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Abstract

The aim of this Thesis is to investigate high order harmonic generation in pres-
ence of a two color driving field. A dilute rare gas is exposed to the output of
a Titanium Sapphire laser mixed with its second harmonic. This quantum me-
chanical process is calculated in MATLAB using the Strong Field Approximation.
The single atom response to fields of both few and many cycles is computed.

The results show that the high harmonic generation process can be improved
significantly using a two color field. The output intensity can be increased and
tuned to specific central frequencies. The results also show that the duration
of single attosecond bursts can be reduced by a factor of two. It is, however,
not possible to combine amplification and temporal compression in the output.
The calculations show good agreement with recent experiments in Lund.

Deeper insight into the spectral features of the two color high order harmonic
generation has been gained using the Feynman Path Integral formalism. These
predictions have been verified by simulations in Matlab.



Popularvetenskaplig sammanfattning

Overtonsgenerering ér ett fascinerande fenomen som intréiffar da intensivt ljus
samverkar med materia. Ljuset som anvands i experimentet bestar av en laser-
puls som komprimeras till sa kort langd som mojligt for att optimera inten-
siteten. Laserpulsen bestar darfor endast av ett fatal svingningar och dess
léingd motsvarar ungefar 10 femtosekunder for en infraréd puls. Da laserpulsen
fokuseras pa en atom blir den resulterande kraften sa stor att den tillfalligt
16ser upp banden mellan elektronerna och kdrnan. En elektron kan da slungas
ut pa en lang fard i den fria rymden. I nédsta gonblick byter laserpulsen rik-
tning pa sitt elektriska félt. Elektronen bromsas déarfér in och sedan dras den
tillbaka mot kdrnan. Banden mellan elektronen och kérnan bildas pa nytt och
den Overblivna energin sprutar ut i form av en extremt kort ljusblixt. Langden
pa blixten &r cirka 100 attosekunder, vilket &r hundra ganger kortare &n den
komprimerade laserpulsen.

Genom att utnyttja tva laserpulser med olika farger kan man paverka och
kontrollera Gvertonsgenereringen. Kvantmekaniska berdkningar visar att man
pa detta sétt kan Oka intensiteten pa de genererade blixtarna och att man kan
styra blixtarnas energier. Detta Gppnar for praktiska tillimpningar och mer
precisa experimentalla metoder.
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Chapter 1

Introduction

1.1 Nonlinear Optics in a Nutshell

An atom consists of a small nucleus and a bunch of orbiting electrons. When an
electric field is applied to the atom, the nucleus will be pulled in the direction
of the electric field, and the electrons will be pulled in the opposite direction.
The result of this relative displacement, is a small dipole moment which creates
an electric field opposite to the applied field [1]. The dipole moment increases
when the applied field strength increases, but the increase is not linear, because
the forces keeping the atom together are not linear.

Matter is made up of many atoms and therefore responds in a similar way.
When matter interacts with strong laser fields, the polarization of the material
will be nonlinear. This nonlinearity can be taken into account by expanding the
susceptibility of the material in a power series:

Pt) = PO + PA#) + ... = o XV E®) + XPE(t) + ...),

where P(t) is the total polarization, (™) is the n’th order susceptibility and F(t)
is the electric field. Because the polarization now depends on integer powers of
the driving field, there will be new frequencies appearing in the emission. Atomic
gases have inversion symmetry and can therefore only emit at odd harmonics
of the driving field, see Figure 1.1 [2].

1.2 High Order Harmonic Generation (HHG)

The atom can be ionized due to quantum-tunneling when the laser intensity
gets even higher (above 10'® W/m? for 800 nm laser light). The electrons
leave the atom and accelerate to high velocities in the laser field. When the
laser field changes sign, the electrons will be decelerated, and some may return
to the vicinity of the nucleus. These electrons can then recombine with the
nucleus and release energetic photons [3]. The generated photons have energies
corresponding to odd harmonics of the driving field. The higher the intensity of
the driving field is, the higher energy photons can be produced. Qualitatively,
there is one important difference between conventional nonlinear optics and high
order harmonic generation. In high order harmonic generation, a large number
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Figure 1.1: Due to the nonlinearity of the interaction with the atom, the output
laser beam will include multiples of the input laser frequency. Even harmonics
can only be created when there is an time-average dislocation of the electron
distribution. Net dislocations can’t be created from monochromatic driving
fields and atoms with inversion symmetry because the electron will always be
at the nucleus on time average.

of harmonics have equal strength, whereas in conventional nonlinear optics the
harmonic strength always decreases with the harmonic order.

1.3 Bichromatic Driving Field w/2w

Recent experimental work in Lund have showed that the harmonic intensity
can be increased if the generation is driven by two laser fields instead of one,
see Figure 1.2. We investigate a particular bichromatic laser field called w/2w,
which includes two monochromatic beams: w = 2w¢/A, A = 800 nm; and
2w, where w denotes an angular frequency, c is the speed of light and A is
the corresponding wavelength in vacuum. Optimizing the output intensity is
important, because increasing the number of generated photons improves the
quality of applications and experiments. The w/2w field has several other nice
features, such as one attosecond pulse per period [5], and in situ measurements
of the generated harmonic phases [6].

Single attosecond bursts (> 100 as) can be produced using ultra short driving
pulses (< 5 fs) of w fields [7]. It has been predicted that the driving fields don’t
have to be as short if w/2w fields are used instead of w fields. Experiments
with short phase locked w/2w pulses (12 fs) have recently been carried out by
E. Gustafsson, at ETH in Ziirich, to verify these predictions. Early results from
experiments, with single laser shots (9 fs) and an unlocked absolute phase, imply
that single bursts can be obtained [8].
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Figure 1.2: The high order harmonic generation from a monochromatic field,
w, consists of odd harmonics (red line). The harmonic intensity decreases fast
for wavelengths under 28 nm. This cut off energy depends on the intensity of
the driving field and it will be discussed in detail in the following chapters. The
intensity of the lower harmonics (46-33 nm) can be increased using a two color
driving field, w/2w (blue line). The w/2w spectrum contains both even and
odd harmonics and there are two cut offs: 42 nm and 28 nm, where the latter
coincides with the cut off of the w field [4].
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1.4 Aim of Thesis

The aim of this theoretical Thesis is to investigate the high order harmonic
generation from w/2w fields. The duration of the driving pulse is varied from
ultra short to continuous. A program, based on the Strong Field Approximation
[9], has been written in MATLAB. The program is very general and can be used
to calculate the high order harmonic generation of any arbitrary low frequency
driving field.

Outline of Thesis

The outline of the Thesis is as follows: Chapter 2 explains high order harmonic
generation using classical mechanics. A semi-classical picture called the Simple
Man’s Model [3] is reviewed. The Hamiltonian of the system is constructed
and electrodynamic gauge transformations are made to fit the Strong Field
Approximation formulation. Chapter 3 covers the limitations of the classical
picture. The Feynman Path Integral formulation of quantum mechanics is used
to derive a few qualitative results for w/2w fields. The method described was
created by the Author, but the idea that the Feynman Path Integral can be
used in combination with high order harmonic generation has been known for a
long time [9] [10]. Chapter 4 reviews the Strong Field Approximation, starting
from the Schrédinger equation and ends up with an explicit expression for the
dipole moment, written with propagator operators. The implementation in
MATLAB is then discussed in some detail. Chapter 5 is divided into three parts,
where each part contains key results from the MATLAB simulations: A method is
described for separating classical trajectories in the Strong Field Approximation;
the high order harmonic spectra is studied for a large range of relative intensities
of adiabatic w/2w driving fields; and the w/2w field is used to improve the
attosecond bursts from ultra short driving pulses. Chapter 6 summarizes the
results and gives an outlook.



Chapter 2

Classical Trajectories

2.1 Simple Man’s Model

High order harmonic generation (HHG) is a quantum mechanical process. It
is, however, extremely useful to have worked through the classical problem of
a charged particle in an electromagnetic field before dealing with the full com-
plexity of HHG. This semi-classical treatment is often referred to as the Simple
Man’s Model, see Figure 2.1. In this model, the electron tunnels into the con-
tinuum through the atomic potential, which is deformed due to the strong laser
field. This tunneling process is illustrated in Figure 2.2. After tunneling into the
continuum, the electron is accelerated away from the atom by the laser field. At
a later time the laser field changes sign and the electron is pulled back toward
the atom. The electron can recombine with the atom and radiate some photons.
The photon energy is the sum of the binding potential and kinetic energy of the
returning electron due to energy conservation [3].

Figure 2.1: In the Simple Man’s Model, the electron tunnels at T, accelerates
along A and then recombines and generates a photon at R.

2.2 Newtonian Mechanics

Using Newtonian mechanics, particles are accelerated when they are affected
by forces. The force acting on a charged particle in an electromagnetic field is
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Figure 2.2: The electron is trapped in the Coloumb potential when there is
no external E-field (left plot). The electron can tunnel through the Coloumb
potential into the continuum when a strong E-field acts on the atom (right plot).

known as the Lorentz force:

— —

F =q(E+7xB),

where ¢ is the charge and v = fl—i is the velocity of the particle, E =

22

E(t,7) is the electric field and B = B(t,7) is the magnetic field evaluated
at the location of the particle, ¥ = 7(¢) at time ¢ [1]. The electron in the
Simple Man’s model is accelerated by a focused femtosecond laser pulse, but
the corresponding electromagnetic field is assumed to be a linearly polarized
plane wave propagating along the Z-axis in vacuum:

E(t,7) = Eysin(wt— k-7
B(t,7) = -1z

\

\

|
N
X
&

where Ej is the amplitude of the field, w = 2w¢/A is the angular frequency and
k= 27/\ % is the wave vector '. The effective intensity of the driving field
I = ceo|Ep|?/2 is of the order of 10'® W/m?2. The main purpose of the Thesis
is to study harmonic generation from two colors laser fields: w and 2w, but we
start by considering the simpler case with a monochromatic driving field.

