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AB CDEF GHIJ KB LMHNFCHOPQCEM RIHSIKTTKUVW XEFQWIFEYW ZEVCWI DKF UWWB NFW[CH CWTQHIKVV\ FDKQW ]WTCHFWMHB[ QNVFWF ]IHT CDW HFMEVVKCHI H] CDW ^3OVKFWI EB_NB[` ^DW KMCNKV FDKQEBS DKF UWWB [HBW CDIHNSD K ]WW[UKMJ VHHQa MHBCIHVVW[U\ K SWBWCEM KVSHIECDT ETQVWTWBCW[ KF QKIC H] CDW GHIJ` ^DW SHKV GKF CH HQCEOTEbW CDW WcMEWBM\ ]HI FWMHB[ DKITHBEM SWBWIKCEHBa CDNF WdQWMCEBS CH TEBETEbWCDW QNVFW VWBSCD` ^DW [EKSBHFCEMF DKYW UWWB TK[W CDIHNSD TWKFNIWTWBCF H] CDWQNVFW VWBSCD NFEBS K TNVCEOFDHC KNCHMHIIWVKCHI KB[ TWKFNIWTWBCF H] CDW FQWMCIKVQDKFW NFEBS eQWMCIKVORDKFW ABCWI]WIHTWCI\ ]HI XEIWMC fVWMCIEM gWV[ hWMHBFCINMOCEHB ieRAXfhj` ^DW WdQWIETWBCKV EBYWFCESKCEHBF DKYW FDHGB CDKC CDW KVSHIECDTGHIJFa gB[EBS QNVFWF GECD K QNVFW VWBSCD H] K ]WG QWIMWBC KUHYW CDW CIKBF]HITOVETEC` XNIEBS CDW GHIJ WdQWIEWBMW DKF UWWB SKEBW[ HB CDW QNVFW FDKQWI KF GWVVKF HB CDW QIKMCEMKV KQQVEMKCEHB H] K SWBWCEM KVSHIECDT EB K ]WW[UKMJ VHHQ`
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�`� �KCDWTKCEMKV [WFMIEQCEHB H] FDHIC QNVFWF ` ` ` ` ` ` ` ` ` ` ` ` ` ` �
�`�`� ^ETWO[HTKEB [WFMIEQCEHB ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` �
�`�`� ZIW�NWBM\O[HTKEB [WFMIEQCEHB ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` �
�`�`� RNVFW QIHQKSKCEHB ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` �
�`�`� �KNFFEKB QNVFWF ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ��

�`� �HBVEBWKI HQCEMKV QIHMWFFWF ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ��
�`�`� eWMHB[ DKITHBEM SWBWIKCEHB ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ��
�`�`� e��OWcMEWBM\ ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ��
�`�`� ĤCKV MHBYWIFEHB WcMEWBM\ KB[ QNVFW VWBSCD ` ` ` ` ` ` ` ` ��

�`� �DKIKMCWIEbKCEHB H] FDHIC QNVFWF ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ��
�`�`� LNCHMHIIWVKCHIF ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ��
�`�`� eRAXfh ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ��

�`� RNVFW FDKQEBS ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ��
�`�`� RNVFW MHTQIWFFEHB CWMDBE�NWF ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ��
�`�`� �HTTHB QNVFW FDKQEBS CWMDBE�NWF ` ` ` ` ` ` ` ` ` ` ` ` ` ��
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�`�`� L[YKBCKSWF HYWI BHITKV FWKIMD QIHMW[NIWF ` ` ` ` ` ` ` ` ` ��
�`�`� RKIKTWCWI WBMH[EBS ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ��
�`�`� hWQIH[NMCEHB HQWIKCHIF EB K MHBYWBCEHBKV SWBWCEM KVSHIECDT ��
�`�`� �H[EgMKCEHBF KB[ ETQIHYWTWBCF ` ` ` ` ` ` ` ` ` ` ` ` ` ` ��
�`�`� �WKFNIEBS MHBYWISWBMW U\ H�OVEBW QWI]HITKBMW ` ` ` ` ` ` ��

�`� ATQVWTWBCKCEHB ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ��
�`�`� ^DW _KU�Af� QIHSIKTTEBS WBYEIHBTWBC ` ` ` ` ` ` ` ` ` ��
�`�`� fYKVNKCEHB QIHMWFF ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ��
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�`�`� _KFWI FHNIMW ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ��
�`�`� RNVFW QIWQKIKCEHB ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ��
�`�`� ZWW[UKMJ FESBKV ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ��
�`�`� XEKSBHFCEMF ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ��

�`� �WCDH[ ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ��
�`�`� fBMH[EBS H] GKYW]HIT QKIKTWCWIF ` ` ` ` ` ` ` ` ` ` ` ` ` ��
�`�`� XWFMIEQCEHB H] K SWBWCEM KVSHIECDT INB ` ` ` ` ` ` ` ` ` ` ` ��
�`�`� �DHEMW H] K IWQIH[NMCEYW QVKB ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ��

�`� hWFNVCF ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ` ��
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�`�`� eQWMCIKV QDKFW KBKV\FEF NFEBS eRAXfh ` ` ` ` ` ` ` ` ` ` ` ��
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LC CDW QIWFWBC CETW VKFWI CWMDBHVHS\ DKF K[YKBMW[ CH CDW QHEBC GDWIW VKFWIQNVFWF EB CDW ]WTCHFWMHB[ IKBSW KIW KYKEVKUVW ]IHT WKF\OCHONFW CKUVWOCHQ [WYEMWF`�DEVW VKFWI IWFWKIMDWIF BHG FCIEYW CH IWKMD CDW KCCHFWMHB[ [HTKEBa ]WTCHFWMHB[CWMDBHVHS\ MHBFCKBCV\ gB[F BWG KQQVEMKCEHBF EB UHCD IWFWKIMD KB[ IWKVOGHIV[F\FCWTF` RIWYEHNFV\ VE�NE[ [\W VKFWIF GWIW THFC H]CWB NFW[ ]HI ]WTCHFWMHB[QNVFW SWBWIKCEHB` L[YKBMWF EB FHVE[OFCKCW VKFWI CWMDBHVHS\ DKYW BHG TK[W CDWFWVKFWIF THIW MHTTHB` ^DW K[YKBCKSWF H] FHVE[OFCKCW VKFWIF HYWI CDWEI [\W VKFWIMHNBCWIQKICF KIW KTHBS HCDWI CDEBSF KB EBMIWKFW EB UHCD HNCQNC QHGWI KB[FCKUEVEC\`
^DW KCCIKMCEYWBWFF H] NVCIKFDHIC VKFWI QNVFWF VEWF gIFC EB CDW QHFFEUEVEC\ CH HUFWIYWKB[ TKBEQNVKCW QIHMWFFWF HB K ]WTCHFWMHB[ CETW FMKVW` ŴB ]WTCHFWMHB[F MHIOIWFQHB[ CH KIHNB[ gYW HQCEMKV M\MVWF EB CDW YEFEUVW IWSETW KB[ CDW SWHTWCIEMKVVWBSCD H] FNMD K QNVFW EF HBV\ �

µT EB YKMNNT` ZHI MHTQKIEFHB CDW QWIEH[ ]HICDW THCEHB H] KB WVWMCIHB EB K D\[IHSWB KCHTa WdMECW[ CH CDW FCKCW GECD �NKBCNTBNTUWI n = 10a EF KIHNB[ ��� ]F EB K FWTEOMVKFFEMKV QEMCNIW ¸�¹` �ECD CDW FDHIC[NIKCEHB H] K ]WTCHFWMHB[ QNVFWa EC EF QHFFEUVW CH QIHUW YWI\ ]KFC QIHMWFFWF` LBETQHICKBC KQQVEMKCEHB EF ]WTCHMDWTEFCI\a GDWIW NVCIKFDHIC QNVFWF KIW NFW[ CH[EKSBHFW KB[ MHBCIHV MDWTEMKV IWKMCEHBF` ^DW VKISW UKB[GE[CDF KFFHMEKCW[ GECDFDHIC QNVFWF KIW KVFH WdQWMCW[ CH UW NFW]NV EB [KCKOCIKBF]WI CWMDBHVHS\`
AB K ]WTCHFWMHB[ VKFWI QNVFWa WBWIS\ MKB UW MHBMWBCIKCW[ EBCH K YWI\ FDHIC CETWEBCWIYKVa MKNFEBS QNVFWF GECD IKCDWI TH[WFC QNVFW WBWISEWF CH WdDEUEC DESD QWKJQHGWIF` LF KB WdKTQVW K �� ]F VKFWI QNVFW GECD KB WBWIS\ H] �Tº WdDEUECF K QWKJQHGWI H] �� ��` A] CDEF QNVFW EF ]HMNFW[ CH K ���

µT2 FQHCa CDW QWKJ EBCWBFEC\ GEVVUW �� R�»MT2 a MHIIWFQHB[EBS CH KB WVWMCIEM gWV[ FCIWBSCD H] KIHNB[ � ��»MT`ZHI MHTQKIEFHB K C\QEMKV EBBWIOKCHTEM gWV[ DKF K FCIWBSCD H] � ��»MT` ^DWDESD QWKJOQHGWIF KFFHMEKCW[ GECD NVCIKFDHIC VKFWI QNVFWF KIW CDNF MHTQKIKUVW CHC\QEMKV EBBWIOKCHTEM gWV[Fa ETQV\EBS EBCWIWFCEBS KQQVEMKCEHBF GECDEB FCIHBSOgWV[KCHTEM QD\FEMF` A] KB NVCIKFDHIC VKFWI QNVFW EF ]HMNFW[ HBCH K FHVE[OFCKCW CKISWCaE`W` K TWCKVa EC EF QHFFEUVW CH SWBWIKCW UIHK[UKB[ ¼OIK\F GDEMD TK\ UW NFW]NV EB]HI WdKTQVW YKIEHNF TW[EMKV KQQVEMKCEHBF ¸�¹` A] EBFCWK[ CDW QNVFWF KIW ]HMNFW[EBCH K ½WC H] EBWIC SKFa DESD DKITHBEM SWBWIKCEHB MKB UW KMDEWYW[a KB KQQVEMKCEHB
�



