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Nomenlature
α Slip angle
ψ̈ Yaw aeleration
δ Steer angle
κ Slip ratio
µ Frition oe�ient
σ Theoretial total slip sti�ness
σx Theoretial longitudinal slip sti�ness
σy Theoretial lateral slip sti�ness
ay Lateral aeleration
cφ Roll sti�ness
Cx Longitudinal slip sti�ness
Cy Cornering sti�ness
CGH Vertial distane to entre of gravity from ground
Fx Longitudinal fore
Fy Lateral fore
Fz Normal fore
Izz Vertial axis inertia
Md Drive shaft torque
My Rolling resistane
Re E�etive rolling radius
Tw Trak width 7



SummaryThis thesis work has been onduted for a new prototype at Haldex Tration alled FXD.It is a transaxle di�erential oupling for front wheel drive vehiles mehanially similarto Haldex four wheel drive ouplings. FXD is mounted between the right driveshaft andthe original di�erential rown wheel i.e. an ative limited slip di�erential for FWD ars.The main part of this thesis has been to reate a model whih estimates the yaw torque,the torque around the vehiles vertial axis, when giving the FXD a higher or lowertorque set point. Depending on the steering wheel angle and if the driver is braking oraelerating a simulation model is able to estimate if the ar will behave more or lessover steered.Sine the FXD only a�et the fores on the front wheels diretly these fores will need tobe estimated for di�erent torque set points. Consequently di�erent methods needs to bereated for estimating the longitudinal and lateral front tyre fores from the ars builtin sensors. The omputer power required for the di�erent estimation methods is one ofthe limitation of this thesis work. The simulation model an not be validated withoutusing advaned methods for measuring tyre fores. The models reated has insteadbeen validated against a full vehile simulation model reated by Haldex Tration alled�Haldex Vehile Simulation Tool�.The lateral tyre fores were estimated by using the total lateral tyre fore and dividing itbetween the tyres using the alulated oe�ient lambda. This oe�ient is dependenton the normal load, nominal normal load and di�erene in slip ratio between the fronttyres. For the lateral fore estimation the angular veloities of all four wheels, lateralaeleration, yaw rate and steering wheel angle needs to be measured.The longitudinal fores are alulated using the driver requested engine torque from theCAN-bus, the FXD loking torque and a model of the rolling resistane. The aelera-tion and inertia of the tyre and drive train have also been inluded in the alulation.Understanding and estimating the torque transferred through the luth is one of themore di�ult parts of this model. This has been done using a model from H.B.Pajekas�Tyre and Vehile Dynamis�.The tyre fores were then used in the the formula for alulating the yaw torque togetherwith the lever arms to the front wheels from the entre of gravity. The lever arms werealulated from a two trak vehile model, using the steering angle and the prede�neddistanes to the entre of gravity.The next step was to estimate how the yaw torque hanges if the set point of the luthwas hanged. This was ahieved by hanging the slip ratio in relation to the hange8



in torque between the wheels and alulating the longitudinal fores from the hangein torque. The new slip ratio was then inserted in the model for the lateral tyre foreestimation and the new fores ould be alulated. The di�erene between the new yawtorque and the �urrent� yaw torque will help to desribe how the ar will behave.The model showed rather good results of the yaw torque when ompared to the simulationmodels alulations. The results an be viewed in hapter 6 of this report.
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1 INTRODUCTION1.1 BakgroundeLSDs (Eletronially ontrolled Limited Slip Di�erentials) are showing a more populartrend in the passenger vehile industry. Haldex Tration in Landskrona, mostly famousfor their limited slip ouplings for AWD (all wheel driven) vehiles, has now started todevelop a di�erential oupling for a FWD (front wheel driven) ar.The ontrol of an eLSD in a FWD ar a�ets the tration apability as well as thehandling behaviour. The tration apability was before the start of this thesis projetontrolled using a slip ontroller and a yaw ontroller. This ontroller measures thedriven wheels angular veloity and ompares it to the vehiles veloity and then ontrolthe di�erential aordingly.Another way to ontrol the di�erential ould be to ontrol the angular veloity aroundthe ars vertial axis when driving in a turn. If the ar is over steering more than thedriver wants the di�erential might be able to help. This ontrol system would be alled�yaw rate ontrol� or abbreviated �yaw ontrol�.
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1.2 Projet desription

Figure 1.1: Front tyre fores[1℄The idea is to reate a yaw torque around the enter of gravity that stabilizes the yawrate. The only way we an ontrol this through the di�erential oupling is by varying thetorque that is transferred through the luth pakage. The problem to solve is if moreor less torque should be transferred to get loser to the desired yaw rate.Many problems may arise when developing an algorithm for yaw-ontrol and most ofthem is due to estimating the ars states in a simple way that do not require to muhomputing power. The states that need to be alulated are the urrent lever arms andfores on the front driven wheels that a�et the yaw torque.The lever arms between the entre of gravity and the fores on the front wheels will berather simple to evaluate geometrially from the position of the entre of gravity, thesteering angle and possibly stati toe. One problem ould be to �nd an exat entre ofgravity position but a rough estimation will probably be good enough.The longitudinal fores on the front wheels have to be known and an be derived fromengine torque and the di�erential loking torque. When loking the di�erential, more orless torque is transferred from the high speed wheel to the low speed wheel. Anotherproblem is when the di�erential has a loking torque lose to the maximum loking torqueof the urrent state i.e that the angular veloitys of the right and left wheel are almost11



equal. It ould then be hard to estimate whih way torque is transferred through theeLSD and thereby how large eah longitudinal fore is.Another related problem is when the luth pakage in the di�erential is ompletelyloked. It will then be hard to know how muh torque that really is transferred throughthe luth. It ould be the maximum torque apaity but it ould also be less.Estimating lateral fores of eah wheel often require an advaned model. Using a tyremodel like Magi Formula[2℄ it would be possible to generate the lateral fore for eahwheel if the normal load, slip angle, slip ratio and ground frition is known. First of all,the Magi Formula[2℄ uses too muh omputing power and seondly, fators as groundfrition, slip angle and normal load an be very hard to estimate.The ontroller will always have to estimate how muh tration is available to eah drivenwheel. If torque is transferred to one wheel beause higher longitudinal fore on thiswheel is needed it must be assured that there is enough tration apability available inthe ground ontat that the wheel do not spin up. If it spins up the result will be aderease in longitudinal fore on this wheel whih is opposite to what was desired. Thismeans that less torque should have been transferred in the �rst plae. This an be thease in an exit of turn with wheel spin on the inner wheel and tration limit on the outerwheel beause of high lateral aeleration.One limitation of the projet is that the oe�ient of frition is onsidered to be known.Another limitation is that the alulations only should be valid for situations where pos-itive(drive) torque is applied. To develop an estimation model for this purpose Matlab-Simulink is planned to be used. Haldex has already a full vehile model that is suitablefor this kind of development as a validation tool.1.3 AimThe desired result of this projet is to estimate the hange in yaw torque when lokingor opening the di�erential with a �xed torque, for example 100 Nm in eah diretion. Ifthis an be estimated well without too muh omputing power the ontrol struture of aHaldex FXD (di�erential in FWD) an be hanged dramatially and a pro�t in handlingand safety will be reahed.

12



1.4 The di�erentialThe di�erential distributes the torque from the gearbox to two drive-shafts, either in thefront, rear or between the front and rear axles. An �ideal di�erential� shall preferably beable to ful�l the following riteria aording to [3℄:� Allowing speed di�erentiation, e.g. when travelling in turn.� Distribute the torque so that all available frition an be used� Do not transfer more torque than the tyres an transfer to the ground� Maintaining good vehile handling� Its funtion should be fully automati� It should have no energy losses� The design should not be too ompliated� The ost should be in balane with the higher value for the �nal produt1.4.1 Open di�erentialThe main idea of a di�erential is to be able to have a speed di�erene on the wheels on thesame axle. This is desired when travelling through a turn whih gives a speed di�erenebetween the wheels depending on di�erent turn-radius beause of the trak-width. Ifthis was not possible, it would reate heavy under-steering and reate di�ulties for thedriver during parking manouvers et. The open di�erential works well beause of itssimpliity, low ost and high e�ieny.The power reahes the di�erential through the rown-wheel that is mounted on thedi�erential housing. The housing is mounted in an outer ase with bearings where thedrive-shafts are going in to the housing. Both the housing and the drive-shafts are able torotate individually relative to the outer ase. Two di�erential-pinions are mounted on anaxle that goes all the way through the housing and thereby transferring the power fromthe housing to the side gears mounted on eah drive-shaft. The result of this mehanismis that the two side-gears an have di�erene in speed but regardless transfers almostthe same amount of torque. Beause of frition between the di�erent gears, gears andhousing et. some torque biasing will be found even in an open di�erential. Amounts upto 15-25% torque biasing have been observed aording to [3℄.
13



Figure 1.2: Open di�erential[4℄The speed relationship between the side-gears and the rown-wheel:
− 1 =

ω1 − ωr

ω2 − ωr
(1.1)

ωr =
ω1 + ω2

2
(1.2)A ar driving straight ahead on a �at surfae with good tration will have the samespeed on the two driven wheels on one axle. Regarding to the equation above, if ω1=ω2,

ωr=ω1=ω2. This means that the side-gears will rotate with the same speed as the rown-wheel and the di�erential-pinions will only rotate around the side-gears axis.The drawbak of this di�erential is for example when travelling on a road with goodfrition on one side and poor frition on the other, so alled split-µ. The low- µ wheelwill if too muh throttle is applied start to spin. This due to the di�erentials torquesplitting e�et whih divide the torque equal between the two driven wheels. The arwill not be able to apply more torque than the torque apaity of the low-µ wheel. Asimilar situation ould appear when reahing high lateral aeleration, see �gure 1.3,where one driven wheel loses ontat with ground and then starts to spin. A thirdsituation ould be when driving o�-road. An example is when limbing a hill with onlyone wheel in ontat with ground and the orresponding wheel on the same axle runsout of suspension-travel i.e. loses ontat with ground and starts to spin.
14



Figure 1.3: Slipping inner wheel[1℄1.4.2 Loked di�erentialIn some situations more torque is preferable on the high frition wheel than on thespinning wheel. This ould be done in two ways. Either using a loked di�erential,whih means that the two driven wheels always have the same speed, or using a LimitedSlip Di�erential. The loked di�erential has a great drawbak. It reates under-steeringbehaviour during ornering but ould be favourable for example in o�-road situations.The manufaturer Land Rover make it possible for the driver to use a mehaniallylokable di�erential, most often seen in models built for o�-road usage.Another more ommon vehile with no speed di�erentiating is the go-art whih suspen-sion is designed to make the inner rear wheel more or less lift from the surfae in turnsto make the art under-steer less.Tip of the day: This is a reason why you always shall lean outwards in turns if youexperiening under-steering when driving go-art.1.4.3 Limited slip di�erentials, LSDA more useful way to ompensate for the open di�erentials drawbak is to allow somespeed di�erentiating. This ould be done by adding a limited slip oupling when transfer-ring torque from the di�erential housing to one of the drive-shafts, se �gure 1.4. Another15



way is using a omplex gear-setup whih introdues frition fores when torque is appliedfrom the gearbox, an example of this is the so alled Torsen-di�erential whih will bedisussed later.

Figure 1.4: Limited slip di�erential[1℄1.4.3.1 Torque alulations
T1: torque on side-gear one.
T2: torque on side-gear two.
TC : the torque that is transferred through the luth from the rown wheel to side-gearone.
Tr: torque on the rown-wheel from the gearbox.
F : tangential fore on either of the side-gears from the di�erential-pinions.
R: is the radial length to the di�erential gear ontat.Consider a ase where a ar is driven with wheel two on tarma and wheel one spinningon ie, see �gure 1.4. Drive shaft one is onneted to the wheel on ie and drive shaft twois onneted to the wheel on tarma with high tration apabillity. Consider the appliedtorque to the di�erential to be high enough to saturate the tration grip potential on thelow mue side, i.e. drive shaft one will have a higher rotational speed than the di�erentialhousing (whih will have the average rotational speed of the two drive shafts, 1.2) . Thisimplies existene of a di�erential speed over the luth pak of the ontrollable LSD. Ina slipping luth the diretion of the di�erential speed determines the diretion of theluth pakage torque transfer. A limited slip luth devie will try to derease the speedof wheel one with the torque Tc.The torque applied to driveshaft one is then the torque transferred from the di�erential-pinions minus the torque transferred through the luth.