The classical trajectories of the electron in the field are completely deter-
mined by the initial conditions. We therefore define a tunneling time ¢’ and
assume that the electron appears at the origin with zero velocity right after
tunneling has occurred:

&) = 0
{ o) = 0.
The problem is now fully defined and can be solved by integrating Newton’s
second law:

} . 1 ¢ ' .
mi=F — it = [ [ Fern)
m Jy t

In the Simple Man’s Model only trajectories that return to the origin at some
time ¢ > t’ are of interest, since these are the only trajectories that can recombine

1The laser pulse is a few cycle pulse in reality, but we model it as a continuous wave for
simplicity. In this Thesis, we refer to driving pulses as continuous if they are longer than 20
fs. Shorter driving pulses (5-20 fs) are referred to as wltra fast pulses.
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and generate photons. The magnetic field has a small effect on nonrelativistic
particle trajectories and can be neglected for the intensities considered in this
Thesis. By neglecting the B-field the problem is reduced to one dimension:

1 t t//
mi = qE(t) — a;‘(t) = E/ dt/// dtqu(t'”,x).
t’ t’

The IR-field has a very long wavelength compared to the characteristic distance
x g, that the electron travels in a constant E-field E. during a time T' = \/e:

A 2mc?
- chz46>>1,

e, qEo

for an intensity I = 10'® W/m?2. This suggests that the dipole approximation
can be used, which allows us to neglect the xz-dependence in the E-field for tra-
jectories in the Simple Man’s Model. The analytical trajectories are calculated
for the monochromatic driving field.

1t v E
x(t) = —/ dt"/ dt" qEgsinwt” = — q 02 sinwt + vpt + o,
m Jy t mw

where the drift velocity vp = % coswt’ and the position zo = z(0) = %(% sinwt’—
coswt’) are integration constants determined by the initial conditions. The ki-
netic return energy is plotted for a large number of different tunneling times ¢
in Figure 2.3.

It is sufficient to consider tunneling times ¢ € [0,7/2], because of the
antisymmetry of the E-field. Electrons that appear in the continuum with
t' € [T/4,T/2] return to the origin at some time ¢ > 7/2. The amount of
kinetic energy that the electrons return with depends on the tunneling time, ¢’.

In the middle plot of Figure 2.3, we find that:

B <3170,
where: 22
I
v ONL
8m2egcim

is the average oscillating kinetic energy that the electron has in the IR-field 2
[3]. This is one of the key results from the classical treatment of the electron
trajectories because it implies that the maximal photon energy is I, + 3.17U,,
where I, is the potential energy of the bound electron.

2.3 Numerical Approach

In the previous section, the analytical equations for the classical trajectories,
generated by monochromatic laser fields, were calculated. In the next section,
we will consider more general fields with temporal envelopes and two colors. We
disregard all spatial effects, such as phase matching and spatial envelopes.

2U, is also known as the ponderomotive energy
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Figure 2.3: The left plot shows the IR field driving the harmonic generation.
The blue arrow represents a long trajectory that tunnels at ¢ = 0.25T (where
the arrow starts) and returns approximately one period later, at ¢” ~ 1.25T
(where the arrow ends). The longest returning trajectory spends one period in
the continuum. Even longer trajectories must be considered if the the electron
is not fully recombined when it returns to the atom. The red arrow represents a
short trajectory that tunnels just before the electric field changes sign, ¢’ =~ 0.5T,
and then returns very quickly to the nucleus, t”” = 0.57. The shortest trajectory
possible spends no time in the continuum. The middle plot shows the kinetic
energy that the electron can return with at different times. The right plot shows
the corresponding time of flights, 7, i.e. the amount of time that the electron
spends in the continuum before recombining with the atom. We define short
trajectories to have 7 < 0.657"; and long trajectories to have 7 > 0.657, see
Figure 5.1 for more details.
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Envelopes

It is possible, but cumbersome, to calculate the trajectories of particles in laser
pulses. Instead of doing all this integrating, a MATLAB program is written that
solves the classical trajectories numerically for arbitrary driving fields.

We choose to model the temporal envelope as a cos?-envelope, labeled Ay,
and not as a Gaussian envelope, because a cos?-envelope becomes zero in a
finite time. The Gaussian envelope, on the other hand, only approaches zero
as the time goes to infinity, which complicates numerical calculations. The

cos2-envelope is defined as:

An(t) = cos®(wt/2N) x (O(t+ NT/2) — ©(t — NT/2)),

where N is the number of IR-periods that the envelope spans and the ©’s
are step functions ensuring that the envelope is zero for t ¢ (-NT /2, NT/2).
Multiplying the envelope with the carrier frequency gives the electric field of
the laser pulse:

E(t) = Eo sin(wt + (bR) X AN(t),

where Fj is the amplitude, w is the carrier frequency and ¢r positions the
oscillations relative to the envelope 3. A typical laser pulse is found in the left
plot of Figure 2.4.

When the harmonic generation is driven by a laser pulse, we find that the
return energies are damped at the start and at end of the pulse. This is easy
to understand because the driving field is weaker there, making the effective
ponderomotive energy smaller.

The time of flight, 7, is independent of the applied intensity for continuous
fields, which is easy to understand because the longest trajectory always spends
one period, T, in the continuum before returning. There is, however, a small
perturbation in the time of flight due to the slowly varying amplitude during
each period of the pulse.

x10'® E-field Kinetic return energy Time of flight
2 0.8 H
E .08
20 =)
= Y04
w
2 0.2
0 2 4 2 4
Time, t [T] Return time, t" [T] Return time, t" [T]

Figure 2.4: The arrows indicate trajectories that return with maximal kinetic
energy. The early (green)- and the late (red) trajectories return with less energy
than the center trajectory (blue), because the electric field is stronger in the
center of the pulse.

3¢ g is sometimes called that Carrier-Envelope delay (C-E). Note that the C-E was defined
for a sin-type E-field, and not for a cos-type E-field which might be a more common definition.
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w/2w Fields

We are especially interested in studying a bichromatic laser field, referred to as
the w/2w field. We add the second harmonic of the fundamental in the driving
field:

E(t) = Eo(sin(wt + ¢r) + £ sin(2wt + ¢p)),

where ¢p — ¢p is the relative phase between the two laser beams and £ is the
relative amplitude. In experimental setups the 2w field is usually generated
using a phase matched doubling crystal. Continuous fields are easy to phase
match because they consist of only one frequency. In HHG, on the other hand,
all driving fields are short pulses which are hard to phase match because they
have very broad bandwidths. Due to the poor phase matching of short pulses,
the 2w field is relatively weak, £ < 1.

The middle plot of Figure 2.5 shows that the return energies of the electron
will be different in consecutive half periods due to the 2w field. Photons gen-
erated in consecutive half periods will therefore have different maximal energy,
i.e. there will be two different cut off energies. In Figure 1.2 we experimentally
observe these two cut offs. The two-cut-offs idea is semiclassical and we need
the full quantum mechanical picture to verify it. This is done in later chapters
using the Strong Field Approximation.

x 10%° E-field Kinetic return energy Time of flight
6 ®
4 4 5 1 os [
- e 14
£ 2 —= 3 ceEt 4 06
2. 0 2 T = J
— ~ M I N e ~' .,-'
o w2 s 04 N :
-2 N H H
1 N W 0.2 / /
4 |
b4
0 1 2 05 1 15 05 1 15
Time, t[T] Return time, t" [T] Return time, t" [T]

Figure 2.5: In the left plot we see that the w/2w field is symmetric in 7', rather
than antisymmetric in 7'/2. In the middle plot, we see that the blue trajectories
get higher kinetic return energies than the red trajectories. We associate the
red trajectory with the low energy cut off and the blue trajectory with the high
energy cut off.

2.4 Lagrangian Mechanics

Newton’s second law is the quickest and easiest way to obtain the classical tra-
jectories. There is, however, quite a large gap between these simple calculations
and the quantum mechanical formulation of harmonic generation. This gap can
be reduced using Hamiltonian mechanics and electromagnetic gauge transfor-
mations, obtained through Lagrangian mechanics [11].
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In Lagrangian mechanics, potentials are used instead of forces. A charged
particle in an electromagnetic field is expressed by the following Lagrangian:

L= L(tafvﬁ) = %62 - qq)(t,m +q17 A'(taf)a

where ¥ = 7(t) is the position, ¥ = ¥(t) = ‘;—’: is the VS]OCity, q is the charge
and m is the mass of the particle. ® is the scalar- and A is the vector potential

describing the EM-field [11]:

E = —vo-—24
B = VxA.

The action, S, plays an important role:

t,7
S:/ dt" L,
7

because the dynamics of the particle are obtained by finding paths, #(¢) of
stationary action. This is most often done with Euler-Lagrange’s equation:
d 0L 0L

0S=0s — = —.
dt avi Z;
Going ahead and solving for the classical trajectories is straightforward but it
would be a waste of time, because the solutions were found in the previous
section by other means. Instead, the next step is to obtain the Hamiltonian.

2.5 Hamiltonian Mechanics

While the Lagrangian is a function of time, position and velocity. The Hamil-
tonian is a function of time, position and canonical momentum, p. The canonical
momentum is defined though the Lagrangian as:

pi = mu; + q4;,

- (9’U¢
and it is not the same as the kinetic momentum, I = mv. In general, there is
no physical interpretation of the canonical momentum because it is not gauge
invariant [12]. This particular canonical momentum is a conserved quantity:

p:mft—i—qA:mi—qE:O,

which we interpret as the drift momentum, corresponding to the net drift dis-
cussed earlier. The Hamiltonian of a particle in an EM-field is constructed from
the Lagrangian using a Legendre transformation:

1 .
H=H(t7p) =50 — L= 0" +q® = 55— g4)* + 0.

This Hamiltonian is the starting point of most undergraduate textbooks on
quantum mechanics. This formulation of the problem is written in the Velocity
gauge %, which implies that the vector potential satisfies:

V-A,=0.

4Also known as the the Coulomb gauge and the Transversality condition [13].
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All relevant physical measurements are gauge invariant. Nonphysical quantities
can be gauge dependent, see Table 2.1 for details.

QUANTITY 7 ¢ O p E B ® A
GAUGE INVARIANT | Yes Yes Yes No Yes Yes No No

Table 2.1: Physical quantities are measurable and they must therefore be gauge
invariant. The constructed quantities do not have to be gauge invariant because
they are unmeasurable.

