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Abstract

Electric and magnetic currents are essential to describe electromagnetic stored
energy, as well as the associated quantities of antenna () and the partial di-
rectivity to antenna Q-ratio, D/Q, for general structures. The upper bound
of previous D/Q-results for antennas modeled by electric currents is accu-
rate enough to be predictive, this motivates us here to extend the analysis
to include magnetic currents. In the present paper we investigate antenna
Q bounds and D/Q@Q-bounds for the combination of electric- and magnetic-
currents, in the limit of electrically small antennas. This investigation is both
analytical and numerical, and we illustrate how the bounds depend on the
shape of the antenna. We show that the antenna () can be associated with the
largest eigenvalue of certain combinations of the electric and magnetic polariz-
ability tensors. The results are a fully compatible extension of the electric only
currents, which come as a special case. The here proposed method for antenna
Q provides the minimum @-value, and it also yields families of minimizers for
optimal electric and magnetic currents that can lend insight into the antenna
design.

1 Introduction

Time harmonic electromagnetic radiating systems do not in general have a finite
total energy associated with them. This is well known since the radiated electric
and magnetic fields decay as 7! and the corresponding energy density hence decay
as r—2, which is not an integrable quantity for exterior unbounded regions. This non-
integrability differs from the singularities of the electromagnetic energy for charged
particles, see e.g., [14,69], where the challenge is the finite mass of particles in
coupling Maxwell’s equation to the dynamics of the charged particles.

To consistently extract a finite stored energy from the energy densities associ-
ated with classical time-harmonic energy has been investigated in [10, 11, 18, 32, 58,
62, 68]. These stored energies have been based on spherical (and spheroidal) modes,
circuit equivalents and on the input impedance for small antennas. In 2010 Vanden-
bosh [63] proposed a current-density approach to stored energies also applicable to
larger antennas. This approach has generated new interest in electromagnetic stored
energy that is explored in [8,24, 27,28, 64,65|. This ‘stored energy’ is similar to the
results of Collin and Rothschild [11] and it also has similarities with the stored ener-
gies proposed in [9,20]. The generalization in [66] and in the present paper includes
electric and magnetic current-densities for arbitrary shapes. Antennas embedded in
lossy or dispersive material has been considered in [29].

The drive to find a well-defined stored energy stems partly from that it is closely
related to the antenna quality factor Q. Lower bounds on antenna Q is directly
related to the electric size of the antenna, and indirectly to the maximal matching
bandwidth that can be obtained. The relation between antenna () and bandwidth
is not trivial, for a discussion and examples see e.g., [22,23,28,68]. An alternative
method to derive bandwidth bounds is sum-rules, see e.g., [15,25,37,40,52,68].
The approach given here, is related to [25,27,28,66,68|. In the present paper, we



show how the electric and magnetic polarizabilities [42,54, 55| are directly related
to lower bounds on antenna () for small antennas. The investigation is based on the
asymptotic behavior of stored energy in the electrically small case for both electric
and magnetic currents. This result is an extension of the stored energies in [63] and
their connection to both antenna Q and partial directivity over antenna ). That
scattering properties are related to the polarizabilities are known, see e.g. [5,60],
but that polarizability tensors appear directly as the essential factor in antenna
Q-estimates is a recent result [25, 38, 66, 67|.

The current-representation approach to stored energy enables the maximal par-
tial directivity over antenna ( problem to be reduced to a convex optimization
problem [24]. It also enables us to consider fundamental limitations for arbitrary
geometries. Convex optimization problems are efficiently solvable [7]. From a user
perspective it can be compared with solving a matrix equation. To numerically find
the physical bounds on antenna Q or partial directivity over antenna Q, D/Q is
here reduced to tractable problems, solvable with common electromagnetic tools.
In the present paper we illustrate how this can be applied to a range of shapes,
both numerically and analytically. The here considered minimization problems in-
vestigate how different current and charge density combinations yield different lower
bounds on antenna Q. For the electrical dipole problem we show that the minimiz-
ing currents result in Q and D/@Q that agree with [25,62,67|. For the case of a
generalized electric dipole with both electric charges and magnetic current-densities
as sources our result agrees with the sphere in [10]. When we allow dual-modes,
i.e., both electrically and magnetically radiation dipoles, we find that the result
agree with [38,66]. The framework here easily account for all these different cases
with a generic approach. Another result of our method is that we can show that
small antennas have a family of current-densities that realize the associated optimal
antenna  for a given shape [27].

The present paper is based on the stored energies for both electric and magnetic
current densities [38]. Another approach to these energies and associated bounds
are given in [66]. We investigate the small antenna limit and illustrate how antenna
Q and related optimization problems behave for electric and magnetic currents for
a range of antenna shapes. These results are based on the leading order terms
of the stored energies as the electric size of the domain approach zero. One of the
advantages here is that the bounds on @) and D /(@) are known once the polarizability
tensors are determined for a given shape. We use this knowledge to sweep shape-
parameters to illustrate how @ and D/Q depend on the shape of antenna. Analytical
expressions for the electrically small case provide physical insight into limiting factors
for @ and D/@Q. These more general results are shown to reduce to the analytically
known cases in |26, 66, 67].

In Section 2, we recall the definitions of key antenna and energy quantities.
Using an asymptotic expansion of the electric and magnetic currents in Section 3 we
give the explicit leading order current-density representation of the radiated power,
stored energies, and the radiation intensities. Analytical and numerical examples for
antenna () and D /@ under different constraints are given in Section 4. In Section 5,
we formulate the problem as a convex optimization problem, and determine () for



_____
- ~-~o

l, s\
A , .
n R W
+—F () '
ll \
N 1
1 1
! i
l| Jea Jm7 1097 pm "
' ]
A 1]
1}
. V S
4
\\ av l'
~ ’

-
-------

Figure 1: The figure illustrates the joint support, V, of the current densities,
enclosed within a sphere of radius a, and with a normal n at the boundary 0V of
V.

some shapes. Conclusions and appendices end the paper.

2 Antenna Q and partial directivity

Let V C R3 be the joint bounded support of the electric and magnetic current
densities J, and J, respectively, see Figure 1. The support V' is here assumed to be
bounded and connected. Through the continuity equations we define the associated
electric and magnetic charge densities p, and p,. The time-harmonic Maxwell’s
equations with electric and magnetic current densities in free-space take the form

V x E +inkH = —J,, v.E:%:J—kV J,. (2.1)
Jk‘ pm _

VxH-2E=J, v.H="_"'¢. T, (2.2)
n o jkn

where we use the time convention ¢!, which is suppressed. In this paper, we let
e = ¢eg, 4t = o and 1 =1y = / /e be the free space permittivity, permeability and
impedance, respectively. E is the electric field and H is the magnetic field. The
dispersion relation between the wave number, k, and the angular frequency,
k = w,/ep and t is time.

The field energy densities are ¢|E|*/4 and pu|H|*/4. Here we are interested in
stored electric W, and magnetic W, energies, which are more challenging to define.
We follow the definition of [11, 16, 20, 22, 28, 63, 68| and define the stored electric and
magnetic energies as

w, is

W= | |B@)P - Mdv Wi |H(r)|* — —|FH( il

dav, (2.3
4 Jrs r? 4 R3 r? (23)
where Fg, Fy are the far-fields, i.e.,
Let r denote a vector in R3, with length r = |r| and corresponding unit vector
7 = r/r. Here [o, is an abbreviation of the limit lim,,_, quo. Note that the




expressions (2.3) can for certain antennas become coordinate dependent, and for
large structures (2.3) may become negative [27], these artifacts do not appear in the
small electrical limit, as shown later in this paper as all obtained minimal antenna
QQ are non-negative, see e.g., Section 4.

Given these stored energies, we define the two main antenna parameters that
appear in the physical bounds. The antenna quality factor: @ = max(Qe, Qm,0)
where

2wW, 2wW,
e — ° ) d m - - . 24
Q Prad at Q Prad ( )

Here, P.q is the radiated power of the system described by (2.1)-(2.2). Defined as

1
Py — 2_/ Fu(7) 49, (2.5)
nJa

where ) is the unit sphere in R3.
The partial directivity D(lAc, €) in the direction k from an antenna with polar-

ization é, is [3]
P(k,é)

Prad ’
where P(k,é) is the partial radiation intensity |é - Fi|2/(2n). The other main
antenna parameter here is the partial directivity over antenna Q, D/, which with
the above notation is

D(k,é) = 4r

(2.6)

D(k,é) 2w P(k, €)

Q@  wmax(We, Wy, 0)

The goal here is to optimize and investigate @) and D/Q in terms of the electric

and magnetic current densities, in the small antenna limit. We hence express these

quantities in terms of the current densities, see A. While these calculations are

straight forward, they are also rather lengthy, see e.g., [63| for a similar effort, see

also [38,39]. Substantial simplification is obtained in these derivations for the case

of electrically small antennas which is illustrated in the next section. The leading
order term of the stored energies, for small k is given by

(2.7)

1
W, = ﬁ Im [(J., Lod) + ?um, Londw)] + O(k) (2.8)

and ]
W, — ﬁ T [(J,, L) + ?um, LonTw)] + O(F). (2.9)

Note that these stored energies are symmetric in the current densities and a natural
extension of the electric only current-case, J,, = 0. Above we use the ordo notation
O(k) to indicate that the next order term is bounded by Ck, for some constant C'
as k — 0. The associated operators in (2.8) and (2.9) are

—1
<J,£eJ> = J_k/ / V1 : J(Tl)VQ : J*(’I“Q)G(T‘l — 7”‘2) d‘/l d‘/z, (210)
VJV

(J,ﬁmJ>:jk/v/vJ(rl)-J*(rg)G(rl—r2)dV1dV2. (2.11)



The operators are similar to the Electric Field Integral Equation, EFIE, operators
L =L, — L, when the currents are on a surface of an object, and for such currents
there is a range of implementations in the standard method-of-moment codes. Here
and below we occasionally use the notation ‘current’, in place of ‘current density’,
to shorten the notation. The kernel G(r) is the Green’s function, e %" /(47rr) and *
indicates the complex conjugate, see also Figure 1.