]HI GDEMD CDEF GHIJ MKB UW FKE[ CH UW K QIWOFCN[\`
AB TKB\ H] CDW KQQVEMKCEHBF TWBCEHBW[ KUHYWa EC EF ETQHICKBC BHC HBV\ CH DKYWFDHIC QNVFWFa UNC KVFH CH UW KUVW CH TWKFNIW KB[ MHBCIHV CDWEI MDKIKMCWIEFCEMF` A]KB EBCWBFW VKFWI QNVFW FN�WIF ]IHT QIWOQNVFWFa FK\ HBV\ GECD K QWKJ EBCWBFEC\ H]K ]WG QWIMWBC H] CDW TKEB QNVFWa CDW WBWIS\ EB CDHFW TK\ FCEVV UW DESD WBHNSDCH ]HI WdKTQVW EHBEbW KB KCHTa TKJEBS KB\ WdKTEBKCEHB H] CDW KCHT EB �NWFOCEHB ETQHFFEUVW` �KB\ WdQWIETWBCFa WFQWMEKVV\ CDHFW NFEBS FHVE[ CKISWCFa IW�NEIWWVETEBKCEHB H] CDW QIWOQNVFWF` AB ]WTCHMDWTEFCI\a GDWIW K VKFWI QNVFW EF NFW[ CHMHBCIHV K MDWTEMKV IWKMCEHBa CDW QNVFW FDKQW [WCWITEBWF GDEMD MDWTEMKV IWKMCEHBCDKC CKJWF QVKMW` ^DNF GECD CDW KUEVEC\ CH MHBCIHV CDW QNVFW MDKIKMCWIEFCEMFa EC EFQHFFEUVW CH F\BCDWCEMKVV\ QIH[NMW THVWMNVWF H] K MWICKEB JEB[` ZHI CDW DESD DKIOTHBEM SWBWIKCEHB WdQWIETWBCF TWBCEHBW[ KUHYWa EC DKF UWWB FDHGB ¸�¹ CDKC CDWQNVFW MDKIKMCWIEFCEMF H] CDW WdMECEBS QNVFW DKYW EB¾NWBMW HB CDW QDKFW H] CDW SWBOWIKCW[ DKITHBEMF` PCDWI WdQWIETWBCF DKYW [WTHBFCIKCW[ CDKC CDW QNVFW FDKQWKVFH K�WMCF CDW IWVKCEYW EBCWBFECEWF H] CDW [E�WIWBC DKITHBEM HI[WIF ¸�¹` ^DIHNSDMHBFCINMCEYW EBCWI]WIWBMW UWCGWWB CDW [E�WIWBC DKITHBEMFa EC EF UWVEWYW[ CDKCKCCHFWMHB[ QNVFWF MKB UW SWBWIKCW[` ^DNF CDW MHBCIHV H] CDW QDKFW H] CDW DKIOTHBEMFa CDIHNSD QNVFW FDKQEBS H] CDW WdMECEBS QNVFWa EF KB ETQHICKBC CHQEM EBMNIIWBC KCCHFWMHB[ QNVFW IWFWKIMD` RNVFW FDKQEBS EF K SIHGEBS gWV[ GECDEB FDHICQNVFW VKFWI IWFWKIMD KB[ ECF KQQVEMKCEHBF`
RNVFW FDKQEBS MKB UW [HBW EB TKB\ GK\F` ÎK[ECEHBKVV\ EC EF [HBW U\ K CWMDBE�NWJBHGB KF FQKCEKV TKFJEBSa GDWIW K [EFQWIFEYW WVWTWBC EF NFW[ CH CIKBF]HIT CDW]IW�NWBM\ FQWMCINT H] K QNVFW EBCH K FQKCEKV [EFCIEUNCEHBa GDEMD MKB UW gVCWIW[U\ K FQKCEKV TKFJ` ^DEF FWCNQ EF H]CWB MKVVW[ K bWIH [EFQWIFEHBOVEBWa FEBMW E] BHTKFJ EF NFW[a CDW QNVFW MDKIKMCWIEFCEMF GEVV UW NBMDKBSW[` ^DW FQKCEKV TKFJ NFW[KF CDW ]IW�NWBM\ gVCWI TK\ UW H] [E�WIWBC C\QWF` ZEIFC H] KVV EC EF QHFFEUVW CH NFWK gdW[ TKFJa K�WMCEBS CDW KTQVECN[W iU\ YKIEKCEHB H] CDW CIKBFTEFFEHBj HI CDWQDKFW iU\ YKIEKCEHB H] CDW IW]IKMCEYW EB[Wdj ]HI CDW FQWMCIKV MHTQHBWBCF H] CDWQNVFW` AC EF KVFH QHFFEUVW CH [H K MHTUEBKCEHB H] KTQVECN[W KB[ QDKFW gVCWIEBS`hWMWBC WdQWIETWBCF DKYW QK\W[ EBMIWKFEBS KCCWBCEHB CH CDW NFW H] QIHSIKTTKUVWgVCWIFa IW]WIIW[ CH KF K[KQCEYW QNVFW FDKQEBS` ^DHFW TKJW EC QHFFEUVW CH MDKBSWCDW gVCWIEBS [NIEBS CDW WdQWIETWBCa KVVHGEBS KVFH ]HI KNCHTKCEM MHBCIHV UKFW[HB ]WW[UKMJ ]IHT CDW WdQWIETWBC` ^DW THFC MHTTHB QIHSIKTTKUVW gVCWIFCH[K\ KIW ETQVWTWBCW[ KF VE�NE[OMI\FCKV KIIK\Fa NFEBS CDW FKTW CWMDBE�NW KF]HI VE�NE[OMI\FCKV [EFQVK\F` ¦\ KQQV\EBS KB WVWMCIEM YHVCKSW CH K FQWMEgM KIIK\WVWTWBC iHI QEdWVja CDW CIKBFTEFFEHB HI CDW IW]IKMCEYW EB[Wd H] CDW KIIK\ WVWTWBCTK\ UW YKIEW[` Ĥ HUCKEB UHCD KTQVECN[W KB[ QDKFW gVCWIEBS K MHTUEBKCEHB H]_�OKIIK\F DKF CH UW NFW[` LBHCDWI MHTTHB ETQVWTWBCKCEHB EF GECD KB LMHNFCHOPQCEM �H[NVKCHI iLP�j HQWIKCW[ EB CDW ¦IKSSOIWSETW` �HGWYWI FNMD K [WYEMWMKB BHC UW NFW[ EB K bWIH [EFQWIFEHBOVEBW KF [WFMIEUW[ KUHYW KB[ CDW FWCNQ DKFCH UW FVESDCV\ TH[EgW[`
AB ����a R` ĤNIBHEF ¸�¹ QIHQHFW[ K BHYWV [WFESB ]HI K QNVFW FDKQWI NFEBS KMHNFCHOHQCEM EBCWIKMCEHB EB K MI\FCKV CH HUCKEB MHVVEBWKI QNVFW FDKQEBS` �HVVEBWKI [HWFEB CDEF MKFW TWKB CDKC CDW FDKQW[ QNVFWF GEVV QIHQKSKCW EB CDW FKTW [EIWMCEHB KFCDW EBQNC QNVFWF` ^DEF [WYEMW [HWF BHC IW�NEIW K bWIH [EFQWIFEHBOVEBW CH ]NBMCEHBKB[ U\ CDW MHVVEBWKI KIIKBSWTWBC EC EF ]KEIV\ WKF\ CH ETQVWTWBC CDW QNVFW FDKQOEBS EB KB WdEFCEBS FWCNQ` ^DW [WYEMWa MKVVW[ CDW XKbbVWIa EF KB LMHNFCHOPQCEM
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RIHSIKTTKUVW XEFQWIFEYW ZEVCWI iLPRXZj KB[ GEVV UW NFW[ EB CDW QIWFWBC FCN[\`
^DEF GHIJ GEVV EBYWFCESKCW CDW QHFFEUEVECEWF CH NFW CDW XKbbVWI LPRXZ ]HI K[KQOCEYW QNVFW FDKQEBS` AB CDW ]NCNIW CDW [WYEMW EF CH UW NFW[ KC CDW � J�b VKFWIF\FCWT EB _NB[a FDKQEBS CDW QNVFWF NFW[ CH SWBWIKCW DESD DKITHBEMF EB K SKF½WC` ^DW KQQIHKMD EF CH MHBCIHV CDW QNVFW FDKQWI NFEBS K SWBWCEM KVSHIECDTaGDEMD EF K FWKIMD TWCDH[ UWVHBSEBS CH CDW gWV[ H] WYHVNCEHBKI\ QIHSIKTTEBS`^DW KVSHIECDT GEVV QWI]HIT CDW FWKIMD UKFW[ HB FHTW ]WW[UKMJ ]IHT CDW WdQWIOETWBCKV FWCNQ` RIWYEHNFV\ hWECbW ¿À ÁÂÃ DKF IWQHICW[ HQCETEbKCEHB H] DESD HI[WIDKITHBEM CNBEBS NFEBS K SWBWCEM KVSHIECDT ¸�¹`
^DEF QIWOFCN[\ GEVV DHGWYWI BHC UW TK[W HB CDW � J�bOF\FCWTa UNC EBFCWK[ CDWQNVFWF ]IHT KB HFMEVVKCHI QIH[NMEBS VKFWI QNVFWF EB CDW ]WTCHFWMHB[ IKBSW GEVVUW NFW[` ^DW SHKV EF CH HQCETEbW CDW WcMEWBM\ ]HI FWMHB[ DKITHBEM SWBWIKOCEHBa GDEMD EF EB SWBWIKV W�NEYKVWBC CH TEBETEbEBS CDW QNVFW VWBSCD` �WBMW EC EFWdQWMCW[ CDKC KF FDHIC QNVFWF KF QHFFEUVW GEVV UW KMDEWYW[ ]IHT CDW HQCETEbKCEHB`
^DEF IWQHIC EF HISKBEbW[ KF ]HVVHGF` AB MDKQCWI � CDW CDWHI\ H] FDHIC VKFWI QNVFWFEF QIWFWBCW[` fTQDKFEF GEVV UW QNC HB CDW ]IW�NWBM\O[HTKEB [WFMIEQCEHBa NFW]NVCH NB[WIFCKB[ CDW MHBMWQC H] QNVFW FDKQEBS` ^DW QIHMWFF H] FWMHB[ DKITHBEMSWBWIKCEHB GEVV UW [EFMNFFW[a MHBMWBCIKCEBS HB CDW WcMEWBM\ ]HI FWMHB[ DKITHBEMSWBWIKCEHBa FEBMW CDEF EF NFW[ KF K ]WW[UKMJ FESBKV [NIEBS CDEF GHIJ` ^DEF MDKQCWIKVFH QIWFWBCF FHTW CWMDBE�NWF NFW[ EB CDW FCN[\ CH MDKIKMCWIEbW NVCIKFDHIC VKFWIQNVFWF` AB MDKQCWI � CDW CDWHI\ H] SWBWCEM KVSHIECDTF EF QIWFWBCW[a KB[ CDW KMCNKVETQVWTWBCKCEHB [HBW ]HI CDEF GHIJ EF [WFMIEUW[` ZEBKVV\a MDKQCWI � ]HMNFWF HB CDWWdQWIETWBCKV GHIJ [HBW` L]CWI K [WFMIEQCEHB H] CDW FWCNQ KB[ CDW WdQWIETWBCKVTWCDH[Fa CDW TKEB IWFNVCF GEVV UW QIWFWBCW[ KB[ [EFMNFFW[`
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^DEF MDKQCWI GEVV UW MHBMWIBW[ GECD CDW TKCDWTKCEMKV [WFMIEQCEHB H] FDHIC VKFWIQNVFWF` AC GEVV KVFH CIWKC BHBVEBWKI EBCWIKMCEHBa MDKIKMCWIEbKCEHB H] FDHIC QNVFWFKB[ QNVFW FDKQEBS`
Þßàßà áâãäåæçãèâé æäêëìâíîâçé
L VKFWI QNVFW EF H]CWB [WFMIEUW[ U\ ECF MHTQVWd IWQIWFWBCKCEHB Ẽ(t) WdQIWFFW[ KFCDW QIH[NMC H] KB KTQVECN[W ]NBMCEHB KB[ K QDKFW CWITï

Ẽ(t) = A(t)eiΓ(t) i�`�j
^DW IWKV WVWMCIEM gWV[ MKB CDWB UW GIECCWB KF E(r) = Re Ẽ(t)` AB THFC MKFWF CDW]IW�NWBM\ MHTQHBWBCF H] CDW QNVFW KIW MWBCWIW[ KIHNB[ K MKIIEWI ]IW�NWBM\ ωLFH CDKC

Ẽ(t) = A(t)eiϕ(t)eiωLt = Ã(t)eiωLt i�`�j
GDWIW ϕ(t)

EF CDW CETW [WQWB[WBC QDKFW H] CDW QNVFW` A(t)
EF MKVVW[ CDW gWV[WBYWVHQW KB[ Ã(t)

CDW MHTQVWd gWV[ WBYWVHQW` ^DW EBFCKBCKBWHNF ]IW�NWBM\
ω(t) H] CDW QNVFW EF SEYWB U\ CDW CETW [WIEYKCEYW H] CDW QDKFW ]NBMCEHB Γ(t)ï

ω(t) =
dΓ(t)

dt
= ωL +

dϕ(t)

dt

i�`�j
A] CDW QDKFW KMIHFF CDW QNVFW EF MHBFCKBC a dϕ/dt = 0a CDW EBFCKBCKBWHNF ]IW�NWBM\EF W�NKV CH CDW MKIIEWI ]IW�NWBM\` A] CDW QDKFW H] CDW QNVFW EF VEBWKIV\ EBMIWKFEBSiHI [WMIWKFEBSj GECD CETWa CDW EBFCKBCKBWHNF ]IW�NWBM\ EF FCEVV MHBFCKBC UNC BHVHBSWI W�NKV CH CDW MKIIEWI ]IW�NWBM\` L DESDWI HI[WI QDKFW ETQVEWF CDKC dϕ/dt

EFK ]NBMCEHB H] CETW VWK[EBS CH K YKI\EBS EBFCKBCKBWHNF ]IW�NWBM\ KVHBS CDW QNVFWaMKVVW[ K MDEIQ` A] ω(t)
EF EBMIWKFEBS CDW MDEIQ EF FKE[ CH UW QHFECEYWa KB[ E] EC EF[WMIWKFEBSa CDW MDEIQ EF BWSKCEYW`

