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SELF~TUNING REGULATORS
K. J. Astrom

Lund Institute of Technology, Sweden
1. INTRODUCTION

This paper gives a brief review of the results of a research project on
self-tuning regulators which has been carried out at the Lund Institute of
Technology. The project is part of a larger research program on adaptive
control which has followed three main lines: A - stochastic control,

B - self-tuning regulators, and C - analysis of adaptive regulators proposed
in literature.

The approach via stochastic control, which leads to dual-control
strategies, has been very useful to provide understanding and insight. So
far the results have, however, not been carried out to the stage of implemen-
tation. Self-tuning regulators are a particular version of adaptive
regulators based on real-time identification. They are a special case of
nondual stochastic control algorithms. The work on self-tuning regulators
has progressed quite far in the sense that these regulators are reasonably
well understood theoretically. They have also been tried extensively in
several industrial applications. On the other hand, much work remains to be
done in exploring other aspects of these regulators. Project C is needed to
stay abreast of the development of other adaptive schemes. It has also
resulted in a long list of problems relating to understanding the strange
behavior of some algorithms in certain circumstances.

The basic idea underlying the self-tuning regulators is the following.
If a description of a system and its environment is known, there are many
procedures available to design a control system subject to given specifica-
tions. When trying to remove the assumption that the models for the system
and its environment are known, we are immediately led to the problem of
controlling a system with constant but unknown parameters. This problem can,
in principle, be solved by using stochastic control theory at the price of
exorbitant calculations. It is then meaningful to ask 1f there are simple
control algorithms that do not require information about the model parameters,
such that the controller will converge to the controllers that could be
designed if the model parameters were known. It 1s an empirical fact that
such controllers exist in several cases. The investigation of their proper-
ties has also led to powerful tools that can be used to analyze many other
cases.

The generation of self-tuning algorithms is partly heuristic. It turns
out that many algorithms can be obtained by combining a real-time identifier
with a control scheme. In our work we have so far mostly considered regula-
tors for the LQG regulator problem. This has been motivated by the particular

51



applications we have considered. Many of the concepts and ideas can, however,
be extended to many other design methods.

2, AN EXAMPLE

The main ideas are first demonstrated by a simple example. Consider the
simple discrete time system:

y(t + 1) + ay(t) = bu(t) + e(t + 1) + ce(t) (1)

where u is the input, y the output, and {e(t)} a sequence of independent,
equally distributed, random variables. The number c¢ 1is assumed to be less
than 1. Let the criterion be to minimize the variance of the output, that

is,
1 t
min V = min Ey? = min E . y2(k) (2)
k=1
It is easy to show that the control law

a-c
b

u(t) = y(t) (3)

is a minimum variance strategy, and that the output of system (1) with
feedback (3) becomes

y(t) = e(t) (4)

(see, e.g., Astrom (ref. 1)). Note that the control law (3), which represents
a proportional regulator, can be characterized by one parameter only.

A self-tuning regulator for the system (1) can be described as follows:
ALGORITHM (Self-TUning REgulator).

Step 1 (Parameter Estimation)

At each time t, fit the parameter o In the model
yk +1) +ayk) =u) , k=1, ..., t~-1 (5)

by least squares, that is, such that the criterion
t

kZ €2 (k) (6)
=1
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where”
e(k) = y(k) - y(k) o

is minimal. The estimate obtained is denoted o, to indicate that it is a
function of time.

Step 2 (Control)

At each time t, choose the control
u(t) = o y(t) e

where at is the estimate obtained in step 1.

Motivation

There are several ways to arrive at the control strategy given above.
The algorithm STURE can, for example, be interpreted as the certainty
equivalence control for the corresponding stochastic control problem.

Analysis

The properties of a closed-loop system controlled by a self-tuning
regulator are now discussed. Since the closed-loop system is nonlinear, time-
varying, and stochastic, the analysis is not trivial.

It is fairly obvious that the regulator will perform well if it is
applied to a system (1) with b =1 and ¢ = 0, because in this case the
least-squares estimate ot will be an unbiased estimate of a. The regulator
(8) will thus converge to a minimum variance regulator if the parameter
estimate o4 converges. It is surprising, however, that the regulator will
also converge to the minimum variance regulator if ¢ # 0 (as demonstrated
below). There may also be some difficulties because the control law is of
the certainty equivalence type. Because of the special model structure (5),
the feedback gain will, however, be bounded if the estimate a, 1s bounded.

The least-squares estimate is given by the normal equation

i Zt:y(k + Dy +a,, = Zt:yz(k) =1 th (k) u(k)
o et & t k-1y u

Assuming that the estimate o, converges toward a value that gives a stable
closed-loop system, than it is straightforward to show that
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: o o
EY g )v2
t Z(atﬂ % )ye (k) > 0
k=1
Thus the closed-loop system has the property

t : .
lim%'- Yy + 1)y(k) = 0 ' (9)

tre -~ k=1
Furthermore, assuming that the system to be controlled is governed by

equation (1), the output of the closed-loop system obtained in the limit is
given by

y(t) + [a - ab]y(t - 1) = e(t) + ce(t - 1) (10)
The covariance of {y(t)} at lag 1 is then given by

-~ a + ab)(1 - ac + abe) (11).
1 - (a - ab)?