The radiation intensity, P(k:) in the direction k, have a representation in terms
of the current densities [38]:

~ kz .

1. A -
\/ o(r) + = l<:><h* Jm(rl))eJk’T'” dvﬂ = P(k,é) + P(k,h), (2.12)

where we use that k, e, h is an orthogonal triplet with kxé=h. We recognize the
partial radiation intensity P(lAc, e) for the polarization €. For electric currents only,
i.e., Jm = 0, these expression agree with e.g., |27, 63].

To find the total radiated power P,.q, in terms of its current-density representa-
tion we can integrate (2.12) over the unit sphere. A more direct route to P,,q is based
on (2.5) and the observation that the electric far-field, Fg, have the representation

Fo(f) = 15 / [ x Jo(r) + 1Jm(r1)]ei’ff‘ﬂ dv;. (2.13)
41 v n
Somewhat lengthy calculations 38, 39| show that the corresponding quadratic form
in terms of the currents are

1
Prad = gRe<Jev 'CJe> + % Re<']m> ‘CJm> - Im<']ea K1Jm>> (214)

where K is the operator defined by
<Je, KlJ / / J* 7'1 R X J (?“Q)Jl(k?R) d‘/l d‘/g (215)

Here R =71, —r5, R=|R|, R = R/R and j,(z) is the spherical Bessel function of
order n [1].

The small electrical size limit simplify the above energy and power related ex-
pressions W, Wi, P(lzz) and P,,q and subsequently @ and D/@Q. We utilize that the
radius, a, of the enclosing sphere, is electrically small, i.e., that ka is small enough
to motivate that we discard higher order terms. To expand the above quantities in
terms of small ka we assume that the currents have the asymptotic behavior:

J.=JO + kJW 4 O(k?) with V- J© =0, (2.16)
Jo =T + kT + O(k?) with V- J© = 0. (2.17)

This assumption is consistent with the continuity equations for the electric and
magnetic current densities. Note that J(O)7 {0 J(l) and J\ are all k-independent
and the two latter correspond to a lowest order statlc charge through the continuity
equation.



3 Electrically small volume approximation

We apply the small ka approximation and (2.16), (2.17) to the partial radiation
intensity and the far-field Fgy in the form of (2.13). We first note that

\Va 1%
1~
- _jk;/ WO 4 Sk (rx IO AV + O(k?), (3.1)
Vv

where we have used that [59, p432]:

0, n =20,
JM AV = 3.2
/V em { — [, vV - J&dV, n#£0, (3.2)

and |59, p433|, |43, p127]

R —1a
/(k: ) JO AV = —k x / rx JO v, (3.3)
1% ’ 2 1% ’

since V - Jé% = 0. Here Jé?r)l, indicate that the expression is valid for Jé”) and
™ n=0,1. It follows that the partial radiation intensity (2 12), for a wave with
polarlzatlon é and propagating in direction k is P(k, &) = PO (k, &) + O(k®), where

PO reduces to

nk’ 1 0 bz 1 0 2
POk, é —3%2\/ GJY 4 777~><J<>)+k;><e (nJ1§1>—§r><Je<>)dv|

4

k N
S A*-we—l—kxé*-wmf. (3.4)

Here we used that the triplet 12:, é*, h* forms an orthogonal basis system. The

1 j 1
e = / W 4+ —r x JOAV and 7, = / g0 — Zp x JO qv (3.5)
1% 21 v 2
terms are generalized dipole-moments that account for both the electric and mag-
netic dipole radiating fields, respectively.

To find the total radiated power in (2.5) we start with inserting the expansion
(3.1) into the far-field (2.13) to find the small ka approximation of the far-field:

A 2 5 1 i 1
Fy(k) = "—kx/ kx GTW 4+ = x JO) 4 (LJO — Zp x JOY AV + O(K?). (3.6)
47 v 2n n 2

We insert (3.6) into the expression for the total radiated power (2.5), to find that



Praa = P%) + O(K?) where

PO = ” — k- w2+ ) — |- w]? — 2k - Re(mmy x 77) A
nk4 2
= T (el + )
/{24
:;72 ‘/ rxJ(OdV‘Jr‘/ 1y 21~><J dV’}:PeJer.
i

(3.7)

Here we used the integration over the unit sphere € of the angular variables in k
to find the relations [, kdQ =0 and [, |k - m|>dQ = 4T|m,|2. The radiated power
consists of two types of terms: terms that radiate as electric dipoles with power P,
and the second part that radiates as magnetic dipoles with power P,,. An alternative
derivation to calculate P,,q in the small volume limit is to start from (2.14), see C.
The power in terms of the dipole-moments can alternatively be expressed as

k4

Fraa = 127, /E0 D NG

~Vemal | pu im0, (68

where jcp. = fv Y av and me = 5 fv rx J AV and analogously for the magnetic
currents and moments with subscript m, i.e., my,. Here ¢ = 1/,/ej is the speed of
light.

A check that the above expressions agree with what is known for small antennas
that radiate as dipoles is obtained by comparing the maximal partial directivity,
i.€e., P(O)(IAC, €) to the total radiation P..q. We consider two cases: fixed generalized
electric dipole moments and no generalized magnetic dipole moment (3.5) i.e., 7, =
0 and 7, # 0 (or vice versa) and fixed non-zero 7y, m:

mgXT = 5, when Ty — 0, (39)
rad
and o/ )
Ar PO (k, e . — k )|
max W—(()’e) max sle (m 5 . 7; ) < 3. (3.10)
eelk Pr(a(i eelk 2 |7re|? 4 |70

Stating that a small antenna with electric dipole radiation from a generalized elec-
tric dipole moment have directivity 3/2, but upon adding a magnetic generalized
dipole 7, we find that appropriate oriented combinations of 7, and 7r,, can have a
directivity of 3, corresponding to a Huygens source see e.g., [51].

The small electric volume stored energles follow directly from their integral rep-
resentation (2.8), we find that W, = Wi” + O(k), where

0) _ s iJ(O) -J(O)* -J(I) -J(l) —d d
We 1671'/‘//‘/[772 m (1) - I (r2) + (V- IV (1)) (Vo - IS (v ))] R X(/l V;
3.11



and similarly (2.9) yields Wy, = w4 O(k), where

0 1 1 1)% 1
W 167r// S (o) 5 (Ve T (r)) (Vo T (rz))}R—mdv(lgdlvs).

4 Minimal antenna QQ and analytical and
numerical illustrations

One of the goals with the above expressions for antenna Q and D/Q is that they
should lend us some insight into antenna design and limitations of @ and D/Q. Tt is
reasonable to ask the question of what shapes that give low antenna Q. Similarly we
investigate which charge and current densities that gives low antenna Q. Another
goal with the expressions is to find easily derived a priori bounds of antenna () and
D/@Q. Partial answers are given in this section, that extends the relation that a
large charge-separation ability in the domain imply a small antenna Q see e.g., [25—
27,66,67]. Similarly we may think of a shape with low antenna Q, as a structure
that supports a large ‘current loop area’ for a magnetic dipole-moment. One of the
new results here is that the generic shape results in [27] for D/Q is extended to
lower bounds on antenna Q.

An often studied case is the electric-dipole case [24-26, 63, 67|, here represented
by the electric charges only and we illustrate below how an optimization problem
is used to determine the minimal ). We continue and show that the method and
its associated eigenvalue-problem extend to the more general case of both electric
and magnetic currents that radiate as an electrical dipole. Here we also find that
the magnetic polarizability enters in the lower bounds on ). A short review of
polarizability tensors are given in B.

Consider the minimization problem for finding the lower bound on Q).

2wmaX{W( (p.(gl),J ), rr?)(m;J(O)) 0}

= 4.1
R o P(pD, I + Pu(p), I -4
with the two constraints |, M AV = 0 and I Y AV = 0. Here jwpt" = —kv-JY

and similarly for p( ). One of the interesting cases in antenna design is when the
antenna radiate as an electrical dipole, i.e., when P, is negligible and W,, < W..
Once the optimal (P,, W) is determined we tune the antenna with a tuning circuit
to make the antenna resonant, i.e., W, = W,. Thus we start with the optimization
problem for a pure (W, P,)-case. The ‘dual mode’ case, where both P, and P,
are comparable is considered in Section 4.4 below. Before we consider the general
case, let’s start with the easier case of an electric dipole when we have only p,, i.e.,

JY =o.