�



ÞßàßÞ ðìäñòäéëóåæçãèâé æäêëìâíîâçé
^DW CWTQHIKV KB[ FQWMCIKV QIHQWICEWF H] K VKFWI QNVFW KIW IWVKCW[ CDIHNSD KZHNIEWIOCIKBF]HIT IWVKCEHB` �HIW QIWMEFWV\a CDW FQWMCIKV WVWMCIEM gWV[ Ẽ(ω)

EFCDW ZHNIEWI CIKBF]HIT H] CDW CWTQHIKV WVWMCIEM gWV[ E(t)` eEBMW E(t)
EF K IWKV�NKBCEC\a CDW QIHQWICEWF H] CDW ZHNIEWI CIKBF]HIT ETQV\ CDKC Ẽ(ω) = Ẽ∗(−ω)TKJEBS EC QHFFEUVW CH [WFMIEUW CDW FQWMCIKV WVWMCIEM gWV[ KF Ẽ(ω) = Ã(ω) +

Ã∗(−ω)
GDWIW Ã(ω)

EF CDW MHTQVWd FQWMCIKV KTQVECN[Wa UWEBS BHBbWIH HBV\ ]HIQHFECEYW ]IW�NWBMEWF` ^DW MHTQVWd FQWMCIKV KTQVECN[W EF SEYWB U\ CDW ZHNIEWICIKBF]HIT H] CDW MHTQVWd CWTQHIKV WVWMCIEM gWV[
Ã(ω) =

∫ +∞

−∞
Ẽ(t)e−iωtdt

i�`�j
GDEVW CDW MHTQVWd CWTQHIKV WVWMCIEM gWV[ EF EB CNIB SEYWB U\ CDW EBYWIFW ZHNIEWICIKBF]HIT H] CDW MHTQVWd FQWMCIKV KTQVECN[Wï

Ẽ(t) =
1

2π

∫ +∞

−∞
Ã(ω)eiωtdω

i�`�j
LF ]HI CDW MHTQVWd gWV[ WBYWVHQWa CDW MHTQVWd FQWMCIKV KTQVECN[W Ã(ω) TESDCUW GIECCWB KF CDW QIH[NMC H] KB KTQVECN[W ]NBMCEHB KB[ K QDKFW CWIT

Ã(ω) = A(ω)e−iϕ(ω) i�`�j
GDWIW A(ω)

EF CDW FQWMCIKV KTQVECN[W KB[ ϕ(ω)
EF CDW FQWMCIKV QDKFW` �WIW EC MKBUW FWWB CDKC K MHBFCKBC QDKFW GEVV HBV\ VWK[ CH K QDKFW FDE]Ca BHC K�WMCEBS CDWQNVFW EB KB\ GK\a GDEVW K QDKFW ]NBMCEHB CDKC EF VEBWKIV\ [WQWB[WBC HB ]IW�NWBM\GEVV [EFQVKMW CDW QNVFW EB CETWa BHC K�WMCEBS CDW QNVFW FDKQW` A] CDW FQWMCIKVKTQVECN[W EF VKISW HYWI K FNcMEWBCV\ UIHK[ IKBSWa EC EF BWMWFFKI\ CH IWSKI[ DESDWIOHI[WI ]IW�NWBM\O[WQWB[WBMW H] CDW QDKFW ]NBMCEHB WdQKB[W[ KIHNB[ CDW MKIIEWI]IW�NWBM\ ωL

KF ϕ(ω) = ϕ0+ϕ1 (ω − ωL)+ ϕ2

2 (ω − ωL)
2
+... ` XE�WIWBC FQWMCIKVIWSEHBF H] CDW QNVFW KIW CDWB K�WMCW[ [E�WIWBCV\a MDKBSEBS CDW FDKQW H] CDW QNVFWWBYWVHQW KB[ EBCIH[NMEBS K MDEIQ` ZIHT CDEF [EFMNFFEHB HBW MKB KVFH EB]WI CDKCCDW FECNKCEHB EB GDEMD KVV DESDOHI[WI MHWcMEWBCF i

ϕn, n ≥ 2j KIW bWIHa IWQIWFWBCCDW FDHICWFC QNVFW KMDEWYKUVW ]HI K SEYWB FQWMCIKV KTQVECN[W [EFCIEUNCEHB A(ω)`
Þßàßô õòöêä íìçíè÷èîâçé
RIHQKSKCEHB KVHBS CDW zOKdEF EF EBMVN[W[ U\ SWBWIKVEbEBS i�`�j KF

Ẽ(t, z) =
1

2π

∫ +∞

−∞
Ã(ω)ei(ωt−k(ω)z)dω

i�`�j
GDWIW k(ω) = n(ω)ω/c

EF CDW QIHQKSKCEHB MHBFCKBC GECD
n(ω) KF CDW ]IW�NWBM\O[WQWB[WBC EB[Wd H] IW]IKMCEHB KB[ c

CDW YWVHMEC\ H] VESDC EB YKMNNT` ^DW W�WMC H]CDW QIHQKSKCEHB MHBFCKBC EF CDKC EC EBCIH[NMWF KB KMMNTNVKCW[ QDKFW k(ω)z
CH CDWQNVFW KF EC QIHQKSKCWF` AB MKFWF GDWB CDW FQWMCIKV KTQVECN[W EF FDKIQV\ QWKJW[

�



KIHNB[ CDW MWBCIKV ]IW�NWBM\ ωL
EC EF QHFFEUVW CH KQQIHdETKCW CDW GKYWBNTUWI

k(ω)
GECD K gIFCOHI[WI K̂\VHI WdQKBFEHB KIHNB[ ωL

ï
k(ω) = k(ωL) +

( ∂k

∂ω

)

ωL

(ω − ωL) + ...

= kL + k′
L (ω − ωL) + ...

i�`�j
ABFWICEBS CDEF WdQKBFEHB ]HI k(ω)

EBCH i�`�j \EWV[F
Ẽ(t, z) =

ei(ωLt−kLz)

2π

∫ +∞

−∞
Ã(ω)ei(ω−ωL)(t−k′

Lz)dω
i�`�j

KB[ FEBMW CDW EBCWSIKV EB i�`�j EF K ]NBMCEHB H] CDW MHTQHFECW YKIEKUVW t − k′
LzHBV\a CDEF EB CNIB TESDC UW IWGIECCWB KF

Ẽ(t, z) = Ã(t − k′
Lz)ei(ωLt−kLz) i�`��j

GDWIW Ã(t)
EF CDW MHTQVWd gWV[ WBYWVHQW`

�>tv~ ø}|t@w=�
�HTQKIEBS i�`��j GECD i�`�j EC MKB UW FWWB CDKC CDW MHTQVWd gWV[ WBYWVHQWTHYWF GECDHNC MDKBSEBS ECF FDKQW` ^DW YWVHMEC\ H] CDW QNVFW SEYWB U\

vg =
dz

dt
=

1

k′
L

=

[

( ∂k

∂ω

)

ωL

]−1 i�`��j
EF MKVVW[ CDW SIHNQ YWVHMEC\ H] CDW QNVFW KB[ IWQIWFWBCF CDW WBWIS\ CIKBFQHIC H]CDW QNVFW` AB CWITF H] CDW IW]IKMCEYW EB[Wda CDW SIHNQ YWVHMEC\ TK\ UW GIECCWBKFï

vg =
c

n + ω (∂n/∂ω)

i�`��j
�WIW EC MKB UW FWWB CDKC HBV\ EB CDW MKFW GDWB CDW IW]IKMCEYW EB[Wd EF ]IW�NWBM\OEB[WQWB[WBC i

∂n/∂ω = 0ja CDW SIHNQ YWVHMEC\ H] K QNVFW EF CDW FKTW KF CDW QDKFWYWVHMECEWF H] CDW EB[EYE[NKV TH[WF i
vp = c/nj` �DWB ∂n/∂ω > 0a K TKCWIEKVEF FKE[ CH WdDEUEC BHITKV [EFQWIFEHB` ^DEF EF CDW MKFW ]HI THFC TKCWIEKVF KB[KF K IWFNVCa CDW SIHNQ YWVHMEC\ EF SWBWIKVV\ FTKVVWI CDKB CDW EB[EYE[NKV QDKFWYWVHMECEWF`

�>tv~ ø}|t@w=� uw<~}><wts
A] CDW FQWMCIKV UKB[GE[CD ∆ωL

H] CDW QNVFW EF YWI\ UIHK[ùa CDW WdQKBFEHB i�`�jTK\ BH VHBSWI UW K SHH[ KQQIHdETKCEHB ]HI CDW [EFQWIFEHB IWVKCEHB` AB CDEFMKFW [E�WIWBC ]IW�NWBM\ MHTQHBWBCF H] CDW QNVFW GEVV THYW GECD [E�WIWBC SIHNQ
úûüý þÿý����� �����	��ü

∆ωL
	þ 
��ý� �ü
þý� �þ �üý �
�� 
� �üý þÿý����� 	��ý�þ	���

��



YWVHMECEWFa MKNFEBS K CWTQHIKV UIHK[WBEBS H] CDW QNVFW` ¦\ EBMVN[EBS CDW FWMHB[HI[WI CWIT EB CDW KQQIHdETKCEHB i�`�j EC UWMHTWF
k(ω) = kL + k′

L (ω − ωL) +
1

2
k′′

L (ω − ωL)
2

+ ...
i�`��j

^DW CETW BWMWFFKI\ ]HI K QNVFW CH SH CDIHNSD K TKCWIEKV GECD QIHQKSKCEHB MHBOFCKBC k(ω) KB[ VWBSCD l
EF

τp = l/vg = lk′
L

KB[ CDNF CDW [E�WIWBMW EB CETW [WVK\UWCGWWB CDW [E�WIWBC ]IW�NWBM\ MHTQHBWBCF MHBCKEBW[ EB
∆ω

EF
∆τp ≈ l

∣

∣k′′
L

∣

∣∆ωL
i�`��j

[WFMIEUEBS CDW QNVFW UIHK[WBEBS` ^DW �NKBCEC\ k′′
L = ∂2k/∂ω2 EF H]CWB IW]WIIW[ CHKF CDW SIHNQ YWVHMEC\ [EFQWIFEHB i��Xj H] K TKCWIEKV` AC DKF CDW NBEC [s2/m] KB[[WFMIEUWF CDW QNVFW UIHK[WBEBS QWI NBEC UKB[GE[CD KB[ NBEC TKCWIEKV VWBSCD ]HIQIHQKSKCEHB H] K QNVFW CDIHNSD K TW[ENT� ` ^DW QNVFW UIHK[WBEBS HIESEBKCEBS]IHT ��X EF [NW CH K FQIWK[EBS KVHBS CDW QIHQKSKCEHB KdEF H] CDW [E�WIWBC]IW�NWBMEWF` ZHI WdKTQVWa E] k′′

L

EF QHFECEYW CDW SIHNQ YWVHMEC\ H] K VHG ]IW�NWBM\MHTQHBWBC EF DESDWI CDKB CDKC H] K DESD ]IW�NWBM\ MHTQHBWBCa MKNFEBS CDW VHG]IW�NWBM\ MHTQHBWBCF CH FQIWK[ CHGKI[F CDW CIKEVEBS W[SW H] CDW QNVFW` ¦WMKNFWH] CDEFa CDW EBFCKBCKBWHNF ]IW�NWBM\ H] CDW QNVFW GEVV EBMIWKFW KVHBS CDW QNVFWSEYEBS K QHFECEYW MDEIQ iFWW FWMCEHB �`�`�j` �HFC TKCWIEKVF DKYW k′′
L > 0a KB[ KIWCDWB FKE[ CH WdDEUEC QHFECEYW [EFQWIFEHB`

