonetheless, for first-order systems (n = 1), we did
actually prove that the asymptotic sampling density ogn; of the
quantization (Equation (27)) is actually equal to the asymptotic
density of the optimal sampling oope. The only additional
hypothesis we are using is that the weight S of the final state
at the instant T is set equal to the continuous ARE solution
K, which implies K(t) = K, Vt € [0,T] . As it will
be shown later in the proof, this assumption is needed only to
simplify the expression of the optimal continuous-time control
input. Proving the asymptotic optimality of quantization-based
sampling in more general hypothesis required a too involved
mathematical development. Moreover, we observe that assum-
ing the weight of the final state equal to the solution of the
ARE is not very stringent, since the state at time ¢ = 7' is
going to be small anyway, especially for large 7.

Also, throughout this section we assume that if () = 0 then
A > 0, otherwise the optimal input is obviously @(¢) = 0,
which is a constant function independently of the sampling
instants.

For such a first-order system we are actually able to compute
analytically both the asymptotic optimal sampling density oqpt
and asymptotic normalized cost copt.

Lemma 6: Consider a first-order system (n = 1) with
weight of the final state S equal to the solution of the contin-
uous ARE. Then the optimal sampling pattern has asymptotic
density

Oopt O |11]?/3 (29)

being u the optimal continuous-time input.

Proof: Up to suitable normalizations of the cost function
and of the system dynamics, we can assume, without loss of
generality, that B = 1, and R = 1. From (2) it follows that

the solution of the ARE, and then the weight of the final state,
is

S=A+/A2+Q.

This assumption enables us to have a simple expression for
the optimal continuous-time input u, that is

( :—$0A+\/A2 Qt

(30)

From (4)—(8), the discretised system with an intersample
separation of 7, gives the following discrete-time model

_ A2 5 A3 3 4

Ak:1—|—ATk+7Tk+? k+ 24Tk +O(Tk)

_ A A2 A3

Bk:Tk—i—;T,f—l-?T,f—i— 247'k —|—0(7'k)

- 242 A3

QkZQ(Tk‘FAT/f‘FTTS‘F?Té)‘FO(Tﬁ)a
A TA?

Rk:Tk"’Q(g T+ 1 §+W7k)+0(71§)7

_ 1 A TA? 4

Pk—Q(2 + 5 57 P+ 21 —7¢) +o(rp).

Since we investigate the asymptotic optimal sampling den-
sity (N — oo and then 7, — 0), we realize that Ay Ry =
i + o(;) never equals ByP, = %77 + o(7), for small
T,. By Remark 5 the optimal solutlon must satisfy Eq. (23)
which establishes a relationship between 75, and 7441. Since
they both tend to zero, we write 75, as a function of 7p,1:

Th = aThy1 + BTrpy +0(T741), 31
with a and S suitable constants to be found from Eq. (23).

Approximating the Riccati recurrence function r of (22) to
the fourth order! w.r.t. 7, we find

r(r,K) =K — (K* —2AK — Q)

(K® —3AK® + (2A2 QK + AQ)r?

—(K4—4Af(3 ( A2 4@)1(2
4 5 1
+ (—§A3 + EQA)K - gQAQ + —Q2)7—3
S5AK*+ (———Q)K3 +5 (= A3+ QA)K?
Q7 . QA QAN
(5~ 12 3 _T)T

N (Kf’— 494% 5 19
13QA?
QA 19 @A
(32)

For computing this and next expressions, we made use of the symbolic
manipulation tool “Maxima” (http://maxima.sourceforge.net/).



with the partial derivatives

§§:4K%4Ak—@
+2(K% - 3AK? + (2A2 Q)K +AQ)r
3(K4 AARS + ( A2 Q)K2
+(——A3+ QA)K--QA2+ Q)
a(RO-5ARY 498“2—5Q)K3 (A% Q)R?
24 13QA%  TQP . QA® QAN
S IR TR w
+o(7%)
3_71:1_2(R_A)T+(3K2—6AK+2A2—QW

0K

5 ,
(4K3 —124AK? 4+ 2(2

) A - —Q)
5
- §A3 + §QA)T3 + O(T ).