T1 = F ∗R− Tc => T1 + Tc = F ∗R (1.3)16



The torque on side gear two are:
T2 = F ∗R (1.4)Equation 1.3 and 1.4 gives us:

Tr + Tc = 2 ∗ F ∗R (1.5)
Tc = T2 − T1 (1.6)We an now alulate the available tration-torque on the two wheels:

Tr = −Tc + 2 ∗ F ∗R = −Tc + 2 ∗ (T1 + Tc) = 2 ∗ T1 + Tc (1.7)Torque that is available to propel the ar is twie the torque that the low-µ wheel antransfer and the LSD´s torque apaity.Torque bias is the ratio between the torque on the high u wheel and the low u wheel andis often used to desribe the properties of a di�erential.Torque bias is alulated in the following way:
T2
T1

=
T1 + Tc
T1

(1.8)Of ourse does the limited slip luth have a limit on how muh torque that an betransferred through it whih means:
Tc = min(T2 − T 1, CapacityofTc) (1.9)Above alulations are taken from [3℄.There is no di�erene in results of the alulations if the luth pakage is plaed onthe same side as side-gear two instead. What will happen if it is the other way around(wheel two spins and wheel one have good tration)? The luth will instead of slowingside-gear one down, inrease the torque and add rotational speed.Limited slip di�erentials an be divided into three di�erent ategories, torque-sensing,speed-sensing and ative di�erentials. The di�erene between them is what the amountof transferred torque depends on, torque, speed-di�erene or a ontrol software usingmeasured signals as inputs.
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1.4.4 Torque sensing di�erentialsThe onept of a torque sensing di�erential is that it ativates internal frition surfaesproduing a loking torque proportional to the amount of drive torque applied to therown wheel.1.4.4.1 Torsen di�erential

Figure 1.5: Torsen di�erential[5℄Torsen is a brand of maybe the most ommon type of passive di�erentials. It is verypopular beause of its apability to produe high torque bias whih ould be up to 14:1aording to [3℄. The gear setup on the piture is the most used di�erential of this typeand an have a torque bias between 2.5:1 and 4.5:1 [3℄.The torque is transferred from the rown-wheel (ring gear) through the element-gearsthat have a helial shape to the side-gears. When torque is applied to the rown-wheelthe shafts of the element-gears will be fored to rotate around the side-gears axis. Foreswill be indued in the ontats between the element-gears and the side-gears. These foreswill be normal to the ontat points and thereby have omponents in three diretions,whih mean that reation fores will appear between the housing and the side-gear andbetween the two side-gears. A torque balane between the two element-gears will appearwhen the two drive shafts have the same speed and will thereby not rotate around itsown axis.The torque transfer between the left and right wheel an our beause of frition foresbetween the side-gears, between the side-gears and the housing and even some fritionin the element gears mounting in the di�erential housing.The torque bias depends mostly on the angle of the gears helial-shape and the fritionbetween the two side-gears and their ontat with the housing.18



1.4.4.2 Ramp atuated di�erentialAnother type of torque sensitive di�erential is the ramp-di�erential whih often inludeone or two luth pakages. The di�erene between this design and the open di�erential´sis that the shaft that the di�erential pinions are rotating around is not running all the waythrough the di�erential housing. An inner housing in two piees, whih on the outsidehave diret ontat with the luth plates and on the inside arry the di�erential pinionsand the side-gears, are used. This two piee housing will transfer torque from the outerhousing to the di�erential-pinions shaft. The ends of the shaft for the di�erential-pinionsgoes through this two part housing in a v-slot, seen in �gure 1.6. This means that whentorque is applied the pinions shaft will rise in the v-slots and fore the two piees ofthe house away from eah other and ompress the luth pakages. Half of the platesin the luth pakage are splined to the outer housing and half of them are splined tothe driveshaft. Torque will thereby be transferred diretly from the outer housing to thedriveshaft.By hanging angles in the v-slots it will be possible to tune the di�erential to the ar.The angle on one side of the slot will a�et aeleration and the other one will a�etengine braking. There are often also used Belleville washers between the outer luthplate and the di�erential-housing to get some preload to the luth pakage whih givea small amount of onstant di�erential braking.

Figure 1.6: Ramp atuated di�erential[6℄
19



1.4.5 Speed sensing di�erentialsThe speed sensing limited slip di�erentials are those who transfer torque through thedi�erential depending on speed di�erene between the left and the right wheel.1.4.5.1 Visous di�erentialVisous di�erentials, like the ramp di�erential, is also a �hild� of the open di�erential.The di�erene is the limited slip luth that an transfer torque from the di�erentialhousing to one of the drive shafts. The luth pakage is ompressed by a shear pumpthat ontains washers of a shape that hydraulially pushes them apart when there is aspeed di�erene between them. [7℄Another type of visous di�erential looks almost the same with the di�erene that nopump unit exists. Plates with di�erent patterns on the ontat surfaes replae thefrition plates in the luth pakage. Beause of the speed di�erene on the wheels,hydrauli fores are indued that brakes the diss relative eah other. These hydraulifores grow with speed di�erene, whih means that the more speed di�erene the moretorque is transferred from one wheel to another.1.4.6 Ative limited slip di�erentialsThere exists a number of di�erent ative LSD's on the market and di�erent atuationmethods. The ative hydrauli LSD's uses a hydrauli power unit (HPU) as a pressuresoure and a hydrauli iruit unit (HCU) to ontrol the di�erential.Ative eletromagneti LSD's ontrol the di�erential through an eletromagnet, a luthand a ball-ramp mehanism that works as a mehanial atuator whih lamps the luthto ontrol the torque transfer. A problem with the eletromagneti LSD's is that theyhave notieable torque hysteresis aording to [8℄.Ative internal-pump LSD's ontains a small integrated pump that is atuated by therelative rotation of one output shaft and the di�erential ase. The �ow is generated inproportion to the speed di�erene of the two. The hydrauli �ow pressurizes the pistonwhih lamps the luth pak. A solenoid valve adjust the oil pressure, this valve iseletronially ontrolled by the di�erential ECU. An external-pump LSD also uses anECU to ontrol the the piston that lamps the luth-pakage. The di�erene to aninternal pump LSD is that the pump �ow is not determined by the speed di�erene ofthe housing and shaft.Ative di�erentials have the ability to in real time ontrol the loking torque of theluth the same goes for a LSC. LSC stands for Limited Slip Coupling whih is a devieseparated from the di�erential. Together with the di�erential they work just like a LSD.
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Figure 1.7: Haldex FXD system[1℄
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1.5 Di�erentials and their a�et on vehile handlingDi�erent LSDs' a�et the tration and the handling of the ar in di�erent ways. In thishapter a few driving situations where the LSD have great impat on the behaviour ofthe ar will be presented.1.5.1 Split mue drivingAn ordinary open di�erential works as a torque balaning devie, it transfers an equalamount of torque between the wheels. When driving on a split-µ surfae an open di�er-ential will reate a large di�erene in wheel veloity if the grip potential on the low-µ issaturated. This sine the resistane torque on the low-µ drive shaft balanes the torqueon the high-µ drive shaft and thus the torque transferred to the ground is limited totwie the torque apaity of the low-µ wheel. The Limited Slip Di�erential will reate atorque bias based on applied torque on rown wheel (torque sensing) or veloity di�er-ene (speed sensing) and transfer torque from the low-µ side to the high-µ side. Ativedi�erentials will generate torque bias based on software ontrol of the integrated limitedslip luth.1.5.1.1 Self steerBy transferring torque to the high-µ side this will reate a larger longitudinal fore whihwill result in a yaw moment around the ars COG pulling the ar into the low-µ side.1.5.1.2 Torque steerUnequal tration fores reated when using a LSD ause's �torque steer�. The distanebetween the entre of the wheel and the king pin axis (wheel steering axle) will funtionas a lever arm for the tration fores and thus generate a net di�erene in steering torqueover the steering system. This torque is the neessary ounterating measure of thesteering wheel.The torque steer e�et when using an open di�erential will be negligible due to the torquebalaning e�et of the open di�erential. But with unequal tration fores e.g. using aLSD this e�et will be apparent. Also a di�erene in wheel loads will inrease the torquesteer.
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Figure 1.8: Split µ onditions[1℄1.5.2 Steady state orneringSome LSD's require a larger steering angle at lower lateral aelerations i.e. they in-rease the natural under steer of the ar but they also gives a larger span of lateralaeleration. The inreased under steer during lower lateral aelerations ompared tothe open di�erential will turn into an over steering moment during larger lateral aeler-ation. The Visous Coupling (VC) and the mehanial frition LSD (ML) harateristiwhen hanging from under steering moment to over steering moment is similar to that ofan open di�erential. Sine the Visous Coupling Progressive (VCP) hanges from understeer to over steer at lower lateral aelerations the steering angle required at higherlateral aelerations is smaller ompared to the other di�erentials aording to [7℄. Atorque sensing LSD will at lower driving torque work almost as an open di�erential, itwill thereby not require a larger steering angle.1.5.2.1 Aeleration during steady state orneringAelerating out of orners with an open di�erential often make high powered FWDvehiles spin their inner wheel due to redued vertial load from lateral load transferand thus redued tration fore apability. A LSD would minimize or eliminated thisproblem ompletely. Due to the weight transfer from the front tyres to the rear duringaeleration and redued tration fore apability due to inreased longitudinal fores,FWD vehiles tend to under steer more during aelerating in a orner than when runningat a steady speed. In this ase the LSD will reate less under steer in omparison to theopen di�erential often seen in prodution vehiles. Sine the tration apability of theinner tire is saturated a prerequisite for transferring positive driving torque to the outerfront wheel is ful�lled. The LSD's self-loking torque harateristi will reate higherdriving torque at the outer wheel and thus a yaw moment in the turning diretion, this23



will ounterat the under steering e�et. On top of that if the torque bias reated by theLSD is high, redue the inner wheel exessive slip and the inner wheel will also regainlateral grip � also dereasing the under steer.

Figure 1.9: FXD system, applied loking torque[1℄When aelerating in a orner a torque sensing LSD will reat fast to hanges in torque.If the LSD has a high torque bias and the grip potential for the outer wheel is large, thetorque transfer an result in an over steering moment. This di�erential requires a lot oftuning to ahieve the right torque bias.There is a risk that the di�erential transfers to muh torque and thereby spin up bothwheels. This will make the ar under steer more as the lateral fore generation is degradedby the longitudinal slip.1.5.2.2 Braking or Throttle-o� during steady state orneringThe throttle o� reation will reate a dynami weight transfer from the rear axle to thefront axle. This will result momentarily in the apability of larger lateral guidane atthe front axle, steering the ar into a smaller radius. This e�et ould be ounteratedthrough appling loking torque to the di�erential.The e�et of braking is the same as throttle o� or even worse due to greater longitudinalaeleration. The open di�erential initially produe a heavy over steering e�et whih isfollowed by an over steering reation. For a torque sensing LSD the inertia in the enginewill deide the torque di�erene, by disengaging the luth there will be almost no torqueapplied to the di�erential.An ative di�erential an ontrol the loking torque to lok the di�erential at smalldeeleration and open the di�erential at a hard deeleration.The inner wheel is rotating slower than the outer wheel applying a speed sensing lim-ited slip di�erential or ativating an ative LSD will reate more braking torque on the24



outer wheel and less braking torque on the inner wheel. This will reate a yaw momentounterating the normal turn-in reation i.e. the over-steer will derease.1.5.3 Dana's ative limited slip di�erential1.5.3.1 Short introdution to Dana's ative LSDSensors detet di�erenes in wheel veloities. By using the biyle model a theoretialveloity di�erene an be alulated and be ompared to the real veloity di�erene. Ifthese two do not math the di�erential will be ontrolled if possible until the error isnear zero. Ative LSDs have the ability to funtion as passive LSDs but also as opendi�erentials. During harsh road onditions the ative LSD provides enough torque tohandle the situation and during mild handling situations the luth an disengage andthe ative LSD works as an open di�erential to not interfere with the manoeuvre.Dana has designed an ative di�erential alled E-Di�, [8℄, whih uses a gerotor-pumpand an ECU to ontrol the luth pakage in the di�erential. It is ompat and has alow voltage usage. The following results ome from simulations of Dana's Limited SlipDi�erential ompared to an open and passive di�erential.1.5.3.2 Hill limb (split-µ onditions)�Open di�erential in split-µ hill limb�With an open di�erential the wheels will spin up as the torque inreases, sine the opendi�erential is a torque balaning devie it will not be able to utilize the full potentialand the ar will fail to limb the hill. A onsiderable amount of torque will leak to thespinning left wheel. The open di�erential in this test generates a 1400 N longitudinalfore to the wheel on the high-µ side [8℄.�Passive LSD in Split-µ hill limb�The passive LSD has the torque apaity of 680Nm, it will limit the torque output tothe left spinning wheel. The passive LSD an generate a fore of 2200 N to the high-µwheel, this is an inrease of 57% ompared to the open di�erential aording to [8℄.1.5.3.3 Mild handling performane�Passive LSD in mild handling�A mild lane hange was performed, as an open loop (no orretion). The result showedthat the speed was not hanged and a small di�erene in driving wheel spin speed wasgenerated. The LSD generated a notieable amount of torque, whih reated a yawdamping e�et.�Ative LSD in mild handling� 25



The ative LSD should be able to minimize the unneessary ativation of the di�erential.A test with a baseline ontroller showed that the ative LSD had more intrusive ativationof the di�erential ompared to the passive LSD. To really take advantage of an ativedi�erential a simple ontroller is not enough, a badly ontrolled ative di�erential will beworse than a passive di�erential. When using the dynami biyle model the di�erenebetween the atual delta-rpm and the threshold delta-rpm is small, this will result in asmall eletri power to ativate the di�erential.1.5.3.4 Aggressive handling performaneTest properties of [8℄: 30 degree steering wheel angle and 400 Nm of torque on thepropeller shaft. This generates large amounts of lateral aeleration, the ative LSDsuessfully limits slip, ompared to the open di�erential whih allows large amounts ofwheel slip.
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1.6 TyresIt is very important to understand, when designing a vehile, what fores and momentumsa�et the hassi. To be able to derive these, the designer always ends up with the problemof alulating the fores or momentums generated by the tyres. The tyre that oftenonsists of a rubber-steel ompound is very ompliated to understand and is somethingthat hassi and drive train engineer never an learn too muh about. A short summaryof the basis an be read in the following text.1.6.1 Without rotation and torque

Figure 1.10: Loaded radius[9℄A gas in�ated tyre will in an unloaded ondition have a nie round shape with an outerradius alled �Unloaded Radius�. This radius more or less depends on the in�ationpressure. When the wheel is mounted on a vehile whih is standing still, the tyre willbe exposed to a normal fore in the vertial diretion. This normal fore will be equalto the varying pressure between tyre and road integrated over the ontat area. Due toexpansion and ompression of the tyre, the pressure will vary a bit in the ontat path.But a good approximation of the normal fore is that it is equal to the in�ation pressuretimes the ontat area. This means that an inrease in normal fore will demand aninrease in ontat area, whih gives a derease in height between the entre of the wheeland the road. This height is alled �Loaded Radius�.Sine the gas in the tyre will ompress and expand faster than the tyre, the pressure willvary a lot in dynami events that makes this theorem a bit more omplex. The sti�nessof the tyre will make the in�ation pressure higher with inrease in stati normal loads,an e�et that also makes its behaviour harder to understand.
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Figure 1.11: In�ation pressure[9℄1.6.2 With rotation, without drive torqueDuring angular rotation of the wheel, ompression and expansion fores will arise alongthe thread of the tyre. The ompression area will our where the tyre �rst gets inontat with the road and the expansion area will our in the end of the ontat path.This beause the tyre ats like a spring-damper ombination where the air delivers mostof the spring harateristis and the rubber gives most of the damping fores.

