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CCEDENSEL OUTLINE

This dissertation reexamines the fundsmental concepts of column
stabllity and develops a general theory on the basis of a dynamic approach.
Special attention is paid to exploring the buckling behaviour of an in-
elastic cclumm with arbitrary stress strain diagram. The introductory
part of the dissertation is devoted to a review of the well-known con-
cepts of elastic stability for the twofold objective of partly renewing
& knowledge of the fundamental principles and partly gaining a clear under-—
standing of the significance of the dynamic concept. The general arguments
presented herein are connected in a sequential chain with the attention
predominantly focused on the physics of the problem. Numerical examples
based on the study of simple columms are presented in order to illustraﬁe
the generel discussion. Fach column is studied during twe distinct phases:

1) the buckling hehaviour simultanecus with the increase of axial load

.

{buckling phase 1); and 2) behaviour under the influence of a consiant

axial load {buckling phase 2).

Three cclumn models are used in the study of inelastic buckling,
the first two of which are assumed to be initislly perfect columns with
bilinear stress strain diagrem, whereas the third model simulates an
initially imperfect cclumn with arbitrary stress strain diagram. The
first model analyzes the load-deflection behaviour of a simple perfect
inelastic column loaded above the tangent modulus load, up to a stage
where either strain reversal beginsg to occur in the column’ cr the
reduced modulus load ic attained before the occurrence of strain reversal;
the analysis of this model shows that for certain parameter combinations,
the axial load can increase considerably above the tangent modulus load

without the oeccurrence cf strain reversal.



The second model studies the complete process of lateral deflection
of the simple column for axial loads between the tangent modulus and
the reduced modulus loads, taking into account the possibility of strain
reversal simultanecus with loading; the buckling behaviour of this model
under the influence of constant axial lecad {(during buckling phase 2),
and below the reduced modulus load level, may be characterized by a
dynamically stable oscillatory behaviour which turns into a simple har—
monic motion after three motion reversal positions subsequent to the

end of buckling phase 1 (just at the time the axial load ceases to in—

crease}. The amplitude of this simple harmonic motion is usually small.

The third model thcroughly studies the buckling properties of an
imperfect inelastic column with arbitrary stress strain diagram. This
model can simulate all the buckling phenomena analyzed by the First
two modelsy furthermore, this model is capable of determining the influence

of variations of column parameters on the size of the maximum column load.

Three column types shown in Fig. T are utilized in the develop-

ment of the stability concepts.

P
U
ria
Column A Colurmn B Column C
{a) {b) {c)

THREE COLUMN TYPES USED IN THE PRESENT WORK

FIG. 1
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Column A is solely used for clarifying the description of fundamental
ideas. Column B is used for obtaining mumerical results in the illustra-
tions taken from various places in the main body of the dissertation
and sppearing in this summary in Figs. ITI through XIV. Ceolumn C 1is
used for evaluaticn of the buckling behaviour depicted in Fig. II below.
The results described in the following illustrations are obtalined by

computations based on 8 computer progrems developed in this dissertation.

The folleowing notations are used in the deseription of Column B:

A = grea of one hinge element; b = half the width of the hinge;

d = half the depth of the hinge; L = column length; M = fotal column

mass; EO = the initial modulus of elasticitys Et = the tangent
modulusy U = initial end deflection; Vo = initial end velcocity:

Xo = eccentricity; and ¢ = loading rate.

Fig. II reveals the complete buckling behaviour of a perfect elastic

column with the following data (see Column C):

L =2.5m C = proportionality constant between internsl moment
and spring rotation = 25 000 Newton-meters; M = 100 kgy; ¢ = 2 000

Newtons/sec.; UO = .00l cm; and VO = 0 om/sec.

Figs. I1I(a) and {b) show the static locad deflection behaviour according

to the Small and Large Deflection Theories respectively. Figs. II{c) and



VIIT

(d) show the corresponding dynamic behaviour. When the axial load

cegses to increasse, the dynamically unstable column would move towards
the equilibrium position according to the Targe Displacement Theory.
According to the Small Displacement Theory, no lateral eguilibrium
position above the Euler load exists in which case the column would
continue to bow indefinitely forwards. Fig. II(b) shows that excessive
lateral deflections are required for the slight increases of the axial
load above the Euler load, whereby in subsequent illustrations the Small

Displacement Theory is considered to be satisfactorily valid.

15000

14000 |

13000 1 /’-— z 3
N .
4 ; {d)
& :
5 o0 @
w
=z
=
é naoo &)
S
3
=
2 10000

\\(i?
0 . . . . . .
0 40 80 120 80 200 a0 280

END DEFLECTION IN CENTIMETERS

LOAD DEFLECTTION BEHAVIOUR OF SIMPLE ELASTIC COLUMN (COLUMN C): (a) ACCORDING
TO THE STATIC SMALL DISPLACEMENT THEORY; (b} ACCORDIEG TO THE STATIC LARGE'
DISPLACEMENT THEORY; {c) AND (d) THE UNSTABLE BEHAVIOUR SIMULTANEQUS WITH
LOADTNG FOR LOADS ABOVE THE EULER LOAD ACCORDING TO THE DYNAMIC SMALL AND
LARGE DISPLACEMENT THEORIES RESPECTIVELY

¥iG. II

Fig. III depicts the buckling behaviour of the imperfect elastic

column with the following data:
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1
A=5 cm?; b=5cemy d =1Ccmy L =5my M= 500 kgy EO = 10 0

Newtons/mgg UO = VO =0, X = .1 emy ¢ =5 000 Newbtons/sec. for

Fig.ITT{b), and ¢ = 2 000 Newtons/sec. for Fig.III{a).

From a study of Figs. IT and III it follows that the temporary
dynamic position of the column may considerably deviate from the corre-
sponding static position. This physical phenomenon, which does not in-
fluence the final position of an elastic column without energy losses,
may become significant for an inelastic column whose behavicur may be
affected by the deformation and strain reversal history. The significance
of this phenomenon will now be explored for an inelastic column with

bilinear or arbitrary stress strain diagram, see Figs. TV(a) and (b).

-c= 2005 Newions per second { (1 } ARCTAN E

/
NARCTAN E
/

=500 Newtans per secand

STRESS
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ARCTAN E,,
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«———» lateral motion towords stobc egquilibrum position

AXIAL LOAD TN NEWTONS

{b)

0 as ) Y 2o 30 35 a0 .5

END GEFLECTION 1M CENTIMETERS STRAIN

LOAD DEFLECTION BEHAVIQUR OF ECCEN- STRESS STRAIN DIAGRAM, (a) BI-
TRICALLY LOADED SIMPLE ELASTIC CC- LINEAR CURVE; (b) ARBITRARY CURVE
LUMN FCR THY GIVEN DATA Fic. IV

FIG. III

The partial load deflection behaviour of the simple initially per-—
fect inelastic column with bilinear stress strain diagram for the in-
crease of axisl load, AP, sbove the tangent modulus load is shown in

Fig. V. The reference cclumn marked in Fig. V has the following numerical

datsa:



1
A =5 Cm2; b=5c¢cmy d= 10 cmny L = 5 my M= 500 kgy Eo 2 x 10 0

Newtons/m2; E, = 1010 Newtons/meg U, = .00l cm; V=X = 03 and

¢ = 1 000 Newtons/sec.

The heavy dots in Fig. V indicate the points at which strain reversal
begins to occur in the columns. Thus, some devigtion is shown to emerge be-
tween the present approach and the static theory which assumes the occur—

rence of straln reversal from the tangent medulus load level.

If pessible strain reversal simultaneous with loading is taken into
account and if subsequent lateral motion of the column under constant
axial load is analyzed at various load levels, the 1llustration in Fig.
VI would be obtainedt Fig. VI shows that as the loading rate gets larger,
the devigtion between the present approach and Shanley Thecry becomes
increasingly more pronounced. Furthermore, as the loading rate gets smaller
values, the lateral deflecticon zone according to the present approach gets

narrowver and nearer to the positions predicted by Shanley theory.
1.0

‘L: =5000 Newtons/sec

\c=5000 Newtons / sec 0.7
0.8+ tangent modulus load = 25000 Newtons

AP 0y = 8333 Newtons

= 500 Newtons /ser

LOAD RATIO | &P/ APy,
o
-

—_ c: 1900 Newtons /sec
%E 0.6 - 0z — —~ == Shantey theoty
z E,=15x10'0 Newtons/m? o s e et mpaneh
5 0 : : 3 N 5 : 7
5 Reference Column 3 F_.—._-—. END DEFLECTION IN CENTIMETERS
0.4 ——
g T oo emsac FINAL LATERAL DEFLECTION ZONE ACCORDIN
- 0 .
U002 TQ THE PRESENT APPROACH FOR VARICUS
=0 cm
0.21
LOADING RATES COMPARED WITH THE LATERA

E,=10" Newtons/m?2
M=50 kg EQUILIBRIUM POSITIONS ACCORDING TO

c =200 Newtons/sec

o 002 004 006 008 010 012 0.4 SHANLEY THECORY
END DEFLECTION iN CENTIMETERS

PARTTAL TOAD DEFLECTICK CURVES FIG. VI

1. With the exception of the loading

FOR VARTCUS PARAMETER VARIATIONS
rate,the reference column in Fig. V7T

CORRTEPONDING TO THE GIVEN DATA has the same data as that of Fig. V
FIG. V
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AT
Fig. VII shows the relative shape of the o—& curve used in the

illustrations in Figs. VIII - XIV. The relstive shape implies that all
the tangent moduli are fixed in relstion to the initial modulus of
elgsticity, Eo' The stress axis is subdivided into T9 equal intervals
where the tangent moduli may changs, such that the reduced modulus load

would occur at the 60th stress level.

Fig. VIII showsthe variaticn of the maximum column load as & functicn
of the loading rate for various values of initial end deflection, UOw The

column used in Fig. VIII has the following numericsl data:

A=5em 3y b=5emy d=710cmy L =5 m; M= 500 kg EO = 10

Newtons/meg and V. =X = 0.
o )

_ﬁreduced modulus load, F, =18180 Newtons
'EBUOU-m- _——_————_,__,_.-—-
— e ——
7 Uy=0.0002 e j_______-<
- -
// o
g // // U,=0.002 cm ]
S 16000, YA T
i ~ o
= / ' -
z / i Uy=0.0Z cm
[m] / -
g / / // -
pus // V. o~
= 14000 / s -
= WS —
g -
) - Uy=0.2 cm
= —t e
2 .
< 120004 U.=1em
% =
I - -
~tangent modulus load, Pt:HH)O Newtons
e ——— A b e A — — E
10000+ Ugu2 crn-/
: o 2600 4000 6000 8000 1006¢

STRA&IN

LOADING RATE (N NEWTONS PER SECOND
RELATIVE SHAPE OF THE STRESS STRAIN MAXTMUM COLUMN LOAD VERSUS LOADING
DIAGRAM USED IN THE COMPUTATIONS OF RATE FOR VARIOUS INITIAL DEFLECTIONS
MODEL 3

FIG. VIT FIG. VIII

Fig. VIII shows that the influence of the licading rate on the size of

the maximum column load becomes more pronounced for small initial deflectilons.
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Two remarkable buckling phencomena are observed in Figs. IX and X,
indicating the possibility of failure in reverse direction for a column
originally deflected in another direction. Columns with such properties
are called herein "backwards—inclined" in contrast to the normal or
forwards-inclined columns. This property may be induced by a velocity
disturbance as in Fig. IX, or self-induced in the absence of velocity

disturbances as in Fig. X. The column corresponding to Fig. IX has the

folleowing data:
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The column corresponding to Fig. X has the same data except that UO

L0001 emg VO = 0 em/secy; and ¢ = 1 000 Newtons/sec with the axial load

applied as 10 Newton—increments at intervals of .01 seconds.

1600

P i 14300 Newtons

end ol Phase 1 at FD =14B50 Newlons

12000 4

iﬁ
kK
Buckling Phase 1

8000 < ———— Buking Phose Z

— Byl

AXIAL LOAD IN NEWTONS

400G 4

o T t v T T
13 -2 =10 -0.8 -0.6 -4 «0.2

END DEFLECTION IN CENTIMETERS

BUCKLING BEHAVIOUR OF INDUCED BACKWARDS-INCLINED COLUMN FCR THE GIVEN DATA

PG, IX
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15000

15000 N
132 r—-mezMDBﬂ Kewtons

3
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10000+ _— ¢ - Llevel = 1D0A0
max 3
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BUCKLING BEHAVIOUR CF SELF-INDUCED BACEWARDS-INCLINED COLUMN FOR THE GIVEN DATY

FIG. X

The phenomenon depicted in Fig.I¥X may appear frequently while the
phenomenon illustrated in Fig. X happens quite rarely and is sensitively

dependent on the manner the axial load is applied.

Fig. XI corresponds toc a column with the following data:

A=5cemy; b=4d=>5c¢em; I=2.5m EO = 1010 NewtonS/mE;M:'soo Kg;

V. = .2 cm/sec.; ¢ = 5 000 Newtons/sec.

This diagram illustrates the remarksble abnormal column behavicur, namely
that increasing the initial end deflection of backwards—inclined columns
may result in an increase of the axial load. The transition zone, where
the column turns from backwards—inclined to forwards-—inclined behaviour,
marks the uncertainty zone where slight changes in the value of the ini-

tigl end deflection may change the direction of failure c¢f the column.
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Fig. XII corresponds to a column with the following data:

A

7T =
o

=5 sz; b=4d=

= 2.5 m; EO =

L001 emy e = 5 000 Newtons/sec.

10
10 Newtons/mgg M=100 ¥

g 3

This illustration shows the dependence of the maximum column load on

the variation of velocity disturbances at the start of both buckling

phases.
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FIG. XTI

The influence of gravitational force and the effect of nonconserva-

tive axisl load 1s examlined for

A=5 cm?; b=d=5cm; L =2.5m; M= 100 kg, EO =

8]

O_

& column with the following data:

demy V=X =0 and ¢ =
o o}

5 000 Newtons/sec.

0
lOl

2
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AXIAL LOATH IN NEWTORS

XV

it should be observed that the effect of gravitational force with

g = 10 m/se02 in Fig. X117 has resulted in az lowering of the maximum

columm leoad. However, for a nonconservative axial load with changes in

the same direction as the end tangent to the deflection curve, the maxi-

mum column load is shown to increase above the conservative axial load

level, see Fig. XIV. It should be noted that the points marked by 1, 2

and 3 in Figs. IX and X as well as in Figs. XIII and XIV indicate the

first three positions of motion reversal in the course of oscillations

of the column under the influence of constant axial load.
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To sum up, in the course of development of the present dissertation,
a general theory of column stability has been developed which can
explain the various buckling phenomena on the basis of predominantly
physical arguments, and, furthermore, it provides the methodology and
the analytical tocls to evaluate the influence of variaticns of various
parameters including the loading rate, on the size of the maximum columm
load and on the lateral equilibrium cenfigurations of an inelastic colurm

with arbitrary stress strain relationship.
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NOTATIONS

The following notations are used throughout the main parts of the

present work in the equatiens, in the diagrams and in the exposition

of the main text. However, the symbols adopted for use in the § com-

puter programs which accompany the main text are explained in respective

places in Appendix D.

Cross sectional area corresponding to one hinge
eilement {Fig. 12)

Cne dimensionel array containing the tangent mo-

duli of the muitilinear stress strain diagram
(Fig. 33)

Integer controlling the current number of limiting
stress levels correspending to compressive stress
in element a of column B (see Figs. 1, 32 and 33)

Integer controlling the current number of limiting
stress levels corresponding to compressive siress

in element b of column B (see Figs. 1, 32 and 33)

Integer controlling the current number of limiting
stress levels corresponding to possible tensile
stress in element a of column B (see Figs. 1, 32
and 33)

Integer controlling the current number of limiting

stress levels corresponding to possible tensile
stress in element b of column B (see Figs. 1, 32

and 33)
Half the width of the hinge (Fig. 12)

Bending rigidity defined by Eq.(101l}; set of column
crose sections (see Sec. 2.1) ’

Variable defined by Eg. (112)
Variable defined by BEg. {113)
Loading rate

Ratio of axial load at disturbance time to the
maximum column load

Half the depth of the hinge {Fig. 12)

Initial elsstic modulus



XXIT

Tangent modull corresponding to column element,
a, b and J respectively

Tangent moduli at unloading time corresponding
to elements a, b and j respectively

Tangent modulus at the i:th stress level (Fig. 32)
Tangent modulus

Variable defined by Eg. (142)

Load increment ratio defined by Hg. (69)

Critical load increment ratic defined by Eg. (7TL)
Gravitaticnal acceleration

Variable defined by Eg. (1L1)

Horizentally applied external forces (Fig. 3)
Mass moment of ivertia of the column

Index corresponding to the stress level

Symbol corresponding to cross section J of the
column jmoment of inertia in Eq. (1)

Index corresponding to column element, j
Ratio defined by Egq. (Ch)

Column length

Total mass of the colunn

External mement; set of external moments (see
Sec. 2.1)

Internal moment; set of internal moments (see
Sec. 2.1)

Initial internal moment

Number of stress levels on the linearized stress
strain diagram (Fig. 32)

Axial load
Constant leoad level during buckling phase 2

An arbitrary axial load greater than the maximum
column load

Axial load corresponding to velocity disturbance
levely last desired constant axial load below

maximum level
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Tnitial and terminal axial loads in between which
the axial load is non-conservative

Reduced modulus load
Tangent modulus lcad
Maximum column load

Variable defined by Eq. (53); set of maximum cross
sectional strain {see Sec. 2.1)

Strain reversal identifiers in elements a and b
respectively (see Sec. 6.2)

Initial values of Saf and Sbb {see Sec. 6.2)
Time

Time corresponding to the next consecutive limiting
stress level (sece Sec. 8.5)

Return time {see Sec. 7.3}
Time at the end of phase 1

Times corresponding to motion reversal positions
1, 2 and 3 respectively

Times corresponding to two consecutive maximum
and minimum motion reversal positicns

Current end deflection of the column, set of de-—
Tlections along the whole length of the column
(see Sec. 2.1) '

Initial end deflecticn of the column

End deflection at the end of phase 1

End deflection of the column (Fig. 3)

End deflection corresponding to motion reversal
posgitions 1, 2 and 3

End deflection corresponding to two consscutive
motion reversal positions under constant axial load

Current and initial end velccity

Disturbance velocity corresponding to any
arbitrary load level

Longitudinal axis of the column (Fig. 3)

Eecentricity in the application of loading
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Al

Ao, Ao

£ .
axial

€ .
bending

Current and initial deflection angle

Deflection angle corresponding to the next conse-
cutive limiting stress level ({see Sec. 8.5)

Current and initial angular velocity

Ratic of the tangent modulus at the i:th stress
Tevel to the initial elastic meodulus (Fig. 32

Symbol for "increment of ..."

Surplus moment increment

Ax1ally induced internal bending moment increment
Laterally induced bending moment increment

Maximum axial load Iincrement defined by Eg. (60)

Time step corresponding to one computation cycle
(see Appendix C)

Deflection angle increment respective stress ilncre-
ment corresponding to the next consecutive limiting
stress level {see Sec. 8.5)

Axial strain increment defined by BEg. (117)

Increment deviation angle O defined below

Stress interval on the multilinear stress strain
diagram (Fig. 32)

Stress ilncrement corresponding to the next limi-
ting stress level due to column deflection under
the influence of gravitational force

Stress increment corresponding to column equilib—

rium in the last stress interval due to deflection
under the influence of the gravitational force

Symbol for "inerement of ...", symbol for

"partial derivative of ..."

Strains in elements a, b and J respectively
Axial strain in elements a and b respectively
Bending strain in elements a and b respectively

Axial strain increment defined by Eg. (49 a)

Bending strain inerement defined by Eg. (49 b



g

a® @

aa

ba’

s O.

ab

bb

iV

Deviation of non-conservative axial load from
its original axial directicn

Operator "summation”
Stresses in elements &, b and j respectively

Stress corresponding to the next limiting stress
level {see Sec 8.5)

Axia) stress in elements a and b respectively
Bending stresses in elements a and b respectively

Variable defined by Eg. {107)



XAVE

KEY WORDS

The following key words are either familiar terms found elsewhere
in the technical literature, or words newly employed in the descrip-

tion ¢f the concepts develeoped herein.

AXTALLY INDUCED BENDING MOMENT INCREMENT (see Sec, 7.3)

BACK SIDE OF THE COLUMN (opposite to the front side of the column,

see the description below)

BACKWARDS-INCLINED COLUMY (see Sec. 10.1)

BUCKLING PHASE 1 (the time-dependent bending behaviour of the column

similtaneous with the increase of axial load)

BUCKLING PHASE 2 {the time-dependent bending behavicur of the column

under the influence of a constant axial lozd)

DEFORMATION MODULUS ( a term interchangeably used for either the tangent

modulus or the unloading modulus of elasticity as the case may be)

DYNAMICALLY STABLE COLUMN (a column whose lateral motion as a function

of time always remains within finite bounds)

DYFAMIC STATE {(see Sec. 6.1)

FORWARDS-INCLINED COLUMN (opposite to backwards—inclined column, see




a

s T

aa’

ba’

b %

ab

bb

Deviation of non-conservative axial lcad from
its original axisl directicn

Operatcr "summation”
Stresses in elements &, b and j respectively

Stress corresponding to the next limiting stress
level (see Sec 8.5)

Axial stress in elements a and b respectively
Bending stresses in elements a and b respectively

Variable defined by Bg. (107)
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KEY WORDS

The following key words are either familisr terms found elsewhere
in the technical literature, or words newly employed in the descrip-

ticn of the concepts developed herein.

AXTALLY INDUCED BENDING MOMENT INCREMENT (see Sec., T7.3)

BACK SIDE OF THE COLUMN (opposite to the front side of the column,

see the description below)

BACKWARDS—-INCLINED COLUMN (see Sec. 10.1)

BUCKLIKG PHASE 1 (the time-dependent bending behaviour of the column

simultaneous with the increase of axisl load)

BUCKLING PHASE 2 (the time—dependent bending behaviour of the column

under the influence of a constant axial load)

DEFORMATION MODULUS ( & term interchangeably used for either the tangent

modulus or the unloading modulus of elasticity as the case may be)

DYNAMICALLY STABLE COLUMN (s column whose lateral motion as a functicn

of time always remains within finite bounds)

DYNAMIC STATE {see Sec. €.1)

FORWARDS-INCLINED COLUME (opposite to backwards—inclined column, see

See, 10.1)
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FRONT SIDE OF THE COLUMN (the zone of the column situated on the

front side with respect to the direction of motion including the
whnole zone which is currently subjected to increasing btending

stresses caused due 1o purely bending effect)

LATERAL DEFLECTICN ZONE {see Sec. 6.6)

LATERALLY INDUCED BENDING MOMENT TNCEEMENT {(see Sec 7.2)

LIMITIEG STRESS LEVEL {see Sec. 2.2)

MANTMUM COLIMYN LOAD (see Secs, 7.6 and 7.8)

MOTION HEVEESAL (see Seec. T7.5)

MULTILINEAR STRESS STRAIN DIAGRAM (see Sec, 8.2)

SELF-TINDUCED BACKWARDS-THCLIHED COLUMYN (see Sec. 10.2)

STATE SPACE _VARIABLES (see Sec. &.1}

STRAIN REVERSAL PHENCOMENON (strain reversal in a certain point of the

column takes place when the total strain at that point begins to

decrease)

SURPLUS MOMENT INCREMENT (see Sec. 7.1)

TANGENT MODULUS (local derivetive of the stress strain diagram)

TOTAL INTERKAL MOMENT SURPLUS (see Sec. 7.h4)







PHYSICS OF COLUMN STABILITY






1. TNTRODUCTION

1.1 Aims and Scope

The subject of column stability has been frequently discussed
eversince Euler presented his first study of this problem in the
field of elastic stability in 1TL4. By the end of the last century
and the beginning of the present one, the attention was paid to find
out the buckling behaviour of a column with inelastic material pro—
perties. As a result of this development the concepts of the tangent
modulus and the double modulus (reduced modulus) loads were proposed
consecutively (1,2,3,4). A significant development occurred when Shan-

ley presented his two papers (5,6).

Because of their remarkable simplicity and intuitive reagoning,
Shanley's papers arose a great interest in the concepts of inelastic
buckling and soon afterwards many papers appeared which were devoted
to further explanations and applications of the principles envisaged
by Shaﬁley (7,8,9,10,11,12,13,14), Despite the intuitive approach which
had cheracterized the development of the concepts of inelastic buck-
ling, starting with the presentation of the tangent modulus load by
Engesser and up to the exposition of inelastic buckling by Shanley,
in recent studies of this problgm mathematics has played the dominant

‘role {15,16).

This work, which is written in four main parts, aims to achieve

the following two main objectives:

1. to reexamine the most fundamental concepts of column stability

by means of simple ideas in physics and geometry; and



2. to gain additional insight into the nature of column stability
by attempting to explore and further increase the extent of Knowledge
in this field with emphasis on disclosing further significant proper-

ties of an inelastic column with arbitrary stress strain diagram.

In Part I, some general concepts of elastic stability are examined
and illustrated herein in order to acquire sufficient analytical tools
to cope with the problem of instabiiity of an inelastic column. In
Part II, the complete buckling behaviourrof perfect inelastic column is
analyzed herein for the range of loading between the tangent modulus
and the redﬁced medulus loads. In Part III, the instability of imperfect
inelastic column is treated and originally new buckling properties are
disclosed. Although Part I is developed on the basis of well-known con-
cepts, the sequence of arguments and the corresponding illustrations,
herein, are intended to pave the way for further progress in the field
of column stability in Parts II and III of this diséertation. Part
IV consists of a collection of appendices inclﬁding a preliminary
discussion of Shanley Theory in Appendix A; an exact partial seolution
of the lateral motion of a simple inelastic column in Appendix B;
development of an approximebe cdmplete éolution on the basis of
& multi-cycle computation technique in Appendix C; description of
8 computer programs in Appendix D; and the flow diagrams for the

largest computer program develcped herein in Appendix E.

The fallowing naterial has-been prepared with the awareness that,
in addition to new contributions of this paper, even some fraction of.
the existing knowledge reexamined herein has been the subject of nu-
merous papers in the field some of which are mentioned above. Even

such knowledge as the existence of a finite buckling load, well-known



eversince Euler time, is treated herein on the basis of purely physi-

cal arguments.

The present goal is to achieve novelty in both simplicity of
exposition and richness of new concepts. However, the reader is en-

treated not te initially worry about the feasibility of this predeter-—

mined goal. Two salient features of the present work should be

particularly noted:

1. With the exception of some prelimingry discussion on the exis-
tence of buckling load, all the ideas are linked in a seguential chain;
and

2. the dynamic analysis of the column in the present paper is not
a matter of choise; on the cqntrary, the arguments presented herein
are intended to show that the emergence of a dynamic theory is un-
avoidable if the aim is to adequately describe column behavicur and

to acquire new knowledge in the field of column stability.



1.2 Description of the Column Models

Three column models are used in the development of the ideas in
the present work. Column A in Fig. 1{a) is solely used for illustrating

the description of fundamental ideas.

Element a

i

2d
AN AN ERE

|2b]

Element b

Column A Column B Column C

(a) (b) (c)

FIG. 1. THREE COLUMN MODELS USED IN THE PRESENT WORK



Although the genersal arguments are intended to be applicable to any
arbitrary model, Column A is used whenever a simple pictorial illu-
stration is considered to enhance understanding of a certain funda-
mental discussion. Column A is sssumed to be a built-in cantilever

column with arbitrary cross sectional area. Bending of the column is

assumed to take place in the plane of the paper.

Column B in Fig. 1{b) is mostly used for the guantitative analysis
of elastic or inelastic dynamic models. This column consists of an in-

finitely rigid leg connected to an inelastic hinge. The hinge is made

up of two identical deformable elastic or inelastic elements of equal area
and of equal initial length,placed at the two extreme sides of the hinge.
Column B is of the same type used by Shanley for illustrating the
inelastic buckling in Ref. 6. This type of simple column has proved to

be highly successful for simulating various complex buckling pheno-

mena with less complicated mathematics (18). Pearson, who has in Ref.

12 analyzed the simple model as well as columns of more realistic type,
confirms the usefullness of the simple column by stating that "... it may

be remarked that this column follows the behavicur of more conventional

columns more closely than might be expected".

