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Abstract

An N-Heptane mechanism and a Methane/Propane mechanism have been reduced
by an Automatic Reduction Tool (ART) and simulated with two different solver
combinations, which solve the set of ordinary differential equations governing the
time evolution of the species simultaneously with solving algebraic equations for
species that can be considered to be in quasi steady state. The most successful of the
two solver combinations is an optimized combination of Newton solvers. The
algebraic part of the solver is based on a Newton solver and is given a speed-up by
using the fact that the sparseness pattern of the Jacobian is constant in time. This
allows for automatically written source code and an optimization of the sparseness
pattern in a preprocessing step. The optimization method is based on a simulated
annealing procedure that minimizes the number of operations in the algebraic part
of the solver. The speed-up of the Newton solver for the algebraic equations is one of
the major developments presented in this thesis. The other one is the development of
the ART and the reduction of the N-Heptane and the Methane/Propane mechanisms
using the ART.

A reduction down to 37 out of 110 species and 23 out of 118 species is achieved for
the N-Heptane and Methane/Propane mechanism respectively, while the accuracy of
the solution is maintained and the CPU time is significantly lower than that of the
detailed mechanism. Less, but still greatly reduced mechanisms are generated for
larger ranges of physical conditions.

Also, the two solver combinations were implemented into a commercial
Computational Fluid Dynamics (CFD) code. CFD simulations were then performed
for a detailed and reduced mechanism. The implementation involving the optimized
combination of Newton solvers resulted in a speed-up for the reduced mechanism
compared to the detailed mechanism, while the accuracy of important species for
the reduced mechanism was well within acceptable limits.
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Nomenclature
Latin Alphabet

e A is the pre-exponential factor in the Arrhenius equation ]
e A is a constant related to the decomposition of the Jacobian []
e Bisa constant related to the back substitution []

e . is the heat capacity at constant volume per mole of species i [J/Kmole]

vl

e ¢ . is the heat capacity at constant volume per kg of species i [J/Kkg]

A

e ¢, total heat capacity at constant volume per kg [J/Kkg]

e ¢, isthe heat capacity at constant pressure per kg of species i [J/Kkg]

e ¢, isthe heat capacity at constant pressure per mole of species i [J/Kmole]

e Ccpp is a constant that relates the CPUcpp to the number of QSS species []

e (ppis a proportionality constant, which depends on the number of iterations
needed in order to achieve convergence for the FP method. []

e CPUcppis the CPU time for the CFD part of a chemically reactive flow
calculation [s]

e CPUcpgwm is the CPU time for the chemical kinetics part of a chemically reactive
flow calculation [s]

e CPUroraL is the total CPU time for a chemically reactive flow calculation [s]

e CPU,,, (N ) is a function of the number of QSS species and represents the

total CPU time for given reduction level for the entire simulation [s]

e Npgis the number of time steps for the entire simulation []
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CTS, (N, )1s a function of the number of QSS species and represents the CPU

time related to the solver combination for time step i [s]

CPU (x5 (N, oss ) 18 the normalized CPU time, which is a function of the number

of QSS species, and represents the total CPU time for a given reduction level

divided by the CPU time for the detailed mechanism []

CPU 1" (N yss ) is a function of the number of QSS species and represents the

otal
total CPU time for the solver combination, based on average values, for a given
reduction level for the entire simulation [s]

CPU (0 ) is the same as CPU “**(N oss ) but for the detailed mechanism,

total total
that is, zero QSS species. [s]

E(x) is the “Energy”-function for the simulated annealing process []

E, is the energy barrier for a chemical reaction [J/mole] (if R is used in the
Arrhenius expression)

g is the gravitational acceleration. [m/s”]

g is the function vector in the system of ODE that shall be minimized by the
Newton method. [mole/m’s]

H is the total enthalpy of the system [J]

Hi; is the enthalpy per mole of species i [J/mole]

h; 1s the enthalpy per kg of species i [J/kg]

h is the step size in the Newton method []

IDT CF is the Ignition Delay Time for the Cool Flame, also known as 1:st ignition

[s]
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IDT HF is the Ignition Delay Time for the Hot Flame, also known as 2:nd ignition
[s]

Jp is the Jacobian matrix in the Newton method for the system of ODE

J4 1s the Jacobian matrix in the Newton method for the system of NAE

j; 1s the diffusion flux of species i [mole/m®s]

jq 1s the heat flux of species 1 [J/m’s]

k45 1s the rate constant for a reaction between molecules A and B [m3 /mole s]
K is the rate constant for reaction k given by the Arrhenius [m*/mole s] (for a
bimolecular reaction) (the unit depends on the number of reacting species).

kg Boltzmann factor [J/K]

m total mass [kg]

m; mass of species i [kg]

n is a fit parameter in the Arrhenius expression

M is a third body in a chemical reaction [mole/m’]

Max HO2 CF is the maximum value of the HO, concentration at the first peak
corresponding to the first ignition. []

Max OH HF is the maximum value of the OH concentration corresponding to the
second ignition. []

N, is the number of species in the system of NAE []

N,y 1s Avogadro’s number [1/mole]

Np is the number of species in the system of ODE []

Ng 1s the number of reactions in the mechanism including both forward and

backward since they are treated separately. []
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N5 is the number of species in the mechanism []
Noss 1s the number of QSS species []
Nygss 1s the number of non QSS species []

Nror is the total number species, i.e. N, = (N noss TN, st) [

N/ is the number of iteration steps of the inner solver for the particular time step
i and particular iteration step j of the outer solver []

NGl is the total number of iterations of the outer solver for an entire simulation
[

N7 is the total number of iterations of the inner solver for an entire simulation
[

Nor s the number of iteration steps of the outer solver for the particular time

step i []
P is the pressure [N/m?]

Py (N NQSS) is a step function between 0 and 1, which depends on the number of

non QSS species, and can be interpreted as the probability for building and
decomposing a new Jacobian for the system of ODE at the particular iteration step
Jll

P, (N st) is a step function between 0 and 1, which depends on the number of

QSS species, and can be interpreted as the probability for building and

decomposing a new Jacobian for the system of NAE at the particular iteration step

k]
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1313; (N NQSS) is function of the number of non QSS species which assumes values
between 0 and 1 and can be interpreted as the average probability for building and

decomposing a new Jacobian for the system of ODE []

P, (N st) is function of the number of QSS species which assumes values

between 0 and 1and can be interpreted as the average probability for building and
decomposing a new Jacobian for the system of NAE []

P is the pressure tensor [N/m?]

P is a steric factor related to orientation of the colliding molecules []
P is a probability []
O heat [J]

Q [J/s]

g, 1s the heat radiation source term. [J/s]
R is the universal gas constant [J/mole K]
r is the spatial location [m]

r,, is the reaction rate for a reaction between molecules A and B [mole/m’s]

7 1S the reaction rate for reaction & [mole/m3s]

SOP: Sum of OPerations in the Gaussian elimination and back substitution of the
solver for the algebraic equations []

ASOP is the difference in SOP corresponding to two consecutive sparseness
patterns of the Jacobian for the system of NAE. []

T is the temperature [K]

tis time [s]
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At, is the difference between the future time point and i-1 time point previous to

the present time point. [s]

U, is the internal energy per mole of species i [J/mole]

¥ is the volume of the system [m”]

v is the specific volume of the system [m’/kg]

v is the velocity [m/s]

W work [J]

W work per time [J/s]

W; molecular weight of species i [kg/mole]

Xp is the vector of species concentrations in the system of ODE  [mole/m”]
X, is the vector of species concentrations in the system of NAE  [mole/m’]

x}"* the concentration vector of the QSS species [mole/m’]

ODE

x,, the concentration vector of the species of the ODE system that are later set

in QSS [mole/m’]

X, is the solution to the corrector equations including truncation errors
[mole/m’s]

x 7 is the solution to the predictor equations including truncation errors
[mole/m’s]

x(t) is the time derivative of x(t) [mole/m’s]

v is a function value []