4.1 Antenna Q for an electric dipole, e.g., P, =0

Different approaches to lower bounds of this antenna () case has also been inves-
tigated in e.g., [24-27,63,64,67). However, one of the goals here is to arrive to
a generic method that works for different cases of current-density sources, and the
first step towards this goal, is to verify that this method indeed gives the previously
derived result on the lower bound see e.g., [25,27,62,66,67|. The electric dipole
is here equivalent with the assumption P, = 0 and W, > W, which yields that
@ = Q. and that we have an optimization problem that depend only on the electric
charge-densities p.. Once the design is determined we can tune the antenna with a
tuning circuit to make W, = W,,. This case is the classical electrical dipole-case.
Let pe = pt". The minimization problem (4.1) reduces to:

o wWp) _Or o fy Jy S dVidY
()e = minimize ———— = — minimize , (4.2)
pe P.(pe) k3 e | [,y rpedV |2

where we have used (3.2) to re-write the denominator. This minimization comes with
the constraint that no current flows through the surface 0V, i.e., 0 = fav n-J.dS =
—jc fv p. dV, where ¢ is the speed of light. Hence, (4.2) is accompanied with the
constraint of total zero charge, fv pedV = 0.

The associate problem to maximize D /(@ in the small electric volume limit for
arbitrary p., see [27] corresponds to:

D onP(k,é) kP e - 7 (1) AV |2
— = maximize w jf e pe m:‘pﬂ i r)dvi (4.3)
Qe pe ( ) i f f\/ Zw\rl —ra| d‘/l d‘/Q

with the same constraint of a total zero charge, fv pe dV = 0. These two problems
are related but the D/Q-problem has the simplification in that the integrand in
P°(k, &) see (3.4), is scalar-valued and the maximization has a convex optimization
formulation see [24, 27].

The method that we apply below to (4.2) works on both problems (4.2) and (4.3)
and yield the same result as in [27] where it is applied to (4.3). The final result is
similar to the result in [66,67], but obtained with different methods. Note that both
(4.2) and (4.3) remain unchanged under the scaling, p — ap. Thus the solutions
to (4.2) are a family of scaling invariant solutions. We determine the minimum by
breaking the scaling-invariance by selecting a particular value of the amplitude of
the dipole moment, p.. We rewrite (4.2) as the minimization problem as:

mlmmlze/ / pe(ri)pe(rz) dVy dVs, (4.4)
47T‘T1 — 7‘2‘
subject to |/ rpe(r)dV|* = p?, (4.5)
1%

/Vpe(r) dV =0. (4.6)

This is a classical optimization problem for the Newton-potential. An energy space
approach in a similar context is discussed in [44] and an approach that allow for
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geometries with corners is given in [33]. We note that there may be several minimiz-
ers that realize the same minimum, e.g., for spheres and shapes with appropriate
symmetries [55]. To explicitly find the minimum, we use the method of Lagrange
multipliers see e.g., [70, §4.14] and define the Lagrangian Q as

Qp, p*, A\, Ag) = / / dV dVa — Ay ( \/ rpdV|* —p?) — )\2/ prdV.
4’7T|T'1 — 7’2| \%
(4.7)
Here Ay and )\, are Lagrange multipliers, and we use the short hand notation p = pe.
Variation of Q with respect to A\; and A\ gives the two constraints above. Taking
the variation of Q with respect to p*, or equivalently, taking a Fréchet derivative of
Q yields the Euler-Lagrange equation for the critical points

1
/ (— — )\17’1 . T'Q) p(rl) d‘/l = )\2, Ty € V. (48)
\%

471"7"1 — 7“2|

Note that this is an integral equation with unknown p. Accompanied with the
constraints we find three equations (4.8), (4.5), and (4.6) and three unknown p, A\
and As.

Upon multiplying (4.8) with p* and integration over V, utilizing the zero total
charge constraint, we find that Q. in (4.2) is equivalent with

Q. = 2—7; min Ap. (4.9)
The unknown Lagrange multiplier, A;, depends implicitly on p and Ay. The lower
bound of the minimization problem (4.2) is hence determined by the unknown La-
grange multiplier A\{, times a constant. Another property of the solution appears if
we apply Laplace operator on (4.8), for » ¢ OV we have that p(r) = 0. Thus we
reduce (4.8) to

1
/ <— — )\17"1 : T2> ps(rl) dSl = )\2, Ty € 8V, (410)
ov

47T|’l"1 — ’I"2’

where pg is the surface charge density, i.e., we have formally the relation that pdV =
psdS. A similar result for D/@Q was shown in [27].

Using the constraint | [,,, 7ps dS| = p. > 0 we re-write the critical equation (4.10)
into:

/ Md& = AMpeP -T2+ Ao, 79 €OV (4.11)
oy Am|re — 7|
for some unknown unit vector p.

To solve the equation (4.11) we make first a few observations: Any solution ps
of (4.11) for given right hand-sides, yields an associated potential that solves an
electrostatic boundary-value problem c¢f., B. Such solutions are restricted in their
asymptotic behavior by the electric polarizability tensor «., which depends only on
the shape of V. To make this restriction explicit we note that the electric polariz-
ability tensor 7, is defined through (B.2) and (B.4): 7, - €Dy = p. Comparing (B.2)



11

with (4.11), we see that the generic Dgé in (B.2) is here Dgé = A\ip.p, and the
dipole-moment is by definition p = |, oy TPs dS. Since the electric polarizability ten-
sor . is given, once the shape V is known, we thus have a constraint on (A{,p) in
order for py and its associated potential to comply with the polarizability tensor.

The constraint is that: )
YD = )\—15, (4-12)
1

which we recognize as a eigenvalue problem in (Ay,p) for .. Here we have used
that p = p.p.

We conclude that critical points of (4.2) correspond to solutions (A, p) of the
eigenvalue problem (4.12). Given such a solution (A;,p) we determine the associ-
ated charge-density through (4.11) with (A1, p) given as solutions to (4.12). A charge
density that solves (4.11) is hence the base for the family of current-sources that sup-
ports the optimal radiation, which we obtain from the continuity equation. Through
the re-writing of the optimal Q. in (4.9) it follows that the largest eigenvalue, (v.)s
of the polarizability matrix -, yields the minimum Q,, i.e.,

67

Qe s (4.13)
We have hence reduced the variational problem of finding the minimum @, for
the electric dipole to finding eigenvalues of 7,. This result have large similarities
to [66, 67|, derived with different methods. We conclude that Qk? in the small volume
size only depend on shape and size as expressed through the electric polarizability.
The physical interpretation connects large polarizability eigenvalues to the ability of
the structure to separate charge under an external static field in a given direction.
The polarizability =, is associated with the scalar Dirichlet-problem of the Laplace
operator, and depend only on the shape of the object [54]. We note also that -, is
identical with the high-contrast electric polarizability in e.g., [25].

We note that the low-frequency magnetic charge density and electric charge
density antenna Q are dual-similar, and hence if we consider a case with either a pe-
term or a p,,-terms both of these problems result in identical minimization problems
with a lower bound on antenna Q given by (4.13).

To compare with the D/Q-problem, we note that the constraint | [ €*-rp,dV| =
const, was in [27] reduced to [ é-rpfdV = a, yielding the critical equation corre-
sponding to (4.11) as

/ M dSl = Vlé “Po + Vo, To € oV. (414)
1o}

v 4’7T|T'1 — 7‘2|

Similarly to Q.-case above we find that v, is connected to «y, through the relation
€ - v.-€ = ;. The corresponding maximum is D/Q = %é* Yo - €. We thus
see that the two problems are related, but that they describe different optimization
problems. The antenna () lower bound, minimize () without concern of radiation
direction of the antenna, whereas D /(@) assume a fixed € radiation direction though
out its optimization. With a-priori knowledge about the optimal radiation direction

of the structure or alternatively the principal eigenvalue of =, associated with a
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given structure, we select € in this direction, to find the expected 3/2 difference
between 1/Q. and D/Q.. This D/Q result is similar to the sum-rule in [25] for
electric sources. With the (), result and the observation of principal directions of
~. we see that these three approaches illustrate closely connected results here with
a common energy principle method to obtain them.

To illustrate the result we begin with a sphere: ~, = 4wa®I, where I is the 3
times 3 unit tensor, and all eigenvalues of ~, are identical. Note that to these de-
generate eigenvalues there are three orthogonal eigenvectors, and the corresponding
charge densities in (4.10) for each a given amplitude of the dipole-moment p,. This
degeneracy is due to the geometrical symmetries of the shape. Thus even when we
remove the scaling invariance, we may have multiple p that yields the same lower
bound on ). Note also that for any arbitrary optimizer p, = pél) that the associ-
ated electric current connected to pg), here Je(l)7 i€, jwpél) =—-V. Je(l)7 has an
infinite dimensional subspace that all yield the same pgl). It allows a potentially
large design-freedom that does not change (), in the quasi-static limit. This case is
analogous to the case discussed in [27].

For the sphere we find (ka)?Q. = 2 and for a disc (ka)*Q. = 5 for the electrical
dipole case, see D. If we instead study =, of a rectangular plate of size {5 x ¢ and
sweep the ratio ¢1 /¢y we find that the two non-zero eigenvalues depicted as the two
curves with highest value (red, green) in Figure 2a, and corresponding @ in Figure 2b
marked with (E). Note that D/Q = k*€é*-~,-€/4m, and hence proportional to the two
electric polarizability curves given in Figure 2a, for given direction €. The electrical
polarizability here can physically be thought of as how well a structure allow charge
separation, in the sense that large eigenvalues in a direction correspond to large
static electric dipole-moment, or equivalently large ability to separate charges.