Figure 1.12: Tyre termsAording to [9℄, higher pressure will our between the tyre and the road in the om-pression area than in the expansion area. This means that the resultaning normal forewill be plaed in front of the entre of the ontat path and in front of the vertial wheelentreline. In other words, a torque on the rim is needed to rotate a wheel with a normalfore, this is alled rolling resistane and an be alulated with formula 1.10.
28



RollResistanceCoefficient =
Fresistance

FN
=
FN ∗ e/Rloaded

FN
(1.10)Sine ompression and expansion fores exists in the tyre near the ontat path alsoshear fores in the ontat exists whih will result in slip between tire and road. Thismeans that neither the unloaded radius nor the loaded radius an be used to relate theangular veloity to the forward veloity. The radius that is used for this alulation isalled the e�etive rolling radius and is shorter than the unloaded radius and longer thanthe loaded radius.1.6.3 With torqueWhen torque is applied to the rim it will be transferred through the sidewalls of thetyre to the ontat path. Sine the sidewalls are not in�nitely sti� they will de�etand pulling fores will arise more or less with an angle to the tyres radial line along thesidewalls. Sine the tyre irumferene will twist a bit around the rim the e�etive rollingradius and the height between road and wheel entre will derease a bit.

Figure 1.13: Tyre deformation[9℄The applied torque must have a reation fore in the ontat between tyre and road.This reation fore will at in the same diretion as the earlier disussed expansion foreswhih will result in an inrease of expansion and derease in ompression in the tyre.When the expansion fore is larger than the ompression fore the tyre will be pushedforward. Another e�et of higher expansion than ompression fore is that slip oursbetween tyre and road. Higher torque means more slip whih an be alulated andexpressed either as a ratio or a perentage. Slip ratio is alulated with formula 1.11that ompares the wheels´ forward veloity to its rotational veloity.
slip =

ω ∗Re − Vx
Vx

(1.11)Loked wheel ω = 0 slip = −1Free rolling ω = V
R slip = 0Spinning wheel ω = 2∗V
R slip = 1 29



1.6.4 Longitudinal foreWith a onstant normal fore the longitudinal fore for the tyre hanges with the slipratio like in �gure 1.14. In the �rst almost linear part of the urve the fore will inreasewith more throttle, but in the later part where a nonlinear behaviour an be seen thefore will derease with inreased throttle. A fator alled slip sti�ness that depends ona number of fators is used to express longitudinal fore in slip ratio, see formula 1.12.The slip sti�ness will depend on a number of parameters as normal load, slip angle andof ourse slip ratio as seen in �gure 1.14.
Fx = Cκ ∗ κ (1.12)When applying throttle with a �xed rate the slip will inrease in a stable way during thelinear part but when the peak of the fore vs. slip graph is passed the slip will inreasedramatially and the driver will soon experiene the situation as wheel spin.

Figure 1.14: Longitudinal slip versus longitudinal fore[9℄In �gure 1.15 test results of the tyres of a Lamborghini Diablo an be seen. A onlusion isthat the maximum longitudinal fore is less than proportional to the normal fore. Withother words, if the normal fore is doubled the longitudinal fore will almost double.It an also be seen that the longitudinal slip sti�ness inreases with the vertial load.Sine vertial load transfer from inner to outer wheel takes plae during vehile orneringthis is an important parameter that in�uenes torque transfer properties of a left-rightoriented LSD while ornering.
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Figure 1.15: Slip ratio versus fore, Lamborghini Diablo[9℄The relation between slip ratio, frition and the slip zone is shown in �gure 1.16. Whentorque is applied to a wheel a slip zone will grow from the rear when aelerating andfrom the front when deelerating. In the rest of the ontat path more or less gripwill be available. The slip zone will grow with inreasing slip ratio and when the wholeontat path onsists of a slip zone the tyre will spin. The reason for that the slip zonewill grow in the opposite diretion to the torque applied is simply beause the normalfore between road and tyre is lowest where the expansion fore in the tyre is largest.

Figure 1.16: Grip zone and slip zone[9℄
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1.6.5 Lateral foreAs mentioned earlier the tyre an be desribed like a spring-damper ombination. Thespring harateristis would show that the fore is equal to a onstant times the displae-ment. This would mean that with inreasing lateral fore the de�etion of the tyres rosssetion will inrease as seen in �gure 1.17.
Figure 1.17: Tyre ross setion[9℄During rotation the tyre has a onstant ross setion like the one in �gure 1.17A aslong as it is not lose to the ontat path. A ross setion in the beginning of theontat path will have a small de�etion like in �gure 1.17B and the longer into theross setion the more de�etion will our. To get this build up in de�etion theremust be an angular deviation between the diretion of the rim entreline orientation andthe veloity diretion, this is alled slip angle and is seen as alpha in �gure 1.18. Morede�etion means higher fore whih tells that the highest fore will be in the rear of theontat path.

Figure 1.18: Contat path with sliding zone, the blue line is the ontat path in an unloadedsituation, the grey area is the ontat with the road[9℄32



The name �slip angle� an be a bit onfusing beause with small slip angles, in the linearrange where the lateral fore grows with inreased slip angle, slip (sliding) does not haveto be present. It is �rst when we get lose to the nonlinear region that slip(slide) startsto develop. As seen in �gure 1.18, slip will rise from the rear of the ontat path whenthe slip angle is inreased and no torque (driving or braking torque) is applied aroundthe y-axis. A maximum lateral fore generation exists for a ertain slip angle and abovethat slip angle the lateral fore will derease with inreased slip angle.

Figure 1.19: Lateral fore versus slip angle[9℄As with longitudinal fore the lateral fore has a relation to slip. The parameter Cyfound in formula 1.13 is alled ornering sti�ness and depends on for example slip angle,normal load and frition oe�ient.
Fy = Cy ∗ α (1.13)
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Figure 1.20: Lateral fore and aligning torque versus slip angle[9℄One again, exatly like with longitudinal fore the frition is less than proportional tothe normal load whih an be seen in �gure 1.20. Also the aligning torque inreases withinreased normal load but in this ase the torque is more than proportional to the load.With other words, if the load is doubled the torque will be more than doubled. It an alsobe seen that the ornering sti�ness is a�eted by the vertial load. Inreased vertial loadinreases the ornering slip sti�ness. This implies that a vehile in a ornering situationwere the slip angle of the inner and outer wheel is lose to equal the outer tire havingthe highest vertial load will also produe the highest lateral fore.1.6.6 Combined slip
Figure 1.21: The frition irle[9℄To easily desribe the relation between longitudinal, lateral and total frition fore asimpli�ed model an be used. The total frition fore a tyre an develop in any diretion34



is the normal load times the oe�ient of frition between tyre and road. We an thenvisualize the total fore like the radius in a irle. If the diretion the total fore atsin is known then the irle an tell how big the ratio between the longitudinal and thelateral fores are. It is also possible to tell how big lateral or longitudinal fore thatan be added in a spei� moment before the peak of total fore is passed. Realize theapproximation of this model that the oe�ient of frition is the same in all diretions.

Figure 1.22: Longitudinal fore versus lateral fore[9℄In �gure 1.22, real test results an be seen where the onlusion that a tyre normally andevelop more longitudinal fore than lateral fore an be drawn.

Figure 1.23: Graphi representation of amberWhen adding amber to a rolling tyre a new fore will arise, alled amber thrust. Thiswill a�et the vehile in the same diretion as the lateral ornering fore on the outerwheels if the tyre has negative amber and in the other diretion if positive amberours.Sine the e�etive rolling radius will di�er from being small on the inside and larger on35



the outside like a one. The outside of the wheel will travel a longer distane than theinside. With other words, when rolling without drive torque there will be propellingfores on the outside of the ontat path and braking fores on the inside of the ontatpath.1.6.7 Tyre modelsTyre models are often used for simulation environments in vehile models. A number ofdi�erent models for di�erent purposes have been developed the last entury. Many levelsof omplexity and auray exist among these di�erent ways of approah. In �gure 1.24,[2℄, four di�erent ways of approah are presented. The methods in the middle are theleast aurate but also the simpler models.

Figure 1.24: Graph representation of di�erent tyre models aording to Paejka[2℄The left models are reated using measured data whih take their data from tables,formulas and ertain interpolation shemes. One of the most famous semi-empirial is36



the Magi Tyre Formula, [2℄, whih will be disussed later in the text. The right modeltypes are pure mathematial models. These types of models might be quite simple andstill deliver su�ient auray for a limited �eld of appliation. One example of this isthe HSRI(Highway Safety Researh Institute) model, developed by Dugo�, Fanher andSegel (1970), [2℄, depited in �gure 1.25. The �gure shows a simpli�ation ompared tomore realisti tyre deformation, this making the model more manageable, still inludingimportant harateristis as ombined slip and a frition oe�ient that derease withinreased sliding speed.

Figure 1.25: HSRI model [2℄With some spei� inputs dependent on the omplexity of the tyre model, it generatesan output vetor like the one depited in the �gure below.

Figure 1.26: Input and output vetors[2℄37



If the parameters in the diagram are used the tyre is assumed to be uniform and rollingon a �at surfae aording to [6℄. The inputs orrespond to the wheels motion relativethe ground surfae. The output fores and moments an in a simpler ase be onsideredto at on a rigid dis with inertial properties aording to those of the tyre in a non-deformed state. It should be onsidered that dynami fores ating between the tyre androad suh as vibrations would not be taken into aount.The wheel motion, position and attitude are depited in �gure 1.27. Also the torquesand fores ating on the wheel is shown in the �gure.

Figure 1.27: Wheel motion, position and attitude [2℄
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1.6.8 The Brush Model

Figure 1.28: Brush representation of a tyres de�etion[2℄The brush model is a theoretial tyre simulation model from [6℄ that alulates longitu-dinal and lateral tyre fores as a funtion of slip. The tyre is assumed to be built up bya number of bristles plaed in a row like in �gure 1.28 where every bristle an deformindependently in any diretion parallel to the road. By reating a model over how eahbristle in the ontat path will deform by amount and angle the resulting fore for eahbristle an be alulated. The deformation of the bristle will depend on slip angle, slipratio, normal load, road frition et.
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Figure 1.29: Combined slip-brush model[2℄In the upper illustration in �gure 1.29 the �brush tyre� an be seen from above. It is herepossible to see how the bristles will bend when only lateral fore is a�eting the tyre.The illustration in the middle show the wheel from the side where the bristles are bentbakwards visualising braking. To illustrate the ombination of these two a view fromabove is used again in the bottom illustration where the bristles are deformed to the sideand bak.
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Figure 1.30: Pressure distrubution[2℄To further analyse the pure side slip ondition the �gure above an be used. The pressuredistribution between the tyre and the road is assumed to have a shape of a parabola.In situation (A) in �gure 1.30 do a very small slip angle our and thereby not verymuh deformation. It an be seen that the deformation grows linearly from the front ofthe ontat path until the normal load is not large enough to support the lateral fore.Behind this point where the normal load is not high enough the bristles slides over theroad. The resulting lateral fore will be plaed a length �t� behind the entre of theontat path whih means that some aligning torque our, also seen in the right hand�gure.In (B) the slip angle is inreased, reating a larger deformation whih gives higher lateralfores. Sine the length �t� is now smaller the aligning torque has dereased althoughthe lateral fore is larger. The peak in aligning torque has been passed.If the driver ontinue turning the steering wheel the slip angle will ontinue to inreaseand around point (C) the maximum lateral fore is reahed. If the maximum lateralfore is reahed, maximum deformation ours and an inrease in slip angle will only addsliding. In reality a loss in lateral fore will our if the slip angle is �too high�, the urveshall point downwards after that the maximum lateral fore is developed.In the ase of the brush model an inrease in slip angle from point (C) to (D) will resultin the same lateral fore.1.6.8.1 Combined slip with the Brush ModelWhen imagining a tyre as a row of bristles, a simple explanation of the models' ombinedslip alulations an be made. The approximation that frition and sti�ness is the samein all diretion enables us alulate the resulting frition fore as the de�etion timesthe sti�ness. The resulting fore will then at in the opposite diretion to the de�etion.Eah bristle an with other words de�et in any diretion.41



With κ(slip ratio) and tan(α) two new theoretial slip values are developed, see formula1.14 and 1.15.
σx =

κ

1 + κ
(1.14)

σy =
tan(α)

1 + κ
(1.15)These are the omponents in the following vetor:

σ =

(

σx
σy

) (1.16)Total slip is alulated as hypotenuse of the x- and y-omponent.
σ =

√

σ2x + σ2y (1.17)The tehnique is to alulate the total frition fore and then divide it into a longitudinaland a lateral omponent through multiplying it with the fration of eah diretions slipto the total slip. Sine the total frition fore is alulated di�erently depending on ifadhesion or sliding ours the maximum slip possible for adhesion must be evaluated.This is alled σsl , formula 1.18, and is alulated with the omposite model parameter
θ, formula 1.19. cp is lateral sti�ness, a is half the ontat length.