From electromagnetic theory it is known that the allowed gauge transforma-
tions are given by [1]:

R
A X /Y’—&—Vx,

where x = x(t,7) is a scalar function. Changing the gauge from Velocity to
Length is done using a particular x;:

o o — oo (B 0) + vq>(t,6))
X1 = —T+ Ay(t,0) — L L
V= V(=7 A 0)) = — A, (¢, 0).
Substituting the new potentials into the Hamiltonian yields:
L (- gd, - A ’ #(B(t,0 §
Hy = o (7 (A, = A,(,0)) +q (2 =7 (B0) - Vo (i,0))).

We make some more approximations: assuming that the particle is close to the
origin at all times A ~ A(t,0); and that the external field is a slow function of
position: V& ~ 0 which finally yields:
H = p g E

2m
where the scalar potential has been chosen so that <I>(t,6) = 0. This Hamil-
tonian is the starting point for the Strong Field Approximation that will be
used in the quantum mechanical treatment of high order harmonic generation
in a later chapter. In the Length gauge and within these approximations, the
canonical- and the kinetic momentum are identical. This makes the final ex-
pression look very intuitive; the Hamiltonian is simply the sum of the kinetic-
and the potential energy:

H=FE,+V =mv?/2 — qzFE,

in the one dimensional case.

It is worth stressing that the conclusions obtained in this classical treat-
ment are very useful for understanding the process of harmonic generation.
The Simple Man’s Model and the Cut Off Law provide great insight and phys-
ical intuition, which must be appreciated before the level of abstraction can
be increased. The derivation of the Hamiltonian and the distinction between
different kinds of momenta, might be harder to appreciate at first, but they are
absolutely necessary for understanding the full quantum mechanical treatment
of the process.



Chapter 3

Quantum Interference

3.1 Limitations of the Classical Theory

When an atom interacts with a strong laser field, an electron can tunnel out
though the atomic potential and gain a large kinetic energy in the continuum.
The laser field then changes sign and the electron is pulled back to the atom
with a kinetic energy ranging continuously between:

0 < Ex(t") < 3.17U,,

where ¢ is the return time and U, is the average oscillating kinetic energy of
the electron in the laser field. Combining the kinetic return energy with the
ionization potential of the atom, I,, yields the cut off law: Photons that can
be produced in HHG have energies, E.,, ranging between:

0< E, <3170, + I,

depending on whether the electron is fully recombined or simply decelerated by
the atom [3]. When studying the experimental spectrum in Figure 1.2, we can
verify that the cut off law is valid. We also observe that the emitted photons
are not continuously distributed. For the IR field, the emitted HHG photons
come in discrete peaks centered at the odd harmonics:

E

YIR

= hwHoqq, Hoaq € [1,3,5..., Hcol,

where Heo is the cut off harmonic and hw is the energy of the fundamental
laser photon. The w/2w field HHG photons are emitted at all harmonics:

E = hwH,y, Hyy € [172,3...7HC0].

Yw/2w

The plateau region, Shw < E, < hwHco, has roughly constant harmonic inten-
sities; while the cut off region, £, > hwHco, has strongly decreasing harmonic
intensities. The lowest harmonics, 0 < F, < 5hw, are typically much more
intense than the plateau harmonics.

The electrons can return with a continuous energy Ej, but we only detect
photons with discrete energies. The discretization of the photon energies occur
because the electron motion is repeated in time. If the electron is pulled up

17
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and down only once, then the photon spectrum will be continuous. These
conclusions are straight forward but rather abstract and mathematical. We will
instead attempt to describe the photon generation in a quantum mechanical
context, with the Feynman Path Integral formalism. This will give us more
insight and understanding of the physical process. Interference of light can be
modeled with each photon having a complex oscillating phase spinning at a
specific rate:
eiw.yt,

determined by the photon energy E, = hw,. In this treatment, we assume
that the photons are infinite in extent and we consider an arbitrary position,
say x = 0. If there are many photons with the same energy then we will detect
some intensity only if the photons don’t destructively interfere. This is of course
very well known, and a common feature of standing waves in laser cavities for
instance. If we assume that N photons all have the same complex amplitude
at a given point in space, then the probability P of detecting such a photon is
proportional to the complex square of the sum of all photon phases:

N
3 eilentton)
n=1

where ¢, is the relative phase of photon n at the given point in space and P is
called the complex probability. We use the proportional-to sign to avoid writing
the normalizing factors explicitly.

Quantum mechanics extends this concept so that complex phases can be
associated with particles. These phases have a slightly more complicated na-
ture, because they depend on how much of the particle energy is kinetic versus
potential.

2
P(E,,t) = [P(Ey, t)|* o

3.2 Feynman’s Path Integral

The probability of a particle moving between two points in space-time is ex-
pressed with the following bracket [19]:

Plx:a' — 2" t: ' —t")=[(a", | x’,t’)\z.

The motion of an electron can be expressed as a sum of complex numbers in
the Feynman path integral formalism:

<$N,t//| x’,t’> o ZeiS/h’
S

where the sum includes all possible space-time paths from (z’,¢') to (”,t"”) and
S is the corresponding action of each path [14]. A path is defined as a sequence
of positions x(t), one for each time ¢. As an example we consider:

t (omm+1,n+2,...) x At

{ r = (“~axn71’n+171'n+2~~)

where the path is written for small discrete time steps of At. In reality, we
must take the limit where At — 0. A path constructed like this, with x,1
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being independent of x,,, implies that the velocity can by discontinuous. Some
paths may appear unphysical and resemble Brownian motion' while others will
coincide with those of classical mechanics.

All complex numbers corresponding to all paths, no matter how strange,
are added with the same amplitude, resulting in a final complex number with
a certain amplitude and phase. The square of this amplitude is proportional to
the probability of the electron moving from (z’,t') to (", t"):

Z oiS/h
s

Using this formalism for solving standard QM-problems is not very conve-
nient, because you are often not interested in a particle moving from here to
there. Particles in confining potentials are spread out in space and it is very
hard to calculate the evolution of complex fields (wave functions) using the Feyn-
man formalism. In fact, for confining potentials it is easier to use the standard
Schrédinger formulation.

In high order harmonic generation, on the other hand, some electrons (or
some part of an electron) can tunnel away from the confining atomic potential
and end up in the continuum. There is no confining potential in the continuum,
so we expect no strange QM-behavior due to confinement. Instead we can expect
that the laws of classical mechanics rule the dynamics, with some additional
interferences and quantum diffusion! We know from classical mechanics that
the path a particle follows is given by the stationary action 4.5 = 0:

2

Plx:z' — 2" t:t -t «x

(2" ,t'")
S. = /( dt {L(xo(t), ve(), 1)}

!t

where z.(t) is the classical path (c is short for classical) which satisfies the initial
conditions z.(t') = 2’ and x.(¢") = 2. Because the action is stationary at S,
other paths z’(t) that are close to the classical path z(t), will have roughly the
same action:

Sl Se, 2h(t) ~ z.(t),

and therefore also approximately the same complex phase. The contributions
from S. and S’ constructively interfere resulting in a complex vector with a
complex phase of the classical action and a big complex amplitude.

We now consider a strange path z4(t) (s is short for strange) that is far
from the classical z.(t). We also consider a path z(¢) which is close to zs(t).
Paths that are not close to the classical solution will not constructively interfere
because the action is not stationary, the phase always changes very fast:

So# S, 74(t) & 24(t),

even if 2/,(t) is very close to zs(t) at all times. Adding contributions from many
strange narrow paths therefore result to nothing. For a schematic picture of the
classical and strange paths, see Figure 3.1.

1Brownian motion is another word of a random walk in discrete steps. We gladly skip the
additional complications that develop in the math, when the step size goes to zero!
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Figure 3.1: A free particle moves with constant velocity, i.e. along a straight
line in space-time. This classical path is associated with a stationary action S..
Another path, associated with the nonstationary action Sy, is unphysical in the
classical sense but may contribute to results predicted by quantum mechanics.
It is, however, more and more probable that the electron follows the classical
path when the distance Az = |z’ — x| increases.

We proceed by neglecting all strange paths and approximating the sum with
a single contribution from the classical solution 2. The sum is reduced to a

single complex number:
<$N7t//| a:’,t’) x ezSc/h7

where (z”,t"”) must be somewhere along the classical path z.(t) connecting to
the tunneling at (2’,¢'). If (z”,t") is some other point, then the bracket is zero,
resulting in zero probability of making the transition. We are therefore requiring
that the electron moves on the classical trajectories, and that it has a complex
phase which is given by the action in units of . The phase of the electron will
be used to keep track of the phases of the generated photons in the high order
harmonic generation.

Photon Creation and Interference in HHG

The next step is to consider the consequence of multiple tunneling times. There
are many tunneling times t/, that all result in classical trajectories returning
to the atom with a specific kinetic energy E, = Ei(t!!), where n labels all
possible contributions. We assume that the electron is fully recombined and
that it generates photons with energy F, = Fj, + I, when it returns at time
t" =t (t)). The tunneling probability depends on the instantaneous magnitude
of the E-field, and there are also different probabilities for different scatterings,
but we will not worry about these effects 2.

The probability of creating a photon with energy FE. is proportional to the
square of a sum of all the complex contributions from all electron trajectories

2This approximation works fairly well for the high HHG photons, hiwH > Ip; and not at
all for the low HHG photons, hwH < Ip.

3The dipole transitions from bound to the continuum is roughly constant for the electron
energies considered here [15].
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returning to the nucleus:

2

)

P(E,) x

3 e

where ¢,,(t) is the phase of photon n at time ¢.
We know that there are 4 trajectories per period that can contribute to a
specific E,: 1 short and 1 long from each half period of the w field *.

HHG of Monochromatic Fields

We neglect the long trajectories and consider only the contributions from the
short trajectories. We furthermore assume that the electron is fully recombined
when it returns to the atom. We label the short trajectories with n. Figure 3.2
shows a schematic picture of the photons being created by two different short
trajectories: n and n + 1.

atom

Y

Figure 3.2: Photons with energy E, are produced by a large number of trajecto-
ries. There are two such trajectories per period, one which is created when the
driving field is positive and another when the field is negative. In order to find
out if there is a nonzero probability of detecting such a photon, we need to con-
sider all generated photons 7, and we need to keep track of all their individual
phases.