Since the two hinge elements can be made of any material, Column B
can efficiently simulate any desirable elastic or inelastic material
properties. Besldes, due to the nondeformability of the column leg,
considerable mathematical simplification is achieved in the numerical
evaluation of varicus complicated buckling phenomena. Thus, Column B
is an ideal model in cases where the disclosure of fundamentally new
column behaviour demands simple snd easily understandable illustrations

before applications to more realistic columns. The only difference be-~
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tween Column B and a more conventional model is that the former

deflects lineariy, Fig. 1(b), whereas the latter bows laterally in

a curved form, Fig. 1(a).

Column € in Fig. 1{c¢) is similar to Column B with & hinge con-
sisting of a deformable elastic spring. This model is merely used in
Chapter 2, for illustrating large deflections of an elastic column

loaded above the Euler loagd.



1.3 Historical Review of Various Column Theories

Since the development of the concepts of columm stability in
the present work starts in Chapter 2 right from the guestion of the
existence of buckling lcad, the reader is not supposed to possess
specialized knowledge in this fieid in order to Tollow the course of
arguments. However, some elementary concepts such as the Euler load,
tangent modulus load, reduced modulus {double mcodulus) locad, will be
freely used herein throughout the main text. Thus, the objective of
this section 1s twofold:

1. To provide an easy reference Tor the explanation of the above
elementary concepts, and

2. to make a short review of the development of varicus column

theories in their historical order.

Fig. 2 illustrates the difference in various column theories, in which
Column A in Fig. 1{a) is assumed to be applicable. The relation,
l/p = dQU/dXQ, for the curvature of the column is supposed Lo be true
for all lateral deflecticns, in accordance with the smell displacement

theoryl (Coordinates U and X are indicated in Fig. 2(b)).

Fig. 2{a) shows the equilibrium pcsition of the initially straight
centrally loaded colummn up to the critical load, PC. The critical lcad
is defined as the load above which an ideal column, subjected tc the
slightest disturbances, cannol remain in the straight position, as
shown in Fig. 2(b). It should be noted that in the relation, P 2 Pc’
appearing in Fig. 2(b), the equality sign holds for all the theories

discussed below with the exception of Shanley Theory for which the axial

1. The difference between the small and large displacemen thecries is ex-

plained in greater detail in Sec. 2.1.
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load, P, may exceed the tangent modulus load which 1s considered %o

be the lowest critical load. Figs. 2(c) and {(d)} show the stress distri-
bution just before reaching the critical load, due tc the total axial
load, P, and due to an increment of axial load, AP, respectively. Figs.

2(e)-{h) show incremental siress distributicns according to the various

column theories described below.

Buler Theory. - For an elastic column with egual loading and un-

loading moduli, the critical load of the column is a unigue load given

by the following formula derived by Fuler in 174k (22).

2
Py = (1)
4L

where PE represents the critical Euler load; E, the modulus of elas-
ticity; L, the length of the columnji J, moment of inertia of the cross
section about the main axis perpendicular to the plane of bending. Fig.
2{e) shows the distribution of bending stresses over a cross section

of the column due to an infinitesimal lateral deflection, &U, after
reaching the Euler load. It should be noted that according to small
displacement theory, laterazl deflection of the column for loads &bove or

equal to the Euler load are not defined and just at the Euler lead, the

column canr have any lateral deflection.

Tangent Modulus Theory. = The concept of buckling at the tangent

modulus load for an inelastlc column was first proposed by Engesser

in 1889 in & few notes in 7. Architek. U, Ing. Ver., Vol. 35, p 455,

The tangent modulus load, Pt’ is obhtained by replacing the modulus of
elasticity, E, in the Euler formula by the local derivative of the stress

strain diagram denoted by Et:
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Fig. 2{e) shows the distribution of bending stresses over a cross
section of an inelastic column due to an infinitesimal lateral deflec—

tion, 8U, beyond the tangent mcdulus load according to the tangent mo-

dulus theory.

Double Modulus Theocry. — The well-known contradiction in the tan-

gent modulus theory may be realized by Fig. 2(f), which shows that in

the unloading zone (convex side) of a cross sectilon of the column, the
unloading modulus has to be applied instead of the tangent modulus.

Since the unloading modulus is always greater than the tangent modulus, then
E., in Eg. (2) has to be rsplaced by a greater mcdulus, E_, according

to the double modulus theory. Thus reduced modulus lcad, Pr’ would be

given by the formula

p = —2 (3)

The modulus, Er’ called the reduced modulius ls a function of the tan-
gent modulus, the unloading modulus and the cross sectional form of
the column. The concept of the reduced modulus was first envisaged by
Considére (1) in 1889, a few months after the appearance of the tangent
modulus thecry. The contradiction in the tangent modulus theory was

first pointed out by Felix Jasinski in 1895, whe referred toc Considére’s

concept as the correct alternative {see Ref. 2}. A month later, Engesser
acknowledged the incorrectness of his theory and calculated an expression
for the reduced modulus, E_, in the general form (see Ref. 3). The exact
determination of the reduced modulus for a column of rectangular cross

section and a column of ldealized I-section with negligible web aresa
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and infinitely thin flanges was given by T.V. K&rmén 1n 1910 (see

Ref. &).

Shanley Theory. — Shanley has explained the paradox of the re-

duced modulus theory in the following way (see Refs. 5 and 6): The
double mcdulus theory assumes that the column remains straight up to
the reduced modulus load, Pr’ after which the column buckles, Fig. 2(f).
Hewever, at the tangent modulus load, while the axial load 1s increasing
and the tangent modulus applies to the whole cross sesction, there is
nothing except the column' s flexural rigidity to prevent bending of

the column simultaneous with increase of axial load according to Fig.
2{g) or Fig. 2(n). Fig. 2(g, would still be a paradox since the tangent
moduius still applies to the entire cross section and thus the axial
load cannot lnerease above the tangent modulus load. If the column load
is to exceed the tangent modulus load, the flexural rigidity of the
column must increase, that is to say, some strain reversal must occcur
at the column, beginning with a cross section of the column with
greatest bending stresses, Fig. 2(h). For each subsequent increase of
axial load, there would be a further propagation of the unloading zone

as determined by & simultaneous equality between the internal and ex-—

ternal moments.

Thus, the Shanliey Theory is crucially dependent on the occurrence
of some sirain reversal as soon as bending starts at the tangent modulus
load. Although this assumption is correct in the context of the static
theory, the preliminary discussion herein in Appendix A and the results
obtainted in the course of development of the stability concepts in this
paper show that the questicn of stability of an inelastic column cannot

adequately be described by means of the static theory. It should be noted
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that although the tangent modulus and the reduced modulus theories are
also based on static conslderations, they differ from Shanley Theory on
the following fundamental guestion: the tangent modulus and the reduced
modulus leoads are calculated on the basis of equilibrium of the column

in an aribitrarily chosen infinitesimal lateral position under the in-

fluence of a constant axial lcad. Thus, the guestion of duration of loa-
ding cor duration of the lateral deflection have no relevance toc the de-

termination of the tangent modulus and the reduced modulus loads.

On the other hand, Shanley Theorey predicts a bending process during
which the column starts bending from initislly straight position at the
tangent modulus load to infinetely large lateral deflection at the maxi-
mum column load. Furthermore, bLhe bending process envisaged by Shanley is
sensitively dependent on the guestion of the simultanecus increase of axial
load. Thus, when it is desired to develop principles which may estabilish
a general theéry, the guestion of a finite bending of the column simul-
taneous with a finlte increase of axial load cannot be dissociated from
the.question of the time element. This statement is particulary relevant

to an inelastic column for which the deformation and strain reversal hisg-

tory may have a pronounced influence on the buckling behavicur. The dura-
tion of loading and the size of initial disturbances are two significant
factors which may considerably affect the size of the maximum column lcad
and influence cother buckling properties of an inelastic column with ar-

bitrary stress strain diagram. In a dynamic consideration of the problem,

the fellowing two situstions may arise:

1. For a given initial imperfection and lateral disturbance, the

dynemically unstable column may approximately approach the pesition en-

visaged by Shanley Theory provided that the loading rate becomes suffi-

ciently small; and



15
2. on the other hand, for a given loading rate, a sufficiently small
initial imperfection and lateral disturbance may lead to congiderably

large discrepancy between the actual column behaviour and that predicted

by Shaniey Theory.

The objective of the present work is to develop a general theory
which can take into account all the pertinent variables, including the

time factor, which may influence the buckling behaviour of an inelastic

column with arbitrary stress strain disgrem.






PART |

ANALYSIS OF ELASTIC COLUMN






2. BRHAVIOQUR OF PERFECT ELASTIC COLUMN

2.1 Existence of Buckling Load

According to the classical concept of elastic stability, the
buckling ioad is the smallest central load at which an initially
straight column may stay in equilibrium at various small lateral
deflections. The concepts of elastic stability are well known and
are fully described in the existing classical works (lT)._However, Tt
may prove useful tc begin this discussion with a fundamental insight
intc the nature of column stability. The existence of a buckling lcad

with a finite value could be shown by a simple geometrical reasoning.

Although the following discussion does not enter as a seguential
chain in the development of later concepts in the paper, it is in-
cluded in order to increase understanding of the essential elementary
physical aspects of the problen. Euler's original sclution of this
problem consists of setting up the differential equation describing
equilibrium between internal and external moments. Althovugh a numerical
evaluation of buckling load still recguires the solution of such a
differential equation in each particular case, the qualitative under-—

standing of the problem could be enhanced by the following analysis.

Fig. 3 illustrates an elastic column of arbitrary cross sectional
area with one end fixed and the other end free. All dimensions of the
column are considered to have finite values. Bending of the cclumn is

assumed to take place in the plane of the paper.

19
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FIG. 3. ELASTIC COLUMN DEFLECTED TO AN EQUILIBRIUM POSITION: (a) DUE
TO A HORIZONTAL FORCE:; (b) DUE TO THE SIMULTAREOUS ACTION OF A
EORIZONTAL FORCE AND AN AXIAL LOAD: (e}, AND (d4) DUE TO THEE CRITICAL

AXTAL LOAD.
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The column in Fig. 3(a)} is deflected by a horizontal force, Ha’
applied at the free end of the column. This external force causes ex-—
ternal moments at every cross section of the column while the subse-—
gquent distortion of the column causes corresponding internal moments.
If the coiumn 1s assumed to be in a state of equilibrium at the deflected
position, the external and internal moments would be equalized at every
cross section. This state of egquilibrium will now be studied in two
different situations: {(a) when the end deflection has a finite value,

end (b) when its value is infinitesimal.

In order to make the argument preclse, we may think of the column
in Fig. 3(a), or any other column model, as comprising Tive infinite
sets: set of ecross sections, C, get of internal moments, Mi’ set of
external moments, Me’ set of deflections, U, and set of maximum strains,
S. This last set is entirely built up of members each of which corre-
sponds to the maximum strain which ocours at a particular cross section.
Each member of the set C is associated with a corresponding member of

each of the other four sets.

Now, there are two requirements for the existence of equilibrium
configuration in Fig. 3(a): 1) the internal and external moments muét
be equal at each given cross secticn; and 2) the finite dimensicnal
geometry of the column requires that the member of the set 5 with
greatest absolute value be of the same order of magnitude as the
highest valued member of the set U. This means, specifically, that
if the maximum strain at the cross section of maximum strain - fixed
end in Fig. 3(a) — has a finite value, then the lateral bowing at
the cross section of maximum deflection — free end in Fig. 3(a) -

must also have & Tinite value. On the other hand, if the highest-
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valued member of S 1s infinitesimal, then the highest-valued member
of U would aiso be infinitesimal of the same order of magnitude (two
infinitesimal values are defined to be of the same order of magnitude

if and only if their gquotient remains finite).

Since each two matching members of Mi and Me are of the same
order of magnitude as the corresponding member cof S8, it feollows imme-—
diately that the highest-valusd members of Mi and Me are alsc of the

same order of magnitude as the highest-valued member of U.

Now, if the horizontal force, H_» in Fig. 3{(a) is reduced to a
smaller value, Hb’ the end deflection, Ua’ would likewise decrease
unliess a compensating external moment i1s caused in the column by addi-
tional externsl agency such as a centrally applied axial load, Fig.
3(b}. It is significant to observe, that although the axial load in
Fig. 3{(b) is chosen sufficiently large tc cause the same end deflection
as in Pig. 3(a)}, the distortion of the column ss & whole, is not ex—
pected Lo be identical for the two cases. How, if the force, Hb’ is
reduced to zero, the axial load, P, has to further increase 1in order
to maintain the same end deflection, Ua’ see Fig. 3{c). Now, it is
our aim to prove that the axial load in Fig. 3(c) has a finite value,

regardless of whether the end deflection, Ua’ is finite or infinitesimal.

According to the above discussion, the deflectilion of the free end
of the column in Fig. 3{the highest—-valued member of U) is of the same
order of magnitude as the highest valued members of Me and Mi which

occur at the fixed end of the column. This implies that in the relation

p = ()
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where M represents the moment (M = Me = Mi) at the fixed end of the
column, since Ua and M are of the same order of magnitude, their guo-

tient, P, would always remain finite, regardless of the size of Ua'

The generality of the geometric argument given above has the

following inherent advantages:

1. The proof avoided making any specific aessumptions regarding
the relative significance of various internal ccolumn factors such as
the effect of shearing forces. This implies that the argument does not
discard the significance of such parameters as shearing forces in the
numerical value of the buckling load.

2. The proof asserts the existence of a finite buckling lcad for
any predetermined finite or infinitesimal end deflection of the column.
This means that the argument does not rule out the possiﬁility that
as the ecnd deflectlon changes, the actual value of the axial load in
Fig. 3(c) may also change. In other words the given proof includes both

the small deflection and the large deflection classical theories.

A guestion of thecretical interest is under what physically simp-
1ifying assumptions the axial lecad in Fig. 3{¢) would maintain constant
value for all possible values of lateral deflections. This situation
is illustrated in Fig. 3(d) where the free end of the column is de-
flected twice the corresponding value in Fig. 3(¢); the axial load, Pc’
however, is assumed to remain unchanged. The configuration depicted in
Fig. 3(d) is statically stable provided that the column can stay in equili-
brium in the new position, i.e., only if the external and internal moments
are equalised. This is possible only if it ig assumed that the increass

in internal moment in all the cross sections of the column Gue o



2l

additional distortion, in moving from one deflected position to another,
igs exactly balanced by the corresponding increase in the external mo-
ment due to additional deflection. This simplifying assumption corre-—
sponds to the classical small displacement thecry where the curvature

of the column is approximated by the expression dEU/dXe, where U de-
notes deflection, and X the length measured along the initially unde-—
flected straight longitudinal axis of the column, see Fig. 3 for the

definition of X and U.

The large displacement theory, on the other hand, corresponds to
the use of the exact mathematical expression for the curvature of the
Column. The classical theory shows that according to the large dis-
placement theory, statlc eguilibrium positions exist for the deflected
column loaded above the critical load. However, excessive lateral deflec—
tions are caused due to slight increases in the axial load above the
. eritical level, see Ref. 17 and the illustration in Sec. 2.4 herein.

The behaviour of an elastic column for loads above the critical load
is illustrated herein in Sec. 2.4 according to both small and large
displacements theories. Tt is noteworthy that the proof of the existence

cf the critical load in the above discussion conforms with both the

approximate and the exact classical approaches.
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2.2 Tllustration of the Existence of Buckling Load

Fig. 4 shows the deformed configuration of the elastic hinge
corresponding to Column B in Fig. 1(b). The central line of the column
is deflected by angle, o, from its initial straight position under the
influence of an axial load, P, which will now be shown — using the
line of arguments above - to be finite regardless of the size of the
end deflection, U, assuming that all dimensions of the column are fi-
nite. The column is furthermore assumed to be in equilibrium in the
defiected position under the influence of an axial load, P, alone. We

now prove that this P 1s always finite.

(b)

FIG. 4. DEFORMATION OF THE ELASTIC HINGE COREESPCNDING TO COLUMN B
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The strain increment, £, in each hinge element is found from the equatic

From geometry, see Fig. 1(b),

sin o = % (5D)
Substitution of Eg. (S5b) into Eq. (5a) gives

e =g o U (6)

Eg. (&) shows the validity of the first statement above that
for a column of finite dimensions, the highest-valued mumber of the
set 5 {the strain, €, in this case) is of the same order of magnitude
as the highest—-valued member of the set U (the end deflection, U, in

the present case).

The internal moment developed due to the current deformation of
the hinge is obtained by taking the moment of the internal stresses

with respect to the center of the hinge. This leads to
M. = 2DAE - ¢ {7)

in which b = half the width of the hinge; A = area of each hinge ele-

ment; E = the modulus of elasticitys; and € = the strain given by Eq.

(6).

Eg. (7) shows the validity of the second statement above that
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each two matching members of M, and M_ (Mi = M_ due to equilibrium)
are of the same order of magnitude as the corresponding member of the

set S (the strain ¢ in this case).

From the discussion of the sbove mentioned two statementa, it
follows that the highest-valued members of M, and M are necessarily
of the same order of megnitude as the highest~valued member of U. This

conclusion becomes mathematically obvious by substituting Fg. (6) in-

to Eq. {T):

2

M, = 2AE U = a finite value times U (8)

i dL
Now, sincerM:.L = Me and since Mi and U are of the same order of
magnitude, it follows that the ratio, Me/U, that is to say the axial
load, which alone keeps the column in equilibrium, must remain finite

regardless of the size of U.

The finiteness of the critical axial load could most easily have
been established by equating the expression for the internal moment

with the corresponding expression for the external moment. However,

the present seguence of arguments, used in proﬁing the elementary
concept of a finite buckling load in this section, shows a technique
which may turn out powérful in applications to more involved problems
where a set of simple and intrinsically true physical facts may be

utilized to explore complicated physical phenomena.
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2.3 Dynamic Concept

The faet, that according to small displacement theory an additional
deflection of the column under the critical load causes equal increments

of internal and external moments leads to the following two distinect

situations:

1. For axial loads below the critical load, any distortion of
- the column causes internal moments in excess of the corresponding ex-
ternal moments due to the axial load and therefore as soon ag the ex-
ternal causé of the disturtance is removed, the column moves towards
the initial straight equilibrium configuration. The kinetic energy
thus attained by the column in passing the straight position results
in a vibratory motion. The column in this sitﬁation is defined to be

dynamically stable,

2. For loads above the critical load, any.distortion of the
column causes external moments due to axial load in excess of the
corresponding internal moments due to disfortion and therefore the
celumn tends to move further away from the straight configuration.
Once the motion of the column begins in this manner, there are no
additional increments of internal moment to impede the motion and

thus the lateral deflection of the column will grow indefinitely with

time. The column in this situation is obviously dynamically unstable
according to the small deflection theory. This straightforward con-

clusion agrees with the classical mathematical result that the fre-

quency of vibration of a column loaded by its critical load, tends
to zero, that is to say the period of vibration of the column tends

to infinity as its amplitude attains very large velues.
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2.% TIllustration of the Dynamic Concept

The dynamic behaviour of the simple initially stralght, centrally

loaded elastic column, simultaneous with the increase of axial load

below and/or above the eritical load, according to both small and large

displacement theories, is examined herein (see Fig. 5 below).

U |P

FIG. 5. DEFLECTED CONFIGURATION OF SIMPLE ELASTIC COLUMN

The column in Fig. 5 is the same as Column C presented in Fig.
1 {e). The axial load is assumed to be conservative, i.e., the direction
of the applied force does not change during lateral deflection. Further-—
more, it is assumed that the moment developed in the elastic hinge is

always proportional to the deflection angle, u. The deflected configu-
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ration shown in Fig. 5 may either represent a lateral equilibrium
position, or it may depict a configuration of the dynsmically unstable
column at a certain instant of time during lateral motion. In the
dynamic treatment of this problem the effect of axial inertia is assumed
to be negligible. The validity of this last assumption is more closely

examined in the next chapter.

a. Analysis according to Small Displacement Theory

The problem of numerical analysis of the dynamic behaviour cof
the column simultanecus with the increase of axial load below or a-
bove the critical load is solved according to the following procedure:
A1l the column variables are assumed to be initially known at a certain
axial load. The column load is then inecreased by an increment, AP, the
eguations of lateral moticn of the column is set up under the influ-
ence of = constant axial load. During the computation cycle correspond-
ing to At, the new state of the column is found at the end of the
cycle. The axial load is then increased by a new increment and the
state of the column at the end of the previous computation cycle is
considered as the initial state for a new computation cycle. In this
manner, the whole lcading period may be divided into a number of time
intervals, the size of which depends on the desired degree of accuracy.
The state of the column may then successively be found at consecutive

computation ecyecles simultaneous with loading.

The state of the column in the above discussion implies all the
column variables which together unigquely determine the dynamic beha—
viour of the column. It should be observed that the increments AP and

At in the above discussion are dependent on each other, i.e., the choice
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of the time step, At, corresponding to a computation cycle, together
with the specified loading rate determine the value of the axial load

increment, AP,

The above procedure for the determination of the dynamic state
of the column simultanecus with the increase of axial lcad is used
throughout this work for both elastic and inelastic columns. Appendix
C fully develops the above procedure acccrding to the small displace—
ment theory by treating the time dependent lateral and axial motion
of a simple column, Column B in Fig. 1(b), with an arbitrary stress
strain diagram, taking into account initial deflection, initial eccen-
tricity, and pessible deviation in the direction of application of the

axial load.

The derivations in Appendix C are easily applicable tc an elastic
column by setting the values of tangent modull anywhere and during any
computation cycle equal to a constant modulus of elasticity, E. Further-—
more, the formulas in Appendix C are equally valid to Column C, Fig. 5,
by observing that the bending rigidity of Column C is given by a single
constant, C, whereas the bending rigidity of Column B in Appendix C
is more closely specified by Eg. {(C 15).l

Thus, considering that for the present case, the bending rigidity,
Cc’ at the critical load is egqual to the corresponding value, C, during

any computation cycle, and noting that for an elastic column the axially

1. Since Appendix C is referenced, hereafter, from many places in this
work, the reader is advised to review that appendix after reading the

present illustration.
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induced moment increment, MM s is always equal to zero, see Egs. (C L),
(C 6a), (C 6b), and (C 7), and observing that, the internal moment, Mio
=C - S where the index ¢ corresponds to initial state at the begin-
ning of the current computation cycle, then Eq. {C 58) of Appendix C

reduces to the following form

1" '
+ APL (9)

1 .
in which o = the second derivative of the deflection angle with respect

to time; and I = the column's mass moment of inertia, which for a
slender cclumn of the type shown in Fig. 5 msay be expressed by the

formala

1= Moo {10)

For an increment of load, AP, below the critical load, HEg. (%) reduces
to the eguation
o APL {11)
a_

and for & load increment, AP, above the critical load, Eg. (9) is re-

duced to the form

¢ - T a=0 (12)
Using the notations
AM = APL (13)
1. The gravitational force does not enter in the sguation of motion

of this column (see Appendix C, Sec. d).
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and w? = 20 (1)
in which ]AM] = the absclute value of AM; the following solutions of

the problem are obtained:

When the axial load is below the critical load, Eg. (11) leads

to the sclutions

Cl sin wt + 02 cos wt {151}

<
Il

Q ~
13
i)
o8

and Cl w cos wt — 02 w sin wt

1
in which a = the angular velocity; and Cl’ 02 = two constants deter-

mined from the initial conditions of the problem at time, t = 0:

2 =

_ L
Cl =7 (17)
CE = o (18)

Since the value of AM sapproaches zero as AP approaches zerc, it
follows that the value of w also approaches zero. This verifies the
assertion that ss lcng as the axial load lies below the critical level,
the cclumn may develop oscillatory motion. However, as the axial load
approaches the critical lcad, the frequency of motion approaches zero
and the lateral bowing of the column would increase continuously with
time. Furthermore, if the axial load remains at & constant level below
the critical load, then the values of AM and w from Egs. {13) and {1k}
would be constant, whereupon Egs. {15) - (15) would represent a simple

harmonic motion.
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If the axial load is just egual to the critical load, the value
of AP would be zero, whereupon, Eq. (9) resuits in the folleowing ex—

. i
pression for o and o:

If the axial load is above the critical load, Eq. {12) leads to

the following solutions:

Cy sinh wt + C, cosh wt (21)

£2
Il

and o Cl w cosh wt + C; w sinh wt (22)

in which €| and C, are determined by Egs. (17) and (18) respectively.

1

Egs. (19) - (22} show that for axial loads equal to or avove the

critical load, the lateral deflection of the column would continue to

grow indefinitely with time.

b. Analysis According to Large Displacement Theory

The internal moment, Mi’ is always governed by the eguation

M. =C » o (23)

according to both small and large deflection theories. However, the

external moment according to the large displacement theory is found



from the following equation:

Me = {P + M;é“g) L sin o (2h )

Substitution of Egs. (23) and (24, into the general eguation of

lateral motion of the simple column,

M - M. = Io (25)

leads to the following differential equation for the determination of

the lateral motion of the column:

P+ M;g).L'51n o, Lo o (26)

in which P is an arbitrary function of $ime, and may be assumed to be
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constant during a short time step, At, corresponding to cne computation

cycle.

Eguating the expressions for internal and external moments from
Egs. {23) and (2L) leads to the following expression for the critical

load, ch, with due consideration to the gravitational force:

p =& .o Mg (27)

Substitution of Eq. (27) into the following equation, Ec. (28),

P=P + AP (28]

in which P = the current axial load exceeding the critical load by an
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increment, AP, and subsequent substitution of Eq. {(28) into Eg. (2¢)
results in the following equation for the lateral motion of the column
gbove the critical load, according to large displacement theory:

1" .
o AP L sin a = O {29

Eg. (2G) again shows that for a certain increment of axial lcad
gbove the critical load, the equation of lateral motion is independent

of the gravitational force, in the present case.

Without an actual sclution of Eq. (29), significant properties
of this eguation of lateral moticn could be discicsed as compared with
Eq. {(12). It should be noted fhat the fundamental equation, Eg. (25),
i5 in general applicable to the simple column both according to small
and large displacement theories. The expression for internal moment,
Mi’ is common for both thecries. However, for the same angular deflec—
tion, o, the expression for external moment corresponding to small

displacement theory is found from the following equation

Moo= (P + ZE) .y (30)

Sinee the external moment, M_, obtained from Eq. (30) is always
larger than the correspeonding value according to large displacement
theory from Eg. {24}, it follows that for the same angular deflection,
@, Eg. (25) leads to a greater angular acceleration for the small dis-

placement theory as compared with the value obtained from the large

displacement theory.

. Thus, starting from the same initial state, the angular deflecticn
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and velcocity of the column simulianeous with loading above the Euler
load derived from Eg. (29) would always be less than the corresponding
values from Eq. (12). Furthermore, since the axial load is conservative,
and there are no energy lossss during the process of lateral motion,

the column under a constant axial load above the Euler load would de-
velop an oséillatory moticn arcound a position of static equilibrium.
This static deflected configuration is determined according to Eq. (27).
Thus, the above concepts lead to the diagrammatic representation shown
in Fig. 6. This diagram is obtained by using the formulas in the above
analysis in a computer program, (see program 1, Appendix D}, with the

following numerical data applied to Column C (see Fig. 5):

L = 2.5 metersy C = bending rigidity = 25000 Newton-meters; M = 100 kilo-
gramms; ¢ = loading rate = 2000 Newtons per second; UO = initial end de-
flection = .001 centimeters with zerc velocilty disturbances; and At = the

chosen time step corresponding to one computation cycle = .01 seconds .’

Fig. 6(a) depicts the static load deflection behavicur according
to the small displacement theory. This line which is parallel tc the
deflection axis shows that at the critical load, the equilibrium of
the column at a deflected configuration is indifferent, i.e., it can
maintain equilibrium at any lateral deflection. Fig. 6{b) shows the
static load deflecticn behaviocur calculated for the simple column
according to large displacement theory. This curve indicates that
although the column can, in reality, attain lateral eguilibrium posi-
+ions above the criticasl load, considerablie lateral bowing of the co-

lumn is caused due to a slight increase of the axial load above the

critical level.