σsl =
1

θ
(1.18)

θ = θx = θy =
2

3

cpa
2

µFz
(1.19)To simplify the total fore alulation a parameter λ, formula 1.20, an be alulatedfrom σ and θ.

λ = 1− θσ (1.20)For σ ≤ σsl

F = µFz(1− λ3) = µFz{3θσ − 3(θσ)2 + 3(θσ)3} (1.21)For σ ≥ σsl

F = µFz (1.22)42



When all this is done the longitudinal and lateral frition fore an be alulated:
Fx = F

σx
σ

(1.23)
Fy = F

σy
σ

(1.24)In vetor format:
F = F

σ

σ
(1.25)1.6.8.2 The Similarity MethodThe Similarity method, [2℄, is a semi-empirial tyre model and the method is based onthat the pure slip urves almost remain the same in shape when the tyre runs at onditionsthat are di�erent from the referene ondition. With referene ondition means that thetyre has a given nominal load and has a amber angle equal to zero, is either free rollingor has a side slip equal to zero and has a given oe�ient of frition. By a similar shapemeans that from the referene ondition, by multiplying in a horizontal and vertialdiretion, a similar shape to that of the real urve is given

Figure 1.31: Utilized lateral fore[2℄
SHy =

CFγ(Fz)

CFα(Fz)
(1.26)

α∗ = α+ SHγ (1.27)
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The Similarity Method[2℄ uses theoretial slip and other onepts adopted from the BrushModel[2℄. The formulas below show the theoretial slip oe�ients with a shifting α(slipangle) due to amber angles γ. Slip ratio is de�ned as κ.
σx =

κ

1 + κ
(1.28)

σ∗y =
tan(α∗)

1 + κ
(1.29)and

σ∗ =
√

σ2x + σ2y (1.30)with
α∗ = α+

CFγ(Fz)

CFα(Fz)
γ (1.31)The theoretial slip produes the slope in the α-urves in the Fx vs Fy diagram, see in�gure 1.22. The slip angle α∗ is ompensated using the amber angle and the ambersti�ness divided by the ornering sti�ness. It should be notied that the use of pratialslip quantities might be enough to give good results. Sine the general tyre has non-isotropi properties the pure longitudinal and lateral slip harateristis are not thesame. Lateral and longitudinal fores an still be used but in the form of respetivepure slip harateristis Fyo and Fxo. To use the theoretial slip quantities the pure slipharateristi must be available with σx and σy as absissa.If Fx is plotted versus σx an asymmetry is visible between the braking and driving side,this phenomenon an also be seen in the brush model.Sine amber has been aounted for, σy will be replaed by σ∗y as de�ned in the formulaabove. With σ∗ the fore-omponents now beome:

Fx =
σx
σ∗
Fx0(σ

∗) (1.32)In the �gure below the fore reated dependent on the pure slip harateristis is shown.What should be notied in �gure 1.31 is that with small slip the slip speed vetor doesnot at opposite to the resulting fore but for wheel lok it does.For wheel lok and vanishing slip angle the side fore should beome zero, for the modelthis is not the ase. This is due to α∗ used in the formula for σ∗y .
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Figure 1.32: Resultning ombined slip from pure slip harateristis[2℄After using the similarity expressions for pure slip harateristis the following formulasfor ombined slip are derived.
Fx =

σx
σ∗

µxFz

µx0Fz0
Fx0(σ

x
eq) (1.33)with the equivalent slip

σxeq =
Cfκ(Fz)

Cfκ0

µx0Fz0

µxFz
σ∗ (1.34)and the side fore:

Fy =
σy
σ∗

µxFz

µy0Fz0
Fy0(σ

y
eq) (1.35)with equivalent slip

σyeq =
Cfα(Fz)

Cfα0

µy0Fz0

µyFz
σ∗ (1.36)Formulas taken from [2℄.
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Figure 1.33: Longitudinal fore versus lateral fore[2℄

Figure 1.34: Aligning torque[2℄
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1.6.8.3 Magi Tyre FormulaThe Magi Tyre Formula, [2℄, is a semi- empirial model sine it is based upon measureddata. It is used for vehile simulation models and outputs tyre fores and torques. Theformula was reated by Paejka.H.B. in ollaboration with Volvo.The general form reads:
y = Dsin[CarctanBx�E(Bx�arctanBx)] (1.37)with

Y (X) = y(x) + Sv (1.38)
x = X + Sh (1.39)where

Y : output variable Fx, Fy or possibly Mz

X: input variable tan(α) or κand
B Sti�ness fator
C shape fator
D peak side fore value
E urvature fator
Sh horizontal shift
Sv vertial shift
y(x) typially generates a urvature that passes through the origin, has a maximum andtends to a horizontal asymptote. The fators Sv and Sh makes it possible for the urveto have an o�set from the origin. Slip angle α, longitudinal slip κ with the e�et of load
Fz and the amber angle γ are inluded in the parameters. The shape fator C is theoe�ient that ontrols the limits of the range of the sine funtion; it thereby ontrolsthe shape of the urve. The produt BCD orresponds to the slope at the origin. Sine
C and D are used to ontrol other fators, B whih is alled the sti�ness fator is left toontrol the slope at the origin. The fator E ontrols the urvature of the peak and itshorizontal position.

47



Figure 1.35: Shape fators in Magi Formula[2℄The shape fator C is omputed through the equation below:
C = 1± (1−

2

π
arcsin(

yα
D

)) (1.40)Using the shape fators B, C and the loation xm of the peak value E an be alulated.
E =

Bxm − tan{ π
2C }

Bxm − arctan(Bxm)
(1.41)Cornering sti�ness, amber angles γ, nondimensional parameter p3.

BCDy = p1sin[2arctan(
Fz

p2
)] ∗ (1− p3γ

2) (1.42)

Figure 1.36: Cornering sti�ness[2℄The aligning torque an be alulated through the side fore and the pneumati trailadded with a small residual torque.
Mz = −t ∗ Fy +Mzr (1.43)
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1.6.9 Tyre oordinate system

Figure 1.37: Tyre oordinate system[10℄
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α Slip Angle. The angle formed between the diretion of travel of the tyreontat path enter and the x'-axis. is positive if the wheel travel diretionhas a omponent in the +y'-diretion. This produes a negative Lateral fore(Fy). Note that the steer angle, or the vehile attitude angle, plays no part inde�ning the slip angle.
γ Inlination Angle. The angle formed between the x'-z' plane and the wheelplane. Inlination angle is positive if the wheel plane has a omponent lyingin the +y'-diretion.
Fx Longitudinal Fore. The x'-omponent of the resultant fore ating on thetire by the road.
Fy Lateral Fore. The y'-omponent of the resultant fore ating on the tyre bythe road. Lateral Fore may be produed by slip angle, inlination angle,oniity, plysteer, or any ombination of the above.
Fz Normal Fore. The z'-omponent of the resultant fore ating on the tire bythe road. The diretion of this fore is up, but this nomenlature requiresthat Fz be negative whenever the tyre is in ontat with the road, as thepositive z'-axis is direted downward.
Mx Overturning Moment. The moment of the fores at the ontat path atingon the tyre by the road with respet to the x'-axis.
My Rolling Resistane Moment. The moment of the fores at the ontat pathating on the tyre by the road with respet to the y'-axis.
Mz Aligning Torque. The moment of the fores at the ontat path ating onthe tyre by the road with respet to the z'-axis.Spinaxis The axis about whih the wheel rotates. Perpendiular to the Wheel Plane,not neessarily about the y'-axis (only if inlination angle is zero).spin vel
Ω

The angular veloity of the wheel on whih the tyre is mounted, about itsspin axis.
T Wheel Torque. The external torque applied from the vehile about the spinaxis of the wheel.Vertialload The normal reation of the tyre on the road whih is equal to the negative ofNormal Fore. This is always a positive quantity when the tyre is in ontatwith the road, otherwise it is zero.Wheelplane The entral plane of the tyre and wheel, normal to the wheel spin axis.
+x′ Diretion of wheel heading along ground. The intersetion of the wheel planeand the road plane in the neighborhood of the tyre Axis System origin. Thisis not the same as the diretion in whih the wheel is traveling. If the tyrereverses its diretion, the axis system �ips 180 degrees about the z'-axis.
+y′ To the right along the ground, as viewed from behind a forward rolling tyre.Chosen to be Right-Hand Orthogonal to the de�nitions of x' and z'.
+z′ Perpendiular to the road in the neighborhood of the tyreAxis System origin with positive diretion down. (If theroad is �at and in the x-y plane, this is negative Global Z.)50



2 YAW TORQUEBy shifting torque from one side to the other a LSD(Limited Slip Di�erential) an ontrolthe yaw torque applied to the ar. The yaw torque is derived from the fores ating onthe tyres and the distane to C.o.G(Centre of Gravity). With a shifting steering anglethe lever arms will vary, by loking or opening the di�erential we an inrease or dereasethe yaw torque dependent on the drivers wish. This an be used to help the driver gofaster through turns or have a yaw dampening e�et to redue aidents.2.1 Yaw torque alulationThe yaw torque an be alulated by either dividing the fores into omponents atingin longitudinal and lateral diretions and multiplying these with the �xed distanes tothe C.o.G or alulate the distanes varying with steer angle.The onept of these alulations omes from that the distanes a and b, see �gure 2.1,are onsidered to be onstant whih one ould onsider not to be entirely orret due toshifting position of C.o.G during roll or a heavy load in the trunk. This will not initiallybe taken into aount.
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Figure 2.1: Fores and lever arms for the FWD vehile[1℄The lever arms are alulated through the following equations, with wheel steering angle
δ and the onstant distanes a and b as inputs, see �gure 2.1.

x1 = (
tw

2
− a ∗ tanδ)cosδ (2.1)

x2 = (2
tw

2
− x1) (2.2)

y1 =
a

cosδ
+ x1tanδ (2.3)

y2 =
a

cosδ
− x2tanδ (2.4)The yaw torque is then alulated with a moment of equilibrium equation around theentre of gravity using the alulated lever arms and tyre fores.

