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Abstract

The effect of relic gravitational waves on the polarization of the CMB
is analytically studied. The equation of radiative transfer for the polariza-
tion is transformed into two coupled differential equations by Polnarev’s
method and an approximate solution is derived.
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4 1 INTRODUCTION

1 Introduction

Fluctuations of the Cosmic Microwave Background (CMB) caused by gravita-
tional waves will be studied analytically in this paper. This will be done in
the first order approximation of the metric perturbations caused by the relic
gravitational waves.

In the early universe photons were tightly coupled to matter by Thomson
scattering. As the universe expanded and cooled down to about 3000 K, protons
and electrons formed neutral Hydrogen. The baryon and photon fluids decou-
pled and the last scattering occured. Since then these photons have essentially
been decoupled from baryons, meaning that the radiation from last scattering
has been left intact. Therefore the CMB provides a picture of the universe at
last scattering and a way to examine the early stages of our universe.

A temperature map of the CMB shows small temperature fluctuations and
has confirmed one of the predictions of inflationary big bang theories, where a
period of rapid expansion follows the bang. The quantum fluctuations are en-
larged and cause inhomogeneities in the universe. One way to test inflationary
theories and indirectly detect gravitational waves is to measure the polariza-
tion of the CMB. Polarization can originate from temperature inhomogeneities
through Thomson scattering but also from metric perturbations, both scalar
and tensorial. The tensorial part is caused by gravitational waves and are the
main focus of this thesis. The polarization induced by tensorial perturbations
is of lower magnitude than the scalar induced, but gives rise to a different kind
of polarization, the magnetic type, and can also be important for the electric
type in long wavelengths.

Cosmic shear (gravitational lensing) can interfere with the picture of the
universe at last scattering by displacing the CMB. If the gravitational waves have
been strong enough they can be detected without correcting for this effect, and
if not, there are ways of subtracting the effect of cosmic shear [2]. The effects of
reionization and free streaming neutrinos have not been included. Reionization
will cause another peak in the visibility function, giving another peak in the
polarization power spectra while the neutrinos could cause a damping, slightly
lowering the spectra.

The organization of this thesis is as follows. In the second section some
background material is presented, such as the Stokes parameters, Thomson
scattering and relic gravitational waves (RGWs). The third section introduces
some consepts of a spherical manifold. In the fourth section the equation of
radiative transfer (The Boltzmann equation or BE) is introduced to describe
the time evolution of the polarization. In the fifth section the power spectra is
obtained in terms of the Legendre expansion of the solution to the BE. Before
actually solving the Boltzmann equation the visibility function, section six, and
the time evolution of the RGWs, section seven, are needed. Finally, in section
eight, the BE for the polarization is solved to the second order of the tight
coupling and the result is used to obtain the two types of polarization power
spectra. Thereafter follows a section with results and examination of the effect
of different parameters, such as the tensor to scalar ratio and the speed of the
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decoupling. The conclusions can be found in section 10. Appendix A contain
some rather lengthy derivations while appendix B discuss the differences be-
tween the results of this theisis and the one in [1], while including the second
order approximation of the tight coupling.

I have mainly used two papers, Analytic approach to the CMB polarization
generated by relic gravitational waves by W. Zhao and Y. Zhang [1], and Theory
of cosmic microwave background polarization by P. Cabella and M. Kamionkowski
[2]. Cosmic microwave background fluctuations from gravitational waves: An
analytic approach by J.R. Pritchard and M. Kamionkowski [9] has been impor-
tant in my attempts to comprehend.

I have done all intermediate steps in the analytical calculations of [1] and I
have analytically reproduced most results of [1].

2 Preliminaries

2.1 Stokes Parameters

The polarization of an electromagnetic wave can be described by the four Stokes
parameters (I, @, U, V). Where I is the intensity, @ and U are linear-
polarization parameters and V' is a circular-polarization parameter.
The electric-field vector of a monochromatic wave propagating in the z-
direction is
E = E,i + E,j = (a,"7 & + aye’vj) ' k=" (1)
and the Stokes parameters are then

I =B, +|Ey|?
Q= B[~ |E,P o)
U=2R(E.Ey) '
V =23(E.Ey)
If the coordinate system is rotated by and angle 9, the Stokes parameters trans-
form as
I' = |E,?+|E,]” = |cosdE, +sindE,|* + | — sin6 E, + cos 0E, |
= I (3)
Q = |E,*+|E,|> =|cosdE, +sindE,|* + | — sin0E, + cos 0B, |*
= (cos?§ —sin? §)(|Ex|? — | Ey|?) + 2sind cos BB, + E Ey)

= ¢0s26Q +sin 20U, (4)
U' = 2R(ELE)) = —sin26(|E,|* — |Ey|*) + 2R cos 20E, E;

= —sin20Q + cos 26U, (5)
V' = 23(ELEL) =23 cos 20E,E; = V. (6)

I and V are invariant while () and U transform as

Q \ _ cos2d sin20 Q .
U' ]\ —sin2d cos2d U (7)
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or equivalently when

o' = Akay, (8)
then
- _( @ U
r=(9% % )
transforms as
Pl =AF Al Py. (10)

This means that @) and U transform as the components of a symmetric traceless
2 x 2 tensor, i.e. a spin-2 field [2]. Therefore the linear polarization can be given
a rotationally invariant description by the tensor, P;;.

2.2 The Goal of Calculations

The aim is to calculate the polarization tensor, P,;,(7) and use this to get the
power spectra caused by the RGWs. We consider ourselves sitting in the center
of a sphere (earth), and measuring the polarization of the infalling radiation
from all directions (the surface of the sphere or the sky). The polarization map
created from experiments can then be used to obtain the correlation functions
and then the polarization power spectrum.

2.3 Thomson Scattering as a Source of Polarization

When electromagnetic radiation scatters on a charge particle, the electric and
magnetic components of the wave will accelerate the particle and thereby cause
it to emit radiation. The polarization of this scattered light will depend on
both the polarizations of the infalling light and the differences in intensities
from different directions. [2]

Radiation falling in on an electron in the y and z directions can be scat-
tered in the z direction. The scattered radiation will have the x part of the
polarization from the incoming y direction and the y part of the polarization
from the radiation incoming in the z direction, fig. 1. If the infalling radiation
from the two directions have different intensity and/or is polarized the scattered
radiation will be linearly polarized.

The observation of small temperature fluctuations in the background radi-
ation implies a temperature difference in different regions of the early universe
and thus, the radiation from different parts must have differed in intensity and
the scattered light will be polarized.

Since Thomson scattering does not induce any phaseshift, it will never pro-
duce any circular polarization, so V = 0.

2.4 Relic Gravitational Waves

Another cause of polarization of the CMB is Relic Gravitational Waves, caused
by the quantum fluctuations in the early, dense universe. The polarization



7 2 PRELIMINARIES

S

Fig. 1: Radiation incident along the x and y axes scatter against an electron
causing a polarization in the radiation scattered along the z axis.

from the perturbation of the metric is different from that caused by temper-
ature anisotropies and scalar perturbations. The perturbed flat Friedmann-
Robertson-Walker metric is

ds? = a®(n) [dip® — (635 + hij)da'da] (11)

where 7 is the conformal time and the size of the horizon

[ ao(t)
n—/ a(0) dt, (12)

h;; are perturbations with |h;;| << 1, a(n) is the scale factor. The perturbations
can be both scalar and tensorial but it is only the tensorial type that originates
from the RGWs [1].

The RGWs are symmetric and using the gauge freedom to choose the trans-
verse traceless gauge it is seen that there can only be two independent types
of gravitational waves, hz‘-; and h;(j (A.1). An arbitrary gravitational wave can
be described as a superposition of plane waves. The problem is, to first order,
linear in the perturbations and therefore the polarization and anisotropy gener-
ated by a gravitational wave is the superposition of the polarization generated
by plane waves. This allows for the study of one plane gravitational wave and
then summarize in the end to get the total effect of arbitrary gravitational waves.
Choosing a gravitational wave propagating in the z-direction, the perturbations
can be described by

where
1 0 O
=10 -1 0 (14)
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and

01 0
1 0 0
0 0 O

(15)

Taking the normal spherical coordinates where 6 is the polar angle and ¢ is the
azimuthal angle, defining u = cos 6 the cartesian coordinate vectors are
fp = (1 — )2 cos ¢ (16)
ny = (1— 1?)2 sin ¢ (17)

in the (u, ¢) base, leading to

ejjﬁmj = (1 - p?)cos2¢ (18)

ey = (1 — p?)sin 29, (19)

3 Full Sky Analysis

The CMB reach us from every direction of the sky and in order to analyse the
experimentally measured polarization over the full sky and to compare it with
computational, numerical or analytical, results, the curvature of the 2-sphere
has to be taken into account. Therefore this section introduces some of the
mathematical properties and how they are implemented in the calculations of
the polarization power spectra and correlation functions.