Figs. 6{c) and (4} show the actual dynamic load deflection behaviour

1. The cheoice At = .01 seconds leads to good results. This fact is

iliustrated in Sec. 5.5 and Sec. 8.9,
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FIG. 6. LOAD DEFLECTION BEHAVIOUR OF SIMPLE ELASTIC COLUMN (CO-

LUMN C): (a) ACCORDING TO THE STATIC SMALL DISPLACEMENT THEORY; (b)
ACCORDING TO THE STATIC LARGE DISPLACEMENT THECRY; {c) AND (d) TEE UN-
STABLE BEHAVIOUR SIMULTANEOUS WITH LOADING FOR LOADS ABOVE THE EULER
LOAD ACCORDING TO THE DYNAMIC SMALL AND LARGE DISPLACEMENT THEORIES

RESPECTIVELY.
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of the column simultanecus with the increase of axial load above the
critical level, according to the small respective large displacement

theories.

Fig. 6(d) shows the assumed load deflection behavicur simulta-
neous with loading above the critical ioad according to the large dis-
placement theory. Although the shape of the curve in Fig. 6{d) is
assumed, its position in relation te Fig. 6(c) is correctly indicated,
due to the fact that the lateral deflection of the columnm according
to large displacement theory is always smaller than the corresponding
value according to the small displacement theory, see the previous

discussion above.

When the axial load ceasses to increase, the latersl positicns of
the column at points 1 and 2 in Fig. 6, corresponding to the large
and small displacement theories respectively are unstable. Thus, the
column continues to move laterally until it reaches point 3 which corre-
sponds to a position of statlc eguilibrium according to the large dis-—
placement theory. The column would then begin to oscillate around this
position, according to the large displacement theory, until it comes
to resi in the neighbourhood of this point due to unavoidable damping
forces not treated herein. According to the small displacement theory, no
eguilibrium position exists above the critical load, whereupon the lateral

deflection of the ecolumn would continue to grow indefinitely with time.

Since the gravitational force is shown above not to influence
the motion of the perfect column under consideraticn, it 1s altogether,

omitted from the calculations in this illustraticn.
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Fig. 6 clearly shows that if the column is to attain a deflected
equilibrium position according to targe displacement theory, the co-
Jumn must suffer large lateral deflections for small initial increases

in the axial load above the critical level. Thus, hereafter in the

present work, we assume that the Small Displacement Theory is valid

throughout the following chapters. The results of the numerical calcu-

latiorns in the fellowing sections would eventuelly show that the small
displacement theory is & good spproximation for the purpose of the pre-
sent study, due to the fact that we shall never or seldom encounter
suchk large lateral displacement which would warrant the use of more

complicated techniques by means of the large displacement theory.
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3. BEHAVIOUR OF IMPERFECT ELASTIC COLUMHN

3.1 Applicsbility of Dynamic Principles

Application of dynamic principles discussed herein to a perfect
elastic column is intrinsically obvicus, since in this case the column
would find itself in a state of complete instability throughout the
increase of axial load above the critical level, according to the
small displacement theory. The nature of dynamic instability in
thig case is too dominant to be ignored.A gquestion of profound impor-
tance is whether it is egually important to tackle the problem of an
imperfect column dynamically. It is true that an imperfect column
would start to bend right from the start of loading. However, it is
far from cbvious that a static approach - that is to say assuming
the existence of continuous equality between external and internal
moments — would lead to reliasble results. A way out of this dilemma
would be to formulate the problem dynamically and compare the results
of a guantitative analysis with the corresponding figures found
according to the static method. Nevertheless, before trying to analyze
a model quantitatively, our present aim is to gain a gqualitative appre-
ciation of the relative significance of the dynamic approach. Thus,

we cope with this problem heuristically.

When a column is subjected to time dependent loading, it weould
be computationally more exact to take into account both axial and hending
inertia. Nevertheless, the present gquestion is whether it would be a
good approximation to ignore the inertia effects. These effects are

considered negligible by implication whenever we treat the problem

statically.
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Since for most engineering materials, small axial deformations
glve rise to large axial stresses, one may safely assume that in the
axizl directicn, the column material responds immediately to the external
axlal load. Obviously, if a very large load 1s applied transiently,
then a relatively large axial deformation may be reguired to create

sufficient internal stresses. In such cage the axial inertia may have

to be taken into account.

It would be instructive to realize the significance of bending
inertia by means of a simple 1llustration. Fig. 7 is intended to
clarify the idea. In Fig. 7, an axial load, P, has been applied
to an imperTect column during an interval of time, At. If we were
to apply the static theory, then the condition of eguilibrium between
internal and external moments at each cross section would require a
shortening, &, of the concave side of the shaded element, relative
to 1ts convex side, in order to create an internal moment sufficient-
ly large to balance the external moment due to P. Althcugh this rela-
tive axial deformation, &, is small and finite, the lateral deflec-
tion, U, has a relatively large finite value. This is due to the fact
that linear deflection, §-L/b, where L is the length and b is the
width of the column, is usually much larger than & (the length is
assumed to be many times the width of the column). As the geometry

of the bent column shows, the actual deflection, U, is still larger

than the linear deflection, &§:L/b.

Now, we arrive al the decisive gquestion whether it is possible for
the column to bend laterally the relatively large deflection, U,
during the loading interval of time, At. The answer to this naturally

depends on the simultaneous influence of all the dynamic parameters
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of the column. If the lcading rate, for instance, is sufficiently
rapid, the answer toc the question is negative. Even if the loading
rate is assumed to be slow, the reguired synchronization that the
column must deflect just the amount, U, in the period of time, At,

would not physically be reallizable as a general rule.

FIG. 7. RELATIONSHIP BETWEEN BENDIKG STRAIN AND LATERAL DEFLECTICHN
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The difference between the lateral deflection required according
to the static theory and the actual deflection developed simultaneous
with the increase of axial load may get sasccentusted as the axial
load aéproaches the eriticsl level. This may be shown by the folle-

wing argument:

As the axial load of the imperfect cclumn approaches the maximum
load, successively larger increments of lateral deflection are reguired
in crder to balance the additional increments of external moments
caused by a certain increment of axial load. This is due to the physical
fact that an increase of lateral deflection from U to U + AU, due to
an incresse of the axial load from P to P + AP would cause an additional
external moment with two significant terms, AP-U and P-AU: Ay the maxi-
mim column load, the second external moment increment, FP-rAU, would just
be balanced by the corresponding increment of internsl moment at the cross
section of maximum strain. Thus, at the vicinity of the maximum load,
the first external moment increment, AP-U, tends to become unbalanced,
whereupon even small increments of axial loading may regquire increa-—

singly larger lateral deflections.

The abtove discussion indicates the possibility that if the loading
rate is sufficiently large and if the other dynamic parameters are
favourable, the axial load may attain large values while the column
is Ffapr from the deflecticn required by static equilibrium censiderations.

Thus.,at a given instant of fime a correct formulation of bending

problem would be to assume the existence of & surplus moment increment,

AM, which may be defined as the difference between the increments of

internsl and external moments developed solely due to bending during

a cerbain increment of lateral deflection. &M may of course assume
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zero value at certain isolated instants of time, but it has positive
or negative values for the rest of the time. The concept of surplus

moment increment will be discussed in greater detail in Chapter 7.
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3.2 Numerical Evaluation of the Influence of Axial and Lateral

Bending TInertia

The axial and lateral motion of Column B, shown in Fig. 1{b) is
studied herein on the basis of the following assumptions:

1. The column has an elastic hinge which deforms in the manner
depicted in Fig. Lj

2. The lateral position shown in Fig. 1{b) corresponrds to & tem-—
porary lateral configuration at a certsain instant of time simultaneous
with the increase of axial load;

3. The initial state of the column at zerc leocad level is given
and subsequent motion of the column, simultaneous with loading up to
the Euler load, is sought both in the axial and lateral directions;
the axial load may be applied eccentrically, however, the direction

of the axial load remains unchanged throughout the process of loading,

and

L. The influence of the gravitational force on the motion of the

column is taken into account.

In the axial direction, the motion of the column is governsd by

the following equations {see Appendix C, Sec. c):

i +
Al sin kt A2

by
n

cos kt + Fl (31)

Al k cos kt - A2 X sin kt {32)

&
£

-
in which Z= the axial deformation; Z = the axial deformation rate;
and the terms F , k, A4; and A, are defined in Appendix C by Egs. (C L7),

(¢ 48), (C 51) and (C 52) respectively.
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The axial deformation, Zs’ according to the static theory 1s found

from the following equation, see Eg. C({45) of Appendix C:

Pe
7. =% (33)

p = B8 {3L)

where A, E = the area respective modulus of elasticlity of one hinge

element; and d = half the depth of the elastic hinge, see Fig. L.

In the lateral direction, the motion of the column is governed by

the following eguations (see Appendix C, Sec. Db):

o = C1 sin wt + 02 cos wh + F (35)

and o o= Cl'w' cos wt - Cg'w- sin wt (36)

1
in which @, a = the defiection angle and angular velocity respectively,

and the values F, w, Cl and 02 are defined in Appendix C by Egs. (C 30},
(c 31), (C 36) and (C 37) respectively, provided that in Bg. (C 29) in

Appendix ¢, the values of the deviation angle, 6, and the axially induced

internal moment increment, AMia, are set equal to zero.

By equating the internal moment

M, =C (as - uO) {37)
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with the external moment

- Mgy oo .
M_ = (P + 5 )-Lag+ P X (38)
in which
1
_ ADE _a
C=== , A=% (39)

6, = the deflection angle according to the static theory; o, = initial
value of the deflection angle: and XO = the initial eccentricity; the

following equation would be found for the deflection angle, G

L = Coao+ P-;? (10)
¢ - {p+ —55)-L

The azbove mathemsatical analysis is used in a computer program (see

Program 2, Appendix D) for evaluating the influence of the axial and late-—
ral bending inertizs on the motion of the simple column. The results for two
different data sets are shown in Figs. 8 and 9A (first data set) snd Fig.

9B (second cata set). The first data set contains the following values:

A = 5 square centimeters; b = d = 5 centimeters; L = 2.5 meters; E =

109 Newtons per square meter; g = 10 meters per second square; M =

100 kg for the computations of Fig. 8 and Figs. 9A(c}, (d) and (e) and
M = 500 kg for Figs. 9A(a) and (b); ¢ = loading rate = 2000 Newtons per
second for Figs. 9A(b) and (d), ¢ = 5000 Newtcns per second for Fig. 94
(e}, and ¢ = 10000 Newtons per second for Fig. (8);7At = the time step
chosen for one computation cycle = 0.01 seconds; and XO = the initial

eccentricity = .1 centimeters.

1. See Eq. (C 15) of Appendix C.



Fig. 8 shows that the axial deformation behaviour of the column
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according to both static and dynamic theories closely follow each other

such that within the scale of Fig. 8 the two load defermation curves

almost perfectly coincide with each other.
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2 8000 = —Static Deformation Behaviour .
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—
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g /
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= 4000 +
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< /
//
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/
/
/
0 1 1 L] I
0 0.02 0.04 0.06 0.08 0.1
AXIAL DEFORMATION IN CENTIMETERS
FIG. 8. STATIC AND DYNAMIC AXIAL DEFORMATION FOR LOADING RATE,
¢ = 10000 NEWIONS PER .SECOND
It is ;ignificant to note that the dynamic and static theories in
Fig. 8 are in good agreement even for the loading rate, ¢ = 10000 Newtons
per second which will be the largest loading rate ever to be used in the

present work. For smaller loading rates, the discrepancy between the

static and dynamic theories would still be smaller.
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Fig. 9A shows the load deflection behaviour of the column similta~

necus with the increase of axial load according to both static and dy-
namic theories, for some parameter variations indicated in the diagram.
The discrepancy between the statié and dynamic theories at a number of
load levels is shown by a flash which criginates at the dynamically un-—
stable position of the column and ends at the corresponding position

of static equilibrium. The length of this flash is a nmeasure of the
instability of the column st the giver load level. The discrepancy
between the static and dynamic theories is shown to increase as the

axial load approaches the Euler load.
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6000

4000 1
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.
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— ———
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e
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———

- K(G) M=500 kg Euler Load Level for Cases
(@) and (b)
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———>5Static Equilibrium Position

Position Simultaneous with Loading

+——Lateral Motion towards Static Equilibrium Position

— ae]
[
—— —
— ——

J
05 - 1.0 1.5
END DEFLECTION IN CENTIMETERS

FIG. 9A. LOAD DEFLECTION BEHAVIOUR.OF RECCENTRICALLY LOADED SIMPLE

ELASTIC COLUMN FOR THE FIRST DATA SET.

20
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24000 y—tuler load level
e e e e e
20000 ¢ = 2000 Newtons per second {Q)
c=5000 Newtons per second .(D)

16000+
12000 — — — — static equilibrium position

_ position simultaneous with loading
8000+ ——— lateral motion towards static equilibrium position

0 05 1.0 15 2.0 2.5 3.0 35 4.0 4.5
| END DEFLECTION IN CENTIMETERS |

FIG. 9B. LOAD DEFLECTION BEHAVIOUR OF ECCENTRICALLY LOADED SIMPLE

ELASTIC COLUMN FOR THE SECOND DATA SET.

The load deflection behaviour shown in Fig. 9B corresponds to the

second data set with the following values (see the notations in the first

data set):
A=35 cm2; b=5cmy d=10cmy L =5m3 E= 10lO Newtons/mg; g = 10 m/seceg
M = 500 kg ¢ = 2000 Newtons/sec for Fig. 9B(a), and ¢ = 5000 Newtons/sec

for Fig. 9B(b); At = 0.0l secj and X0 = 0.1 cm.
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A comparison of the first and second dats sets and the corresponding
diagrams in Figs. 9A and 9B shows that, although the modulus of elasticity
corresponding to Fig. 9B has increased ten times, the column with the new
data in the second data set essentially shows the same load deflection
behaviour as the column in the first daté‘set.zﬁowevef,’the extent of in-
" stability, i.e., the deviation of the time depehdent dyneamic positions from

the corresponding static positions, in Fig. 9B has observebly decreased in

comparison with Fig. 9A.

It may be inferred from both Figs. 94 and 9B, that the static load
deflection curve, shown by broken lines, asymptotically approaches the
Euler load level as the lateral deflection attains infinitely large va-
lues. However, the curve obtained by studying the load deflection behaviour
of a column simultanecus with loading, indicated by full-lire, maintains
finite lateral deflection even in the imﬁédiate vicinity of the Euler
lead. This curve may even intersect the éorresponding eritical level while
the axial load continues to increase above the Euler load within a finite
bending range. Nevertheless,.as soon the aﬁial load ceases to increase, the
dynamically unstable column would move towards the static equilibrium con-
figuration, If there are no energy losses and if fhe axial load lies below
the Euler load, the unstable column would finally reach the static equili-
brium configuration and begin to oscillate around that position. However,
if the axial load is egual to or greater than the Euler load, the dynami-

cally unstable column would indefinitely comtinue to move laterally.

It should be observed that both the buckling behaviour of the coiumn
simultaneous with loading above the Euier load according to iarge displace-
ment theory, see Fig. 6(d), and the bending behaviour of the eccentrically
loaded column simultaneous with loading below the Euler load, according to

the small displacemeat theory, see Figs. 9A and 9B, may most conveniently
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be described in terms of the following two distinet buckling or bending

phases:

1. Phase 1 refers to the behaviour of the column simultaneous
with the increase of axial load; and

2. Phase 2 refers o the column behaviour under the influence of
a constant axial load; in other words, Phase 2 describes the transition
from the dynamically unstable state of the column at the end of the
loading period (end of Phase 1) to a dynamically stable state which
implies the stable oscillations of the column around a position of
equilibrium in the deflected configuration. For an elastic column with
no energy losses during Phase 2, the dynamically stable oscillations
of the column tazke place around the egquilibrium position determined

according to the static theory.

The concepts of buckling Phases 1 and 2 discussed asbove will

extensively be used herein in the following chapters.
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3.3 Congluding Remarks

The analysis of the elastic column has shown that the losad
deflection behaviour of the column simultanesous with the increase
of axial load may not always conform Lo the patiern advocated
by the static theory. However, it is imporitant to note that regardless
of the column behavicur simultanesous with loading, the final deflected
equilibrium configurations in the case of the elastic column without
energy losses would always coincide with the position determined sccording
to the static theory. Thus, the two-phase buckling behaviour established
in the course of the study herein may be of little practical significance
for an elastic column since it affects neither the maximum column load
nor the final deflected equilibrium configurations. Nevertheless, the
two—phase buckling concept, defined and illustrated for the elastic co-
lumn, may turn out useful for developing the concepts of inelastic buck-
iing, where the time factor or more specifically, the deformation and
strain reversal history may play a significant role in determining the

maximum column load and in finding the buckling behaviour for loads below

the maximum level.



PART 1i

BUCKLING BEHAVIOR OF PERFECT INELASTIC COLUMN






PART II. BUCKLING BEHAVIOUR OF PERFECT INELASTIC COLUMN

Introduction

The perfect inelastic. column is defined herein as an initially
straight centrally loaded inelastic column which would remain straight
up to the tangent modulus load. Above that load level, the buckling be-
haviour of the perfect inelastic column with constant tangent modulus
end prior to_theoccurrencé of strain reveréal, is shown in Sec. L.l to
be dynamically equivalent to the behaviour of a perfect elastic column
above the Euler load. The criterium for strain reversal is discussed in Sec.
4.2 and the possible general influences of the stress strain diagram
and strain reversal phenomenon are pointed out in Seecs. 4.3 and k.h

respectively.

Although a realistic approach to the problem of column stability
is the assumption of an imperfect column, i.e., & column with initial
imperfections and/or disturbances which would bernd simultaneously with
loading from zero load level, the investigation of buckling of a perfect
column -is conceptually useful for clarification of some significant
concepts of stability. It should be noted that classically, the perfect
inelastic column has, in the past, been devoted much time and space. Thus,
the study of the behaviour of perfeect inelastic cclumn herein has the
twofold cbj;ctive of serving as a pedagogical step towards understanding
the compliéated properties of an imperfect inelastic columni and clari-
fying the actual column behafiour as compared with the behaviour predicted

by the classical static theory.

57
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The numerical efaluation'of the characteristics of.the perfect
inelastic column is accomplished through the analyses of two models.
The analysis of Model 1 in Chepter 5 is devoted to the study of the
load deflection behaviour of the perfect inelastic column with a con-
stant tangent modulus gbove the tangent modulus load, subjected to the re-
striction that no strein reversal oceurs simultaneously with loading;
and that the load does hot e#ceed the reduced modulus load. The analysis
of Model 2 in Chapter 6 is devoted to the study of the complete buckling
behaviour of a perfect inelasﬁic column with bilinear stress strain
diagram between the tangent modulus and the reduced modulus load, taking
into account.the possibility of strain reversal simultaneous with loading.
In this latter model, the actual load deflection behaviour for various
loading rates 1is compared with the corresponding load defiection be-

haviour predicted by Shanley Theory.
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4, DISCUSSICN OF GENERAI CONCEPTS

4.1 Dynamic Eguivalence

A state of dynamic equivalence between elastic and inelasstic
columns can intuitively be asserted under the following twc assump-—
tions: 1) The tangent modulus in the inelastic range maintains a con—
stant value, Fig. 10{a); and 2) the tangent modulus governs the defor-
mation throughout the column. These twoe assumptions can be regsrded
as temporary restrictions and the cases when one or both of these

restrictions are removed will subsequently be studied in the following

discussion.

Evidently, if the above two conditions are satisfied, the dynamic
properties, i.e., the time-deflection behaviour of elastic and inelastic
columns with.identical bending rigidities will be precisely equivalent.
If the elastic and inelastic columns thus compared are assumed to have
precisely the same dimensions, then the equality of their bending ri-
gidities implies that the value of the tangent modulus, Et’ of the
inelastic column must be egqual with the modulus of elasticity, E, of
the elastic column. An immediste consequence of this dyrnamic equiva-—
lence is that the inelastic column tends to become dynamically unstable
at a certain critical leoad in the same way as the elastic column tends
to dynamic instability at the Fuler load. This critical load occurs
at the tangent modulus load which is obtained from the Huler lcad by

replacing the elastic modulus, E, with the tangent modulus, Et'

The validity of the dynamic principle established above depends
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entirely on the simultaneous validity of the two underlying assumptions.
Thus, to begin with, it is significant to find out under what conditions
those two assumptions are physically possible. The first assumption,
that the tangent modulus has a constant value, simply means that the
stress strain diagram of the column can be approximated by a bilinear
form as shown in Fig. 10(a). Therefore, the physical possibility of the
first assumption i1s a matter of material properties of the column. The
second assumption, that the tangent modulus applies to the whole column,
implies that deformation throughout the column takes place in the in-—

elastic range and that no strain reversal occurs in any part of the

column.
/
NARCTAN E ARCTAN E,,
/ /
ARCTAN E, ARCTAN E
ARCTAN E,
ARCTAN E, (a) (b)

STRAIN

FIG. 10.STRESS STRATN DIAGRAM, (a) BILINEAR CURVE; (b) ARBITRARY CURVE
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h.2 Strain Reversal Criterium

Wo unloading can take place, if the column remains straight
throughout loading, or, if the deformation rate due to the simulta-
neous increasge of axial load exceeds the deformation rate due to

bending within the whole column. This prineciple is illustrated

in Fig. li. A

e

(a) (b) (c)

FIG. 11. DEFORMATION RATE ON A CROSS SECTION OF THE COLUMN: (a) DUE
TC THRE INCREASING AXIAL LOAD; (b) DUE TO SIMULTANEOUS BENDING.

(¢} DUE TC THE COMBINED EFFECT OF INCREASING AXIAL LOAD AND BENDING.

Fig. 11(a) shows the axial deformation rate over every cross
section of the column due to the increase of axial load; Fig. 11(b)
shows the simultaneous bending deformation rate over the cross section
of maximum bending strain; and Fig. 11{c) depicts the resulting de-
formation rate. As long as the resulting strain rate does not reverse

direction, no strain reversal can taske place in the column.

Tf en initially straight column begins to bend simultaneously
with loading at any loading level, including the tangent modulus load,
then the strain rate caused due to lateral deflection may initially

be small in compariscn with the axial deformation rate, in which case
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an immediate strain reversal may not occur before velocity of iateral
motion becomes sufficiently large. This situaticn may naturally be
altered if the column is subjected to a sufficiently violent velo-
city disturbance. In the absence of that, no strain reversal takes
place immediately and the tangent modulus applies to tﬁe whole co-
lumn; then from the previous discussion of principle of dynamic
equivalence, it follows that the inelastic column becomes dynamically
unstable as the column load increases above the tangent modulus

load. Thus, the phencmenon of unstable bending and the principle

of no initial straln reversal simultaneous with loading are mutuslly

compatible and can occur simultaneously.
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L 3 Influence of Stress Strain Diagram

Relaxing the assumption of a constant tangent modulus and attri-
buting to the column an arbitrary stress strain diagram of the type
shown in Fig.10(b) cannot affect the unstable dynamic behaviour of
the inelastic column at the immediate neighbourhood of the tangent
modulus load. However, as the axial load comtinues to increase and
the increment of load abeve the tangent modulus level attains finite
values, the successive increments of lateral deflection develcp conti-
nuousliy decreasing increments of internsl moment due to the fact that
the value of the tangent moduius decreases continuocusly with increasing
deformation, see Fig.10{(b). This leads to the result that the unstable
lateral moticn of an inelastic column simultaneous with loading above
the ﬁangent modulus load would be more grestly accelerated if the stress
strain diagram has an arbitrary shape with continucusly decreasing tan-—

gent modulus as compared with the case of a bilinear stress strain dia-

gram. This concept will be more precisely clarified in Sec. T7.2.

Thus, the shape of the streszs strain diagram does not alter the
fundamental result inferred from the principle of dynamic equivalence,
that is to say, an inelastic column becomes dynamically unstable at
the tangent modulus load and that the unstable lateral motion of the
column continuzes with no strain reversal ag long as the defor-
mstion rate due to bending is less than the deformation rate
due to the increase of axial load. As shown in Fig.10(b), it is
assumed that the tangent modulus is continuously decreasing. In other
words, the rather unusual case when the tangent modulus increeses with
increasing deformation is excluded from the above discussion. Even

this latter unusual case msy be taken into account by observing that,



S

in an interval of increasing tangent modulus, the bending rigidity

increases and the unstable motion partially decelerates,.
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4. Influence of Strain Reversal

The results of the discussion so far indicate that the assumption
of no strain reversal simultaneous with the increase of axial load may
be valid abt least at the early stage of bending of an initially straight
inelastic colwnn loaded above the tangent modulus load. However, strain

reversal occurs in the following two situations:

1. As the axial load continues to increase above the tangent mo-
dulus load, the velocity of lateral motion of the unstable column
eventually becomes large enocugh to cause scme strain reversal 3o begin.

2. Regardless of bending deformation rate, if the axial load at
any level ceases to increase, the axial deformation rate in Fig. 11{a)
would tend to zerc and consequently the resulting bending deforma-
tion over all cross sections of the column due to the ensuing lateral
motion would be accompanied by meximum possible strain reversal through-
out the back side of the column , i1.e. the region of the column

which is currently undergoing decreasing bending strain.

The occurrence of strain reversal simultanecus with loading
may pertly give rise to a nonuniform distribution of axial stresses
with subsequent eccentric behaviour tc be explained in Sec. 7.3,
and partly develop a greater resistance to bending due to pure bending
effect. The occurrence of straln reversal under the influence of a
constant axial load implies no eccentric behavicur while the column
is developing its maximum bending rigidity. These ideas will be more
fully explored in Chepter 7. However, it may presently suffice with
the intuitive understanding that a greater bending rigidity during

phase 2 raises the load-bearing capacity of the column as compared
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with the tangent modulus theory. The logical implication of this
result is thsat the dynamic instability which is cbserved =t the
tangent modulus icad is a temporary phenomenon and that there

exists & maximum critical column load which definitely exceeds

the value of the tangent modulus load. It must be emphasized that
thie sgtatement is valid only for a perfect column which is assumed
to remain straight up to the tangent modulus load. For an actual
imperfect column - to be treated in the next chapter - although

the guestion of strain reversal plays a central role, the size

of the maximum load has no relationship to the tangent modulus

load and may fall below that level. It should be noted that the
existence of a maximum column load does not imply that this maxi-
mum load has a unique value. In faect, it will presently be shown and
1llustrated in subsequent chapters that, in general, dynamics of the
inelastic column affects the value of its maximum critical load.

The mere existence of & maximum column load signifies that for any
constant load below that level, the initially perfect inelastic co-
lumn is absclutely stable in the sense that positiocns of the column
during lateral motion would at gll times remain within finite bcunds.
The numerical evaluation of such lateral equilibrium configurations
for the initially perfect inelastic column, would be accomplished
herein in the course of develcopment of two column models which imme-—

diately follow 1in the next two chapters.
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5. AWALYSIS OF MODEL 1

Abstract

Model 1 snalyzes the partial load-deflectlon behaviour of a
perfect inelastic column (Column B introduced in Sec. 1.2) prior to
strain reversal during buckling Phase 1, 1.e.,the load deflection be-
havicur simultaneous with loading. The axial load begins ©o increase
al the tangent modulus lcad, while the column deforms in the inelastic
range with a constant tangent modulus. The analysis 1s carried out
both according to an exact mathemgtical method and according to the
multi-cycle computation techrnigue described in Appendix €. The latter
method is compared with the exact mathemstical approach by a study
of the corresponding results. Partial load-deflection curves are
traced for various parameter varlations. The behaviour of the column
during buckling Phase 2, i.e., under the influence of constant axial
load, is not treated herein dynamically, however, the first temporary
position of egualized external and internal moments 1s determined in
clesed form. Subseguently, a modified Shanley formuls is derived for
the equilibrium position of the column, taking into account a prede-
termined 1nitial deflection introduced at the tangent modulus load.
However, no numerical comparison with the classical theory is attempted
in this model. This task is left to Mcdel 2, where the complete buck-
ling behavicur of the pesrfect inelastic column with constant tangent

modulus 1s thoroughly determined.
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5.1 Introduction

For the convenience of reference, Column B introduced in Sec. 1.2
and shown in Appendix C is depicted again in Flg. 12. Since all subse-

guenced numerical illustrations herein are based on the buckling beha-

vicur of this simple column, Fig. 12 shall, hereafter, be referenced

from appropriate places in the following chapters. Model 1, which is

Aa ;
-—_.’I
/
/
{
7 5,
) Aa 6b
2d
|
7 7/////—_]
- T 2b
lement @
7 (b)
ZdJ

FIG. 12. THE SIMPLIFTED COLUMN: (a) THE DEFLECTED CONFIGURATION AT A
CERTAIN INSTANT OF TIME DURING LATERAL MOTION; (b) THE DEFORMATION OF

THE HINGE DUE TO AN INCREMENT OF LATERAL DEFLECTION



analyzed in this chapter, studies the load deflection behaviour of

the simple column in Fig. 12 simultaneous with the increase of axial
locad above the tangent modulus load. The following specific assumplions
are made:

1. Before the start of lcading, the column is initially in a state
of equilibrium at the tangent modulus load, and subseguent loading of
the column takes place entirely in the inelastic range;

2. The inelastic hinge congists of g material with a bilinear
stress strain diagram, see Fig. 10{a};

3. The column at the tangent modulus load is subjected to a
small disturbance which may comprise an initial vanishingly small la-
teral deflection at the initial load and a possible initial veloclty
disturbance;

4, There is no excentricity in the application of the axial load,
i.e., the column 1is centrally loaded;

5. The load deflection behaviour of the column simultaneous with
loading is sought in a loading range where no strain reversal takes
place in the column;

6. Since the gravitational Tforce does not affect the motion of
this perfect column above the tangent modulus load {see Appendix C,
Sec. 4}, the behaviour of the column would be the same as if the gra-
vitational acceleration, g, were equal Lo zero; thus, the own weight
of the column is disregarded by setting g equal to zerc in the appli-
cable formulasy and

7. The axial lcad remains conservative throughout the process of
loading, i.e., there is no deviation in the original direction of app-

lication of the external axial load.