Ey(t + Dy(t) = —£(o) = L&
Condition (9) gives
f(a) =0

A second-order equation for o which has the solutions:

C!=(!1= b

a=a2=i—b_(1&

The corresponding poles of the closed-loop system are Ay =c and

Ay, = 1/c, respectively. Since ¢ was assumed less than 1, only the value ay
corresponds to a stable closed-loop system. Note that «; corresponds to the
gain of the minimum variance regulator (3). Hence, if the parameter estimate
®, converges to a value that gives a stable closed-loop system, then the
closed-loop system obtained must be such that equation (9) holds. This means
that the algorithm can be thought of as a regulator that attempts to bring

the covariance of the output at lag 1, that is, ry(l), to zero in the same way
as an integrating regulator brings the integral of the control error to zero.

If the system to be controlled is actually governed by equation (1), then
the self-tuning regulator will converge to a minimum variance regulator if it

converges at all.
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Figure 1 shows the results of a simulation of the algorithm. It is clear
from this simulation that the algorithm converges in the particular case. The
least-squares estimate will be a biased estimate of the model parameter
a = ~0.5 because of the correlation between the model errors. As can be
expected from the previous analysis, the bias is, however, such that the limit-
ing regulator corresponds to the minimum variance regulator. The lower part
of figure 1 shows the asymptotic value of the loss function obtained if the
regulator gain is fixed to the current value. It is clear from this figure
that the loss function is very close to the minimum loss for the case of known
parameter after 50 steps. ' '

3. GENERALIZATIONS .

A regulator that generalizes the simple self-tuner of the previous sec-
tion is shown in figure 2. The regulator can be thought of as being composed
of three parts: a parameter estimator (block 1), a controller (block 3), and
a third part (block 2), which relates the controller parameters to the esti-
mated parameters. The parameter estimator acts on the process inputs and
outputs and produces estimates of certain process parameters. The controller
is simply a linear filter characterized by the coefficilents of its transfer
function. These coefficients are generally a nonlinear function of the
estimated parameters. This function is frequently not one to one. This way
of describing the regulator is convenient from the point of view of explaining
how it works. The subdivision is, however, largely arbitrary, and the regula-
tor can equally well be regarded simply as one nonlinear regulator. The
functions of blocks 1, 2, and 3 are also simple, but the interconnection of
these blocks represents a system with a rather complex input-output relation.
The partitioning of the regulator (fig. 2) is also convenient from the point
of view of implementation because the parameter estimator and the controller
parameter calculation are often conveniently time shared between several loops.

There are many different ways to estimate the parameters © and to
calculate the regulator parameters, ¥. Some possibilities are shown in
figure 3. The complexity of the algebraic equation that relates the control-
ler parameters to the estimated parameters can vary significantly, from a
simple variable substitution for minimum variance regulators to solution of an
algebraic Riccati equation for the general LQG case. ’

Analysis
A brief statement of some properties of the self-tuning regulators are
now given. The results are fairly technical and only a few main points are
given here. A review of available results are given in reference 2. The

major results were proven in references 3 to 5.

For the analysis, it is assumed that the process to be controlled-is
governed by o
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A Hy(r) = B(@™Hult - k) + v(t) (12)

where'-A(q-l) and B(q-l) are polynomials in the backward shift operator q"'1

and {v(t)} 1is a sequence of random variables with bounded fourth moment.
The analysis will basically cover the case u(t) - 0 as t -+ », which corre-
sponds to the case when the parameters are constant.

..The foilowing problems can be resolved partially by analysis:

® Overall stability of the closed-loop system
® Convergence of the regulator
® Properties of the possible limiting regulators

The analysis is far from trivial because the closed-loop system is a nonlin-
ear, time-variable stochastic system. Even if the recursive identification
schemes used are well known, thelr convergence properties are largely unknown
except for the least-squares case. The input is also generated by a time-
varying feedback, which introduces additional difficulties. If the process
noise {v(t)} 1is correlated, the least-squares estimates will be biased and
the bias will depend on the feedback used.

A global stability result was proven by Ljung and Wittemmark (refs. 5
and 6) (see fig. 4). This result applies to a regulator composed of a least-

squares identifier and a minimum variance controller. The result requires
that the system (12) is minimum phase and that the time delay k and the
parameter B, are known.

A key result in the analysis is the observation made by Ljung (ref. 4)
that the paths of the estimates are closely related to the trajectories of
the differential equation:

do
£2 = gf(o
drt (©) (13)
ds’! _ -1
et G(®) - 8
where
£(0) = E[¥(t,0)e(t,0)]
T (14)
G(0) = E[¥Y (t,0)¥(t,0)]

In the particular case of the regulator LS+MV, the control law is chosen
in such a way that y(t,0) = 0 and the stationary points are then given by

0 = f(0) = E[y(t + 1)¢(t)] =0
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The regulator LS+MV thus attempts to zero the autocovariance of the output
and the crosscovariance of the input and the output for certain lags. This
result, which generalizes the simple example discussed in section 2, was shown
in reference 7. It was also shown here that

f(e) =0 (15)

has only one stationary solution for the regulator of LSV 1if the orders
of the system and the model are compatible.