We now replace in the necessary condition for optimality
(23) the expressions above. If we write 75 as a function of
The1 (Eq. (31)), we find

Q+ AK}, _
— T}%+1T+2 |:(6(Oé — 1)(0( + 1)2AK}%+2

+2[(a+1)((20% — 200 — 1)Q + (—40® — 20 + 5) A?)
— 3afA] Kz
—6((a+1)2(@ - DA+ ap)Q)
—3(a% = 1)(Q + AKps2)| + o(7i4) = 0
from which we have
(6(a = D@+ 1)2ARE,,
+2[(a+1)((20* — 20— 1)Q
+ (—40® — 20+ 5)A?) — 3aBA| Kpnio
—6((a+1)*(a— DA+ aﬁ)Q)ml

— 3(0&2 — 1)(Q + AK}I+2) + O(Tthl) = O (33)

From Equation (33) we have that both coefficient of the
zero order term and of the first order term in 754 are zero. By
setting the constant (that is —3(a? — 1)(Q + AK}42)) equal
to zero, we find a®> = 1. However, from (31), we observe
that « = —1 is not feasible, since it will lead to negative
intersample separations. Hence we have a = 1. By replacing
a = 1 in the coefficient of 73,41 in (33) and setting it equal
to zero, we find

(2Q +2A2 + 38A)K}, 42 +38Q =0

from which we find

8= __(Q+A2)Kh+2
3 Q+AKpi2

Recalling the expression (31), we can now assert that a
necessary condition for the optimality of a sampling pattern

is that

2(Q+ A*)Kpyo
3 Q¥ ARy 1 T O]

We are now going to exploit (34) to find the asymptotic
sampling density of the optimal pattern.

Let us compute the derivative of the asymptotic density
oopt Of the optimal sampling at a generic instant Z;1. By
Definitions 1 and 2, we have

Th = Th4l — (34)

Oopt (th+2) — Oopt (tthl )

Th+1
11
NTh+1 NTh

Gopt(tht1) = Aim

= lim
N —o00 Th+1
1— 1
Py (Q+A2)Rh+2
T3 TQTAR, 5 htl

= lim

2
N —o00 NTthl

(Q+A22Rh+2
Q+AKp 42 h+1

NT}%-H
2
2 (Q+ A?)Kpyo lim 1
T3 Q+ AKnr
2(Q+ A*) Ko
= ——————0p t
3 Q+AKh g Pt( h+2)

from which we obtain the differential equation
2(Q+A*)K(t)
3 Q+AK(t (t)

being K (t) the solution of the Riccati differential equation
(2). If S = A+ /Q + A2, then K (t) is constantly equal to
S. Then in such special case, Eq. (35) becomes

2(Q + A%)(A+,/Q + A?)
3 Q+AA+ QT+ A

= —g\/Q-f-A Uopt(t)

which is solved by

_2
3

= lim
N —o00

N—oc0 NTh+1

dopt (t) = Oopt (t) (35

dopt(t) =

Topt(t)

(t) = cef%\/mt

with ¢ suitable constant such that fOT oopt(t) dt = 1.

From the expression (30) of the optimal continuous-time
input we obtain that gope o |i|?/3. The Lemma is then proved.

|

Basically Lemma 6 states that, by tolerating the weak
assumption that the weight S of the final state z(7') is equal
to the solution of the continuous ARE, the asymptotic density
oopt Of the optimal sampling is the same as the asymptotic
density o423 of the quantization-based sampling. In addition to
this result, the next Lemma also provides an exact computation
of the asymptotic normalized cost cop: (see Definition 4) of the
optimal sampling. This result allows quantifying the benefit of
optimal sampling.

The following Lemma provides a more general result from
which the asymptotic normalized cost cop: of the optimal
sampling is derived later in Corollary 8.