5.2 (overning Fguaticns

Trom the assumptions in Sec. 5.1, Egs. (C 15), (C 55) and (C 57)

of Lppendix C reduce to the following forms:

AbEb
Cc = . {51
M; = CL 0 (L2)
Cc
and F.o=1 (L3)

the bending rigidity, A = the area of one hinge element;

[
—
Z
P
e
[N
[
s
@]
Il

= tangent modulus corresponding to element b of the hinge in Fig.

12(bj; % = d/b where 4,b = half the depth respective half the width of

the hinge in Fig. 12(a); Mi = the internal moment at the tangent modulus
lozd

c, a, = the bending rigldity respective deflection angle at the

tangent modulus load, PC = the tangent modulus load; and L = the length

Using the notation, P_ = P, C, = C_, and observing that C = C_,
t c i ¢ c

i.e., the bending rigidity is constant throughout the process of loading,

43} ecould be rewritten in the following forms:

——

then Fgs. (41) -

AbEt
Ct = T (4h)
AbEt
M, = —% - o (45)
AbE

and P =
“ t - L



in which Et = Ea = Eb where Et = the constant tangent modulus and &_
(=2

and,Eb correspond to the actual tangent modulil of hinge elements & and

b respectively.

Hoting that C = C, as described above and considering the fact
that the increase of axial load, AP, takes place above the tangent mo-
dulus load, Eg. (C 58) of Appendix C leads to the folilowing eguatlon
for the motion of the simple inelastic column above the tangent modu-

lus load:
o - - a=0 (L)

¥q. (47) is exactly identical to Eg. {12) which describes the motion
of the simple elastic column above the Euler load. This clearly veri-
fies the assertion that, in the absence of strain reversal and with

s constant tangent modulus in the inelastic range, an inelastlc column
1lcaded above the tangent modulus load behaves exactly the seme as a

corresponding elastic column loaded above the Euler load.

On the basis of the above observation, the analysis of the simple
elastic column according to the small displacement theory in Sec. 2.k,
corresponding to the increase of axial load above the Euler load is
exactly applicable to the analysis of the present model. Thus, The de-
flection angle, o, and the angular velocity, &, corresponding to the
solution of Eg. {47) is obtained from Egs. {21} and (22) respectively.
This solution is valid until strain reversal begins to occur in the

column simultaneously with loading. The criterium for the cccurrence

of stralin reversal is treated in Sec. 5.3.
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The approximate numerical solution of the eguations of motion of
the present model is carried out by means of the multi~cycle computa-—
ticn technique introduced in Appendix C. However, for the sake of com-

parison, an exact mathematical solution is presented in Sec. 5.4,
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5.3 Strain Reversal Criferium

The increase of axial load above the tangent modulus level causes
a state of instability in the column with & certain initial imperfec-
tion. This instability results in a simultanecusly increasing cdeflec-—
tion and angular velocity. Strain reversal occurs in the axial element,
a, of the column in Fig. 12(a) as soon as the rate of deformation due
to bending exceeds the rate of deformation due to the increase of

axial load.

The increment of axial load, AP, with a constant loading rate,

is obtained from the equation

where ¢ is the loading rate in Newtons per second; and t 1s the time,

starting at the tangent modulus load, in seconds.

From Eg. (48) and the definition of the axial strain increment,

€ . ., corresponding to AP it follows that
axial

ct -
= ——— L@R)
faxial 2AE ( 2)

For the accompanylng bending strain increment, ., corresponding

€bending

to AP, either of the two egquations (C 18) or (C 19) would reduce to the form

o
. = — 4o b
€bendlng 2X (49 ®)
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in which o specifically refers to the deflection angle increment corres-
ponding to AP (the symbol A in froni of Aa as well as in front of tha axial

and bending strain increments is dropped for the sake of convenience).

Differentiation of Egs. (49 b} and (L9 a) with respect to time results

. - - 13 . '
in the following eguations for the bending strain rate, ¢

bending’ and the
r
axial strain rate, & ., _:
axlial
\ 1
e o= 2 (50 )
bending 2h
t o (
. = 51)
“axial 2AEt

t . .
where o denotes the angular velccity of the column in radians per

second.

For the loading range in which the value of the strain rate ratio,
L] T

€ . /e . . is smaller than unity, a reversal of strain in the column
bending axial

is physically impossible.



5.4 FExact Mathematical Solution

The reader, who prefers to gquickly atiain guantitative results
by means of a simple physically comprehensible numerical procedure,
may escape the present section without missing any substantial point.
However, the reason for including this section, which is accompanied
by a mathematical appendix, is twofold: Firstly, we wish to accguire
an appreciation of the mathematical complexity of the problem if we
were to seek closed—form soluticons of the entire problem; secondly,
we desire to test the numerilcsl reliability of the approximate pro-
cedure - which 1s developed in Appendix € and utilized throughout
the rest of this work — by comparing the exact and the approximste

methods.

Using Fgs. {10) and (48),8g. (47} may be rewritten in the form
— ~ Sta =0 (52)
in which
3e
8 =5 {53)

!
The general solutions of o and its time derivaiive, u, arec relsted

to the sclutions of the Stokes eguation

in the complex plane, z, according to the relations (see Appendix B):
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o =0 R(H2) + V3 I(HQ)J - CQI(Hl) (55}
o = hclYR(f{z) = Cuy [I(f{l) + /?R(}!Il)] (56)

in which Cl, 02 = arbitrary real constants) vy = 81/3/2 ; Hi, ﬁi (i =
1,2) = the particular sclutions of the Stokes eguation and the corre-
sponding derivatives with respect to z on the ray arg z = w/3; and
R(Hi)}, I{Hi), R(ﬁi), I(éi) = the real and imeginary parts corresponding

t

to the functions Hi and Hi (see Appendix B).

The time elapsed after the start of lcadling at the tangent modulus
load, during Phase 1, is found from the following equation {(see Appen-

dix B):

T - (57)
1 53

in which v = the imaginary coordinate of the complex variable, z.

The numerical values of the functions which appear in FEgs. (55)
and (56) are given in Tables 1 and 2 for values of ¥ £ 5.0 and for

equal intervals Ay = 0.2.

Substituticon of the initial values of the functions in Tables 1
and 2 at zero time, corresponding to y = O, into Egs. {55) and (56)
and subsequent solution of the equations lead to the following rela-

tiong for C, and C. expressed in terms of the initial deflection angle,

1 2

!
o, and the initial angular velocity, o

t

) o +&O(Bg + V3 Bl)
1 T8y + V3 By) T Bg(TB + V3 By)

C
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TABLE 1.~-RESULTS OF COMPUTATION OF THE RFAL AND
IMAGINARY PARTS OF FUNCTION H1 aND THE CORRES=
#ONDING DERIVATIVES FOR Z ON THE RaY arg Z= /3

Y R(H1) I(H1) ROGL) 1(H1)

(13 (2} (3) (4) (5}

U, 00 0,00000000 ~-1,07437570 «67829873 « 39161595
« 20 . 00000000 -.89551680 + 65625295 » 37888781
48 =-.000030000 -, 72734087 «+ 60076906 0 34685417
s 60 ~.00000001 ~, 57679033 + 52624642 « 30382850
.80 .00000000 - 44732999 J4UL26112 . 25649428

1,00 .80000000 - .33975534 « 36325337 « 20972443

.20 00000000 ~-.25301230 28871655 « 16669058

Ny .00000000 -.184%92373 «22367346 212913793

1.60 .00000000 -.13277054 » 16926656 . 09772609

1,60 -. 00000060 =-,09371424 +12534103 . 07236568

2,00 ~.00000000 =, 06507340 « 09004933 « 05250962

2,20 =-.00000000 - 08L4T982 « 06474536 « 03738075

.40 .00000000 -,02994510 2 04526502 + 02613377

€.00 00000000 =.,01986598 +03110590 01795901

2,80 =.00000000 -.01299319 «02102723 .31214008

3.00 .00000000 -,00838157 « 01399183 . 00807819

3,20 .00000000 -, 00533466 «00917024 00529444

Syt =.0000000¢ -,00335131 e 00592290 « 00341959

360 .00000000 =,00207872 «00377181 « 00217765

3.80 »00000000 =,00127345 « 00236927 200136790

4,00 .00000000 -, 00077072 00146861 00084791

b.z0 =-.00000000 -, 00046095 «000898h4 .00051882

440 .00000000 -,00027251 + 00054301 00031350

4,50 . 00000000 ~-,00015928 s 00032411 «00018713

4,80 .00000000 -,00009207 «00019115 «00011036

2,00 =-.00000000 -,00005264 +00011143 00006433
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TABLE 2. -RESULTS OF COMPUTATION OF THE RFAL AND
iMAGINARY PARTS OF FUNCTION H2 aND THE CORRES=
#ONDING DERIVATIVES FOR Z ON THE RAY arg £=7/3

Y R(H2) 1(x2) R(H2) 1(H2)
(1) (2) (3) (u) (5}
Go00 0.00000000 1,07437570 67829873 -,39161595

020 . 15650720 1,16711480 270591701 -,37888782

40 .31587131 1.2744460C0 80056840 -4 34685417

o0 48336597 1.41348510 + 98282630 -.30382851

.80 .66852500 1,60524920 1.28064910 -, 25649429
1.60 .88746787 1,87689470 1.73531730 =, 20972443
1.20 1.16184760 2,26539140 2.41004210 -,16669057
1,40 1.52326540 2,82329680 3.40295680 =,1291379%4
1,60 2.0178315¢ 3,62775730 4.86736470 =0 09772607
1,350 2.71407060 4,79462260 7.04403990 =,07236562
2,00 3.71568040 6.50082060 1031360100 ~+05250965
2420 5.1821631¢ 9.02024940 i5.28250000 -.03738071
2.40 7.36240970 12.78201200 22.925625n0 ~, 02613391
2.g0 10.64984000 18.46592900 340.82513000 - 01795901
€80 15.67379500 27.16080400 53.574049n0 -s01213975
3,00 23.45247900 40,62926600 83.46461600 -,00807834
3,20 35,65137300 61,.75532500 131.67289000 = 00529397
ey 55.02408100 95.30785300 21031592000 =+ 00342143
Segl 86,17148400 149,255470C0 34005629000 =.00217783
d.80 136.86145000 237.05226000 55647505000 =.00136530
4,00 220.34440000 381 ,64846000 92143914000 ~.00085258
4,20 359.45378000 622.59268000 | 1543.558100n0 =.00051498
4,40 593,9343%000 | 1028.72460000 | 2615.32190000 =, 00027466
4,40 993.65814000 | 1721.0665000G0 | 4481.11030000 ~.00020599
b,80 | 1682.67440000 | 2914,47790000 | 7762.82190000 =-.00008392
5.00 2883.36740000 4994,13870000 | 13593.923700000 =.00019836




@

o]
0, = =

> " B, - cl/s

in which sl = 0.67829873; B, = 0.39161595 and 53 = 1.0T7k3758.

9
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5.5 HNumerical Results

The exact and approximate methods developed above are usged in
a computer program {see Program L, Appendix D) for determination of
column behaviour simultanecus with loading above the tangent modulus
load, prior to strain reversal. The results for two different data sets
are presented in Figs. 13 and 1L A (first data set), and Fig. 14 B

{second data set).

Fig. 13 shows a comparison of partial load-deflection pattern
according to exact and approximate methods for & column of the type

shown in Fig. 12 with the data appearing on the next page.

0.6

0.5 A
TX 0.4
o E
< Exact solution
oy
g
o 0.3 — e —— - Approximate solution
=
@
0
<I
S 0.2

0.1 4

0 T T T T T
0 0.02 0.04 0.06 0.08 0.10 .12

END DEFLECTION IN CENTIMETERS

FIG. 13. COMPARISON OF EXACT AND APPROXIMATE METHODS
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The reference column in the first data sel, corresponding to Figs.

13 and 14 A, has the following numerical data:

9

L=2.5my M= 100 kgy A =5 cm?; b=d=5 cm EO = 2 x 107 Hewtons/
m2; Et = lO9 Newtons/m?; UO = 0.001 cmy VO = 0 cm/secy and ¢ = 1000 New-
tons/sec.

Fig. 14 A shows the partlal load-deflection curve of tThe above
reference column as well as similar curves where one parameter of tThe
reference column is varied at a time. The upper bound of buckling
Phase 1 is confined in this model either to the double meoduius load
or & smaller load at which strain reversal begins toc cccur in the
column. The latter case is marked, where applicable in Fig. 14 A, by
s hesvy point at the end of the load-deflection curve. The maximum
load increment between the tangent medulus and reduced modulus loads,
AP , which is used as a possible upper bound for the load increment,
AP, above the tangent modulus load in the present calculations, is de-

termined by the equation,

in which Pt denotes the tangent modulus losd; and

E, _
K=— (61)
E

where EO is the initial =lastic modulus; and Et is the consiant tangent

modulus in the inelastic range. Eg. {60) will be derived herein in the

Section 5.6.
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\—Et=1.5 %1 Og Newtons/m2

///4
Reference Column —
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/
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UO.': 0.0l cm
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‘ , M=10 kg \E0=1010Newton5/m2

xc: 200 Newtons/sec
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END DEFLECTION IN CENTIMETERS

PIG. 14 A. PARTIAL LOAD-DEFLECTICN CURVES FOR VARIOUS PARAMETER

VARIATICNS CORRESPONDING TOC THE FIRST DATA SET

0.14



Fig. 14 B shows an illustration similar to Fig. 14 A with a

reference column vhose data appears on the next page.
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1.0
\c =5000 Newtons/sec
0.8 4
g
o 0.64
<
a Et=1.5x1010 Newtons / m2
<
'®)
—
é Reference Column
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S %
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\—U0= 0.02cm
\E,=10"" Newtons/m2
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0 002 004 006 008 010 012
END DEFLECTION [N CENTIMETERS

FIG. 14 B. PARTIAL LOAD DEFLECTICON CURVES FCR VARIOUS PARAMRTER

VARIATICONS CORRESPONDING TO THE SECOND DATA SET

0.14
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The reference column in the seccnd data set, corresponding to

Fig, 1k B, has the following numerical data:

L=5m; M= 500 kgy A=235 cm2; b=5¢cm, &= 310 cm; Eo = 2 x lOlO

Newtons/mg; UO = 0.001 cm; V_ = 0 cm/secy and ¢ = 1000 Newtons/sec.

Tt should be noted that the illustrations shown in Figs. 1k 4 and
14 B are drawn on the basis of the computations performed according o
the exact method. Furthermore, for the comparison of the exact and approxi-
mate methods in Fig. 13, the length of the time step, At, corresponding
tc one computation cycle according to the approximate methed, is chosen

equal to 0.01 seccnds.

The loading range studied in Pigs. 14 A and 14 B is given in the
ratio form, ﬂP/APmaX. However, the values of the tangent modulus, Pt’
and the maximum load increment, APmax’ corresponding to the reference
column in each of the two data sets are as follows: For the first refe-
rence column in Fig, 14 A, P, = 10000 Newtons and AP = 3333 Newtons;

and for the second reference column in Fig. 14 B, P, = 25000 Newtons

and AP = 8333 Newtons.
max

The present partial results show that there ig good agreement
between the exact mathematical method and the proposed approximate
procedure; furthermore, parameter variations have considerable effect

on the range of complete instability simultaneocus with loading above

the tangent modulus load.
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5.6 The First Position of Mcoment Equalization

From the analysis so far, 1t has been observed that the behaviour
of Model 1 is characterized by complete lateral instability during
buckling Phase 1. However, during buckling Phase 2, the transverse
motion of the column occurs under the influence of a constant axial
load whereby the maximum bending rigidity of the column will be utilized.
If the axial lcad is below 1ts maximum level, the surplus moment incre—
ment would be positive during all deflection iﬁtervals in Phase 2,

whereby the column would finally attain a state of stable oscillatory

motion.

The computations so far performed con Model 1 take inte account
the reduced medulus load as a possible upper 1limit. According to the
analysis of Part I, the reduced modulus load is indeed the maximum
column load for this model. This assertion is however mathematically
proved in this section by the following technique: A closed-form
solution feor the position of the column is found, where the intermal
and external moments equalize for the first time. Subsequently, it is
proved that this position remains finite as long as the axial load
lies below the reduced modulus lcad. This is sufficient to assure
the existence of stable configurations in the lcading range below the

reduced modulus load. This guestion would be further explained at the

end of this section.

During Phase 1, E, = E = E, and the column develops its minimum
bending rigidity, C . , whereupen, Eq. (U4 ) may be rewritten in the
form

¢ S 1 (62)

1, These concepts which were heuristiceglly discussed in previous

sections will be more fully developed in subsequent chapters herein.
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During Phase 2, on the other hand, Eb = Et and Ea = E, see Fig.

10{a), whereby the column develops its maximum bending rigidivy, Cmax'

. Thus Eq. (C 15) of Appendix C results in the following eguation:

EAbKEt

Cpex = ME + 1) (63)

Equating the external moment, Me = P-L'a, with the internal moment

'Mi =C. . "¢ and substituting Egq. (63) in the resulting equation

leads to the following eguation for the reduced meodulus load, Pr:

C ZADKR
max +

r - T TR+ 1L (6h)

Considering Eg. (C 16) of Appendix C and noting that the axially
induced internal moment increment, AMia, is egqual to zerc for the pre-
sent model during all loading intervals leads to the following equa~

Ition for the total internal moment developed at the end of Phase 2:

.= + C . bo., +
Ml MO lenaal CmaxAGQ (65)
in'which Aul, Aa2 = the increments of deflection angle corresponding
to Phases 1 and 2 respectively as shown in Fig. 15{(a); and

M, = Pba (66}

denotes the initial moment in equilibrium with the external moment at

the tangent wmodulus load.

From Fig. 15(a), the external moment, M_, corresponding to the

column load, Pt + AP, can be written as



a1

UG IAU] AUZ

FIG. 15. VARIOUS POSITIONS OF THE LONGITUDINAL AXIS OF THE CCLUMN:
(a) ACCORDING TC THE PRESENT TWO-PHASE BUCKLING CONCEPT; (b) ACCORDING
TO THE STATIC THEORY.
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+ 8P) oy + day )L (67)

in which

Q
I

o+ Ao (68)

The increment of load, AP, can be expressed as a fraction, f, of

_the tangent modulus load. Thus,

(70)

Equating the internal and the external moments from Eqs. (65) and
(67) and subseguent substitutions of AP from Eq. (69), P_ from Bg. (L6,

C iy from Eg. (62}, Coinye TrOm Eg. (63) and rearranging terms leads to

ful
S . v
K+1
Noting that
= g 2
@, = 0y +ohay, (72)

Substitution of Eq. (71) into Eq. (72) results in

(K - 1)a

1
% T X1 - F(K + 1) (13)
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For the critical value of f defined by the equaticn

] (k)

the value of o. in Eg. (73] becomes infinitely large. It follows from

2
Eqs. (46} and {6k4) that

s =P -Pp =p £ 2 (75)

in which APmax = AP at the reduced modulus load.
A comparison of Egs. (69) and (75) leads to the conclusion that

the value of f corresponding to the reduced modulus load coincides with

the critical value, . in Eq. (Th).

On the other hand for loads below the reduced modulus level, i.e.,
for f values smaller than fC, the value of Gy in BEq. {73) would remain
finite. This is a significant conclusicn, since if the unstable column,
at the end of buckling Phase 1, is capable of attaining a position of
moment egualization during a finlte deflection interval, the column would
likewise be able to reach a position of motion reversal during an addi-
tional finite deflection interval. This follows from the fact that the
bending rigidity of the column remains at the same constant value in

moving from the position of moment equalization to the position of mo-

tion reversal.

Thus, the reduced modulus load coincides with the maximum load
from Model 1; hence, for all loads below this maximum level, the lateral
deflection remains finitely bounded, regardless of the size of the ini-

tial disturbances.
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5.7 Derivation of Medified Shanley Formulas

The analysis of Model 1 herein has given rise to some fundamental
equations describing the partial behaviour of the column during two
distinet buckling phases. The development of the model may have raised
the guestion how the present appreoach could be compared with the prin-
ciples envisaged by Shanley in Refs. 5 and 6. The purpose of this sec-—
tion is to present some modified Shanley fermulas for the numerical

comparisons cf the next chapter. For a discussion of Shanley Theory,

see Appendix A.

In order to make numerical comparisons, Shanley formulss have
tc be derived for our column model in Fig. 12. However, in order to
maintain a consistent model, & slight medification 1s made herein in
Shanleyrs procedure by introducing a certaln initial imperfection re-
presented by the deflection angle, o at the tangent modulus load.
The original Shanley procedure cculd then be obtained by setting ¢

egual to zero.
Analogous to Fg. (C 9) of Appendix C, the equation
(76}

expresses the relation between the total increment of the deflection
angle, AaB, shown in Fig. 15(b) and the corresponding total strain in-

crements £, and £y corresponding to the elements a and b of the column

in Fig. 12 respectively. For the sake of convenience, the symbol 4 in

front of the total strain increments, Asa and Aeb, is omitted. The total

increment here signifies the total value of the varisble under conside-
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ration minus its initial value.

Analcgous to Eq. (C 10) of Appendix C, the total internal bending
moment increment, AMi, developed due to £, and €y is found from the

eguation

MM, = Ab(E ve_ + Eb-eb) (77)

Eq. (77) is obtained by omitting the index b and substituting £

and £ in place of Ae respective Ac in Eq. (C 10) of Appendix C.

b ba

Since there is no division of the internal moment into axially induced

bb

and laterally induced increments in the present case, the cmission of

the index b does not cause any ambiguity.

The internal moment, Mi’ can be obtained by summaticn of the con-—
tributions of the initial internal moment, M., in Eq. (66) and the
internal moment developed due to the total strain increments £, and
given by Egq. {77). Thus, it follows that

£y

M, = P Lo + Ab(Ea-e:a + Eb-&:b) (78)

Taking moment of the axial load, P, about the center of the hinge
in Fig. 15{b) and substitution of Eq. (76) into the resulting moment

equation gives the following relation for the external moment, Me:

M, = P[Lono + AL{e_ + eb)} {19)

The equality of the internal and external moments from Egs. (78)

and {79), proper use of Eg. (46) and the fact that E =E and Ea =
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K + B leads to the followling expression for the axiasl locad, P:
+ +
Pt(eb Ke EO) _
P = (80)
e + e+ &
a b o
in which
o
e =2
O A

From Eg. {(76) it follcows that

4

2

Ao,
€. = —Ei -
b A

(82)

Substitution of Egs. (82) and (81) into Eg. (80) and subsequent
rearrangement leads to

-

A
P = Pt[} f T e (K - l)sa] (83}
3 o}

Since straln reversal lg assumed to occur right from the start of

bending, the increment of load, AP, above the tangent modulus load can

be expressed by the following formula:

AP = AE e - AEtKga (8h)

The axial lcad, P can be written in the form

P o= Pt + AP
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Substitution of Eg. (82) into Bg. (84), subseguent substitution

of the resulting equation into Eg. (85) and rearrangement by the proper

use of Eq. {(46) leads to

P = Pt[§ S gﬁ(l + K)e%} (86)

4L compariscon of Egs. (83) and {86) resuits in the following ex-

pressicn for £’

Ao Liho. + o )
e = 3 o (87)
a  Ap(K - 1) + AL(Aa3 + ao)(l + K)

Substitution of Eg. (87) into Eg. (83) leads to

(88)

Laa_ {K - 1) }

. 3
b= Pt[i TR - 1) + L{bo, + 0 )(1 + K)

3

Substitution of Eg. (69} into Eg. {85) and subseguent comparison

with Eq. (88) leads to

Lao_ (K - 1)

- 3
Pes-1+ L(Au3 +o )1+ K) (89)

A solution of Eg. (89) for Aas gives:

fLe (1 + K) + (K - 1)
O
Ao, =

3 LK -1 - £(1 + K] (90)

The total deflection angle, g in Fig. 15(b) can be expressed as

g, = o + Ay (91)

Substitution of Eg. (90) into Eg. (91} results in the following
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equation for g

(K - 1) + LaO(K - 1)

%37 T - 1 - £(L * X)) (92}

A comparison of Bg. (92) with Eq. (73) shows that the equilibrium
positions according to the twe different equations become infinitely
large for the same critical value of f expressed by Eg. (T4). Thus,
the equilibrium positicons according to both theories asymptotically

approach the reduced modulus level as upper bound.

It sheoculd be observed that the first position of moment equali-
zation expressed by Eq. (73) has been obtained on an entirely diffe-—
~ rent basis than the method of finding Shanley-type egquilibrium posi-
tion given by Kg. {92). Thus, althcough the two methods converge to
the same upper bound due Lo the bilinear shape of the stress strain
diagram, they may yield different equilibrium configurations for all the
axial loads below the reduced modulus level. A numerical comparison would

ve attempted herein in the analysis of Model 2, in the next chapter.
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€. AWALYSIS OF MOLEL 2

Abstract

This model studies the complete buckling behavicur of the cen-
tralily loaded and initislly straight simplified inelastic column with
bilinear stress strain relationship. The column is assumed to remain
perfect up to the tangent modulus lcad, whereafter it is subjected
to disturbances simultaneous with loading in the form of initial de-
flection and/cr initial velocity introduced at the tangent modulus
lcad, and a possible velocity disturbance applied at any arbitrary
loading level below the reduced modulus load. The possibility of
strain reversal simultaneous with loading during buckling Phase 1
is taken into account. The only bound to axial loading is considered
to be the maximum column load which in this model coincides with the
reduced modulus load. During buckling Phase 2, the complete motion of
the column is described and the properties of the resulting simple
harmonic motion are determined. Flow dlagrams for the entire solution

of the problem are presented and numerical calculations are performed

by a computer progranm.
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6.1 Deseription of the Model and Tdentification of its State Variables

The simple inelastic column shown in Fig. 12 with a bilinear stress
strain diagram governing the deformaticn of the two hinge elements, see
Fig. 10(a), is chesen as the basic model. All the specific assumptions
of Model 1 described in Sec. 5.1 herein are also applicable to Model 2
with the following three exceptions:

1. This model can take inteo congideration the pessible occurrence
of strain reversal simultaneous with loading;

2. the dynamic behdvibur of the column during buckling Phase 2 is
completely analyzed; and

3. In addition to the initial disturbances described for Model 1,
an additional velccity disturbance simultansous with loading may be

applied at any loading level above the tangent modulus locad.

It should be noted that although Model 1 did not treat the beha-
viour of the column during buckling Phase 2 dynamically, it was asserted
that a first position of moment egqualization would lead to infinitely
large lateral deflection at the reduced medulus load. The fact that
this is equally true for Model 2 shall be precisely explained herein
in Sec. 7.4. However, for the purpose of the present analysis we may

slmply assume the reduced modulus load as the upper bound.