3.1 Living on the Sphere

The curvature of the 2-sphere is described by the metric

1 0
gab = < 0 Sin29 ) . (2())

The covariant derivatives is denoted by (:). For a scalar field

S.o = Sa, (21)
for a vector field
Ve, =V + VT, (22)
and for a tensor field
T, =T+ T, + T, (23)

where the Christoffel symbols are

1
be = igad(gdb,c + Yde,b — Gbe,d)- (24)
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Any symmetric trace free rank-2 tensor can be written as the gradient of one
scalar field A

1 c
A:ab - §gabA.cl (25)

and the curl of another scalar field B
1
i(B:acecb + B:bcecb)y (26)

where
. 0 1
€qp = sind ( 10 ) (27)

is the antisymmetric tensor. Any scalar field on the sphere can be expanded in
spherical harmonics. Thus any 2-tensor on the 2-sphere can be expanded in the
complete orthonormal set of curl and divergence of spherical harmonics,

1

G c

Y(lm)ab = N (Y(lm)3ab o igab}/(lm):c )’ (28)
N c c

Yv(lcm)ab = 7 (Yv(lm):aceb + Yv(lm):bce a) . (29)

The normalization factor,

N =20 =2/ +2)! =21+ 2)(1 + 1)I(l — 1), (30)

is chosen so that

where (X, X') = {G,C}. [2]

3.2 Polarization on the Sphere

The symmetric trace free polarization tensor, eq. 9, for the full sky in spherical
coordinates 7 = (0, @) is

1 Q(7) —U(n)sind
pati = § (20, o), @

where the sin factors originates from that the basis of the two-sphere (6, ¢)
is not normalized [2]. Expanding the polarization tensor in the divergence and
curl of spherical harmonics,

') l

Pab(ﬁ) N ~
TO = Z Z [agm))/(gn)ab(n) + agm)y(lcm)ab(n)] : (33)

=2 m=—1
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T} is the average temperature of the CMB and the coefficients of the expansion
agm) and a(cgm), represent the electric and magnetic (divergence and curl) com-

ponents of the polarization [1]. The I = {0,1} equals zero so they can be left
out of the sum. The expansion coefficients are given by

Wy = gp [ PG @) en
]‘ abx [
agm) = TO dnpab( ) lCm)b (n) (35)
The polarization power spectra are defined as
(@i @irmny) = O 6 S (36)

where the brackets indicate expectation value, or the average over all realiza-
tions [2]. For a given [ the sum over m runs from —I to ! containing 2/ + 1
terms. The coefficients give us the electric and magnetic type of power spec-
trum. After measuring the polarization of the entire sky, the results can be used
to get a polarization map and calculate the correlation functions. The value of
the correlation between two points will depend on the coordinate system and
therefore the coordinates are always chosen so that one axis is parallel and one
perpendicular to the great arc connecting the two points. When calculating the
correlation function on the two-sphere, because of the spherical symmetry, one
of the points can be chosen freely and ¢ can be put to zero. It is convenient to
choose the north pole as one of the points and 6 is then the parameter of the
great arc connecting the poles. Taking Q(0,0) to be the limit when 6 tends to
zero, the cross-correlation functions are defined as

caap) — (GRUURD) €y

and
cvYe) = <U(701(;0>U(;i(’)0>>. (38)

With the expansion of the polarization tensor, eq. 33, Stokes parameters @ and
U are

(') l
QU,0)=ToY_ > N [a(cfm)W(zm) - af’;m)X(zm)} (39)
=2 m=—I
and
=—Tp Z Z N [ Im) X (im) a‘(lm)W(lm)} (40)

=2 m=—I
where Wi (60, ¢) and X (1, (6, ¢) are defined in (A.5). W(;,)(0,0) and X, (0, 0)
differ from zero only when m = +2,

20+ 1
47

_|_

2)!
—2)!

Wiim) = 5 (.2 + Om,—2) (41)

—~
o~
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and

1 !
Xim) =3 (Om,2 — Om,—2)- (42)

Thus the correlation functions are

Q(0,0) Q(6,0)
0w~ (4529R0)

Z NlNl’< |: (lm W(lm)(o O) a’gm)X(lm) (070)]

Iml'm’

X [a(cl:/*m/)W&/m/)(e, 0) - agl*m/)Xe:l/m/)(e, 0)i| >

21 .
Z a(cim) St Nl/ <a(lm)a(l/ /)> (6’177,,2 + 5m;*2)W(lm)

Iml'm’

+ <a8m)a8/m/)> (5771,2 - 5l7*2)X(*lm)

=> el [CEC Wiy + Wi _y) +iCPC (X — X _5))(43)

and similarly

B U(0,0) U(6,0)
CUU(G) _ < TO TO >

= Y NN

Iml'm’

[0 Xl 610) + 6y Wi 0.0] )

{agm) X(lm) (07 0) + agm) W(lm) (0, 0)}

T

2041 p * x * *
=D\ T N lCEC (X + X7 o) + CEC(W = Wiy)[44)

The cross-correlation vanishes, CU? = 0, if parity is conserved in the early
universe [2].

4 The Boltzmann Equation

The polarization distribution function of photons can be represented by the
column vector f = (I, I,,U) where the components are related to the Stokes
parameters, I = I, + I, and Q = I, — I, [1]. After Fourier transforming the
time dependence in the electromagnetic waves, f(n,z",v, i, ¢) is a function of
conformal time 7, position x?, frequency of the electromagnetic radiation v and
the direction of photon propagation, u and ¢.
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The time evolution of the distribution function is given by the Boltzmann

equation
of ,of dv of
—4n =
on ox? dn v
q(n) = ornea is the differential optical depth and has the meaning of scattering
rate, a(n) is the scale factor, or is the Thomson cross-section, n.(n) is the
number density of free electrons.

(f—J). (45)

] 1 1 2 )
Joavpnd) = = [ d [ PG ol O vt ), (40)
-1 0
where p = cosf and

g [ BPuPcos2(¢) —¢)  —pPcos2(d — ) pipsin2(¢ — )
P=7| —#?cos2¢' —¢) cos2(¢' —¢)  —p'sin2(¢ —¢) | (47)
—2up?sin2(¢' — @) 2usin2(¢' — ) 2’ cos2(¢ — )

is the scattering matrix [1]. Primed index refer to incident and unprimed to
scattered radiation. The term —g (f — J) is the effect of the Thomson scatter-
ing. The first part, —¢f, dampens the polarization and the second part, ¢J,
changes the polarization. The term —Z—Z% describes the change due to metric

perturbations caused by the RGWs through the Sachs-Wolfe effect (A.3)

1d 10hi; .. .
2 2T i (48)
vdn 2 On
The perturbations caused by a gravitational wave propagating in the z-direction
is, by eq. 18 and 19,

10hs; 1o, ., o
5671771 n‘] = 5877’} (h 62] + hXElej) nznj
= %fﬁ(n)(l — 1% cos 2¢ + %hx( )(1 — p?)sin24.  (49)

Taking the statistical properties and the magnitudes to be the same for both
the h™ and the h* waves, i.e. they have the same expectation values, they can
be replaced by h(n). The perturbed radiation is, for the + polarization

1dv 1 2 d

v —5(1 — )cos(2¢)fdnh(77) (50)
and for the cross polarization

1dv 1 2\ . d

;% = _5(1 —H )Sln(2¢)%h(n)- (51)

The gravitational wave causes an angular intensity pattern. However the
radiation is still unpolarized, consisting of an unperturbed part and a perturbed
part, at (i, ¢) and a*(u, ¢) for respective polarization,



13 4 THE BOLTZMANN EQUATION

—_ =

a*(1,0) = 5 (1~ 1) cos 20 (52)

o

and
1

@ (4,6) = 5 (1~ 1) sin 2 L (53)

As the perturbed radiation is Thomson scattered the distribution is changed
and the scattering matrix introduces a perturbed, polarized, part b (A.2). For
the + polarization

(1 + p?) cos2¢
bT (i ¢) =5 | —(144?)cos2¢ (54)
4psin 2¢

and for the x polarization

(1 + p?)sin 2¢
DX (,0) = = | —(1+4)sin26 | . (55)
2 4pcos2¢

(a,b) form a closed basis under Thomson scattering (A.4), and the perturbed
part of the distribution function can therefore be generally described by a linear
combination of these. Hence it is possible to divide f into one unperturbed part,
fo(v) and one perturbed part fi(n, 2%, v, i, @),

1
f=f, 1| +£ (56)
0
where fj is the blackbody radiation,
1
folv) = Shv/RT _ 1" (57)

f; depend on what type of polarization the gravitational wave causing the per-
turbation have. To first order in the perturbations f; for the + polarization

¢ 1 3 (1 + p?) cos2¢
£ = 5(1—,u2)0052q5 1 +3 —(1 + p?) cos2¢
0 4psin 2¢
= C(,a' v, m)a” + B(n,a’, v, p)b* (58)
and for the x polarization
¢ 1 3 (14 p?)sin 2¢
£ = 5(k;ﬁ)ginw Ll +5 —(1 4 p?)sin 2¢
0 4y cos2¢

= ((n,2",v,p)a* + B(n,z*, v, n)b*. (59)
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The explicit ¢ dependence is due to the angular dependence of the gravi-
tational waves and the explicit p dependence is simply chosen to simplify the
evolution equations [9].

¢ o< I + I, = I represent the anisotropy of the photon distribution and
B o I, — I, = Q represent the polarization of photons [1].

If unpolarized radiation fy enters the Boltzmann equation the different terms
will be zero (A.4). Thus the time evolution of f is determined by the perturbed
part, fofi, and eq. 45 is

O Oh Ldvor
foaf77 + fofd P Fo dn 00 foq (f1 — J(f1)). (60)

Since %, eq. 50 and 51, is of first order in the perturbations, % can, in the first
order approximation be replaced with g—i‘(’). vy is the unperturbed frequency.
The anisotropy and polarization thus have the same frequency dependence and
since neither ¢ nor P depend on v, the different frequencies can be treated
independently. Dividing by fy to obtain

8f1 + ~i afl - 1 120} afo 8h”

an " ax T T2y On

Taking the spatial Fourier transformation gives

nd —q(f —J). (61)

Bfl ad 1u08f08h¢-,, ~ ~

SE ity = 5 S SR — () [f - ] 62

oy Tk = q(n) |fa (62)
For the gravitational wave travelling in the z direction, i.e. 2 = l;:, ”;k =pu

and the angle of A% in the plane perpendicular to the vector k is or = ¢. After
some calculations (A.4) the anisotropy and polarization can be described by two
coupled differential equations,

& + (ikp + q) & (n, 1) = hi(n) (63)

and

1
Bt (ikp + q) Br(n, p) = iq/ 1 d/ [(1 + 1) Be(n, 1) — %(1 — 1) ?&(n, 1)

16
(64)
where & = (i + [Brx. The subscript & is the Fourier mode of the gravitational
waves.