�w�{}> t>u}> }�}@=<
^DW W�WMCF H] DESDWI HI[WI MHWcMEWBCF EB CDW [EFQWIFEHB IWVKCEHB i�`��j KIW SWBOWIKVV\ [HTEBKCW[ U\ CDW SIHNQ YWVHMEC\ [EFQWIFEHB` �HGWYWIa ]HI YWI\ FDHICQNVFWF iVKISW UKB[GE[CDF ∆ωL

j HI E] CDW ��X ]HI FHTW IWKFHB EF YWI\ FTKVVaCDW �NK[IKCEM KQQIHdETKCEHB ]KEVF CH [WFMIEUW CDW QNVFW QIHQKSKCEHB MHIIWMCV\`AB CDWFW MKFWF EC TESDC UW BWMWFFKI\ CH KVFH EBMVN[W CDEI[ KB[ ]HNICD HI[WI [EFOQWIFEHB î PX KB[ ZPXj` ^DWFW W�WMCF [H BHC FETQV\ UIHK[WB CDW QNVFWa UNCTESDC KVFH EBCIH[NMW FHTW EBCWIBKV FCINMCNIWa VEJW QIWO KB[ QHFCOQNVFWF`
Þßàß� �èòêêâèé íòöêäê
Ĥ SWC K UWCCWI NB[WIFCKB[EBS H] CDW QIHQWICEWF H] K VKFWI QNVFW EC EF NFW]NV CHMHBFE[WI K JBHGB QNVFW WBYWVHQW` L �KNFFEKB QNVFW FDKQW EF H]CWB NFW[ KF KBKQQIHdETKCEHBa THFCV\ UWMKNFW EC EF QIWFWIYW[ NB[WI ZHNIEWI CIKBF]HITKCEHB` ABTKB\ KMCEYWV\ TH[WOVHMJW[ F\FCWTFa CDW SWBWIKCW[ QNVFWF DKYW K FDKQW YWI\ MVHFWCH �KNFFEKB ¸�¹` AB QKFFEYWV\ TH[WOVHMJW[ F\FCWTFa CDW FCWK[\OFCKCW FHVNCEHB ]HICDW QNVFW FDKQW EF K D\QWIUHVEM FWMKBC ]NBMCEHB ¸�¹a FHTWGDKC DKI[WI CH CIWKCCDKB CDW �KNFFEKB`

�HBFE[WIEBS K �KNFFEKB QNVFW GECD K MHTQVWd gWV[ WBYWVHQW H] CDW ]HIT
Ã(t) = A(t)eiϕ(t) = e−at2eibt2 i�`��j

�ûüý �
��ýÿ� 
� ��� 	þ þ���	�ü��
����� 
��� �
� � ü
�
�ý�
�þ �ý�	��� 
üý� ����	����
�� �
�ÿ
��� 
ÿ�	��� ý�ý�ý��þ ý�ü	�	�	�� �	þÿý�þ	
� 	�þ�ý�� �üý ��
�ÿ �ý��� �	þÿý�þ	
�!���" 	þ �þý� ü�#	�� �üý ��	� [s2]�
��



CDW QNVFW VWBSCD τp
a MDHFWB KF CDW Z��� H] CDW CWTQHIKV EBCWBFEC\a EF IWVKCW[CH CDW QKIKTWCWI a
U\

τp =

√

2 ln 2

a

i�`��j
GDEVW CDW QDKFW ]NBMCEHB ϕ(t) = bt2

EBCIH[NMWF K �NK[IKCEM CWTQHIKV QDKFW`$FEBS W�NKCEHB i�`�j EC EF FWWB CDKC CDW EBFCKBCKBWHNF ]IW�NWBM\ H] CDEF QNVFWEF SEYWB U\ ω(t) = ωL + 2bt` ^DNF b
EF K MDEIQ QKIKTWCWIa [WCWITEBEBS CDWTKSBECN[W H] CDW VEBWKI MDEIQ H] CDW QNVFW` Ĥ HUCKEB CDW MHTQVWd FQWMCIKVKTQVECN[W H] CDEF QNVFWa HBW DKF CH CKJW CDW ZHNIEWI CIKBF]HIT H] i�`��j iFWWW�NKCEHB i�`�jj` AB CDEF MKFWa CDEF EF QKICEMNVKIV\ WKF\a FEBMW K �KNFFEKB FETQV\CIKBF]HITF EBCH KBHCDWI �KNFFEKB` ASBHIEBS K FMKVEBS MHBFCKBC KB[ K MHBFCKBCQDKFW CWIT CDW MHTQVWd FQWMCIKV KTQVECN[W SWCF CDW ]HITï

Ã(ω) = e−
(ω−ωL)2

4(a−ib) = e
−

a(ω−ωL)2

4(a2+b2) e
−i

b(ω−ωL)2

4(a2+b2) = A(ω)e−iϕ(ω) i�`��j
ZIHT CDW FQWMCIKV KTQVECN[W A(ω) KB WdQIWFFEHB ]HI CDW UKB[GE[CD ∆ωL

MKBUW HUCKEBW[` ^DW UKB[GE[CD EF BHITKVV\ MDHFWB KF CDW Z��� H] CDW EBCWBFEC\FQWMCINT`
∆ωL =

√

8 (a2 + b2) ln 2

a
=

√
8 ln 2

√

a
(

1 +
b2

a2

) i�`��j
ZIHT CDEF WdQIWFFEHB EC EF FWWB CDKC ]HI K SEYWB QNVFW VWBSCD [WCWITEBW[ U\ CDWQKIKTWCWI a KMMHI[EBS CH i�`��ja CDW QIWFWBMW H] K VEBWKI MDEIQ [WCWITEBW[ U\CDW QKIKTWCWI b IW�NEIWF K GE[WI FQWMCIKV UKB[GE[CD ∆ωL

` AB CDW FKTW GK\a ]HIK SEYWB FQWMCIKV UKB[GE[CD ∆ωL
a CDW QIWFWBMW H] K VEBWKI MDEIQ MKNFWF CDW QNVFWCH FQIWK[ HNC EB CETW EBMIWKFEBS CDW QNVFW VWBSCD τp

`
ZIHT CDW FQWMCIKV QDKFW EB WdQIWFFEHB i�`��j EC EF FWWB CDKC K VEBWKI ]IW�NWBM\MDEIQa MKNFW[ U\ K �NK[IKCEM CWTQHIKV QDKFWa KVFH ETQVEWF K �NK[IKCEM FQWMCIKVQDKFW`
%{} =w�}¢;?su�wu={ ~>tuv@=
eHTWCDEBS CDKC EF H]CWB MHBFE[WIW[ GDWB EC MHTWF CH NVCIKFDHIC VKFWI QNVFWF EFCDW CETWOUKB[GE[CD QIH[NMC` A] i�`��j KB[ i�`��j KIW TNVCEQVEW[ CHSWCDWI HBWHUCKEBF

τp · ∆ωL = 2π · 0.441 ·
√

1 +
b2

a2
≥ 2π · 0.441

i�`��j
GDEMD FDHGF CDKC CDWIW EF K TEBETNT YKVNW ]HI CDW QIH[NMC UWCGWWB CDW QNVFW[NIKCEHB KB[ CDW FQWMCIKV UKB[GE[CD` L QNVFW ]HI GDEMD CDW W�NKVEC\ EB i�`��jDHV[F EF EB[WW[ CDW FDHICWFC QHFFEUVW QNVFW SEYWB CDKC FQWMCIKV UKB[GE[CD` eNMDK QNVFW WdDEUECF BH ]IW�NWBM\ MDEIQ KB[ EF FKE[ CH UW CIKBF]HITOVETECW[`
^DW QIHQWICEWF H] CDW CETWOUKB[GE[CD QIH[NMC DHV[F ]HI KVV QNVFW FDKQWFa KVOCDHNSD CDW TEBETNT YKVNW [E�WIF` LF FDHGB KUHYWa ]HI K �KNFFEKB QNVFW CDWYKVNW EF

0.441` ZHI CDW HCDWI MHTTHB QNVFW FDKQWa CDW D\QWIUHVEM FWMKBCa CDWMHIIWFQHB[EBS YKVNW EF �`��� ¸�¹`
��



ÊËÊ &ÚÛÕÓÛÑÎØ ÚÙÏÓÔÎÕ ÙØÚÔÑ××Ñ×
^DW QIHQKSKCEHB H] WVWMCIHTKSBWCEM GKYWF EB TKCWIEKV EF SHYWIBW[ U\ �KdGWVV'FW�NKCEHBF ¸��¹ ]IHT GDEMD EC EF QHFFEUVW CH HUCKEB GKYW W�NKCEHBF ]HI UHCD CDWWVWMCIEM KB[ CDW TKSBWCEM gWV[` �DWB KB WVWMCIEM gWV[ EF QIWFWBC EB K TW[ENTaK [EFQVKMWTWBC H] MDKISWF GECDEB CDW TKCWIEKV EF HUCKEBW[` ^DEF [EFQVKMWTWBCEF [WFMIEUW[ U\ CDW WVWMCIEM QHVKIEbKCEHB P ` ^DW WVWMCIEM QHVKIEbKCEHB KMCF KFK FHNIMW CWIT EB CDW GKYW W�NKCEHB ]HI CDW WVWMCIEM gWV[a MKNFEBS IK[EKCEHB CHUW WTECCW[ KC CDW ]IW�NWBM\ H] CDW QHVKIEbKCEHB GKYW` $B[WI TH[WIKCW gWV[FCIWBSCDF CDW IWVKCEHBFDEQ UWCGWWB CDW QHVKIEbKCEHB KB[ CDW WVWMCIEM gWV[ MKB UWKFFNTW[ CH UW VEBWKIa MKNFEBS WTEFFEHB H] WVWMCIHTKSBWCEM IK[EKCEHB KC CDW FKTW]IW�NWBM\ KF CDW HIESEBKV gWV[` ^DEF EF CDW QIHMWFF UWDEB[ CDW QIHQKSKCEHB H]WVWMCIHTKSBWCEM GKYWF EB K TW[ENTa GECD CDW IW]IKMCEYW EB[Wd [WCWITEBW[ U\CDW [WQWB[WBMW H] CDW QHVKIEbKCEHB HB CDW WVWMCIEM gWV[`
�DWB CDW gWV[ EF FNcMEWBCV\ FCIHBSa CDW VEBWKI KQQIHdETKCEHB H] CDW WVWMCIEMQHVKIEbKCEHB ]KEVFa TKJEBS EC BWMWFFKI\ CH MHBFE[WI DESDWI HI[WI W�WMCF`
ÞßÞßà (äëçéæ )èìãçéâë ÷äéäìèîâçé
PBW QKICEMNVKI BHBVEBWKI QIHMWFFa MHTTHBV\ NFW[ EB YKIEHNF KQQVEMKCEHBF H] VKFWIHQCEMFa EF FWMHB[ DKITHBEM SWBWIKCEHB ie��j HI ]IW�NWBM\ [HNUVEBS` Ĥ FCN[\CDEFa HBW TK\ MHBFE[WI CDW gIFC BHBVEBWKI CWIT H] CDW WVWMCIEM QHVKIEbKCEHB

PNL = ε0χ
(2)E2 + ...

i�`��j
GDWIW χ(2) EF MKVVW[ CDW FWMHB[ HI[WI BHBVEBWKI FNFMWQCEUEVEC\ KB[ ε0

EF CDW QWIOTECCEYEC\ H] YKMNNT` �HBFE[WI KB EBME[WBC HBW [ETWBFEHBKV QVKBW GKYW H] ]IWO�NWBM\ ω

Eω(t, z) =
Ãω

2
ei(ωt−kωz) + c.c.

i�`��j
GDWIW c.c. [WBHCWF CDW MHTQVWd MHB½NSKCW` $FEBS IWVKCEHB i�`��j CDEF IWFNVCF EBK QHVKIEbKCEHB GKYW

PNL(t, z) =
ε0χ

(2)Ã2
ω

4

[

ei(2ωt−2kωz) + 1
]

+ c.c.
i�`��j

LQKIC ]IHT CDW X� CWITa W�NKCEHB i�`��j [WFMIEUWF K QHVKIEbKCEHB GKYW P2ωGECD ]IW�NWBM\ 2ω QIHQKSKCEBS KC CDW QDKFW YWVHMEC\ vP
p = ω/kω

` eEBMW CDWHIESEB H] CDW WVWMCIEM QHVKIEbKCEHB EF K [EFQVKMWTWBC H] CDW WVWMCIEM MDKISWF GECDEBCDW TKCWIEKVa KC WKMD QHEBC CDW [EFQVKMW[ MDKISWF HFMEVVKCWF KB[ IK[EKCWF GECD K]IW�NWBM\ 2ω ` ^DW WVWMCIEM gWV[ QIH[NMW[ U\ CDW QHVKIEbKCEHB KC HBW QKICEMNVKIQHEBC EB CDW TKCWIEKV MKB CDWB UW [WFMIEUW[ KF
E2ω(t, z) =

Ã2ω

2
ei(2ωt−k2ωz) + c.c.