The corresponding, electric charge maximization problem of D /@ is solved in [25-
27]. We have thus the solution to both the min, ) and the max, D/Q problems for
small antennas for small antennas that radiate as electric dipoles.

4.2 Antenna Q for an electric current magnetic dipole

Analogous to how the electric dipole, pe , and the magnetic dipole with pr(n yleld

the same optlmlzatlon problem in the previous section, we see that an electric J
or a magnetic J current density result in identical optimization problems. We
associate a magnetic dipole moment m = mmmn an electric current density, J here
denoted J, to find the minimization problem:

J*(r1)-J(r2
. é?)(J) o 6m fV fV 4r|ry— 7'(2| dVi dVy
Qm = minimize ———= mlmmlze -3 ) (4-15)
I Pu(J) B A gav)?

with the constraint that n - J = 0 over the surface and J € Xy, as defined in (B.5)
see Section 4.3 and B for a more detailed discussion of this choice. This problem
is associated with an antenna that radiates as a magnetic dipole i.e., P, = 0, and
W. < Wy. Once the optimization is done we can tune the antenna with a tuning
circuit to reach resonance W, = W,.
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10!
01/

Figure 2: (a) Eigenvalues for the electric and magnetic polarizability for an in-
finitesimally thin plate normalized by a®, where a = (1/¢? + (3)/2 is the radius of a
circumscribed sphere. The polarization directions are indicated by € and h for the
E and H-fields respectively. The curves are marked with (E) for electric polariz-
ability or (M) for magnetic polarizability. The curves are symmetric with respect to
01 /0y = 1, the lowest curve is the single non-zero eigenvalue of ~,,. (b) The corre-
sponding @Q-value from (4.13), (4.21), once again the (E) correspond to the electric
and (M) to the magnetic case.

We apply once again the method in (4.2)-(4.7) to the minimization of (4.15).
Scaling invariance is broken by the assumption that |3 [, » x JdV| = m, which
reduces the problem (4.15) to an equivalent problem with Lagrange multipliers.
The Lagrangian is

J*
Q(J, J*, A // (r,) )dvldvg )\1|/ Srx JAV[T—m?) (4.16)
47T|T‘1—T‘2|

for J € X, see (B.5). The associated critical point equation is

_ I A 1 Am .
/‘/47r]frf j)q~2| e = _El’rl x /V§7“2 X J(rp)dVy = — 12 rox . (4.17)

Similar to the electric case (4.9) we take the scalar product of (4.17) with J* and
integrate over V' to find that @, is determined by A;.
67
Qm = 73 in AL (4.18)
By applying the operator V x V x to (4.17), we realize that the currents have support
only on the boundary, i.e., J dV = J,dS, and the equation (4.17) reduce to

Js(r A
n X / _Julra) dS; = A x (m x ry), for r; € 9V, (4.19)
v 47T|’l’1 — 7’2’ 2
where 1 is normal to 9V
Similarly to the electric case (4.11), we compare this with the definition of the
magnetic polarizability tensor, v, in (B.6) and (B.10): ~. -hHy = m. The mag-
netic polarizability tensor is known, once the region V is glven. The (A1, ™M) in
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equation (4.19) is hence subject to constraint:
Y - TR = —M. (4.20)

The eigenvalue solution (Ay,m) of (4.20) yields the solution to the minimization

problem:
67 67

On = N By
where ()3 is the largest eigenvalue of ~,,. The analogous case for D/Q is given
in [27]. The sphere has magnetic polarizability 2ra®I, which yields (ka)*Q,, = 3
cf., |51,62]. Here I is a unit 3 times 3 tensor.

The electric and magnetic polarizabilities of a rectangular plate are depicted
in Figure 2a marked with (E) and (M) respectively. The polarizability tensor are
diagonal for geometries with two orthogonal reflection symmetries and co-aligned
coordinate system [42,48] and for planar structures we have only one eigenvalue
of ~n, orthogonal to the plane. We can physically think of large ~,,-eigenvalues
as that the region V support a large loop current for the corresponding dipole-
moment. Note that planar structures have one non-zero eigenvalue in ~,, which is
associated to the normal-to-the-surface dipole-moment with the planar ‘current loop
area’. We observe that the magnetic polarizability tensor is connected to the scalar
Neumann-problem of Laplace equation, see B, and is hence the second of the two
“first-moment’ (or dipole) quantities associated with a given shape. Note that the
magnetic polarizability correspond to the permeable case of 1 — 0. There are dif-
ferent sign conventions for ,,, however we note that A; > 0in (4.21) independently
of choice of sign-convention in the definition of ~,,, see (4.15).

A similar current loop-area argument is illustrated in Figure 3, for a flat ellipse
and a thin ellipsoid. The eigenvalues of the polarizability tensor of an ellipsoid are
known, see D, and they are depicted in Figure 3ab. The two curves marked with
(M) in Figure 3¢ correspond to @y, the upper one (blue) is for an ellipse of zero
thickness and only one ~,,-eigenvalue corresponding to a current loop-area over the
surface. The other marked (M,thick) corresponds to an ellipsoid identical to the
flat one, but where the radius normal to the paper is h/100 where h is the height
of the ellipse. The two transverse eigenvalues of ~,, are ignored by (), until the
width, w, is h/100, where equivalent current loop-area of the height-normal (out of
the paper) loop dominates the transverse current loop-area and @y, changes slowly
for w/h < 1072 since this area is essentially preserved.

(4.21)

4.3 Lower bound on antenna Q for both electric charge and
magnetic currents

The common electric and magnetic dipoles cases above agree with previously derived
results [28,66]. We here extend these results to include both the electric charge
density p, and the magnetic current density J, ¢.e., the components making up a
generalized electric dipole-moment 7, (3.5). We once again consider the case where
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(M, thick)

(E-+M thick)

w
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10—3 10—2 10~1 109 1073 102 10~ 10°
(a) E=w/h (c) E=w/h

Figure 3: (a) Eigenvalues to the electric polarizability tensor, .. Solid lines are the
flat-case, dashed lines correspond to the case with normal (out of the paper) radius
of the ellipsoidal is h/100. Polarization direction is indicated with an arrow. (b)
Eigenvalues to the magnetic polarizability tensor 4,,. Solid line correspond to the
flat case, dashed lines are the case with normal radius h/100. Note that the z-axis
is the same as in (a). (c) The antenna @ for a flat ellipse indicated by (E), and (M)
and (E+M) corresponding to Q. from electric sources (4.13), @Q,, from magnetic
sources (4.21) and, @ from combined dual-mode in (4.34) respectively. Two lines
are also marked with ‘thick’, to indicate that the ellipsoidal radius normal to the
ellipse-surface in the figure is h/100. Note in particular for @,,, that as the width
becomes smaller than h/100, the thickness become important, as is clear in (4.21),
since it implies a switch of dominant eigenvalue. The reduction of () as compared
to (). due to the eigenvalue of ~,, is absent for flat structures since the non-zero
eigenvalues of v, and -, have orthogonal directions. It is a marginal reduction for
structures with small thickness. See also D.

the antenna radiates as an electrical dipole, i.e., P, = 0 and where the stored
energy is mainly electric, Wy, < W,. After the optimization we tune the antenna to
make the stored electric and magnetic energies equal. Optimizing for the (P, Wi, )-
case is identical to the (P,,W,)-case up to a sign and the free-space impedance
normalization of the currents. Similar to the above discussion in Section 4.1 and
Section 4.2 of electric and magnetic dipoles we optimize

*(r r J*(r1)-J(r
o0 6_7Tm-n fV fv P ( 1)P(4;‘)Z_T(2|1) (r2) dv; dvs,
P,

R ‘fvrp—%rdeVIQ

(4.22)

We above use the short hand notation J = Jrgg)/n, and p = cpél) = jV-Je(l). Here we
also have the constraints fv pdV =0 and that V- J = 0 to account for the Gauge-
freedom of the associated vector-potential. To include this Gauge-freedom into the
optimization problem we restrict the current-density space to J € X, see (B.5).
The minimization problem is scaling invariant under transformations (p, J) —
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(p, J)a for any complex valued scalar «. By assuming that the denominator has a
given value 72, we may equivalently consider the problem

mlnlmlze// (r)p(ra) + J7(r) - J(r2) dVp dVs, (4.23)
471"7‘1 — 7‘2|
1
subject to | / rp(r) — 57 x J(r) dV’ =72, (4.24)
1%

/ P (r)dV =0, (4.25)
J € X,. (4.26)

Using the method of Lagrange multipliers A;, Ao, we define the Lagrangian

Q // ’I”1 7“2 +J (T‘l) J(’I"Q) d‘/l dV2

47'('"]"1 — ’I"Q|

1
—Al(\/rp—érdevf—ﬁg)—Az/p*dv. (4.27)
v 1%

Critical points of Q are determined by the variation (Fréchet derivative) of Q. Vari-
ation with respect to the Lagrange parameters A; and A\, gives the constraints. The
variation with respect to p* and J* yields:

r 1
/‘/% dVo = Ay [ry - /Vrgp('rz) — 5T % J(r2) dVa] + Ao, (4.28)
J(r Y 1
/vﬁ ah> = ?1” x /V’W(r?) = 5re x J(r2) dVa. (4.29)

Here we utilized that n - J = 0 on 0V, and we recognize \; as a way to ensure
that the total charge is zero. To investigate the properties of these Euler-Lagrange
equations, we first note that the inner product of these equations with p* and J*
respectively and that their sum can be rewritten as the original problem:

(ry)p(r2)+J*(r1)-J(r2)
o 6_7r fv Jv & 47?\7«1 ml o 1dVs 6_7TmmA (4.30)
kg |f 1 k;3 1- .
. 'I‘ X JdV}

The minimization problem is thus reduced to finding A\, for p, J that solves (4.28)
and (4.29).

