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Abstract
The results of numerical simulations of a positive streamer development in
air in a weak and uniform electric field are presented. Streamer dynamics is
considered in an electrode gap of 33 mm in length and the configuration was
‘protrusion on a plate–plate’. This particular configuration was chosen in
order to perform direct comparison between simulated results and
experimental data. The electrostatic field in such a system decreases rapidly
with increase of the distance from the protrusion (anode) and the region with
a weak and uniform background field covers ∼30 mm of the gap. The
parameters of the propagating streamer are studied at six different values of
the background field strength: 0.24; 0.30; 0.345; 0.37; 0.43 and
0.50 MV m−1. Stable streamer development (with constant velocity) takes
place in a field of 0.5 MV m−1 (the stability field) but the streamer is able to
cross the gap in a background field of 0.3 MV m−1. These values are in
excellent agreement with experimental data. During the stable streamer
propagation, the electron density and plasma conductivity in the discharge
channel and the electric field at its front remain constant. In a background
field lower than 0.5 MV m−1, the discharge front velocity and the electric
field at the front decrease linearly with an increase of streamer length. The
discharge propagation in the stability field is associated with an increase of
electrostatic energy at the streamer front but it decreases if the streamer
develops in a weaker electric field. This behaviour is accompanied by a
constant Joule dissipation at 0.5 MV m−1 and decreasing energy losses at
the streamer front in a weaker background electric field.

1. Introduction

Electrical breakdown of air at atmospheric pressure occurs as
a sequence of several processes that leads to the formation of
a plasma channel which bridges the electrode gap. The main
stages of an electrical breakdown in a uniform electric field are
the occurrence of initial seeding electrons, the development of
electron avalanches, the inception and the propagation of a
streamer, the streamer-to-leader transition and, depending on
the energy supply, the formation of a spark or an arc discharge.
The streamer is the most critical stage of such a breakdown

since it determines the characteristics and propagation ability
of the electrical discharge. Furthermore, the streamer is a
most complex phenomenon. Because of these reasons, the
streamer mode of the discharge development is still the object
of intensive experimental and theoretical studies.

A great amount of experimental results collected in
the literature are devoted to integral parameters of streamer
discharges under different conditions such as inception and
breakdown voltages and the current in the external circuit.
But it is difficult, and often even impossible, to obtain
experimental data about microscopic discharge parameters
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(densities and temperatures of particles of different types,
distributions of charges and electric field in a gap, etc) due
to the short duration of the process (of the order of tens of
nanoseconds), unpredictable trajectory of propagation and low
radiation from the streamer plasma. With the development of
fast digital computers, theoretical studies based on numerical
simulations of the discharge development have emerged.
As a consequence, theoretical results are often ahead of
experimental data in this respect.

The overwhelming majority of mathematical models used
for streamer simulations are diffusive–drift models. Within the
framework of this approach each component of the discharge
plasma is treated as a Newtonian fluid. In this case, the
hydrodynamic mass balance equation for each accounted
species, taking into account drift, diffusion and sources of
appearance and disappearance, are employed in order to
describe the dynamics of the gas in which the discharge
takes place. At present, calculations of streamer discharges
are performed using quasi two-dimensional [1, 2], fully two-
dimensional [3–5] and even three-dimensional [6] models. The
dimensionality of the model is an important factor determining
authenticity of results concerning the detailed structure of the
discharge channel. At the same time, the usage of a relatively
simple quasi two-dimensional model (known in the literature
as 1.5-D model) allows one to describe discharge processes
qualitatively and to study the main important properties that
govern its development [7].

One of the non-obvious features of a streamer discharge
is its ability to propagate in weak electric fields. A weak
electric field is here defined as a field of some hundreds
of kV m−1, which is close to the field necessary for stable
streamer propagation in air. This weak field is considerably
lower than the critical electric field that is needed for streamer
inception Ecr = 3 MV m−1. If a positive voltage is applied to
a gap with a divergent electric field (point-plane, rod-plane,
etc), the streamer is initiated in the region with high field
strength in the vicinity of the anode and when it propagates
towards the cathode it enters a region with a weak electric
field. As established experimentally [8, 9], the minimum
field strength of a uniform background field needed for stable
propagation of a cathode-directed streamer in an electrode
gap from some centimetres [9] to some tens of centimetres
[8, 10] is Eb ≈ 0.43–0.5 MV m−1. The value of Eb

depends on many factors, in particular on the humidity and
the ambient temperature [7, 10]. Moreover, at atmospheric
pressure the streamer discharge is always observed as a number
of filamentary channels even in short gaps [11]. It is obvious
that this branching leads to a redistribution of the space-charge
and also influences the conditions for streamer development.