i�`��j
GDEMD EF K QVKBW GKYW H] ]IW�NWBM\ 2ω QIHQKSKCEBS GECD CDW QDKFW YWVHMEC\
vE

p = 2ω/k2ω
` ^DEF FDHGF CDKC EB CDW QIWFWBMW H] K FWMHB[ HI[WI QHVKIEbKCEHBa K

��



FNcMEWBCV\ FCIHBS WVWMIEM gWV[ GEVV SEYW IEFW CH KB WVWMCIEM gWV[ HFMEVVKCEBS KC CDW[HNUVW ]IW�NWBM\`
�DWB [HEBS ]IW�NWBM\ [HNUVEBSa KBHCDWI ETQHICKBC ]KMCHI BWW[F CH UW MHBFE[OWIW[` A] CDW QDKFW YWVHMECEWF H] CDW QHVKIEbKCEHB GKYW KB[ CDW ]IW�NWBM\O[HNUVW[WVWMCIEM GKYW [E�WIFa CDW IK[EKCW[ gWV[F KC [E�WIWBC QHFECEHBF KVHBS CDW QIHQOKSKCEHB [EIWMCEHB GEVV UW HNC H] QDKFW` ^DEF MKNFWF CDW SWBWIKCW[ ]IW�NWBM\[HNUVW[ VESDC CH EBMIWKFW KB[ [WMIWKFW EB EBCWBFEC\ [NIEBS ECF QKFFKSW CDIHNSDCDW TW[ENT` LC K QHFECEHB GDWIW P2ω

EF WdKMCV\ HNC H] QDKFW U\ K GDHVW M\MVWGECD
E2ω

KC CDW WBCIKBMW H] CDW TW[ENTa CDW ]IW�NWBM\O[HNUVW[ VESDC GEVV MKBMWVECFWV] HNC`
Ĥ FHVYW CDEF QIHUVWTa KB[ SWC KB WcMEWBC ]IW�NWBM\ [HNUVEBSa EC EF BWMWFFKI\CH TKCMD CDW CGH QDKFW YWVHMECEWF vP

p
KB[ vp

a K QIHMW[NIW JBHGB KF QDKFWOTKCMDEBS` eEBMW CDW QDKFW YWVHMEC\ EF SEYWB U\ vp = c/na EC EF QHFFEUVW CH WdQIWFFCDW QDKFW TKCMDEBS MHB[ECEHB KFï
nω = n2ω

i�`��j
^DEF MHB[ECEHB EF BHC QHFFEUVW CH HUCKEB EB K TKCWIEKV GECD BHITKV [EFQWIFEHBGDWIW CDW IW]IKMCEYW EB[Wd EBMIWKFWF GECD ]IW�NWBM\` �HGWYWIa U\ NFEBS KBKBEFHCIHQEM TW[ENTa CDW ]IW�NWBM\ [HNUVW[ VESDC TK\ UW SWBWIKCW[ GECD K [E]O]WIWBC QHVKIEbKCEHBa WdQWIEWBMEBS K [E�WIWBC IW]IKMCEYW EB[Wd CDKB CDW EBME[WBCVESDCa TKJEBS EC QHFFEUVW CH TKCMD CDWT` AB KB KBEFHCIHQEM MI\FCKV CDW IWVKCEHBi�`��j EF IWQVKMW[ U\ K CWBFHI IWVKCEHBa FEBMW EB CDEF MKFW KB WVWMCIEM gWV[ TK\EBCIH[NMW K QHVKIEbKCEHB CDKC EF BHC QKIKVVWV CH CDW [EIWMCEHB H] CDW WVWMCIEM gWV[`
z{t>= ~v|<} ~{?<}¢�?=@{ws�
�DWB EC MHTWF CH ]IW�NWBM\ [HNUVEBS H] YWI\ FDHIC QNVFWFa ETQV\EBS K UIHK[IKBSW H] ]IW�NWBMEWF KIHNB[ CDW MWBCIKV ]IW�NWBM\ ω a EC EF DKI[ CH KMDEWYW QDKFWOTKCMDEBS HYWI CDW GDHVW FQWMCINT H] CDW QNVFWa UWMKNFW H] CDW [WQWB[WBMW H]CDW IW]IKMCEYW EB[Wd HB ]IW�NWBM\` ^DEF GEVV SEYW K VKISWI [HNUVEBSOWcMEWBM\ ]HICDW QDKFWOTKCMDW[ MWBCIKV ]IW�NWBMEWF CDKB ]HI CDW GEBSF H] CDW FQWMCINT GDEMDGEVV UW FNQQIWFFW[` ^DEF MKNFWF K BKIIHGEBS H] CDW ]IW�NWBM\O[HNUVW[ FQWMCINTSEYEBS K VHBSWI QNVFW iFWW FWMCEHB �`�`�j` LBHCDWI W�NEYKVWBC GK\ CH [WFMIEUWCDEF EF CDKC CDW SIHNQ YWVHMEC\ H] CDW ]IW�NWBM\O[HNUVW[ QNVFW [E�WIF ]IHT CDKCH] CDW ]NB[KTWBCKV QNVFW KB[ CDNF CDW QHFECEHB GDWIW K ]IW�NWBM\O[HNUVW[ QNVFWEF MIWKCW[ GEVV BHC HYWIVKQ GECD CDW QHFECEHB H] QIWYEHNFV\ SWBWIKCW[ FWMHB[DKITHBEM QNVFWF`
ÞßÞßÞ (*�åä+ëâäéëó
$B[WI CDW KFFNTQCEHB H] FMKVKI gWV[F EB HBW [ETWBFEHBa CDW WVWMCIHTKSBWCEMGKYWOW�NKCEHB TK\ UW FHVYW[ ]HI CDW ]NB[KTWBCKV KB[ FWMHB[ DKITHBEM gWV[FiFWW LQQWB[Ed Lj` ^DEF IWFNVCF EB CGH MHNQVW[ [E�WIWBCEKV W�NKCEHBF ]HI CDW gWV[YKIEKUVWF A′

ω
KB[ A′

2ω
a GDEMD KIW [WgBW[ EB FNMD K GK\ CDKC |Ã′

ω|2 KB[ |Ã′
2ω|2 KIW[EIWMCV\ QIHQHICEHBKV CH CDW EBCWBFEC\ H] CDW ]NB[KTWBCKV KB[ FWMHB[ DKITHBEM

��



gWV[F IWFQWMCEYWV\`
∂Ã′

ω

∂z
= −κÃ′∗

ω Ã′
2ωe−i∆kz i�`��j

∂Ã′
2ω

∂z
= κÃ′2

ω ei∆kz i�`��j
AB CDWFW W�NKCEHBF κ

EF CDW MHNQVEBS MHBFCKBC KB[ ∆k = k2ω − 2kω
[WFMIEUWF CDWQDKFW TEFTKCMD UWCGWWB CDW TH[WF` �WIW CDW FHVNCEHBF CH CDWFW W�NKCEHBF KIWQIWFWBCW[ ]HI FHTW QKICEMNVKI MKFWF EB HI[WI CH SWC K TWKFNIW H] CDW WcMEWBM\H] CDW FWMHB[ DKITHBEM SWBWIKCEHB`

,ts¢u}~|}=}u ws~v= ;}?�
AB CDW MKFW GDWB ∆kz À 1a CDW FECNKCEHB EF ]KI ]IHT QDKFW TKCMDW[` AB CDEFMKFW CDW MHBYWIFEHB WcMEWBM\ EF FH VHG CDKC CDWIW EF BWSVESEUVW [WQVWCEHB H] CDWEBQNC UWKT KC ]IW�NWBM\ ω ` ^DWB Ã′

ω(z) = Ã′
ω(0)

EF MHBFCKBC CDIHNSDHNC CDWGDHVW MI\FCKVa TKJEBS EC QHFFEUVW CH EBCWSIKCW i�`��j KB[ HUCKEB KB WdQIWFFEHB]HI Ã′
2ω(L) KC CDW HNCQNC H] CDW MI\FCKVï

Ã′
2ω(L) =

∫ L

0

κÃ′2
ω (0)ei∆kzdz = κÃ′2

ω (0)

∫ L

0

ei∆kzdz

= i
κÃ′2

ω (0)

∆k

[

1 − ei∆kL
] i�`��j

^DW WcMEWBM\ ]HI FWMHB[ DKITHBEM SWBWIKCEHB η
EF [WgBW[ KF CDW IKCEH UWCGWWBCDW QHGWI H] CDW SWBWIKCW[ FWMHB[ DKITHBEM UWKT KB[ CDW QHGWI H] CDW EBME[WBC]NB[KTWBCKV UWKT`

η(L) =

∣

∣

∣

∣

∣

Ã′
2ω(L)

Ã′
ω(0)

∣

∣

∣

∣

∣

2

= κ2
∣

∣

∣Ã′
ω(0)

∣

∣

∣

2

L2

(

sin(∆kL/2)

∆kL/2

)2 i�`��j
�DWB ∆kz À 1a CDW WcMEWBM\ YKIWF QWIEH[EMKVV\ GECD MI\FCKV VWBSCDa DKYEBSECF gIFC TKdETNT GDWB L = π/∆k a K [EFCKBMW JBHGB KF CDW MHDWIWBMW VWBSCD`^DEF QWIEH[EM CIKBF]WI H] WBWIS\ EF [NW CH CDW ]KMC CDKC CDW ]NB[KTWBCKV KB[CDW FWMHB[ DKITHBEM GKYW THYW GECD [E�WIWBC QDKFW YWVHMECEWFa MKNFEBS CDW]IW�NWBM\ [HNUVW[ VESDC SWBWIKCW[ KC [E�WIWBC QHFECEHBF EB CDW MI\FCKV CH EBCWI]WIW[WFCINMCEYWV\ GECD ECFWV] iFWW FWMCEHB �`�`�j`
AB CDW QDKFW TKCMDW[ MKFW i�`��j EF HBV\ YKVE[ ]HI FTKVV WcMEWBMEWFa FEBMW CDW[WIEYKCEHB H] CDEF WdQIWFFEHB KFFNTWF K BHBO[WQVWCW[ EBQNC UWKT`
-}~|}=}u ws~v= ;}?�
AB CDW MKFW H] QWI]WMC QDKFWOTKCMDEBS ∆k = 0a W�NKCEHBF i�`��j KB[ i�`��jUWMHTWï

∂Ã′
ω

∂z
= −κÃ′∗

ω Ã′
2ω

i�`��j
∂Ã′

2ω

∂z
= κÃ′2

ω

i�`��j
��



ZIHT CDWFW WdQIWFFEHBF EC EF FWWB CDKC E] Ã′
ω(0)

EF CKJWB CH UW K IWKV �NKBCEC\aUHCD Ã′
ω(z) KB[ Ã′

2ω(z)
GEVV UW IWKV �NKBCECEWF ]HI KVV z ` ZIHT CDW �KBVW\OhHGWIWVKCEHB iL`��j HBW MKB CDWB EB]WI CDKC
A′2

ω (z) + A′2
2ω(z) = A′2

ω (0)
i�`��j

KB[ ]IHT i�`��j HBW HUCKEBF K [E�WIWBCEKV W�NKCEHB
∂A′

2ω

∂z
= κ

[

A′2
ω (0) − A′2

2ω(z)
] i�`��j

GECD CDW FHVNCEHB
A′

2ω(z) = A′
ω(0) tanh (A′

ω(0)κz)
i�`��j

ZIHT CDEF WdQIWFFEHBa CDW FWMHB[ DKITHBEM MHBYWIFEHB WcMEWBM\ η MKB UW MKVMNOVKCW[ ]HI K MI\FCKV VWBSCD Lï
η(L) =

∣

∣

∣

∣

A′
2ω(L)

A′
ω(0)

∣

∣

∣

∣

2

= tanh2 (A′
ω(0)κL)

i�`��j
^DEF FDHGF CDKC EC EF KMCNKVV\ QHFFEUVW CH SWC K ]NVV MHBYWIFEHB H] VESDC ]IHT CDW]NB[KTWBCKV ]IW�NWBM\ CH CDW FWMHB[ DKITHBEM` AB THFC QIKMCEMKV MKFWF DHGWYWIaCDWIW KIW HCDWI QIHMWFFWF EBYHVYW[ TKJEBS EC [EcMNVC CH KMDEWYW`
ÞßÞßô áçîèö ëçé.äìêâçé ä+ëâäéëó èéæ íòöêä öäé÷î)
^DW [WQWB[WBMW H] FWMHB[ DKITHBEM SWBWIKCEHB WcMEWBM\ HB EBQNC UWKT EBCWBOFEC\a KF [EFMNFFW[ EB CDW QIWYEHNF FWMCEHBa FNSSWFCF CDKC CDW KTHNBC H] ]IW�NWBM\[HNUVW[ VESDC HUCKEBW[ ]HI K QNVFW H] MHBFCKBC WBWIS\ GEVV UW FCIHBSV\ [WQWB[WBCHB CDW QNVFW VWBSCD` _WC NF MHBFE[WI KB EBME[WBC �KNFFEKB QNVFW H] CDW ]HIT