5 Power Spectra and Correlation Functions

5.1 Expanding the Solutions

Eq. 63 and 64 have not been solved but once once the solution is found it can
be expanded in Legendre functions,

E(n ) = Y21+ 1)é(n) Pulp) (65)

l
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and
B, m) =Y (20 + 1)By(n) P (p)- (66)
l
The expansion coefficients are
1
o) =3 [ duetnmPin) (67)
and L
g = | duBtn. 1) AGo) (65)

The coefficients, a(j,,, and a(clm), from the expansion of the polarization
tensor Py, eq. 33, determining the electric and magnetic polarization spectra
can then be described as a function of £ and ;. After some algebra, eq. 34 and
35, is (A.6)

(+2)(+1D)bio
20-1)20+1)

1
agm) = g(am,Z + 5m,—2) 271'(2[ + 1) |:

6(1—1)(+2)8 I(I-1)B
@32 —1) " @+3) 121)} (69)
and
limy = T\ Ty B~ ) [+ 20+ (= D] (70)

5.2 Polarization Power Spectra

The polarization power spectra, eq. 36, is determined by, agm) and agm). Cal-
culating the power spectra, the subscript k& from the different Fourier modes
as well as the two different types of gravitational waves , h™ and h*, have
to be remembered. The linearity enables a summation over all k¥ and the two
gravitational wave polarizations to get the total polarization caused by relic
gravitational waves. For one wave the polarization is

CE) = Gy i (0 ()
CEh) = Ty 20 ooy (1 (72)

Taking all Fourier modes and both types of RGWs into account,

2 G
i — G 243
G To@2n)320+1) /;|a(lm)(k) d’k

— 1 G 272
= W/;W(lm)(k) k=dk
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- / (I+2)(1+ 1) 2+6(l—1)(l+2)6l
~ 167 (20 —1)(21 + 1) (20+3)(20 — 1)

I(1—1)B1y2

K dk
(20 +3) (20 + 1)‘ (73)
1
cCc c -
C B m/zmm)(k)l k=dk
— (+2)B1 (= Db |,
- /‘ 20+1 a1 |Fdk (74)

The cross-correlation power spectrum vanishes, if parity is conserved in the early
universe,

Gx _C
CGC ZM X (5m2+6m _2)(6m2 *5m _2) :O (75)
! — (21+1) ’ ’ ’ ’

6 Time Evolution of RGWs

The time evolution of Relic Gravitational Waves, iz, is the source of the CMB
polarization, eq. 63. Einstein’s field equations in the Friedmann-Lemaitre-

Robertson-Walker-universe leads to the equation of motion for a RGW of mode
k,

b+ 220+ k2h =0, (76)
a
The initial values are
/7(77:0) = h(k) (77)
h(n=0) = 0 (78)
with
kghk:QPk A AN 79
szl = ) = ar () (79)

where Py is the primordial power spectrum of RGW, Ap the amplitude, ny is
the tensor spectrum index and ko = 0.005(Mpc)~! is the pivot wavenumber.
The effect of the free streaming neutrinos has been ignored and could lower the
peaks of the spectrum slightly.

The scale factor a(n) can be determined by the Friedmann equation

a* = H3[Q, + aQy, + a* Q4] (80)

where Hy = 0.72 is the Hubble parameter at present time and €2,., ,,, Qa are
densities of radiation, matter and dark energy. [1]

However, the analytical derivations will have to rely on an approximation of
a(n) by a sudden transition between consecutive stages (A.8).
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The redshift can be expressed as a function of the scale factor

A 1
l4zg=2=20_ 2 (81)
Ay Gy ay

At the transition between a radiation and a matter dominated universe, the two
corresponding terms in eq. 80 is equal,
Q,

Q. =ady, = ae = o, (82)

Setting the fractional densities to be Q, = 8.39 x 107, §,,, = 0.27 and Q,
0.73, matter/radiation equality takes place at redshift z, = 3229, i.e. n./no =
0.009, while matter/dark-energy equality is found at z = 0.39, i.e. ng/ny =
0.875. Setting the redshift of decoupling to z; = 1088 [11], gives the conformal
time of decoupling 74/n9 = 0.0224.

Solving eq. 76 in this approximation (A.7) gives

h(n) = Aojo(kn), (1 < me), (83)
h(n) = Ao%mljl(kn) + Aoyr (k). (ne < n < 7E), (84)
with coefficients s
27T2AT k nr
Ay = —

. ( - (k> ) , (85)

3kne — kne cos(2kne) + 2 sin(2kn,)
Al == Qang (86)

and
2 —2k?*n2 — 2cos(2kn.) — kne sin(2kn.)

2k2n?2

Ay . (87)

Taking the time derivative of the gravitational wave h(n) and using the
relation for spherical Bessel and Neumann functions [6],

d

T (@ (@) =~ (). (88)

The time evolution, /(n), of a gravitational wave is

Aok <A1 (jl,i’f?”) + ji(kn)) + A (yl,ilf)”) + yi(kn)))

—Ao%k (Avja(kn) + Asys(kn)) , (89)

h(n)

during the matter dominated era. For the radiation dominated universe

h(n) = Aokj(kn) = —Aokji (kn). (90)
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The evolution of the RGWs are important primarily in the vicinity of the decou-
pling 14, when the polarization is generated. The degree of polarization caused
by the gravitational wave around n = 1y depends on the wavenumber k. The
dependence of h(ng) and h(ng) on k are shown in fig. 2 and fig. 3 respectively.

Before the RGW enter the horizon, the different parts of the wave have never
been in contact and it is left relatively intact, i.e. the amplitude stays the same,
as the universe expand. As the wave enters the horizon it quickly decreases
before entering a slowly decaying oscillatory state. Fig. 4 contains gravitational
waves for three different wavenumbers k and the steep slope of the wave with
k = 1000 occur at conformal time n ~ 0.001, i.e. when the wavelength equals
the horizon size.

The exact solution of eq. 80 in the radiation and matter dominated eras is,

a(T) = ae7(T + 2) (91)

where 7 = (v/2 — 1)n/n.. The transition between the two stages is smooth, in
the new parameter, the time evolution is given by

I
h”+2%h’+k2h:0 (92)

where prime denotes %. To improve the sudden transition approximation one
can use the Wentzel-Kramers-Brillouin approximation [16], to solve this equa-
tion. [1]

However the WKB approximation will not be used in any analytic calcula-
tions throughout this thesis but is used to obtain numerical solutions to eq. 92
shown in fig. 2 and 3. Fig. 2 and 3 also contains numerical solutions of eq. 76.
This has been done with a(n) calculated numerically from eq. 80 taking the

fractional densities Q, = 8.36 x 107°, Qp = 0.044, Qg = 0.225 and Qp = 0.73
[1].
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'/
-0.2 - -
0.1 1 10 100 1000

wavenumber: kn,

Fig. 2: A RGW at decoupling, h(n4), depending on wavenumber k. The sudden
transition approximation (solid line), WKB approximation (dashed line) and
numerical calculations (dotted line). The numerical and WKB lines are nearly
identical and are hard to distinguish by the naked eye. The initial amplitude is
set to h(k) = 1. Figure from [1].
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Fig. 3: Time derivative of the RGW, h(nd), depending on wavenumber k. The
sudden transition approximation (solid line), WKB approximation (dashed line)
and numerical calculations (dotted line). The numerical and WKB lines are
nearly identical. The initial amplitude is set to h(k) = 1. Figure from [1].

h(n)

LN/

-0.2 .
0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018 0.02
kn

Fig. 4: RGW of three different Fourier modes, kK = 1000, 100, 10, depending
on the conformal time 7. The k£ = 1000 wave enters the horizon at kn = 0.001
and the steep slope demonstrates the quick decrease of amplitude of a RGW as

it enters the horizon.
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7 Visibility Function

In the early universe when baryons were ionized and tightly coupled with the
photons through Thomson scattering, photons were repeatedly scattered causing
a bath of unpolarized radiation. When the temperature decreased the electrons
and ions formed neutral atoms, decoupling the photons and baryons. It was at
the time of decoupling that the last scattering took place and the probability
that a photon was last scattered at time 7 is described by the visibility function,

V(n) = q(n)e "o, (93)

The visibility function comes from solving the ionization equations during the
recombination [1]. The differential optical depth ¢ = orn.(n)a(n) depends on
the number density of free electrons n.. The optical depth

k(no,n) = / " q(n)dn (94)

describes the photon transparency of the universe. As electrons and ions form
atoms the number density of free electrons n. rapidly fall off towards zero. Thus
both ¢ and & quickly approach zero during the decoupling and thereby V(1) ~ 0
for n > ng. Going backwards in time, before 1y, the number density of free
electrons increase as the universe grows smaller and both ¢ and x(n) increase.
The visibility function is then dominated by the exponential which cause V()
to approach zero. Since the visibility function is a probability distribution, it
has to be normalized to one,

7o

| V(n)dn = 1. (95)

The visibility function is often approximated by a Gaussian function [9]

Vo = Vingel ) (96)

fitted to numerical calculations. V(n4) is the amplitude at, and Ang is the
width of, decoupling. WMAP data give Ang/ny = 0.00143 [1]. Following [1] a
half-Gaussian fitting consisting of two half-Gaussian functions is used in order
to improve the approximation.

(n—ng)?

14 e 2805, <
vig = Ve T s (97)

Vinge a2 n>ng

with (Anar + Anaz)/2 = Ana, Ang/no = 0.00110 and Ange = 0.00176. Both
approximations obey eq. 95. The two approximations are plotted together with
the optical depth k(1) and the differential optical depth ¢(n) in fig. 5. A com-
parison with numerical calculations of the visibility function is found in fig. 6.
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10 k(n) half-Gaussian
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Fig. 5: The visibility function V(n), optical depth x(n) x 10 and differential
optical depth ¢(n)/10 during decoupling. The latter two have been rescaled for
graphical demonstration.

Neither the Gaussian nor the half-Gaussian approximation manages to resemble
the steep uphill slope and the long tail very well, but the half-Gaussian does a
significantly better job. The effects of the approximation will be discussed in
more detail in later sections.

8 Solving the Boltzmann Equation

To get the polarization power spectra, eq. 73 and 74, the differential equations
for & eq. 63 and (i eq. 64 have to be solved. The subscript, k of £, 8 and h,
will be hidden in this section for notational simplicity.