IT we analyze the present model by the multi-cycle computation
technigue explained in Appendix C, then the state of the column con-
gsists of the set of all the variables whose initial values at the be-
ginning of a time interval uniquely determine the current dynsmic siate
without a knowledge of the past loading history of the given column. At

the start of the current computation cycile, the set of variables con-



o7

sisting of the axial load, P, the defiection angle, o, the angular

velocity, &, and the stresses, o and oy, with respective deformation moduliT,
E  and Eb’ where the indices a and b refer to column elements a and b
respectively, describes a group consisting of seven variables which

are necessary for the determinaticn of subseguent motion. However,

the insufficiency of this group of variables may be visualized by

a study of Fig. 16.

c o]
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FIG. 16. TWO POSSIBLE STRESS STRAIN STATES CORRESPONDING TO THE TWO

HINGE ELEMENTS OF THE SIMPLE INELASTIC COLUMN

In Fig. 16, the current position of the twe column elements a and
b on the bilinear stress strain diagram is marked by points A and B
respectively. Point § in Fig. 16 marks the positicn at which straln

reversal last occurred in element a at some instant of time in the

1. The word deformation modulus is used herein interchangeably with the

modulus of elasticity or the tangent modulus as the case may be.
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past. Fig. 16(a} shows that element a is currently deforming on an
unloading line with a deformation medulus equal te the initial modulus
of elasticity, EO. However, upcon further increase of axial load, the
strain in element a may increase again to the extent that at some fu-
ture instant of time, point A would move up to the position marked by
point 8 on the original stress strain diagram. Any additional increase
of strain above point S must be accompsnied by a deformation modulus

equal to the tangent modulus, Et'

From the above discussion it follows that, if a column element,
j. (J stands for either a or b) is currently deforming on an unicading
line, the pair of values, OjS and Ejs’ representing the stress respec—
tive deformation modulus at the latest position of strain reversal on
the stress stralin diagram must be known. This is a crucial information
since as soon as the stress, Uj, in element j, begins to exceed the
stress level, Ujs’ the current deformation modulus, Ej’ corresponding
to element ] must be replaced by the value, Ejs' Thus, the two palrs
of values, (Gas, Eas) and (obs, Ebs),representing element a respective
element brs stress and corresponding tangent modulus at the latest po-

sition of strain reversal on the stress strain diagram, must generally ap~

pear in the set of state variables. | However, from the four variables, Teo

1. The state variables may alsc be referred to as the state space va-
riables in accordance with the terminclogy of the modern contrel theory.
In this sense, the column may be viewed as a controlled dynamic system
with a set of contrcl variables including loading rate, disturbances,
stress strain diagram, etc.; a set of state variables as discussed above;

and finally, a set of output variables comprising the maximum column lcad

and the laterally stable deflected configurations. For column Model 2, the

control variables do not affect the maximum load.
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E
as® “bs

the other pair, S and Opg provided that the stress strain diagranm

, and Ebs’ the pair, Eas and B may uniquely be found from

is of the usual type, i.e., each stress level correspending to cnly one
strain. Nevertheless, both pairs are included in the set of state space

variables for the sake of convenience and generality.

If a column element, j, is currently deforming on the original
stress strain diagram, see point B in Fig. 16, then no information about
Ujs and E.S is necessary, in which case the wvalues st and Ejs may arbi-
trarily be assigned zero values. Thus, the state space variables, Ojs
and B. have positive values, when Element j is currently deforming on
an unloading line, and they are arbitrarily assigned zero values when
the element is deforming on the original stress strain diagram. Now,
it may be shown thai once Ujs and Gj are specified, the deformation mo-—
dulus, E., corresponding to element } is uniquely determined from a
knowledge of the usual type ¢ — £ curve. This 1s due to the fact that
if 6. = 0, then the element is deforming on the original stress strain
disgram, in which case, the deformation modulus, Ej’ can be determined
from the stress strain diagram at the specified level, Gj; however, if
st has a nonzero positive value, then the element is deforming on an
unloading line, in which case, the deformation medulus, Ej’ is-equal

to the initial medulus of elasticity, Eo

When & column element begins to move on an unloading line with
a continuously decreasing strain, a btime may arrive at which the stress
in the element may change from compression to tensicn. If this state
of affairs continues, the stress may attain the new yield-point stress

level, o in tension, see Fig. 16(b). Thus, the element which was

yt?

previously deformed in compression with a yield-point stress, cyc, has
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now reached the yield-point stress, Gyt’ in tension. Now, the fellowing

two cases may arise:

1. The tensile stress may begin to decrease with the possibility
that the stress in the element may shift from tension to compression,
in which case, the element may continue to move upwards on the unloading
line towards the original position on the stress strain diagram; and

2. The tensile stress in the element continues to increase beyond
the yield-point stress, Oyt’ in which case, we assume that nc further

strain reversal occurs in the column element under consideration.

t should be pointed out thet Case 1 discussed above is an un-
likely possibility, however, 1t 1s taken into account here due to the
fact that the multi-cycle computation technique described in Appendix C
and employed in the numerical analysis of this model, sutomatically
takes care of this case if it cccurs. It should be noted that neither
of the above two cases warrant the inclusion of new variables as neces-

sary information in the set of state space variables.

At the beginning of a computation cycle, the internal moment, Mi’
of the column may be obtained from a knowledge of the corresponding
stresses 9, and Oy representing the stresses in the elements, a and

b respectively. However, it is computationally convenient to include

the internal moment, Mi,'in the set of state space variables.

1. For actusl materisls, the value of Gyt is smaller than Uyc {Bau-
schinger effect), i.e., the new yield-peint stress is lowered if a
material specimer is unloaded from the inelastic range and subsequently

loaded in the opposite direction up to the new yield-point stress.
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Thus, from the above dlscussion we arrive at the following vector,
SV, referred Lo herein as the System Vector contsining the following
12 state space variables:

M. ) {(93)

[ o= VB LE
St (P’&’&’Ga’cb’oas’GbS’Ea’Eb’ as’ bsT 1

in which the first seven variables are independent and are indispensablie
for a unique determination of the dynamic state of the column, whereas

1 .
the last five wvariables are dependent and are included merely for the

sake of computational convenience.

The above state variables will now be more closely studied in

the followling sections.

1. This again assumes & usual-type stress strain disgram, i.e.,

each stress level corresponding to only one strain.
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£.2 Determination of the State of the Column

The total magnitudes of the internal moment, Mi’ and the stresses

o, and oy, correspeonding to element a respective element b at an instant

of time during the current computation cycle, are found from the follow-

ing equations, see Egs. (C 21) - (C 23) of Appendix C:
M. o= Moo+ M (9k)
o = 0., T bo T boy, (95)
Op = Opo t B0gp T Aoy (96)

the initial values of the variables at the

i

in which M. , o , @
20

a0 bo

beginning of the current computation cycle corresponding to the internal
moment, stress in element a and stress in element b respectively, AMi =
the internal moment increment; AGaa’ Acab = gyial stress increments, 1.e.,
the stress increments caused due to the increase of axial load in ele-
ments a and b respectively; and Aoba, Agbb = the bending stress incre-

ments, i.e., the stress increments caused solely due tc bending of the

column in elements a and b correspondingly.

The incremental magnitudes just described are obtalned from the
following equations, see Egs. {C 17), {C 6a), (C 6b}, and (C 20} of

Appendix C:

MM, =C o - K+ 1) (97,
Ag = _K - AP (98)

az  A(K + 1)
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AP
80b T A(K + 1) (99)

. E -
and fi¥e} = Ag = M (lOO)

ba bb ME + 1)
in which C = the bending rigidity of the column; Ao = deflection angle
increment; AP = the axial load increment added to the existing axial
lozd at the beginning of the current computation cyclei A = d/b where
d,b = half the depth respective half the width of the hinge in Fig. 12(b);
K = Ea/Eb, where Ea’ Eb = the current deformation moduli corresponding
to elements & and b regpectively; and A = area of one hinge element.

The bending rigidity, C, is defined by the following equation, see Eg.
(C 15) of Appendix C:
2A * bt K * Ey

¢ = MWE + 1) (101)

Disregarding the gravitational forece, and considering the fact
that for the present model both the excentricity, XO, and the de-
viation, 8, of the axial load from its original direction, are equal
to zero, Eq. (C 27) of Appendix C leads to the following differential

equation describing the motion of the column Model 2:

1t _ . . - t o
¢C-P - L) io ia o (102)

the second derivative of the deflection angle with respect

in which o

the current axial load; L = length of the celumn, o =

L}

to timey P
current deflection angle; I = mass moment of inertia of the column

defined for a slender column by Eg. (10); o = the initial deflection

angle at the beginning of the current interval; and AMia = the axially

induced internal moment increment, due to the increase of axial load
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at the beginning of the current computation cycle, cbtained from the

following eguation, see Bg. (C T) of Appendix C:

Mg, = (Acab - Acaa) + A'h (103)

in which Agab and Ao__ are defined by Egs. (99) and (98) respectively.

Using the notations

LM =C-P - L {10L4)
Ho= oM. - A+ Ca (105)
H
o= i (106)
and w = Y{AM| /T (107)

in which |AM jrepresents the absclute value of AM, Eg. (102) leads to

the following alternatives for the solution of the deflection angle,

t
o, and the angular velocity, o

1. if AM < O then the solutions are

o= Cl sinh wi + C2 cosh wt + F (108)

C,w cosh wt + Cow sinh wt (109)

3
]

and

2, if AM > 0 then the solution of Eg. (102) leads to
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1 +
Cl gin wt + 02 cos wt F

1
Clw cos wt — ng sin wt

and
in the above equations are found Trom the

The constants, Cl and Cg,
at time, t = 0, at the beginning of the computation

initial condition

cycle:
&o
= — ]
Cl " (112)
and C2 = - F (113)

The calculations for deflection angle, angular velocity and
stresses corresponding to Model 2 are seguentially shown in Fig. 17.

In this flow diagram an entry point A and an exit point B are marked
desired calculation pattern is shown. The final

in between which the

. 1
values of o and o &% the end of the time interval, At, are found by
At, in the applicable equations of motion.

setting, t =

During a computation cyecle, the axial and bending strain incre-
161’:

ments are obtained by the following equations, see Egs. (C 5), (C
and (C 19) of Appendix C:
AP \
= = 1
Asaa LI AEb(K + 1) (234
_ Ag
heyo =TT + 7] (115)

Il

beyy T3TK + 1)
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Cea - M, oH
o) 10

Mio—c-At-b(K-l)/(K+l)+Mio

; I\ v g1 ° + ° .
Ea/Eb + K c, sinh{w-At) <, cosh{weAt)+F + o
| Y
2-b-A-K=Eb/A/(K+l)+C Cl-w-cosh(w-At)+02-w°sinh(m°At)+&
1
C ~ P+I1»AM

C.esinf{w-At)+C, scos{w-At)+F + a

1

2

L

C.swecos{weAt)-C

1

- - 1
2-m-51n(m-At) + a

¥

o+ Aa

j

c o At/(A o

(1 + K)) » Ao

¥

K+ E ° pa/A/(K+1) + bo, .+ Ao,

+ +
Ub Acab

Ao + Qg

g + K + Ag

8 ab ba a

M. +C + Az -+ M
10 io

FIG., 17. CALCULATION OF DEFLECTION ANGLE, ANGULAR VELOCITY,

STRESSES, AND MCMENT STATE OF MODEL =2
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in which Aeaa’ Aeab = the axial straln increments, i.e., the strain
increments due to the axial deformation in elements a respective b

simultaneocus with loading at the beginning of the computation cycle;
and Aaba, Aebb = the bending strain increment, i.e., the strain in-

crements in elements a respective b sclely due to subsequent bending

of the column. Since, e, = Ae_,, We may rewrite Eq. (114) in the
following form by using a single notation, Agaxial for the axial

strain increment:

_ AP
AE xial = sE (K + 1) (L127)

It should be noted that in the scolution of Eg. (102) in this

sectlon the case AM = 0 was not taken into account. This is due to

the fact for a cclumn with bilinear stress strain diagram, and for

the loading range above the tangent modulus load and below the reduced
modulus load, the column studled is either dynamiczlly unstable if the
tangent modulus applies to the deformatiocn of both hinge elements, or
the column is dynamically stable 1f the unloading modulus applies to
at least one hinge element. The general argument that for a column
with bilinear stress strain disgram, the maximum column load would

coincide with the reduced modulus load, is treated in Sec. T.8.
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£.3 Strain Reversal Criteris in Forward and Backward Directicons

When the rate of bending strain in forward or backward direction,
due to the lateral moticn of the column, exceeds the rate of axial
strain due to the simultaneous increase of axial lcad, then strain
reversal begins to occur in element a or b respectively. Since the
current value of a column parameter during a given time interval is
considered as the sum of a constant initial value at the beginning
of the interval plus an increment which changes with time during
that interval, then the rate of change of that column parasmeter is
eguivalent to the rate of change of the corresponding increment with
respect to time. Making use of this concept and teking the derivatives
of the strain increments in Bgs. (117), (115) and {(116) with respect
to time leads to the following eguations for the axial strain rate,

! ! T
€. and the bending strain rates, Eha and € in elements a and b

respectively:
; = s
Coxial AEb(K + 1) (118)
! &
“ba T 2K + 1) (119)
K_‘
! - b
and E.b.b = )\(K " l) (120)

in which ¢ = the loading rate considered as constant at least during
each computaticn cycle; and & = the angular veloclity corresponding to

the end of the current interval.

We now define two variables, saf (strain reversal identifier in

element a during forward motion), and sbb {strain reversal identifier
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in element b during backward metion), by the following equations:

éba aAEb
saf = T = 5 {121
axial €
! K AF,
_E _ (x
and sbb = bb = b (122)
£ . Ac
axial

During ferward or backward motion, strain reversal begins to occur in
element a or b as scon as the value of saf in Eq. {121} or the value
of sbh in Fg. (122) exceeds unity. A minus sign eppears on the right
side of Bg. (122) because the value of the angular velocity, &, during

backward motion 1s negatilve.

In order to generate informaticn about the instant of time at
which strain reverssl begins or ends at an element of the column, we
also determine the values of saf and sbb at the beginning of each

interval and denote them by safo and sbbo as Tollows:

t

a AE

_ _o b
saf | = —7 (123)
L
—K&OAEb
and sbb = ————— {12h)
o Ac

1
in which a, = the angular velocity at the beginning of the time interval.

Now, suppose that at the end of a computation cycle during forward
moticn, the value of saf is greater than or equal to unity while the
value of safo ig less than 1. This indicates that strain reversal in
element & has Just started. If, on the other hand, safo is greater than
unity but saf is less than or equal to 1, then this shows that strain

reversal in element a has ended during the current time interval, The
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same argument applies to strain reversal in element b. Fig. 18 shows
the flow diagram depicting the generation of the entire information

regerding the possible occurrence of strain reversal in forward and

backward directious. °

Qs 14{safand 1 >s@ yes

no
/

Gs saf{l and saf > 1 ?) yes

no

Y
Cs 14{sbb and 1>sb@ yes

no

7 {
no (is sbb{1and sbb,>1?)
\_ o

yes

Print «5train reversal forwards beguns |«

|

A

Print «Strain reversal forwards endedy (=

|

A

Print «Strain reversal backwards begun» |=

]

Print «5Strain reversal backwards endeds

A

A

[

Print load deflection and the time
at which this event has occured

¥
®

FIG. 18. PROCESS OF GENFERATING INFORMATION ON THE OCCURRENCE OF STRATN
REVERSAL IN FORWARD AND BACKWARD DIRECTIONS.



6.4 Determination of State Variables Corresponding to Strain Reversal

When strain reversal occurs in an element of the column, the cor-
responding stress level and tangent modulus, would be preserved so that
it can be possible to recover those values as soon as the element

returns to the previcus position on the stress strain diagram.

There are two situations when a column element may deform on an
unloading line: 1) when strain reversal occcurs during buckling Phase 1;
and 2) when the loading rate becomes zero during buckling Phase 2, where-
by maximum strain reversal occurs in the column while moving in & cer-
tain direction. Thus, for the simplified column, it would be possible
for both elements, & and b to deform along an unloading line either
during buckling Phase 1 or during buckling Phase 2. The state space
variables, T ? Eas corresponding wo element a and S EbS corre-—
sponding to element b, would be stored as long as the unloading

modulus governs the deformation of the corresponding element, see

Sec. 6.1.

The whole process of storing and restoring state space variables
corresponding to strain reversal during both buckling phases is shown
in Fig. 19. All the variables used in this flow dlagram have already
been defined. A study of this fiow diagram shows.that as SOoo0Hn as
element a or b reaches the original stress strain diagram, from a
position on an unioading line, the previcusly stored variable, To
or O attains zero value. This state of affairs is thereafter main;

bs

tained until a new straln reversal begins to occur.
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®

] ' [} yes
Ga o <0 or 0(0>0and oc.-.@——
no

Y

yes !
s ¢ =

o)

no

{

réx‘A'Eb!?\/cm-—saf

1

)
is 1> saf? yf.‘—.—
N )
i
yes
— is Uy > Ga ?
no i
USSR
Oa Uas
i R
- Ea ’ Eas
Eo Ba |

yes

isc =07

no
i

yes

—K-&-A-Eb/A/c-sbb

is G

sbb?
i

yes - ]
<—‘Cs Oa5= Oor Gas > 033

]

no

i

6&)0 or 6r0<0 and c'ngL

s

FIG. 19. TEST FOR STRAIN REVERSAL AND ASSIGNMENT AND TEMPORARY

STORAGE OF PROPER DEFORMATION MODULTI AND STRESS LEVELS.
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6.5 Determination of Motion During Buckling Phase 2

Buckling Phase 2 starts as soon as the axial locad ceases to in-
crease. At this instant of time, the column may either be moving in
forward or backward direction. In either case, the strain would in-
crease on the front side of the column1 possibly along the original
stress strain diagram, while strain reversal occurs on the back side
of the columnl {front- and back sides are ldentified relative to the
direction of motion). If the axial load lies below the maximum level,
the cclumn would reach a Tirst position of motion reversal and begin
to move in the cpposite direction. A second position of motlon rever-

sal would soon be attained while the column begins to move towards a

third end position, etc.

For the present simplified model, at least one element would be
deforming along an unlcading line hefore the first moticn reversal,
whereafter both column elements would initially deform along two
different unloading lines. However, before the second motion reversal,
the strain at the element on the front side of the column may increase
up to the previocus level on the original stress strain diagram, where-
after the tangent modulus would govern the deformation of that element
unt:l & second pesition of motion reversal is attained. While the column
ig meving towards a third positicn of motlon reversal, both elements

would be deforming along two different unloading lines throughout the

1. The front side in the cace of this simple column refers to the column
element at which the compressive stress due to bending is increasing at

a certaln instant of time; the back side refers to the other column ele-

ment
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motion. This is due to the fact that the maximum possible bending

rigidity of the column is now developed and a third position of motion
reversal is attained with a lateral deflection which would never exceed
the range between the first two moticn reversal positions, Thus, after
the third motion reversal, the motion of the column is already a simple

harmonic one.

An outline of the procedure for finding equilibrium configurations
for Model 2 is depicted in Fig. 20 where the motion of the column is
analyzed in a sequential flow diagram up to third position of motion
reversal.The four variables ST tmax’ S tmin appearing in Fig.

20 indicate the deflection angles and related times corresponding o
positions of motion reversal. The indices max and min indicate two
successive maximum and minimum positions of motion reversal. The va-

riables Nl and N, are two integer variables. Nl is used to preserve

2

the values of state space variables stored at the end of buckling

Phase 1, and the integer, N2 in Fig. 20 is used to count the number

of motion reversal positions. PO represents an axial load greater
than the tangent modulus load at which the load is kept constant and
subsequent lateral motion is analyzed; P:'is the largest value of PO
for which lateral equilibrium configurations are studied. A1l other

variables are already defined,
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|

initialize problem variables
¢ —~loading rate; O—-N]—’Nz

Yot

9

Determination of state variables and
printing desired intermediate results
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print Tesults :

)

| yes

Phase 2 :
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FIG. 20. FLOW DIAGRAM FOR THE PROCESS OF FINDING EQUILIBRIUM -

CONFIGURATIONS OF MODEL 2
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6.6 HNumerical Results for Buckling Behaviour According to Model 2

Since the reduced modulus lcad represents the upper bound for
Model 2, the complete buckling behaviour of the column could be de-
scribed by finding out the load-deflection pattern, from the initially
straight configuration at the tangent modulus load, up to the dynami-
cally stable lateral positions under the influence of a predetermined
constant axial lecad, between the tangént modulus and thé reduced modu-—

lus loads.

In order to determine the effect of parameter variations on the
buckling behaviocur, a reference column is snalyzed in the first place,
whereafter one parameter of the reference column is changed at a time
and the buckling behaviour is determined all over again for the column
with the new parameter combination. The column in Fig. 12 having a
deformable hinge with bilinear stress strain diagram, see Fig. 10{a},

s used as the reference column with the following numerical data:

b = 4 =5 centimeters; A = 5 square cenbimetersy L = 2.5 my M = 100 kg;

9

Newtons per sguare

EO =2 X 109 Newtons per sguare meter; Et = 10

metery ¢ = 50 Newtons per second; UO = 10“3 centimeters, VO = 0 cen-—

timeters per second; D = AP /AP = 1, in which AP_ = the load incre-
d max 4

ment above the tangent modulus load, at which a disturbance velocity,

Vl’ is 1ntroduced; and Vl = 0 centimeters per second.

It should be noted that the parameter combination, DD = 1 and Vl =
= 0, implies that no disturbance velocity is iniroduced in the reference

column for loads above the tangent modulus lead.
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The computations are performed by a computer program (see Program
6, Appendix D), and the results are summarized in Table 3. Fach para-
meter combination in Table 3 is identified by a number which appears
in the first column of the table; the second column gives information
gbout the names and values of the parameters subjected to variaticn
as compared with the reference column; the third and fourth columns
indicate the end deflection, Ul’ and the corresponding time, t,, at
the end of buckling Phase 1; the fifth and sixth columns show the la-
teral deflection, Uml’ and the corresponding time, tml’ corresponding
to the first motion reversal positlon; the seventh and eighth, as well
as the ninth and tenth cclumns provide similar information about the
end deflection and time corresponding to the second and third positions
of motlon reversal respectively; and the last column indicates the lcad
increment ratio, AP/APmaX, in which AP = the current constant load
increment and APmax = the maximum load increment corresponding to the

reduced modulus load.

Thus, each line in Table 3 provides the most significant informa~
tion abouﬁ the complete buckling behaviour, for each predetermined load
increment ratio, during buckling Phase 1 and up to the third position
of motion reversal during buckling Phase 2. The range of dynamically
stable latersl motion of the column is thoroughly determined after the

third motion reversal, see Section 6.5.

The results of computations for 12 different parameter combina-
tions are presented in Table 3. The buckling behaviour for each para-

meter combinstion is determined for four different load increment ra-—

tios, .4, .6, .8, and .9 respectively.
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It should be noted that Model 2 assumes thai the deformation of
the cclumn up to the tangent modulus load, at least, is governed by
the tangent modulus. Thus, the choice of the initial deflection st
the tangent modulus load is restricted in this model to small values
in order tc be compatible with the assumption of the initially perfect
column which would remain straight up to the tangent modulus load.
Furthermore, it should be observed that the deformation of the column
elements at high load increment ratios, AP/APmaX, may become S0 exces-—
sive that the stress in the element on the backside, i.e., the element
with decreasing bending strain, mey attain tensile stress in the in-

elastic range. If this happens, the column may permanently become

dyramically unstable.

Thus, a column with a bilinear stress strain diagram may turn
out laterally unstable even at loads below the reduced modulus load,
provided that the possibility of tensile stresses in the inelastic
range is taken into account.llf for the present model we chocse the
_yield point stress in compression, Gyc’ equal to the yield point

stress in tension, © such that ch = 0,8 Ot where o, refers to

yt’
the average stress at the tangent modulus load, then the results
recorded in Tatle 3 are obtained. Table 3 shows that in most cases
the columns studied become laterslly unstsble at a load ratio equal
to 0.9, This is indicated in Table 2 by the appearance of the word
"unstable" at the proper location where this instability phenomenon

oceurs. The criterion used in the computer program to test the lateral

stabillity in such cases will be given in Sec., T7.7.

Thus, whenever a column with bilinear stress strain diagram does
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not become permanently unstable hefore attaining the reduced medulus
load, it is implicitly understood that there exists no risk of insta-

bility due to suffering tensile stresses in the elastic range.
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stress in tension, o
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In the program for the present computation, the possibility of
tensile stresses for both column elements is taken intc account, how-
ever,_theiBaﬁsehinger effect is disregarded by cheosing the yleld-point
_— equal to the previous yield-point stress in

compression, Oy , see Fig. 16. However, gyt can be given any desired
¢

value in the program in case sufficient material data on the Bauschinger

effect is provided.

A& complete typical buckling behaviour of the simple column during

both buckling phases is illustrated in Fig. 21.

0.8

o
™
i

0.4 -

0.2 1

————— Positions simultanecus with leading

— = Motjon towards dynamically stable lateral positions

Final oscillation zone corresponding to pesitions
of minimum and maximum lateral deflection

1 2 3 A 5
END DEFLECTION IN CENTIMETERS

PIG. 21. LOAD DEFLECTION BEHAVIOUR OF COLUMN 4 IN TABLE 3 DURING

BOTH BUCKLING PHASES
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Fig. 21 shows that the final stable oscillations of the column,
under constant axial load below the maximum level, cccur in a nar-
row zone (shade area) between positions of minimum and maximum late-—
ral deflection. If the lateral deflection zone thus obtained is
drawn for a number of columns recorded in Table 3 with different loading
rates, and if the corresponding load deflecticn relationship predicted
by Shanley theory is marked for the sake of comparison, we arrive at

the illustrstion shown in Fig. 22A.

0.9
0.8 ¢=5000 Newtons /sec .
0.74 .
064 c =50 Newtons/sec (reference column in Table 3)
c= 500 Newtons/sec
0.5-
c=1000 Newtons /sec
0.4
0.3 — ——— Shanley theory
final lateral deflection zone

e
N
e L

according o present approach

T T T T T

1 2 3 & 5 6 7
END DEFLECTION IN CENTIMETERS

FIG. 224, FINAL LATERAL DEFLECTION ZONE ACCORDING TO THE PRESENT APPROACH
FOR VARIOUS LOADING RATES COMPARED WITH THE LATERAL FQUITIBRIUM -

POSITICNS ACCORDING TO SHANLEY THEORY
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As another illustration of the load deflection behaviour, a new
set of calculations is performed for the same simple colum (see Fig.

12) with the Ffollowing data:

b=5cmy &= 10 emy L =5 my M= 500 kgy B =2 - 1010 Newtons/mgg

10_3 omy and ne velo-

I

10
EJG = 10 Newtons/ng ¢ = 50 Newtons/sec; UO

city disturbance during lateral motion.

The results of the computations with s reference cclumn having

the above data 1s shown in Fig. 22 B.

0.9 /’
0.8 4fu——c=5000 Newtons/sec
0.7
>
o _'
D_E 0.6 , -
N c=50 Newtons/sec (new reference column)
% 0.5 A : : '
_ c= 500 Newtons/sec
© 0.4
g c=1000 Newtons /sec
a 0.3
< gy
o
- 0.2 44 — — — —  Shanley theory
o final lateral deflection zone
) SeNSs= according to present approach
0 : E| T T | : | . T

1) 1 2 3 A 5 8
' END DEFLECTION IN CENTIMETERS

FIG. 22 B. FINAL LATERAL DEFLECTTON ZONE ACCORDING TO THE PRESENT
"APPROACH FOR VARIOUS LOADING RATES COMPARED WITE THE LATERAL EQUI-

LIBRIUM POSITIONS ACCORDING TO SHANLEY THEORY.



In the numerical illustrations of the present section, the length of
the time step, AL, corresponding tc each compufation cycle is chosen
egual to .001 seconds. New computations with 4t = 007 seconds were
performed for this model., However, no apprecial difference was ob-—
served. The possible influence of the time step cn the buckling
behaviour of the simple column with arbitrary stress strain diagram

will be discussed in greater detaill in Sec. 8.9.

It should be noted that the tangent modulus lecad, Pt, and the
maximum load increment, APmax’ for the reference columns in Figs 224
and 225 have the following numerical values: For the reference column
in Table 224, Pt = 10000 Newtons, and APmax = 3333 Newtons; for the

reference column in Table 22R, Pt = 25000 Newtons, and APmax =

= 8333 Newtons.

Both Figs 22A and 22B show that by maintaining a fixed initiel
imperfecticon and varying the duration of loading, as the loading rate
gets smaller values, the lateral deflection zone according tc the
present approach, gets narrower and nearer to the load deflection
behaviour envisaged by Shanley. On a ceteris paribus basis, the
discrepancy belween the two approaches lncreases in the directicn

of the increasing loading rate.