Iω,i(t) =
Cp

τp
e
−4 ln 2

(

t
τp

)2 i�`��j
GDWIW τp

EF CDW QNVFW VWBSCD KB[ Cp
EF K MHBFCKBC QIHQHICEHBKV CH CDW CHCKV WBWIS\H] CDW QNVFW` ^DW QNVFW WBWIS\ W

EF HUCKEBW[ U\ EBCWSIKCEBS CDW EBCWBFEC\ QIHgVWHYWI CDW WBCEIW QNVFW/ a SEYEBSï
Wω,i =

∫ +∞

−∞
Iω,i(t)dt =

∫ +∞

−∞

Cp

τp
e
−4 ln 2

(

t
τp

)2

dt = Cp

√

π

4 ln 2

i�`��j
LFFNTEBS ]HI FETQVEMEC\ K MHBYWIFEHB MHWcMEWBC η(L)

GDEMD EF EB[WQWB[WBC H]CDW EBFCKBCKBWHNF ]IW�NWBM\a CDW EBCWBFEC\ H] CDW ]IW�NWBM\O[HNUVW[ QNVFW KC CDWHNCQNC H] CDW MI\FCKV EF SEYWB U\
I2ω,o(t) = η(L)Iω,i(t)

i�`��j
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,ts¢u}~|}=}u ?~~>t�w�?=wts
$B[WI CDW BHBO[WQVWCW[ KQQIHdETKCEHBa DHV[EBS ]HI VHG MHBYWIFEHB WcMEWBMEWFaCDW MHBYWIFEHB MHWcMEWBC EF SEYWB U\ i�`��j KB[ EF QIHQHICEHBKV CH CDW EBQNCEBCWBFEC\` ^DW QNVFW WBWIS\ H] CDW ]IW�NWBM\O[HNUVW[ QNVFW EF CDWB

W2ω,o =

∫ +∞

−∞
η(L)Iω,i(t)dt =

2κ2L2

ε0c

∫ +∞

−∞
I2
ω,i(t)dt

=
2κ2L2

ε0c

∫ +∞

−∞

C2
p

τ2
p

e
−8 ln 2

(

t
τp

)2

dt =
2κ2L2C2

p

τpε0c

√

π

8 ln 2

i�`��j
GDWIW QWI]WMC QDKFWOTKCMDEBS DKF UWWB KFFNTW[ i

∆k = 0j` eNUFCECNCEBS Cp]IHT W�NKCEHB i�`��j EBCH W�NKCEHB i�`��j KB[ [EYE[EBS U\ CDW QNVFW WBWIS\ H]CDW EBQNC QNVFW SEYWF K TWKFNIW H] CDW CHCKV MHBYWIFEHB WcMEWBM\ ]HI CDW QNVFWï
ηtot =

W2ω,o

Wω,i
=

2κ2L2Wω,i

τpε0c

√

2 ln 2

π
∝ Wω,i

τp

i�`��j
Ĥ MHBMVN[W CDW IWFNVCF H] CDEF FETQVEgW[ MKVMNVKCEHBa ]HI VHG MHBYWIFEHB WcMEWBOMEWF CDW CHCKV QNVFW MHBYWIFEHB WcMEWBM\ EFa BHC HBV\ QIHQHICEHBKV CH CDW WBWIS\H] CDW EBME[WBC QNVFWa UNC KVFH EBYWIFWV\ QIHQHICEHBKV CH CDW QNVFW VWBSCD`

-}~|}=}u ws~v= ~v|<}
AB CDW [WQVWCW[ MKFWa CDW MHBYWIFEHB WcMEWBM\ η(L)

EF SEYWB U\ WdQIWFFEHB i�`��jKB[ CDW QNVFW WBWIS\ H] CDW ]IW�NWBM\ [HNUVW[ QNVFW EF CDWB
W2ω,o =

∫ +∞

−∞
η(L)Iω,i(t)dt

=

∫ +∞

−∞
Iω,i(t) tanh2



κL

√

2Iω,i(t)

ε0c



 dt
i�`��j

ZIHT CDEF WdQIWFFEHBa EC EF FWWB CDKC EC EF BHC WKF\ CH gB[ K SHH[ KBKV\CEMKVWdQIWFFEHB ]HI CDW CHCKV QNVFW MHBYWIFEHB MHWcMEWBC ηtot = W2ω,o/Wω,i
EB CDW[WQVWCW[ MKFW` ^DEF MKVVF ]HI K BNTWIEMKV KQQIHKMD KB[ EB gSNIW �`� CDW CHOCKV MHBYWIFEHB WcMEWBM\ EF QVHCCW[ ]HI UHCD CDW BHBO[WQVWCW[ KB[ CDW [WQVWCW[MKFWa KF K ]NBMCEHB H] CDW ]NB[KTWBCKV QNVFW WBWIS\ ]HI K MHBFCKBC QNVFW VWBSCD`LF FWWBa CDW BHBO[WQVWCW[ KQQIHdETKCEHB GEVV HBV\ UW YKVE[ ]HI FNcMEWBCV\ VHGMHBYWIFEHB WcMEWBMEWF`

$B[WI CDW KFFNTQCEHB H] K MHBFCKBC QNVFW WBWIS\a gSNIW �`� FDHGF CDW CHCKVMHBYWIFEHB WcMEWBM\ KF K ]NBMCEHB H] QNVFW VWBSCD` ZIHT CDEF gSNIW EC EF FWWBCDKC CDW CHCKV MHBYWIFEHB WcMEWBM\ ]HI K QNVFW EF FCIHBSV\ [WQWB[WBC HB CDW QNVFWVWBSCD` �WBMWa CH TKdETEbW CDW CHCKV e��OWcMEWBM\ EF W�NEYKVWBC CH TEBETEbEBSCDW QNVFW VWBSCD` ^DEF GEVV UW NFW[ EB CDW QIWFWBC FCN[\` AB KSIWWTWBC GECD CDWQIWYEHNF QVHCa gSNIW �`� MVWKIV\ FDHGF CDKC CDW BHBO[WQVWCW[ KQQIHdETKCEHB EFEB SHH[ KSIWWTWBC GECD CDW CINW IWFNVC HBV\ ]HI VHG MHBYWIFEHB WcMEWBMEWF`
��
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^DW QVHCF EB gSNIW �`� KB[ gSNIW �`� GWIW TK[W ]HI K GKYWVWBSCD H] ��� BTaNFEBS CDW WFCETKCW[ QKIKTWCWIF ]HI CDW WdQWIETWBCF QWI]HITW[ EB CDEF GHIJ`^DW MI\FCKV NFW[ GKF K ���
µT CDEMJ ¦K¦

2
P

4
i¦¦Pja GECD KB W�WMCEYW BHBVEBWKIMHWcMEWBC deff = 1.6·10−12 T»� ¸��¹` ^DW IW]IKMCEYW EB[EMWF BWW[W[ CH MKVMNVKCWCDW MHNQVEBS MHBFCKBC GWIW MKVMNVKCW[ NFEBS CDW eWVVTWEWI ]HITNVKF ]HI ¦¦P ¸��¹aKB[ CDW MKVMNVKCW[ YKVNW GKF κ = 4.9 ·10−6 �−1 ` ^DW FQHC FEbW H] CDW VKFWI UWKTEB CDW MI\FCKV GKF WFCETKCW[ CH UW ���

µT2 ` ^DW QVHC EB gSNIW �`� GKF TK[W]HI K QNVFW VWBSCD H] �� ]F` ZESNIW �`� GKF QVHCCW[ ]HI K QNVFW WBWIS\ H] � Bº`

ÊËx yÐÎØÎÔÏÑØÓzÎÏÓÚÛ ÚÜ ×ÐÚØÏ ÙÝÕ×Ñ×
AB FWMCEHB �`� K TKCDWTKCEMKV [WFMIEQCEHB H] FDHIC VKFWI QNVFWF GKF TK[W` �HBOMWQCF VEJW KTQVECN[W KB[ QDKFW GKF EBCIH[NMW[ KB[ [EFMNFFW[ UHCD EB CDW CETWO[HTKEB KB[ EB CDW ]IW�NWBM\O[HTKEB` LB ETQHICKBC EFFNW CDKC EF EBYHVYW[ EBKVTHFC KVV QIKMCEMKV FECNKCEHBFa EF DHG CH TWKFNIW CDWFW �NKBCECEWF` �DWB [WKVEBSGECD NVCIKFDHIC VKFWI QNVFWF GECD K CETW [NIKCEHB EB CDW HI[WI H] ]WTCHFWMHB[FaEC EF HUYEHNF CDKC CIK[ECEHBKV WVWMCIHBEM W�NEQTWBC GEVV BHC UW K[W�NKCW [NW CHCDW VHBS IWFQHBFW CETW H] WVWMCIHBEMF { ` �WKFNIWTWBCF H] CDW FQWMCIKV KTQVECN[WH] FDHIC QNVFWF QHFW BH K[[ECEHBKV QIHUVWTF KF MHTQKIW[ CH MHBCEBNHNF VESDCaKB[ KB HI[EBKI\ FQWMCIHTWCWI TK\ UW NFW[`
�HFC TWCDH[F NFW[ CH[K\ ]HI CETW MDKIKMCWIEbKCEHB H] NVCIKFDHIC VKFWI QNVFWFaNFWF K IW]WIWBMW QNVFW KF K QIHUW ]HI [HEBS CDW TWKFNIWTWBC` �HGWYWIa CHMHIIWMCV\ IWFHVYW CDW CETW UWDKYEHNI H] K VKFWI QNVFWa CDW IW]WIWBMW QNVFW BWW[FCH UW FDHICWI CDKB CDW TWKFNIW[ QNVFWa GDEMD EF K QIHUVWT FEBMW CDW TWKFNIW[QNVFW EF H]CWB CDW FDHICWFC QNVFW KYKEVKUVW` A] DHGWYWI K FDHICWI IW]WIWBMW QNVFWEF KYKEVKUVWa EB CNIB ECF CETW UWDKYEHNI BWW[F CH UW GWVV JBHGBa KB[ GW KIW UKMJGDWIW GW FCKICW[` ^DW FHVNCEHB CH CDEF EF CH NFW CDW QNVFW ECFWV] KF CDW IW]WIWBMW`AB CDEF GK\ KC VWKFC FHTW QIHQWICEWF H] CDW CETW QIHgVW TK\ UW WdCIKMCW[` A] FNMDK TWKFNIWTWBC EF MHTUEBW[ GECD ]HI WdKTQVW FQWMCIKV [KCKa CDW QNVFW FDKQW MKBUW ]NVV\ MDKIKMCWIEbW[`
Þßôßà |òîçëçììäöèîçìê
LF CDW BKTW ETQVEWFa KB EBCWBFEC\ KNCHMHIIWVKCHI EF NFW[ CH IWMHI[ CDW EBCWBFEC\KNCHMHIIWVKCEHB FESBKV [WgBW[ KF

A(τ) =

∫ +∞

−∞
I(t)I(t − τ)dt

i�`��j
GDWIW I(t)

EF CDW CWTQHIKV EBCWBFEC\ H] CDW QNVFW` ^DEF FESBKVa GDEMD EF KVGK\FF\TTWCIEM KB[ CDNF MHBCKEBF YWI\ VECCVW EB]HITKCEHB H] CDW QNVFW FDKQWa MKB UWNFW[ CH TWKFNIW CDW [NIKCEHB H] KB NVCIKFDHIC VKFWI QNVFWa NB[WI CDW KFFNTQCEHB
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I n p u t  p u l s e

ZESNIW �`�ï �NVCEOFDHC KNCHMHIIWVKCHI` ^DW EBQNC QNVFW EF FQVEC KC CDW UWKTFQVECOCWI ¦e KB[ HBW QKIC EF IW¾WMCW[ KC TEIIHI �� GDEVW CDW HCDWI QKIC EF IW¾WMCW[ KCCDW IHH]OCHQ TEIIHI ��a GDEMD EF QVKMW[ HB K CIKBFVKCEHB FCKSW` ¦HCD QKICF KIWCDWB ]HMNFW[ U\ CDW TEIIHI �� KB[ MIHFFW[ EB CDW MI\FCKV �` ^DW KNCHMHIIWVKCEHBFESBKV EF IWMHI[W[ U\ CDW QDHCHTNVCEQVEMKCHI X`