E+ (ikp+q) E(n, ) = h (98)

B+ (ikp+ q) B(n, 1) = 1%"/_1 dp! [(1 + 1?2 B(W) - %(1 —puPE)| (99)

Initially the radiation is unperturbed, i.e. £(n = 0) = 0, and the solution to
eq. 98 is

n . I ik dn"'
¢ = /h(n')e Lyt g
0

n . ’ . ’
- / h(n e~ ) gikn(n’=n) gyt (100)
0
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V(n)n,

300

250

200

150

100

50

- numerical

------ : half-Gaussian
—— : Gaussian

0.015 0.020 0.025 0.030

Conformal Time: n/n,

Fig. 6: The visibility function V(n) as a function of conformal time 7. Nu-
merical results (solid line), half-Gaussian approximation (dots) and Gaussian
approximation (dash). 74/no = 0.0195, number from [1] which does not seem to
agree with solving the equations, and the three curves are normalized [ Vdn = 1.
Figure from [1].

Expanding £ and 3 in Legendre polynomials according to eq. 65 and eq. 66, the

right side of eq. 99 is

/

G(n)

1
1 dy/ [(1 + 1?2 B, 1) — %(1 - M’Z)Qﬁ(mu')}

1
(2z+1)/ du' (1 + p*)?B,.P, +
1

1
(20 + 1)/ du' (1 — p*)%& P,
1

! 196 200 8
(21 + 1)/ dy/ (Po +—P+ P4> BBy

—1 105 105 35

1
56 80 8
204+1 du | —Py — —P. —P P. (101
( +)/1M(1050 Sp 8 4>5ll<o>
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The integral is evaluated, by using the orthogonality relation for Legendre poly-
nomials

1
| P Pty = g 6 (102)
with the result
G(n) = 2 g+ Bz +1 ﬁo Sy 52 Le, (103)
35 70 10
Eq. 99 is then _
5 + [ikp + q]8 = 4G, (104)
with the solution, S(n =0) =
B(n, 1) / G(n —ﬂ(nn)ﬂku(n ")dn (105)

Setting the above limit to the present time, 79, and identifying the visibility
function, from eq. 93, resulting in
u "
Blnosp) = [ GV (e =) dn, (106)
0

The integral contains the unknown functions (; and §;. Take the expansion,
eq. 65, and put it into eq. 98,

ST@+1EP = —¢Y @+ )P — ik Y &2+ 1)uPy + Po(p)h.  (107)
l l

l

Use the recurrence relation for the Legendre polynomials [6],
2+ DpP = (I+1)Pyy + 1P (108)

The last sum in eq. 107 can be expressed as
Ya@+uPi= ) &al'P+ Y Goal"+ )P (109)
l U=l41 1=1—-1

Because of the orthogonality of P, the relation has to be true for every [, thus
after renaming the dummy indices a system of coupled differential equations for
&(n) is obtained. Repeating the procedure for 5 and the result is

o= —qbo — ikéL + h (110)

o=~ gt ikt (it 2 G- ta - 6) (1)
: ik

G =06 — 57 -1+ U+ D], 121 (112)

B+ (1 +1)B], 1> 1. (113)

ik
b= —ab ~ A+ 1
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1/q is the mean free path of photons. In the tight coupling limit the mean free
path is close to zero and ¢ tends to infinty. Expanding to first order in the
small parameter 1/¢, starting with unperturbed radiation, the equations reduce
to (A.9)

o+abo=h (114)
: 3 1
=By = —— 11
Bo + 10(150 10(150 (115)
G=0=0,1=>1 (116)
G(n) from eq. 103 is then
1
G(n) = E(7ﬁo —&o)- (117)
and satisfies 5 )
T+ —qG = ——I 11
G+ 1OqG 10h, (118)
with the solution
]_ 77 . G ’7
G =-15 | h(n ye= /1O ) gyl (119)

Substituting this into eq. 106 for 8(ng) yields

70 1 n . ’ .
= _— (e~ B/10)xmn") gt | giku(n—mo) 4
soma) = [ v |5 [ hone | e n
1 " ik ! ; 1 ! 1
=15 avine (o) /0 /()&= G/ O +G/0)8() (190

where k(n,1m") = k(1) — k(n) and k(1) = k(no,n). The tight coupling approx-
imation is only good on scales larger than the mean free path of photons. On
smaller scales the anisotropies and polarizations will be damped by photon dif-
fusion, to include this effect the second order of 1/q is needed [1]. Meaning that
&, differs from zero because of the & source term in the differential equation.
The equations for £ in this second order approximation of the tight coupling is

(A.9)

€0 = —qo — ik&1 + I, (121)
£ = —q€1 — %50, (122)
§=0,1=>2. (123)

According to [1] this leads to an additional damping term exp (— [ gdn).
However, this factor is present in the first order approximation as well. See
appendix (B) for further discussion. This section will be completed as if the
factor occured.
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Keeping the tight-coupling limit for the polarization (3, By also gets the
damping factor

: 3
Bo = —Tgﬁo - %50 (124)

The extra factor appear in eq. 118 and the solution for the polarization inherits
it through the solution of G(n). Eq. 120 takes the form

Bl pt) = —— [ dnv()enn=m) / " i (Y~ BNORN = (T/10)5(0)

10 Jo 0
(125)
Since V(n) peaks around ny while exp(—(3/10)k(n")) &~ 0 when n < 14 and
exp(—(3/10)x(n")) ~ 1 when n > ng4, h(n) can be taken outside the integrals
approximating it with h(nd). However, this approximation is only good at long
wavelengths when h(n) varies slowly over V(). This can be improved by taking
the average of h() over the visibility function,

(hatw) = [ anv i (126)

The resulting equation for the polarization is
To

B0, 1) :7% AV () =100 () / "y B30~/ 10)5(0) (127)
0 0

Define x = k(n')/x(n) and replace n’. Since V(n) peaks around 1y with width
Ang, dn =~ %And holds approximately.

Blno, i) = —%And /nO dnlv(n/)eiku(n’—no)h(n) /OO dﬁe—(3/10)m(n)w—(7/10)n(n)
0 1

x
(128)
Comparing the Legendre expansion of 3, eq. 68, and &, eq. 67, with
e®rit =N (20 + 1)it i (kr) Py(1s) (129)
1=0

and noting that the only dependence on p in B(ng, i) is in the form of the
exponential exp (iku(n’ —n)) leads to

1
Bi(no) = %[lduﬂ(no,u)ﬂ(u)

— g [ V) S ikt = m) P P )
'=0

/ T AT _(3/10)k(r)~(7/10)x(n)
1 X

- 7%&”# /O " dnV () (1) i (k(n = n0))

/OO dfe—(3/10)11(77)17(7/10)%(77), (130)
1
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The approximations of V' (n) contains a term of the type Y14 where v is a
constant, i contains a mixture of oscillating modes e’*1 and e~ and so does
the spherical Bessel functions. Therefore h(n)j(k(n — np)) will contain terms
proportional to e~*(1=m0) with b € [~2,2]. By using the formula [1]

/OO ef'yyr‘)eibk:ydy _ e—((bk)2/47) /Oo eﬂyzagy7 (131)

with y = k(n —n4) and ~ identified from the Gaussian or half-Gaussian approx-
imation of the visibility function.

10 . "o .
/ dnV () h(m) i (k(n — o)) =~ / dne (1=10)® ¢~ 0K (o)
0 0

~ /00 dneY(n=na)* g =ibk(n=m0) _ o= ((bk)*/47) /OO dne(n1=na)*

= Ol ) [ V) (132)

The Gaussian approximation give

o—(OR)2/47) _ o—a(kAna)® (133)

with o € [0,2]. The half Gaussian fitting will give two different terms. The
integral will split into two and then merge when going back to the general
expression again. The terms are

1
e~ ((0k)?/47) _ 5[e—oz(kL\na)? + e (kAna2)’) = p(k). (134)

The remaining integral is

" Fdr (510 7/10
/0 ng(n)/l & =610tz 100s(r), (135)

Making the substitution
dr )
dr = —q(n)dn = i dn; V(n) =qe ™" (136)

gives

o0 oo d
/O dﬁef(l7/10)l{\/1 ?3367(3/10);“. (137)

Since k(1) ~ 0 when 7 is large and x(n) — oo when n — 0

/OO dﬁe—(l’?/lO)H /OO dle—(B/IO)ﬁx
0 1 T
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oo —1
= 7\/ dﬁ H + EI 67(17/10)/{7(3/10)11@
1z 10 10
®dr 1 A 1 3
=10 — =10 de | — —
/1 z 17+ 3z /1 x(x 17—|—3:c)

10 20 10, 20

o0

0

Combining this with the results in eq. 132 gives the approximate solution for
the polarization

1 20 . . .
Bi(no) = 7 In gilﬁﬁdh(nd)ﬂ(kﬁ(nd —10))D(k) (139)
where 1
D(k’) _ 5 (efoz(kAndl)2 + efa(kAnd’z)Q) . (140)

If the Gaussian fitting had been used, D(k) would have been
D(k) = e~o(kAna)? (141)

Together with eq. 73 and eq. 74 the expression for the magnetic and electric
polarization spectra is calculated,

1 (1. 20\° ;
% = i (%) [ Pk = mlhn PAGDA w2k, (142)

The index X can be either G or C,
(I+2)1+1) .

6(1—1)(1+2) . I(1—1)

Pal@) = @ r o2 e v+ O @@ i@
(143)

and C2+2) 20 -1) .
Po(x) = A+ 1 Ji—1(x) = m]lﬂ(ﬂf)- (144)

9 Results and Discussion

The CMB polarization was generated by RGWs at the surface of last scattering,
i.e. when matter and light decoupled. The greatest contribution to the polar-
ization is from RGWs with wavelengths that entered the horizon just before
the last scattering. This is because RGWs with wavelengths larger than the
horizon size at decoupling does not change during the time the decoupling takes
place. When a gravitational wave enters the horizon the amplitude quickly de-
creases and then enters an oscillatory stage with a slowly decaying amplitude [8].
Therefore the waves that enter the horizon at penultimate scattering will give
the greatest polarization. Waves that entered the horizon before penultimate
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scattering will still contribute, but not as much. Shorter wavelengths having
lesser impact.