Izzψ̈frontAxle = x2Fx12 + y2Fy12 + y1Fy11 − x1Fx11 (2.5)The rear axle tyre fores are outside the sope of this thesis work sine they are notdiretly a�eted by the ontrol of the front axle LSD. To alulate the yaw torque thetyre fores needs to be derived. 52



3 YAW TORQUE USING �MAGICFORMULA�In the �rst phase of the projet a far too advaned yaw torque was estimator built, tobe used in the ontrol software. The aim was to use advaned tyre models, in this ase�Magi Formula�, to �rst be able to derive good estimations of parameters suh as thetyres vertial load, the tyres longitudinal fore, wheel radius, rolling resistane and more.Another reason was to be able to see how muh various parameters a�et the �nal result.
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3.1 Desription

Figure 3.1: Simulink bloks
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The yellow simulink blok alled YawTorqueCal in �gure 3.1, alulates the yaw torqueof the urrent state using the simulation models tyre fores. The required inputs to thisblok is the longitudinal and lateral tyre fores, steering wheel angel, steer ratio anddistanes to CoG aording to formula 2.5. This yaw torque signal is used as a refereneto ompare our results against.The gray blok alled SetPointController delivers the ontrol signal to the luth. Thissignal funtions as a set point of how muh torque should be transferred through thedi�erential from the high speed wheel to the low speed wheel. In the �gure 3.2 a setpoint of 100 Nm nominal torque with a pulse inreasing the torque to 150 Nm everyother seond.
Figure 3.2: Simple ontrol signal using a varying set point
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3.2 Lateral fore for eah wheelThe tyre model �Magi Formula�[2℄ requires a number of input signals. In this �rst partof the projet several of these signals will be taken diretly from the simulation model.The signals that have been taken are; hub displaement, hub angles, hub veloities andthe longitudinal fores to alulate the rolling resistane and transferred torque. Usingthese together with a number of measured signals the lateral fores of eah front wheelan be derived.The grey bloks depited in �gure 3.3 ontains the tyre models written in -ode. Asdesribe in the introdution, �Magi tyre formula� is a semi-empirial tyre model andtherefore requires a lot of input parameters. In the model these are refered to as �typarr�and are simply a list of di�erent parameters assoiated to this spei� tyre. This is anegative aspet of using these types of tyre models, it requires a lot of spei� tyre datawhih hanges every time the tyres are hanged.In the yellow blok the transferred torque is alulated using alulated rolling resistane,�real� longitudinal fores and the torque set point of the ontrol software. When the LSDis over loked, the wheels have equal rotational veloity, it is hard to estimate how muhtorque is transferred through the LSD. The model estimates how muh torque urrentlyan be transferred to the ground. If the limited torque is smaller than the set point thelimited torque ontrols the transferred torque. The sign of the torque deide whih wheelto add torque and whih to subtrat. Half the gearbox output torque is then added whihgives the hub torque.The yellow blok has been further desribed in hapter 2.1.
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Figure 3.3: Yaw torque simulation bloks3.3 Longitudinal fore for eah wheelThe radius that is used to derive the longitudinal fore from the drive shaft torque andthe rolling resistane is the e�etive rolling radius regarding to formula 3.2.
Fx ∗Re =MD −MY (3.1)

MY is the roll resistane, MD drive shaft torque(hub torque), Fx longitudinal fore and
Re e�etive rolling radius.Rearranged:

Fx =
MD −MY

Re
(3.2)

My = −Fz ∗R0qsy1 ∗ atan(
Vr
Vo

) + qsy2 ∗
Fx

Fzo
∗ λMy (3.3)The roll resistane is always ating in the opposite diretion to the longitudinal motion ofthe tyre. An approximation of the formula for roll resistane torque �Magi Formula�[2℄,57



formula 3.3, is used. Sine λMy = 1 and qsy2 = 0 for the tyre used is the formulashortened to:
My = −Fz ∗R0 ∗ qsy1 ∗ atan(

V r

V0
) (3.4)

Fz is the vertial load on the tyre, Vr is the rolling veloity, R0 and V0 is refereneparameters for radius and veloity with the values 0.315 meters and 16 m/s.
qsy1is also a tyre parameter and in this ase 0.01.Within the blue and green retangle the longitudinal fore on eah front wheel is al-ulated using the formula explained above. The driveshaft torque subtrated with therolling resistane gives the propelling torque of the vehile. This is then divided with thewheel radius to get the longitudinal fore. The driveshaft torque is evaluated from thedelivered engine torque whih is realulated with the gear ratio and ompensated forthe LSD torque.

Figure 3.4: Estimation of roll resistaneFigure 3.4 illustrates how the rolling resistane is derived using formula 3.4. This is theontents of the blue blok in �gure 3.3.
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3.4 Estimation of torque transferred through LSDThis part of the model is divided into three main parts depited in �gure 3.5, whihorresponds to the yellow blok in �gure 3.3. Inside the red lines the torque di�erenebetween the left and right wheel is alulated. In this ase are the �real� longitudinaltyre fores used but with a di�erent tyre model these ould be replaed.Within the green lines the orret sign for the ontrol signal/set point is hosen. Thisis done by looking at the sign on the torque di�erene signal. A hysteresis is also addedto not enounter problems when the torque di�erene is lose to zero. The output ofthe blok is deided within the blue retangle, it ompares the values and outputs thesmallest value, either the ontrol signal or half the torque di�erene.To get a stable system the ontrol signal have to be a bit larger than the omparedsignal to beome the output, this explaining the gain of 0.53 instead of 0.5 in the rightbottom orner of the blue retangle. This means that if the ontrol signal is lose to thealulated torque di�erene, the ontrol signal is preferred to be used.
Tdiff = (Fxr ∗ r +MyFR − Fxf ∗ r −MyFL) ∗ 0.5 (3.5)

Figure 3.5: Calulation of torque through LSD
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3.5 Wheel radius sensitivity testTo examine how sensitive the yaw torque estimation is to error in wheel radius a fewdi�erent simulations has been exeuted. The radius for deriving the longitudinal forefrom the hub torque or reverse is the e�etive rolling radius as explained in setion 1.6.2.The radius a�ets the estimation in two ways. Firstly when the longitudinal tyre foreson the front wheels shall be derived from the propelling torques on the drive shafts.Seondly, when alulating the amount of torque transferred through the LSD during overloked behaviour. To demonstrate the simulations radius error-sensitivity, simulationshave been onduted at both over loked behaviour and when varying the transferredtorque.In all of the simulations the vehile has a start speed of 15 m/s and 100% throttle duringthe whole simulation.3.5.1 Loked LSDTo start with the simulations have been done using a loked LSD.

Figure 3.6: Steer angle in radians during the simulationsThe hange in steer angle during the �rst set of simulations an be seen in �gure 3.6.
60



Figure 3.7: Graph over the ontribution to yaw torque from the front wheels during thesimulations. unit, NmFigure 3.7 illustrates how the front wheels ontribute to yaw-torque. The maximumyaw torque ontribution measured in this simulation is about 8900 Nm (inluding bothlongitudinal and lateral fores on the front tyres).

Figure 3.8: The variation of e�etive rolling radius over the simulation.As seen in �gure 3.8 the e�etive rolling radius varies between around 0.3350 m and0.3355 m with a entre around 0.3352 m. Sine the variation is very limited no e�ort isput in estimating the variations of the e�etive roll radii. With other words the radii arekept onstant during the simulations. 61



Figure 3.9: Yaw torque error for di�erent e�etive wheel radiiName Radius Maximum yaw-torque error* Average yaw-torque error**Test 1 0.3152 m 27.7 Nm (0.37%) 8.30 Nm (0.13%)Test 2 0.3252 m 18.5 Nm (0.26%) 4.69 Nm (0.08%)Test 3 0.3352 m 7.8 Nm (0.10%) 1.95 Nm (0.03%)Test 4 0.3452 m 6.6 Nm (0.08%) 2.12 Nm (0.03%)Test 5 0.3552 m 11.0 Nm (0.14%) 5.17 Nm (0.08%)Table 3.1: Results of yaw torque sensitivity to radius error. * The perent values are alulatedby dividing the error by the atual yaw torque ontribution at the time. ** Theaverage values are alulated over time from seond 2 to seond 18. The perentvalues are alulated by dividing the average error by the average yaw torqueontribution.Five simulations have been onduted using di�erent wheel radii in the yaw torque al-ulations. Table 3.1 show that errors in e�etive rolling radius do not a�et the yawtorque muh when the LSD is loked. The maximum error reorded is 27.7 Nm whih atthe point was 0.37% of the real value and this with a 20 mm too small radius.Notable is that the e�et of a one entimetre error in radius only give an error of 0.03%in yaw torque. This is probably beause too large radius ompensate for other deviationsin the model estimations suh as hub torque. The simulation shows that the error due tothis e�et is very small and it shows better results when using a larger radius ompareto smaller.3.5.2 Variation in LSD torque transferA more ommon situation is when the LSD is not fully loked. This seond set ofsimulations is onduted with alternating set points for the LSD during the simulations.The set point for the LSD is 100 Nm with a half seond step to 150 Nm every other62



seond. To dispose of transients in yaw torque these simulations are onduted usinganother sequene of hange in steering wheel angle, see �gure 3.6.

Figure 3.10: Steer angle in radians during the simulationsExatly like in the simulations with a loked LSD the �ve simulations are onduted withthe same variation in radius.

Figure 3.11: Comparison between real and estimated yaw torque ontributionFigure 3.11 visualize how the yaw torque ontribution from the front wheels hangesover time. It shows us that all the simulations give rather god results, all give the sameharateristis.
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Figure 3.12: Comparison between real and estimated yaw torque ontribution, lose upTo further analyze the results �gure 3.12 an be used. The blue solid line is the real yawtorque ontribution and the red one orresponds to the simulation with orret e�etiveradius for the tyre, kept onstant. The blak lines represent the long radii and the bluerepresent the short radii.The yaw torque alulation has the same slope as the �real� yaw torque exept an over-shoot. At time 8.5 seonds in �gure 3.12 the LSD the set point is dereased with 100 Nm.What happens in the simulation is that the atual yaw torque from the simulation modelslowly dereases unlike the estimated yaw torque that rapidly hanges. This is probablybeause of the tyres relaxations length and �exibility in shafts et. whih is not modeledfor the estimated yaw torque. This reates a peak in yaw torque error whih makes themaximum error less interesting. That is why only the average yaw torque error is shownin table 3.1. Most important to realize is that the hange in yaw torque before and afterthe hange in loking torque is almost the same for all simulations exept from the onewith radius 0.3152 m. Atually, the only thing that is interesting is the hange in yawtorque with a hange of 100 Nm in loking torque. The onlusion should be that thee�et of wheel radii hange does not a�et the yaw torque enough to be inluded in thealulations. Name Radius Average yaw-torque error*Test 1 0.3152 m 43.1 Nm (0.57%)Test 2 0.3252 m 34.1 Nm (0.44%)Test 3 0.3352 m 11.1 Nm (0.1%)Test 4 0.3452 m 29.7 Nm (0.39%)Test 5 0.3552 m 56.6 Nm (0.74%)Table 3.2: Results of yaw torque sensitivity to radius error. *The perentage values arederived by dividing the average error with the average yaw torque ontribution.
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The result of the test an be seen in table 3.1. An error of plus minus 10 mm will give anerror of 0.3 % in the yaw torque alulation. This shows that an error in wheel radius donot a�et the yaw torque enough to add an wheel radius estimation in the model. Thevalue given from the tyre manufaturer is adequate to use in the yaw torque alulations.
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4 STANDALONE YAW TORQUECALCULATIONSUsing Magi Tyre Formula[2℄ requires a lot of omputing power and inputs suh as vehileside veloity whih is not an available signal. It is therefore not possible to use in thevehiles ontrol software. The following model is a simpler but less aurate model.The inputs to this model is only measured signals from the CAN-bus or spei� vehileparameters.
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4.1 Desription

Figure 4.1: Yaw torque model
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The Simulink model depited above inludes the main bloks of the software that esti-mates and alulates the yaw torque. The blok �YawTorqueCal� alulates the referenesignal, the yaw torque derived from the �real� tyre fores. The large blue blok inludesall of the alulations and estimations to derive the yaw torque using the input signalsshown in the piture and some spei� vehile parameters, these signals an be measuredby inar sensors. The small blue blok outputs the ontrol signal, the torque set pointfor the di�erential.
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Figure 4.2: Yaw torque model69



As mentioned earlier the estimator has been given a major improvement from the formermodel in hapter three. This model does not require variables as hub veloity, hubposition or hub angles sine the magi formula blok has been replaed. The replaementis a simpler model that only require parameters that an be estimated or alulated fromthe signals that already exist as measured signals in most prodution vehiles.The big orange blok, alled �FY_Estimation� seen in �gure 4.2, ontains the lateralfore alulations. One support blok that evaluates longitudinal slip-ratios(see equation1.11) for the front wheels. Longitudinal veloity and aeleration are also reated in thisblok that develops the normal fores between tyre and ground for eah front tyre.4.2 Normal foresTo get aurate results when alulating the longitudinal and lateral tyre fores, auratenormal fores are needed. In the following text two di�erent methods are desribed.4.2.1 Simple normal load alulationTo aurately alulate the fores ating on the tyres it is important to have good normalfore estimation. One an easily alulate the total lateral and longitudinal fores atingon the vehile, it is harder to estimate the distribution between the wheels.The total lateral and longitudinal fores is alulated through respetive aelerationmultiplied with the total weight of the vehile. These an be used to estimate the loadtransfer from right to left respetive front to rear. This will give a rough estimation ofthe weight transfer.Side to side normal load

Figure 4.3: Simple representation of a vehile seen from the front
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FzR + FzL = mg (4.1)No dynamis have been inluded in formula 4.1 sine no signal of the vertial aelerationexists.
FzR ∗ Tw = mg ∗

Tw

2
+m ∗ ay ∗ CGH (4.2)As before has no aeleration of CoG in the vertial diretion been inluded.A further re�nement would be to inorporate the unsprung mass and the in�uene of thefront/rear anti roll bar balane. The unsprung mass aounts for wheels(inluding tyresand rims), wheel hubs and brakes and half the suspension mass. Having a varying CGHould improve the results further. This would require more omputing power and a goodestimation of the distane CGH.