We now determine the phase of a photon at time ¢ generated at time t” by
an electron that tunneled at time ¢'. The phase is constructed by multiplying
the complex numbers of four individual processes, see Table 3.1.

The recombination phase is inspired by the quantum mechanical bracket for
dipole recombination:

(glz]e),
4If we had not already assumed that the electron is fully recombined at the atom, then we

would also have contributions from even longer trajectories corresponding to electrons that
were not fully recombined on their first rendez-vous with the atom.
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PROCESS | Bound — Continuum — Recomb. — Photon
PHASE ez‘lpt’n/ﬁ % emneisn/h % efint,T:/h « eiEv(t*tif)/ﬁ

Table 3.1: The electron oscillates with the binding energy, I,/h, when it is
bound to the atom. After tunneling, it accumulates a phase corresponding to
the classical action of the trajectory in the continuum, S,, /%. It then recombines
and the generates a photon. The photon oscillates with the photon energy,
E,/h.

where |¢) is a continuum state, (g| is a ground state and « is the dipole operator
along the linear polarization [13]. Note that the ground state phase is complex
conjugated, which results in a total phase that depends on the difference between
the phase of the electron that stays in the ground state and the phase of the
returning electron. This fact has been used by P.B. Corkum to interpret the
high order harmonic process as a beam splitter with interfering electrons wave
functions [6]. We have inserted a factor ™ = (—1)" in the continuum phase
to account for the changing sign of the E-field between each half period. For
monochromatic, continuous fields we have:

t, =ty +nT/2
" !

t, =1, + T
Th =T

Sp =15,

where n extends from minus- to plus infinity. Note that all S,, are equal, even

for consecutive trajectories: n and n + 1, which move in opposite directions.
All factors that do not depend on n can be neglected. We find that the prob-

ability of generating a photon with energy E., € [I,, I, + 3.2U,] is proportional

to:
2

P(E,) x

Z o—i(EyT/2h+m)n

The normalization factor ensures that the probability is nonzero only when the
phases in the sum are constructive. The probable energies are therefore:

E\T/2h+m=2nZ,

where Z is an integer. Some rearranging result in odd harmonics of the funda-
mental w = 27 /T frequency:

E, = hw(2Z — 1),

which is the harmonic structure we expected to find. Note that we don’t need
to calculate the value of S,, to obtain this result. The probability function,
P(E,), should be seen as a toy model of HHG. It allows us to play with HHG
and obtain qualitative quantum mechanical results that are very hard to derive
from the full quantum mechanical treatment. In the next section we play with
P(E,) and figure out how the harmonics respond to a w/2w driving field. The
results are verified in the next chapter using the Strong Field Approximation.
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Phase Perturbations from the 2w Field

We modify P(E,), so that it includes effects from the 2w field, by inserting a
small antisymmetric phase perturbation e(~=1"9:

2
P(E,) Zefi(E.YT/27‘1+7r)n+(fl)"5

n

The perturbation is periodic in T, and it can be used to describe the 2w field
as a perturbation on the IR field in the harmonic generation with w/2w fields,
see Figure 3.3. We interpret 20 as the continuum action difference, S, 11 — Sy,
of electrons from two consecutive half periods: n and n + 1. It is not necessary
to know the the analytical form of § at this point.

Even Harmonics

Inserting even harmonics: E,T/2h = 2nZ, where Z is an integer, into P(E,)
results in:
Ze—i(ﬂn+(—l)n5)

because the probability is constructive along the imaginary axis. This is reason-
able because the even harmonics must vanish for § = 0, i.e. when the driving
field is monochromatic.

2

P(E, =2Zhw) x o |sin 8]?

Odd Harmonics

Inserting odd harmonics: E,T/2h = m(2Z + 1), where Z is an integer, into
P(E,) implies that:
2

P(E, = (2Z +1)hw) x x |cos 8]?.

Z e—i(=1)"6
n

It is reasonable to assume that neighboring harmonics have similar phase pertur-
bations: d,, = d,11. We therefore conclude that the even and the odd harmonics
behave in opposite ways when they are equally perturbed by (—1)"4.

Analytical Derivation of §

The w/2w field can be modeled in terms of the vector potential:
A(t) = Ag(t) + Ap(t) = Ag (cos(wt) + €4 cos(2wt + ¢B)) ,

where R is short for red (w), and B is short for blue (2w). The relative vector
potential amplitude, £4, is given by the relative electric field amplitude: &4 =
%f , for continuous fields. The relative delay between the two fields is denoted
b5,

Tt is tricky to find the analytical equation for ¢ in general w/2w fields. The
main problem is that the tunnel- and return times change between consecu-
tive half periods for given return energies. It is, however, possible to find an
approximate equation for 6 when the 2w field is very weak, if we assume that
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Yh+a

atom t'n+

~Y

Figure 3.3: For antisymmetric perturbations, the electron trajectories with re-
turn energy Ej, will be different depending on the sign of the electric field. There
will be one slightly shorter (n) and one slightly longer trajectory (n + 1). The
photons can interfere because they have the same energy so wee need to con-
sider their relative phases. We assume that the short trajectory accumulates
less phase than the long trajectory: S, < Sp,+1. We include the phase difference
by setting: S, = Sy — hé and S,+1 = So + hd, where it is not necessary that:
So=5.



CHAPTER 3. QUANTUM INTERFERENCE 25

the trajectories are not perturbed at all by the 2w field [6]. The unperturbed
velocity vg(t,t’) from a monochromatic field, w, is:

E
vg = vr(t,t) = _ 1o cos(wt) + vp(t),
mw

with the drift velocity vp(t') = % cos(wt’), where t’ is the tunneling time. We

can approximate the tunneling time ¢’ as a linear function of the return time ¢”
for the short trajectories °:

t'=t'{t")=t" —7(t") = —0.44¢" + 0.72T.

We write the action of the electron in the w/2w field as:

t// 2
S = dt{m;R + qur X Ag (cos(wt) + €4 cos(2wt + QSB))} =..
tl(tli)

A t//
= Sr(t") +Ro(t"), o(t") = 0th / dt {vg x cos(2wt + ¢p)},
t/(t//)
where Sg(t”) is the action of an electron returning at time ¢ from a short
trajectory in the w field. The second term, §(¢”), describes how much the
electron phase is perturbed by the 2w field. Evaluating the integral in § is a
simple task, using Euler’s formula:

P*E [

n o _ _ 4 —
(") = 2hmic? Sy dt {(cos(wt) — cos(wt')) x cos(2wt + ¢dp)} = ...
U 1 t”
= 7ﬁ R {sin(wt +¢p)+ 3 sin(3wt + ¢p) — cos(wt’) sin(2wt + ¢p)|
t/

where we inserted the ponderomotive energy of the pure IR field, U, = ¢>E /4mw?
and the relative intensity between the two beams, R; = £2. We immediately
see that § has a simple sinusoidal dependence on ¢p. We rewrite § and obtain
an equation where this dependence can be seen more clearly:

$(6m,1") = — 2 /Ry |C]sin (6 + axg(C)),

where C' is a complex number:
1 t//
C = eiwt + 7ei3wt . Cos(wt/)eﬂwt
3
t/
The prefactor in the equation above is approximately:

U
—%\/R, ~ 3.88 x \/R1,

for I = 1 x 10'® W/m?. In this regime, the phase perturbation will be small,
|0] < 7/100, when the relative intensity is less than 10%. We approximate the
intensity of the even harmonics as:

Tepen o< |sin(5|2 ~ \6|2 x |sin(¢p + arg(C))|2.

We now proceed and consider some specific trajectories:

5To do this, we use the fact that 7 = 0, #"/ = 0.5T for the shortest possible trajectory; and
7 = 0.65T, t"" = 0.95T for the longest short trajectory. See the right plot in Figure 2.3, to
verify that a linear approximation can be made to describe 7(¢'') = ¢/ — t/. This particular
linearization works for electrons returning in the second half period: t” € [0.5,0.95]|T".
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e Photons with £, =~ I,

The shortest possible trajectory tunnels and returns at the same time: ¢ = ¢t =
0.57. Intuitively there can be no effect from the 2w field because the electron
spends no time in the continuum. In the equations, it is clear that there is no
dependence on ¢p because |C| = 0 which makes § = 0.

e Photons with E, ~ I, + 3.2U,

Photons with energies in the cut off regime are created by the longest short
trajectory: ¢’ = 0.3T, t” = 0.95T. We find that ¢p =~ 1.28 (mod 7) rad makes
the even intensity go to zero (§ = 0) for R; = 1%.

One Dominant Trajectory per Period

The tunneling probability depends on the instantaneous electric field strength
in a nonlinear fashion. We have earlier explained that this leads to only one
dominant trajectory per period for fields for certain w/2w fields. The probability
of generating a photon of energy F, is:

2
P(E’y)one traj. X

Z o—in(E)T/h

which is constructive for any harmonic: E, = Zhw, with Z being an integer,

which is exactly what we expect for a driving field that makes a permanent

dislocation of the electron ©.

6There is a net displacement of the electron because the field only pulls the electron out
in one direction.



Chapter 4

Strong Field Approximation

4.1 QM-Hamiltonian for HHG

This chapter closely follows Lewenstein’s approximate method for solving the
problem of high order harmonic generation using the Strong Field Approxi-
mation (SFA) [9] [16]. In the chapter on classical trajectories we derived the
Hamiltonian in the Length gauge which is the starting point of this quantum
mechanical treatment. We also found that the kinetic- and the canonical mo-
mentum were equal in this gauge within the dipole approximation:

II =~ p.
In quantum wave mechanics we have:
p=—ihV,
where V = (a%, 8%, %). The electron is initially bound to an atom, so we need
to introduce an atomic potential V(r) o —1/r into the Hamiltonian H:

H2
H = o qzE(t) + V(r),

where IT is the kinetic momentum operator, gz E(t) is the electric dipole moment
operator from a Z-linearly polarized IR-field E(t) and V (r) is the atomic poten-
tial 1. The electron dynamics |¥(¢)) from the Hamiltonian H are described by
the time dependent Schrodinger equation:

ih 0 v = I E v

i () = |5 — aB(E) + V()| [9(0).
The equation above only describes the physics of one single electron. Atoms
used in high order harmonic generation often have more than one electron, but
we restrict the calculations to the Single Electron Approximation (SEA). It
is reasonable that this approximation is valid, because once one electron has
tunneled, the remaining electrons will be more strongly bound, making it less
probable for them to tunnel. Different electrons do not interfere so most of the
important features will be present in SAE and in Hydrogen like atoms.

nserting the 1/r term in the potential invalidates one of the assumptions we made in
the classical chapter. The kinetic- and the canonical momentum will therefore differ in the
vicinity of the atom, but this effect will be neglected, as explained in the assumptions section.