Similar to the charge-density case (4.9), we note that A\; implicitly depend on p
and J through the Euler-Lagrange equations. Another property of the minimization
problem appears if we for » ¢ OV operate with A and with V x Vx on (4.28)
and (4.29) respectively. We find that p and J only have support on the boundary,
and we use the notation JdV = J;dS and pdV = p,dS. We hence find the
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Euler-Lagrange equations

s\T 1
/ pdre) dSy = A (7 - / r2ps(1r2) — 51 X Jy(r2) dS2) + Ay
5 av 2

v 471"7"1 — T'2|
= —)\17’1 . 7}6 + )\2, (431)

A JS(TQ) ~ 1 / 1
d =A 5 s - = JS d
ny X /av e e—— Sy 1M X (2r1 X - rops(12) 572 X (ry) dSs)

1
= —)\1’fl1 X (57'1 X ﬁ'e), (432)

for r, € OV. We have here introduced the electric and magnetic dipole-moments
for the current and charge-distribution that solve (4.31) and (4.32): p = [,,, rp, dS,
m = %favr X JsdS and w, = m — p. However both m and p are presently
unknown apart from the constraints that |7w.| = |p — m| = 7.

To determine A;, we recall the definitions of the electric polarizability tensor -,
and magnetic polarizability tensor =, in B. We compare (4.31) and (4.32) with
(B.2) and (B.6). The polarizability tensors 7, and -, are known, once V is given,
and we find that (B.4) and (B.10) impose constraints on \; and 7,:

1 -1
Ye - (p - m) = )\_lpa Ym - (p - m) =m. (433)
Adding the two equations yields that A\[' is an eigenvalue to the matrix e + Y.
Furthermore, m — p = 7, 7,, where 7, is an eigenvector of ~, + 7, of unit length.
Thus we have found that in this case the lower bound on @) is given by

67
k3 ('7e + '7111)3 7
where (9. + m)3 is the largest eigenvalue of the =, 4+~ tensor. The corresponding
ps, Js are hence the solution of (4.31) and (4.32), where m — p = 7.7, i.¢e., in the
direction of the unit eigenvector corresponding to the largest eigenvalue. This result

is similar to [66], but derived with a different method. Note that ~, + vy, > 0.
The minimization procedure also establish that there exists a A\; > 0 such that

}/Vrp_ %7‘ " JdV’Q < )\il/v/v p(r1)p(re) + J*(r1) - J(1r2) AVidVs  (4.35)

47T|7'1 — 7’2‘

Q= (4.34)

for all p and J that satisfy the bi-condition J € X, and fvpdV = 0. Equality is
reached when p and J satisfy the Euler-Lagrange equations above, yielding 1/A; =
(Ye + Ym)3. An equivalent formulation of this result is

4 Ck4

ck
Pe S (7e+7m)3 ”ea or Pm S (7e+7m)3 ”ma (436)
3 3

for the above described currents. The identity is achieved in either case for currents
that realize the minimization of Q. or Q.. The inequality for the (P, Wy,)-case is
obtained identically with above described case starting from P, and W), with the
substitution of J = —J" and p= cpr(nl)/n giving (4.22) with rp + r x J/2 of the
integrand in the denominator.
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4.3.1 Comparisons and numerical examples for the ()-lower bound for
the dual-mode case (4.34)

(b) % T TA =
. 04} - h /,ji//\ B
= 02f s \
& L e &(
0 ez ! !
1 T T T T =
__ 08 + 7
T o06) ‘ R ':C
< )
= 04f
c 0.2 /,/é’/\ ) E
0 e R ! L ! ! ! T 1(T)
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(a) ¢ = min(d, h)/ max(d, h) (c) ¢ = min(d, h)/ min(d, h)

Figure 4: (a) Eigenvalues for the electric polarizability tensor. Polarization di-
rection is indicated with a vertical or horizontal arrow. (b) Eigenvalues of the
magnetic polarizability tensor. The x-axis is the same as the axis in (a). (c)
Q. from (4.13) is marked with (E), Qn from (4.21) marked with (M) and @
from (4.34) are marked with a (+) and for the dual-mode antenna (4.39) with
a (T). Note that the (ve)11 = 2(vYm)s3, as for axial-symmetric objects shown
in [48]. Dashed lines in (abc) are the prolate case, solid lines are the oblate case.
(ka)?(Qum, Qo, Q4+, Q1) — (3,3/2,1,1/2) as ¢ — 1 i.e., the sphere. See D.

We note that for a sphere where both electric and magnetic currents contribute
to the generalized electric dipole-moment we find that (ka)3Q. = 1 [10]. The Q-
lower bound for the flat ellipse and the thin ellipsoid are depicted in Figure 3. For
planar structures we note that there is only one non-zero eigenvalue of -, in the
direction normal to the surface and hence perpendicular to the non-zero direction
of v.. For a rectangular plate this eigenvalue is depicted in Figure 2. We conclude
that in planar structures «, and -, do not couple to improve the antenna ). As is
clear from the case where we add a small thickness of the domain as in Figure 3c,
we see that there is a rather small reduction of () as compared with the flat case.

The polarizability tensors for spheroidal shapes are known, see D and Figure 4ab.
We depict @) for spheroidal bodies as a function of the ratio between height and
diameter in Figure 4c. Here, the curve marked with (+) correspond to ) given
in (4.34) are shown for both the prolate (dashed lines) and oblate cases (solid lines).

The approach in [67| provides an antenna Q, @y, depending only on ~, and
volume V. To compare Qy with (4.34) we use the inequality [54, 1.5.19]:

(éYe-e—V)(é-Am-é—V) > V2 & (é-7e-e—V)(€ (YotVm) €) > (é-7.-€)% (4.37)
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Rewriting and comparing with the results we find that

o1 < s (1 Vv
3¢ (Yot Ym)-€

Q=1 )=Qv.  (438)

k3é -, - é € Y€
if we choose the € to be the unit eigenvectors corresponding to the largest eigenvalue
of ve + vm. Equality holds for several cases in particular for ellipsoidal-shapes. An
updated approach to antenna  is given in [66], see also [38]. To illustrate that
there is a difference between () and @)y we calculate both antenna Q’s for a cylinder.
We assume here that the currents radiate as an electrical dipole aligned with the
cylinder axis, i.e., the vertical @#s-axis, the resulting @ from (4.34) and Qy are
shown in Figure 5. To demand that a small antenna radiates as an electric dipole
in a given direction is equivalent with selecting the corresponding eigenvalue of the
polarizability tensor. Such a choice of eigenvalue does not necessarily minimize
antenna ().

Qk‘3a3

A

Figure 5: The figure depicts the antenna Q), for energies that corresponds to cur-
rents that radiate as an electrical dipole aligned with the vertical axis. The dotted
green line correspond to Qv in (4.38), the J., Jy, and J, + J,, correspond to Q.,
Qm and Q in respectively (4.13), (4.21) and (4.34).

The above examples illustrate how the shape of a small antenna enters into
the antenna Q-bound. The shape characterization in antenna Q is encoded in the
respective polarizability tensors. The electric polarizability is a measure on how
easy it is to separate charge for a given V', i.e., to create a large electric dipole-
moment. Similarly, the magnetic polarizability measure how easy it is to create a
large magnetic dipole moment, i.e., finding a large ‘current-loop area’ in the domain.

If we similarly to [30, 61, 66] associate the magnetic currents with layers/volumes
of magnetization or synthesized Amperian current loops we note that the associated
volumes for the electric and magnetic currents do not necessary need to occupy



20

identical volumes/surfaces. In such a case there are a considerable design freedom
for 7, and ~,,, with the performance bounded by the eigenvalues of 7, 4+ v, for the
total volume V.

4.4 Dual mode antennas

Self-resonant dual mode-antennas where both the electric P, and magnetic P, dipole
radiation contribute significantly to the radiation and W, = W, is considered here.
Utilizing that the problem decouples, we use the respective electric and magnetic
case above with identities (4.35) where A; > 0 for both W, and W,,,. We hence find
that the general case can be bounded by:

6m  max(We, Wy,) 6T A\ 3
@z RBBATWe+ AW — B 2 B (Ve + Ym)s (4:39)

which follows directly from the Holder inequality [46]. Equality follows when both
electric and magnetic charges are optimized and the antenna is self-resonant. Clearly
we find that () is half the value of ), or ), when only electric or magnetic dipole
radiation is allowed. The sphere yields (ka)3Q = 1/2, which agrees with the result
of the sphere given in [10,31,47]. A similar result is given in [66], derived with a
different method!'. The antenna Q for this case is illustrated for spheroidal shapes
in Figure 4c, for curves marked with a (T).