Figure 4.4: Normal fore distribution right side, unsprung mass negleted
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Figure 4.5: Normal fore distribution right side, unsprung mass aounted for with onstantCGH

Figure 4.6: Normal fore distribution right side, unsprung mass aounted for in CoG, on-stant CGHA large stationary error arises if the unsprung mass is not inluded in the alulationslike in �gure 4.5. Figure 4.6 show the best estimation of the weight distribution. Thisestimation of the normal fores does not add the unsprung mass into the vehiles entreof gravity. The result in �gure 4.5 only show a marginally better improvement omparedto the the result in �gure 4.6, where the unsprung mass has been added into the vehilesCoG.
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Figure 4.7: Simple representation of a vehile seen from the front inluding unsprung mass
FzR + FzL = (m+munsprung)g (4.3)

FzR ∗ Tw = (m+mu)g ∗
Tw

2
+ (m+mu) ∗ ay ∗ CGH (4.4)Tests with a varying CGH only show very small improvements of the result. Sine thisis the ase, this distane is set to onstant.Front to rear normal loadThe next task is to estimate the distribution of the vehiles weight on eah wheel. Byusing the longitudinal aeleration the front-to-rear load distribution an be derived usinga simple moment of equilibrium.

Figure 4.8: Simple representation of a vehile seen from the side, inluding unsprung mass
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FzFR + FzFL = (m+mu)g (4.5)
FzFR ∗ (a+ b) = (m+mu)g ∗ b− (m+mu) ∗ ax ∗ CGH (4.6)When not inluding the anti roll bar balane of the vehile a simple and fast distributionan be derived. By multipling the perent of load on the right side with the perent ofload on the front axle the right-front tyre load an be derived.

%FzRightSide ∗%FzFrontAxle = %FzRightFront (4.7)
%FzFrontRight ∗ FzTot = FzFrontRight (4.8)This simple method works well and gives quite aurate results onsidering the approxi-mations.

Figure 4.9: Real Fz fore versus alulated Fz fore, front right tyreThe result of the ombined normal load alulations an be seen in �gure 4.9. Thissimple alulation gives a good result but has a small stationary error. The result ouldbe onsidered aurate enough for the rest of the estimations but to minimize the errorsanother method will be tested.4.2.2 Normal load alulation using roll sti�nessSine the last normal load model was not aurate enough a seond version was reated.This model inludes the roll sti�ness of the vehile and a alulated roll angle. Theformula is build upon a moment of equilibrium for the front respetive rear axle.74



Figure 4.10: Normal fore alulation in simulinkThe formula alulates the load transfer between the front tyres, and the load transfer isthen added or subtrated from the tyres alulated load dependent on the longitudinalaeleration.The front load alulation uses formula 4.9, whih inlude the longitudinal aelerationand a number of vehile parameters. m desribed in formula 4.9 refers to the body massnot inluding the wheel mass.
FzFront =

m ∗ g ∗ b−m ∗ ax ∗ CGH

l
(4.9)The basi idea is that the load transfer is proportional to the entripetal fore througha oe�ient σi.

∆Fzi = σimay (4.10)
σi =

1

2si
(

cφi
cφ1 + cφ2 −mgh′

h′ +
l − ai
l

hi) (4.11)The distane s is half the trak width, l is the wheelbase and a is the distane from C.o.Gto respetive axle. h is the height from the ground to the axle roll entre and h′ is thedistane from the roll entre to C.o.G. c is the roll sti�ness for respetive axle. Aboveequations taken from [2℄.
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FzFrontRight =
FzFront

2
+mwheel ∗ g +∆Fz (4.12)As mentioned earlier the formula for the load transfer omes from a moment of equilib-rium around the roll entre of the axle. Sine this formula ontains the entripetal forein every term, the formula has been simpli�ed as a oe�ient times the entripetal fore.

Figure 4.11: Load transfer alulations for the front axleThe Simulink blok sheme in �gure 4.11 alulates the load transfer through the frontroll sti�ness, a roll angle and the total lateral front axle fore.
θ = hCgToRollCenter ∗

may
cφFront + cφRear −mg ∗ hCgToRollCenter

(4.13)The roll angle alulation is aording to the formula above dependent on the total rollsti�ness of the vehile. There are di�erent ways of alulating the roll sti�ness, but noeasy way. The several unknown parameters reate a problem when using this method,to be able to use it some sort of veri�ation is needed. If this method will be used,data from the vehile manufature is required or advaned measuring systems that anmeasure the total roll sti�ness of the vehile. The roll sti�ness an be estimated andmight give a result good enough, but for the best result vehile data is preferred.
∆FzFront =

cφFront ∗ θ + FyFront ∗ hrollheight
Tw

(4.14)
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Figure 4.12: Real Fz versus alulated FzAs seen in �gure 4.12the stationary error found in the the last normal load estimationhas almost disappeared. There still exist some deviations whih ould be derease withfurther adjustments. This model of the normal load has been used in the yaw torqueestimation beause of the smaller stationary error and the faster response.4.3 Slip ratioTo alulate the longitudinal slip the forward veloity of the tyre is required, this veloityhas been estimated using the ars forward and side veloity, yaw rate and the steeringangle. The steering angle together with yaw rate are signals taken diretly from the CANbus. The front and side veloities require some alulations and approximations.4.3.1 Vehile forward veloitySine it is a front wheel drive vehile the rear tyres are free rolling and is thereforeappropriate to use when estimating the forward veloity of the vehile i.e. they have nolongitudinal slip exept a small ontribution from the rolling resistane. The veloity isalulated through the mean angular veloity multiplied with the radius of the tyres. Aonstant value of the tyre radius is hosen.
Vx =

ωRL + ωRR

2
∗ rwheel (4.15)The formula above gives a good approximation of the vehiles forward veloity.
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4.3.2 Vehile side veloityBy using the single trak biyle model the formula below an be derived. To derivethis formula a steady state approximation must be made. Sine the side veloity has themost e�et in low speeds this approximation an be onsidered adequate.
Vy = (

b

Vx
−
m ∗ Vx ∗Wdistrear

C34
) ∗ ay (4.16)

Figure 4.13: Biyle modelAs stated above formula 4.16 omes from the steady state approximation. The formulahas been derived from[11℄:
m ∗ ay = Fy12 + Fy34 (4.17)

Izz ∗ ψ̈ = Fy12 ∗ a− Fy34 ∗ b (4.18)Steady state
Izz ∗ ψ̈ = 0 => Fy12 ∗ a = Fy34 ∗ b (4.19)78



m ∗ ay = m ∗ ψ̇ ∗ Vx = Fy12 + Fy34 (4.20)Combining formula 4.19 with formula 4.20
m ∗ ψ̇ ∗ Vx = Fy34 ∗ (

L

a
) (4.21)Linearized Fy34, small angle approximation

m ∗ ψ̇ ∗ Vx = −C34 ∗ α34 ∗ (
L

a
) (4.22)

α34 = atan(
Vy34
Vx

) (4.23)Linearized α34, small angle approximation:
atan(

Vy34
Vx

) =
Vy34
Vx

=
Vy − b ∗ ψ̇

Vx
(4.24)

m ∗ ψ̇ ∗ Vx = −C34 ∗ (
Vy − b ∗ ψ̇

Vx
) ∗ (

L

a
) (4.25)

Vy = b ∗ ψ̇ −
m ∗ ψ̇ ∗ V 2

x ∗ wdistRear

C34
(4.26)

Vy = (
b

Vx
−
m ∗ Vx ∗ wdisRear

C34
) ∗ ay (4.27)4.3.3 Wheel forward veloity estimationThe graph in �gure 4.14 show the forward veloity of the front left wheel in the wheelrotational diretion, both the estimated and the real. The graph only show a small errorof margin.
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Figure 4.14: Real hub forward veloity versus alulated

Figure 4.15: Veloity error in perentWhen Vx and Vy has been alulated the hub forward veloities an be alulated usingthe formula below.
VxWheel = (Vx ±

ψ̇ ∗ Tw

2
) ∗ cosδ + (Vy + ψ̇ ∗ a) ∗ sinδ (4.28)The slip ratio is alulated through the formula below:

κ = −
Vxwheel

�wwheel ∗Re

Vxwheel

(4.29)Where Vx is the wheels forward veloity, ω is the wheels angular rotation and Re is thee�etive rolling radius.Sine the vehiles forward veloity is alulated using a onstant e�etive rolling radiuswhih is the same as used in the slip ratio alulation the e�et of a hanging radius willnot a�et the slip ratio muh.
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4.4 Lateral tyre foresSine it is hard to estimate eah front lateral tyre fore independently with the limitedamount of sensors given in most ars are the total front lateral tyre fore estimated andthen distributed to eah tyre.4.4.1 Total front lateral tyre fore
Figure 4.16: Total lateral fore, simulink blokAn approximation of the total front lateral load an be alulated using the biylemodel seen in �gure 4.17. By using the lateral aeleration, vehile mass, yaw aelera-tion(derivative of yaw rate) and the distanes to CG the total lateral fore �FyTotFront�an be derived through a simple moment of equilibrium around CG.
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Figure 4.17: Biyle model
m ∗ ay = FyFront ∗ cosδ + FyRear + FxFront ∗ sinδ (4.30)

Izz ∗ ψ̈ = a ∗ FyFront ∗ cosδ + b ∗ FyRear + a ∗ FxFront ∗ cosδ (4.31)Combining formula 4.30 with formula 4.31 gives:
FyFront ∗ L ∗ cosδ = may + b ∗ FxFront ∗ cosδ − a ∗ FxFrontcosδ + Izz ∗ ψ̈ (4.32)

FyFront =
may + b ∗ FxFront ∗ cosδ − a ∗ FxFrontcosδ + Izz ∗ ψ̈

L ∗ cosδ
(4.33)It should be noted that the lateral aeleration in the formulas above have been ompen-sated for the in�uene of gravitational aeleration.

aynew = ayin− sinφ ∗ µ (4.34)One drawbak of using the biyle is that the di�erene in both longitudinal and lateraltyre fores on the front wheels is negleted. For example; a torque over the LSD willreate a yaw torque that is not onsidered in this model.82



Figure 4.18: Two trak vehile modelTo reate a better approximation the biyle model is exhanged for a two trak model,see �gure 4.18. Like in the previous ase a moment of equilibrium equation around theentre of the rear axle is used, see equation 4.35 and 4.36.
m ∗ ay ∗ b+ Izz ∗ ψ̈ + FxLeft ∗XL − FxRight ∗XR = FyTot ∗D (4.35)

FyTot =
M ∗ ay ∗ b+ Izz ∗ ψ̈ + FxL ∗XL − FxR ∗XR

D
(4.36)Variables as the longitudinal fores and the lever arms are already alulated and anbe read about in setion 3.3 and 2.1. Lateral aeleration is given from the CAN-busbut has to be ompensated for the gravitational aelerations e�et during roll and yawaeleration an be derived from the yaw rate sensor. The lever arm to the resultant ofthe two lateral tyre fores is alulated in equation 4.37.

D =
FyL ∗XL + FyR ∗XR

FyL + FyR
(4.37)Sine FyL and FyR are needed in equation 4.37, they will need to be taken from an earliertime-step.4.4.2 Estimation of distribution of lateral fore between right and left tyreTo estimate the distribution of the lateral fore a number of models have been reated.The distribution is dependent on the normal load of eah tyre, the relationship between83



the normal loads. The lateral fores is also dependent on the slip ratio and slip angle.For this have a number of tehniques been tested some more promising than others.It has showed that the distribution is dependent on the di�erene between the wheelsnormal load (Fz), longitudinal fore and longitudinal slip ratio. A funtion that takes allof these parts in aount will be made but to start with will its omponents be desribed.4.4.3 Lateral fore dependent on normal load and longitudinal foreThe foundation in this model is a nominal pure slip urve(FY 0(α)) for this spei� tyre.In other words data or a funtion is required that desribes the lateral fore of a tyre ina range of di�erent slip angles. The pure slip urve will require a onstant vertial foreand frition oe�ient and no longitudinal fore. The frition oe�ient and the vertialfore should have nominal values.Sine the ornering sti�ness is a�eted by variables as vertial fore, frition oe�ient,longitudinal fore and amber hange the slip angle in the model is orreted and named
αeq. A simpli�ation of equation 4.40 is used where the a�et of amber is negleted.Exept from this the formulas used are as presented below, 4.38-4.42 [2℄. The amberangle γ has been negleted and the variable n should be hosen between 2 and 8.

Fy = φx
µFz

µ0Fz0
Fy0(αeq) (4.38)

φx =

√

µ2F 2
z − F 2

x

µFz
(4.39)

αeq =
1

φx

CFα(µ, Fz , Fx)

CFα0

µ0Fz0

µFz
(α+

CFγ(µ, Fz , Fx)

CFα(µ, Fz , Fx)
γ) (4.40)

CFα(µ, Fz , Fx) = φxα{CFα(Fz)−
1

2
µFz}+

1

2
(µFz − Fx) (4.41)

φxα = {1− (
Fx

µFz
)n}1/n (4.42)This model has two large drawbaks. The �rst is that the slip angle needs to be knownand the seond is that there is no orretion for longitudinal slip ratio. The slip angleproblem will be solved by approximating that the tyre ats linearly. Then the pure slipurve(FY 0(α)) an be exhanged with a onstant parameter, initial ornering sti�ness.It will then be possible to take the lateral fore for one tyre divided with the fore forthe other tyre and eliminate the slip angle seen in equation 4.43. The result is a goodestimation of the distribution in lateral fore between the front tyres when the tyres work
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in their linear range(low slip angles and slip ratios). Unfortunately will the �nal modelhave to be robust both with rather high slip angles and slip ratios.
FyL

FyR
=
CFαL

CFαR

α

α
(4.43)Another approah is to estimate eah lateral fore diretly from the formulas above bydoing an estimation of the slip angles. The problem is that slip angles is rather omplexto estimate and that the lateral fore whih we searh for needs to be an input.To estimate eah tyre´s slip angle is lateral fore, normal fore, slip ratio and fritionoe�ient needed. The estimation an be made with a onversion of Paejkas SimilarityMethod[2℄ desribed in hapter 1.6.8.2. Instead of having slip angle as an input andlateral fore as output is now lateral fore the input and slip angle the result.