Y; mass fraction of species i. []



16

Greek Symbols

o 1s a constant []

a(N st) is a function of the number of QSS species which assumes values

between 0 and 1 and accounts for the computational speed-up related to the
optimisation of inner solver []

a is a constant which assumes values between 0 and 1 and accounts for the

const

computational speed-up related to the optimisation of inner solver []

Bi(N yss ) 1s a function of the number of QSS species and represents the CPU time

related to additional operations in the program code for time step i. [s]

Boi(N o5 ) 1s a function of the number of QSS species and accounts for the CPU

time related to additional operations in the program code for the entire simulation
[s]

A (x) difference of the quantity x [] the unit depends on the unit of x

&p 1s the error is Xp [mole/m3]

&4 18 the error 1s Xy [mole/m3 ]

& 1s the discretisation and truncation error between the corrector equations and
the exact equations for the ODE system

&ip, Which is the discretisation and truncation errors between the predictor
equation and the exact equations for the ODE system.

x(A) is the condition number of the matrix A []

A is a damping factor in the Newton method for the ODE system []
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A (A) and A_. (A) are the maximum and minimum eigenvalues of the matrix A

[

A 1s the reduced mass [kg]

v, is the net stoichiometric coefficient for species i in reaction j []

v;; is the stoichiometric coefficient for the species i in reaction j on the reactant

side []

v;; is the stoichiometric coefficient for the species 7 in reaction j on the product

side []

p density [kg/m’]

O AB, 1S the cross section for the collision between molecule 4 and molecule B []
7; life time of species i [s]

w; source term for species i [mole/(m’s)]

@p is the source term vector in the system of ODE [mole/(m’s)]

@, is the source term vector in the system of NAE [mole/(m’s)]
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Abbreviations

ACVR: Adiabatic Constant Volume Reactor
ACPR: Adiabatic Constant Pressure Reactor
ART: Automatic Reduction Tool

ART ET: ART Evaluation Target

BS: Back Substitution

CFD: Computational Fluid Dynamics

CF: Cool Flame

CGR: Chemistry Guided Reduction

CI: Column Index

CN: Condition Number

CPR: Constant Pressure Reactor

CPU: Central Processing Unit

CVR: Constant Volume Reactor

DAE: Differential and Algebraic Equations
DNS: Direct Numerical Simulation

ET: Evaluation Targets

FP: Fixed Point

GE: Gaussian Elimination

HF: Hot Flame

IDT: Ignition Delay Time

JAC: Jacobian

LES: Large Eddy Simulation

LOI: Level Of Importance

LT: Life Time

LTC: Life Time Concentration

NAE: Nonlinear Algebraic Equations
NNZ: Number of Non Zeros

NO: Number of Operations

NTC: Negative Temperature Coefficient
NZE: Non Zero Element

ODE: Ordinary Differential Equations
PC: Predictor-Corrector

PCA: Principal Component Analysis
PDE: partial Differential Equations

PDF: Probability Density Function

QSS: Quasi Steady State

QSSA: Quasi Steady State Approximation
RANS: Reynolds Average Navier Stoke
RK: Runge-Kutta

SOP: Sum of Operations
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Chapter 1.

Introduction

1.1. Main objectives

The main objectives of this thesis are;

e The development and optimization of a fast and accurate solver combination for
a system of Differential and Algebraic Equations (DAE) in such fashion that
CPU time decreases as the number of Nonlinear Algebraic Equations (NAE)
increases, while the accuracy of the solution is maintained.

e The development of an Automatic Reduction Tool (ART), which automatically
reduces detailed chemical mechanisms by converting as many of the Ordinary
Differential Equations (ODE) as possible into NAE.

1.2. Background

Combustion processes have been used by mankind on smaller scales through the ages,
but ever since the industrial revolution in the late 18" and early 19" century combustion
processes have become an important source of energy for industry and society as a
whole. Combustion processes are therefore used on a much larger scale today than in
earlier ages. The future energy demand will likely be even larger than it is today, since
the world has an increasing demand for energy as the world population grows and
societies develop [3]. Today, about 80% of the world energy production comes from
combustion of fossil fuels. It is believed that combustion of fossil fuels will be the
dominant energy source for at least two decades to come [1]. The energy from
combustion of fossil fuels is primarily used in power plants and in IC engines and gas
turbines for transportation of people and goods.

However, combustion of fossil fuels produces different kinds of emission products, like
COy, SOx and NOy and soot particles, which affect the environment and health both
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globally and locally (see section 1.2.2). The CO, emissions from combustion of fossil
fuels are the most infamous, since the molecule strongly contributes to the greenhouse
effect that causes global warming [2]. However, the extent of the contribution is debated.
Much political work has been and is done to decrease the CO, emissions by the use of
improved combustion and emission reduction techniques and different kinds of
legislation and taxes. However, the greenhouse effect caused by combustion processes of
fossil fuels will continue to increase in the future for the reasons stated above.

Still, the fossil fuels reserves will not last forever, which means that renewable energy
sources, there among combustion of bio-fuels, must satisty the future energy demands.
Combustion of bio-fuels also produces hazardous emissions, but the carbon atoms from
the combustion process of bio-fuels are recycled from the CO; in the atmosphere when
new bio-fuels are grown, which eliminates the global warming contribution from this bio-
fuel combustion process. However, this is only true under the condition that no fossil
fuels are used during the growth, harvesting, manufacturing and distribution of the bio-
fuels.

There are issues with bio-fuels as well, like the “food versus fuel” debate, which is based
on the fact that large areas must be used for growing the bio-fuel that otherwise could be
used for growing food instead, and problems with deforestation and soil erosion. This
means that there are positive and negative aspects of combustion of fossil fuels and bio-
fuels, which are further discussed in section 1.2.1 and section 1.2.2. Reduction strategies
for the negative aspects of combustion are discussed in detail in section 1.2.3.

In principle, combustion can simply be described as an exothermic process where fuel
and oxidizer react and form products. The energy released can be utilized as heat and / or
mechanical work. Despite this overall simplicity, the processes involved are quite
complex. A complete description of a combustion process involves different disciplines
such as chemistry, fluid dynamics and thermodynamics. A true description of the
chemical reactions involved even for the simplest hydrocarbons, e.g. methane, involves
hundreds of reaction steps and hundreds of intermediate species. Fluid dynamics and
thermodynamics are needed to describe the transport processes for momentum, heat and
chemical species. Further on, almost every combustion process in an application of
practical importance is turbulent, i.e. the flow field features random fluctuations in space
and time. The small scale convective motion enhances mass and heat transfer. The fluid
dynamic system is highly non-linear as well as the chemical reaction processes. The
processes also feature a wide range of time and space scales.

To properly describe a combustion process, it is of greatest importance to account for the
interaction between the fluid dynamics and the chemical kinetics, particularly this is the
case for non-steady combustion of relevance for internal combustion engines. Fluid
dynamics control the transport of fuel and oxidizer to the reaction zone, thus affecting the
flame, which in turn affects the temperature and pressure fields which then changes the
conditions for the fluid dynamic system.

Even though combustion processes have been used successfully over a long time period,
the knowledge of the details of the processes involved, and particularly the interaction
between these processes, are not fully known. Many issues of combustion remain to be
solved.
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1.2.1. The positive aspects of combustion
The combustion of fossil fuel and bio-fuel produces energy which can be used in [1];

e Power plants to produce heat and electricity. The power plants can be based on
combustion of oil, coal, gas and bio-fuel.

e Transportation of people and goods by the means of cars and trucks (combustion
engine), airplanes (combustion engine and jet engine), boats (combustion engine)
and trains (indirectly through power plants).

e Industrial processes like metal-refining industry (furnaces), cement manufacturing
industry (rotary kilns) and soot manufacturing for process engineering.