Lemma 7: Consider a first-order system (n = 1). Let us
assume, up to suitable normalizations, that B =1 and R =1

Oopt



and that the weight of the final state is equal to the solution of
the continuous ARE, S = A++/A? + Q. Then, the asymptotic
normalized cost of the sampling method ma with asymptotic
sampling density

al(S —A)

Uma(t) = m *Oé(S*A)t x |u(t)|a (36)
is
B S 1— e—2(1=a)(S=A)T 7 _ p,—a(S—A)T\?
M TS - A)T2 2(1-a) a
(37

Proof: Under our hypotheses, the solution if the Riccati
differential equation is K(t) = S = A+ /Q + A2, for all
t € [0,T]. Hence the optimal continuous-time cost is

Joo = 228.

Since we are investigating the normalized cost cope (see
Definition 3), we consider the sequence:

N? (K
o7 (% 1)

so that copt = limpy o0 &o. From the definition of &, it follows
that

_ T?

Kk = S(mgk + 1)
From (32), by approximating K}, to the third order of 73, we
have

Kk = Kk-i—l — (Kk-i—l — S)(Kk-i-l —2A+ S)Tk
+ (K1 — A) (K1 — S)(Kg1 — 24+ 8730
_ _ 55 4 -
- (K7§+1 — AR+ (HAT - SQRE,

4 5 _ 2 1
+ (—§A3 + §QA)Kk+1 - gQAQ + ZQQ)T,f + o(T)

which allows to find a recurrent relationship that defines &
T2
§k = k1 — §k+1(5m§k+1 +2(5 — A))7
T? T2 9
+ o1 (S z et + 205 — A)) (S érr+ 5 — A7

S(S — A)2 N?
+%FTI§+O(TS)

Ev =0.
(38)
From (38), it follows that the discrete derivative of &, is

_ T2
% = €k+1(8m€k+l +2(5 - 4))
2

T T2
— &1 (S 3zt +2(5 = A))(S 58kt + 5 = A)m
S(S — A2 N2
7( B ) T T2 + o(1}).

By definition of asymptotic sampling density (see Definitions 1
and 2), as N — oo, the intersample separation 7 tends to zero
with

~ v +oly)
™= Nomaltn) | \N/-

From this observation, as N — oo, the discrete derivative of
&, becomes the differential equation

S(S—A?2 _
%Umi(t%

where d(t) is the limit of &. With the sampling density omq (t)
of (36), the differential equation above becomes

&w:ms_maw_sa_

3(T) =0,

which is a first-order linear non-homogeneous differential
equation, whose explicit solution is

5(t) =2(S — A)d(t) —

efa(SfA)T)Q

120272

2a(S—A)t

oS-
248 - A)(1 — a)a2T?
_ 672(17a)(SfA)T€2(SfA)t)'

e—a(S—A)T)2

5(t) (e2a(S—A)t

Since the asymptotic normalized cost ¢, coincides with §(0),
we obtain (37) and the Lemma is proved. |

The reason for assuming a sampling density as in (36) is
quite simple: periodic, dls, and optimal sampling (q23) are all
special cases of the asymptotic density (36). In fact:

o the periodic sampling has constant sampling density,

hence it corresponds to the case o = 0;
« the dlIs sampling corresponds, by construction, to the case

a=1;
o from Lemma 6, the optimal sampling corresponds to the
case a = 2/3.

In Figure 2 we plot the asymptotic normalized cost as « varies.
The system in the plothas A =1and Q =8 (and B = R =1,

0.5

0.4 T = ‘)$
03] \ et
N
0.2 :
3 1
1S |
QO |
< 01 |
2 0.08 ‘ /
o I
. 0.06 ‘ /
£ 0.05 1
2 0.04 :
g 0.03 T =4
o \;_,/
& 0.02 !
0.015 0.2 04 06 08 1

Fig. 2: Asymptotic normalized cost as function of a.

S = A+ A2+ Q = 4). We plot the cost ¢, for three
different values of 7": 0.25, 1, and 4. This experiment confirms
the validity of Lemma 6: the minimal cost occurs when o = %
(denoted in the figure by a dashed vertical line).

By evaluating the cost of (37) with « equal to 0, 1, and %
we can then find the explicit cost expression of the asymptotic
normalized cost for the periodic, the dls, and the optimal

sampling respectively, as stated in the following Corollary.