5 Convex optimization for optimal currents

Bounds on D/Q can be expressed as a convex optimization problems [24]. Here,
these results are generalized to include electric and magnetic current densities. We
consider a volume V' with electric J, and magnetic J,, current densities. We expand
the current densities in local basis-functions

Jo(r) =Y Jentba(r) and Ju(r) = Y Junthn(r) (5.1)

and introduce the 1 x 2N matrix J, with elements {J,,} for n = 1,..., N and
{n ' Jun-n} for n = N +1,...,2N to simplify the notation. The basis functions
are assumed to be real valued, divergence conforming, and having vanishing normal
components at the boundary [50].

A standard method of moment implementation using the Galerkin procedure
computes the stored energies given in A as matrices. For simplicity, we here compute

these stored energy matrices X, and X, only for the leading order term in (2.10)
and (2.11), for ka < 1, i.e.,

.1 cos(kRy2)
X5 = E/V/V Vi 4i(r)Vs - %(m)ﬁ dvy dV; (5.2)

!Optimization that utilize a fixed electric to magnetic dipole radiation ratio is discussed in [66].
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and
m cos(kR12)
Xij = k/v/v Pi(r1) - wj(m)Tng dVy dVs. (5.3)

The quadratic forms for the stored energies (2.8) and (2.9) are then approximated
as

N
- n im . n * e * m
Wer 7oJv Xedv =27 D JoiX§ g T i X5 g (54)
i1
and
0 n ZN
~ H o * m * €
Wi 58w Ry =30 2 JeiXijJeq & Jm iy Ims: (5:5)
i?j:1

where the superscript, H, denotes the Hermitian transpose.
We also use the radiated far field, Fg(7) see (3.6). The radiation vector projected
on e, c¢f., (3.6), defines the 2NV x 1 matrix E., from

é" - Fy(k) ~ EoJ,
ejk:l?:-r ejk:fc"r

N
:—jnkZ[Jem/Vé*.qpn(r) = dv+Jm,n/kaé*.¢n(r) 7
n=1

av], (5.6)

7

Using the scaling invariance of D/Q, we rewrite the maximization of D/Q into
the convex optimization problem of maximization of the far-field in one direction
subject to a bounded stored energy [24], i.e.,

maXJimize Re{E.J.},

subject to J‘I,{XGJV <1, (5.7)
JIX,J, < 1.

The formulation is easily generalized by adding additional convex constraints [24].
There are several efficient implementations that solve convex optimization problems,
here we use CVX [21].

We consider planar geometries and bodies of revolution to illustrate the bound.
The resulting @ of (2.4) for a small spherical capped dipole antenna is depicted
in Figure 6a as a function of the angle 6 for a maximized omnidirectional partial
directivity in # = 90° and polarized in the 2z-direction. The resulting radiation
pattern is as from a 2-directed electric Hertzian dipole, i.e., D = 1.5sin?#. The
three cases; electric and magnetic currents J, + Jy,, only electric currents J., and
only magnetic currents J,, are analyzed. The requirement of electric dipole-radiation
implies P, = 0, P, # 0, and that we can use p, to represent the electric currents
J.. We observe that the § = 90° case corresponds to a spherical shell with the
classical [10,61,62,67] bounds Qk®*a® = {1,1.5,3} for the J, + Ju, Jo, and Jy
cases, respectively. The reduced @) of the combined J, + J,, case is understood
from the suppression of the energy in the interior of the structure. This is also
shown in Figure 6bc, where the resulting electric energy density is depicted for the
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cases to electric currents J, and combined electric and magnetic currents J, + Jy,.
We also note that the potential improvement with combined electric and magnetic
currents J.+J,, decreases as 6 deceases. This can be understood from the increased
internal energy as the magnetic current can only cancel the internal field for closed
structures. Moreover, the faster increase of Qk3a® as § — 0 for the J,, case than
for the J, case is understood from the loop type currents of J, whereas J, is due
to charge separation.

Je, Qk2a® =155
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=
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|
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Figure 6: (a) The capped spherical dipole. The figure shows the optimized antenna
Q for different values of the cap-angle, see the figure in at top right. The purely
electric and the purely magnetic cases are shown in blue and green colors. The joint
case is given in the red-curve. Note that the constraint of only electrical energy
approaches: J, yield Q.(ka)? = 3/2, J,, yield Q.(ka)® = 3 and the combined electric
case J,, and Jy, yield Q.(ka)® = 1 as 6§ = 90°. (bc) The figure shows a comparison of
the interior field without (b) and with (¢) magnetic currents for dipoles that radiate
as an electric dipole.

The case of a spheroidal body with the additional radiation constraint corre-
sponding to an electrical dipole along the vertical axis is given in Figure 7. It is
interesting to compare this constrained result with, with the minimal () as shown
in Figure 4c, the (+)-curve. Small ¢;/ly in Figure 7 corresponds to small ¢ with
solid lines of Figure 4c. We see that in the constrained case ) approaches the pure
magnetic current-case marked Jy,, whereas in Figure 4c, Q marked with (+), ap-
proaches the pure Q. case (solid line marked (E)), and it is a lower value than the
result indicated in Figure 7. The cause of this difference is the requirement of the
radiation pattern, locking @) to a disadvantageous eigenvalue, see Figure 4a and the
vertical polarization direction (solid line). The physical interpretation is clear: for
the disc it is easier to excite an electrical dipoles aligned with the surface. The
required vertical electric dipole is the cause of the higher @ in Figure 7. For ¢, /¢,
large, we see that both results agree (dashed lines in Figure 4c, as ( — 0).
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Figure 7: Sweeping the two diameters of a spheroid, with purely electric and purely
magnetic currents, as well as the combination are shown. Here the optimization is
done under the assumption that the far-field radiates as a electric dipole aligned
with the vertical axis. See also the discussion at the end of Section 5.

6 Conclusion

The present paper introduces a common mathematical framework for deriving lower
bounds on antenna Q to arbitrary shapes for electric and magnetic current densi-
ties. For the corresponding cases considered in [25,66] we get identical results for
appropriate choices of the ratio of electric and magnetic dipole radiation P, and
P,.. This is rather remarkable since the underlying physics and mathematical ap-
proaches utilize widely different ways to arrive to antenna Q and D/Q. The result
also verify that both electric and magnetic current densities are required to reach
the classical results for a sphere in e.g., [10,31]. The present method also provides
a minimization method to determine the minimizing currents, which is attractive
for optimization procedures, where antenna-Q related problems can be considered.
A few of these are demonstrated in the present paper, and extensions analogously
to the convex optimization results in [24] follows directly from the explicit results
shown here.

In the paper we derive the antenna Q lower bound for small electric antennas.
The lower bound on antenna Q depends symmetrically on both the electric and
magnetic polarizabilities, which reflect the dual symmetry of the electromagnetic
equations with electrical and magnetic current densities. The explicit lower bound
enables a priori estimates of antenna (Q given the shape of the object in terms
of the static polarizability tensors ~. and ~,. We also determine the antenna Q
for planar rectangles, ellipsoids and cylinders. Here we sweep a geometrical shape
parameter, to illustrate how the antenna properties Q and D/Q depend on the
shape. Low antenna () is associated with low fields inside closed domains, with the
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present technique we can study objects like the spherical cap to observe how the
cancellation of the fields in the interior of an essentially open structures behave for
optimal or constrained antenna ().

We conclude, that the presented current density representation of the stored en-
ergy yields explicit analytical expressions on antenna 3 and D/Q in terms of the
polarizability tensors. We also illustrate that the polarizabilities and different an-
tenna Q-related optimization problems are straight forward to calculate, given stan-
dard software. This follows through the relation of the polarizabilities to the scalar
Dirichlet and Neumann problems. The present results are applicable to a range of
practical antenna problem, as a priori limitations of their antenna Q-performance,
and more subtle as explicit current minimizers that might give insight into antenna
design problems.
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Appendix A Stored energy — general sources

The stored energies are derived from (2.3) using an approach with potentials. The
result consist of a sum of terms each of a given leading k"-behavior for n = 0,1, ...
as k — 0

We = W£+Welm+W3m+ij+WreSt Wm = Wg—l—Welm—i-ij—ng—FW;ft. (Al)

em

The EFIE operators L, and L, are given in (2.10) and (2.11), and we find the
leading order electric and magnetic stored energy as

1
WE = Jotmn (o £ + (T )] ~ O, k50 (A2

and 1
Wo = Af—; I [(Je, L) + 5 (s L] ~ O(1). & = 0. (A.3)

Both terms are to leading order 1 for small &, as is indicated by the O(1) above.
The second term contains the leading order cross-term:

1 _ T H - 1
W = Thn Im(Je, Kodn) ~ O(kY), (A.4)

where

k? A
(Je, Kod ) = 4—/ / JI (1) - R X Jy(1r2) cos(k|ry — ra]) dVy dVs. (A.5)
T JvJv
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Here R =1, — r5, R = |R|, and R = R/R. The next higher order term is

Al

2 [r—
Wem_4k

1
m [(Je, Lomde) + ?um, Lomdm)] ~ O(K?), (A.6)
where

(. Lond) = | /V /V BT T — (V- D)V )]

sin(k|ry — 7))

dVidVs. (A7)

8T
The W3, term is
3 K 3
A.
We, = Ik Re(Je, K1Jm) ~ O(k?), (A.8)
where 2
(Jo, K1 J ) = —/ / JH (1) - R x Ju(ro)j1 (kR) dV; dVs. (A.9)
47 vJv

The last term W' is O(k?) for small k and it is coordinate dependent in certain
cases 22, 28]

1
et — g[K3<Je) + () + Ki(Je, T, (A.10)

where
_ 2 * * (T% - T%) 4
Ky(J) = Ik 1 J 2= (Veden) (V- J2p) =20 (kR) dVi dVa ~ O(KY)

Vv JV
(A.11)
and
. ro+ 7T, T —r3.