The positive aspects of combustion can be enhanced by more efficient combustion
processes. Higher efficiency of combustion processes can be achieved by both
fundamental and applied research, which can be performed by experiments or computer
simulations.

Computer simulations are discussed in detail in this thesis, while experiments are not.

1.2.2. The negative aspects of combustion

In a simple description of the combustion process the fuel reacts with oxygen and
produces many intermediate species, which react with each other and oxygen to produce
the final products like H,O and CO,. However, the combustion process also produces
unwanted emissions of various kinds, which leads to environmental pollution, like smog,
acid rain, ozone depletion in the atmosphere, ground ozone formation and global
warming [2]. The combustion process also produces specific health hazards like
respiratory problems and cancer. The major pollutants produced by combustion of
various kinds are [1];

e Unburned or partially unburned hydrocarbons, which causes specific health
hazards like cancer

e CO, is produced especially in combustion at fuel rich conditions and is toxic

e (CO,, is a green house gas.

e Nitrogen oxides (NOy), is produced especially at high temperature combustion
and contributes to the greenhouse effect and causes smog, which in turn causes
specific health hazards. When NO, and Volatile Organic Compounds (VOC) react
in the presence of sunlight they form photochemical smog and ozone, which both
cause damage to lung tissue and reduction in lung function. NOy also causes acid
rain.

e Sulfur oxides (SO, and SO3), contributes to the greenhouse effect and causes acid
rain and increased respiratory problems.

e Soot Particles, which causes reduction in lung function. The environmental effect
of soot particles are uncertain and under debate [2].
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1.2.3. Reduction of the negative aspects of combustion

Large investments are made by governments and industries to facilitate basic and applied
research at universities and companies with the aim to increase the general knowledge of
combustion and to decrease the emissions from combustion processes, make engines
more efficient in order to decrease the fuel consumption and develop alternative
combustion technologies and facilitate the usage of alternative, environmentally friendlier
fuels. New fuels are tested and new engines and combustion processes are developed, but
the problems are not easily solved since the combustion process is very complex and
involves many parameters to vary. Due to the complexity of the combustion process,
experiments cannot always be easily performed nor to a low cost for large parameter
ranges. Also, all parameters are not accessible in experiments.

With the ever increasing computing power, the alternative of simulation of combustion
processes, as a complement to experiments, grows stronger year by year. The reason for
this is that computer simulations can capture the physics under conditions and in
situations that are hard to analyze experimentally and are also less expensive than some
experimental apparatus. Computer simulations can nowadays function as a scientific tool,
especially if Direct Numerical Simulation (DNS) is used, and not just an engineering
tool. Computer simulation may indicate phenomena that experiments so far have not,
which in turn can lead to the creation of new experiments that would not have been
considered before.

However, it should be noted that the coefficients and parameters involved in computer
simulation often are determined from experiments, which means that the experiments and
computer simulations are closely tied together and that the evolution of the computer
simulations depends on the accuracy of experiments. The computer models must also be
validated, if possible, against experiments. Research in the combustion field is done by
both experiments and computer simulations but this thesis will focus only on computer
simulations.

Computer simulations have complemented and sometimes reached a dominant position
compared to experiments in some research fields in the past decade. One example of this
is the field of aerodynamics, where Computational Fluid Dynamics (CFD) simulations
became a great complement to and sometimes replaced wind tunnel experiments when
optimizing cars, trucks and airplanes. Another example is the Finite Element Method
(FEM), which became a great tool for engineers who studied crash test and developed
stability for cars, trucks and airplanes.

A possible future use of computer simulation lies in the field of engine development.
Today, the development of a new engine requires engine experiment, in which numerous
parameters are tested. The engine experiments make up a large part of the total cost of the
engine development, which is in order of one billion euro. Consequently, large amounts
of money and time can be saved using computer simulations of engines, if possible,
instead of or as a complement to experiments.

Detailed chemical information is becoming an important part of combustion simulation
codes for engines and other combustion devices. These simulations aim at optimizing the
aspects of geometry and time on the combustion process and the resulting emissions for
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the particular combustion device that is investigated. The simulation codes for
combustion processes involve the cooperation between CFD codes, which transports
chemical species in space and time, and chemical kinetic solvers, which are able to
handle a stiff chemical mechanism on a grid cell level. The cooperation between CFD
codes and chemical kinetic codes is promoted by the increased awareness of the
importance of detailed chemistry for the predictions of control parameters and emission
levels, in particular for the development of low-emission technologies. The numerical
study of such devices requires particular accuracy of chemical species concentrations
throughout the computations. The chemical kinetic codes and the cooperation with CFD
codes are discussed in detail in section 2.3.3 and 2.3.4.3.

However, the computer simulations must give an accurate solution and they must be
performed in a relatively short time, which sometimes are hard conditions to fulfill
simultaneously. The speed of the computer simulations can be shortened by the use of
reduced instead of detailed chemical mechanisms. However, the accuracy of the reduced
mechanism is generally less than the detailed. Hence, mechanism reduction, which is
discussed in detail in section 5.4, generally results in a trade off problem between speed
and accuracy, which is discussed through out the thesis.

1.2.3.1 Computer simulations of combustion processes

Computer simulations of combustion processes are based on CFD programs, which are
coupled with chemical kinetics programs.

The CFD programs are based on the balance equations of mass, energy, momentum and
chemical species plus the equation of state [5]. The balance equations involve the
chemical source term, commonly calculated in cooperation with chemical kinetics
programs. The balance equations involve derivatives in space and time. In order to solve
the conservation equations numerically, time and space are discretized into grid points.
At each grid point the chemical source terms are (usually) calculated from the chemical
kinetics programs. One alternative is to use a Constant Volume Reactor (CVR) or
Constant Pressure Reactor (CPR) at each grid point. A more detailed discussion of this
topic can be found in section 2.3.4.3.

CFD simulations of combustion processes can be done in up to 3D and are more
expensive in terms of CPU time and memory requirements especially when higher
dimensions are involved, since the calculations often involves millions of grid points.
Unfortunately, the computers today are not strong enough to simulate detailed 3D
combustion scenarios in reasonable time. Even in 2D the simulations can be quite costly.
Engine simulations using DNS and detailed chemistry can sometimes reach the order of
years. The CPU time can be reduced significantly by the use of CFD models and less
detailed chemistry [4]. However, less detailed models will compromise with the accuracy
of the solution. Hence, a trade off between speed and accuracy exists.

The motivation for CPU time reduction is mainly operative usage in industry.
Optimization often means that many parameters must be varied, which means that the
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simulations must be repeated numerous times and faster computer programs therefore
save both time and money. Two things that can be done in order to decrease the CPU
time of the computer simulations of combustion processes are;

e Simplifications of the system
e Development of faster numerical methods and/or solvers

This thesis will only focus on simplification of the chemistry and development of faster
numerical methods and solvers for calculation of the chemical source term. Hence,
development of faster numerical methods and/or solvers for the CFD codes is outside the
scope of this thesis.

Much work is done to decrease the calculation time of the chemical source term, since it
uses a large part of the CPU time in combustion simulations. The work is focused on
developing faster algorithms in the computer codes that calculates the chemical source
term and also to decrease the calculation time by simplifying the chemical system,
without losing accuracy of the solution.

A simplification of the system often leads to shorter calculation time but also to a less
accurate solution, which means that there is always a trade off between speed and
accuracy of the computer simulations when simplifications are made.

Detailed chemical mechanisms have the advantage of providing accurate solutions to
combustion problems. However, calculations with detailed chemical mechanisms require
a great deal of CPU time, which is a major disadvantage. The detailed chemical
mechanism can be simplified by reduction of the number of species and reactions.
Mechanism reduction can be achieved through a sequence of reduction methods. These
methods, which are described in section 5.4, are chemical lumping, species removal and
application of the Quasi Steady State Approximation (QSSA).