The discharge development has been studied using various
numerical models, but the main efforts in this area have been
applied to investigate the structure of a streamer and the internal
plasma chemical reactions taking place as it propagates in
strong electric fields. Only a few studies have been devoted
to discharge simulations in a weak electric field. The results
of these studies gave a phenomenological explanation of
processes observed in a propagating streamer but obtained
discharge parameters did not agree with experimentally
determined data. In [2], the development of a long streamer
(∼500 mm) was considered. Steady discharge propagation

Figure 1. A photograph of the three-electrode system with the
cathode to the left and with the anode and the trigger electrode to the
right. The trigger needle electrode, together with its dielectric
bushing, points out from the centre of the anode, as indicated by the
arrow.

was found in a background field of 0.80-–0.85 MV m−1.
This agrees well with another theoretical value, namely Eb =
0.7 MV m−1, obtained in [12] when the propagation of the
streamer was calculated by considering the energy balance at
the streamer head. Both results show significant deviation from
experimental data as presented above. Simulations performed
for a gap length of 10 mm have shown the ability of the
streamer to propagate in a weaker field [3, 13]. But it is
difficult to relate the background field strength to the streamer
properties in [3] because of the non-uniformity of the electric
field. In [13], discharge propagation took place in a constant
background field of 0.5 MV m−1. In this case, the streamer
only propagated about 6 mm after it was accelerated in the
region of a strong electric field. Furthermore, the duration of
the process of streamer propagation was about 7 ns. During
this period of time, the losses of electrons due to attachment
and recombination, which are the main cause of the decreasing
of conductivity of the discharge channel and determining its
propagating ability, were negligible. Thus, there is a lack of
theoretical studies about the conditions required for streamer
development in weak and uniform electric fields.

In this paper, the results of numerical simulations of
positive streamers in air are presented. The simulations were
performed for the conditions corresponding to recent published
experiments [9, 11]. The experimental set-up is shown in
figure 1, and consisted of a three-electrode arrangement.
Two electrodes with a Rogowski profile provided a uniform
background field. In a hole in the anode, a needle was inserted
in order to trigger the streamer discharge. The needle was
insulated from the anode. The gap length was 33 mm. The
distributions of electrostatic fields were strongly non-uniform
close to the needle tip. The field strength at the needle tip was
about 20 MV m−1 but fell to a constant value a few millimetres
from the tip. Thus, the streamer propagated about 30 mm in a
weak and uniform background field after the initiation in the
region of enhanced field near the anode. The experimental
set-up included a measurement of the needle current, which
gave the injected charge into the gap. A photographic film
that was mounted on the cathode gave the number of streamer
branches. With these two measurements, the charge per unit
length of the streamer was estimated.

615



Yu V Serdyuk et al

The structure of the paper is as follows. The mathematical
model used and the method of calculation of the electric
field in the electrode gap are described in section 2. The
numerical results of streamer propagation at different values
of the background electric field strength and a comparison
with experimental results are presented in section 3. In
section 4, energetic characteristics of a streamer propagating
in a weak electric field (Joule dissipation, electric field energy)
are analysed.

2. Mathematical model

2.1. Basic equations

In this study, a quasi two-dimensional model of the streamer
was used. The streamer was considered as a cylindrical channel
of fixed radius Rc. It was supposed that charge is distributed
uniformly on the cross section of the channel. To model the
principal behaviour of the discharge plasma, only one generic
positive ion species and one generic negative ion species were
included in the model. Hence, the detailed chemical kinetics
of the discharge plasma was not considered. Ionic diffusion
was not taken into account, as it does not play any significant
role during the streamer propagation since the propagation
lasts only for some hundreds of nanoseconds. Under these
conditions, the system of continuity equations for densities
of electrons, positive and negative ions was written in the
following manner:

∂ne

∂t
+ div (ne �we + De∇ne)

= αne |we| − ane |we| − βepnenp + Sph + S0

∂np

∂t
+ div

(
np �wp

) = αne |we| − βepnenp − βpnnpnn + Sph (1)

∂nn

∂t
+ div (nn �wn) = ane |we| − βnpnpnn

where t is the time; ne, np, nn are the number densities of
electrons, positive ions and negative ions respectively; we,
wp, wn are the drift velocities of electrons, positive ions and
negative ions respectively; α is the ionization coefficient; a

is the net attachment coefficient taking into account two-
and three-body attachment of electrons to oxygen molecules;
De is the diffusion coefficient for electrons; βep, βpn are
the coefficients of electron–ion and ion–ion recombinations
respectively; Sph is the rate of photoionization; S0 is the rate
of appearance of initial electrons (see below).