The differential equations (13) and (14) can be used in several different
ways. Ljung has exploited them to construct both convergence proofs and.
examples which show that the parameter estimates do not converge. The dif-
ferential equations have also been very useful in simulations (see, e.g.,
refs. 8 and 9).

The simulations shown in figures 5, 6, and 7 1llustrate the behavior of
different versions of the self-tuner.

4, SERVOPROBLEM

So far, the self-tuning regulator has been discussed only in the frame-
work of the regulator problem. It is straightforward to apply self-tuning
to the servoproblem, too. Clarke and Gawthrop (ref. 10) propose to do so by
posing a linear quadratic problem for a servoproblem.

Another approach is simply to introduce the reference values by the
standard procedure using feedforward and an inverse model. For known param-—
eters, the problem is handled as follows. Assume that the process is

described by equation (12) and introduce the reference values u¥(t) and y¥(t)
which satisfy the same dynamics as the process

A Hy () = Ba™Hu' (e - k) (16)
Hence
A(q_l)[y(t) - y5(t)] = B(a D[ult - k) - u"(t - k)] + v(t)
A design procedure for the regulator then gives the feedback
r G(g-l) r
u(t) - u(t) = -~ ly(v) -y (©)]
F(q )

If the command signal yr(t) is specified,

=1 -1
ae) = AL T b + S92 ey - 5T an
B FGa ™)
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This system cannot be realized unless the change in reference value is known
or can be predicted k steps ahead. If this is not the case, a time delay
in the response of k wunits must be accepted.

Observe that the control law (17) can be written:

B(q 1)F(q Du(t) = B(q DE(@ Dy () + [A(q DEF(Q D) - ¢F6(a™ DIy (t + K (18)

The servoproblem can be incorporated into the self-tuning regulator simply
by changing the model in the parameter estimation step to

M: 3(t) = - A Dyt - 1) + B Hult - k) + c(q He(t - 1)

S

+ (g Yyt (e - 1)

and making the modification (18) in the control step.

5. APPLICATIONS

The self-tuning regulators are conveniently implemented using a digital
computer. The simple regulator LS+MV requires no more than 30 lines of
FORTRAN code, while the regulator RML+LQ requires an order-of-magnitude more
code because of the necessity of solving the algebraic Riccati equation in
each iteration. The regulators have been applied to a number of industrial
processes. Among the applications currently known to me are

paper machine (refs. 11 and 12)
digester (ref. 13)

ore crusher (ref. 14)

enthalpy exchanger (ref. 15)
supertanker (ref. 16)

Several of these applications have been in operation for a long time. A self-
tuning regulator has, for example, been running as an adaptive autopilot for
a supertanker for more than a year.

Even if the regulators discussed automatically tune their parameters,
it is necessary to determine some parameters in advance; for instance,

Number of parameters in the prediction model (p, r, and s)

Initial values of the parameter estimates

Value of any fixed parameters in the model

Rate of exponential forgetting of past data in the estimation algo-
rithm

® Sampling rate

Experience has shown that it is fairly easy to make the proper choice
in practice. These parameters are also much easier to choose than to directly
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determine the coefficients of a complex control law. It is our experience
that system engineers without previous exposure to this type of algorithm have
been able to learn how to use it after only a short training period. There
have also been several misapplications. The most common mistake is to attempt
a self-tuner for a control design that will not work even if the parameters
are known.
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" PARAMETER ESTIMATION

Model: F(t) = -A(q Dy(t - 1) + B(q Du(t = 1) + €(q De(t - 1)

= 3(t)o
e(t,0) = y(t) - O(£)0
ot + 1) = 0(t) + u()S(t + 1y  (£)e(t,0)
sT1e + 1) = s7H(e) + uCe + DT + Dyce + 1) - s (w)]

For: Least squares, C = 0
Extended least squares, ¢{(t) = y(t)

Recursive maximum likelihood, -gradge(t,0)

CONTROL STRATEGIES

-1
u(e) = H9L y(o)
F(q )

Regulator parameters: U = collq;q; ... qp ;3 £, £, ... f2]

Criteria: Minimum variance

Linear quadratic

Figure 3.-Some approaches to parameter estimation and control.
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Let the system be
A(q Yy () = B(q Hult - k) + V(t)

where the parameters are estimated by least squares
and control gives a minimum variance response
if the time delay, k, and the lead coefficient of

-1
the polynomial B(q ), B,» are known
if the system order is not underestimated and
if
lim SUP 3 XV2(t) < =

then 1
1im SUP -ﬁZy (t) <o

and if the system be minimum phase then also

1im SUP %I-Euz(t) <o

Figure 4.~ An example global stability result.
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Figure 5.- Example regulator design g
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Figure 6.- Example regulator design Figure 7.- Regulator design using
using least squares and linear- extended least squares and linear-
quadratic estimation and control. quadratic estimation and control.
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