The accuracy of the reduced mechanism must be controlled during the reduction
procedure. Hence, the solution based on the reduced mechanism must not deviate too
much from the solution based on the detailed mechanism. Consequently, the reduced
mechanism is only valid for a limited set of physical conditions.

In this thesis, the chemical system is simplified by the use of the QSSA on some species.
The species that are set as QSS species are not transported in CFD programs, but the
species are still contributing to the solution even though the contribution is less accurate
than before. This will be explained more in detail in section 2.3.5.4. The selection of the
QSS species is difficult and various methods for doing so exist. This difficulty motivates
the ART, which is discussed in section 5.4.2.2.
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1.2.3.2 Validity of a model

The model can capture physics outside the range of the experimental data. An example of
this is illustrated in Figure 1.1, which shows Ignition Delay Time (IDT) vs 1000/T for
experimental data [6] and the simulations of the CVR model. The CVR is discussed in
detail in section 2.3.4.1. The experimental data exist for a shorter temperature range than
the model simulation. Hence, the model is only validated against experiments for the
overlapping temperature region.

The question arises if the model can be trusted for the parameter ranges that have not
been validated against experimental data. Since the model is validated against
experimental data, it is reasonable to assume that the validity of the model decreases
proportional to the distance from the region that contains experimental data. However,
this decrease is problem dependent and does not have to be linear. This is illustrated in
Figure 1.2.

It should be noted that the experiments also have limitations. Experiments are usually
hard to conduct for extreme physical conditions. Hence, experiments are more
trustworthy in some regions than others. This in turn means that the validation of the
model against experiments is more trustworthy in some regions than others. This is
further discussed in section 2.3.
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Figure 1.1. IDT vs 1000/T for experiments [6] and model. The model is only validated
against experiment for the temperature region the experiments exist. Beyond that
temperature region the model can predict the behavior of the experiments.
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Figure 1.2. The model is validated against experiments for the parameter, X, up to the
limit value of X. Beyond the limiting X value, the probability, P, that the model is valid

decreases as X increases. The decreasing function is problem dependent and does not
have to be linear.

1.3. “Accuracy vs speed” problem

In order to have fast computer simulations of combustion processes the CFD code needs
to involve as few species as possible since the transportation of each species and the
calculation of the chemical source term for each species use a lot of CPU time. At the
same time there has to be enough species involved to describe the system accurately,

otherwise the computer simulation gives an unrealistic solution to the problem. The
computer simulation must be;

e Fast
e Accurate

Hence, there is an obvious trade off between the speed of the computer simulation and
the accuracy of the solution. The way to attack this problem is to reduce the number of
species that are transported without losing much accuracy of the solution.

The reduction of the number of transported species can be done by setting some of the
species in a QSSA. This is also the reduction procedure in this thesis. The species that are
set in QSSA will not be transported since their concentrations do not have to be
calculated from a differential equation, but the species are still in the system and are
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contributing to the solution of the system since they are calculated from an algebraic
equation instead. This gives rise to a system of Differential and Algebraic equations
(DAE) section 2.3.2. The numerical method and solver for a system of DAE is presented
in section 3.5 and 4.4.

The CPU time for a combustion simulation, CPUtoraL, can be divided into two parts;

e CPUcrp
e CPUchem

Hence, CPUtorar is the sum of CPUcrp and CPUchem. The CPUcrp is the CPU time for
solving the transport equations, while the CPUcygy 1s the CPU time for solving the
chemical source term. The CPUcpp decreases linearly (see Figure 1.3.) as the number
transported species decreases and the number of species in QSSA increases. The
calculation time and the number of transported species needed to solve the problem with
desired accuracy depend on the physical problem, the accuracy demands of the solution
and CFD model used.
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Figure 1.3. A schematic illustration of the CPUcpp vs the number of QSS species. The
CPU time decreases linearly with the number of QSS species. Ccpp is a positive constant.

One method for chemically reactive flow calculations is to use a CVR or a CPR at each
grid point. This method is explained in section 2.3.4.3.1 and is also the method used in
this thesis. For this method the CPUcuem has another behavior than CPUcrp. The reason
for this is that the system of algebraic equations must be solved more often than the
system of differential equations in order to keep the accuracy of the solution, which leads
to the behavior of the CPUcpgpm as can be seen in Figurel.4. This is discussed further in
section 3.5.3.

CPUcuem initially decreases to a certain limit as the number of species in QSSA increases
and then increases again as the number of species in QSSA increases. The exact behavior
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depends on the numerical method and solver used, as well as the accuracy demands on
the solution.

The accuracy of the solution from the reduced mechanism normally decreases in steps as
the number of QSS species increases. A schematic illustration of this is shown in Figure
1.5. The reason for this is that some individual species, and also some QSS species
combinations, can affect the solution of the reduced mechanism more than others.
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Figure 1.4. A schematic illustration of CPUcpgym vs the number of QSS species. The CPU
time first decreases and then increases with the number of QSS species.
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Figure 1.5. A schematic illustration of the accuracy of the solution vs number of QSS
species. The figure shows the accurate solution from the detailed mechanism and the
solution from the reduced mechanism. The deviation normally increases in steps, since
some individual species, and also some QSS species combinations, can affect the solution
of the reduced mechanism more than others.
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The CPUtorar = CPUcrp + CPUchem Will behave similar to the CPUcygym, Which 1s
shown in Figure 1.4. The reason for this is that CPUcppm > CPUcrp for most applications
involving detailed chemical mechanisms. The accuracy of the solution is a combination
of the approximations made in the CFD part and the approximations made in the
chemical part. The accuracy of the solution decreases with the number of QSS species in
a similar fashion to the accuracy of the chemical part, which is shown in Figure 1.5.

Since CPUcpgwm is a large part of the CPUrorar, much CPU time can be saved on
speeding up the calculation of the chemical source term. In order to speed up the
calculation of the chemical source term two problems must be solved. The first problem
is how to choose the species that are to be set in QSSA without losing too much accuracy
of the solution. The second problem is how to solve the system of DAE in fast and
accurate way. Hence, the “Accuracy versus speed” problem can be expressed as;

¢ Find a method to select the right species to be set in QSSA
¢ Find a fast and accurate solver combination for the system of DAE representing
the chemical source term

1.3.1 “Accuracy vs speed” problem solution

The goal is to reduce the original system of ODE into a system of DAE by QSSA in order
to transport as few species as possible to gain CPU time in CFD calculations. This
reduction has to be done in such a way that the accuracy of the solution of the reduced
system does not deviate too much from the solution of the original system (see Figure
1.6) and that the CPU time of the system of DAE decreases, in the fashion shown in
Figure 1.7, with the number of species set in a QSSA.

The Newton-Newton solver combination, which this thesis is based on, moves the
minimum of the CPU time curve downwards and toward higher number of QSS
compared to the CPU time curve for the Newton-Fixed Point (Newton-FP) solver
combination, which is based on previous work within the group. A schematic illustration
of this is shown in Figure 1.7. The solver combinations are discussed in detail in section
4.4.

If high accuracy demands are put on the solution, few species can be set in QSS and vise
versa. The accuracy of the solution also depends on which species combinations that are
set in QSSA.

The Automatic Reduction Tool (ART), which is presented in section 5.4.2.2,
automatically selects the QSS species so that the user defined accuracy demands are
fulfilled for the reduced mechanism. Hence, the solutions to the “Accuracy versus speed
tradeoff” problem according to this thesis are;
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e To use solver combination that is presented in section 4.4. The performance of the
solver combination will be presented in chapter 6.

e To use the Automatic Reduction Tool (ART) that automatically selects the QSS
species. The performance of the ART will also be presented chapter 6.
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Figure 1.6. A schematic illustration of the accuracy of the solution vs number of QSS
species. The aim is to decrease the difference between the accurate solution from the
detailed mechanism and the solution from the reduced mechanism, by choosing the right
species to set in QSSA.
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Figure 1.7. A schematic illustration of the CHEM part of the CPU time vs number of
QSS species. The goal is to construct a solver combination that moves the minimum of
the curve downwards and toward higher number of QSS.