All coefficients in the system of equations (1) are functions
of the local electric field strength obtained from the solution of
the Poisson equation, which is written in the following form
(cylindrical co-ordinates)

∂2ϕ

∂z2
+
∂2ϕ

∂r2
+

1

r

∂ϕ

∂r
= −R(z, r)

E(z) = −∂ϕ

∂z
E(r) = −∂ϕ

∂r

(2)

where ϕ(z, r) is the potential; E is the electric field strength; z
is the axial co-ordinate, with its origin at the cathode, along the
symmetry axis of the electrode gap; r is the radial co-ordinate
(r = 0 on the symmetry axis); R(z, r) is the space-charge

density, R = e(np − ne − nn)/ε0 (e is the elementary charge;
ε0 is the dielectric constant).

The magnitudes of the rate coefficients and their
dependences on the electric field were taken from [1] except
the formulae for the attachment coefficient. The dependence
a(E) given in [14] was approximated by the power function
a/N = b(E/N)c where b = 1.5581×10−36, c = −1.0864 for
E/N < 4 × 10−16 V cm2; b = 1.0167 × 101, c = 1.3024 for
4×10−16 < E/N � 1.5×10−15 V cm2; b = 6.6466×10−29,
c = −0.66589 for E/N > 1.5 × 10−15 V cm2 (N is the gas
density).

The rate of ionization of oxygen molecules by absorption
of photons that are radiated by excited molecules of nitrogen
Sph was calculated according to [15]

Sph = R2
c

4

PT

PT + P

ωζ

α

1

ln (χ2/χ1)

Sz∫
0

αne |we|

×exp (−k1 |z − z1|) − exp (−k2 |z − z1|)
|z − z1|3

dz (3)

where P is the gas pressure; the parameter PT = 4 kPa; the
factor ωζ/α = 1.1 × 10−2; χ1 = 0.026 Pa−1 m−1, χ2 =
1.5 Pa−1 m−1 are the cross sections of an absorption of radiation
for frequencies ν1 and ν2 corresponding to the wavelengths of
102.5 nm and 98 nm, respectively; k1,2 = χ1,2PO2 are the
absorption coefficients of radiation by oxygen molecules (PO2

is the partial pressure of oxygen in air); |z − z1| is the axial
distance between points of radiation and absorption of photons;
Sz is the length of the discharge gap.

The channel radius was taken to be Rc = 200 µm. This
value can be found as an average channel radius obtained by
fully two-dimensional simulations [3, 4] and it is in agreement
with available experimental data (a discussion regarding
streamer radius can be found in [7]). The discharge current
I was calculated using Sato’s equation [16]

I = eπR2
c

U

Sz∫
0

(
npwp − newe − nnwn + De

∂ne

∂z

)
Estdz

where U is the applied voltage and Est is the distribution of
the axial component of the electrostatic field in the gap.

2.2. Boundary and initial conditions

The boundary conditions for the equation system (1) were
the following. The density of positive ions on the anode
surface was np(Sz, t) = 0 and the density of negative ions
on the cathode surface was nn(0, t) = 0. The boundary
condition on the cathode for the electron density requires a
special consideration. In the general case, it should include
the production of secondary electrons by photons, positive ions
and metastables. However, during the streamer propagation,
all secondary electrons emitted from the cathode enter a
weak electric field. Thus, they do not produce ionization
and therefore do not contribute to discharge development.
But secondary processes become significant at the streamer–
cathode interaction, when the streamer head approaches the
cathode. In order to obtain this effect qualitatively, the simplest
boundary condition was used, taking into account a production
of secondary electrons on the cathode due to impacts of positive
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ions: ne(0, t) = γ np(0, t)
∣∣wp(0, t)

∣∣ / |we(0, t)| (γ = 10−4

is the coefficient of secondary emission). The anode was
considered as a perfectly absorbing boundary for electrons and
the condition ne(Sz, t) = 0 was used here. This condition
describes the effect of the anode space-charge layer.