The final expression for the magnetic and electric polarization spectra eq. 142
contains a numerical factor & (7 In %)2. Without the extra damping fac-

167
tor that appeared in the second order approximation of [1] this factor would

be ﬁ (% In 13—0)2 (B). The expression also contains the damping factor D?(k)
which depends on the parameter « € [0,2], the width of the decoupling An?,
the amplitude of the time derivative of the gravitational waves |h(nd)|2 and a
combination of spherical Bessel functions j;(k(ng — 10)). Different features of
the universe influence these parts in different ways, and thereby cause different
changes in the polarization spectra.

To determine ClXX the initial amplitude of h(nd) is necessary, but this de-

pends on the ratio between the tensor and scalar perturbations r [1],

- P (ko)
Pr(ko)’

The ratio is yet undetermined by observations, but some constraint has been
given by the observation of the temperature anisotropies, which is generated
both from scalar and tensorial perturbations. The third year report from
WMAP limits » < 0.22 at 95% C.L. and r < 0.37 at 99.9% C.L. [1]. Here,
r is taken as a parameter and the power spectra dependence on r is examined.
WMAP observations indicates that the power spectrum of scalar perturbations
is

(145)

Pp(ko) = 2.95 x 1072 A(ko) (146)

with pivot wavenumber ko = 0.05 Mpc~! and amplitude A(kg) ~ 0.8 [1]. With
a RGW spectrum index ny = 0 (scale-invariant), the amplitude from eq. 79
Ar = 2.95 x 107%A(ko)r. A smaller r yields a smaller amplitude A7 and
greater difficulties in detecting the CMB polarization.

9.1 The Effect of the Visibility Function

The electric and magnetic type of power spectrum, C’lG G and C’lc C calculated
from eq. 142 and the numerical results from cmbfast, with tensor to scalar ratio
r = 1, can be seen in fig. 7 and 8 [1]. The first and highest peak of the spectra can
be found around [ ~ 100. The figures include both the result using the Gaussian
and the half-Gaussian approximation for the visibility function, leading to the
two different damping factors D(k), eq. 141 and 140. CZCC and C’IGG have a high
sensitivity to the visibility function, i.e. to D(k), at large I implying that D(k)
is more significant at small scales. A larger o causes a heavier damping. In the
half-Gaussian approximation, Clc ¢ for a = 1.7 fits the numerical results well at
the third peak, but are a bit too high for the second one, while @ = 2 is good at
the second peak but too low at the third. Both the Gaussian and half-Gaussian
approximations yields a too low power spectrum. Comparing them, with the
same «, shows that the Gaussian visibility function gives a greater damping than
the half-Gaussian. This is because e~*(FAma) < 1/2(e=(kAna1) 4 p=a(kAnaz)) jp
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the region where the wavenumber k is sufficiently large for the D(k) term to
have a noticeable effect.

-13.0

half-Gaussian, a = 1.7

/

-13.5 -

cmbfast

140 | \

-14.5 -

-15.0 -

half-Gaussian, a = 2

log,, (1(1+1)C®)

-15.5

Gaussian, a =2
-16.0 |-

-16.5 " P S S Y A | " " I Y S S A |
10 100

Fig. 7: The electric polarization spectrum CZ¢. Numerical results from cmbfast
code (solid line), results using half-Gaussian with @ = 1.7, 2 and Gaussian
approximation with o = 2 (dotted lines). Figure from [1].

9.2 The Dependence on Tensor/Scalar Ratio

The analytic expression (142) shows that C7X oc |h(nq)|?. In a scale invari-
ant universe (ng ~ 0), |h(ng)| is directly related to the tensor/scalar ratio r.
Fig. 9 shows the magnetic polarization power spectrum CC¢ with three differ-
ent values r = 0.3, 0.1, 0.01 as well as estimates of the sensitivity of WMAP
and Planck (one-sigma sensitivity estimates). The WMAP estimate is based on
noise measured during 8 years of operation, while the Planck estimate is based
on 1.2 year of testing with a prototype [1] (Planck is planned to be launched on
July 31st 2008 [22]). As seen in fig. 9 any detection of the magnetic polarization
spectrum from the WMAP would be highly unlikely, but Planck should be able
to observe CZCC from RGWs for r > 0.1.

The effect of reionization was left outside our analytic derivation. It will
cause another peak in the visibility function, long after the decoupling, and give
an additional contribution to the power spectra. Results from WMAP indicate
that the reionization has an optical depth &, = 0.09 & 0.03 [10]. Numerical
calculations using cmbfast include this effect and it can be observed as the first
peak at low [ in fig. 10 [1].
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Fig. 8: The magnetic polarization spectrum CFC. Numerical results from cmb-
fast code (solid line), results using half-Gaussian with o = 1.7, 2 and Gaussian
approximation with oo = 2 (dotted lines). Figure from [1].

9.3 Dependence on the Baryon Density

CXX depends directly on the width of the decoupling, Ang, but also on the
damping factor D(k), which in turn depends on Ang. At very large scales (very
small [) the effect of D(k) is neglectable and a smaller Any will cause a lower
spectrum. When the scale is smaller (large 1) the contribution of D(k) can no
longer be ignored. For a fixed k, D(k) = %(e’a(’“A”(“)2 + e=o(kAna1)*) grows
when Any decrease, causing a more complex dependence. The total effect is
determined by C*X oc AnZD?(k).

The decoupling speed is mainly determined by the baryon density €. In
the flat ACDM universe a larger €2, will increase the decoupling speed and Angy
will be smaller. A fitting function for the optical depth is

— C1 z 2
wz) =, (1000) (147)
where ¢; = 0.43 and ¢o = 16 + 1.81n().[1]

A larger €, causes a larger k and therefore a more localized visibility function
V(n) and a smaller Ang. The influence of O on V(n) can be seen in fig. 11. Fig.
12 shows the influence of €, on the magnetic polarization spectrum. Where a
larger density, i.e. a shorter decoupling time, gives a lower spectrum.
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Fig. 9: The analytic magnetic polarization spectrum C’lC ¢ with tensor to scalar
ratio » = 0.3, 0.1, 0.01 in the ACDM universe with ©, = 0.044, Qum =
0.226 and Q4 = 0.73. Dotted lines are WMAP and Planck satellite sensitivity
estimates for measuring the CMB magnetic polarization signal. Figure from [1]
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Fig. 10: The numerical magnetic polarization spectrum ClC ¢ with tensor to
scalar ratio » = 0.3, 0.1, 0.01 in the ACDM universe with Q, = 0.044, Qgm =
0.226 and Q5 = 0.73. Dotted lines are WMAP and Planck satellite sensitivity
estimates for measuring the CMB magnetic polarization signal. Figure from [1]
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Fig. 11: Dependence of the visibility function V(n) on the baryon density €,
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9.4 Location of the Peaks

The CX¥ spectrum peak at [ ~ 100, fig. 7 and 8. PZ;(k(ns — mo)), eq. 143,
and P2;(k(na — no)), eq. 144, are combinations of spherical Bessel functions
Ji(k(na—mno)). Their graphs for I = 100 can be seen in fig. 13 and 14 respectively.
The spherical Bessel functions j;(x), ¢ >> 1 peaks about | ~ z [1]. Therefore
Ji(k(ng —mno)) peaks around [ =~ k(ng —no) = kno for [ >> 1. Fig. 13 shows that
Pgi peaks at kng ~ | and fig. 14 shows that Pg; peaks at kng ~ 1.27]. This
implies that the peak location of the polarization power spectrum is given by

CX o |1v(na)*k* D (k) |k, - (148)

D(k) causes a greater damping at larger [ so the first peak has the highest
amplitude. Studying the first peak, with D(k) ~ 1. Eq. 89 gives

|A(na)|* = Agkg(%)Z |Avja(kna) + Ay (kna)|” (149)

For RGWs with a wavelength comparable to the horizon size at decoupling (I ~
100) Ayja(kna) >> Agya(kng) and the last term can be neglected. Therefore
|h(nq)|? o< |A1je(kng)|? and since jo(kng) peaks at kng ~ 3, |h(nq)|? peaks at
kng ~ 3, thereby causing the ClXX to peak around

1~ kno =~ 3no/nq- (150)

A ACDM universe with ng/ny = 0.0195 gives a value of kny ~ 154. This
result is based on the sudden transition approximation of a(n). Using the WKB
approximation, numerical calculations show that |72(n4)|2k? peaks at kng ~ 127,
fig. 15, and the analytic results is approximately correct.

The value of n4/n is mainly determined by the dark energy, Q4, and the
baryon density €. A larger 2, gives a larger 79 /14 and a longer lifetime of the
universe. This would increase [ in eq. 150, giving a way to study the age of the
universe through CMB polarization. [1]

The time evolution of the gravitational wave h(n) also depends on the dark
energy, fig. 16. As seen in the figure, a larger Q shifts the peaks of h(n)
to smaller scales and thereby causing a shift of the peaks in the polarization
spectrum C;¥¥ to smaller scales, fig. 17.

The baryon density, 2, also affect the decoupling time 7n4. If Q4 is held
fixed a larger {2, increases 74, causing a smaller 374/ and the peaks of C’lX X
shifts slightly to larger scales, as can be seen in fig. 12.

9.5 Influence of the spectrum index

The spectrum index ny influences the spectrum of both the magnetic and the
electric type through |A(ng)|?. Fig. 18 show the electric spectrum with three
different values, nr = —0.1, 0.0, 0.1. A larger value corresponding to a higher
spectrum. This is because |h(ng)|? differs from zero only at larger kng, fig. 3,
and |h(nq)| o k|h(ng)| and k3|h(ng)|? o k™. For a large k, a larger ny causes

a larger |h(ng)| and a stronger polarization power spectrum CyxX.
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10 Conclusions

The effect on the polarization in the CMB from metric perturbations due to
gravitational waves has been studied analytically in this thesis. The polarization
caused by metric perturbations induced by relic gravitational waves are different
from those induced by scalar perturbations. The derived analytic expression has
qualitatively explained the features of the polarization spectra obtained by more
exact numerical calculations and give an insight in the physics behind.