1.3.2. Is the reduction procedure worthwhile?

The reduction procedure of the detailed mechanism costs CPU time. The question then
arises if the CPU time gain from the use of the reduced mechanism will compensate for
the CPU time cost from the reduction procedure. The answer to the question is that it all
depends on how many times the reduced mechanism is used. The total time from the use
of the detailed mechanism will surpass the total time from the use of the reduced
mechanism plus the time from the reduction procedure when the number of simulations is
large enough. This is illustrated in Figure 1.8. In practice, a reduced mechanism is often
used many times in order to investigate various parameter combinations. Hence, the
reduction procedure is worthwhile.
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Figure 1.8. Total time vs Number of simulations for the reduced mechanism and the full
mechanism without any reduction. The total time involves the accumulated time for all
simulations plus the reduction time. The total time for the reduced mechanism becomes
smaller than the total time for the full mechanism at the break point. The location of the
breakpoint is problem dependent.

1.4. Previous work

Previous work at the Division of Combustion Physics at Lund University was based on a
Newton solver for the differential equations and a fixed point solver for the system of
algebraic equations, which leads to a behavior similar to that in Figurel .4, that is, a
strong increase in CPU time compared to the detailed case when the number of QSS
becomes large. This behavior motivated the work of this thesis.

Other solutions to the problem have been tried in other groups. Decoupling of the QSS
species equation has been tested [7,10]. The speed up of the method increases with the
amount of decoupling between the algebraic equations. However, the accuracy of the
solution method decreases with the amount of decoupling between the equations.

The Principal Component Analysis (PCA) method has been tested in order to decrease
the cost for the Jacobian calculations [8]. The speed up of the method increases with the
amount of neglected modes. However, the accuracy of the solution decreases with the
amount of neglected modes.
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Whenever a simplifications of the system of equations are made in order to decrease the
CPU time, the accuracy of the solution decreases. Hence, there is always a trade off
between speed and accuracy.

It is hard to compare the amount of speed up and the accuracy reduction from article
[7,10] and [8] to the work in this thesis, since different measures for speed up and error
are used. Also, the numerical methods are tested on different problems with different
chemical mechanisms.

1.5. Limitations

This thesis focuses mainly on the development and performance of the automatic
reduction tool for mechanism reduction and the development and optimization of the
solver combination for the system of DAE.

Consequently, a few things are mentioned which are outside the main objectives in this
thesis. Those things are CFD, mechanism generation, alternative reduction methods for
chemical mechanisms and alternative numerical methods for solving differential and
algebraic equations.
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Chapter 2.

Modeling of the physics and
chemistry

2.1 Chapter Introduction

This chapter focuses on the mathematical models used to describe a real physical system.
The focus also lies on the assumptions and simplifications made in the models and how
and why the models differ from the physical system.

Almost all simulations in this thesis are based on the Adiabatic Constant Volume Reactor
(ACVR) model, which is described in detail. The chapter also contains a brief theory
about the applications of the ACVR model in CFD/Chemistry interaction models. Finally
the chapter contains theory about chemical kinetics and the simplification that the Quasi
Steady State Approximation (QSSA) means.

2.2 The Physical System

The work presented in this thesis is based on a model for chemical kinetics occurring in
an Adiabatic Constant Volume Reactor (ACVR), which is a special case of the Constant
Volume Reactor (CVR). The ACVR model is based on assumptions and simplifications
of the real physical system which lead to a difference between the numerical solution of
the model and the physical reality.

The features of a real physical system, which the ACVR is a model of, are listed below
and are illustrated in Figure 2.1. The points where the ACVR model differs from the real
physical system are written with bold letters. A detailed mathematical description and
illustration of the ACVR is found in section 2.3.4.1.1.
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e The volume is constant, which means that there is not any work done on or by the
surroundings.

e The system is closed from the surroundings, which means that there is not any in
or out flow of mass, energy and momentum due to mass flow through the walls of
the system.

e Energy in form of heat can be exchanged with the surroundings by heat
conduction through the walls of the system and thermal radiation, since adiabatic
conditions are very hard to achieve in reality.

O This contribution is assumed to be zero in the ACVR model.

e The total mass is constant

e The mass is not homogeneously distributed within the volume.

0 The mass distribution is assumed to be homogeneous in the ACVR.

e The mixture composition is not homogeneous within the volume.

0 The mixture composition is assumed to be homogeneous in the ACVR.

e The mass is distributed on different chemical species and the distribution changes
with time due to chemical reactions and movement of molecules.

e The molecules move within the volume due to concentration, pressure and
temperature gradients.

0 The spatial movement of molecules is not considered in the ACVR,
since the two previous points assumes that concentration and
temperature gradients do not exist.

e The internal energy is constant and is the total energy of the molecules composing
the system.

e The total energy of a molecule is the sum of the thermal energy (the energy
associated with translation, rotation and vibration energies) and the chemical
energy (the energy associated with the atomic bonds in a molecule).

e All the molecules are in gas phase

e The initial fuel mixture consists of fuel and air

O The initial fuel mixture consists of fuel, oxygen and nitrogen only.
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Figure 2.1. The features of the real physical system that the ACVR is a model of. The
volume and total mass of the system is constant. The system contains temperature,
pressure and concentration gradients, which gives a heterogeneous mixing and mass
distribution. Energy due to conduction and radiation can enter or leave the system. The
temperature, pressure and concentrations change with time.

2.2.1. The dynamics of the physical system

The dynamics of the physical system will be described without equations in this section,
since an appropriate mathematical model will be chosen later in the text.

The physical system consists of atoms and molecules with different masses, velocities
and energies. The molecules collide with each other, causing chemical reactions, and the
walls of the system and exchange energy and momentum. This is illustrated in Figure 2.2.
The collision frequency depends on the local density of the colliding molecules, the local
density of other molecules and the velocities (which is a function of the thermal energy of
the system) of the colliding molecules. When the molecules collide there is a probability
for chemical reactions to occur, which depends on if the thermal energy of the molecules
is larger than the activation energy for the reaction. A chemical reaction breaks bonds in
the reacting molecules and forms new bonds in the product molecules (unless it is a pure
dissociation reaction). The chemical energy associated with bond breaking and formation
will, depending on if the chemical reaction is exothermic or endothermic, increase or
decrease the amount of thermal energy in the system, which in turn is related to the
temperature and pressure of the system.
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The rate of the chemical reactions, and thereby the rate of change in chemical
composition, depends on the temperature and the chemical composition of the system.
The rate of change of temperature depends on the chemical composition, since it
determines the chemical reactions that occur and therefore the amount of thermal energy
that is released or absorbed in the reactions.

In a system involving many exothermic reactions, like a combustion system, the coupling
between the heat release in the reactions and the thermal energies influence on the rate of
the reactions can cause a very rapid change in the chemical composition and a very rapid
increase in the temperature and pressure in the system.

Or in other words, energy release from the exothermic chemical reactions results in
higher velocities of the chemical species in the system, which in turn gives higher
temperature and pressure in the system. The higher velocities of the chemical species
result in more frequent collisions between the chemical species, which in turn gives more
frequent energy release into the system. This results in even higher velocities of the
chemical species and so on. This process continues until there is a very rapid change in
the chemical composition and a very rapid increase in the temperature and pressure in the
system. Such a process is often called an ignition of the system.

For a more detailed description about the coupling between the chemical species
concentrations and the temperature, a mathematical formulation is needed and can be
found in section 2.3.5.