The commonly used approach to represent initial
conditions for the equation system (1) is the assumption
that a quasi-neutral layer or ‘plasma spot’ exists in the gap,
which initiates the discharge [1, 3, 4]. This appears to be
artificial because the location of charges and their densities
are set arbitrarily. A more physical approach is presented in
[17]. It is well known that the source of initial electrons is
provided by collisional detachment from negative ions. In air
at atmospheric conditions, the steady-state density of negative
ions is about nn0 = 109 m−3 [18]. Following [17], it was
assumed that O−

3 is the dominant type of negative ion. The rate
of appearance of electrons due to detachment is

S0 = νdetnn0 (4)

where νdet is the detachment frequency. The magnitude of νdet

is proportional to the frequency of elastic collisions νel

νdet = k νel exp (−Wl/Wch) . (5)

Here Wl = 3.29 × 10−19 J (2.05 eV) is the electron affinity;
Wch = 0.5 × M × (µn0 × E)2 is the chaotic energy of the
ions; µn0 = 2.55 × 10−4 m2 V−1 s−1 is the mobility of the
ions; νel = 0.79 × 1010 s−1; M = 5.3 × 10−20 kg is the mass
of the ion; k = 0.1 is the similarity coefficient. As has been
noted in [17], the term S0 of the equation for electron density in
the system (1) plays a role only in the initial stage of streamer
inception in a strong electric field and a balance equation for
O−

3 ions may be omitted. The magnitude of S0, for example,
at field strength E = 20 MV m−1, which is typical for the
streamer head, is S0 ∼ 5 × 1017 m−3 s−1 and is considerably
lower than the magnitudes of other terms in the right-hand
sides of equations (1).

The system of equations (1) was solved by the flux-
corrected transport technique. The time step (t was limited
by the Courant criteria c = (t |we| /(z ((z is the space step).
The spatial resolution was determined by the procedure of the
electric field calculation, as described in the following section.

2.3. The calculation of the electric field

As mentioned, the streamer development was initiated in
a small region of a strong divergent electric field with a
coefficient of non-uniformity (which is the ratio of maximal
field to the mean one) of about 30 and higher. The extension
of the region with a non-uniform electric field was less than
5% of the gap length. Such conditions were typical for the
experiments presented in [9, 11] where disc electrodes created
a weak and uniform background electric field (figure 1). The
local field enhancement took place close to the tip of the needle,
which passed through a dielectric bushing placed in a hole in
the centre of the anode. The presence of a dielectric material
(the permittivity was ε = 5) gave additional field enhancement.
In the numerical simulations, the real system of three electrodes
was replaced by a two-electrode system ‘protrusion on plate–
plate’ where the plate with a protrusion represented the anode

Figure 2. The physical domain (a) and the computational
domain (b). The geometry function F(r) defines the shape of the
protrusion in the physical domain.

+ needle and the other plate represented the cathode. In such a
system it was possible to maintain the level of the background
uniform field and change field enhancement at the tip of the
protrusion by changing its geometry. A hyperbolic shape was
assigned to the protrusion and the geometric parameters of
this were varied until we obtained a similar distribution of the
electrostatic field as was obtained in the experimental electrode
system. The ‘protrusion on plate–plate’ geometry requires a
very fine axial and radial mesh in the anode region to accurately
resolve the shape of protrusion. In the general case of a curved
electrode, points of a finite-difference mesh do not lie on the
boundary and the shape of the electrode is approximated in
order to represent it in a boundary condition. A new meshing
is needed each time if the configuration or the dimensions of the
electrodes are changed. To simplify the meshing procedure,
the problem was transformed into a rectangular computational
domain with a uniform mesh. The main stages of the procedure
are:

(i) transformation of the physical domain into a rectangular
computational domain;

(ii) finding the potential distribution in the computational
domain; and

(iii) obtaining the solution in the physical domain by back
transformation.