27
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4.2 Assumptions

Solving for the electron dynamics is very hard. We therefore need to make three
key assumptions, denoted I), IT) and III), which allow us to make some useful
approximations:

I) No internal resonances

The atom is described by one bound state only, denoted |0).

Resonant interactions between bound atomic states must be avoided. This
implies that the ionization potential I, must be much larger than the photon
energy hw of the driving IR field:

I, > hw.

In the case of Argon and IR we have I,/hw = 15.76/1.55 ~ 10, which satisfies
the requirement.

IT) No depletion

The ionization is weak.
The IR-field intensity must be below the saturation intensity of the atom:

Up < Usar.

I qt for Argon is 4 x 10 W/cm?, which therefore may not be exceeded. This
implies that most of the electron population stays in the bound state at all
times.

IIT) Free particle trajectories

The continuum electrons will not be influenced by the atomic potential V (r).
For this to be valid, we need the ponderomotive energy to be larger than the
ionization potential:

I, < 2U,,

so that the main acceleration of the electron is due to the IR-field, and not due
to the atomic potential. For Argon, with I, = 15.76 eV, the intensity therefore
has to be at least 1.3 x 10* W/cm?.

4.3 Computational Basis

Before going into detail about the solution of the electron evolution, we need to
discuss what basis to use in the quantum mechanical computation.

Bound State Basis

Using Assumption I), we replace all bound states with the ground state |0).
The exact shape of this state is of little importance. For Argon it should be
a p-state, but we will simplify things and assume that it is a s-state with full
spherical symmetry. The ionization potential, I, = 15.76 eV, is set to match
that of Argon.
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Continuum State Basis

The choice of basis for the continuum states is less trivial. First we consider the
familiar momentum basis of a free particle 2:

on(z) = (z |II) = e/
which is an eigenbasis of the kinetic energy operator:

2
,1v2 |TI) = 1

I1? |T1) ,
2m

2m
where I12 is an eigenvalue of the —h?V? operator. When the electron is accel-
erated in the IR-field, the motion is given by the following bracket:

! - 8 !
(] gz I) = igh = 5(11 — IT'),
which follows from Fourier analysis 3. Most readers are probably content with
this basis in combination with Assumption III), but we need to stress that |0)
and |II) to not form an orthogonal basis.
We proceed by defining another momentum basis ¢z = (z ’f[} which includes
the effect of the atomic potential:

1 2 T\ — 172 |17
{an +V] |1I) = I1* [IT) ,

where [ﬁl’[z + V} is an operator and IT? is the corresponding eigenvalue for
the eigenvector |fI> The newly defined wavefunction, ¢y, oscillates faster than
wm close to the atom because it is being accelerated to higher energies by the
atomic potential, V. An orthogonal basis is obtained by combining |0) and |f[>
This basis is great for symbolic computations even though we don’t know the
analytical shape of ¢y.

Because V' — 0 for |z| — oo, we expect the two momentum functions to be
equal far from the origin:

e~ ¢, |z > 0.

This implies that: zyn ~ zpy, for any x. The electron dynamics in the contin-
uum can therefore be approximated as independent of V:

<l:[‘ qz ’f['> ~ (11| qz |IT") ,

which essentially implements Assumption IIT).

2The following is written in one dimension, but the actual calculations must be carried out
in three dimensions. See Bethe and Salpeter [17], page 36, for more details on the momentum
basis expressed in spherical coordinates.

3The integral is taken over all space and it describes the transitions from one kinetic
momentum state to the next, i.e. how the electron accelerates. In one dimension, we can
evaluate the element in a more familiar notation by setting x o< t and IT o< w:

oy Cry d
F(te*'t) /dt {te_“" te“"t} 63 d—d(w -,
W

which is easy to verify using standard Fourier tables.
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4.4 Electron State Expansion

The state of the electron is denoted as |¥(t)) = |¥). This state will include both
bound- and continuum states and can be expanded in our orthogonal basis:

| W) = (a(t) |0) + /Ooo d311 b(11, t) \ﬁ)) etot/

where the oscillation of the bound state has been factored out, making a real
and slow. The left side of the Schrédinger equation is:

zh% |¥) =ih (/ dir’ {E(f{’,t) 11"y + ib(IT', )1, /1 |H’>} +il,/h |0>> ilpt/h

where we set a(t) ~ 1 using Assumption II). The right side of the Schrodinger
equation is:

H|U) = [QH; —qE(t)x + V} <|0> + /ﬂ'b(ﬂxt) |ﬂ'>> et/ —

B <[HQ - qE(t)x} 0+ /dﬁ/ { B[Z - qE(t)x} b(IT, 1) |H’>}> eilot/h

2m

e
2m”

where we hid the atomic potential using: [H—z + V] =

2m
A differential equation for b(11,t) is found by multiplying the Schrédinger
equation from the left with <H” |:

ihb(IT" t) — Lb(TT") = ...

. ﬁ//Q
= b(Il", ¢
(I, )Qm

—qE(t) (II"] 2 |0) + qE(t)/dﬁ’ {1 ab(IT',t) |TI') } .
The last term can be rewritten using Fourier analysis and a partial integration:

hab(al}t) —— (;[:L + Ip> b(ﬁ,t) +iB(t)d: (D) + hqE(t) 8(;(§;t)

Note that the the field free transition element, d(II), from the ground state |0)
to the continuum is computed using ¢ rather than the unknown function ¢y.
This is a simplification that is made in SFA that is hard to justify. The element
has been calculated by Lewenstein *:

. SFA ’27/20[5/4 11
a(it) =2 d() = (11j o) = T

in atomic units, with o = 2ml), in the case of hydrogen like atoms.

4 A similar expression can be derived easily in the one dimensional case, where the transition
element can be interpreted as the following Fourier transform:

F(te~lth u/dt{te_a"clei“"t} x (

w2 + a2)2’

w

where t o«  and w o< II. Note the difference in power in the denominator.
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The differential equation can be simplified using a clever trick. In the chapter
on classical trajectories, we showed that the drift momentum, p,, is a conserved
quantity. We therefore make the following substitution: b(I1,t) — b(p,,t),
where the kinetic momentum, IT, was substituted for the drift momentum, p, =
1+ qA(t). The simplified differential equation becomes:

o _ (] AW + 1, ) b+iE(t)d A
5 =i (5 002 +11,) 5+ Bl - 4A()

which can be solved:

t
b(py.t) = i / at' { B(t')d. (p, — qA(t))e~ St/ L
0

The phase factor:

o= 1S (ot ) /R _ =i [y dt"[(po—qA(t")?/2mATp] /0 — =i [}, dt”H(t”)/h’

corresponds to the accumulated phase of the drift momentum state, which can
be identified as the propagator operator of a time dependent Hamiltonian [19].
Note that we now use quantum mechanical states rather than the classical tra-
jectories to describe the dynamics.

4.5 Dipole Emission

The electromagnetic radiation emitted from the atom is proportional to the
atomic dipole (x(t)). We use the electron state |¥(¢)) to calculate the expecta-
tion value of the electron position:

(x(t)) = (W)= [W(D)) ox ...

t
Z/ 4 / d*p, B(t')d} (py — qA(t))de (py — qA(t))e ST 4 e e
to

Interpretation:
(Reading the equation from right to left) The electron tunnels into the contin-
uum at time ¢’ with drift momentum p,. It propagates in the continuum until it
recombines to |0) at time ¢. The integral over drift momentum space accounts
for all possible drift momenta.

The expression for (2:(t)) can be simplified by approximating the integral over
Py using a mathematical technique, called the saddle point approximation. The
action S is expanded in a 2"? order Taylor series about the stationary points (the
trajectories corresponding to classical mechanics). The approximated integral
is a Gaussian which is easy to evaluate 5. The dipole becomes:

(x(t)) o< i /t dr¢(T)dE (ps — qA(t))e™ PPt Bt — 1)dy (ps — qA(t— 7)) + c.c.,

—to

5There are some extra complications because the integrals are complex, but the idea is the
same, see Ivanov’s lecture for more details [18].
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where p; is the canonical momentum that corresponds to stationary action.
We find ps by requiring that the action S has a vanishing first derivative with
respect to py:

oS 0
ops  Opy

(/ttT dt" {(py — qA(t"))?/2m + 1p}> _

t t
ap (Tpi — 2qpy / A" dt" + ¢* / A2(t"ydt" + 2mT1p> /2m = ...
v t—7 t—1

t t
= (m —q A(t”)dt”) fm=0l, _, — pt,r)="2 [ A@")at",
t—7 v T Jt—r
where we used that the canonical momentum is conserved: p, = 0. The quan-
tum diffusion is described by {(7):

¢(r) = (Hifﬂmh)w,

which attenuates the amplitude of long trajectories, with big 7, making the
recombination probability smaller ©.

4.6 Implementation

We approximate the dipole moment as a sum:

(z(tm)) ~ Z Azpm = iAL Z C(Tmn ) (Prmn — qA(tm)) X

n=ng n=ngo

e—iS(pm,n,tm,Tm,n)E(tm - Tmn)daj (pmn - qA(tm - Tmn)) + c.C.,

where the time is taken to be discrete t,,+1 = t,, +A¢. The sum includes electron
trajectories recombining at t,, which tunneled at ¢,, > tg. The stationary drift
momentum is approximated as a sum:

At &
Pmn = ps(tma Tmn) ~ — Z qA(tz)7
Tmn i—n

which corresponds to an electron tunneling at ¢,, and recombining at t,,,, spend-
ing a time Ty, =t — £, in the continuum.