An example of the ignition process can be seen in Figure 2.3, which shows Temperature,
Pressure, OH and HO, profiles for combustion of N-Heptane. The rapid increase in the
profiles is typical for an ignition process. A more detailed illustration of the ignition
process can be found in section 6.2.1.1.5 and section 6.3.1.3, showing a combustion
simulation of N-Heptane and Methane/Propane respectively.
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Figure 2.2. The physical system under investigation is a closed system with a constant
volume and a fixed mass, which is divided up on different molecules. The molecules
react with each other causing energy to be released and absorbed by the breaking and
forming of chemical bonds. The temperature, pressure and concentrations of the species
vary when time evolves. Different types of molecules are symbolized with different
colors and different velocities are symbolized with different arrow lengths. The chemical
formulas symbolize that chemical reactions occur within the system.
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Figure 2.3. Temperature, Pressure, OH and HO, profiles for auto-ignition of N-Heptane.
The rapid increase is typical for an ignition process.

2.3. Modeling of the physical system

The physicist Hans-Uno Bengtsson once said something like “The only full and accurate
description of the universe is the universe itself. All other descriptions are
simplifications”. Hence, when a physical phenomenon is described, it is always a
simplified description in one way or another.

It is therefore important to state the simplifications and assumptions that are made and
why they are made when the phenomenon is described. The needed accuracy of the
description, which can be made in words or in mathematical terms, is case dependent.

It is important to distinguish between physical reality, the experiments, the mathematical
model, the discretized mathematical model and the numerical solution of the discretized
mathematical model. This is illustrated in Figure 2.4.

The physical reality is investigated through experiments and predicted by the numerical
solution of more or less detailed mathematical models. However, the outcome of the
experimental results and the numerical solution to the models are all projections of the
physical reality. The projections of the physical reality contain uncertainties, which can
be either systematic or random. However, the projections of the most detailed
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experiments and the most detailed models are the best representation of the physical
reality at the present time.

Often the numerical solution is compared to the experimental results in order to validate
the model and numerical solution. This is a good approach if the projection of the
physical reality due to experiments contains small uncertainties. However, if the
projection of the physical reality due to experiments contains large errors, the comparison
of the numerical solution to experiments can lead to incorrect optimization of the model.
If the experimental data contains large errors, the comparison of a (simplified) model can
be made to the most detailed model, which within the field of combustion corresponds to
DNS simulations.

First of all, there is a difference between the physical reality and the mathematical model.
This difference can either be due to (black dots correspond to general reasoning, while
white dots correspond to the assumptions made in this thesis);

e The fact that not all physical effects have been considered in the mathematical
model. Hence, the model contains simplifications and assumptions.

0 The mathematical model in this thesis is based on the system of ODE for
the ACVR, which is described in section 2.3.4.1.1. The ACVR assumes
that temperature, pressure and concentration gradients do not exist and
neglects heat exchange with the surroundings in terms of conduction and
radiation

0 Not all chemical species and reactions are considered in the chemical
mechanisms

e Errors and uncertainties in the physical and chemical parameters.

0 The chemical mechanisms contain experimentally determined constants,
which in turn contain errors, for the Arrhenius expression. Examples of
constants are the activation energy and the pre exponential factor.

e The continuum approximation

0 The mathematical model in this thesis is based on the continuum
approximation even though the real physical system contains individual
molecules.

There is also a difference between the discretized mathematical model and the
mathematical model. This difference can either be due to (black dots correspond to
general reasoning, while white dots correspond to the assumptions made in this thesis);

e Discretization errors, when the mathematical model is discretized in order to be
solved numerically
O The finite time step size
0 The Jacobian in the outer Newton solvers is calculated with finite
differences
e Truncation errors in, for instance, the Taylor expansions of the mathematical
expressions
0 Both the inner and outer Newton methods use truncation of the Taylor
expansion after the linear order for the iteration procedure
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0 The predictor for the outer Newton solver use truncation of the Taylor
expansion after the n:th order (n is user defined)

0 The time derivative for the outer Newton solver uses truncation of the
Taylor expansion after the n:th order (n is user defined)

There is also a difference between the exact solution to the discretized mathematical
model and the numerical solution. This difference can either be due to (black dots
correspond to general reasoning, while white dots correspond to the assumptions made in
this thesis);

e Numerical errors, like round off errors and errors due to floating point precision
0 Both the inner and outer Newton solvers use DOUBLE PRECISION
e Tolerance levels in the numerical method, that is, the relative change in species
concentrations between two iteration steps that is acceptable for convergence
0 The tolerance levels for both the inner and outer Newton solvers are
discussed in section 4.2.1.

Finally, there is a difference between the numerical solution of the discretized
mathematical model and the physical reality. This error depends on the error between the
physical reality and the mathematical model, the mathematical model and the discretized
mathematical model and the error between the discretized mathematical model and the
numerical solution of the discretized mathematical model.

Hence, the best way to get a good description between the physical reality and the
numerical solution of the discretized mathematical model is to;

e Use a mathematical method that takes as many physical effects into consideration
as possible

e Minimize the discretization and truncation errors in the discretized mathematical
model

e Use a numerical method that has low tolerance levels and uses the highest floating
point precision

e Use as accurate experiments as possible in order to get accurate constants in the
model and accurate validation against the experiments

However, complicated mathematical models and numerical methods cost CPU time and
require computer memory, which means that the aim is to minimize the difference
between the physical reality and numerical solution to the lowest possible cost. Hence,
there is always a trade off between the accuracy of the numerical solution on one hand
and the CPU time and the memory requirements on the other.
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Figure 2.4. A mathematical model contains errors compared to the physical reality due to
simplifications and assumptions. A discretized version of the mathematical model
contains discretization and truncation errors. A numerical solution of the discretized
mathematical model contains errors due to tolerances and round off errors. The numerical
solution of the mathematical model is validated against the experimental results, which
also contain errors. The aim is to minimize the error between the physical reality and the
numerical solution of the discretized mathematical model to the lowest possible CPU
cost. Hence, a trade off between accuracy and CPU time.

This thesis is based on reduction of detailed chemical mechanisms. The system of
equations for the ACVR based on a detailed chemical mechanism is a mathematical
model of the physical reality. The system of equations for the ACVR based on a reduced
chemical mechanism is a simplified mathematical model, which is extracted from the
detailed model by the use of assumptions and simplifications. The reduction, which in
this thesis is based on the QSSA, must be done in a way that the accuracy of the solution
based on the reduced mechanism is within acceptable limits of the solution based on the
detailed mechanism.

In this thesis the detailed model contains errors compared to the physical reality due to
simplifications and assumptions. The simplified model is extracted from the detailed
model via further simplifications and assumptions. The discretized version of the detailed
model and simplified model contains discretization and truncation errors. The numerical
solution of the discretized detailed model and the discretized simplified model contains
errors due to tolerances and round off errors.
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Consequently, there is also a difference between the numerical solution to the discretized
detailed model and the numerical solution to the discretized simplified model. This
difference can be enhanced or reduced by the use of different numerical methods,
discretization errors, truncation errors, tolerance levels and round off errors.

The numerical solution of the detailed model is validated against the experimental results,
which also contain errors. The numerical solution of the simplified model is validated
against the numerical solution of the detailed model. This is illustrated in Figure 2.5.

The acceptable difference between the numerical solution of the simplified model and the
numerical solution of the detailed model is often subjective and user defined. However,
when the acceptable difference is defined, the CPU cost for obtaining the solution to the
simplified model must be minimized. This leads to a trade off between speed and
accuracy. Hence, the simplifications and assumptions, the discretization and truncation
errors and the tolerance levels and round off errors must be chosen wisely in order to
obtain the best trade off between speed and accuracy.

The importance of making the correct assumptions in the mathematical model and
choosing the appropriate numerical method becomes very clear if the system is
complicated and the computational time is in the order of days, weeks or months.
However, the difficulty of making the correct assumptions and simplifications in the
mathematical model increases when the system becomes more complicated, which means
that there is a strong driving force to develop new methods/tools for choosing these
assumptions. Hence, in order to reduce the CPU time and the memory requirements,
while maintaining the accuracy of the numerical solution within acceptable limits in a
complex system, the following can be done;

e Use a method/tool that chooses the simplifications to be made in the mathematical
model
e Speed up the numerical method without losing accuracy of the solution

The tool used for simplifying the mathematical model in this thesis is an Automatic
Reduction Tool (ART), which is discussed in detail in section 5.4.2.2. The speed up of
the numerical method is an optimization for the Newton solver for the system of NAE.
This optimization is discussed in detail in section 4.3.3.