This approach is widely used in fluid mechanics [19] and
was employed here for the electric field calculations. Let us
consider a two-dimensional physical domain with a rotational
symmetry of the electrode system including a curved electrode
(figure 2(a)). The axial co-ordinate z has its origin at the
lower boundary and it coincides with the symmetry axis
where the radial co-ordinate r is equal to zero. Sz and Sr

are the gap length and the radial dimension of the domain,
respectively. In the physical domain, the axial and the radial
distributions of the electric field Ez and Er are found as
the derivatives of the potential ϕ(z, r) along corresponding
directions, obtained from the solution of the Poisson equation
(2). The physical domain is transformed into the rectangle
0 � ξ � 1, 0 � η � 1 (figure 2(b)) using relations ξ = z/f (r)
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Table 1. Definitions of the geometry function F(r).

Electrode system F(r) Comments

Sphere–plate a − (
a2 − r2

)1/2
a is the radius of the sphere

Ellipse–plate a
(

1 − (
1 − r2/b2

)1/2
)

a, b are semi-axes of the ellipse

Paraboloid–plate a(r2/b2) a is the height of the parabola
a = z(Sr) − Sz; b = Sr

Hyperboloid–plate Sz

((
1 + r2/b2

)1/2 − 1
)

b is the imaginary semi-axis of the hyperbola

Protrusion of elliptic a
(

1 − (
1 − r2/b2

)1/2
)

r � b a, b are the height and the radius

shape on a plate–plate a r > b of the base of the protrusion, respectively

Protrusion of parabolic a(r2/b2) z < a + Sz a is the height of the protrusion;
shape on a plate–plate a z � a + Sz b is the radius of the base of the protrusion

Protrusion of hyperbolic Sz

((
1 + r2/b2

)1/2 − 1
)

z < a + Sz a is the height of the protrusion;

shape on a plate–plate a z � a + Sz b is the imaginary semi-axis of the hyperbola

and η = r/Sr , where ξ and η are the axial and the radial
co-ordinates in the computational domain; f (r) = zmax =
Sz + F(r) is the geometry factor. Function F(r) determines
the shape of the upper boundary (some examples are shown in
table 1). Equation (2) should also be transformed into the new
co-ordinate system (ξ, η). Partial derivatives along the z and
r directions are:

∂2ϕ

∂z2
= 1

f 2(r)

∂ϕ2

∂ξ 2
(6a)

∂ϕ

∂r
= −ξ

1

f (r)

∂f (r)

∂η

∂ϕ

∂ξ
+
∂ϕ

∂η
(6b)

∂2ϕ

∂r2
=

(
1

f (r)

∂f (r)

∂η

)2

ξ 2 ∂
2ϕ

∂ξ 2
+
∂2ϕ

∂η2
− 2

f (r)

∂f (r)

∂η
ξ

∂2ϕ

∂η∂ξ

+

[
2

(
1

f (r)

∂f (r)

∂η

)2

− 1

f (r)

∂2f (r)

∂η2

]
ξ
∂ϕ

∂ξ
. (6c)

By substituting (6) into (2) one gets the following equation for
the potential distribution in the computational domain

Czz

∂2ϕ

∂ξ 2
+ Czr

∂2ϕ

∂ξ∂η
+ Crr

∂2ϕ

∂η2
+ Cz

∂ϕ

∂ξ
+ Cr

∂ϕ

∂η
= −R(ξ, η).

(7)
The coefficients in equation (7) are

Czz = 1

f (r)2
+ ξG2 Czr = −2ξG/Sr Crr = 1/S2

r

Cz = ξ
(
G2 − Q − G/η

)
Cr = 1/η Sr .

The parameters G and Q are determined by the geometrical
factor G = d(ln f (r))/dr; Q = d2(ln f (r))/dr2. R(ξ, η) in
(7) is the space-charge density in co-ordinates (ξ, η).

Finally, the components of the electric field in the physical
domain can be found as

Ez = −∂ϕ

∂z
= − 1

f

∂ϕ

∂ξ

Er = −∂ϕ

∂r
= ξG

∂ϕ

∂ξ
− 1

Sr

∂ϕ

∂η
.

The boundary conditions for equation (7) were the potentials
of electrodes ϕ(0, η) = ϕc and ϕ(1, η) = ϕa . Both

potentials were assumed to be step functions of time and
were applied simultaneously. On the inner boundary, the
symmetry boundary condition ∂ϕ/∂η = 0 was used. On the
outer boundary, a linear potential distribution was assigned.
Equation (7) was solved by a multigrid method [20] on a
uniform mesh. The electrostatic field distributions calculated
for different configurations of electrodes were in close
agreement with available analytical solutions and with the
field distributions achieved by a finite-element solution of the
Laplace equation [21].