Ky(Je, Jiw) Re JroxJeal | R i1(kR)+ kR R j2(kR)] dV4 dVs

~ O(K*). (A.12)

Note that both W' and W3 _ are of the same asymptotic order in k. We keep the
terms separate due to the sign-change of W2 in (A.1) and since W'®' can depend
on the coordinate system. We consider the coordinate independent part of these
energies as the essential physical quantity of the stored energy.

Appendix B Polarizability tensors

The electric and magnetic polarizability tensors are well known in electromagnetic
scattering [4,13,42,60], and since they enter as an essential part in this work, we
review their definition and a few different approaches to compute them. The po-
larizability tensors required in this paper are properties of the geometrical shape
V only [42,48,54|, similar to the capacitance. The magnetic polarizability appear
also in fluid-dynamics as the virtual mass [54]. We denote the electric and mag-
netic polarizability tensors with ~, and ~,,. For sufficiently regular domains it is
known [54] that -, is associated with a scalar Dirichlet-problem and -, with a scalar
Neumann-problem for the Laplace operator.
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If the shape V has two orthogonal reflection symmetries this reduces v, and
to diagonal matrices for a co-aligned coordinate system [42]|. If V' is axial-symmetric
along e.g., the 3 = z-axis this reduce the number of unknowns to three [48]: (ve)11 =
(Ye)22 = 2(Ym )33, (Ym)11 = (Ym)22 and (7 )s3, where the index denote the respective
matrix element.

B.1 Electric polarizability tensor

Here we assume that the boundary 9V is smooth with a well-defined concept of inside
and outside in order to define an outward normal n, see Figure 1, and will upon occa-
sion also consider degenerate surfaces like the rectangular plate. For generalizations
of the associated potential theory to Lyapunov and Lipschitz surfaces [12,33,34].
Consider a perfectly conductive object, V' (or a high contrast object) in a homo-
geneous external electric field Eyé. The external Dirichlet problem for the electric
potential has the solution, ¢y that is related to the perturbed potential ¢ through
oo = ¢ — Epé - r, and we have that

Ap =0, r e R*\V,
¢p=Ee-r+ K, redV, (B.1)
¢=0(@"1), as |r| — oco.

The constant K is selected in such a way that the total induced charge ¢ is zero.
Here we have ¢ = fav psdS and py = —e0 9 = —0,(¢p — Egé - 1) on OV. The
dielectric constant in vacuum is here denoted €. The system (B.1) is a well-posed
problem and there exists a range of algorithms to solve it, like Fredholm integrals
of first and second kind [17].

The polarizability tensor, ~., is a linear map between the boundary condition
eEpé and the dipole-moment, p = [rpsdS, see [27,42,54]. To explicitly find this
relation, we connect the potential to the boundary condition through the single layer
potential:

ep(r)) = / Lﬁ) dSy, = Dyé-ri +cK, vy € 0V (B.2)
ov 4m|ry — 1y

for a given electric displacement field D = Doé = cEpé = ¢E. Tt is known [41]

that (B.2) can be generalized to shapes V' like the 2D-plate and other objects with

corners.

A Method of Moments approach can solve this first order integral equation for
ps, but care is required to account for possible charge-density singularities near
corners or edges as well as large condition numbers. The multipole expansion of the
potential as 7y — oo is given by

2

dmed(ry) = / M dSy; — 4 + P +O(ry?), as r — . (B.3)
ov |1 — 72 1 T

The electric polarizability tensor, a 3 X 3-matrix, ., is defined as the map

Ye - €Dy = p. (B.4)
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From this definition it follows that the dimension of -, is volume. A procedure
to calculate =, is to subsequently insert three orthonormal directions as é in the
boundary condition in (B.1), and for each of these, find the corresponding charge-
density ps, by selecting K so that ¢ = 0, the é-projection of «, is the scaled dipole-
moment p/Dy. Alternative methods to define ~, exists see e.g., [54].

The electric polarizability tensor -, is a symmetric positive semi-definite ten-
sor [57]. Note also that «, depend only on the domain V. For the sphere of radius
a we have p; = 3Eyé - 7, with corresponding dipole moment p = 4wa®Eyé, and
potential ¢ = Fya®(é - 7)/(er?), and thus v, = 4ma®I.

The electric polarizability tensor appears in the literature with several different
notations, in [54] it is denoted ey, in [42,49] a related quantity is called Pj; and
in [26, 35] and subsequent publications it is denoted vy or 7y, and in [4, 13] it is denoted
7. and 7¢ respective, and [56, 66] it is denoted «. For generalization of 4, to a larger
class of materials as well as a review of its properties see e.g., [57].

B.2 Magnetic polarizability tensor

Magnetic polarizability is defined analogous to electric polarizability, as the map
between a boundary condition and the behavior at infinity. Given an external field
Boh we define a current density J and the associated vector potential A that are

divergence free. Formally, we do this by introducing an energy space X of J such
that [, [, J*(71) - J(r2)/|r1 — 72| dV1 dV; < 00, and subsequently define

Xo={J € X;V-J=0}. (B.5)

in the distributional sense. Current densities throughout this paper are in X or
subsets of Xj.

Our starting point is here to consider the current density J € X, that is the
solution to the integral equation:

u/ &dvz = 1MHOB, X1y, €V (B.6)
v 47T|T’1 — 7’2| 2

The currents are due to the applied external magnetic field H = Hoh = %Boﬁ.
Note that if we operate on both sides within the volume with the operator V x V x
we see that J only have support on the boundary, formally we use J dV = J;dS,
similar to the charge density case above. For surface current densities Js, we note
that the divergence free condition (B.5) is equivalent with n-J; = 0 and Vg-Js =0,
and we let Xy, denote this subset of X,. Here Vg- is the surface divergence, i.e.,
V =n0, + Vs. The two degrees of freedom of the surface currents are determined
by the equation:

, 1 :
i X / Mds& = §’ﬁ, X (hHO X ’I"l), T € ov. (B7)
7]

\% 47T|’l"1 — ’l"g|

We recognize (B.6) as a vector potential A defined as

1 o JS(TZ) r 3
;Am)_/a ) g e mAY, (B.3)

\% 47'("?"1 — 7°2|
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clearly A is in the Coulomb gauge, i.e., V- A = 0 in the exterior domain. The
multipole expansion of the vector-potential for r — oo is given as

4 J.(r 1 _
—A(r) = / ﬁ dS; — — (11 - 7o) Js(12) dSy + O(r] %)
H av |T1— 72 Tt Jov
m X r _
= = +O(ry?), as 1 — oo, (B.9)
where Vg - J; = 0 ensures that the magnetic monopole, ¢, /r term vanish. Here
m = %fav r X JsdS. The magnetic polarizability tensor ~,,, as a 3 X 3-matrix, is

defined analogously to the electrical case:
Y - RHy = m. (B.10)

We have here a choice of sign for 4,,, the choice in (B.10) ensures that ~,, is a positive
semi-definite matrix for surface-currents in this case. Alternative sign-conventions
exist in (B.10) see e.g., [66]. As an example for a sphere of radius a, we find that
the surface current J, = (3/2)Hyh x 7 satisfy (B.7). The associated dipole-moment
is m = 2ra®hHy, and the magnetic polarizability is hence v = 2ma3I, where I is
a 3 times 3 unit tensor. A numerical approach to solve (B.7) through the Method
of Moments for the rectangular plate together with a singular value decomposition
procedure to remove the gauge-freedom was used to determine the result depicted
in Figure 2. The induced magnetic moment m for a fixed external Byh, is large if
we have a large current loop-area. Similarly to the electric polarizability measure of
charge separation, we have here that the magnetic polarizability measure ‘current
loop-area’, orthogonal to the B-field direction.

Given a permeable body in an external field, we note that the case considered
above is when ;1 — 0 and the total field is given by B = By, — V x A,,, where
A, = A as calculated above.

B.3 Calculations of the magnetic polarizability tensor

Given a smooth boundary 0V, with a well-defined interior and exterior, we can
similarly to the electric potential write a corresponding partial differential equation
for the vector potential A with a boundary condition puHyh:

VxVxA=0, forr € RV,
V-A=0, forr € R®\V,
1 .
fzxA:aﬂx(uHOhxr), redV,
A — O(r %), asr — o0,
A fundamental solution approach of this vector Laplace-problem, i.e., by expressing
A in terms of the single-layer operator yields the solution A that satisfy (B.9), where

the surface current density J; is determined by solving the Fredholm integral equa-
tion (B.6) of the first kind. Numerical approaches to solve this quasi-static problems
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for A are given in e.g., [2,6,45, 53|, where a central piece is the conservation of the
gauge-condition in the numerical basis element.