A mathematical model of a complex system often involves an input/output model of a
system of differential and algebraic equations (DAE), which is presented in section
2.3.2.1.
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Figure 2.5. In this thesis the detailed model contains errors compared to the physical
reality due to simplifications and assumptions. The simplified model is extracted from the
detailed model via further simplifications and assumptions. The discretized version of the
detailed model and simplified model contain discretization and truncation errors. The
numerical solution of the discretized detailed model and the discretized simplified model
contain errors due to tolerances and round off errors. The numerical solution of the
detailed model is validated against the experimental results, which also contain errors.
The numerical solution of the simplified model is validated against the numerical solution
of the detailed model. The acceptable difference between the numerical solution of the
simplified model and the numerical solution of the detailed model is defined by the user.
Thereafter the numerical solution to the simplified model is then obtained to the lowest
possible CPU cost. This leads to a trade off between speed and accuracy.
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2.3.1. Choosing an appropriate model

In order to choose an appropriate model for this real physical system, the size of the
system must be considered. Continuum mechanics can be used for a large system, but as
the size of the system becomes smaller the continuum approximation becomes less valid.
When the size of the system is less than the continuum limit, statistical physics must be
used to describe the system.

The continuum approximation has the advantage that individual molecules do not have to
be considered. Instead variables like density and species mass fraction can be used in the
system of PDE, involving spatial derivatives of the variables, describing the system. The
ACVR is based on the continuum approximation but also on other assumptions, which
become more valid as the size of the system decreases. Hence, there is a size region for
which the ACVR reactor is a good approximation for the real physical system. This is
illustrated in Figure 2.6.

When the system is larger than the upper limit of this region, the equations for chemically
reactive flow must be solved and when the system is smaller than the lower limit the
continuum approximation is not valid and another model, based on statistical physics,
must be used.

The models used in thesis are based on the continuum approximation, which means that
the system can be modeled with differential equations for density, species mass fractions,
momentum and energy. The mathematical formulation of the chemical kinetics is found
in section 2.3.5.

The dynamics of individual atoms and molecules are not modeled, since the CPU time
and memory requirements would be too large.

In order to choose an appropriate model for this real physical system, the physical size of
the system must be considered. If the system is large the equations for chemically
reactive flow (see section 2.3.4.3.1) must be solved, but if the system is small enough the
assumptions of the ACVR model become more correct. However, the system cannot be
smaller than for the continuum approximation to be valid.

There are many systems falling under the description presented above, which means that
the derived equations and numerical methods presented in this thesis will be applicable to
any (gas phased) chemical system that can be modeled by an ACVR. However, the
applications of the numerical methods in the work behind this thesis will focus only on
combustion systems.



48 Chapter 2. Modeling of the physics and chemistry

Statistical The ACVR _
mechanics . modelisvalid | CFDequations
must be used ! . are needed
‘ ‘ >
Continuum CFD X
limit limit

X=Size of ACVR

Figure 2.6. The assumptions in the ACVR are only valid for a certain size of the reactor.
If the size is smaller than the continuum limit, the continuum approximation and ideal gas
law are not valid anymore. If the size is larger than the CFD limit the assumptions 0-D
are not valid anymore.

2.3.2. Systems of Differential and Algebraic Equations
(DAE)

A system of DAE is a system of nonlinear differential equations and nonlinear algebraic
equation plus boundary conditions. The system of differential equations in a system of
DAE can either be Ordinary Differential Equations (ODE) or Partial Differential
Equations (PDE).

This general system of DAE can describe (almost) anything like physical, chemical,
biological, physiological, economical systems etc. The solution of such a general system
must be obtained numerically. Numerical methods for solving such a system are
presented in section 3.5. An input/output model of a system of DAE is presented in
section 2.3.2.1. A general system of DAE, where the differential equations are of the
ODE form, can mathematically be described as;
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where the function vectors have explicit and implicit dependence on time.

However, the system of DAE, which the simulations this thesis is based on, only involves
ODE from the ACVR (see section 2.3.4.1.1.) and the algebraic equations come from
applying the QSSA (see section 2.3.5.4.) to some of the ODE for the chemical species.
The system of DAE for the chemical kinetics is a special case of the system described
above, since they only have an implicit dependence on time and do not have an explicit
dependence on time.
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An example of a system of PDE is the balance equations for mass, chemical species,
momentum and energy used in CFD calculation for chemically reactive flow, which are
presented in section 2.3.4.3.1. If the differential equations are of the PDE form, fand g
are operators and involve derivatives of x.

2.3.2.1. Input/output model of a system of DAE

Modeling of systems in natural science (and other sciences as well) often involves an
input/output model for a system of some sort. This is illustrated in Figure 2.7. The
input/output model consists of the input-vector, the system, described in terms of PDE,
ODE or DAE plus boundary conditions and initial conditions, and an output vector from
the system.

Modeling of physical/chemical systems in general means that appropriate
physical/chemical theories are chosen to describe the systems in terms of ODE, PDE or
DAE. The theories this thesis is based on are Thermodynamics and Chemical kinetics.
The input vector provides the initial conditions for the equations and (if needed)
parameter settings for the solver. The system then evolves in time with the help of a
solver and thereafter produces an output vector.

The input vector in work behind this thesis consists of initial species concentration, initial
temperature, initial pressure and also solver settings, while the output vector consists of
the final species concentrations, temperature, pressure and also diagnostic parameters.
The choice of numerical method and implementation of the solver is critical if low CPU
time and high accuracy of the solution is of importance. The choice of numerical method
for this thesis is discussed in detail in chapter 3.
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A general system of DAE
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Figure 2.7. An input/output model of a general system of DAE, where the differential
equations are of ODE form. X, is the vector of unknowns, f, and, g, are function vectors.
In the general case the differential equations in the system of DAE can either be PDE or
ODE.

2.3.3. 3-D models of chemically reactive flow

The general mathematical formulation of systems involving chemically reactive flow
consists of the balance equations for mass, momentum and energy [1]. These balance
equations are coupled with PDEs, involving derivatives with respect to both time and
space, for each chemical species, the equation of state (ideal gas law) plus additional
equations for the boundary conditions to make up the final system of equations
describing chemically reactive flow. The balance equations can be found in section
2.3.43.1.

When spatial transport effects can be neglected the coupled set of PDE’s become a
coupled set of ODE’s for the species concentration and the energy, which evolves only in
time. Systems that only evolve in time are often called 0-D systems and are described in
section 2.3.4.

The computational cost and memory requirements for solving the system of PDE in 3-D
depend on the chemical mechanism and the spatial resolution needed to perform the
simulations with the desired accuracy. The computational cost and memory requirements
also depend on the CFD model and flow-chemistry interaction model.
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Direct Numerical Simulation (DNS) solves the 3D equation system directly with high
accuracy of the solution, but often to a high computational cost, while other CFD models
use different approximations in order to solve the equations to a lower computational
cost, which often results in a decreased accuracy of the solution. Some CFD models used
in combustion are listed in table 2.1.

Simulations of 3D systems with a detailed reaction mechanism are possible to perform
with the computers available today if an appropriate CFD model and model for the
fluid/chemistry interaction is chosen, but DNS is not possible if the flow Reynolds
number is high, which it is for highly turbulent flow, and solution shall be obtained
within a reasonable time (unless the region in space is extremely small).

Approximate CFD models and reduced chemical mechanisms are beneficial in order to
reduce the CPU time and memory requirements for 3-D simulations, which is one of the
motivators and future applications for the work behind this thesis. One way to couple
CFD programs and chemical kinetics programs is described in section 2.3.4.3.