The presented approach allowed us to perform calcula-
tions of electric fields in gaps with electrodes of complex ge-
ometry and to control field distributions in a wide range by
changing the shape of the protrusion.

3. Results and discussion

3.1. Typical numerical results

Typical results obtained from the simulations are shown in
figure 3 for the case of Eb = 0.5 MV m−1, where the cathode
is found to the left and the anode + needle is found to the
right. The streamer inception took less than one nanosecond
after voltage application. As can be seen in figure 3(a), the
density of electrons increased during the formation stage up
to about 1020 m−3 (t = 1 ns). It slightly decreased with time
at the propagating streamer front, but in the streamer channel,
particularly at the anode (z > 30 mm), it decreased about two
times due to attachment and recombination. These regularities
are observed in figure 3(b), where the evolution of plasma
conductivity σ in the discharge channel is shown. At the
streamer front, the magnitude of conductivity remains always
constant and equal to about 0.23 S m−1 during propagation
(t = 4–18 ns). In the anode region, it decreased around five
times from about 4 S m−1 to about 0.8 S m−1. The magnitude
of the plasma conductivity in the streamer channel obtained
from the simulations coincides well with known data [7].

According to the existing physical conception, the
propagation of a positive streamer is maintained by
photoionization at its front. Due to this process, secondary
electron avalanches develop at the streamer head and add a
positive space-charge to the discharge channel. The dynamics
of the net charge under the considered conditions is shown in
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(a) (b)

(c) (d)

Figure 3. The temporal development of the distribution of selected plasma properties in the electrode gap during the streamer propagation.
z = 0 at the cathode and z = 33 mm at the anode. The time for each profile is shown in nanoseconds. The background electric field is
0.5 MV m−1. The parameters shown are: (a) electron density; (b) conductivity; (c) space-charge density; (d) electric field strength.

figure 3(c). It is notable here that since the streamer left the
region with an enhanced electrostatic field and propagated in
the uniform field Eb = 0.5 MV m−1 (curves for t = 4–14 ns),
the maximum net charge at the streamer head was practically
constant. The same behaviour was obtained for distribution
of the electric field strength (figure 3(d)). This indicates a
stable discharge propagation mode and the magnitude of the
corresponding background field 0.5 MV m−1 is in agreement
with known data.

When the streamer front approached the cathode region,
a cathode–streamer interaction was observed. In this stage
of discharge development, the maximum of the net charge
slightly decreased (figure 3(c), curves for t = 16 and 18 ns)
and then, when the streamer head arrived in the vicinity of
the cathode, it increased rapidly (curve for t = 20 ns). A
corresponding significant increase of the maximum of the
electric field strength can be clearly seen in figure 3(d).
This field enhancement produced intensive ionization and
the increase of electron density and conductivity shown in
figures 3(a) and 3(b), respectively. It has been established
in [22] that these phenomena are conditioned by a release
of electrostatic energy accumulated in a streamer channel–
cathode system.

Figure 4. The streamer length over time for different background
electric fields (shown in MV m−1). Lst = 0 at the anode and
Lst = 33 mm at the cathode.

3.2. Streamer parameters in a different background field

Six different values of the background electric field were
considered: Eb = 0.24; 0.30; 0.345; 0.37; 0.43 and
0.50 MV m−1. As was mentioned, the background field
Eb = 0.5 MV m−1 was obtained from the simulations as
the streamer stable propagation field. Due to this stability,
the streamer length Lst increased linearly with time (figure 4).
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(a) (b)

(c) (d)

Figure 5. Parameters of the streamer propagating in a different background field (shown in MV m−1 at the curves): (a) electric field at the
tip of the streamer; (b) average integral conductivity of the streamer channel; (c) streamer velocity; (d) discharge current.

The development of the channel length over time took a more
and more logarithmic shape when decreasing the background
electric field strength. At Eb < 0.3 MV m−1, the streamer was
not able to cross the gap. This critical value coincides well with
the experimental observations where the minimum streamer
crossing field was found to be around 0.29 MV m−1 [9].