It is clear that these approximations are not exact. There is, however, an
easy way of verifying that the step size, At, is small enough for our purposes.
Decreasing At, includes higher energies in the numerical calculation: Take the
Fourier transform of the dipole moment, and verify that the entire plateau with
some cut off is resolved. For intensities of 10'® W/m?, we typically need 100
steps per period. More information about the implementation can be found in
Appendix A.

6y is a regulation constant from the integration.
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Calculations

5.1 Separation of Quantum Orbits

Most of our understanding of HHG comes from the classical trajectories. In
the following section different types of classical trajectories (quantum orbits)
are separated in the SFA formalism. This is done by limiting the integration
bounds in the SFA equation for the dipole moment (z(t)), calculated in the
previous chapter.

Separation of the Short Trajectory

The short trajectory includes all classical trajectories returning before the max-
imum kinetic return energy. In Figure 5.1, we find that this corresponds to
trajectories that spend: 7 < 0.657, in the continuum, where 7 is the time of
flight and T is the IR-period. Using the SFA we can therefore calculate the

Return energies of particles in EM-field for different tunneling times
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Figure 5.1: The maximal time of flight 7 = 0.65 for a short trajectory has the
highest possible kinetic return energy Ej = 3.2U,.

dipole moment from the short trajectory by limiting the lower bound in the

33
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integration:
t

(b)) o, / dr () +ce.

t—0.65T

This is very useful because it allows us to separate the short trajectory contri-
butions to the harmonic spectrum. In experiments, this separation can be done
spatially [6]. Selection of the short trajectory is often done automatically due
to phase matching effects [5]. We verify that the separation works, see Figure
5.2, where the intensity of the 35" harmonic is plotted for increasing intensity.
We conclude that the separation works well because there should be no inter-
ference in the harmonic emission as a function of intensity, if the harmonic is
constructed by a single trajectory.

H

5 10% :

= Plateau

o Cut off

£ -

Fﬂ_j 10} Short trajectory -
(o]

%‘ All trajectories

E 1075 Il Il Il Il Il Il Il Il

= 0.5 1 1.5 2 25 3 35 4 4.5 5

X 1018

2.5 3 35 4 4.5 5
Intensity [W/m?] x 10"

Phase of harmonic: 35
o
o

-100 L L L
0.5 1 15

N

Figure 5.2: The intensity of a harmonic changes irregularly when the intensity
is increased (blue line). This is due to an interference effect between the long
and short trajectories. The long trajectories gain more phase than the short
trajectory because they spend a longer time in the continuum. The interference
pattern disappears when the short trajectory has been separated (red line) and
the intensity is high enough (I > 2.75 x 10*® W/m?). There is some interference
close to the cut off for the short trajectories because the short and the long
trajectories merge when 7 ~ 0.657". In the lower plot we see that the phase
of the short trajectory varies much slower than for the long trajectories. It is
common to write the phase as e !, which is possible due to the nice linear
behaviour of the phase with intensity I in the plateau (from I > 1.75 x 108
W /m?). In this plot the green line includes more than one long trajectory and
it is therefore irregular. We can, however, see that the first part of the plateau
only includes one long trajectory because the green line remains smooth for
higher intensities than the blue line.
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Separation of the Long Trajectories

A similar separation for the first long trajectory is made by changing the inte-
gration bounds to:

t—0.65T

(qz(t))10ng %2/ dr{..} + cec.,

t=T

because this trajectory has 0.657 < 7 < T. We can also study all long trajec-
tories by setting:

t—0.65T

(G2 () ot 1omg ~ 1 / dr (..} + cc.

— 00

This includes both the first long trajectory and trajectories that don’t recom-
bine on their first return to the atom. Quantum diffusion and rescattering,
however, limit the contributions from the longer trajectories and it is therefore
not necessary to integrate from minus infinity to obtain realistic results. In this
Thesis integration from a few periods back was used to approximate the minus
infinity. This includes the first few long trajectories.

Separation of Trajectories in Perturbed IR fields

The method described above assumes a continuous IR field. It will remain ac-
curate also for small perturbations, such as a weak additional 2w field. The
separation is not exact for short pulses because the separation assumes con-
tinuous fields. We know, however, that the time of flight of continuous fields
is intensity independent, so the we can expect the separation to work well for
slowly varying pulses.

5.2 Many Cycle Fields

When the driving pulses are several tens of femtoseconds, we can model them
as continuous fields. This is convenient because it reduces the required compu-
tational power and allows us to calculate harmonic spectra using SFA efficiently
and fast.

In this Thesis, we use the word pulse for the driving field (10-30 fs) and the
word (atto)burst for the generated emissions (100-300 as)

IR-field

The intensity emitted from HHG with a continuous IR field gives one attosecond
burst per relevant trajectory [20]. In Figure 5.3 we can clearly see three bursts,
corresponding to the short and two long trajectories.

w/2w-fields

When the 2w laser is introduced, we can vary the relative delay- and the relative
intensity of the pulses. Using the short trajectory filter, we find that most
relative delays generate only one pulse per period, see Figure 5.4. This has been
demonstrated experimentally by J. Mauritsson and co-workers [5].
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Figure 5.3: The top left plot shows the driving electric field and the top right
plot shows the corresponding atomic dipole moment. The bottom left plot shows
the harmonic spectrum. We verify that the cut off agrees with: I, +3.2U,, from
the classical treatment. The bottom right plot shows the temporal emission
from the atom. There are three bursts per half period, one burst per trajectory
type: The short (S), the long (L1) and an even longer (L3). Lo is generated by
electrons that originally were on a short trajectory but didn’t recombine until
on their second return to the atom (7 > T'). Even longer trajectories have been
separated out. We identify the short trajectory using the short filter (red dots).
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Figure 5.4: The w/2w driving field can be used generate one attosecond burst
per period. This is done by selecting the short trajectories; and synchronizing
the beams so that the electric field in one half period is decreased (red) while
it is increased in the other (blue). The dipole is clearly more excited in the 27¢
half period (blue) where the electric field is stronger. The spectrum can has two
plateaus and two cut offs: one with high intensity and low electron energies (15
cut off); and one with low intensity and high electron energies (2"¢ cut off).
Strong bursts are generated when the electric field is strong (blue) because the
instantaneous ionization is larger, but the kinetic energy that the electrons can
return with is small because the field that pulls them back is weak (red).
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In the chapter on quantum interference, we argued, that the 2w field can be
described as antisymmetric perturbations (—1)™¢ in the phase between trajec-
tories from different half periods in the IR field. This phase difference occurs
because one of the trajectories gets longer, and the other gets shorter. The
result of this perturbation is a sinusoidal oscillation in the harmonics:

Toven o | sind]?
Toqq o< | cos 8|2

Increasing the relative intensity of the 2w field, increases § in a nonlinear
fashion, and reveals the predicted oscillations, see Figure 5.5.
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Figure 5.5: Increasing the relative intensity, Ry, of the 2w field gradually in-
creases ¢ between the contributing trajectories in each harmonic. For harmonic
34 and 35, there are some nice sinusiodal oscillations before the harmonics di-
verge. The divergence is due to the tunneling probabilities changing, making
one trajectory per period dominant.

Very Weak Perturbing 2w-field

When the 2w field is very weak, the antisymmetric perturbations are very small,
0] <« 1:
Toyen o |sind|? = |52
{ Toqq o< |cos ]2 = 1, '

Figure 5.6 shows that a 2w field, with 0.1% relative intensity, perturbs the
harmonic structure in the predicted fashion. In a previous chapter we computed
that § is a simple function of the relative phase; and a complicated function
of the harmonic energies. We verify that the harmonics oscillate with ¢p as
predicted: § ~ |sin(¢p +arg(C))|2. We note that the oscillation off-set, arg(C),
becomes constant in the cut off and that the even harmonics have zero intensity
for ¢ g =~ 1 rad. This is quite close to 1 rad which was computed in the previous
chapter.
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In this regime, Corkum and co-workers have made in situ measurements of
the harmonic phases. They obtain an analytical expression for § by assuming
that the trajectories are unchanged but that the action is slightly perturbed due
to the 2w field [6]. We verify that the in situ method gives the same result as
the well known RABBITT technique, see Figure 5.7.

Weak Perturbing 2w-field

When the intensity of the perturbation is increased to 1% of the IR, the phase
difference becomes larger |§| < 7/2 and the odd harmonics start to decrease in
intensity:
Toven o | sind|? ~ |52
{ Toqq o< |cosd|? ~ |1 —62/2)%.

When the phase difference becomes large enough (6 > arctan(1) ~ 0.79) the
even harmonics will become more intense than the odd harmonics for some
delays, this can be seen in Figure 5.8.

In this regime we can also control the emission time of the long trajectory as
seen in Figure 5.9. The short trajectory, on the other hand, is mostly unaffected
by the relative phase because it spends such a short time in the continuum.

Intermediate Pertubing 2w-field

A tunable axis starts to form. Small additional contructive peaks appear in the
spectrum as side bands to a main tunable axis due to § exceeding 7, see Figure
5.10.

Strong Perturbing 2w-field

When the perturbing 2w fields gets even stronger, 40% of the IR intensity, the
tunneling probablities play an important role. One short trajectory per period
becomes dominant creating a harmonic spectrum with a tunable peak in the
plateau, 0 < ¢p < 2 rad. The tunable axis indicates that the generated bursts
can be tuned to any central frequency in the cut off. At the end of the chapter on
quantum interference, we showed that single bursts are obtained when the even
and the odd harmonics are of equal strength. We therefore expect the tunable
axis to generate one burst per period. The single burst generation energy can
be fine tuned from the ionization potential to the cut off, see Figure 5.11. The
remaining part of the spectrum, 2 < ¢p < m, contains two attobursts with
comparable intensity per period. This results in a pattern that resembles the
case of weak-intermediate relative intensities. These is a side band structure
in the spectrum next to the tunable axis. The side bands can be reproduced
qualitatively using the approximate equation for §, calculated in the last part
of the chapter on quantum interference !.