Corollary 8: Consider a first-order system (n = 1). Let us
assume, up to suitable normalizations, that B =1 and R =1
and that the weight of the final state is equal to the solution of
the continuous ARE, S = A++/A2 + Q. Then, the asymptotic
normalized costs of the periodic, dls, and optimal sampling are,
respectively

AA? + ;24+ A? + Q(1 _ /@Ay

Cper = Cm0 =
(39)
A+ /A% + _/az
Cdls = Cm1 = TQO —emVATTRTYZ (40)
9 A

—c o, = _ —2./A424QT\3
Copt = Cm§ = 32T2(\/m + 1)(1 e ) .
(41)

Notice that as T' — oo, the cost cper coincides with the one
derived earlier in (15), which was a consequence of the second
order approximation of the cost of periodic sampling (14)
derived by Melzer and Kuo[12].

In Figure 3, we draw the asymptotic normalized costs for
the three sampling methods: periodic, dls, and optimal (method
q23). As expected, the cost of optimal sampling is always

$05
5 periodic (a = 0)
S 0.4
é—o 3 f dls (a=1)
20 |
802
g 0.1 / T
v _ I
; optimal| (o = 2/3) \\\
% 0O 0.5 1 1.5 2 2.5 3 35 4
< T

Fig. 3: Asymptotic normalized cost as function of 7.

lower than the other two methods. As T" — oo, the cost Cper

tends to the constant of (15), that is % in this case. The cost

cqis tends to zero as ﬁ, while cop; tends faster to zero with
3

8TZ"

VI. SECOND-ORDER SYSTEMS

In Section V, we show that the quantization-based sampling
is optimal for first-order systems. First-order systems, however,
are quite special cases. For example, they never exhibits
oscillations in the optimal control input. Hence, the second
natural investigation that we perform, is on systems that can
oscillate. For this purpose we assume

R=1,

0 —w 1
(42)

w 0
Notice that we must assume ¢ > 0, otherwise the optimal
input is always u(t) = 0. The system of (42) has the following
solution of the ARE

2 —
Km_{w\/p +2p—-3

w(l—p)

], Q=ql,

w(l —p)

pwr/p? +2p—3

10

with p defined as

p= 1+%>1.
w

For such a system, the characteristic polynomial x(s) of the
closed loop system with optimal state-feedback, is:

x(s) = det(sI-(A-BR™'B'K,.)) = s*+2w,(s+w? (43)

with the following damping ratio ¢ and natural frequency w,:

= é\/@—n (1+30).
Wn = Wr/p.

Hence, by properly choosing the problem parameters ¢ and w,
we can construct overdamped, critically damped, and under-
damped systems with any natural frequency.

If we assume o = [1 0]/, then the cost of the optimal
continuous-time input is

Joo = 2 Kooy = wr/p? +2p — 3.

With this initial condition, if the closed-loop system is over-
damped (that is when p > 3), then the optimal input is

NS
Jr 3

— log

u(t) = 2v2w sinh (wnt ¢?-1

V=140 —9)67%,5(;
\/g )

if the system is underdamped (1 < p < 3), the optimal input

is
p—1 .
u(t) = 2v2w 3_psm (wnt 1-2¢2

— arctan

9— o2
2 P )e_wntcu
p?—1

and finally, if the system is critically damped (p = 3), then
the optimal input simply is

u(t) = (4wt — 2w\/§)ef‘“\/§t.

For such a second order systems we are not capable to
demonstrate that the asymptotic (with the number of samples
N — o00) sampling density of the quantization problem
(that, we remind, is proportional to |u|§) is the same as the
asymptotic sampling density of the optimal LQR problem (1).
Instead, we propose a numerical evaluation suggesting that
the two asymptotic densities may coincide, even in the second
order case. More precisely, let us define a sampling method
ma with the sampling instants to(= 0),t1,...,tn—1,tn(=T)
such that