129






PART Il

BUCKLING BEHAVIOR OF IMPERFECT INELASTIC COLUMN



PART 111, BUCKLING BEHAVIOUR OF IMPERFECT INELASTIC COLUMN

Introducticn

The imperfect inelastlc column 1s characterized as a column
which would start bending simultaneocusly with loading right from
zerc load levely if the axial load dces not change direction through-
out the process of lateral deflection, it is identified as conserva-
tive and otherwise nonconservative. The chief cbjective of the pre-
sent study is exploring the numercus properties of the maximum column
load and disclosing the remarkable buckling phencomensa describing the
load deflection behavicur of the imperfect column subjected to varicus

prescribed imperfections or disturbances.

Chapter 7 1s devoted to the exploration of fundamental general
concepts which are sequentially utilized to describe the complete im-—
perfect column behaviour. These general concepts include the develop-
ment of the concept of surplus moment increment in Sec. 7.1; influence
of laterally induced bhending moment in Sec. T7.23 influence of axially
induced bending moment in 3ec. 7.3; description of the moment state
in Sec. T.4; exploration of the conditions for motion reversal in
Sec. 7.5, description of the concept of maximum column load in Sec.
7.6, illustration of motion reversal criteria for the simple column

in Sec. T7.7; and determination of the maximum column load in Sec. 7.8.

The numerical evalustion of imperfect simple column behaviour is
accomplished by the analysis of Model 3 in Chapter 8§ in which the model
is described and its state equations identified in Sec. 8.1, the stress
state of the column is thoroughly determined and the corresponding tangent

132
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moduli on the stress strain diagram assigned in Sec. 8.2; the concepts

of two computer programs entitled "Multi-Cycle Search Method" and "Single-
Cycle Search Method" are developed in Secs. 8.3 and 8.1 respectively; the
dynamic state of the coclumn at limiting stress levels, i.e., at the points
between two adjacent subdivisions on the multilinesr stress strain dia-
gram, is determined in Sec. 8.2; the main program based on the concept of
Single-Cycle Search Method, together with brief descriptions of the cor-
responding subroutines, is presented in Sec. 8.6; extensive numerical results
related to the maximum column load for three different data sets is pre-
sented and tsbulated in Sec. 8.7; the reliability of the numerical results
is examined in Sec. 8.8 by recording the computations for the maximum co-—
lumn load of a certain column according to the two differently conceived
programs developed in Sec. 8.3 and 8.4y and the influence of the choice

of the ccmputation time step is thoroughly discussed and illustrated in

Sec. 8.0.

The various properties of the maximum column load are discussed
and 1llustrated in Chapter G, including a discussion of the decisive
factors influencing the size of the maximum column load in Sec. 9.1;
the influence of variations of velocity disturbances in Sec. 9.2; influence
of variations of initial eccentricity or initial deflection in Sec. 9.3

and influence of variations of lcading rate in Sec. 9.k,

Additional salient buckling phenomena are disclosed in Chapter 10
comprising the induced permanent deflection in reverse direction in Sec.
10.1; self-induced permanent deflection in reverse direction in Sec. 10.2;
influence of gravitational force in Sec. 10.3; influence of nonconservative
axial load simultaneocus with loading and/or during buckling Phase 2 in
Sec. 10.4; abnormal behaviour of backwards ineclined columns in Sec. 10.5;

and final stable equilibrium configurations in Sec. 10.6.
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gumerical results for dynamically stable lateral configurations
of Model 3 are included in Chapter 11; and summary and conclusions are

presented in Chapter 12.



T. DISCUSSION OF GENERAL CONCEPTS

7.1 Development of the Concept of Surplus Moment Increment

The analysis of imperfect elastic column in Chapter 3 shows that
the difference between the actual column behaviour simultaneous with
loading and that predicted by the static theory may get accentuated
as the axial load approaches the critical wvalue. This characteristic

is additionally illustrated in Fig. 23.

U0+AU

Yo =1

B
/PO
|

Voroa

(a (b)

P+AP

FIG. 23. CONFIGURATION OF THE COLUMN AT TWO INSTANTS OF TIME DURING
LATERAL DEFLECTION: {a) JUST BEFORE AND (b) SOMETIME AFTER THE IN-

CREASE OF AXTAL LOAD, AP

Fig. 23 coaveys the information that an increment of lateral de-
flection, AU, gives rise to the following two significant external mo-

ment increments:

135



(a) The increcment, P ° 4U, i.e., the increase caused due %o

o}
he existing axial load, PO, suffering an additional deflection, AU

{t) the increment, AP - U , i.e., the increase due to the current

deflection, U, being imposed on the newly arriving load increment, AP.

Thus, at the fixed-eund cross section, the external moment increment,
&Mel, where the index e refers to the exlernal moment and the index 1 to

buckling Phase 1, may be expressed as

AMel = Pol' AU+ AP - U {125)

in which P 1= the initial value of the axial load immediately before the
o
increase of axial load at the start of buckling phase 1; U = the current

end deflectiony and AU, AP = the deflection respective axial load increments.

Using a multi-cycle computation technigue, analogous to that of
Appendix C, we may consider the axial load increment, AT, as a constant
value applied at the beginning of the first computation cycle. In thie
case, the deflection increment, AU, would be a function of time. Addi-
tional increments of axial load may be added to the axial load at the
start of subseguent computation cycles, each time considering the siate
of the column st the end of a sufficiently short time step as the ini-

tial state for the immediately feollowlng computation cycle.

Setting the axial load increment, AP, egual to zerc in BEg. (125)
for all subsequent computation cycles, would result in the following
equation for the external moment increment, AM@Q’ corresponding to

buckling Phase 2:



in which P02 = the axial load at the start of buckling Phase 2.

Defining the surplus moment lncrement, AM, as the difference be-

tween the internal bending moment increment, AMi developed solely

bﬂ
due to pure bending effect, and the external moment increment, AMe,

corresponding tc a certaln deflection interval, the following relation

15 obtained:

M = .. — AM 17
AM AMlb AI.e (127)

Substitution of Eqs. (125) and (126) into Eg. (127}, cne at a time,
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regults in the following two eguations for the surplus moment increments.

AM,l and AME, corresponding to bucklingPhases 1 and 2 respectively:

W - - . ] - AP - U (128)
AM, AMib Pol AU

and AM. = AM. —~ P _* AU (129

Tt should be noted that the terms PO

to distinguish between the initial values of the axial load at the start

1 and Po? are used 1n this section

of buckling Phases 1 and 2 respectively. However, the symbol PO alone would

refer to the axial load at the beginning of any computaticn eycle.

Now, if we assume that the column in Fig. 23(a) was initially in
s state of eguilibrium under s relatively large axial lcad, Pol’ such

that PO + AP would still lie below the critical load level, then the

1

difference, AMib - Pol' AU, may have a small psoitive value for small

values of AU. Thus, large lateral deflection increments may be required
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to counteract the influence of the term, AP

. U, in Bg. (128) in moving
towards a new equilibrium configuration. It should be observed that so
far we have only discussed the influence of the size of the axial load
on the ensuing lateral deflection. However, for an inelastic column the

decrease of bending rigidity due to inelastic material properties is

another factor which will be explained in greater detail in the follo-

wing secticns.



139

7.2 Influence of Laterally Induced Bending Moment

In gddition to the proximity of the axial load to its ecritical
level, the following two factors may turn out to be influential in
determining the instability of the inelastic column:

1. The capacity of the column to generate bending moment may
detericrate as it proceeds to deform in the regicons of the stress
strain diagram with continucusiy decreasing tangent moduli; and

2. The uniform axial deformation of the column, simultaneous
with the increase of axial load, may give rise to an axially induced
bending moment increment which would partially counteract the internal

moment caused due to pure bending effect, during a given time step.

Both the above factors tend to accentuate the process of lateral
bowing. Censeguently, in the following anslysis we first treat the
influence of material properties on the ability of the column to pro-
duce internal moment solely due to bending in this sectioni and in

the next section the problem of axially induced internal moment is

tackled.

It should be cbserved that the zone of decreasing bending strain
over a cross section of an inelastic column may deform in a region of
the stress strain disgram with higher tangent moduli than the corre-
sponding zone of increasing bending strain. Purthermore, it should be
remembered that the stress distribution caused solely due tc bending
effect does not give rise to any additional increment of axial load.
Thus, assuming a linear strain distribution over a column cross section,
it follows that the point, which suffers no additional bending strain du-

ring an incremental rotation of that cross section does net usually lie at
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the middle of the cross sectlon. This is illustrated in Fig. 2k.

A1 G1E3E:M] 81
% B
/ ]l f : (@) of
71 ﬂ
A G E'E M, B
F c )
A = E'/E/;'A B (b)
/G STRAIN
(c)
N
»;

FIG. 24, ILLUSTRATION OF DECREASE IN BENDING RIGIDITY DUE TO LATERALLY

INDUCED INFINITESIMAL STRESS DISTRIBUTION

Fig. 24(a) shows a rectangular cross section of the column in
which strain reversal has already occured on the shaded part of the
ares enclosed by the boundary points, AAlGlG. Fig. 24(b) shows two
superimposed incremental stress distributions corresponding to the
same rotation, Ao, of the cross section, AAlBlB, but deforming at 4if-
ferent regions of the stress strain diagram, see Fig. 2h(c). We tempo-
rarily assume that during the infinitesimal rotation, Aw, of the cross

section simultaneous with loading, the same varying unloading zone, AAlGlG,

shown 1n Fig. 24(a), applies to both cases under consideration. This
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partly implies that no appreciable difference is observed between the
two cases regarding the propagation of the unloading zone simultaneous

-

with loading. Thus, if E” lies toc the lefi of E, the area AD'C'E” would

wholly lie within the area ADGE in Fig. 2h(b).

Since in Fig. 24{b) the area ADGE must be equal with the area
EFCB and the area AD"G'E” must be egqual with the area E"FC”B, and ob-

serving that the area AD'G'E” is smaller than the area ADGE, 1t follows

that
Apew c-p © “ares (130)

in which A stands for the area and the alphabetic indices indlcate the

corresponding enclosing boundary points in Fig. 24(b).

The laterally induced internsl bending moment increments, AMib

ang AMi I corresponding to Cases T and Il respectively are cbtained

b

from the eguations

T

AML = BMpap 7t AMEFCB (131)

a A, 1T = au + AM (132)
an ib ADTGTE” E°FCB

in which AM stands for mement of the area with respect to the middle
point of the cross section, M, in Fig. 24(b); and the alphabetic in-

dices indicate the corresponding boundary polnts.

Since, from Ineguality {130}, the area E"FC”B 1s smaller than the

areg EFCB in Fig. 2L(%} and since the common part of these two partial
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areas consists of the area, EFC'B, it follows that the area E'FE is
smaller than the arss FCC”. Furthermore, the center of gravity of the

area FCC” lies further away from the point M than the center of gravity

of the area, E'FE. This leads to
B < AMp oo (133)

in which AM and the corresponding alphabetic indices have the same

meaning as above.

From Ineqgualities (130) and (133} it follows that the moment of
the area EFCB with respect to M is larger than that of the area E'FC”B.
From this result together with Egqs. {131) and (132) and the gecmetry

of Fig. 24(b), it may be inferred that

gy, gy (38
Inequality (134) shows that for the same rotation of a column
cross section, the internal bending moment developed solely due to
bending decreases as the column proceeds to deform an at higher region
of the stress strain diagram with lower values of tangent moduli, pro-
vided that the zones of unloading over the cross ssction are identical

during the deformation in the two different regions.

The information-conveyed by Inequality (13%) would be equally valid

even if point E7in Fig. 24(b) happens to lie to the right of point E. In

that case, the line of arguments used in the above analysis would be still
applicable by interchanging the role of the areas AD"G"E“and ADGE in Fig.

24(b) with the corresponding sreas E“FC”B and EFCB respectively. Further-
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more, it should be observed that in Fig. 24{b), the unloading zone covers
only a portion of the zone of decreasing bending strain. This situstion

can cnly occur simultaneocus with the increase of axial losd. When the axial
load ceases to inerease, the unloading zone covers the entire zone of
decreasing bending strain. However, in this latter case, the extent of

the unloading zone over & cross section, corresponding te twe different
regions of the stress strain diagram with varying tangent mecduli, cannot

be the same. This situation is additionslly discussed in the remarks

which follow.

Since,the propagation of the unloading zone simultaneous with the
increase of axial load, during finite rotations of the cross section,
cannot remain identicel as a general rule for the two cases studied
above, then the conclusion above may appear to be of limited use. How-

ever, we utilize the illustraticn in Fig. 24 in order to make the

fellowing general observations, which would equally be valid for in-
finitesimal as well as finite rotations of the cross section:

1. If a column cross section deforms with a greater totsl un-
loading zone in Regilon I than in Region II of Fig. 24(c), then for
the same cross section rotetion, the partial areas ADGE and EFCB
in Fig. 24{b) would be additionally enlarged compared with the case of
equal unloading zones depicted in Fig. 24. In this case Inequality {(134)
is definitely valid;

2. On the contrary, if the total unloading zone correspending
to Region II of Fig. 24{c) is greater, the partial areas AD'G'E
and E'FC”B in Fig. 24{(b) would be further mzgnified as compared with
the case of equal unloading zones shown in Fig. 24k, In this case no de-

finite conclusion can be drawn on the validity of Inequality {13k},
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3. from the discussion of the second poirt above, it may be vi-
sualized that 1t 1s possible for a column which has reached higher
regions on a stress strain diagram, Fig. 24(c), to develop larger
laterslly induced internal bending moment increments over the cross
section of maximum bending strain than the same column deforming
on lower regions of the stress sirain diagram, provided that the
extent of unloading zone in the former situstlon 1s sufficlently
larger than that of the second one;

4. for a column in which no strain reversal has yet occurred,
i.e., when the shaded area in Fig. 2i(a) is equal to zero, the de-—
formation in Region II of Fig. 24(c) develops lower laterally in-
duced internal bending mement increments than the deformation in
Region I of the same stress strain disgram; and

5. during buckling Phase 2, a column develops larger bending
moment increment in Region I than in Region IT of the stress strain
diagram shown in Fig. 24{c). The unloading zone shaded in Fig. 24(ec)

cannot in this case be the same in the two different regions.

It should be noted that in the cases discussed above, an increase
in the laterally induced internal moment may not necessarily imply
an increase in the bending rigidity of the column simultaneous
with loading. This uncertainty may arise due to the possible coun-
teracting influence of the axially induced internal moment to be
discussed herein in the next section. However, when the axial load

ceases to increase, the laterally induced internal moment increment

in the process of latersl deflecticn during Phase 2 is a direct

measure of the bending rigidity of the column. This concept is fur-

ther clarified in Secs. 7.2 and 7.h.
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7.3 Influence of Axially Tnduced Bending Moment

The axially induced internal moment increment mentioned 1n the

previous section will now be illustrated by means of Fig. 25.

r,_em

D AP

(a) (b)

FIG. 25. ILLUSTRATICH OF AXIALLY INDUCED INCEEMENTAL STRAIN AND

STRESS DISTRIBUTION

Fig. 25(a) shows the strain caused over & column cross section,
due to an lncrease of axial load, AP, at the beginning of a computa-
tion cycle. Since we assume that the column axially responds inmedisa-—
tely to an increase of axial load, this would give rise to a uniform
incremental strain distribution as soon as the exial load increment
is applied. It should be noted that the immediate axial response of
the column to the increase of axial load has already been illustrated

herein 1n Sec. 3.2.

Pig. 25(b) shows the incremental stress distribution induced due
to the strain distribution of Fig. 25{(a). This nonuniform stress dis-
tribution is caused due to the fact that the deformaticn of various
points on a cross secbion of the column is not usual;y governed by a
single tangent modulus. The zone of increasing bending strain which

wholly cor partly lies to the right of the middle point, M, in Fig. 25(b},
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generally deforms with lower tangent meduli than the zone of decreasing

bending strain to the left of Peoint M.

Thus, the internal axial load increment, AP, is excentrically app-—
lied as shown in Fig. 25(b). Since, AP, in Fig. 25(b) lies to the left of
Point M, it definitely gives rise to an internal bending moment increment
which acts in opposite direction to the laterally induced moment incre-
ment from Fig. 24(b). Thus, assuming the laterally induced bending mo-
ment. increment, AMib, to be positive, the corresponding axially induced

internal moment increment, AMia, 1s obtained from the equation

aM, = -AP " e (135)

in which e ig the excentricity of AP, shown in Fig. 25(b).

As an illustration of the influence of the axially induced internal
moment , we may refer to Fig. 21 already presented in Sec. 6.6. The load
deflection behaviour of the initially perfect centrally loaded simple
ineiastic column with a bilinear stress strein diagram reveals that
up to a certain increase of axial load above the tangent modulus load,
the deflection of the column simultaneous with losding as well as sub-—
seqguent lateral motion under the influence of constant axial lcad remain
within a relatively small deflection range. This behaviour corresponds
to the lateral motion of the column before sirain reversal begins tc
occur. In that situation a constant tangent modulus applies fo both
the column elements, in which case the magnitude of axially induced
moment increment 1s equal to zero. However, as soon as strain reversal
takes place, the axially induced mcment increments begin to exert their

detrimental influence. This 1s observed in Fig. 21 by a noticeable



bowing of the load deflection curve beyond certain loading range,

From Eq. (135) it may be inferred that as socon as the axial
load ceases Lo increase, the axially induced internal moment incre-
ment altogether vanishes. Thus, the lateral deflection of the co-
lumn during buckling Phase 2 is accompanied with the development
of the maximum bending rigidity partly due to maximum strain re-
versal simultaneocus with bending in the zone of decreasing bending
strain; and partly due tc the disappearance of the destabilizing

axially induced internal moment increments.

With the aid of the knowledge obtained in the course of the last
three sections herein, we now attempt to present a clear picture cf

the moment state of the inelastic column, in general.
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7.4 Description of the Moment State of an Inelastic Column

From the exposition of the laterally and axially induced internal
mement increments in the previous two sections, it may be clear that,
on the basis of the multi-cyecle computation technigue developed herein
for the solution of the column problem, the axially induced internal
moment increment begins to act on the column right from the beginning
of the computaticn cycle, Thisg leads to the following equation for the

total internal moment, Mio’ at the start of the current time interval:

Mio = Mi (end of previcus cycle) — 4P - e (136)
in which Mi stands for internal moment; and the term -AFP - e from Egq.

(135) is the axially induced moment increment.

The laterally induced internal mement increment does net appear
in Eq. (136), since that equation only expresses the initial internal

moment at the beginning of the computation cycle.

The laterally induced internal moment increment, AMib’ 15, on the
other hand, a variable which changes throughout the deflection interval.
Thus, the internal moment, Mi’ at the end of the computation cycle may
be written in the following form:

i = . 5. 1
M, {end of current cycle) M. o+ MM (137a)}

The axially induced moment increment, AMia, indirectly appears in Eq.

(137 a) through its presence in the initial term, M. -
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Thus, in the equaticn describing the motion of the column during
a computation cycle, the only moment increment which would appear as
a variable simultanecus with defleciion is the laterally induced in-

crement . AMi This explains why in the definition of the surplus moment

e
increment in Eq. (127), we included only the term, AMib, which is a
variable throughout the process of bending. The other moment increment,
AMia’ affects the column as constant increments appearing only at the
beginning of the computation cycles. The analysis of Model 2 has already
shown herein that the variable, AM, defined by Eq. {104%) significantly
affects the type of solution of the equation of motion of the simple
column. A closer look at Eg. [104) reveals that the term, AM, defined

by that equation actually represents the surplus moment increment for

a unit rotation of the central axis of the simple inelastic column.

Substitution of Eg. (136) intc Eq. (137 a} gives a complete picture

of the emergence of both internal moment increments during the course

of one cycle:

M, (end of current cycle) = M. {end of precious cycle) -

- AP - e + AM..
1b

During buckling Phase 2, the axially induced internal moment in-
crement vanishes, in which case the surplus moment increment defined
by Eq. (127) represents the difference between the internal and ex-
ternal moment increments during the entire computation cycle. In
addition to the surplus moment increment (SMI), we introduce the
notion of the total internal moment surplus {(TIMS) at a given column

cross section defined herein according to the following eguation:
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TIMS = [M.| - |M_] (138a)
i e
in which |MiI = the absolute value of the total internal moments
and ]Mel = the absolute wvalue of the total external moment where

the external moment, Me, 1s defined by the eguation

M =P U (138b)

in whieh P, U = the current values of the axial load and the deflec-

tion at the actual cross section respectively.

The values cf 8MI, TIMS and the kinetic energy of the column
at the start of Phase 2 are decisive factors which together with stress
strain diagram determine the gquestion of motion reversal to be ex-

plored in the next section.
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7.5 Exploration of the Conditions for Motion Reversal

Motilon reversal 1s a self-explanatory word which means changing the

direction of motion. This is pictorially iilustrated in Fig. 26.

—a Direction of

. - Di ‘
Motion Irection of

Motion

(a) (b)

FIG. 26. LATERAL CONFIGURATION OF THE COLUMN UNDER CONSTANT AXIAL

L0AD: (a) BEFORE MOTION REVERSAL; (b) AFTFR MOTION REVERSAL

The concept of motion reversal depicted in Fig. 26 implies that
the deflected form of the column is preserved subsequent to motion
reversal. In other words, every point of the column attains the ex-
tremum position at the same time. This behaviour, which is true in
the case of vibration of elastic structures (23), is assumed tc be egually

valid in the preseni analysis.

From the above discussion it folleows that the reverssl of motion

at any arbitrary column cross section may imply the motion reversal



for the column as a whole. Thus, in the following sections, we may
often desire to single out the cross section subjected to greateet
bending strain for the analysis of motion reversal or the evaluation
of maximum column load. This is due to the fact that the conditions
at this cross section are most crucial for the determination of the
stability of the column. When there is no explicit reference to any

articular cross section, it 1s the cross section of maximum bendin
s g

strain which is implied.

Motion reversal may occur during both buckling phases. The occur-—
rence of this phenomenon during buckling Phase 1 may be explained as
follows: Suppose that at a certain instant of time, t, during loading,
the kinetic energy of the column has attained a finite value while
the column is moving in forward direction. It is further assumed that
during a future increase of axial load, AP, the axially induced in-
ternal moment increment is negiigible while the corresponding sur-
plus moment increment has & positive and relatively large value. The
loading rate may additionally be supposed to be sufficiently small.
Thus, the increment of time, At, corresponding to the increase of
axial load, AP, may be so large that the kinetic energy of the co-
lumn may be totally absorbed during this time period due to the con-
tinuous inerease of the total internal moment surplus defined by Eg.

(138a).Thus, motion reversal simultaneous with loading may occur in

the given loading range.

The oceurrence of motion reversal during buckling Phase 2 is
the single eriterium for the stability of the column under a given
constant axial lcad. The following sufficient conditions may be for-

mulated for either the existence or the lack of existence of s motion
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reversal position during Phase 2:

1. If the surplus moment increment (8MI) is positive throughout
the future increments of lateral deflection, a motion reversal posi-
tion would be definitely attained regardless of the current values
of TIMS and the kinetic energy of the column. This is due to the fact
that the current value of TIMS would continuously increase until the ki-
netic energy is reduced to zero and motion reverssel position is attained.
2. If the SMI and the TIMS are both negative, no motion rever-
sal position would be reached provided that the value of SMI remains
negative throughout the future increments of lateral deflection. In
this case, the value of TIMS can never attain positive values as a
consequence of further lateral deflection.
3. If the SMI is negative throughout subsequent lateral motion,
but the current value of TIMS is positive, the column may or may
not attain a motion reversal position depending on the current kine-
tic energy, the future range of the stress strain diagram, and the
relative magnitudes of the current values of SMI and TIMS. The possi-

bility of motion reversal with negative 8MI will be more closely stu-

died herein in Secs. 7.6 and T7.7.
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7.6 Description of the Concept of Maximum Column Load

According to the static theory, the maximum column load is the
smallest load above which no finite deflected configuration of the column
could be found at which the external and internal moments are equalized
over all cross sections of the column. According to the actual column
behaviocur, the inelastic column may become unstable under a constant
axial load, even though it may pass through a position of moment egua-
lization. It is the objective of this section te disclese this and

other interesting phenomena.

According tc the discussion of the previous section, the lateral
motion of the column 1s sensitively dependent on the value of the sur-
plus moment increment, AM, at the cross section subjected to greatest
strain. There are two factors which contribute to the smallness of AM, de-
rined by Eg. (127), viz., a high level of the axial load, and low values
of the actual tangent moduli corresponding to the defermaticn of the
column at the given cross section. Both these factors may be combined
for an inelastic column to give rise Lo the possible deflection beha-
viour depicted in Fig. 27.

. U Po U Fb
| |
| I
| |
! -
(b) (c)

upbounded Fb

STRESS

o

STRAIN
(a)

(d)

FIG. 27. (a) STRESS STRAIN DIAGRAM; (b), (e}, and (d) POSSIBLE TEMPORARY

POSITIONS CORRESPONDING TO END CF PHASE 1, POSITION OF MOMENT EQUALTZATION,

AND SUBSEQUENT UNBOUNDED DEFLECTION RESPECTIVELY
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Fig. 27(a) shows a trilinear stress strain diagram corresponding
to the column shown in Fig. 27(b) - {d). The column in Fig. 27(b) with
a constant axial load, PO, depicts the assumed dynamically unstable
position at the end of Phase 1, viz., at the instant of time when the
axial load has Just ceased to increase. It i1s assumed that at the axial
load, PO, the zone of increasing bending strain at the fixed-end cross
section of the column in Fig. 27(b), is wholly defcrming in the in-
elastic range between Points 1 and 2 in Fig. 27(a}. Thus, for a small
rotation of the fixed-end cross section, just before and after reaching
the load level, Po’ the incremental stress distributicn solely due to

bending may look something like in Fig. 28:

e — | e~ ] £ _ = — |
B ‘B Ar— B

(a) (b) D (c)

FIG. 28. INCREMENTAL STRESS DISTRIBUTIONS AT THE FIXED-END CROSS
SECTION IN FIG. 27{(b)}: (a) OR {(b) IMMEDIATELY BEFORE; (c) JUST

AFTER REACHING THE AXTAL LOAD Po

Fig., 28(a) shows the incremental bending stresses over the fixed-
end cross section, AB, with some strain reverssal simultaneoﬁs_with
loading immediately before keeping the axial load at the constant level,
P . Fig. 28(b) may depict the same situation as in Fig. 28(&) but with

no strain reversal simultanecus with loading. Regardless of whether
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Fig. 28(a) or (b) is applicable, the incremental stress distribution
under the influence of constant axial load Just after reaching the
axial load, PO, is shown by the area ADECB in Fig. 28(c}. With the
reduction in bending rigidity which occurs in the column at the siress
level marked by Point 1 in Fig. 27{a) due to the fall in the value of
the tangent modulus, the surplus moment inerement under the influ-
ence of the axial load, Po’ mey have already attained a small posi-
tive value at the configuration shown in Fig. 27(bt). This 1s due

to a decrease in the value of the laterally induced bending meoment

inerement, according to the analysis of Sec. T.2.

Fig. 27(c) shows the position of moment equalization at which the
stress strain corresponding to Point B in Fig. 28{c) is represented
by Point e in Fig. 27(a}. However, due to the assumed low value of the
surplus moment increment beyond the configuration shown in Fig. 27(b),
the column may have attained a considerable kinetic energy at the po-
sition indicated in Fig. 27(c¢), to the extent that, if the tangent mo-
dulus were assumed to remain.unchanged after Point 2 in Fig. 27(a),

a position of motion reversal would have been attained by the column

at Peint 3 in Fig. 27{a), corresponding to the stress strain at the
point of maximum strain in the column, i.e., Point B in Fig. 28. How-
ever, before reaching a motion reversal position, the bending rigidity
of the column begins to decrease as soon as the stress at the point

of maximum strain in the column exceeds the level indicated by Point 2
in Fig. 27(a). After some additional deflection beyond this stage, the
zone of increasing bending strain at the fixed-end cross section may
wholly deform in the inelastic range beyond Point 2 in Fig. 27(a).The
incremental stress distribution corresponding to this case at the cross

section of maximum strain is illustrated by the area AD'EC'B, in Fig. 28(c).
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The surplus moment increment, due to the combined influence of
the axial load, PO, and the new internal moment increment caused by
the inecrementzl stress distribution ADTE”C”B in Fig. 28(c), may have
now attained a finite negative value. The gquestion of possible meotlon
reversal now entirely depends on the kinetic energy of the column plus
the total internal moment surplus existing at this new state. This may

be explained more closely as follows:

Beyond the positien of moment equalization at the cross secticn
AB, the total internal moment exceeds the corresponding external mo-
ment over that cross section as long the incremental stress distribu-
tion ADECB in Fig. 28(c) is applicable. This is inferred from the
fact that a position of motion reversal is assumed for the column
provided that the tangent modulus beyond Peint 1 in Fig. 27{a) main-
tains a constant value throughout the subsequent deformation, recall

the significance of Point 3 in Fig. 27(a).