H] K JBHGB QNVFW FDKQW` �HIW QIWMEFWV\a CDW Z��� H] CDW KNCHMHIIWVKCEHB FESBKV
τac

KB[ CDW QNVFW VWBSCD τp
KIW IWVKCW[ U\

τac = aτp
i�`��j

GDWIW CDW MHBFCKBC a [WQWB[F HB CDW QNVFW FDKQW` ZHI K �KNFFEKB QNVFW CDWMHBFCKBC EF
a = 1.414

GDEVW ]HI K D\QWIQHVEM FWMKBC QNVFW FDKQWa CDW MHBFCKBC EF
a = 1.543 ¸�¹` $FEBS CDW IWVKCEHB �`�� KB[ KFFNTEBS K FQWMEgM QNVFW FDKQWa CDWQNVFW VWBSCD H] KB NVCIKFDHIC VKFWI QNVFW MKB WKFEV\ UW IWCIEWYW[ ]IHT KB KNCHMHIOIWVKCEHB CIKMW` ^DW QNVFW VWBSCD EF KB ETQHICKBC QKIKTWCWI KB[a GDWB GHIJEBSGECD KB WdQWIETWBCa H]CWB CDW gIFC CDEBS CDKC BWW[F CH UW TWKFNIW[` ZNICDWIOTHIWa CDW KNCHMHIIWVKCEHB EF K IKCDWI ]KFC KB[ MHTQKIEBSV\ FETQVW TWKFNIWTWBCCH MKII\ HNCa KB[ [NW CH CDEF EC EF GE[WV\ NFW[ EB QIKMCEMW`
AB gSNIW �`� K QHFFEUVW [WFESB H] K TNVCEOFDHC KNCHIIWVKCHI EF FDHGB` ^DW EBMHTOEBS VKFWI QNVFW EF FQVEC NFEBS K UWKTFQVECCWIa KB[ CDW CGH IWQVEMKF H] CDW QNVFWCKJWF [E�WIWBC QKCDF UW]HIW CDW\ KIW UHCD ]HMNFW[ KB[ MIHFFW[ EB K MI\FCKV` XNWCH CDW ]HMNFEBSa CDW EBCWBFEC\ EB CDW MI\FCKV EF DESDa KVVHGEBS ]HI FNTO]IW�NWBM\SWBWIKCEHB� CH HMMNI UWCGWWB CDW CGH QNVFWF` XNW CH CDW QDKFWOTKCMDEBS MHB[EOCEHB ]HI CDW MIHFFW[ UWKTFa CDW FNTO]IW�NWBM\ FESBKV EF SWBWIKCW[ KC CDW UEFWMCHIH] CDW CGH UWKTFa KB[ TK\ CDWB UW [WCWMCW[ U\ K QDHCHTNVCEQVEWI` AB CDEF GK\CDW YKVNW H] CDW HYWIVKQ EBCWSIKV i�`��j TK\ UW TWKFNIW[ KB[ U\ CIKBFVKCEBS CDWIHH]OCHQ TEIIHI ��a CDW CETW [WVK\ τ

UWCGWWB CDW QNVFWF TK\ UW FMKBBW[ GDEVWCDW KNCHMHIIWVKCEHB FESBKV EF IWMHI[W[`
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ZESNIW �`�ï RKIKVVWV SIKCEBS MHTQIWFFHI` ^DW EBME[WBC UWKT KC A
EF [EFQWIFW[U\ CDW SIKCEBS G1` L]CWI IW¾WMCEHB KC SIKCEBS G2a CDW [E�WIWBC ]IW�NWBM\ MHTOQHBWBCF KIW QKIKVVWV UNC FQKCEKVV\ FQIWK[ KB[ CDW MHTQHBWBC H] ]IW�NWBM\ ω2DKF CIKYWVVW[ K FDHICWI [EFCKBMW CDKB CDW MHTQHBWBC GECD ]IW�NWBM\ ω1

GDWBIW¾WMCW[ KC CDW TEIIHI M `

w 1 ,  w 2
w 2

w 1

P 1

P 2

M

ZESNIW �`�ï RIEFT MHTQIWFFHI` ^DW KBSNVKI [EFQWIFEHB H] QIEFT P1 MKNFWF CDW[E�WIWBC ]IW�NWBM\ MHTQHBWBCF H] CDW UWKT CH QKFF CDIHNSD [E�WIWBC KTHNBCH] TKCWIEKV EB QIEFT P2`

%{} �>?=ws� @t�~>}<<t>
L MHTTHB KQQIHKMD EF CH TKJW NFW H] CDW KBSNVKI [EFQWIFEHB H] SIKCEBSFa KIOIKBSEBS CDWT EB FNMD K GK\ CDKC VHG ]IW�NWBM\ MHTQHBWBCF H] K QNVFW GEVV UW[WVK\W[ THIW CDKB DESD ]IW�NWBM\ HBWF` AB gSNIW �`� KB KIIKBSWTWBC H] CGHQKIKVVWV SIKCEBSF EF [WQEMCW[`
_WC NF MHBFE[WI CDW CGH ]IW�NWBM\ MHTQHBWBCF ω1

KB[ ω2
H] CDW EBME[WBC UWKTaGECD

ω1 < ω2
` XNW CH CDW KBSNVKI [EFQWIFEHB H] CDW gIFC SIKCEBSa CDW DESD]IW�NWBM\ MHTQHBWBC ω2

CIKYWVF K FDHICWI HQCEMKV QKCD AB′C ′B′A
CDKB CDW VHG]IW�NWBM\ MHTQHBWBC ω1

i
ABCBAj` AB CDEF GK\ CDW SIKCEBS QKEI EBCIH[NMWF KBWSKCEYW �XXa MHTQWBFKCEBS ]HI K QHFECEYW FWMHB[ HI[WI QDKFW`

%{} ~>w<� @t�~>}<<t>
¦\ NFEBS K QKEI H] QIEFTFa KIIKBSW[ KF EB gSNIW �`�a K BWSKCEYW �XX TK\UW KMDEWYW[` AB CDEF MKFW EC EF CDW KBSNVKI [EFQWIFEHB H] CDW gIFC QIEFT i

P1jCDKC EF NFW[ CH FWQKIKCW CDW ]IW�NWBM\ MHTQHBWBCF H] CDW UWKT` XWQWB[EBS HB
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ZESNIW �`�ï úWIH [EFQWIFEHBOVEBW NFW[ ]HI QNVFW FDKQEBS EB CDW ZHNIEWI QVKBW`

]IW�NWBM\a CDW MHTQHBWBCF GEVV CDWB QKFF CDIHNSD [E�WIWBC KTHNBCF H] TKCWIEKVEB CDW FWMHB[ QIEFT i
P2j` �HIW QIWMEFWV\a CDW VHG ]IW�NWBM\ MHTQHBWBCF GEVVWdQWIEWBMW VWFF [WYEKCEHB U\ CDW gIFC QIEFTa CDNF QKFFEBS CDIHNSD K VKISWI KTHNBCH] TKCWIEKV KC CDW FWMHB[ QIEFTa UWEBS [WVK\W[ IWVKCEYW CH CDW DESD ]IW�NWBM\MHTQHBWBCF` ¦\ K[½NFCEBS CDW [EFCKBMW UWCGWWB CDW QIEFTFa EC EF QHFFEUVW CHMHBCIHV CDW KTHNBC H] BWSKCEYW �XX EBCIH[NMW[ U\ CDW MHTQIWFFHI KB[ U\CIKBFVKCEBS CDW gIFC QIEFT KVHBS CDW BHITKV CH ECF UKFW QVKBWa EC EF QHFFEUVWCH MHBCIHV CDW KTHNBC H] TKCWIEKV CDKC KVV ]IW�NWBM\ MHTQHBWBCF SH CDIHNSDaTKJEBS EC WKF\ CH [H gBW K[½NFCTWBCF CH CDW KQQVEW[ MHTQIWFFEHB`

Þß�ßÞ ûçããçé íòöêä ê)èíâé÷ îäë)éâñòäê
LF FWWB ]IHT FWMCEHB �`�a K VKFWI QNVFW MKB UW ]NVV\ MDKIKMCWIEbW[ U\ ECF MHTOQVWd FQWMCIKV KTQVECN[W` L QNVFW MKB CDWB UW üFDKQW[ü U\ TKBEQNVKCEBS UHCDECF FQWMCIKV KTQVECN[W KB[ CDW QDKFW` L MHTTHB KB[ FCIKESDC]HIGKI[ GK\ CHKMDEWYW CDEFa EF CH FQKCEKVV\ FQIWK[ CDW ]IW�NWBM\ MHTQHBWBCF H] CDW VKFWI QNVFWaKB[ CDWB NFW gVCWIF CH MHBCIHV CDW KTQVECN[W KB[ QDKFW ]HI [E�WIWBC FQWMCIKVIWSEHBF`
^DW UKFEM KQQKIKCNF NFW[ ]HI CDEF C\QW H] QNVFW FDKQEBS EF IW]WIIW[ CH KF K übWIH[EFQWIFEHB QNVFW MHTQIWFFHIüHI K übWIH [EFQWIFEHBOVEBWü KB[ EF [WQEMCW[ EB gSNIW�`�` AB K bWIH [EFQWIFEHBOVEBW CDW ]IW�NWBM\ MHTQHBWBCF EB CDW EBQNC UWKT KIWKBSNVKIV\ [EFQWIFW[ U\ CDW gIFC SIKCEBSa KB[ CDWB MHVVETKCW[ U\ CDW gIFC VWBF`�HTQHBWBCF GECD [E�WIWBC ]IW�NWBMEWF KIW EB CDEF GK\ ]HMNFW[ KC [E�WIWBC QHEBCFEB CDW UKMJ ]HMKVOQVKBW H] CDW VWBF` ^DW W�WMC H] CDW VWBF EF CH CIKBF]HIT CDWKBSNVKI [EFQWIFEHB H] ]IW�NWBMEWF EBCH FQKCEKV FWQKIKCEHB KC CDW ]HMKV QVKBWa CDNFQWI]HITEBS K ZHNIEWI CIKBF]HIT iCDW ]HMKV QVKBW EF KVFH MKVVW[ CDW ZHNIEWI QVKBWj`^DW FWMHB[ VWBF CDWB QWI]HITF CDW EBYWIFW CIKBF]HIT UKMJ CH KBSNVKIV\ [EQWIFW[]IW�NWBMEWF KB[ CDWB CDW VKFC SIKCEBS MHVVETKCWF CDW UWKT KSKEB`
¦\ EBFWICEBS K gVCWI EB CDW ZHNIEWI QVKBWa CDW [E�WIWBC ]IW�NWBM\ MHTQHBWBCFTK\ UW KIUECIKIEV\ TH[NVKCW[ EB KTQVECN[W HI QDKFW` A] BH gVCWI EF NFW[a KGWVVOKVESBW[ bWIH [EFQWIFEHBOVEBW FDHNV[ DKYW BH W�WMC HB CDW QNVFW KC KVV`
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$FEBS CDEF C\QW H] FWCNQa K YKIEWC\ H] gVCWIF TESDC UW NFW[a UHCD gdW[ KB[QIHSIKTTKUVW` AB CDW VKCCWI MKFWa CDW QNVFW FDKQEBS EF FKE[ CH UW K[KQCEYW` ^DWgVCWIF TESDC UW QDKFWOHBV\a K�WMCEBS HBV\ CDW QDKFW H] CDW FQWMCIKV MHTQHBWBCFaHI KTQVECN[WOHBV\a MDKBSEBS CDW FDKQW H] CDW FQWMCIKV KTQVECN[W` AC EF KVFHQHFFEUVW CH NFW gVCWIF GDEMD TH[E]\ UHCD CDW KTQVECN[W KB[ CDW QDKFW H] CDWFQWMCIKV MHTQHBWBCF`
�DWB K[KQCEYW QNVFW FDKQEBS EF IW�NEIW[a QIHSIKTTKUVW TKFJF DKYW CH UW NFW[`PBW MHTTHB C\QW H] QIHSIKTTKUVW TKFJ EF CDW _E�NE[ �I\FCKV eQKCEKV _ESDC�H[NVKCHI i_� e_�ja NFEBS WVWMCIHBEMKVV\ K[[IWFFW[ VE�NE[ MI\FCKV [EFQVK\F`�H[NVKCHIF H] CDEF JEB[ DKYW CDW [EFK[YKBCKSW H] K gBECW IWFHVNCEHB [WQWB[EBSHB CDW FEbW H] CDW FTKVVWFC QIHSIKTTKUVW QHEBC H] CDW TKFJ` LBHCDWI KQQIHKMDEF CH NFW KB LMHNFCHOPQCEM �H[NVKCHI iLP�ja HQWIKCW[ EB CDW ¦IKSSOIWSETW¸��¹a SEYEBS K VHGWI CIKBFTEFFEHB [NW CH CDW KMHNFCEM [E�IKMCEHB WcMEWBM\a UNCH�WIEBS CH[K\ K ]KMCHI H] � UWCCWI IWFHVNCEHB CDKB CDW _� e_� ¸��¹`
Þß�ßô á)ä ýèþþöäì
^DW XKbbVWIÿ EF K QNVFW FDKQEBS [WYEMW QIHQHFW[ KB[ [WFESBW[ U\ R` ĤNIBHEF¸�¹` AC EF KB LMHNFCHOPQCEM RIHSKTTKUVW XEFQWIFEYW ZEVCWI iLPRXZj UKFW[ HBMHVVEBWKI� KMHNFCHOHQCEM EBCWIKMCEHB EB K MI\FCKV H] RKIKCWVVNIECW î WP