Vk=0,...,N—1,

tk+1 1 T
a(t)|* dt = _/ a(t)|* dt.
/tk N 0

As observed in Section V, such a method is of our interest,
because periodic, dlIs, and q23 sampling methods are all special
cases for « equal to 0, 1, and 2/3, respectively.
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N CN,per CN dis CN,q23 CN gnt CN ,num
4 0.4958 0.3200 0.2541 0.2539 0.2536
8 0.4980 0.3082 0.2454 0.2454 0.2454
16 0.4986 0.3033 0.2432 0.2432 0.2432
32 0.4987 0.3017 0.2426 0.2426 0.2426
64 0.4987 0.3012 0.2425 0.2425 0.2425
128 0.4988 0.3011 0.2424 0.2425 0.2424
256 0.4988 0.3010 0.2424 0.2427 0.2424
512 0.4988 0.3010 0.2424 0.2435 0.2424
o0 %(1—6’6) %(1—673)2 %(1—672)3 — %(1—6’2)3
e=2% N >4.99 N > 3.88 N > 3.48 N > 3.49 N > 3.48

TABLE I: First-order system (A =B =R =1,

In Figure 4 we illustrate the normalized cost for w € {5, 25}
and ¢ € {1,10,100}, with N = 500 sampling instants, as «
varies. Surprisingly, we have that in all cases the normalized

40 :
30 1
20&;}:25,q=1€ |
~_ | w=24=1
\_‘—__——
~ 10 1
S 8
2
g 6 ! r
E 5 ‘
Sl w=25,q =100
g 3 —
g 2 w=54¢=100 |
g =5,q= ‘
1 e f— 5 =110
=5 0=1 —~_ &=09; 10
0.8 T ‘
0.6 ——
0.5 ‘
0 0.2 0.4 0.6 0.8 1

Fig. 4: Normalized cost ¢mq,500 for second order systems.

cost reaches the minimum at o = % This observation suggests
that a result analogous to Lemma 6 may hold also for second-
order systems. In addition, we observe that the normalized
cost is higher in all cases when the optimal input has larger
variations (w = 25). When the cost of the state (represented
by q) is large compared to the cost of the input, then the choice
of the sampling method has a stronger impact on the overall
cost.

VII. NUMERICAL EVALUATION

In this section we investigate how the normalized cost varies
with the number of samples N. We compare the following
sampling methods:
¢ periodic sampling (per),
e deterministic Lebesgue sampling (dls), with sampling
instants determined according to (16);

o quantization based on the theoretical asymptotic density
of (q23), with sampling instants determined according
to (28);

o quantization based on the exact condition of gradient
equal to zero of Equation (26) (abbreviated with gnt).
For large NN this method tends to q23;

@ = 8): normalized costs ¢y m, with varying V.

e optimal numerical solution (num), computed by the
gradient-descent algorithm described in Section III-C.

In all experiments of this section the length of the interval
is T' = 1. Also noticed that in all cases, the optimal input
signals ug, . .., un—1 are selected according to (10), while the
sampling sequence depends on the chosen method.

In the first experiment we tested a first-order system, with
A =1 and @ = 8. In Table I we report the normalized costs as
N grows. In the row corresponding to N = co we report the
theoretical values, as computed from (39), (40), and (41). We
observe that, in this case, the convergence to the asymptotic
limit is quite fast. This supports the approximation made
in (13) and, more in general, the adoption of the asymptotic
normalized cost as a metric to judge sampling methods, even
with low N. Also, in the last row, we report the bound on
the number of samples, for each sampling method, if a cost
increase of at most € = 2% is tolerated w.r.t. the continuous-
time case.

In Table II, we report similar data for a second order system
of the kind described in (42), with w = 5 and ¢ = 100.
Such a choice makes the closed-loop system underdamped.
We observe again that the convergence to the limit is fast.

In the final experiment, we tested the following third-order
system

112 0 1
A=|-12 1 0 B=|1 (44)
1 0 2 1

with initial condition 2o = [1 0 0]'.

In Table III, we report the computed normalized costs
corresponding to @@ = 0 (upper part of the table), Q = 101
(middle portion), and ) = 100 [ (bottom of the table). The
weights to input u and to the final state 2:(7") were always
assumed constant (R =1 and S = K ).

In the last row of each case tables, we report again the
estimate of the needed number of samples in [0,1], if it
is tolerated a cost increase of r = 2% w.r.t. the continu-
ous control input (as computed from (13)). The interested
reader can find the code for performing these experiments at
github.com/ebni/samplo.