Thus, with positive surplus moment increment beyond the position
of moment equalization, the total internal moment over cross section
AB continuously exceeds the corresponding external moment up te the
state where the surplus moment increment becomes negative. In subse-
quent deflection beyond this stage, the total internal moment surplus
must counteract the effect of the newly emerging negative surplus mo-—
ment increment and simultanecusly neutralize the existing kinetic energy
of the column. If the total existing internal moment surplus at the
new state is sufficiently small and the kinetic energy sufficiently
large, the column may never attain a motion reversal positicn and the

state of the column under the axial load, PO, is unstable.
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If on the other hand, the kinetic energy is sufficiently small
and the total existing internal moment surplus is sufficiently large,
at a given state, the column may reach a motion reversal position even

in the presence of a negative surplus moment increment.

With the above fundamental insight intc the nature of motion re~
versal in an inelastic column, we are now in & position to present a
physically precise definition of the maximum column load as the smallest
axial load at which the column under the influence of that constant

load does not attain a positicn of motion reversal. The maximum column

load could also be defined as the greatest axial load at which a dyna-
mically stable lateral deflection zone could be attained for the fundamental
deflection mode of the cclumn under the influence of that constant axial load
These two definitions of maximum column lcad differ only by a load increment
corresponding to one computation cycle; the difference between the two maxi-
mum column loads according to the two definitions may become arbitrarily
small by choosing a sufficiently small time step, At, corresponding to one
computation cyele. Due to its computational convenience, the first definitiocn

of the maximum column load presented in this section would be adopted herein

in the following sections.

The discussion in this section reveals the remarkable property that
for an inelastic column, it is possible for the surplus moment increment to
attain negative values without the column having reached the maximum
axial load. This and other motion reversal phenomena will now be 1llus-—
trated in the next section for the simple inelastic column shown in

Fig. 12.



1.7 _Illustration of Motion Reversal Criteria for the Simple Column

We assume that the simple column shown in Fig. 12 consists of
a hinge whose elements correspond to any arbitrary siress strain
diagram; however, for practical reasons we may assume that the stress
strain diagram of the type shown in Fig. 10(b) is applicable. Further—
more, the column may be assumed Lo be ilmperfect from zero lcoad level.
Using the multi-cycle computation technique described in Appendix C,
the motion of the column may seguentially be followed from zero load

level up to any desired axial load.

During the current computation cycle, the motion of the column
is governed by the following equation, see Eg. (C 27) of Appendix C:

(¢ - p. - X&b PeX_ - M, - M+ Cea_ = PO-L

nm
o + : 2 o = O 1C i 1& (139)

in which M = the total mass of the column; g = the gravitational acce-
leration; X, = the excentricity in the application of axial loading;
8§ = the deviation of the axial load from its original axial directions

and all other symbols are already defined in Sec. 6.2,

Using the notations, see Bgs. (C 28) - {C 31) of Appendix C,
M= - PL - Ek§§£1 (140)
H=PX -M_ -aM +Co -P6lL (1h1)
F= L (142)

156
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and w =¥ |AMI/T (1L3)

in which [AM| = the absolute value of AM, then the deflection angle a

- T - -
and angular velocity, o, are found according %o the following alterna-—

tives:

1. if AM < 0 then the solutions are

cl ginh wt + cg cosh wt + F {1Lk)

Q
1

and o = Clw cosh wt + ng sinh wt {(1k5)

2. if AM > O then the solution of Eg. (139) leads to

&
1l

c, sin wt + 02 cos wt + F (1hé)

and a Clw cos wt - C.w sin wt {1473

2

The constants, Cl and C in the above equations are found from the

2!

initial condition at time, t = 0, at the beginning of the ccomputation

cyele:

N
. = 2 (148)
)

and C.=u -F {149)

o ==—1"+ga - t+a (150)
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oa=-_t+oco {151)

Computationally a simple criterium for the occurrence of motion
reversal during each computation cycle is available according to the

foilowing relationship:

6 a0 (152)

. - ! 1 - . - .
in which mo, o = the angular veloclty at the beginning respective at

the end of the computation cycle.

Eg. (152) expresses the fact that 1f the angular velocity at the
beginning and at the end of the interval under consideration is of
opposite sign, or if their product is equal teo zero, then this indi-

cates the occurrence of motion reversal during that computation cyele.

Eq. (152), although useful as a criterium for possible oscillations
simultaneous with loading, is of limited use for determining the maxi-
mum column load under the influence of a constant axial lcad. This is
due to the fact that Eg. (152) conveys no information about when the
motion reversal cannot occur. Thus, using Eg. (152) in a computer pro—
gram at a situation where no motion reversal is physically possible,
one would have to wait before the lateral deflection and velocity of
the column grow beyond the computer capacity, hence resulting in nu-
merical overflow. We may, however, avoid this problem by establishing
motion reversal criteria based on the dynamic state of the column in

general. This may alsc serve as illustration of the general concepts

proposed in Secs. 7.5 and 7.6.
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To begin with, it should be observed that the notation, AM,
defined by Bg. (1L0) expresses the difference between the internal
and the external moments For a unit rotation, o = 1, of the fixed
ena cross section of the column shown in Fig. 12. This is due to
the fact that for a unit rotation of the given cross-secticn, the
term, C, defined according to Eg. (101) represents the laterally in-
duced internal moment and the remaining terms in Eq. (140) express the
external moment. Thus, depending on the variable, AM, the following

glternatives exist for the occurrence of motion reversal:

1. If AM » 0, the angular veloclity of the column is obtailned
from Eg. {(147). Setting % equal to zerc in Eq. (1L47) and assuming
that the variabie terms appearing in that eguation remain constant
between now and & possible motion reversal position, then the motion

reversal time, or return time, tr’ is found as folleows:

o= Lo (153)

Ir Cl = (O, the solution would be either tr = 0 or

=L
o, =L (154)

The solution tr = 0 is however trivial, whereas Eq. (154) expresses
the time interval between two successive motion reversal positions,
provided that the assumption of no change in the column variables re-

mains valid throughout the motion.

When both Cl and 02 are different from zero, the solution depends

on the sign cf the ratio Cl/Cg. I Cl/C2 is negative the solution is



C
1
T - Arctan (- 8“) 163
£ = s (155)

r 53]

and when Cl/cg is positive, the solution is obtained by the following

equation:

C

Arctan ( E—')

t = 2 {156)

r [

Substituticn of the proper return time, t into Eq. (146) yields
the corresponding deflection angle which would specify the motion re-
versal position. It should be noted that in the case when AM > O, a

soclution for the motion reversal time, tr, always exists according to

one of the above sclutions.

2. If AM < 0, then the assumption that the column variables appearing
in Eg. (145) remain unchanged between now and the possible return time,
tr’ and setting the value of the angular velccity, &, in that eguation
equal to zero, results in the following motlion reversal time, tr

ln< ;@_;_;; )
2 1

t = (157)

I w

Eq. {157) has a sclution if and only if the expression (02 - Cl}/

(02 + Cl) is greater than unity.

3. If the surplus moment increment happens to be egual to zero,

the corresponding solutions for tr’ using Eg. (151) is

T — (158)

1
A positive and finite soluvion in this last case exists only if o and
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H are of opposite sign and the value of H is different from zero.

It is remarkable to observe that when the surplus moment increment
is equal to or less than zero, a motion reversal position is physically
possible subjected to certain restrictions which impose conditions on
the current dynamic state of the column. On the contrary, a motlon re-
versal position is always unconditionally attainable when the surplus

moment ilncrement ig greater than zero.

On the basis of the motion reversal criteria discussed in Sec.
7.5 and illustrated in this section, & general procedure for determina-

tion of the maximum column load is presented in Sec. T.98.
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7.8 Determination of Maximum Column Toad

Suppose that upon loading a column, the axial load ceases 1o
increase at a certain level, PO, at which 1t is desired to determine
whether the current axial load lies above, below or possibly Just at
the maximum column load. In order teo resolve this problem, it is ne-
cessary to carefully follow subseguent motion of the column during
buckling Phase 2 in a sufTiclent number of deflection intervals in
the following way: During each small deflection interval, additional

internal stresses are induced in the column, see Fig. 28 below.

c

(b)
{a)

FIG. 29, INCREMENTAL PHASE 2 STRESS DISTRIBUTION OVER THE CROSS SEC-
TION OF THE COLUMN SURJECTED TO MAXIMUM STRAIN: (2} DUE TC A BILINEAR
STRESS STRAIN DIAGRAM; {(b) DUE TO AN ARBITRARY STRESS STRATN DIAGRAM

WITH CONTINUOQUSLY DECREASING TANGENT MODULUS

Each such incremental stress distribution gives rise to an incre-

ment of internal moment, AMi, with a corresponding increment of external
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moment , AMe, defined by the relation
AM = P - AU (159)

where AU represents the increment of lateral deflection. Then the sur-
plus moment increment defined by Eg. (127) is determined during each
deflection interval whereafter either of the following two alternatives
may arise:

1. During all successive intervals of time, the value of the
surplus moment increment, AM, remains positive all the way until the
velocity in the direction of motion becomes zero, namely, the column
attains a position of motion reversal, and thus the current axial lcad
lies below the maximum level.

2. The value of AM 1in some deflection interval during buckling
Phase 2 turns out to be nonpositive (zero or negative) before the
velocity in the direction of motion tends to zero. This means that,
depending on the shape of the stress strain diagram, Fig. 10, the
future increments of lateral deflection would all produce nonpositive
values of AM with either constant absolute wvalue if Fig. 1C0(a) with
the corresponding incremental stress distribution of Fig. 26(a) are
applicable, or with increasing absclute values if Fig. 10(b) with the
corresponding incremental stress distribution of Fig. 29(b) are valid.
In either case, if the column does not attain a position of motion
reversal, then the current value of the axial load either exceeds or
is egual to the maximum column load. In this situation, it would be
necessary to reduce the axial load by sn increment, AP, that is to
say, the column has to be loaded up to the level, PO - AP. The proce-
dure just described is repeated. If the column at this new level,

Po - AP, attains a position of motion reversal, then the previously
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tested load level, PO, is just egual to the maximum column icad.

The procedure described above is picterially illustrated in Fig.
30. The behaviour of an inelastic column during both buckling phases

is examined for two consecutive ceonstant axial load levels differing

by an increment, AP.

U Uunbounded U Uboynded
| A | 7 I P -0P | P, -4P
| | | |
| | l |
(a) ( (c) (d)

b)

FIG. 30. TEST FOR ATTAINMENT OF THE MAXIMUM COLUMN LOAD: {(a) AND (c¢)
CONFIGURATIONS AT THE END OF BUCKLING PHASE 1, {(b) AND (d) POSSIELE

EEHAVIOUR DURING BUCKLING PHASE 2

If the motion of the column during buckling Phase 2 furns out to
be unbounded under the axial load, P, see Fig, 30{t), and bounded
under the axial load, PO-— AP, see Fig. 30(d), then the axial load,
Po’ according to the definition given in Sec. 7.6, coincides with the

maximum column load.

Fig. 20 illusirates the precise meaning of the maximum column load
in the context of the present development of the column action described
herein. Based on this concept, a computationally efficient way of deter-

mining the maximum column load would be to locad the column up to an
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axlal load, PO, which is surely-considered to lie below the maximum
level. All the pertinent information about the dynamic state of the
column is now stored and subsegquent behaviour of the column during
buckling Phase 2 is investigated. If the column attains a motion re-
versal position, then the previously stored information about the
state of the column at the load, PO, is recovered gnd the lcading of
the column is continued from the axial load, PO up tc & new constant
load level, PO + AP. Again, the information about the dynamic state
of the column at this new load level is stored and subseguent motion
during buckling Phase 2 1s studied until the criterium for motion re-
versal shows the existence or the lack of existence of a mction rever-—

sal position.

If during the second trial described above, a motlon reversal po-
sition during buckling Phase 2 is not found, then the current axial
load coincides with the maximum lcad. However, if a motion reversal
position 1s found, then the previously stored states of the column at
the end of buckling Fhase 1 under the axial load, Po + AP, 1s restored,
and the axial load is increased, starting from PO + AP level and up to
a new level, etc. The procedure described is continued until at some
axial load, no motion reversal pesition 1s found for the column during
buckling Phase 2. The axial load corresponding to that situation would

be equal to the maximum column load.

If the column does not attain a motlon reversal position during
buckling Phase 2 in the first trial described above, then the current
axial load, PO, may exceed the maximum column load. In that situation,
a lowver Po—value must be tried, starting all over again from zero load

level, since no information about the dynamic state of the column is
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available for the axial load, PO - AP. This explains why it 1s com-

putationally time saving if the first trial Po—level lies reasonably

below the maximum load.

it should be observed that the technique described above is only
actual 1f the shape of the stress strain diagram is of the type shown
in Fig. 10{b). Otherwise, 1f the stress strain diagram happens to be
bilinear, Fig. 10{a), the parameter variations have no effect on the

magnitude of the maximum column load. This could be proved in the fol-

lowing way:

When the tangent modulus remains constant throughout buckling
Phase 2, then the value of the surplus moment increment, AM, remains
unchanged during all subseguent equal deflection intervals, AU. This
is due to the fact that the value of the laterally induced internal
moment increment, AMib, is constant, see Fig. 29{a}. Furthermore, since
the sxial load is constant and equal deflection increments, AU, is
assumed, then the value of AM_, according to Eq. {159) is constant,
hence according to BEq. (129), the value of AM2 also remains unchanged,
from one interval to ancther. However, it should be recalled that if
the tangent modulus remains constant in the inelastic range, the fol-

lowing two properties are valid at the constant axial load equal to

the reduced modulus load:

1. The surplus moment increment is egual to zero; and

©. eguality between internal and external moments 1is malntained

for all possible lateral deflections.

The first property above follows from the fact that the reduced
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modulus load is originally obtained by the equality between internal
and external moments if the initially centrally lcaded coclumn is
infinitesimally deflected. In other words, during the infinitesimal
increment of lateral deflecticn from the straight to the bent posi-

tion, the value of AM. from Eg. (129) must be equal to zero. However,

2
since according to the above analysis, the value of AME remains con-—
stant from one deflection interval to another, this constant value

must necessarily remain equal to zero during all possible defiection

intervals, since its value during the first deflection interval from

the straight to the bent position is egual to zero,

The second property follows as a conseguence of the first proper-—
ty due to the fact that 1f the internal and external moments are
equal during the first deflection interval from the straight to the
bent position, and if the surplus moment increment is zero during
all subseguent defelction intervals, then the internal and external

moments must necessarily be egual for all possible lateral deflec-

tions.

As an extension of the above argument, it follows that if the
axial load is kept constant above the reduced modulus load, the
surplus moment inérement according to Eq. (129) must necessarily be
negative for all possible lateral deflection increments; furthermore,
the external moment defined according to Eq. 138{b)} must exceed the
corresponding inﬁernal moment , Mi’ for all possible lateral deflec-—
tions, in which case, the value of TIMS sccording to Eg. (138a)

would &lso be negative for any assumed lateral deflection.

Since the value of SMI and TIMS sccording to the above analysis
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are both negative for loads above the reduced modulus lead, it
folleows from the snalysis of Sec. 7.5 that no motion reversal posi-
ticn would be attained in the course of lateral deflection during

buckling Phase 2.

The above discussion leads to the conclusion that the reduced
modulus load can always be considered as the maximum load for & column
with bilinear stress strain diagram, in which case the possibility of
negative surplus moment in stability considerations cof the problem is

eliminated.

Thus, in the following analysis, 1t 1s assumed that the stress
strain diagram is of the type shown in Fig. 10(b), in which case the
effect of parameter variations may turn out to be significant. How-
ever, the functional dependence of maximum column load on variations
of dynamic parameters is an extremely involved problem, since the in-
fluence cof changes in one column parameter depends on the curreni va-
lues of all other parameters involved. In order to analytically pene-
trate into this fascinatingly complex research aréa, the general fac-—
tors affecting the value of the maximum column load for & given stress
strain diagram have to be disclosed. In the process of enumerating all
possible factors, two general causes may be singled out as the most
gignificant factors influencing the value of the maximum load, i.e. the
dynamic state of the column at the end of Phase 1 and the shape of the

stress strain diagram applicable to subsequent deformation of the column

during buckling Phase 2.

Before exploring the properties of maximum column load in Chapter
9, the simple model shown in Fig. 12 is analyzed in Chapter 8, assuming

an arbitrary stress strain diagram and taking into consideration column
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imperfection right from zero load level. The analysis of Model 3 in

Chapter 8 is intended to provide numerical illustration for the signi-

ficant arguments to be put forth in Chapters 9 and 1C.
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8. ANALYSIS OF MODEL 3

Abstract

This model makes a complete quantitative analysis of the genersl
buckling phenomena explored herein. The simple column of Models 1 and
2 1s preserved; however, the column is assumed to be initially imper-
feet with disturbances introduced right from zerc loading level. The
allowable disturbances comprise excentricity, initial deflection and
velocity disturbance applied at any time during the loading process.

4 veloclity disturbance may also be imparted to the column at the be-
ginning of buckling Phase 2. Furthermore, an additicnal disturbance

in the form of changes 1n the original direction of the axial lcad

may be assumed simultaneocus with loading, in which case the axial lcad
is either brought to its original direction before 1t maintains a con-
stant value, or the axial load continues to change direction simulta-—
necusly with bending during buckling Phase 2. There is no restriction
on the shape of the stress strain diagram which may have any arbi-
trary form; however, for practical purposes & general stress strain
disgram with a continuously falling or a piecewise constant tangent
modulus is assumed. The stress strain curve is approximsted by a multi-
linear diagram. The effect ol the gravitetional force may also be taken
inte account. Two computer programs are developed both of which treat
buckling Phase 1 on the basis of the multi-cycle computation techrique
described in Appendix C; however, the two programs (Programs 7 and 8

of Appendix D) differ in the treatment of buckling Phase 2. While Pro-
gram 7 essentially deals with buckling Phase 2 in the same manner as

buckling Phase 1 with zero loading rate, Program 8 analytically deter-
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mines the dynamic state of the column at stress levels where the tangent
moduli may change on the mullilinear stress strain disgram. Program & is
computationally more efficient; however, it cannot tske into considera-
tion the effect of possible disturbances introduced at arbitrary in-
stants of time during buckling Phase 2 such as changes in the direction
of the axial load simultaneous with bending in the process of buckling
Phase 2. Program 7 is computationally more time consuming, but it can
cope with all possible disturbances during both buckling phases. Each
program 1s capable of checking the results of the other one. This is
shown to be specially valuasble since the structurally simpler program
(Program 7) designed for dealing with particular situstions can verify
the results of the considerably more complicated program (Program 8)
designed for achieving greater computational efficiency. The dependence
of maximum column load on the varistions of dynamic parameters as well
as all the other sigaificant buckling phenomens disclosed herein are

numerically verified by the analysis of this model.
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8.1 Description of the Model and Identification of State Eguations

The simple column shown in Fig. 12 is assumed to be initially im-
perfect, subjected to an excentricity in the application of the axial load,
Xo‘ an initial deflection, UO, initial veloecity disturbance, Vo’ a velo—

city disturbance, Vl’ applied at any arbitrary load, Pd’ a velocity dis-

turbance, V,, imparted at the start of buckling Phase 2, and a devia-~

2

ticr angle, 6, of the axial icad from its original direction, which may
either assume zerc value before the end of Phase 1, or continue to grow
during Phase 2. These disturbances are treated as parameter variables
some or all of which may assume zero values in a particular situation.
The time dependent axial loading is assumed to start from zero load level.
The effect of gravitationsl force msy optionally be taken into considera-
tion. The model is capable of handling a loading rate which may be an
arvitrary function of time, however, for the sake of simplicity, a con-—
stant loading rate 1s assumed 1in each numerical simulation which msy, of
course, vary from one case to the other. The chosen stress straln diagram
used in the calculations has a continucusly decreasing or piecewise con-
stant tangent modulus as the stress level increases. However, the model

can deal with a stress straln diagram of any arbitrary shape in which the

tangent modulus may even be a plecewlse 1lncreagsing function of time.

The objective of the present analysis is finding out, for wvarious
parsmeter combinations, the value of the maximum column load and de-
termining the special properties of the dynamically stable states for
loads below the maximum level. The problem is treated on the basis of
the approximate multi-cycle computation technigque described in Appen-—
dix C. Thus, with the known initial state of the column at zerc lcad,

the system vector defined by Eg. ($3) is determined at the end of an
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arbitrarily chosen short interval of time., The system vector thus
obtained is considered as the initial vector for the second interval,
the calculated system vector at the end of the second interval is taken
to be the initial vector at the beginning of the third interval, etc.
The calculations are performed with a time interval, 4t = 0.0l seconds,
which is of an order of magnitude that yielded reliable results in
Model 1 as compared with the exact numerical solution. The cholce of

time step, At, will additionally be discussed and illustrated in con-

nection with the numerical results of thils model.

The equation of motion of the column is already given by Eq. (139)
in Sec. 7.7. Depending on whether the surplus moment increment defined
by Egq. (140) assumes negative, or positive, or zero value, the corre-
sponding solutions for the deflection angle, o, and the angular veloclty,
&, are obtained by either of the following three pairs of equations:

Egs. (1h4k4) and (1L45) for AM smaller than zero, or Bgs. {146) and (1L7)
for AM greater than zero, or.EqS. (150) and (151} for AM equal to zero.
The various alternative solutions of Eg. (132 ) and the method of calcu-
lating internal moment is shown in Fig. 31. ALl the variables in this

flow diagram are already defined, in Sec. 7.7 and Sec. 6.2.

From the general treatment of the problem in Appendix C, it follows
that the stress strain and internal moment states of Model 2, presented
in Sec. 6.2, are egually applicable to the present model, nevertheless,
the arbitrary shape of the stress strain diagram in the current snalysis
makes it necessary to develop a procedure for assigning new values of
deformation moduli as the stresses in the column elements change during

both buckling phases. This task is accomplished in the following section.
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8.2 Assignment of Stress Levels and Deformation Moduli on the Stress

train Diagrsm

In order to determine the proper value of the deformation modulus
corresponding to each cclumn element at each time interval during
the motion of the column, the current stress at each element must
be determined at the end of the interval. The value of this stress
is then compared with the corresponding value on the actual stress
strain diagram in order to pick the appropriate value of the deformation
modulus to be applied toc the element in guestion during the next time
interval. During each computation cycle lasting the chosen time in-
terval, At, the value of the deformation modulus corresponding to each

column element 1s assumed to remain constant.

For the current model, both elements may undergo tensile stresses
with the following restriction: Although the tensile stress in both
elements may increase beyond the proportlonality limitt no subseguent
strain reversal is supposed to take place in the inelastic range in
tensicn. By allowing tension in the material, subseguent to compression,
the proporticnality limit of the material is lowered (Bauschinger effect).
Although this phenomenon could easily be incorporated in the computer
program for the analysis of the current model, Bauschinger effect is
negiected because of the Iinfrequency of tensile stresses in the column
elements and due to the fact that no precise material data is available
regarding the Bauschinger effect. Thus, 1f tensile stresses occur in
column elements after complete unloading, the original stress strain dia-
gram is assumed Lo be valid in tension as well as it is applicable in

compression.

This assignment of deformation medull to column elements 1s accomplished

1. For evaluation of numerical results, see Sec. 8.7.
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according to the following procedure: The stress strain diagram is

divided into a convenient number of consecutive limiting stress levels

as sheown in Fig. 32.
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FIG. 32. REPRESENTATICN OF A GENERAL STRESS STRAIN DIAGRAM CORRESPONDING

TO MODEL 3 BY A MULTILINEAR CURVE

Each consecutive ilimiting stress level, which may alsc be refe-

renced herein as limiting stress level, or simply abbreviated as LSL,

defines a stress level in Fig. 32, uniquely determined by the inter-
section of two short line segments which approximately represent the
tangent lines to the stress strain diagram at two consecutive stress

intervals. The siress axis in Fig. 32 is divided intc N equal stress
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increments, Ag, in such a way that each arbitrary LSL consists of i

times the constant stress increment Ao {i = an integer):
. = 1 Ag {160)

For determination of the state variables Ea and Eb which are ir-
cluded in the system vector in Eq. (93), the current stresses Ga and
o, are first caleculated from Egs. {(95) and (96) respectively. These
stresses are then compared with Fq. (160) for the current value of the
integer, i. If the absolute wvalue of the stress in an element just ex-
ceeds or is egual to the value from Eq. (160), then the deformaticn modulus,

Ei, is applied to the element under consideration and the corresponding

integer, i, 1s incremented by 1.

The procedure just described is shown in Fig. 33. The symbols Al,
A2= A3 and BO in this flow diagram are integer varisbles, which are

substitutes for integer variable, i, in Eg. (160), corresponding to
positive values of 05 Uy and negative vealues of a. and Oy respectively.
The integer variable, N, in Fig. 33 is the maximum number of limiting
stress levels beyond which the tangent modulus remains constant. The one
dimensional array, Al..), indicated in Fig. 33, corresponds to the entire

set of actual B-~valuess, principally defined in Fig. 32.

With all the fundamental background acquired so far, we now de-
velop two computer programs for the twofold purpose of finding ma.x1mum
column load and determining the dynamically stable behaviour of the

column for axial loads below the maximum level.
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8.3 Multi-Cycle Search Method

In the devlepment of the ideas of this paper, the concept Multi-

Cyecle Search method was originally conceived as a way of finding the

maximum column ioad and determining dynamically stable lateral con-
figurations of the column for axial loads below the maximum level.
The name Multi-Cycle Search method is intended to imply the many
calculation cycles required during each trial for determinstion of
the maximum column load. The search for maximur Ioad according to

this procedure can be described as follows:

The axial load is allowed to increase up to a level Fos which 1is
believed to llie 1n the neighbourhood and below the maximum column
load. This is accomplished by successively increasing the axial load
up to the desired level during an appropriate number of time inter-
vals, At. The system vector defined by Eq. (93) is repeatedly recal-
culated during each time interval so that the state space variables are
fully detérmined when the axial load reaches Po—level(end of buckling
Phase 1. At this instant of time, the axial load is kept constant and the
current valuss of state space variables are stored. The motion of the colum
during buckling FPhase 2 is followed by simply setting the value of the
loading rate egual to zero. By deoing this, tﬁe state equations used

during buckling Fhase 1 may egually be utilized during buckling Phase 2.

When the calculstion cycle is repeated with zero loading rate,
the assignment of appropriate deformation moduli is accomplished by
the procedure shown in Fig. 19. This flow diagram which is used in
both buckling phases, takes care of buckling Phase 2 by simply escaping

the lines which calculate the variables saf and sbb described in
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Section 6.3 - The values of these two variables are undefined during

buckling Phase 2.

Since the axisl load during buckiing Phase 2 maintains a constant
value, no approximation would be involved in the choice of the time
interval, AL, as long as deflection and veloclity equations are con-—
cerned. Thus, in order to quickly decide whether the column sttains
a positicn of motion reversal, one may be tempted to increase the
time step, At, during Phase 2. This however, may give rise to serious

errors for the following reason:

When the column 1s moving towards a position of possible motlion
reversal during buckling Phase 2, the stresses at the elements cn
the front side are continuocusly increasing. For, the present simple
model, this implies that the stress in either of the two elements a
or b is increasing simultanecusly as the motion proceeds. Now, if
the time step, At, is chosen too large, the stresses in column
elementsduring one calculation cycle may rise toc high. Consequently,
some sctual tangent moduli may be wrongly assigned in the process.
Since, the surplus moment increment is constant during one calculation
cycle, by using a large time step, we may be unrealistically assuming
too large bending rigidity throughout that cycle. Thus, because of
the possibility of disregarding actually smaller tangent modulil, the
column may spparently reach s position of motion reversal, whereas in
reality no such position could have been attained if time intervals

were chosen sufficiently short.