The greatest cause of polarization arise due to the gravitational waves that
enter the horizon between penultimate and last scattering. The polarization
spectra have a strong dependence on the width of decoupling and thereby the
visibility function at that time. Also, the derivations have shown that including
the effect of photon diffusion, i.e. the second order of the tight coupling, does
not produce an extra, wavenumber independent damping factor.

The dependence of the spectra on different cosmological parameters give the
CMB polarization measurements a position as one of the key projects of astro-
physics and cosmology. Measurements of polarization in the CMB might soon
be within observational reach and the results, weather they are detected or not,
will constrain theories about the development in the early universe. Therefore
the analytical insight in the physics causing this polarization is important.
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A Appendix

A.1 Transverse-Traceless Gauge

This section is only valid in Minkowski space, with a metric tensor gog = nag +
hag where 144 is the Minkowski spacetime and the scale factor a(n) = 1. The
different convention with the minus sign in front of the time part of the metric
is used and time is denoted by t. However, locally one can always work in a
Minkowski space thus the result should hold for gravitational waves of short
enough wavelengths for the Minkowski approximation to be good.
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Einstein’s equation in vacuum is [4]

0? 2\ =
<_at2 +V ) hoP =0 (151)

Where h®? is the trace reverse of hag,
= 1
hoP = peh — 5naﬁh. (152)

n®? is here the metric of a flat universe. Eq. 151 has a solution of the form
hoB = AP eiku® (153)
This implies that - ~
het =k, hoP. (154)
Combining with B%’B = 0 gives
APRs =0, (155)

meaning that the amplitudes of the gravitational wave must be orthogonal to the
direction of propagation, k. Using the gauge freedom to choose the transverse-
traceless gauge imposing the two more conditions on the amplitude

A% =0 (156)
and
AnpUP =0 (157)

where U? is any fixed four momentum, i.e. any constant timelike vector. The
first condition implies that h*® = h*?. While the second condition together
with the previous orthogonality one implies that

0 0 0 0
0 A Ay O
AlL = v 158
s 0 Ay -4z O (158)
0 0 0 0

It is then obvious that there can only be two independent polarizations modes
of gravitational waves. These two correspond to the h™ and h* polarizations.

A.2 Base Functions for Thomson Scattering

1

The perturbed radiation a = (1 — p'?)cos2(¢’ —¢) | 1 | is Thomson scat-
0

tered,

1 1 2
J = —/ d/// d¢’ x
am J 4 0
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ﬂ2,uf/2 COSZ((b/ 7¢) 7#2 COSQ((;S/ 7¢) N2,U/2 sin2(¢’ 7(;5)
—u'? cos2(¢' — ¢) cos2(¢’ — ¢) —u'sin2(¢" — ¢) X
—2up?sin2(¢’ — @)  2usin2(¢) — @) 2up’ cos2(¢’ — @)
1
(1—p*)cos2¢’ | 1
0
pru?cos2¢  —p?cos2¢ 0

1
= % / dp/ (1 — p'®) —u'? cos 2¢ cos 2¢ 0
-1 —2uu?sin2¢  2usin2¢ 0

1 —1642 cos 2¢
= 3% 16 cos2¢
—32p8in 2¢
1
(a—b), (159)
where
(1 + p?) sin 2¢

b= 3 —(1+ p?)sin2¢ | . (160)

411 cos 2¢

Similar calculations lead to essentially the same results for the h* polariza-
tion. Hence, as radiation polarized by RGWs undergo Thomson scattering the
polarization is changed to a linear combination of a and b.

A.3 Sachs-Wolfe Effect

The derivation of the Sachs-Wolfe effect in the FRW-universe to first order in
the perturbations. The Geodesic Equation is

21 a J,p.0
e =-m, (161)
For a photon
g P*P” =0 (162)
and d d2° d dn d d
= = =p° (163)

dx ~ d\dz®  didn dyg
P is the photon energy, which is constant in an unperturbed universe, multi-
plied by the scale factor a. [2] The perturbed metric is

ds® = gy datda™ = a® [dn® — (65 + hyj)da'da?] . (164)
Taking the 0’s component of the geodesic equation, the left hand side is

d*z" d d 1 d (1

- — 7PO:P07P0:7P7 iy »)

dX2 dA dn PEREP <a2 0)

1 d 2 d
—al. 1
a4P() < UPO aPo na) ( 65)
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For the right hand side the Christoffel symbols are needed,

1 v
I, = 59“ (Gva,s + Gup,a + Gapw) (166)
Yy = 2a29000 2%(%,@2
= FO = 2a29u 0 — 2712%@2(1 + hn) . (167)
09 =19 = gz ama’(hy) Vi
Thus, with 4 =0
dz® daP . ;
_Fgﬁﬁﬁ = _P80(P0)2 - F?cz(P )2 - ng(Py)2 - ng(P )2
—2IY, P*PY — 2I')_P*P* — 2T') _PYP*
_ 1 0 d i pj d o
= 32 [(P) an” a’+ P'P in’ (1 + hij)
1 d - d o d
= P'PI(1+h;i)— 24 pipi 27}11“
242 [( Rl d St (1+ ])dna + “ dn J}
d 1, .4d
_ —*P 72—*P1P]7 . 1
az( )y dn “ 73 dnh”’ (168)
where
0 = gy P*P" = a*((P°)? = 6;;P'P? — hy; P'PY) (169)
(P°)? = 6;;P'P? + h;; P'P? (170)

have been used in the last equality. The first term on the RH side cancels out
the second term in the LH side and what’s left is

1 _d Vdhy; ..
P Py=—-—4pipi (171)
n

On the RH side there already is one power of h,, thus to first order
P = (P° P%sinfsin ¢, P sin 6 cos ¢, P° cos 6)) (172)
Which gives us

1 d Ldhy; PIPI 1dhy ,
P _ = 1] _ i "Z”‘] 173
Pody ° T T27dp (P2 27dp " (173)

Substituting Py with the frequency yields the general expression for the Sachs-
Wolfe effect,
ldv 1 3h”

— AZ] 14
Vdn 2877 e (174)
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A.4 Coupled Differential Equations
A.4.1 Unperturbed Radiation

Examining the Boltzmann equation, eq. 45 for the unperturbed radiation, i.e.

fo-
1

fo= ohv /KT _ | (175)
dfo
— =0 176
o (176)
since fj is independent of the conformal time.
9fo
i (177)

since there is no explicit dependence on any spatial coordinate. The part orig-
inating from the Thomson scattering ¢[f — J] equals zero because due to the
spherical symmetry of the scattering matrix

J(fo) = fo (178)

and in the unperturbed part there is no gravitational perturbation so the grav-
itational term vanishes as well.

A.4.2 Perturbed Radiation

Specializing eq. 62 to the case of RGWs with h™ polarization by substituting
f1in eq. 58.

1 1 ‘ (1+ p?) cos2¢ '
50200 p2) [ 1| Gt ikuG) +5 | —(+w2)cos20 | By o+ ikusy)
0 4psin 2¢
_ _L1vof 2 oo A (1)
= > o 81/0(1 1) cos 2¢ )
1 1 (1 + p?) cos 2¢ )
—a)g [GA=p) [ 1 Jcos20+ B | —(1+p*)cos2¢ || +qJ. (179)
0 4 sin 2¢

Moving all the terms containing (i or (i to the LH side, the result is,

' N L[ (eeso \
D 20(1—p?) | 1| (Ce + ikncy) + By —(1 4 p?)cos2¢ | (Br + k)
0 4 sin 2¢

1 1 (1 + p?) cos 2¢
—4(0)5 GA—pH | 1 Jcos20+ B | —(1+ u?)cos2¢
0 441 8in 2¢

1 v dfy 9 dhy, =
= 290 20 1 g 1
> 5‘1/0( 1) cos 2¢ i qJ (180)
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This gives three different equations:

(1= )G + (1 + %) B + (ikp + ) [(1 = p?)Ce + (1 + p?) B

_ 2y Ofodhi _2q
= (- )fo Jvy dn JrcosZ¢J1

(1= p)Ce — 1+ p?)Be + (ikp+ q) [(1— )G — (1 + p?)Bx]
oy U Ofo dhy 2q

=) e dn T o2
. 0fo dh
Agrsin 2 | By + (ikp + q)8| = cos 20[~(1 — u2>%8—f§d—; +2¢J5).

J is given by eq. 46.
- 3 2
(u%%m%ww —p?eos2(¢/ — 6) ' sin2(¢/

(' cos 2(¢' — @) cos2(¢ —¢)  —p'sin2(¢' —
—2pup?sin2(¢' — @) 2usin2(¢’ — @) 2up’ cos2(d’ —

) (1 + 4?) cos 29/
[C;(l—H/Z)COSQQb/ ( 1 ) +% ( —(1+ p'?) cos 2¢/ )]
0 4y sin 2¢’

3 1 ( w22 cos2¢ —p2cos2¢  pp cos2¢ )
— dy'm

—u'? cos 2¢ cos 2¢ —ut’ cos 2¢
2up?sin2¢  —2psin2¢  2up’ sin 2¢

1 (1+ 1)
{%aﬂm(1)+%(uﬁ%)r
0 4p’

27
/ cos2(¢' — ¢) cos 2¢’d¢’ = 7 cos 29,

0

here

2
/ sin2(¢’ — ¢) cos 2¢'d¢’ = —m sin 2¢,
0
2m
/ cos2(¢' — ¢) sin 2¢’d¢’ = 7sin 2¢,
0

/ sin2(¢’ — ¢) sin 2¢'d¢’ = 7 cos 2¢
0
was used. This leads to the different J’s:
3 1
Ji = 3*2ﬂ2 cos 2‘25/ dp[=(1 = )2 G+ (14 %) Bi + 44" B
-1

3
1—6,u cos 2¢1

?)
9)
)

(181)

(182)

)X

(184)

(185)
(186)
(187)

(188)

(189)
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*—cos2q$/ dp'[(1 = )% ¢ — (1 + ') Br — 4" Br)

3
= —1g 8 201 (190)
1
Ik = [ a1 )P G0 w2 PGo ) (o)

Plugging this into eq. 181 and 182:

(1= 1%)Ck + (L + %) B + (ikp+q) [(1 = 12) G + (1 + 1?) B
o U Ofodhr  3q 4
—(1=p )%aiyodin‘i'gﬂf (192)

and

(1= )G — (1 + %) B + (ikp + q) [(1 = p?)Ce — (1 + p?) B

ey Ofadi 3
- (1- )foal/o sl (%)

Multiplying eq. 193 by 2, adding it to eq. 192 and dividing by two to obtain
eq. 195. Subtracting eq. 193 from eq. 192 leads to eq 194.