Being able to amplify specific parts of the harmonic spectrum is useful, be-
cause it enables us to create attobursts with specific energies. These bursts can
be used to make precise experiments on electron states in atoms and molecules.

INote that the approximate § is not valid in this regime of w/2w fields and that even higher
relative intensities have to be applied in the equation to obtain side band structures.
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Figure 5.6: For perturbations of 0.1% relative intensity, the odd harmonics
remain dominant (solid dark lines). The even harmonics can be controlled by
adjusting the relative delay between the two fields. At the high harmonics (H:32-
38), ¢ becomes almost constant (or shifted by integer values of 7 between the
even harmonics). In the plateau (H < 30), 6 changes smoothly from harmonic
to harmonic. Two paths of arrows have been hand drawn on the spectrum
indicating the difficulty of knowing how the phase changes.
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Figure 5.7: The harmonic phases can be determined using the RABBITT tech-
nique. The pattern is essentially the same for the two methods, which validates
the in situ measurement. The same paths of arrows have been hand drawn to
ease the comparison between the two spectra.
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@/Za spectrum: weak 2 o field
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Figure 5.8: For perturbations with 1% relative intensity, both even and odd
harmonics depend on the relative delay between the laser beams. In the high
harmonics (H:31-38) we can amplify either the odd (red) or the even (blue)
harmonics. The oscillation offset, arg(C), is constant in this region. In the
plateau (H < 30), ¢ changes smoothly and fast.
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Figure 5.9: The left plot shows attobursts from the short trajectories (S). The
right plot shows the attobursts from all trajectories, including the short (S), the
long (L) and an even longer (Ls). The emission of the attosecond burst from
the long trajectory can be controlled by adjusting the relative delay between
the IR and the 2w beam. The other two bursts are mostly unaffected by the
relative delay: The short because it is only in the continuum for a short time;
and the longer because it is in the continuum for nearly a whole period.
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Figure 5.10: When the 2w field has an relative amplitude of 20%, the harmonic
spectrum looks complicated because 0 exceeds 7 for some relative delays between
the laser beams. We also begin to see a tendency of the harmonics to line up
along a tunable axis (red). This structure becomes more visible for even higher
relative intensities.
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Figure 5.11: When the perturbing 2w field is strong, 40% relative intensity, the
relative delay between the laser beams can be tuned so that a specific part of
the spectrum is amplified (red line). In this way, attobursts can be generated
with fine tuned energies. Close to the tunability axis, there are some side bands.
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5.3 Single Attosecond Bursts

We will now turn our attention to short driving pulses (FWHM < 12 fs) and
investigate the possibility to create an isolated attosecond burst per driving
pulse. Making the driving pulse short reduces the number of bursts because the
E-field at the edges of the pulse is not strong enough to generate harmonics.
We define a single attosecond burst as a sequence of bursts where the second
strongest burst is less than 10% of the strongest burst.

There are many potential applications for single attosecond bursts. Making
the driving pulse very short is a brute force approach of generating such bursts.
Reducing the laser pulse to the critical duration from 10 fs to 5 fs can be done by
broadening the spectrum using filament or capillary methods, but these methods
are hard to engineer. It is therefore of great interest to generate single bursts
with a more sophisticated technique. We investigate the possibility of creating
single attosecond bursts using a combination of slighly longer driving IR pulses
and 2w pulses. Recent experiments with unlocked phase and single shots have
been carried out by Y. Oishi [8]; and with locked phase by E. Gustafsson.

IR-pulses

It has been shown by A. Baltuska that single attosecond bursts can be created
from 5 fs IR laser pulses [7]. In this Thesis, simulations have been made to
verify that the maximal IR duration of the driving pulse is somewhere between
4 and 5 fs (FWHM) for single attoburst generation. The driving IR pulses are
modelled in terms of the vector potential:

A(t) = Ap cos(wt + ¢r) X An (),

where ¢r is carrier-evelope (C-E) phase and Ay(t) is a N period long cos?-
envelope centered at t = 0. The advantage of writing the electric field in terms
of the vector potential is that it reduces the number of numerical integrations
that have to be carried out in the SFA calculation. The disadvantage is that the
laser pulse will get slighly distorted for very short envelopes (N small). This
effect occurs because:

dA aa
E(t) = ks Ay <w sin(wt + @) X Ay — cos(wt + dr) X dtN> ’

where the first term is the correct shape for the electric field; and the second

term is an error term. We note that the error term vanishes for large N because
the error depends on 1/N:

dg—tN = % {cos2 (%t)} = ...

w

— —2cos (ﬁt) sin (%t) x % t € [-TN/2,TN/2].

In the following, we will study pulses with N = 4, which is quite critical, becuase
the error term has an amplitude of 25% 2.
In total, we have a 4 dimensional parameter space:

2The program has not been verified to be accurate for short driving pulses.
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Envelope duration N
IR intensity I

C-E delay or
High pass filter Hp,

A high pass filter needs to be applied to select the single attosecond bursts.
In the calculations, this filter is modelled as a discrete stepfunction that removes
all contributions from all frequencies below a specific harmonic Hy,y,.

We study pulses with N = 4, which corresponds to approximately 4 fs
(FWHM), and with intensities from 1 x 10** - to 2 x 10* W/cm? . Changing
the C-E phase dramatically alters the cut off structure and the number of bursts
produced, see Figure 5.12.
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Figure 5.12: Single attobursts are produced for a specific C-E delay, ¢p =
0.7 (blue line). The cut off is smooth because of there is only one trajectory
contributing to the burst. Changing the C-E delay, to ¢r = 2, results in two
attobursts and a modulated cut off.

Single attosecond bursts can be identified in the spectrum as nonmodulated
regions. The modulation is a result of several electron trajectories generating
photons that interfere at the same energies. We find that single attosecond
pulses can be produced with a high pass filter at harmonic Hj, = 27 for a
specific C-E delay:

¢or ~ 0.8+0.1 rad,

which approximately corresponds to a cos type driving field. The high pass
filter is set as low as possible, without allowing multiple bursts, in order to keep
as much of the spectrum as possible. A broad bandwidth implies possibility
of short pulses, and a low setting on the high pass filter also implies a larger
number of photons (high conversion efficiency). The calculations are made with
the short filter, there are therefore no bursts from the long trajectories.

The C-E phase determines the harmonic structure in the plateau, see Figure
5.13. With I = 1 x 10** W/cm? we can move harmonics from odd to even by
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simply changing the C-E phase (works only for few cycle driving pulses).
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Figure 5.13: The harmonics from an ultra short IR pulse can be tuned from
odd to even by changing the C-E phase, ¢g.

w/2w-pulses

Having found the optimal C-E phase for single attoburst generation using IR
pulses, the generation is optimized with an additional 2w field:

A(t) = A (cos(wt + dr) + £a cos(2w + ¢B)) X An(1),

where £4 &~ £/2 = E/2FER is the relative amplitude of the two vector potentials
and ¢p is the delay of the 2w field relative to the envelope Ayn. Even with this
very ideal description of the pulse, there is a large number of parameters that
can be tuned to optimize the generation:

Envelope duration N
IR intensity Ir
Relative intensity R
C-E delay or
2w delay OB
High pass filter Hy,,

where Ry = &2 is the relative intensity. We set ¢p = 0.8 rad, because it is
reasonable to assume that this delay will be remain optimal for weak relative
intensities®. The IR intensity is set to 2 x 104 W/cm? and relative intensities
are studied from 1% to 40%. We find that the optimal 2w delay is contant for
all studied relative intensities:

¢op ~ 3 +0.1 rad.

This delay corresponds to a single trajectory at the end of the plateau, and
multiple trajectories in the cut off. Figure 5.14 and Figure 5.15 shows that

3This was later verified to be true.
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the optimal generation occurs when the cut off is located at the lowest possible
energy. The peak intensity of the bursts increases strongly with the relative
intensity. It is possible that the increase in intensity is exaggerated in the SFA
model because it does not include any saturation effects due to ionization. The
results agree qualitatively with recent experiments in Lund [4]. More experi-
ments, with locked relative delays, must be made to verify this result.

The intense bursts that are produced by the w/2w pulses, with ¢ ~ 0.8
and ¢p ~ 3, are not shorter than those of the IR pulses. The effective amount
of bandwidth remains the same for the two different pulses. The bandwidth
can be increased by choosing a different value of ¢p, see Table 5.1. This is
demonstrated in Figure 5.16, where ¢ = 0 and a long smooth second plateau
is created.

Pulse duration [as] | Transform limited ~With phase
IR 241 261
w/2w 125 180

Table 5.1: The duration of the single attosecond burst can be reduced using a
special synchronization of the w/2w field.

It is interesting to compare the w/2w spectra with those of IR- and 2w
pulses, see Figure 5.17. The shape of the w/2w spectrum can be explained as a
combination of the w- and the 2w spectra: The w spectrum has low intensity but
high cut off energy; while the 2w spectrum has a high intensity but a low cut off
energy. High burst intensity can be realized when the beams are synchronized
so that we can create a single trajectory in the 2w regime.

Single Bursts from 10 fs Pulses

Using a 2w field we can generate single bursts from longer IR pulses. We need
a relative intensity of at least 20% to generate single bursts from 10 fs pulses,
see Figure 5.18. Increasing the relative intensity results in a cleaner burst and
an elevated first plateau, see Figure 5.19. The optimal laser beam delays vary
for different pulse durations. Using ¢ = 0.8, the best generation is found for
¢p = 2.5+0.1. Further optimization can be done, but we are satisfied with the
conclusion that single bursts can be obtained using 10 fs laser pulses. It does
not seem possible to single bursts from w/2w pulses when the pulse duration is
longer than 10 fs.
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Figure 5.14: Using a 2w field we can greatly improve the harmonic generation

and the intensity of the attoburst. The dotted bursts are transform limited.

x 10%° Driving field
2
EO
=
e -2
w R‘=10%
} R=20%
Stronger R|:40%
0 1 2 3

Time t, [T]
Fourier transform

130 |

10

Intensity [arb. u]

woﬁ moves back

15

20 25 30 35
Energy [H:hf0:1.5498 eV]

=)

g

S,

A

4

\%
Time, t [T]

x 10%°  Optimal attobursts

— 5

>

g4 .