Practical combustion processes almost always occur in turbulent environment, which
means that models accounting for turbulence-chemistry interaction must be used, since
DNS is too time consuming. A problem in turbulent combustion modeling is the closure
of the chemical source term. This is elaborated on further in textbooks [1,9] covering this
subject and not treated in this thesis.

Table 2.1 shows columns with different CFD (combustion) models, different chemical
models and different CFD/chemistry interaction models. The complexity of the models
increases downwards in all columns. When modeling chemical reactive flow one must
choose one model in each column.

Flamelets is independent of the number of species, since chemical libraries are used,
which means that the transportation does not benefit much from a reduced mechanism.
All CFD models in table 2.1 can use a CVR or CPR in each grid point and each CVR or
CPR benefits from a proper reduced mechanism in terms of CPU time (see section 6.2.4).
The DNS does not need a Flow-chemistry interaction model, since all equations are
solved directly.

The preferred complexity level of each column in table 2.1 is problem dependent.
However, similar complexity of all models is preferable, since the least complex model
will be the bottle neck of the simulation in terms of accuracy.

The CFD calculation in Chapter 6 used RANS, reduced and detailed chemistry and
laminar source term closure and operator splitting.



2.3. Modeling of the physical system

53

Table 2.1. The table shows different CFD models, chemistry models and Flow-chemistry
interaction models. The complexity of all models increases downwards.

CFD Chemistry Flow-chemistry interaction
Increasing 1-step mechanism | Eddy dissipation
complexity | RANS 4-step mechanism
Laminar source term closure
Time scale
LES Reduced
mechanism Flamelet
Conditional moment closure
Detailed
DNS mechanism Transported PDF

2.3.4. 0-D models

0-D models do not involve any spatial resolution at all and the system of equations
evolves in time only, which basically means that the 0-D models are obtained if the time
derivatives remain and the spatial derivatives are deleted from the 3-D models of
chemically reactive flow. An example of 0-D models are the CVR and CPR, which are
describe in section 2.3.4.1 and 2.3.4.2.
CPU time and memory requirements are not of great importance for the 0-D model when
it is used on its own. However, when many 0-D models are coupled in a 3-D model and
the number of grid points are the order of 10°, the memory and CPU time requirements is
of great importance. Hence, it is essential to minimize the CPU time and memory
requirements of each CVR and CPR.
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2.3.4.1. System of ODE for the Constant Volume Reactor
(CVR)

An example of a 0-D model is the CVR. A CVR is a closed system with a constant
volume, fixed mass and without mechanical work. There is not any in or out flow of mass
or energy due to mass flow. However, energy can be exchanged with the surrounding due
to heat conduction through the walls and thermal radiation. The species mixture is
assumed to follow the ideal gas law and to be perfectly mixed and homogeneous
throughout the volume. Hence, temperature, pressure and species concentration gradients
do not exist in the CVR. The variables of the system are temperature, pressure and the
mass fractions of the species. This is illustrated in Figure 2.8.

The system of ODE is described by one ODE for the temperature and one ODE for each
species concentration. All ODEs in the system depend on the temperature and the species
concentrations [5]. Hence;

dT

E=fT(X,T) 27)
dx, .

B or) =, @9

where Nj is the number of species. The ODE for the temperature is derived from the
energy conservation equation. The derivation is found in the chapter appendix.
Hence, the system of ODE for the CVR is;

dar O &
g w2 29)
dx. )
%:wi(X,T), ZII,NS (210)

The source term is described in detail in section 2.3.5.3.
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Figure 2.8. The CVR and its characteristics. The system is closed, which means that heat
is allowed to be transported through the walls of the system. The volume and mass are
constant, the work done on/by the system is zero. The temperature, pressure and species
mass fractions change with time. The mixture is perfectly stirred and the mixture is
homogeneous throughout the volume at all times.

2.3.4.1.1. System of ODE for the Adiabatic Constant Volume Reactor
(ACVR)

The ACVR is a CVR under adiabatic conditions, which means that energy cannot be
exchanged with the surroundings. In other word, if the following additional assumptions
are made to the assumptions already made for the CVR;

e There is not any heat loss or gain due to thermal radiation
e There is not any heat loss or gain due to thermal conductivity through the reactor
walls

the CVR becomes an ACVR. This is illustrated in Figure 2.9.
Hence, the system of ODE for the ACVR is;
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The source term is described in detail in section 2.3.5.3.
All simulations in this thesis are based on the ACVR. The only exception is the CFD
simulations in section 6.2.4, which are based on an ACPR.
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Figure 2.9. An ACVR and its characteristics. The system is isolated, which means that
heat is not allowed to be transported through the walls of the system. The volume and
mass are constant and the work done on/by the system is zero. The temperature, pressure
and species mass fractions change with time. The mixture is perfectly stirred and the
mixture is homogeneous throughout the volume at all times.
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2.3.4.2. System of ODE for the Constant Pressure Reactor
(CPR)

Another example of a 0-D model is the CPR. A CPR is a closed system with a constant
pressure, fixed mass and mechanical work. There is not any in or out flow of mass or
energy in due to mass flow. However, energy can be exchanged with the surrounding due
to heat conduction through the walls and thermal radiation. The species mixture is
assumed to follow the ideal gas law and to be perfectly mixed and homogeneous
throughout the volume. Hence, temperature, pressure and species concentration gradients
do not exist in the CPR. The variables of the system are temperature, pressure and the
mass fractions of the species. This is illustrated in Figure 2.10.

The system of ODE is described by one ODE for the temperature and one ODE for each
species concentration. All ODEs in the system depend on the temperature and the species
concentrations [5]. Hence;

—r = fr(xT) (2.13)
dx; .
E:wi(X’T) i=L..,Ng (2.14)

where N is the number of species.
However, if the system of ODE is described by species mass fractions instead of
concentrations the system of ODE becomes simpler. The system of ODE then becomes

[6];

Tl 0 &
=y 2T 2.15)
@, _o,(TW,
= 2 ,i=1., N (2.16)
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¢ Closed system

» Constant Pressure C P R
* Fixed mass

* No T, P and concentration gradients

« Perfectly mixed at all times

« Homogeneously mixed at all times

« Homogeneous mass distribution at all times

Energy and momentum }r
due to work !

Energy due to conduction
and radiation

Y 0
Mass, energy and momentum ;
due to mass flow 3 VP=0 ¢ =¢ (t) m = const.
| Ve=0

Figure 2.10. The CPR and its characteristics. Work is done on the system and heat is
allowed to be transported through the walls of the system. The pressure and mass are
constant. The temperature, volume and species mass fractions change with time. The
mixture is perfectly stirred and the mixture is homogeneous throughout the volume at all
times.

2.3.4.2.1. System of ODE for the Adiabatic Constant Pressure Reactor
(ACPR)

The ACPR is a CPR under adiabatic conditions, which means that energy cannot be
exchanged with the surroundings. In other words, if the following additional assumptions
are made to the assumptions already made for the CPR;

e There is not any heat loss or gain due to thermal radiation
e There is not any heat loss or gain due to thermal conductivity through the reactor
walls

The CPR becomes an ACPR. This is illustrated in Figure 2.11.
Hence, the system of ODE for the ACPR is;
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dT &
pcpz=—;wi(x,T)-H[ (2.17)
dy, _o(xTW, .
di = o . l:1,...,NS (218)

The source term is described in detail in section 2.3.5.3.
The CFD simulations in section 6.2.4 are based on an ACPR.

* Adiabatic system

« Constant Pressure A C P R
* Fixed mass

* No T, P and concentration gradients

« Perfectly mixed at all times

« Homogeneously mixed at all times

« Homogeneous mass distribution at all times

Energy and momentum
due to work <

Energy due to conduction
and radiation

Mass, energy and momentum
due to mass flow

Figure 2.11. An