3q

(14 1) Bx + (ikp + @) (1 + p) B = (1 + 76! (194)
s _ v Ofydhy
Gk + B + (ke + q) (G + Br) = "o Do dn (195)
Dividing the first one by (1 + p?), define
&k = Gk + B (196)

and note that 0y dh din
v dfo ahy n fo;
S, R . 1
fo Ovg dn dln g o (197)

The result is

B+ Gk + ) = 01 (198)
€t (i + )8, = D20 (199)

dInyyg k

Repeating the calculations for 1 leads to the same result, so the h in eq. 199
can be either A* and 7%. In the Rayleigh-Jeans zone = 50 ~ 1 [1].

In
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A.5 Curl and Divergence of Spherical Harmonics

The covariant derivatives of the spherical harmonics on the two sphere are

Yum):00 = Yim),00
Yiim):00 = Ym):¢0 = Yum),00 — €0t 0Y(1m) o (200)
Yim):pp = Y(im),pp + sin 0 cos 0¥ (im) 0

The divergence is therefore

Yr(lm):cc = g#cl/'(l:m);cugeexf(lm):GG + gd)d)}/(lm):qb(b
1
= Yimre0 + —5—Yim): 201
(tm):00 + 55 Y (im):06 (201)
G 1 c
YS00 = Ni¥umyos — igeey(lm);c)
N Yim).s6
= —(Y — ——— — cot #Y] 202
2 ( (Im),00 Sin2 0 Cco (lm),9) ( )
Y(?m)w = Y(?m)w = NiYumyos (203)
Yimes = —sin® 0¥ (204)
and the curl is
Yim): —2m
C _ (lm):0¢
}/(lm)GO = -2 sin @ - sin 6 (89 — cot 9)}f(lm)
Yimes = —2Y(m)gosinf =2msin (9 — cot )Yy
Yo,
(Im)$8 (im)op = Y(im):00 Sin 0 g
m2
= <Sin 00; — g o8 989) Y(im) (205)

The divergence and curl of the spherical harmonics are

N, W, X sin 6
G oy VL (Im) (Im)
Yv(lm)ab(n) 9 ( X(lm) sin 6 _W(lm) Sin2 0 > (206)
and N 9
G . —X(im) Wiim) sin
Yiim)yap(P) = 2 ( Wimysin® Xy, sin® @ 207

defining W (7) and X (7).

m2
W(lm) (97 (b) = (ag — cot 089 + SH129> Yv(lm)

m2
= <—2 cot 00y + 2 i I+ 1)) Y(im) (208)

sin?
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Expressing the spherical harmonics in Legendre polynomials

Yo (6, 0) = \/ (%4; 0 8 . gip(lm)(cos 0)e’m? (209)

and then using the recurrence relation [7]

ap™(p)
(14 p7) 0

— I — (I + m)P™, (210)

47 I+ m)! sinZ 6 2

20+1) (I—m)! 2 1
Wy = 2\/(z+ )El m) em(_cowaﬁ m? U+ ))le
_ 2\/(21+1)(lm!eim¢

dr (I +m)!

m? P2_l(l+1)
1—p2! 2

M m m
x [MQ ) (pP™ = (1 +m)Py) + Plz]

_ 2\/(21+1) (L=m)! i
ar (+m)!

m—1 I(1-1) cosO(l +m) }
X pm pPm P 211
Lin2 9! - 2 v sin” # = (211)

Similarly
i2m

X(lm) = Sine(ao — cot Q)Y(lm) = 2m(3ﬂ + cot Q)Y(lm)

= 2zm\/ gy (l+m)!e (O + cot 0) P,

_ (20+1) (I —=m)! 4.4 [ cost o(l+m) .,
B 2\/ 4m (l+m)!€ ¢{ (=1E" - 20 P |(212)

sin? sin

A.6 Expansion Coefficients

The expansion coefficients are given by:
1 ~ - abx [
WGy = 7 / 4 Poy ()Y G20 () (213)
1 ~ ~ abx [~
A,y = 7 / i Pay (R)Y 5,4 (1) (214)

where .
Yr(?m)ab =N, (nlm):ab - 2gabyr(?m)c> (215)
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N :
Yv(lcm)ab = 7l (Yv(lm):acelf + Yv(lm):bceg) (216)
where
Ny =/2(1-2)!/( +2)! (217)
and . @) -
Ay & Q(n —U(n)sin®f
Pay() = 3 ( —U(R)sin® —Q(i)sin2 0 (218)
Integrating eq. 213 by parts to obtain
N Ve :a
Uiy = Ty / Y ) Py (219)
and N
C l Ak :ac_ b
a = — [ dnY P, €. - 2920
(im) = 7 / (tm)* ab (220)

A.6.1 The Electric Type

The coefficient of the electric type of polarization agm).

Pab:ab = Paf’ab = Pe?% + 2P9((§¢ + Pff — sin 6 cos HPQM + 2 cot 9P090
+4 cot 9P£¢ + (1 —3cos? ) P?? — P, (221)

Plugging the different components of the polarization tensor P,, and changing
the derivative with respect to 6 to the derivative with respect to p yields

Lf . o Q00 2uU Q 1°Q
= 0 +2U 19 — —5——14 — = — — 222
2 { S0 M Gin2 g HG. sin?6  sin®’6#  sin’0 Q} (222)

From eq. 56 and 58 it follows that
T
Q6,9) = ZO Z(?l + 1) Py(cos 0)(1 + cos? ) cos 2¢/3; (223)
1
T :
U9,¢) = vy (20 + 1) Py(cos 0)2 cos 0 sin 2¢;. (224)
1

Taking these expansions and performin the derivations on ¢ gives

S @+ 1o 26{ (1~ 1)1+ )R — A1+ 12) P
l

3 — 2 .
+ (1 - Zz - q) (1 + 1®)P1] + 8Pl s — —u/ﬂ [uPz]}
= % 2(21 + 1)/, cos 2¢

l
{ (1= B3 (1 + 1) Py + 81 = 1) Py +12(1 = p?) Pt}
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= % ;(21 +1)8;, cos2¢

x{ (14 w2 P2 = 8p(1 = )2 P} 41201 — ) P . (225)
In the last equality P, was transformed into P/ by [7]

m/2 d™P,

P (p) = (-1)™(1 — p?) e (226)
Continuing by using the two recurrence relations [7]
Ql+1)pP™ =10 -m+ )P + (I +m)P", (227)
—(20+ 1)(1— )2 = Pt - Pt (228)
leads to
T
§0 Zﬂl cos 2¢
l
I(l-1)+8l+12
P2
x{ +2 [ 2 +3 }
P2 |t (-1 +3)+8(1+3)—12 n (1+2)(1-2)-8(l—-2)—12
! 20+ 3 2l -1
I+2)(0+1)—-8(1+1)+12
Do APY, + B PG P}
=3 Zﬁl cos 245{ 1B + By Cib7 (229)
1

where the last step defines A;, B; and C;. Rewriting cos2¢ in exponential form,
defining
dr (14 2)!

D:
: 2 +1(1—2)!

(230)

and transforming the Legendre polynomials into spherical harmonics results in

. T
Py = 172 ; ﬁz{AlDlJrz (Yago,2) + Yuso,—2)) + BiDi (Yu2) + Yi,—2)
+CiD12 (Yao2) + Y2, 2) }- (231)

Going back to eq. 219 to calculate agm),

N,
G _ l Ak :ab
Alm)y = ?O/dny(zmpab
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N,
= Té ; By
(D [ di¥g Vi + Yora,-a)
+By Dy /dﬁY&‘m) (Y2 + Yo, -2)
CoDuos [ Y,y (Vian +Yiaon) } (232
The orthogonality property of the spherical harmonics [6]
/ dRY o Yiirmr) = 110G (233)

will reduce the sum of [ and force m = £2.

1 2
agm) = §(5m,2 + 5m,—2) m [Al—2ﬂl—2 + BB + Cl+2ﬂl+2}
1 27 (I+2) I+ 1)Bi—2
= —(0,, Om.—
g Om.2 & 0m,—2) (20 +1) { 20 -1)
—1)(2l1+1 2 -1
6(l -1+ +2)p N Il = 1)Brs2 (234)
(20+3)(20l—-1) (20 + 3)
A.6.2 The Magnetic Type
Pab:acecb = Pa:bacecc
P09 P¢>‘9 0
_w 0o : 2 ,00 g9 COS 00
= sinfP 709+sm9P W0 S0 sind sin20P %
29
+5 cos 9P%¢ + 3 cos QPM; + 36.075]9%’ — 3sin P
’ ) sin 6

1 2 U 3cosl
{ Uy Q.00 69

2 sin 6 sin? 0 sin 6 6
2cos @
 sin?6 Qo 2U}
T .
= 3 (20 + 1) sin 295,
!
X{ —2p(1 = ﬂQ)PI,wt +—=8(1 - HQ)PMH}
T
= ZO (21 + 1) sin 26,3,

l
x{ = uP? +4(1 - p*)'?P}}

T .
— ZO > Bisin20{(1+3)P%, — (1-2)P2,}
l
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_ il Z@l{ (1+3)D(+1) (Yug1,2) — Yus1,-2))
+u+mDaflunFmemFL4»} (235)
Thus calculating agm) from eq. 220
Ay = al / dRY ) Poy €
= ZNZ Zﬁl/{ (' +3)Dy 11 /dﬂY(lm) (Yrs1,2) = Ywg1,-2)
+(I" = 2)Dy_4 /dﬁY(’{m) (Yr—1,2) = Yr—1,-2)) }

iN,

= ?( m,2 — Om,— Zﬂz’ "+3)Dy10 41+ (I = 2)Dp 1614
7 2
Yimy = (=1)"Y1,—m) (237)
{—m)!
P(l,—m) = (—1) El m ; P(lm) (238)
. 204+1) (I —m)! Cim
mm@@=¢<h>zﬂgﬁmmwwz¢ (239)

A.7 Solution to RGWs Equation of Motion

In the sudden transition approximation the solution of eq. 76 is divided into
three parts, for the three different eras of our universe. Since the time devel-
opment of h(n) is interesting primarly at the time of decoupling, ng4, only the
solution during the first two epochs is needed.