Below we provide some comments on the data reported in
this section.

o The run-time of the experiments of Table III took one
day on a 2.40 GHz laptop. The weight of this simulation
prevented us to perform it on a higher dimension systems
or with larger number of samples.
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N CN per CN dis CN,q23 CN gnt CN ,num
4 8.9956 1.7499 1.9642 1.8199 1.6878
8 7.2440 5.7915 0.7064 0.5578 0.5497
16 6.8638 4.1775 0.6356 0.5638 0.5596
32 6.7721 1.9258 0.5936 0.5704 0.5656
64 6.7494 1.5956 0.5818 0.5747 0.5724
128 6.7437 1.4830 0.5828 0.5799 0.5774
256 6.7423 1.4355 0.5826 0.5845 0.5805
512 6.7419 1.4332 0.5839 0.5951 0.5823
e=2% N>1836 N >847 N >540 N >545 N >5.39

TABLE II: Second-order system (w = 5, ¢ = 100): normalized costs ¢y m, with varying V.

N CN,per CN.dls CN,q23 CN,qgnt CN,num
10 14.488 9.4078 8.2823 5.9003 5.8911
20 13.382 8.0191 8.1115 6.6710 6.5765
40 13.136 8.4132 7.8431 7.2797 7.1273
e=2% N>2563 N >2051 N >1980 N >19.08 N >18.88
10 16.615 7.2274 4.9684 2.9200 2.9139
20 14.640 6.3719 3.7374 3.2204 3.1786
40 14.221 4.8349 3.6936 3.6597 3.4165
e=2% N >2666 N >1555 N >13.59 N >1353 N > 13.07
10 30.959 10.161 1.7244 0.96569 0.94476
20 25.509 24.900 1.1534 1.1478 0.99627
40 24.352 4.5791 1.2179 1.2095 1.1631
e=2% N >34.89 N >15.13 N > 17.80 N > 7.78 N > 7.63

TABLE III: Third-order system (of Eq. (44) with, from top to bottom, ) = 0, @ = 101, and ) = 100 I): normalized costs

cn.m» With N € {10, 20, 40}.

o The experiments confirm the validity of the asymptotic
density of the quantization-based sampling of (28), since
the cost achieved by q23 tends to the cost of the numerical
quantization gnt as [N grows.

o The capacity of both quantization-based sampling and
dls sampling to reduce the cost w.r.t. periodic sampling
is much higher in all those circumstances with high
variation of the optimal continuous-time input u (such
as when () is larger compared to R). This behaviour
is actually proved for first-order systems. In fact, from
Equations (39)-(41), if @ — oo, we have cper = @,
Cdls =~ \/Qv and Copt = 1/\/@

o The cost achieved by the quantization-based sampling
(qnt and, q23 for larger V) appears to be very close to
the optimal one, even for higher order systems. However,
it is still an open question whether Lemmas 6 and 7 can
be proved in general or not.

VIII. CONCLUSIONS AND FUTURE WORKS

In this paper we investigated the effect of the sampling
sequence over the LQR cost. We formulate the problem for
determining the optimal sampling sequence and we derive a
necessary optimality condition based on the study of the gra-
dient of the cost w.r.t. the sampling instants. Hence, following
a different path of investigation, we proposed a quantization-
based sampling, which selects the sampling instants (but not
control sequence) in the way that better approximates the
optimal control input. Surprisingly, this sampling method is
demonstrated to be optimal for first-order systems and large
number of samples per time unit. For second-order systems,

such an asymptotic optimality is apparent from our numerical
experiments, although it is not formally proved.

Being this research quite new, there are more open issues
than questions with answers. Among the open problems we
mention:

o proving the asymptotic optimality of the quantization-

based sampling even in general (higher order) cases;

« the application of the proposed methods to closed-loop
feedback where the state is also affected by disturbances;
possible more efficient implementation of the gradient
optimization procedure;
the investigation of global minimization procedures
which could lead to a higher cost reduction (gradient
descent algorithms could indeed fall into local minima);
the investigation of different approaches to approximate
the optimal control input.
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