Variations of streamer parameters with the increase of its
length obtained in a different background field are shown in
figure 5. During the stable streamer propagation in the field
of 0.5 MV m−1, the maximum field strength at its tip Emax

was constant (figure 5(a)). In a lower background field, Emax

decreased linearly with the increase of streamer length. When
Eb was below the minimal crossing field, streamer termination
took place in the middle of the gap and Emax decreased
dramatically (curve for Eb = 0.24 MV m−1). It is seen in
figure 5(a) that the maximum field strength increased rapidly
at small values of streamer length (Lst < 2 mm) and when
streamer approached the cathode (Lst > 28 mm). The first
rise was observed due to space-charge accumulation produced
by the initial electrons in the initial strong field near the anode.
In the other case, the reason of the field enhancement was a
streamer–cathode interaction.

The results of the calculations also show that the
parameters of the plasma channel behind the propagating
streamer front depend on background field. The development
of the average integral conductivity in the streamer channel is
presented in figure 5(b) for the stability field 0.5 MV m−1 and

for the minimal crossing field 0.3 MV m−1. It can be seen that
the conductivity of the plasma produced during the formation
stage (Lst < 2 mm) was the same for both cases. But during
propagation in different weak fields it was lower for lower Eb

and the difference reached an order of magnitude when the
streamer approached the cathode.

Since the intensity of photoionization and production
of secondary electron avalanches needed for discharge front
propagation are governed by the electric field at the streamer
head, it is natural to expect that a variation of the streamer
velocity Wst will follow the behaviour of Emax. As can be seen
in figure 5(c), the streamer propagation at Eb = 0.5 MV m−1

took place with an almost constant velocity. In a lower
background field, the velocity decreased with streamer length
in the same linear manner as the field at its tip (figure 5(a)).
Discharge front acceleration in the anode and in the cathode
regions also corresponded to the increase of Emax. It is notable
that streamer termination in the field Eb = 0.24 MV m−1

was observed when its velocity reached about 105 m s−1.
This value is in agreement with known data for minimum
velocity of streamer propagation [15]. At the same time
it is necessary to note that the magnitudes of Wst obtained
in present simulations and shown in figure 5(c) are slightly
overestimated in comparison with the results of fully two-
dimensional simulations [13]. The reason is that a radial
expansion of the discharge channel was not taken into account
in the present model.
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Figure 6. The amplitude of the discharge current: the solid curve
represents the measured current on the needle; the dashed curve
represents the measured current on the cathode. The points are the
results obtained from simulations.

Streamer propagating in different background fields
produces different currents in the external circuit (figure 5(d)).
At least two common phenomena for different Eb can be
recognized in the dependences of the current on streamer
length at small lengths (Lst < 3 mm). The spike of the
current at Lst ∼ 0.5 mm is caused by the arrival of initial
electrons, which appeared due to detachment from negative
ions, to the anode. The amplitude of this spike is determined
by the electrostatic field distribution in the vicinity of the
protrusion and they were almost the same for the cases shown
in figure 5(d). When the initial electrons approached the
region with the enhanced field near the anode, they produced
positive ions. To form a propagating ionizing wave (which
a streamer is), the positive space-charge density must reach
a certain magnitude. During the accumulation stage, the
discharge current drops to the minimum seen in figure 5(d)
at Lst ∼ 1 mm. After the formation of the streamer, it
starts to propagate. The maximum values of the discharge
current at Lst ∼ 2 mm are associated with the maximum of
the streamer velocity shown in figure 5(c). It is interesting
to note that the difference of ∼20% between the maximum
values of the velocity at Eb = 0.37 and 0.345 MV m−1 gives
a corresponding ∼20% difference in the current amplitudes.
But, for Eb = 0.37, 0.43 and 0.50 MV m−1, no difference
in current behaviour at small streamer lengths was observed.
When the streamer starts to enter into the region with a weak
electric field (Lst > 3 mm), the current in the external circuit
changed in a different manner depending on Eb. It grew at
Eb = 0.5 MV m−1, remained constant at Eb = 0.43 MV m−1

and decreased in a weaker electric field with the increase of
the streamer length. When the streamer head approached the
cathode region (Lst > 30 mm) the discharge current increased
due to the streamer–cathode interaction. But this effect was
only observed in the background fields Eb = 0.37, 0.43 and
0.5 MV m−1.