A.7.1 Radiation Era

During the radiation era, the scale factor from eq. 261,

a(n) = a,n, (241)

gives the equation of motion for a RGW, eq. 76,

i+ it k2h(n) = 0. (242)
U]
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Multiplying by n? gives
n?h + 2nh + *k*h(n) = 0, (243)

which is the radial part of Helmholtz equation with n = 0. The solution is then
on the form of spherical Bessel and Neumann functions. The Neumann solution
must be discarded because it can not fulfill the initial condition, eq. 77, since
yo(kn) tends towards minus infinity when kn approach zero, and the solution is

h(n) = Aojo(kn). (244)
Ag is determined from the initial condition eq. 78,
27 kY2
h(n=0)= Ay = |h(k)| = (kSAT (ko) ) . (245)

A.7.2 Matter Era

In the matter dominated universe the scale factor is, eq. 263 approximately

a(n) = amn’, (246)
leading to an equation of motion
n*h + Anh + n*k2h(n) = 0. (247)
Setting g = nh give
17+ 209 + (*k* = 2)g =0 (248)

which can be identified as the radial part of Helmholtz equation with n = 1
with the solution

g(n) = Avji(kn) + Asyi (kn). (249)
Substituting g for nh and the solution in the matter dominated era is

h@%:%MﬂMM0+AMNMM- (250)

The constants A; and As are determined by fitting the two solutions, for the
different eras, together at .. i.e. demanding the function and the first derivative
to be continuous. The solutions are

h(n) = Aojo(kn), n > ne (251)

W) = %(ﬁ)mem+@mwm,m<ngw (252)

with the time derivatives

h(n) = AO%JOUWI)’ N> 1ne (253)

=

=

S~—"
[

— A (7373) [A171(kn) + Agy1(kn)]

+A4 (%) [Avjr(kn) + Agin(kn)] , me <1 < np. (254)
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At n=mn.
Jo(kne) = Aiji(kne) + Aayr (kne)
- . . 1 .
Jo(kne) = Aiji(kne) + Aagn(kne) — P ((A171(kne) + A2y1(kne)) .(255)

The spherical Bessel functions are

sin(kn)

jo(k = 256
k) = =5 (256)
) sin(kn)  cos(kn)
= - 2
cos(zn)  sin(kn)
k = - — . 258
e - (258)
After some algebra the constants are
A — Joj1 — dogr + (1/ne)dod
2 = L. A
YiJ1 — Y11
_ 22 cos(2kn.) — kne sin(2kn.) — 2k3n? (259)
2kn?
and
A, = Jo — Aays
J1
3kne — kne cos(2kne) + 2 sin(2kn,)
= . 2
2k2n? (260)

A.8 Sudden Transition Approximation

Solving eq. 80 in the sudden transition approximation. In the radiation era

7 < Ne,
a? = Hgﬂra(n) = a(n) = Hyv/Qn+ A (261)

where A = 0 to make a(0) = 0. The time of radiation/matter equality is then

e = , 262
! Ho/Q, (262)
where ae = Q,./Q,.
At the time of matter domination
2
Hyv/Q,
QQHﬁQnéam)('%gn+B>. (263)

B can be determined with fitting the two solutions together,

/ 1
B = HO V ane - §H0 V ane (264>
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At the transition between matter and dark-energy domination the conformal
time is 2 B)
\Jagp —
Mg = ———F—=—, 265
H() Vv Qrn ( )
where ag = (Q, /Q4)Y2.
When the universe is dominated by dark energy Qa

1
~ C — Hovan

where the constant C' can be determined by fitting the solutions for the matter
and energy eras together,

a (266)

1
C =
%HO \% Qm(nE - 776) + VvV Hoy ane

To determine the present time rg the normalization of a(ny) = 1 is used, i.e.

+ Hov/QanE. (267)

Cc-1
= — 268
Mo Hox/m ( )

A.9 Tight Coupling Expansion

Expanding the set of equations, eq 110-113, in the small parameter 1/q by
defining ¢ = 1/q thus ¢ is of order 1, while k£ and h is of order e. With the

anzats

a=>y &ve, (269)

n

and

gr=Y g (270)
The time evolution is then ) _

=Y &ve, (271)
and ' )

B=>"p"en (272)
A.9.1 Zero Order
To zero order in € '

£ =g, 120, (273)

5(0) 3 0 1 0 3 20, 9,0 3 0 1.0
- - il 250 2 - 274
0 10(150 10Qfo +q (35 y T+ 752 7054 + 752 (274)

and o .
B =—qp”, 1> 1. (275)
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Since the radiation initially is unperturbed, £(0) = 5(0) = 0,

O =59 —0,1>0 (276)
and therefore, to zero order in €
&(n) = Bu(n) =0. (277)
A.9.2 First Order
To first order in €
& = i,
&Y = gV, 121 (278)
and
YOOI B CORE S () B Y ¢ 350 550 3 (0, 1.0
0 10‘1% ik 10‘150 +4q 35ﬁ4 + 7ﬂ2 7054 + 7§2 ;
-(1) 1) ik 0 (©
= eV - g (B s ). (279)
Since the radiation initially is unperturbed, £(0) = 5(0) = 0,
¢ =Y =01>1. (280)
Together with eq. 276 this leaves
((]1) _ _qfél) +h,
5(1 3 1 .«
(() )= *1*0(1@() )~ TOQf(() )a (281)
and therefore, to first order in ¢
o+ qéo =1, (282)
b+ - qBy = — g6 (283)
0 10q 0 = 10(] 05
G=0=0,1>1 (284)
A.9.3 Second Order
To second order in € the & equations are
((Jz) _ _q{((JZ) o ’Lk‘f%l),
: ik
© = g = (o),
:(2) 2 ik (1) (1
l( = *‘Ifz( )~ Y| ( -1t 2§l+)1) ; 1>2. (285)
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Since the radiation initially is unperturbed, £(0) = 0,
¢ =0,1>2 (286)

Combining this with eq. 280 the second order equations are

S
B = g e, (257)
and therefore, to second order in ¢
o = —q& — ik&1 + b, (288)
é=—q&1 — %fo, (289)
§=0,1=>2 (290)

B Second Order Approximation

In the second order of the tight coupling approximation article [1] claims to find
an extra damping factor, exp(i f gdn), independent of wavenumber, k. This
section will first redo their derivations and then solve the second approxima-
tion exactly. Comparing these solutions to the one obtained in the first order
approximation one realizes that there is no such extra damping. In the exact
solution there is an extra damping from a cosine term but the effect of this one
will not give the damping described in [1].

The first order of the tight coupling would result in a slightly different inte-

gral in eq. 135 giving a numerical factor of ﬁ (% In %)2.
To get the damping caused by photon diffusion on smaller scales the second
order of 1/q is needed. Meaning that the fact that & differs, from zero because

of the & term in it’s equation, has to be included.

o = —qo — ik&1 + h (291)
. ik
& =—q& — gfo (292)
Setting
fo = C‘()@ifwd?7 = éo = C()Z'u)eifwdn (294)
and _ _
§1 = Cleszdn = §1 = Cﬂwelf‘ddn (295)

and ignoring the variations of w on the expansion scale a/a. Plugging this into
eq. 291 and eq. 292 yields

C’oiweifw‘i" = —(]C’Oeifwd77 - ikC’leif“)d" +h (296)
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and
Cliwelf“d" = —quer“’d" — %COGZIde (297)

Ignoring h which is close to zero at low frequency gives

w=—q— %ik (298)
and o
. 0 .
= —q— —2ik 2
iw q 30, 1 (299)
which implies that
4 1
— =4— 300
Co V3 (300)
and then %
w=1iq+* — 301
1+ (301)

This shows that & will get an extra damping factor (compared to the tight-

coupling limit), e~ Jan independent of wavenumber k [1].
Solving the second order approximation exactly,

(&)=(s (&) (8)=(2)+(5)- oo

The eigenvalues to the matrix are

ik
AN = —q— —
1 q \/g
ik
Ay = —q+ —, 303
2 q /3 (303)
with eigenvectors
1 1
’U1=<1> ’U2=<1>. (304)
V3 V3
Defining the matrix
1 1
r=(1 ) (305)
V3 VB

allow us to express &y 1 in the base where A is diagonalized,

(2):}3(&) (306)
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The differential equations decouple

( zi ) :R—lAR< zﬁ? >+R—1 ( ’8 ) (307)

and can be solved separately

[T ko) )
Yo = 5 (1)e e Vs dn (308)
0
flo h o Akl
= / S (e S50 gy (309)
0
Transforming back to the original base
Mo, , k
§o =1%o+ 11 = / h(n')e= ") cos ((77/ - 770)> dn', (310)
0 V3
and the soluction to the first order approximation is
Mo, Mo, N
o = / he "M dp = / he= J a0’ g, (311)
0 0

Instead of the k independent damping factor we can see an extra cos % (n'—no)
in the exact solution to the second order approximation.
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