Figure 4.19: Slip angle estimationIn �gure 4.19 is the result of this estimation shown were the Magi Formula[2℄ model´slateral fore is used as input. Sine the result is both too high and too low in di�erentparts of the simulation the tuning of parameters is not su�ient.The same formula that is used for the slip angle estimation is also tested in its groundform were the lateral fore is the output. Using the slip angle that is given in HaldexVehSim gives the result shown in �gure 4.20.
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Figure 4.20: Fy using estimated slip angleThe onlusion is that lateral fore and slip angle an be estimated rather simple andaurately. The key is to know the lateral fore when estimating slip angle and the slipangle when estimating the lateral fore. Beause none of these are known the estimationsare rather useless for this projet.4.4.4 Lateral fore dependent on normal load and slip ratioAt small slip ratios the distribution between the tyres is dependent on the distributionof normal fore between the tyres. Thereby the relationship between the slip angle andthe lateral fore an be used.
Fy = Cα ∗ α (4.44)Where Cα is the ornering sti�ness of the tyre. This formula is only valid for the linearpart of the tyres fore to slip angle relationship.By using the relation between the fores FyR

FyL
and approximating the slip angles to beequal for both front tyres, whih it is exept at larger slip angles, a fore distribution anbe derived without using the slip angle.

FyR

FyL
=
CαL

CαR
(4.45)

FyL =
FyL

FyL + FyR
∗ FyTot =

CαL

CαL + CαR
∗ FyTot (4.46)86



The ornering sti�ness's below are taken from Paejka[6℄:
Cα = cφ1 ∗ cφ2 ∗ sin(2 ∗ atan(

Fz

Fzo ∗ cφ1
)) (4.47)The ornering sti�ness is dependent on the onstants cφ1 and cφ2 that may be estimatedthrough regression tehniques, the nominal normal load and the atual normal load, thismeans that to get an aurate lateral fore estimation we need to have good normal loadestimation. The simulink blok sheme for the distribution fator an be seen in �gure4.21.

Figure 4.21: Distribution of the total lateral fore, simulink blokThe method gave an aurate result in areas with small slip ratio. The method wasenhaned by also adding the in�uene of longitudinal slip on the left/right distributionof the ornering sti�ness.The idea is that low slip di�erene will have a small in�uene, and vie versa, on thelateral fore distribution between the front tyres. This behaviour an be found in an exfuntion, the funtion has been multiplied with a onstant of 1.3 to get a good behaviourof the distribution seen in �gure 4.22.

Figure 4.22: Distribution of lateral fore with slip ratio inludedThis estimation works well when estimating the fores ating on the tyres sine we havethe total lateral fore on the front tyres. The di�erene in slip ratio will tell us with thesign when one tyre starts to gain large slip ratios, and either inrease or derease the87



distribution fator. In �gure 4.24 the slip ratio di�erene has not been aounted for.The error is larger in areas where the slip ratio di�erene is large. In �gure 4.24 the slipratio di�erene has been aounted for and the error is dereased.

Figure 4.23: Lateral fore for the left front wheel

Figure 4.24: Lateral fore for the left front wheel, slip ratio inluded in the alulation
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5 TRANSFERRED TORQUEEah one of the three di�erent yaw-torque estimations will need a state telling whattorque that urrently is transferred through the LSD. This to be able to evaluate the twolongitudinal tyre fores. This torque will most of the time be more or less the equal tothe set point-signal, the set point signal plus 50Nm or the set point signal minus 50 Nmdepending on whih estimation. Unfortunately is this not always the ase.5.1 Over lokedA limit always exist desribing how muh torque an be transferred through the LSDwithout fully loking it. It is rather easy to know what torque is transferred when a speeddi�erene between the front wheels exist, this sine in the preense of relative motionindue that the friion torque apaity in the luth pak is fully saturated. The fritiontorque apaity is in its turn ontrolled by the known amount of lamping fore appliedby the LSD atuator. The problem arrives when the speed di�erene is zero(the LSDis loked), at this point it is not easy to deribe the transferred torque. To solve thisanother solution is reated through estimating the longitudinal tyre fores, this to beable to tell how muh torque is transferred. The reason to why the longitudinal fore notalways is estimated this way is that the estimation is rather rough. To get better auraythe di�erene in longitudinal tyre fore is estimated and onverted to transferred torquebefore the engine torque is added. See how this is implemented in �gure 5.1.

Figure 5.1: Simulink blok for over loked89



The upper simulink blok estimates the longitudinal fore on the right front wheel andthe lower one of the left wheel. The di�erene of these is multiplied by the e�etive wheelradius to get the torque di�erene.The prinipal of the longitudinal fore estimators omes from Paejkas way to estimatelateral tyre fore from Fz, Fx, µ and slipangle, see hapter 4.2.2.1. [2℄Sine the tyre behavior have similarities in lateral and longitudinal diretion the approahis to onvert this to derive Fx using Fz , Fy, µ and slipratio as inputs, se formula 5.1.
Fx = φy ∗

Fz

Fz0
∗
µ

µ0
∗ Fx0(κeq) (5.1)

Fx0(κeq) = κ ∗
1

φy
∗
Fz0

Fz
∗
µ0
µ

∗
Cfκ(Fz)

Cfκ0
(5.2)

φy =

√

µ2 ∗ F 2
z − F 2

y

µ2 ∗ F 2
z

(5.3)Simulations have been onduted to �nd what the longitudinal slip sti�ness depandeniesare. In the �nal results there were no big di�erenes if the slip sti�ness only depended onthe Fz fore or both Fz and Fy. This led to negleting the Fy fore to improve simpliity.
Fz0is hosen to 4000N beause this was lose to the medium value during aeleration inthis simulation model.To be able to use this method some tuning is required. A parameter that deide howmuh the result shall be a�eted of lateral and normal fore is implemented like in formula5.4.

Fx = φ1+t
y ∗ (

Fz

Fz0
)1−t ∗

µ

µ0
∗ Fx0(κ) (5.4)For the tyres in HdxVehSim the tuning parameter �t� is hosen to 0.4.For a ar equipt with torque sensors on the drive-shafts it is very easy to tune thisparameter.
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Figure 5.2: Fx estimation

Figure 5.3: Torque estimationIn the ase above the ar is doing a lane hange �rst to the left and then to the right. Thetorque set point is hosen very high so that the ar is running with the LSD ompletelyloked during the entire run. 91



Interesting is that this method is not very good in estimating eah Fx independently, asan be seen in �gure 5.2. But the di�erene in the front longitudinal fore is estimatedrather good, see �gure 5.3.5.2 Near over loked behaviourOne problem is if the LSD has less than 50 Nm left until it is fully loked. Then thetransferred torque should not be the set point plus 50 Nm for the estimation with a higherset point then urrent. Instead, it should be the set point plus the amount that urrentlyan be transferred until the LSD is loked. Two di�erent tehniques to alulate this,with some similarities, is tested and both of them will be presented in the following texts.5.2.1 Tehnique one, using a ontroller to alulate the torqueThis estimation method is based on the knowledge that when the luth is loked theright and left wheel have equal angular veloities. The angular veloity an be alulatedas a funtion of the slip ratio, wheel radius and wheel forward veloity.
ω =

κ ∗ Vx + Vx
Re

(5.5)If the slip ratio an be alulated for eah wheel the angular veloity for eah wheel anbe derived using the formula above. The angular veloities an the be ompared to seeif they are equal. When they di�er from eah other a ontroller an inrease the LSDtorque to the model and thereby hange the slip ratio whih will hange the angularveloity for eah wheel. The ontroller will do this until the angular veloities are equaland the torque output from the ontroller will then be the lok torque for eah state.5.2.2 Slip-ratio estimationThis method is based on a method from [2℄, it ats as a simpli�ation of the ombinedslip equations in the Simularity method. The method uses the longitudinal fore as aninput instead of slip ratio et.The funtions will only at as a rude approximation of the atual relationship. Thismethod was originally reated to derive the lateral fores using the longitudinal fore asinput. The idea is to do the opposite using the same method, deriving the longitudinalfore using lateral fore as input.The original formula
Fy = φx

µFz

µ0Fz0
Fy0(αeq) (5.6)92



Where
φx =

√

µ2F 2
z − F 2

x

µFz
(5.7)and

αeq =
1

φx

Cfα(µ, Fz, Fx)

Cfα0

µ0Fz0

µFz
α (5.8)

Fy0 is a pure slip urve with αeq as input. CFα is the slip sti�ness and how it dependson Fz, Fx and µ. φx is a oe�ient that gives the potential of Fy fore, how muh Fyfore that the tyre an generate. The same equations have been used exept that Fy hasbeen replaed with Fx and Fx has been replaed by Fy.Using this method the equations now look like this:
Fx = φy

µFz

µ0Fz0
Fx0(κeq) (5.9)Where

φy =

√

µ2F 2
z − F 2

y

µFz
(5.10)and

κeq =
1

φy

Cfα(µ, Fz , Fy)

Cfα0

µ0Fz0

µFz
κ (5.11)5.2.3 Mue

µ is tyre dependent and hanges with normal load. The formula below show how µdepend on Fz and µnominal[2℄.
µ(Fz) = µnominal ∗ (µmax +

Fz − Fz0

Fz0
∗ −k) (5.12)

µmax and k are tyre parameters, spei� for eah tyre. µ is the frition oe�ient at theurrent state. This oe�ient is said to be known for this projet, but still needs to beestimated.
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5.2.4 Results of tehnique oneThe result of this method is dissatisfatory. The slip ratio is orret as long as the slipangle is not too large. The idea of using this method was that we would not need to usethe slip angle sine there is no simple way of estimating this, see hapter 4.4.3. Sine theslip ratio an not be estimated in a good way using this method the lok torque will noteither give a good result.

Figure 5.4: Slip ratio estimationFrom the plot in �gure 5.4 one easily notie that the estimation works �ne when thereis no slip angle. As soon as the slip angle inreases the slip ratio estimation have aninreasing error. Therefore is it not possible to use this method when estimating the slipratio and LSD torque.5.2.5 Using a ontroller to estimate the loking torqueTo estimate the maximum possible LSD torque for the urrent state a ontroller was used.The estimated slip ratio was used to alulate the angular wheel veloity for eah of thefront wheels. In the formula for the slip ratio estimation a fore is added or subtrated tothe existing fore whih inreases or dereases the angular veloity. The ontroller addsor subtrats fores that orrespond to di�erent LSD torques until the wheels angularveloities are equal. The added torque is then equal to the torque di�erene of the frontwheels. This method requires good slip ratio estimation together with a good ontroller.One problem with this method is that the states are ontinuously hanging whih reatesproblems for the ontroller. This sine the input to the ontroller hanges with everytime step. One way to ontrol this problem is if the ontroller together with the slip ratioestimation has a faster sample rate ompared to the rest of the alulations. This wouldallow the ontroller to adjust itself to the referene value using the urrent state.94



A onlusion is that this method requires some tuning, for the slip ratio estimation, usingthe slip angle as a tuning variable and a rather fast ontroller.5.2.6 Tehnique two, step by step testing of added LSD torqueTo avoid the problem with a too slow ontroller, mentioned in tehnique one, this teh-nique is based on step by step testing of how muh more torque an be transferredthrough the LSD. Interesting is if it is possible to transfer 50 Nm more or not, how muhmore is it then possible to transfer?Therefore it was �rst tested if it was possible to transfer 50 Nm more than the urrentlok torque. If it is not, 40 Nm is tested and so on. The largest torque that is possibleto transfer is the output of the estimation.A new approah to estimate the slipratio for a new amount of LSD torque is used in thismethod.The same formulas that is used for overloked behavior, hapter 5.1, is used here withthe di�erene that the longitudinal fore is known and the slip ratio, κ, is wanted. Sinethe longitudinal fore is known through the driveshaft torque the formulas is modi�ed todepend on the driveshaft torque instead of the longitudinal fore.The formulas are thereby onverted as follows:
κ = φ1+t

y ∗ (
Fz

Fz0
)1−t ∗

µ

µ0
∗

Cfκ0

Cfκ(Fz)
κ0(T ) (5.13)

κ0(T ) = T ∗
1

φy

Fz0

Fz

µ0
µ

(5.14)
φy =

√

µ2F 2
z − F 2

y

µFz
(5.15)As shown in previous hapter it is hard to get a good estimation of the slip ratio whenthe slip angle is too high. What happens is that the slip ratio is underrated and willthereby need modi�ation.
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Figure 5.5: Slip ratio at a di�erent LSD torqueIn �gure 5.5 the proess of how the slip ratio for a new LSD torque is evaluated isdepited. As a start the slip ratio is estimated with the formulas above and the urrentLSD torque. Another slip ratio is also alulated using the formulas but now with thenew LSD torque.
(κEstimated,current)�(κEstimated,newLSDtorque) = ∆κ (5.16)