Thus, the time interval, At, which was considered appropriate for

Phase 1, would be kept unchanged during buckling Phase 2. This process,
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however, may involve performing many calculation cycles before
attaining a possible position of motion reversal. This is how the
name Multi-Cycle Search method was originally born. Now, the number
of moticn reversal positions required, to assure that the current
axial load, PO, lies below the maximum load, depends on the current

direction of motion, see Fig. 3k.

current direction
of motion

current direction
of motion

(a) (b)

FIG. 3h. TWO ALTERNATIVE MOTION STATES OF THE SIMPLE COLUMN AT THE

BEGINNING OF BUCKLING FHASE 2

If the motion of the column is currently increasing the existing
deflection of the column - which would most likely be the c;se - the
attainment of one motion reversal position ié sufficient, see Fig.
3k(a). However, if the motion of the column happens tc be currently
decreasing the existing deflection of the column, see Fig. 34 (p), two

motion reversal positions must be tried

Tn order to continue the search for maximum load, the axial load
is updated and the state space variables stored at the end of buckling
Phase 1 are restored. At the end of the next Phase 1, the search for
P continues again as described above. The procedure 1s repeated un-

max

til P is attained.
max
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It should be noted that if nc position of motion reversal is
attained during the first trial, the axial load either lies above
or 1is equal to the maximum Jload . Thus, it is important that the
first trial value safely lies below the maximum level. Although a low,
first trial value of PO may ccst computer time, additional costs would

be incurred if it happens to lie above the maximum logd,

For finding equilibrium configurations for axial loads below
the maximum level, the column lead is first increased up to the de-
gired level, Po’ whereafter the lcading rate is set egual to zero
and subseguent motion of the column during buckling Phase 2 is followed
up to the third motion reversal position, see Sec. 6.5. If lateral
stable configurations for several load levels are desired, the state
space variables at the end of buckling Phase 1 corresponding to each
load level are stored before proceeding to buckling Phase 2. After
determining the lateral configurations in the manner described sbove,
the state space variables are restored and the column lozd is then

increased up to the new desired load ievel, whereafter the above pro-

cedure 1g repeated during the next Phase 2.

An outline of Multi-Cycle Search method is shown in Fig. 35 which
sequentially follows the procedure Jjust described. If upon entering
the program the parameter, J, is set equal tc 1, the program follows
the procedure for finding Pmax' 1f octherwise, J = 0, the steps men-
tioned above for determination of stable lateral positions are carried
out. An integer variable, N, is set equal to 1 upon entering Phase 1
for the first time. Integer N is incremented by 1 at Label 4, that is
to say, each time the column reaches & motion reversal position during

the process of finding lateral stable positions. If the trial for Pmax
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fails or if the lateral stable positions for new lcad level are de-
sired, the state space variables are restored snd control is trans-—

ferred to Label 1 where the integer variable N is set egual to 1 again.

Multi-Cycle Search method, is particularly efficient for the
second objective of the program, i.e., finding stable lateral posi-
tions. This is due to the fact that for this purpose, the program re-
quires no trials, besides, because of maintaining a sufficiently short
time step, At, throughout the calculaticns, necessary information
about the state of the column may be printed out whenever desired
during Phase 2 as well as during Phase 1. However, the first objective
of the program, 1.e., finding maximum load, may take too long computer
time, particularly if the first trial axial load happens to lie con-
siderably below the maximum level. Thus, our present aim is to find
a method of incressing the time step, 4t, without committing the
possible errors mentioned in the above discussion. This task is
accomplished by the concept of Single-Cycle Search method developed
in the next section. Nevertheless, it should be noted that if distur-—
bances such as changes in the direction of the axial load or velocity
disturbances are introduced simultaneous with bending during buckling
Phaze 2, then the Multi-Cycle Search method desecribed in this secticn
is the only alternative which can cope with these particular situa-
tions. Thus, Program T of Appendix D, which is based on the concept
of Multi-Cycle SBearch method developed herein, can treat the problem
of a nocnconservative axial load during buckling Phase 2. Even the
possible occurrence of a velocity disturbance at the beginning of

Phase 2 is included in Program 7.
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8.4 Single—Cycle Search Meithod

In the course of actual computer testing of the Multi-Cycle Search
method developed in the previous section, it was found out that the
process of determining maximum column load according to that program
iz too time consuming to be szccepted as the basis for future extensions
to more conventional column models. Thus, an effort was made to develop
a program which could increase the time step, At, during Phase 2 with-
out wrongly assigning the actual values of the tangent moduli. In the
course of accomplishing this objective, a numbér of complicated prob-
lems were successively faced which took considerable time to resolve.
The concept of Single~Cycle Search method has consequently evolved
to meet our present cbjective. The main concept may be explained as

follows.

As far as buckling Phase 1 is concerned, there is no difference
between the approach Lo be described now and the Multi-Cycle Bearch
method explained in the previous section. Differences arise as soon
as the axial lcad reaches the first trial level, Po' For the present
approach the following course of action is successively followed: At
the beginning of buckling Phase 2 the state space variables are stored
and, the direction of motion of the column is observed. With respect
to the direction of motion, the element on the back side is assigned
the value.of the unlcading modulus, Eo' On the front side, the strain
is currently increasing. The action to be taken now depends cn whether
or not the element with increasing strain is currently moving on an
unloading line. Thus one of the following two actions is taken depend-

ing on which alternative is true:
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a. If the element on the front side is currently deforming on an
unloading line, it would be then necessary to determine whether the
column first attains a position of motion reversal, or whether the
element on the front side would first attain a sufficiently high
stress level to begin to deform on the original stress strain diagram.
If the former event occurs, the position of motion reversal is calecu-
lated, but if the seccnd event occurs, the problem would be similar
to the case treated in the following alternative:

b. If the element on the forward side is currently deforming on
the original stress strain diagram, or 1f it is moving on an unloading
line but motion reversal does not cccur before the siress in the
element reaches the original stress strain diagram, then the angle,
@, and the time, tos corresponding to the next LSL {cConsecutive 1i-
miting stress level) in element 2 on tne front side {either element a
or b), are calculated. If element j is currently deforming on an un-—
lcading line, the next T8I 1s the state variable, st, and the next
tangent modulus to be assigred is the state varlable, Ejs' However,
if the element is currently deforming on the original stress strain
dilagram between stresgs levels, O: g and 0;, see Fig. 32, then the next

LSL is 0. and the next tangent modulus to be assigned is Ei'

If in the above alternative, element j on the front side is cur-
rently deforming on the original stress strain diagram, the calculated
critical time, tc’ corresponding to the next LSL, must be compared with
the return time, tr, corresponding to the next motion reversal. If tr
happens to be smaller than or egual to tc, the position of motion re-
versal is determined as described below. However, if tr is found to

be greafer than tC, the new state of the column, whose front side

element, J, is currently deforming between the stress levels, R
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and T would be determined such that the following relations hold:

6= o (161)
Oj =0, {162)
and EJ. = E, (163}

in which @, = the deflection angle defined as sbove; index j corre-
sponds to the element on the front side which for the present model

may be either element a or by and the index 1 corresponds to the LSL
lying immediately above element j's current stress on the stress stirain
diagram, before the new state of the column defined by Egs. (161) -

(163) is established.

The surplus moment increment, AM, corresponding Lo the new state
of the column is now determined. If AM happens to be smaller than or
equal to zero and the corresponding motion reversal criterium, derived
in Sec. 7.7, is not satisfied, then the current axial load lies above
or 1s egual to the maximum column load. However, if AM is found to be
positive, the current limiting stress level, 0. is moved to the next

higher 1imiting stress level, o , and the whole process described

i+l
in alternative b above up to the present point is repeated. Thus a
locp is established which successively finds new states of the cclumn

corresponding to new limiting siress levels.

A jump cut of the above loop occurs if one of the following three

events takes place during a certain execution of the loop:
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1. The surplus moment Iincrement may turn out to be negative or
equal to zero and the corresponding motion reversal criterium violated,
in which case, the current axisl load is either greater or egual to
the maximum load; consequently the computstions are terminated,

2. tr may happen to be less than or egual to tc as described above
in which case the loop is terminated and the motion reversal position
is determined; and

3. the next limiting sﬁress level may lie above the last limiting
stress level, o, see Fig. 32, 1n which case the loop is again termi-
nated and the next motion reversal position is determined as described

below.

If the stress level, S corresponding to the next LSL in either
of the two alternatives a or b above, corresponds to a time, tc’ which
is grester than the return time, tr’ corresponding to the next motion
reversal, then the state of the column correspending to the next motion

reversal position is determined as described in Seec. T7.7.

The number of motion reversal positions required, to assure that
the current axial load lies below the maximum lcoad, depends on the
current direction of motion, see Fig. 34. If the motion of the ecclumn
is currently increasing the existing column deflection, see Fig. 3k(a),
then one motion reversal position, and otherwise, see Fig. 34(b), two

motion reversal positions must be tried.

If the current axial load is found to lie below the maximum level,
then the axial load is increased by an amount, AP, the state space vari-
gbles are restored, and the new system vector at the end of the new buck-
ling Phase 1 is found and stored, whereafter the whole procedure described
above is repeated. The computations would continue in the manner described

until the maximum cclumn load is found.
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For determination of equilibrium configurations below the maximum
level, the behaviour of the column up to three successive motion re-
versal positions is found, in the manner described in Sec. 6.5. For
the purpose of determining equilibrium positions below the maximum
level, we may desire to receive information on the state of the column
at any arbitrary time during Phase 2. This is not possible with Single-
Cycle Search method, since the states of the column during buckling
Phase 2 according to this approach are related to the limiting stress
levels, as a consequence of which no information can be printed out
during intermediate states of the column. Thus, for this purpose, the
Multi-Cycle Search method is more flexible. However, if only the state
of the column corresponding to the limiting stress level, or the mo-—

tion reversal configurations is desired, this program is equally useful.

An outline of Single-Cycle Search method is presented in Fig. 36
which shows the most important branching points and the block structure
of the program. At point A, the program either branches to Left Block
(LB) or to Right Block (RB) depending on whether the column is currently
moving in backward or in forward direction. These two blocks together
perform the functions of alternative a above. At points B or C, the

control is either transferred to Middle Block (MB) corresponding to

alternative b above, or the program moves to Motion Reversal Block

where the next motion reversal position 1s determined.

The Middle Block in Fig. 36, is terminated elther when Pmax is
attained or if the control is transferred to Motion Reversal Block.
At point D either the program branches back to Left Block or Right
Block if more than one motion reversal position is desired, or it moves

to point E whereafter either the trial for Pmax is renewed, cor 1f the
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objective is to find equilibrium configurations, new desired load
level is specified and the combrol is trensferred to the buckling

Phase 1.

It should be noted that so far, the general concept of Single-
Cycle Search method has been presented in this section. The method
of determining the time, tc, corresponding to the next LSL and a de-—
scription of the main program with its subroutines will be presented

in the following sections.



8.5 Determination of Column State at Limiting Stress Levels

According to the discussion in Sec. 8.4, the variables a,s t,
and R denote the respective values of deflection angle, time and
stress corresponding to the state of the column at a consecutive
Jimiting stress level (LSL). For element | situated on the front
side with respect to the direction of motion, the LSL was identified
in Sec. 8.4 to be either the state variable, st, if the element
is currently deforming on an unloading line, or the limiting stress
level, O if the column is currently deforming on the original stress
strain diasgram beitween stress levels, 0: 1 and Gs see Fig. 32. In
either case, Tthe two variables, 7, and a, mey be defined by the egua-

tions

Q
il

o + Ao (16k)
and o = g. + Ag (165)

in which o = the current deflection angle; Gj = the current value of
stress at the element on the front side; Aac = the difference between
the present deflection angle and the value corresponding to the next
LSL; and Acc = the difference between the present stress in element

and the value corresponding to the next L3L.

The stresses in column elements during buckling Phase 2 change
sclely due to the bending effect, in which case Eg. (100) gives a cer-
tain stress increment due to a corresponding increment of lateral de-
flection. Thus, replacing Aw in Eg. (100) by fa  and Aoy by Ao, and

solving the resulting squation for Auc leads to

195



1596
AoCA(K + 1}
bo, = {166)

"

The next problem to be resolved is how to find the time, tc, corre—
sponding to the deflection angle, o _, once o 1is given by Eg. (16L) in
which Aac is determined from Eg. (166). The determination of tc is found

to be necessary Tor finding out the column state at various limiting

stress levels.

Before attaining the maximum column load during buckling Phase 2,
the surplus moment increment, AM, may be either positive, zerc, or ne-
gative. Thus, the following three alternatives for determination of

the state of the column at the next LSL must be examined:

1. Case AM > 0. — Then setting o in Bg. (146) equal to @, leads

to the following equation for the determination of the corresponding

time, t
c

cos wtc =a - F (167)

C. sin wt + C
c c

1 2

If ¢, =0, Eq. (167) would lead to the solution

C.—-a +F
2 Arctan 2 e
C,+a -—-F

P ¢

£ = {168)

C w

When C2 o, - F =20, Bg. (168) results in

t =X (169}
[

it Cl is different from zerc, then by using the nctations
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02
=~ = C (170)
cl 3
uc - F
and ~—EZH-= D3 {(171)

Eq. (167) cculd be expressed in the form

wt wt

2 C C _
(c3 + D3) tan” — 2 tan —3 (63 D3) =0 (172)

IfTC_ +D. =0and D, > 0, Eg. {172} gives

3 3 3
2 Arctan (DB)
t, = " (173)
Ir C, + D3 = 0 and D3 £ 0, Eg. {172) results in
2’} - Arctan(—DBﬂ
t = (L174)
o w

If the expression C3 + D3 is different from zero, Rg. (172) leads to

the general solution

+ L
2 Arctan \C. + D. q (c_+D. )2 C. +D

The proper sign in front of the sguare root in Eq. (175) can be deter-

mined according to the following three alternatives:

D) o i
a. If l/(C3 + D3) < 0 and (C3 D3;/(C3 + DB) < 0, the solution is

(176)

¢c, -D
-1 1 3 3
291 - 2 Arcian ( —v =+ )}
i [ Cq+ Dy V(g * D)7 €5+ Dy

e} w
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b. If ;/(03 + DB) > 0 and (03 - D3)/(c3 + DB) < 0, the sclution
would be
- D
L 1 _ I 1 3 3
2 Arcten C + D3 N (C + D )2 + C + D
6 = 3 33 33 (177)
[0

c. In all other cases the solution is

C —_
- L 1 3 3
2 Arctan (03 " D3 +\/(03 " D3)2 + C3 + D,
t = (178)
c w
2. Case AM = 0. — If the surplus moment increment happens to be

equal to zerc, the corresponding solution for tc’ using Eg. (150) is

- t\/g2_ .
b, = <53 BRI~ R, 3 (179)

in which
I
0
Ry = g {180)
2(ao - ac)
and Rh = (181)
17 R§ - Rh is smaller than zero or Rll is greater than zero and R3 is

smaller than zerc, then there 1s no positive solution for tc. If Rh

and R. both are greater than zero then the minus sign and otherwise

3
the plus sign in Eg. (17%) holds.

3. Case AM < 0. - The time, tc, corresponding to the positicn of

the column at the next LSL may be obtained by replacing o and t in Eg.

{(1LL) by the corresponding guantities, t. end o
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. . . -
Cl sinh uwt C2 cosh wt_ = a, - F {182)

Using the notations

a, - F =R (183)
R
—— = R (184
C2 + Cl 1
c. - C
2 1
and = = R {185)
02 + Cl 2

Bg. (182) leads to the following solution for t,:

: + \ /e )
_ Ln(Rl = Rl RE

c o

(186)

Since R2 must be greater than unity for the existence of a motion re-
versal positicn, the following conditions must be satisfied for the

existence of a mesningful solution for t.

. 2 .
l. the expression Rl - R2 must be positive, and

2. the term,Rl must also be positive.

If, in addition, the expression R1 - V R{g— R2 is greater than unity

then the minus sign and ctherwise the plus sign should be used in Egq.

(186).

1 . . . . .
A solution may exist for tc even when R2 1s less than unity and per-
haps less than zero; however, in that case, since no motion reversal

position is possible, the solution i1s no longer useful.
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8.6 Description of the Main Program Based on the Concept of Single-—

Cycle Search Method

The determination of the return time, tr’ in Sec. 7.7 and the
time, tc, corresponding to the next consecutive limiting stress level,
in Sec. 8.5, comprise the main anslytical tools for the constructicn
of a program based on the concept of Single-Cycle Search method. The
main ideas are described in Sec. 8.4 upon which a computer program
is developed, see Program 8§ in Appendix D. The entire flow diagram
for the main program with its subroutines is included in Appendix E.
However, the flow diagram for the main program, together with a short
description of its subroutines is presented below in order to enhance

the overall understanding of the general discussion in Sec. 8.k,

The program to be presented below consists of a main part together
with 26 subroutines. The flow diagram of the main program 1s shown in
Fig. 37. However, to begin with, the essential contents of the sub-—
routines are shortly described below in order to understand their func-—
tions as they are encountered in the main program. The symbols used

in the following description have already been defined and have occured

at different places throughout this paper.

Subroutine 1: This subroutine calculates the variables, K, C, Mio at

the beginning of the computation cycle, AM, H, F, w, Cl and Cg.

Subroutine 2: This subroutine determines the time, tc’ for positive

values of the surplus moment increment, AM, according to the different

alternatives explained in Sec. 8.5, whereafter it calls Bubroutine k.
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Subroutine 3: For positive values of the surplus moment Increment, this

subroutine assigns deflection and velocity states of the column corre-
sponding to a position where the column element on the front side of
motion has exactly attained a stress equal to & limiting stress level

on the stress strain diagram, whereafter Subroutine 6 is called.

Subroutine 4: This subroutine determines the return time, tr’ according

to the various alternatives presented in Sec. 7.7 for positive values
of surplus moment increment, AM. For negative or zero values of 4M,

the control is transferred to Subroutine 20 or 23 respectively.

Subroutine 5: This subroutine evaluates the deflection and velccity

states of the column in the general case whenever, the surplus moment
increment, AM, 1s positive. For negative or zero values of AM, the

control is transferred to Subroutines 17 and 18, or, Subroutine 24 re-

gpectively.

Subroutine 6: This subroutine determines the internal moment and the

stress state of the column at the end of the computation cycle and
assigns the appropriate values of tangent moduli on the original stress

strain diagram to the column elements.

Subroutine 7: This subroutine optionally takes into account the in-

fluence of a nonconservative axial lcad.

Subroutine 8: This subroutine prints the current values of the 8 va-

riables: Load, end deflection, time, angular veloeity, and the four

b @ and Oy indicating deformation moduli respective stres-

ses corresponding to elements a and b respectively. Two consecutive lines

values of Ea’ E
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are printed with four variables on each line in the order mentioned

above.,

Subroutine 9: This subroutine in coordination with Subroutine 26 op-

tionally determine the influence of the gravitational force.

Subroutine 10: This subroutine calculstes the current values of time

and axial load, and determines the initial values of deflection and
angular velocity. During Phase 1, this subroutine also determines the

initial values of stralin reversal parameters, safo and sbbo.

Subroutine 11: This subroutine calculates the stress, T corresponding

to the next consecutive limiting stress level, as defined in Sec. 8.5,
wherealter it calls either of the three Subroutines 2, 22, or 19 de-
pending on whether the surplus moment increment is posilive, zero, or

negative respectively.

Subroutine 12: This subroutine assigns the time, tc, to the time step

parameter, At, whereafter either of the three Subroutines 3, 25, or 21
are called depending on whether AM is positive, zero, or negative re-

spectively.

Subroutine 13: This subroutine controls the assignment of the proper

values of deformation moduli corresponding to the deformation of a
column element on an unicading line during buckling Phase 2, as well
s in connection with strain reversal during buckling Phase 1. It

also determines the state space variables o, B, o _, and E__.
as as bs bs

Subroutine 1lh: This subroutine generates information about the occurrence
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of strain reversal in a certain column element and then calls Subroutine
8 fer printing additional information on the state of the column at the

- time of strain reversal.

Subroutine 15: This subroutine prints information conceruning the attain-~

ment of P in elther forward or backward direction. If P is attained,
max max

then Subroutine 8 is called for printing information about the current

state of the column; subsequently the number of trials at the time of

attainment of the maximum column load is printed.

Subroutine 16: This subroutine restores the state space varisbles stored

at the end of buckling Phase 1.

Subroutine 17: This subroutine calculates the values of the functions

sinh{wAt) and cosh{wAt).

Subroutine 18: This subroutine determines the deflecticn and angular

velocity when the surplus moment increment is negative.

Subroutine 19: This subroutine determines the tinme, tc’ when the sur-

plus moment Increment is negative.

Subroutine 20: This subroutine finds out the return time, tr, for nega-

tive values of the surplus moment increment.

Subroutine 21: For negative values of the surplus moment increment, this

subroutine sssigns deflection and velocity states of the column corre-
sponding to a position where the column element on the front side of

motion has exactly attained a stress egual to a limiting stress level
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on the stress strain diagram, whereafter Subroutine 6 is called.

Subroutine 22: This subroutine determines the time, tc’ when the sur-

plus moment increment is zero.

Subroutine 23: This subroutine determines the return time, tr’ for

AM = 0.

Subroutine 24: This subroutine calculates deflection and angular velo-

city when AM = 0.

Subroutine 25: For zero values of the surplus moment increment, this

subroutine assigns deflecticn and veloclty states of the column corre-
sponding tc & position where the column element on the front side of
motion has exactly attained a stress equal to a limiting stress level

on the stress strain diagram, whereafter Subroutine 6 is called.

Subroutine 26: This subroutine in coordination with Subroutine 9

optionally determine the influence of the gravitational force.

In the flow dlagram which follows in Fig. 37, all except the six
symbols, Nj, NB’ J, QB’ Y1 and RS amy already be familiar from previous
sections. These additional symbols are all integer variables used in

the folleowing situations:

N. counts the number of motion reversal positions in connection with
the determination of equilibrium configurations for loads below the maximum

level; N_ is set egual to 1 when the column is moving backwards at the

3



beginning of
set equal to
when finding
whenever the

Phase 2, and

buckling Phase
1 when finding
stablie Jateral
column attains

set equal to 1
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2, and set equal to zero otherwise; J 1s
maximum coluwmn load, and set egual to zero
configurations, Q8 is set equal to zero
a motion reversal position during buckling

otherwise; ¥, is given the value -1 when-

3

ever there is no solution to the time , tc, corresponding to the next

limiting stress level, and given the value 1 otherwise; and R5 ig given

the value 1 whenever the ecritericn for motion reversal under the influ-

ence of a constent axial load is not satisfied, and set equal to zero

otherwise.
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Start
Subroutine 13
Phase 1l:Assign loadiny raleg Subroutine 1
Determine state space +
varisbles, see Eg. (93) 1 > QB
Is P < P Yes y
o <: Yes _‘ﬂ:’
Is ¢ =0 7? '
+No g ‘gT
Store: Btate space *ND
variables
o >~ O
as e
g -+ g
a J
Phage 2: 0 + Loading rate Subroutine 11
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oy 5 ¥

Yesg
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o

Subroutine 12
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i 3 +
Subroutine 10
a -+ o
& -+ 0 Y
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K > E
as 8

FIG. 37. MAIN PROGRAM DESCRIBING THE PROCESS OF FINDING MAXIMUM COLUMK
LOAD AND STABLE LATERAL CONFIGURATTONS ACCORDING TC SINGLE-CYCLE

SEARCH METHOD
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8.7 TNumerical Results for Maximum Column Load

The determination of maximum column load herein precedes the
calculations for the dynamically stable lateral positions, due to the
fact that a demarcation of the boundary line between regions of sta-
pility and instabilily requires & precise knowledge of the maximum
column load. If, for a particular parameter combination, the maximum
column load is determined, then we may definitely assert that for all
possible axial loads below that level, there exists dynamically stable

lateral configurations which could be found for each predetermined

axial load,

The concept of Single—Cycle Search method developed in the pre-
vious chapter is utilized in constructing a computer program, see
Program € of Appendix D, with the aid of the analytical tools acquired
in the analysis of Model 3. The initially imperfect simple column in
Fig. 12 is assumed to have a deformable hinge with any arbltrary stress
strain relationship. For the purpose of the present computaticns, the
stress strain diagram is assumed to have 79 limiting stress levels,

see Fig. 32, with the following array of R-values:

Array of B-Values

1,1, 1,1, .667, .572, .5, .Lhs, .4, .308

.268, .236, .23, .222, .218, .208, .2, .193, .185, .178
.17, .167, .167, .167, .167, .165, .16kL, .163, .162, .15L
L1k8, L1h3, 138, i34, .11, .111, .111, .1il1, .111, .ili
11, .11, .11, .109; A, W1, W1, W1, W1, 0

1, .1, .1, .1, .1, .1, .1, .1, .1

2

.084, .077, .063, .061, .057, .053, .05, .048, .0u6, .ohk.

.0k, .033, .028, .026, .02h, .017, .015, .013, .01l, .01
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The above B—values are ratios of the tangent moduli at the limiting
stress levels to the initial elastic modulus. The multilinesrization of
the stress strain diagram is performed according to the procedure depic-—
ted in Fig. 32. The value of A¢ defined in that principal figure is sepa-
rately chosen in each of the three data sets below, such that the reduced
modulus load in each case would occur at the sixtieth limiting stress
level with the corresponding tangent modulus determined according to
the array of B-values given above. The relative shapeocf the stress
strain diagram, determined by the numerical ratiocs given in the above
array of B-values is depicted in Fig. 38. The relative shape here implies
that at each limiting stress level, the consecutive tangent moduli re-

tain their corresponding ratios regardless of the possible changes in

the value of the initial elastic modulus.

STRESS

STRAIN

FIG. 38. RELATIVE SHAPE OF THE STRESS STRATN DIAGRAM USED IN THE

COMPUTATIONS OF MODEL 3.
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With the proper choice of A¢ and the initial modulus of elasticity,
EO, the stress strain disgram, whose relstive shape is shown in Fig. 38,
would be uniguely determined. A study of the array of B-values in this
section shows that the stress strain diagram is chosen such that it in-

cludes bhoth regions of constant and continuously decreasing tangent modulus.

Three sets of calculations are performed and recorded in Tables L 4 =
Lk ¢ corresponding to three different data sets. In the first set, reccrded
in Table 4 A, the parameters which are maintained at constant values are:

_ _ _ 2 _ : _ 10

b=d=5¢cm; A =5c¢cm 3 L =2.5my M= 100 kg; and EO = 10 Newtons per
square meter. Cn the other hand, the parameters subjected %o variations
in Table 4 A are: initial deflection, UO, initisl velccity disturbance,
V_, initial eccentricity, XO, loading rate, c, and a velocity disturbance,

V., introduced at any arbitrary loading level, Pd’ during buckling Phase 1.

13
The effect of variations of a velcecity disturbance introduced at the be-
ginning of buckling Phase 2 on the maximum cclumn load is presented in
dlagrammatic form in Sec. 9.2. This fact, however, is not recorded in
Table 4 A. Furthermore, the influence of gravitational force and the

effect of changes in the direction of application of the external load

arc postponed to be separately treated herein in Seecs. 10.3 and 10.k.
With the above numerical values corresponding to the first data set,
the values of the tangent modulus znd the reduced modulus loads are

found to be equal to 11 100 and 18 180 Newtons respectively.

In the second set of calculations, recorded in Table L B, the para-
meters kept at constant values are: b=d =30 em; A =5 cem 3 L =5 m,
M = 500 kgy and EO = 10lO Newtons per square meter; whereas the initisl

deflection, UO, and ‘loading rate, c, are subjected to variations. The
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objective of this set of ecalculstions is mainly to evaluate the influence
of an increase in the mass and length of the column. Compared with the
first set, the value of the hinge element area, A, is kept the same

while the hinge width and depth, 2 b respective 2 d, are increased in

the samé proportional ratic as the length, L, in order to maintain the

same tangent modulus and reduced modulus loads described above for the

first data sét.

For the third set of calculations: recorded in Table 4 C, the para—
meters maintained at constant values are: b = 5 em; d = 10 cmy A = 5 cm2;
L=5m; M= 500 kgy and EO = lOll Newtons per square meter. The para-
meters subjected to variations in this case are initial deflection, Uo’
and leading r