However, for closed smooth non-degenerate domains there is an alternative ap-
proach to obtain ~,,. Towards this end we note that the exterior domain is source
free and we introduce the scalar magnetic potential ¢,,, with H = Hy+ V¢,,. Such
a potential satisfy the Neumann problem for the scalar Laplace equation:

A¢y =0, for » € R*\V,
—0pdm = Hoh - 7o on v € 9V, (B.15)
¢m — O(r~2) asr — 0.
A fundamental solution approach with an associated charge-density results in the
relations:

m-r

— + 0%, as r — . (B.16)

AT (r) = /8 PunlT) ygr _,

v|r— | r r

Note that the term ¢, vanish on closed surfaces due to that fav Pms A4S = H fv V-

hdV = 0. The magnetic charge density pns is determined through a Fredholm
integral equation of the second kind [17, 36]:

1 n-(r—r') , .
—Pms ————pns(r)dS" = Hoh -1, » € OV. B.17
The factor 1/2 is associated with that the boundary is locally smooth, for a corner
or line the corresponding volume-angle normalized with 47 appears. Here we have
m= |, oy TPms AS, the magnetic polarizability now follows from

Y - hHy = m. (B.18)

If the volume V is simply connected with a sufficiently smooth boundary, then
(B.15) is uniquely solvable and the solution is given by (B.16), also for domains where
the exterior have disconnected parts we have uniqueness, see e.g., [17] due to that h
is constant. If we return to the sphere, we note that pus = (3Hy/2)h-# solves (B.17)
with magnetic scalar potential ¢y, = (Hoa®/2)h - #/r2 that satisfy (B.15), and the
associated magnetic dipole moment is m = 2ﬂa3H0iL, and consequently we find
again v, = 2ma’I, where I is a 3 times 3 unit tensor.

Scattering problems that connect a dipole moment to the magnetic field have
been studied in [5,60] and with explicit polarizability tensor in e.g., [4,13,42], the
context is analytic and numerical implementation to determine electric and magnetic
dipole-moments of planar apertures.

We note that v, and ~,, corresponds to solving the scalar Dirichlet and Neumann
problem respectively for the scalar Laplacian in an exterior domain. There are a
few different normalizations and sign-conventions of -y, in [54] their corresponding
dipole-form d;i = 47 (vw);r- Another normalization for small surfaces S, v, /|S|*/2,
is used in e.g., [13] to make the quantity independent of equivalent volume, here
|S| is the area of S, see also [49, 57, 66|, for additional properties and different sign-
conventions.
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Appendix C Alternative derivation of P,,q4 for the
electrically small case

An alternative method to determine the leading order behavior of P,.q, given in (3.7),
for the electrically small case, ka < 1, is to start directly from (2.14) and using the
EFIE operators £ = L. — L, defined in (2.10) and (2.11). The explicit expression,
using these definitions is:

Praa = n/ / [(k?JQ,1 Ty = (V- Je1) (V- J5))+
vV JV
1

sin(kR
(K- Ty — (7 L)V T50) | 0 gy v

P

k2 -
+—/ /jl(k:R)R-Im(J;‘l % Jo2) Vi dVa, (C.1)
47 vJV ’

where Jo1 = Jo(r1), Joo = Jo(r2) and analogously for J,,; and Jy,2, as usual
R =17, —7y, R=|R| and R = R/R. We expand the integrand in terms of small
ka the dependence of the current-densities on k is accounted for by inserting the
current expansion (2.16) into (C.1).

Note that the integrand consists of terms, J,, J,, and mixed terms. The pure
J, and the pure J,-terms are equal in structure (up to the constant n?). For the
integrand with purely electrical terms in (C.1) we find by inserting (2.16):

k2 * * * *
I I = (VI I + 2k Re [ I = (V- IV 3]
R (I I = (v I IE) +2Re (19 I8 - (9 IV - ID)])
kR)?
+O(k3)}[1—( 6) +O()]. (C2)

We recall that (C.2) is part of the integrand in (C.1), we note that upon integration
several of the above terms vanish by using (3.2) and (3.3). The first electrical non-
vanishing contribution term in the integrand to P..q are of k*-order and have an
integrand of the form:

nk* . TL-T . .
T gl + TR 0 = (v IV I o). (€3)

The pure magnetic terms give an analogous expression to (C.3).
For the cross term, J, x Jy 2 in (C.1), we first note that j,(kR) = (kR/3)[1 —

(kR)2/10 + O(kY)], and that we recall RR = R, to find the integrand

= i (kR)?
127 10

+OKYR-Tm(J) x I

m,2

+ RIS ) T8+ IO < T + 0 (k).
(C.4)
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Through (3.2), we find that the apparent leading order [, [, R-Jéol)* X Jég)Q dv; dVs
vanish and the k*-order terms is the first remaining term. Putting all these results
together yields the radiated power:

Paa = - [{(/ DAV )2 4= /:/r o [T T (vuﬁhwumyﬂdmd%}
1 * *
“a { [ a0aves [ [remlahe a0 - - 2 2] aviava)

{/ /'rxJe *dV+/Jél)*dV~/r><Jr§?)dV}]+(’)(k:5).
v 1%
(C.5)
Partial integration yields fv Wy = jcpe, where ¢ = 1/, /e is the speed of light.
Similar vector manipulation [59, p433] [43, p127] yields [ ( 'ﬁg : rl)Je(’Ol) dVi = m, x
T9 since V - J” = 0. Here P = fv T Pe )dV where pe = -V Je(l)/c, and
me = %fv rx JO dV, and analogously for the magnetic currents. Inserting these

expressions reduce the total radiated power, (C.5), to the contribution from the
electric current dipoles (pe, m.) and the magnetic current dipoles (P, my,) as

P = 127T\/_[]\/_ — VEmu| + | pm+\/’me\ } + O(K?). (C.6)

An equivalent, but for optimization more tractable expression given current densities
is:

Praq = \/ —r><J Jav| +}/ = JW— rxJ dV|]+(’) (k%), (C.7)

which is identical to (3.7).

Appendix D Polarizability tensors for an ellipsoidal
shape

For ellipsoidal shapes we follow e.g., [25,54,56| and define the dimensionless quan-
tity of the depolarization factors

d
) : B
2 0 (s+a?)\/(s+a%)(s+a§)(s+a§)
where ay, as, as denote the radii of the three axis.
The electric and magnetic polarizability tensors are
Vv .
(7e)jj = — and (7m>jj for ] = 172,3 (D2)

L T 1-1L

all other elements in v, and -, are zero given that the coordinate axis are co-oriented
and centered with the axis of the ellipsoidal. Here the volume is V' = 4ma asas3/3.
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We consider the cases of a flat ellipse, an ellipsoidal with a small a3, and the
oblate and prolate spheroidal. We note that the integral above is given in terms of
elliptic incomplete integrals as:

L, = 8 (F(arccos(() 1_—52) — E(arccos(() 1_—§2) (D.3)
V- @) T -

—(1=&)¢+&/1— € B(arccos(§), 125)
(1-8)(—¢) ’
—/1 = C2¢ + ¢ E(arccos((), 1 = <2)

V1= =8

where we have used a; = a,ay = £a, a3 = Ca with 0 < ¢ <1 and 0 < (¢ <1 and the
identity E(ip, k?) = i(F(¢, (K')?)—E(v, (K')?)+tan /1 — k2 sin® 1)), where sinh ¢ =
tan®), k' = /1 —k? |19, 19.7.7] to simplify Ly to (D.3). The following notation
is used for the incomplete elliptic integrals of first and second kind: F(a,m) =
Jy d0/v/1—msin®0, E(a,m) = [;"v/1—msin®0df, and K(m) = F(r/2,m) and

E(m) = E(n/2,m) for the complete elliptic integrals of first and second kind [19].
For the case with zero-thickness, or a3 = a( — 0, and a; = a, a, =a&, 0 < < 1

we find that the depolarization factors reduce to:

Ly=( (D.4)

Ls=¢

, (D.5)

Lk KQ1-¢)-B1-¢) L, Bl-g)-Kl-g) 1-I; EQ-¢)

¢ =t e S e T,
As & — 0, i.e., the needle, we find that .
L 4 L — L
L= 6loa() - D+ 0, L= 400, =240 (DD
and as £ — 1, i.e., the disc, we find that
L 1 L 5)
T= T g€ D017, F = e ) 0 - 17,
! _CL3 = g + %(1 —O)4+0(1-6>% (DS8)

The polarizabilities for the case of ( — 0 are

AradCE _ Amai(e _ Amai(E
3L, ) (76)22— 3L, ) (7m)33_M‘

(Ye)11 = (D.9)

All other elements of ~e, vm vanish for  — 0, see (D.2), the shape is reflection
symmetric and hence is both ~, and -, diagonal in a coordinate-system where
the reflection symmetries coincide with the coordinate axes, see [42]. Note that as
¢ — 1, we recover the known value of the disc with (7)1 = 16a®/3 and ()33 =
8a®/3. These eigenvalues and their corresponding antenna Q factors are depicted in
Figure 3.
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For a rotationally symmetric ellipsoid, i.e., the spheroidal shape, we have two

cases, the oblate and the prolate case. For the oblate case a; = as = a,a3 = a( and
we find

Ly =1Ly = W(arccos(() —(V1—-¢?) (D.10)

1 2
Ly = W(Vl_c — Carccos(()). (D.11)

For the prolate case a; = as = (a,a3 = a

5 ¢
L=l =57 <23/2<\/ T2 N/____@)> (D.12)

¢ (i ____j;______ o
L3 - (1 _ C2)3/2 (1 (1 _ \/1—7@ 1 C ))7 (D13)

which agree with e.g., [25|, upon using standard identities. The corresponding
eigenvalues and antenna () are shown in Figure 4. An alternative approach is also
given in [42].
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