(∆κcompensated) = (∆κ) ∗ (Fy ∗ t1) ∗ (
Fz0

Fz
)t2 (5.17)(Typial values on t1 and t2 is 0.001 respetively 1.6)The di�erene between these two is then multiplied with the lateral fore times a tuningfator and the relation Fz0/Fz to the power of the tuning fator t, see formula 5.17. Thisstep is done to ompensate the di�erene of variation in slip angle. Slip angle for eahtyre is very hard to estimate but a adoption is done that slip angle is high when normalfore is low and lateral fore is high.The simulations are made with a tyre model that works best in one region of tyre frition.Therefore it has not been tested whih way the slip angle varies with mue. A variationdo exist and need to be onsidered in future work.The new delta between new and old slip ratio is then added to or subtrated from theslip ratio that is alulated from the wheels angular veloity and the hubs longitudinalveloity.Using this method a rather stable amplitude of slip ratio is reahed sine just the o�setbetween new and old slip ratio is estimated, the rest is alulated. This gives the op-portunity to alulate the di�erene in wheel angular veloity for the front wheels withdi�erent LSD torques as input. In our model, whih has no advaned LSD-model, a96



high LSD-torque will give that the wheel with the highest torque has the highest angularveloity. This is a physial impossibility in the real world but in the alulations it anbe used to tell if a LSD-torque orresponds to a loked di�erential or not. This is testedfor a number of di�erent LSD-torques in the interesting range from 0 � 50 Nm and theoutput is highest value that does not lok the LSD.5.3 Assembly of parts to LSD torqueThe torque set point signal whih is the input to the yaw torque estimation(urrentstates) will either be the set point value or the value from the over loked estimation. Asimple swith that moniters both these values outputs the lowest of these.The ase where the set point is 50 Nm below the atual set point works the same. The50 Nm lower set point is ompared to the over loked signal and the lowest of them willbe the input.It is a bit more ompliated for the ase where the set point is 50 Nm larger than theatual set point. Here the value from the estimation of how muh more torque thaturrently an be transferred is added to the urrent LSD-torque signal. Just like in theother ases this signal is ompared to the over loked signal and outputs the lowest.
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6 RESULTSSine the equiptment for measuring tyre fores on a real ar is very expensive onlyomparisons have been made against the simulation model in Simulink. The tyre model,�Magi Formula�[2℄, that is used in the simulation model is very advaned and is aeptedto be orret enough for the toleranes these estimations have.During most of the validation work a double lane hange driving ase has been used. The�driver� in the simulation model is simple and only ats on an error in y-diretion. Inthe �rst examples the blue line in �gure 6.1 is the target, the axes units is meter. Notiethat there are di�erent sales on the y- and x-axis.

Figure 6.1: Driver pathDuring the drive ases in �gure 6.2 and 6.3 the ar has open throttle and a speed inreas-ing from 50 km/h to 120 km/h. The set point for the LSD in �gure 6.2 is onstantly at80 Nm and in �gure 6.3 onstantly at 0 Nm. It is hard to see whih ase that is the leastaurate whih mean that the estimated LSD-torque does not a�et the result negativelyin any severe way.
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Figure 6.2: Comparison between estimated and real yaw torque ontribution, Set point 80Nm

Figure 6.3: Comparison between estimated and real yaw torque ontribution, Set point 0 NmThe error of the estimations in the two graphs above is depited in �gure 6.6. Sine thevehile states will di�er more and more during the simulations, beause the driver will99



have to turn the steering wheel di�erently to get lose to the path, does the amplitude onthe urves in �gure 6.4 di�er. It an be seen that the peaks in �gure 6.4 is around eightseonds were the yaw torque hanges sign. When yaw torque hanges sign is the LSDoverloked for a short time if a set point higher than zero is used like in �gure 6.2. If theLSD is overloked as desribed in hapter 5.1 hard to tell what torque that is transferred.That is an explanation to why the blue line has a larger peak than the blak around eightseonds in �gure 6.4. There is of ourse also a hange of sign in yaw torque in the �rstlane hange but then is the speed not so high whih keeps the error small.

Figure 6.4: Errors of yaw torque estimations with di�erent set points
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Figure 6.5: Comparison between estimated and real yaw torque ontribution, Set point 80Nm, low speedThe simulation in �gure 6.5 is onduted using a lower initial veloity whih gives a speedof 15 km/h inreasing to 70 km/h. Just like before the throttle is open during the wholedrive yle.In �gure 6.6 the error of the estimation in �gure 6.5 is ompared to orresponding in�gure 6.2. Sine everything is slower in the later example is also the peak when the yawtorque hanges sign smaller.
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Figure 6.6: Errors of yaw torque estimations with di�erent veloitiesIn �gure 6.7 � 6.9 a drive yle were three di�erent yaw torques with di�erent set pointsfor the LSD are shown. The estimation of the ars urrent yaw torque is illustrated bythe blue line. The red line show the yaw torque estimation for a lower LSD-set point andthe blak is for a higher LSD-set point. The model has a set point of 80 Nm whih givethe red lines estimation a set point on 30 Nm and the blak 130 Nm.
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Figure 6.7: The three estimated yaw torque ontributions

Figure 6.8: Part A from �gure 6.7Figure 6.8 is a lose up from �gure 6.7. It shows that the estimation with a higher setpoint estimate the same yaw torque as the estimation with the urrent LSD torque. Thisis beause the LSD is over loked during the period and it is thereby not possible to103



a�et the ars dynamis by inreasing the set point.

Figure 6.9: Part B from �gure 6.7Unlike in �gure 6.8 the LSD is only over loked in the beginning of �gure6.9. Lower LSDset point gives lower yaw torque and vie versa in this situation. In other words, lowerLSD set point gives more understeer in this situation.
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Figure 6.10: Real versus estimated Fx fore, left tyre, 70Nm loking torqueTo go a bit deeper in the estimations are also results of the longitudinal and lateral tyrefores shown. Like desribed earlier the peaks around eight seonds in �gure 6.4 ouldome from a badly estimated LSD torque. Figure 6.10 � 6.13 strengthen this thoughtsine rather large errors our right after eight seonds in the �gures for the longitudinalfores but not for the lateral fores.
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Figure 6.11: Real versus estimated Fx fore, right tyre, 70Nm loking torque

Figure 6.12: Real versus estimated Fy fore, left tyre, 70Nm loking torque
106



Figure 6.13: Real versus estimated Fy fore, right tyre, 70Nm loking torque
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7 DISCUSSIONNormal fore alulationsAs seen in setion 4.2 the normal fores has been derived using two di�erent approahes.The �rst method uses lateral and longitudinal aeleration to desribe the weight transferfrom side to side and front to rear. The approximations in this method is that the CoGis �xed in the vehile and do not move with roll or pith. Only the gravity is onsider,no additional aeleration is onsidered in the vehiles vertial axis. The normal foresfor eah wheel is derived as desribed in equation 4.8, this method does not onsider theroll sti�ness between the front and rear axle. Even though this is not onsidered it givesan aeptable result.The other normal fore alulation is derived from the roll angle and the roll sti�nessof respetive axle. This method is more aurate but require more vehile parameters,whih an be hard to aquire.Slip ratioThe slip ratio is derived from the angular veloity and forward veloity of the wheelaording to formula 4.28. To alulate the forward veloity of the wheel the vehilesforward and side veloities are needed. The forward veloity is easily alulated throughthe rear wheels angular veloity, the side veloity is more ompliated. If the drive aseexessive oversteer is omitted it is possible to alulate the side veloity a steady stateapproximations is made. When driving without exessive oversteer (not onsidered inthis thesis work) the side veloity has the most a�et on the wheel forward veloity inlower veloities, the e�et at higher veloities is negligible.Total lateral foreThe total lateral fore has been alulated aording to formula 4.31. The formula isbased upon a two trak model to desribe how the lateral fore hanges with di�erenein tyre fore. Lateral tyre fore from an old time step is used in the alulation todetermine the length of the lever arm to the resultant front lateral fore. The totallateral fore also depend on the longitudinal fores ating on the tyres.
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Individual lateral foresThe total front lateral fore is distributed between the front tyres, by using the normalfores of eah tyre and the slip ratio. The dependeny of normal fores ats in the linearregion of the tyres and the di�erene in slip ratio between the tyres has then been addedto ompensate for the nonlinear part of the tyre. This is an approximation, whih works�ne for several handling situations. One situation whih might reate problems is whenboth tyres spin up. This might result in a small di�erene in slip ratio whih resultsin a small di�erene in lateral fores between the wheels. This is orret but the totallateral fore should be dereased to ompensate for both wheels spinning up. This ouldbe done using a ompensation fator multiplied with the total lateral fore.Longitudinal foreThe longitudinal fores are derived from the engine torque and the LSD torque with arolling resistane model. This model demands the tuning of one parameter for eah typeof tyre(the oe�ient of rolling resistane) and possibly the way the resistane hangeswith speed. In most situations the LSD torque an be taken from the urrent set pointvalue. There are two times when this is not the ase, if the LSD is over loked or if it islose to over loked. Both these signals are hard to estimate, but methods of doing this,rather good, have been developed. Both of them an be further developed, for exampleould some parts have more or less impat on the output.We are open for alternative ways to swith between the three signals mentioned. Ifthe �over loked� signal an be improved it ould be possible to observe this signal anddetermine when to hange diretion on the LSD torque.The a�et of torque windup in the driveline is not onsidered whih give errors in forexample the lane hange drive ase. A model for the torque windup is reommended ifthe system not only should be used in steady state or lose to steady state situations.In the �over loked�-estimator one tuning parameter is available for the user. Whenhanging this parameter the impat is either that the lateral fore inrease and theimpat of normal load derease or vie versa. The idea is to equip a test ar with torquesensors on the drive shafts and then easily hange this parameter until the estimation isas lose to optimal as possible.The same kind of tuning is used in the estimation of how muh more torque that anbe transferred. As desribed in setion 5.2.6 is some kind of step by step method used.Better would be to have a ontroller whih has the di�erene in wheel angular veloityas error and the LSD torque as output. The problem is that this ontroller has to bevery fast so that it an derease the error to an aeptable level before the states of thear has hanged.
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ResultsIn hapter 6 several graphs from the same drive situation an be viewed. The drive aseused is a double lane hange whih is a rather hard situation for these estimations sineit inludes hanges in yaw diretion and transients of the lateral fores. As seen in �gure6.4 the error of the yaw torque estimation is larger for the situation with a set point of80 Nm. This means that the error in the transferred torque signal ause an error in theyaw torque estimation but the e�et is limited and onentrated to the ase when theLSD is over loked. Exept from the situations with over loked LSD(at third and eightseond) the error is low ompared to the amplitude of the yaw torque. This is of oursegood and a proof of that the estimations are good but it is not ritial to the result of theprojet. What is ritial is that a hange in yaw torque from a hange in LSD set pointis well estimated. So the idea is of ourse to use di�erent LSD set points in the ratheraurate yaw torque estimation model to ahieve numbers on the hange in yaw torque.This is done in the simulation software and the di�erent yaw torques is shown in �gure6.7 � 6.9. So in the end the error in the yaw torque estimation, �gure 6.4, is importantbut as already disussed the amplitude of the error is not as ritial as the variation.Figure 6.6 illustrates that the error in the yaw torque estimation gets smaller with lowerveloity. This is not strange sine the amplitude of the yaw torque also gets smallerwith lower veloity in this ase where the same lane hange is made with the di�erentveloities. There are neither that fast hanges of yaw in low speed ompared to highspeed whih give better auray in the LSD-torque estimation, thereby no high peak onthe blak signal in �gure 6.6 .7.1 ConlusionThe goals for this projet were overall ful�lled. The estimations of the yaw torques withdi�erent torque set points are both aurate and not very omplex. The most di�ultparts of the projet have been to estimate the lateral fore on the front wheels and thesignals desribing the torque urrently transferred through the LSD. A reative way ofestimating the lateral fores was found where both simpliity and robustness was reahed.The �transferred torque�-signals were also found using reative solution-tehniques butwas in the end the most omplex part of the projet. Depending on how the wholesystem is supposed to be used it ould be possible to make approximations that wouldderease the omplexity. A oneivable approximation would be to always let the yawtorque estimation with the higher LSD set point, transfer 100 Nm more torque exeptwhen the LSD is over loked.What de�nitely needs more fous, before using this in a vehile software, is how di�erentoe�ients of frition a�et the di�erent estimations. This has not been done sine alimitation for the projet was that variation in frition oe�ient ould be ignored seehapter 1.2. Sine the projet did not inlude the work of validating the estimation modelin ar, it has not been investigated if the demand of omputer power is low enough for a110



low-ost prodution ECU. What is sure is that the data whih needs to be stored is smallenough for use in a Haldex ECU. During the entire projet the ar spei� parametershas been kept to a minimum so that the �nal software should ould be used in di�erentars without too muh tuning. Exatly as desribed in the projet desription, hapter1.2, no fous have been put into the ontrol of the LSD during braking. This sine thereis no reason to take the job away from the ABS-system. In the end we believe that thisprojet an help to improve handling and safety for front wheel driven ars with ativeLSD.
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