S,

23 :

g2

£,

0 = . —
1.7 1.8 1.9 2 21

Time, t[T]

Figure 5.15: Increasing the intensity of the 2w field and tuning the relative
delays can dramatically increase the attoburst intensity. The dotted bursts are
transform limited.
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Figure 5.16: Using a special delay for the 2w field, ¢ 5 = 0, a long smooth second
plateau is generated (blue line). This generation process is very similar to the
one in Figure 5.4. The intensity is comparable to that of the IR, but the band-
width is greatly improved. The transform limit states that broad bandwidth
implies short bursts. In the attoburst plot, we see that the pulse duration is
almost reduced be a factor of two.
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Figure 5.18: Single bursts can be produced from 10 fs w/2w laser pulses if the
2w field has an relative intensity of 20%.
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Chapter 6

Discussion

High order harmonic generation (HHG) and attosecond electron dynamics has
been studied intensely in the last decade. The generation of XUV attosecond
bursts will become an important component of time resolved pump-probe ex-
periments of atoms and molecules.

The strong field approximation (SFA) consists of a comprehensive mathe-
matical framework that describes the HHG process in a nonperturbative man-
ner. The main goal of this Thesis was to implement SFA in MATLAB so that
the HHG can be calculated from arbitrary low frequency driving fields. The
second goal of the Thesis was to study the properties of HHG with an w/2w
driving field. The atomic response depends on the relative intensity of the 2w
component which leads to a range of different applications.

6.1 Results

The HHG of a pure w field results in two attosecond bursts per laser period. The
corresponding spectrum consists of odd harmonics of the driving field. When
the 2w field is relatively weak, the w/2w field can be used to make an in situ
measurement of the harmonic phases of the pure w field. We have shown that
the RABBIT method produces the same trace as the in situ measurement for
attosecond pulses generated by the SFA program.

Increasing the relative intensity of the w/2w field completely alters the har-
monic structure. Attosecond bursts are now generated once per period and the
spectrum contains even and odd harmonics of the driving field. It is possible
to fine tune the energy of generated attosecond bursts by simply adjusting the
relative delay between the w and the 2w fields. This “tunability” will improve
the quality of future pump-probe experiments.

Single attosecond bursts (SAB) can not be generated from w driving pulses
exceeding 5 fs. When w/2w driving pulses are used, SAB can be generated from
pulses as long as 10 fs. It is therefore clear that the w/2w is the better choice
when generating SAB. It has also been shown that the intensity of the burst
can be increased significantly due to the influence of the 2w field. The duration
of the SAB can be reduced using a special synchronization of the w/2w field.
It is, however, not possible to combine the amplification and the compression
properties.
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6.2 Perspectives

The w/2w field shows a lot of promise because it can increases the control and
the intensity of the HHG process. The in situ measurement and the tunability
have already been demonstrated experimentally. It would be interesting to take
part in an experiment where the conversion efficiency and the tunability are
optimized using phase locked w/2w pulses.

The next step in the theoretical work is to study other kinds of polychromatic
driving pulses. The w/2w—§ consists of two incommensurable frequencies which
leads to new applications and phenomena. Also the effects of chirped polychro-
matic driving pulses will be studied. Because the SFA program is fully general,
it is now straight forward to calculate the HHG of any low frequency field.
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Appendix A

Matlab files

nydipol.m

The dipole moment is calculated using a dipole matrix AX and a mask matrix
M. The dipole matrix contains the dipole integration elements Awx,,,; while
the mask matrix determines the integration bounds for the dipole, see Figure
A.1. The standard shape of M is given by:

b

Mo - 1, n € [ng,n — 1M+ nj
0, o€ [ng, 1 — 1+ n]

which corresponds to an integration from as far back as possible: ty to t,,, for
all m € [1,7n]. Specific electron trajectories can be studied if the mask marix is
modified.

niax | x| M

Dipole elements Mask matrix containing
the integration bounds

Figure A.1: The AX matrix contains all the matrix elements Ax,,,,. We create
a matrix M with a specific shape, so that the integration bounds are fullfilled
when the rows are summed. Specific trajectories can be seleced by changing the
shape of M.

The numerical integration is carried out by summing the rows of AX. x M|
which is a efficient to do with MATLAB !.

The input parameters for NYDIPOL.M are: startAt, endAt and saveAs. If
startAt = a and end At = b, then NYDIPOL.M will plot the dipole from IR period
a to b. The calculated dipole is saved as SAVEAS.MAT or as QUICKSAVE.MAT if
no specific filename is chosen.

1We denote elementwise multiplication of two matrices A and B as A. * B. The same
notation is used in Matlab.
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getConstants.m

Loads a bunch of physical constants into a global vector CONSTANTS:

CONSTANTS(1) T  Period of IR
CONSTANTS(2) w  Ang. freq. of IR
CONSTANTS(3) | Ag  Ampl. of vector potential
CONSTANTS(4) | I  Intensity
CONSTANTS(5) | I, Ionization potential
CONSTANTS(6) e Unit charge
CONSTANTS(7) ¢ Speed of light
CONSTANTS(8) | m  Electron mass
CONSTANTS(9) I Dirac’s constant
CONSTANTS(10) | v  Integration paramter
CONSTANTS(11) | U, Ponderomotive energy

explicitA.m
The vector potential A(t) is used to describe the driving field.

fouriertransform.m

A file saved by NYDIPOL.M is loaded and the Fourier transform of the dipole
moment is calculated using the FFT routine in Matlab. The spectrum is passed
through a high pass filter, starting at harmonic H},, and then transformed back
to the time domain.

The input parameters are startAt, stopAt, fileToLoad and gcol, where the first
two arguments should be 0 and b — a for maximal resolution. The harmonic
spectrum and the pulse structure is plotted in the color specified by gcol.

spectrum.m

A super function, called SPECTRUM.M, is used to run NYDIPOL.M and FOURIER-
TRANSFORM.M multiple times, for varying input parameter values of the driving
field. The result of the simulation is saved and can be viewed using STUDYS-
PECTRUM.M.

The input parameters are NEL, startAt, endAt and saveAsSPEC, where
NFEL specifies the number of simulations to produce.

studySpectrum.m

A file saved by SPECTRUM.M is loaded and plotted.
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Poster

Introduction

Here, we present calculations in the Strong-Field-Approximation and corresponding
experiments on High-Order Harmonic Generation with bichromatic driving laser fields. A
fraction of the initial infrared pulse Is_frequency-doubled and overlapped with the
fundamental beam in the generation gas, showing great influence on the harmonic emission
temporal and spectral properties.

Two-Color Fields in HHG
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We break the inversion symmetry using an additional 20 field in High-Order Harmonic
Generation(1], This enables us to generate single bursts of harmonic radiation per driving
laser perod: The shape o the armonic spectrum is altred, showing 3 structure of o
plateaus, They are the result of the different harmonic generation efficiencies of the
frequencies, where the high-gain-but-low-energy cutoff is corresponds to the 2o plateau.
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Attoburst Generation in Bichromatic Fields -
Tunability and Quantum Path Engineering

M. Swoboda & M. Dahlstrom, M. Miranda, E. Gustafsson, T. Remetter,
T. Ruchon, E. Georgiadou, J. Mauritsson, A. L'Huillier
Department of Physics, Lunds Universitet, P.O. Box 118, 22100 Lund

Experimental Setup

Using a_two-color Michelson
interferometer, the _frequency
doubled output of our TiiSa
laser system is superposed with
radiation in _the
generation gas cell. The relative
phase of the fields can be
tered, as well as their
intensity. For detection, we use
r interferometer,
where a fraction of 800 nm
light is used to streak
photoelectrons from our as-
uise train, which is visible on
our  velocity-map  imaging
spectrometer.
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The harmonic generation can be tuned from even to odd harmonics using the 2 driving
field (1% relative intensity)[3]. The 2o field extends the quantum paths of one half infrared
(IR) period and diminishes the other. Due to the perturbation, the paths accumulate
ifttrent piasce in the continuum, leading to the observed inteferancas veehielatis oy
The central energy of the attobursts can be fine-tuned using stronger 2o driving flelds(40%
relative intensity). Also, the strong ance of one quantum path per period leads to the
emission of only attosecond pulse per IR cycle,

Streak Camera Experiment

We employ the measurement principle of an
attosecond streak camera [4] to measure the
time evolution of the probing IR fiel

the central line of a
locity maps, obtained for different
GEibve vetwoen aitboncond puloe ean and probe
IR. The vector potential of the IR probe will then
alter the observed photoelectron spect
The intrinsic chirp [5] of the harmonic emission
is visible In the imbalance of rising and falling
edge of the oscillation, visible also as a 180
degree shift between upper and lower harmonic
spectru

sequence of

References

[1] P. Johnsson et al., Phys. Rev. Lett. 97, 013001 (2006)
1213 Maurisson et al, manuscrip in preparaton, (2007)
[3] N. Dudovich, Nature Physics, 2, 781 (2006)
FATR. Kiererger 61 1 Natre (London) 427, 517 (2004)
(5] Y. Mairesse et al., Science 302, 1540 (2003)

‘The experimental results show good correspondence with the SFA calculations on the left
We control whether odd or even harmonics dominate the e 20 intensity is
fow. Tunabity of the harmonic central energy is shown on the right for higher relative 20
intensity

A Quantum Stroboscope

57

The one pulse/IR cycle attotrain allows the stroboscopic measurement of electron wave

packet scattering on its parent ion. A single ionization instant can be frozen in time and the.
electron afterwards steered by the probing IR field. The subsequent electron wave packets
are coherent and add up in phase, increasing the signal by nZ [3)

Conclusions

In conclusion, two-color driving laser fields present a viable and efficient method to control
the harmonic emission temporal and spectral structure, allowing the production of tunable
attosecond pulse trains with one pulse per IR

sequence of the engineered electron quantum paths In the
toffs appear in the spectrum, and the dominance of either odd or even
harmonics can be obtained by only a weak perturbing field at certain relative phase. We
perform several experiments, using these pulse trains as a stroboscope to capture
attosecond electron wave packet dynamics.