A comparison of the maximum values of the discharge
current obtained from the simulations and from the
measurements [9] is shown in figure 6. The results of the
experiments present amplitudes of the pure conductive current
on a needle (solid curve) and the current measured on the
cathode (broken curve) which includes both, conductive and

Figure 7. Streamer charge per unit of its length. Curve 1 is an
interpolation curve of the experimental data [11]. Curve 2
represents the results of the simulations.

induced, currents. As can be seen, the results of the simulations
are closer to the results obtained for the pure conductive
current.

A quantitative comparison between the experimental data
presented in [11] and the simulations is presented in figure 7.
The figure shows the mean linear charge density in one single
streamer filament. The agreement is very good for a high
background electric field, but deviates slightly for lower fields.
Since the calculation is based on a volume integration of the
space-charge density, the influence of the assigned streamer
radius is significant. Using the radius as a varying parameter,
it would be possible to match experiments with simulations.
But because of a lack of experimental data on the relationship
between the streamer radius and the background field, such a
parameter matching was not pursued.

4. Energetic parameters of a streamer in a weak
electric field

From an energetic point of view, the streamer inception
and propagation are governed by the electrostatic energy
accumulated in the electrode system. The density of the
electrostatic energy q = ε0E

2/2 is determined by the spatial
distribution of the electric field. The integration of this
expression over the volume of the electrode gap gives the
electrostatic energy Q accumulated in the system. Assuming
a fixed radius (cross section) of the discharge channel and
varying the upper limit of integration along the axial direction,
one could calculate the distribution of electrostatic energy at
different stages of streamer development. The results obtained
in such a way are shown in figures 8(a) and 8(b) for values of
Eb = 0.5 and 0.3 MV m−1, respectively. The distribution of
the electrostatic energy of the Laplacian field (that is, before
any discharge) is presented by curves for the time equal to zero.
A significant difference in the magnitudes of Q can be seen for
t = 0 and 1 ns. This energy is spent for streamer formation and
is practically the same for both cases. But the variation of the
electrostatic energy during the streamer propagation differs.
The stable propagation in the background field 0.5 MV m−1

is associated by a slight increase of the electrostatic energy
(figure 8(a)). In contrast to this, the streamer loses energy if
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(a)

(b)

Figure 8. The electrostatic energy of streamer propagating in the
field 0.5 MV m−1 (a) and 0.3 MV m−1 (b). Time is shown in
nanoseconds.

the propagation takes place in the minimum streamer-crossing
field 0.3 MV m−1 (figure 8(b)). A consequence of this
behaviour is that the amount of electrostatic energy which can
be released at the streamer arrival at the cathode, is significantly
lower (about five times) in the last case (figure 8(a), t = 20 ns;
figure 8(b), t = 72 ns).

The electrostatic energy in the plasma front is spent in
inelastic collisions (excitation and ionization) and is carried
away by radiation and Joule dissipation. The Joule dissipation
JE due to flowing current (J is the current density) is the
main part of the energy loss in a discharge and it also depends
on the conditions for streamer development. As was obtained
from the simulations, the magnitudes of JE remain constant
in the case of background field Eb = 0.5 MV m−1 (figure 9)
except in the vicinity of the electrodes. If Eb = 0.3 MV m−1,
then the Joule dissipation associated with the streamer head
decrease with streamer length by three orders of magnitude.
Dependences obtained for intermediate values of Eb showed a
reduction of losses in the same manner as at 0.3 MV m−1 but
the differences in magnitudes in the anode and cathode regions
were not so significant.

5. Conclusions

The analysis of the results obtained from numerical simulations
of streamer development in weak and uniform electric fields

Figure 9. The Joule dissipation associated with the streamer head in
different background fields.

showed that stable streamer propagation took place at a
background electric field strength of 0.5 MV m−1. At the
same time, it was established that a streamer was able to
cross an electrode gap of 33 mm length in a background
field of 0.3 MV m−1. Both these values agree well
with experimental observations. During the stable streamer
propagation, the internal parameters of the streamer channel
(electron density, plasma conductivity and electric field at the
front) remain practically constant. In background fields lower
than 0.5 MV m−1, the streamer velocity and the electric field at
the streamer front decreased linearly with increased streamer
length. It was shown that the discharge propagation in the
stability field was associated with an increase of electrostatic
energy at the streamer front. In contrast to this, the discharge
front energy decreased if the streamer developed in a weaker
electric field. This behaviour was accompanied by constant
Joule dissipation at 0.5 MV m−1 and decreasing energy losses
at the streamer front in a weaker background electric field.
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