2
j` RKIKCWVOVNIECW EF K QHFECEYW NBEKdEKV MI\FCKVa KB[ KF FNMDa EC MKB UW [WFMIEUW[ U\ CGHEB[EMWF H] IW]IKMCEHBa KB HI[EBKI\ no

KB[ KB WdCIKHI[EBKI\ ne
a MHIIWFQHB[EBS CHCGH [E�WIWBC FCKCWF H] QHVKIEbKCEHB` ^DW [EWVWMCIEM CWBFHI ]HI K NBEKdEKV MI\FCKVTK\ UW GIECCWB KFï
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ZHI K QHFECEYW MI\FCKV CDW WdCIKHI[EBKI\ EB[Wd EF VKISWI CDKB CDW HI[EBKI\ HBWGDEVW ]HI K BWSKCEYW MI\FCKV ne < no

`
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LMHNFCEM GKYWF KIW QIWFFNIW GKYWFa QIHQKSKCEBS CDIHNSD K TW[ENT KC CDW FQWW[H] FHNB[a SWBWIKVV\ TNMD FVHGWI CDWB CDW FQWW[ H] VESDC` ^DEF TKJWF EC QHFFEUVWCH FCN[\ CDW EBCWIKMCEHB H] VESDC GECD KMHNFCEM GKYWF NB[WI CDW KFFNTQCEHB CDKCCDW KMHNFCEM GKYW EF FCKCEHBKI\ HI ü]IHbWBü [NIEBS CDW FDHIC EBCWIKMCEHB CETW`LF K QIWFFNIW GKYWa KB KMHNFCEM GKYW EBCIH[NMWF FCIKEB EBCH K TW[ENTa KB[ KFK IWFNVC H] CDW QDHCHWVKFCEM W�WMC ¸��¹ CDW IW]IKMCEYW EB[Wd GEVV MDKBSW GECD CDWKTHNBC H] FCIKEB EBCIH[NMW[` L MHTTHB KQQIHKMD EF CH IWSKI[ CDEF MDKBSW EBIW]IKMCEYW EB[Wd KF K QWICNIUKCEHB CH CDW [EWVWMCIEM CWBFHI i�`��j` AB K TW[ENTGDWIW KB KMHNFCEM GKYW EF QIHQKSKCEBS EB CDW zO[EIWMCEHB CDW [EWVWMCIEM CWBFHI
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q a

ZESNIW �`�ï LB KMHNFCEM GKYW VKNBMDW[ EB K RKIKCWVVNIECW MI\FCKV GECD ECFGKYWYWMCHI
K

[EIWMCW[ KC KB KBSVW θa
]IHT CDW QIEBMEQKV xOKdEF GEVV DKYW ECF[EIWMCEHB H] WBWIS\ CIKBF]WI EB KB KBSVW βa

]IHT CDW xOKdEF`

TK\ UW GIECCWB KF
ε(z) = ε + ∆ε(z)

i�`��j
GDWIW ε

EF CDW NBQWICNIUW[ [EWVWMCIEM CWBFHI EB �`�� KB[ ∆ε(z)
EF CDW QWICNIUKCEHBMKNFW[ U\ CDW KMHNFCEM GKYWa DKYEBS H�O[EKSHBKV WVWTWBCF`

LF TWBCEHBW[ KUHYWa CDWIW KIW CGH QHFFEUVW TH[WF H] QIHQKSKCEHB EB K NBEdEKVMI\FCKVa KB[ VESDC QIHQKSKCEBS KF KB HI[EBKI\ HI WdCIKHI[EBKI\ GKYW GEVV FCK\EB ECF FCKCW [NIEBS QIHQKSKCEHB` ^DW W�WMC H] CDW QWICNUKCEHB ∆ε(z)
EF CDKC ECMHNQVWF CDWFW TH[WF H] QIHQKSKCEHBa FH CDKC WBWIS\ MKB UW CIKBF]WIIW[ UWCGWWBCDW CGH TH[WF U\ EBCWIKMCEHB GECD CDW KMHNFCEM GKYW ¸��¹` ^DEF CIKBF]WI GEVVHBV\ HMMNI EB CDW MKFW H] QDKFW TKCMDEBS UWCGWWB CDW HQCEMKV TH[WF KB[ CDWKMHNFCEM GKYWa K MHB[ECEHB CDKC TK\ UW GIECCWB KF

ke = ko ± K
i�`��j

GDWIW
ko

KB[
ke

KIW CDW GKYWYWMCHIF H] CDW HI[EBKI\ KB[ WdCIKHI[EBKI\ TH[WFaKB[
K

EF CDW KMHNFCEM GKYWYWMCHI GECD TKSBECN[W K = 2πf/V
GDWIW f

EF CDWKMHNFCEM ]IW�NWBM\ KB[ V
EF CDW FQWW[ H] FHNB[ EB CDW TKCWIEKV`

A] KB KMHNFCEM GKYW EF VKNBMDW[ EB K QKIKCWVVNIECW MI\FCKVa GECD ECF GKYWYWMCHI
K[EIWMCW[ EB KB KBSVW θa

]IHT CDW QIEBMEQKV xOKdEFa CDW KMCNKV [EIWMCEHB H] WBWIS\CIKBF]WI EF [E�WIWBC ]IHT CDW [EIWMCEHB H] CDW
KOYWMCHI KB[ KC KB KBSVW βa

]IHTCDW QIEBMEQKV xOKdEF iFWW gSNIW �`�j` ^DEF EF [NW CH CDW FCIHBS KBEFHCIHQ\ H] CDWMI\FCKVa MKNFEBS CDW KMHNFCEM QDKFW YWVHMECEWF Vx
KB[ Vz

KVHBS CDW x KB[ zOKdEFCH [E�WI`
^DW EBME[WBC HI[EBKI\ IK\ EF [EIWMCW[ KC KB KBSVW θo = βa

]IHT CDW QIEBMEQKV
xOKdEF` ^DEF MDHEMW EF TK[W EB HI[WI CH TKdETEbW CDW EBCWIKMCEHB VWBSCD GECD CDWKMHNFCEM GKYW KB[ CDNF TEBETEbW CDW KMHNFCEM QHGWI BWW[W[` �HNQVEBS UWCGWWB
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789:;< =>?V@ ÛGBK<RTBCIG8E9 8E B ÛB;BC<HH:;8C< I;MKCBH Â<CN<<E BE D;Q8EB;M NBJ<
ko

BEQ BE <SC;BD;Q8EB;M NBJ<
ke

N8CG BE BID:KC8I NBJ<
K

>

CG< D;Q8EB;M BEQ <SC;BD;Q8EB;M NBJ<K BEQ CG< BID:KC8I NBJ< 8K BIG8<J<Q NG<ECG< OGBK<RTBCIG8E9 IDEQ8C8DE Ý=>UÀÞ 8K F:HÚHH<Q BEQ 8E Ú9:;< =>?V CG8K K8C:BC8DE8K Q<O8IC<Q>
7;DT Ý=>UÀÞÃ :K8E9 CG< FBIC CGBC CG< DOC8IBH BE8KDC;DOM ∆n = ne−no

8K 9<E<;BHHM
KTBHH IDTOB;<Q CD n0

Ã BE <SO;<KK8DE FD; CG< ;BC8D α Â<CN<<E CG< IDO:H<Q BID:KC8I
BEQ DOC8IBH F;<Ù:<EI8<K IBE Â< DÂCB8E<Q ÝK<< ó?ÀõÞ>

α =
f

ν
= ∆n

V (θa)

c

cos2 θ0

cos(θ0 − θa)
Ý=>U
Þ

NG<;< V (θa)
8K CG< BID:KC8I OGBK< J<HDI8CM BHDE9 CG< Q8;<IC8DE θa

>
7D; CG< Q<J8I< :K<Q 8E CG8K CG<K8KÃ CG< I;MKCBH 8K I:C KD CGBC CG< BE9H< DF CG<
BID:KC8I NBJ<J<ICD; 8K θa = 8◦ > 7D; TBS8T8ò<Q 8EC<;BIC8DE H<E9CGÃ CG< 8EI8Q<EI<
BE9H< DF CG< D;Q8EB;M NBJ< 8K θo = 58.5◦ BEQ FD; B NBJ<H<E9CG DF �VV ET α =
1.42·10−7 > ÆE D;Q<; CD C;BEKF<; H89GC BC CG< NBJ<H<E9CG �VV ETÃ ID;;<KODEQ8E9 CD
B F;<Ù:<EIM DF ÷�À P�òÃ CG< BID:KC8I NBJ< T:KC GBJ< B F;<Ù:<EIM DF À÷>= ö�òÃ
<BK8HM DÂCB8EBÂH< N8CG CDQBMK �7 9<E<;BCD;K> 7:;CG<;TD;<Ã Q:< CD CG< Q8KO<;K8DE
DF CG< ÛB;BC<HH:;8C< I;MKCBHÃ CG< DOC8IBH BE8KDC;DOM ∆n BEQ G<EI< CG< ;BC8D α

8K
NBJ<H<E9CGRQ<O<EQ<EC>

��������� ��� ����� � ��! �  " �� !� ������
PG8K K<IC8DE N8HH Q<KI;8Â< 8E B OG<EDT<EDHD98IBH NBM GDN BE BID:KC8I NBJ< IBE
Â< :K<Q CD 8EC;DQ:I< B H8E<B; IG8;O CD B HBK<; O:HK<> 7D; <BIG F;<Ù:<EIM IDTRODE<EC 8E BE 8EI8Q<EC D;Q8EB;M HBK<; O:HK<Ã 8C 8K ODKK8ÂH< CD ÚEQ BE BID:KC8I
F;<Ù:<EIM CGBC F:HÚHHK CG< OGBK<RTBCIG8E9 I;8C<;8DEÃ C;BEKF<;8E9 OB;C DF CG< F;<RÙ:<EIM IDTODE<EC 8ECD BE <SC;BD;Q8EB;M TDQ< DF O;DOB9BC8DE> ÆE CG< ÜBòòH<;Ã
ÂDCG CG< BID:KC8I NBJ< BEQ CG< HBK<; O:HK< O;DOB9BC< CD9<CG<; CG;D:9G CG< H<E9CG
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H] CDW MI\FCKV L` ^DW KMHNFCEM GKYW EF QIH[NMW[ NFEBS K CIKBF[NMWI WdMECW[ U\KB hZ SWBWIKCHI` eEBMW CDW KMHNFCEM GKYW QIHQKSKCWF CDIHNSD CDW MI\FCKV GECDCDW YWVHMEC\ V (θa)a ECF CWTQHIKV QIHgVW EF IWQIH[NMW[ FQKCEKVV\ EB CDW MI\FCKV ]HIK SEYWB THTWBC H] CETW` XNW CH CDW FDHIC [NIKCEHB H] CDW VKFWI QNVFWa KB[ CH CDW]KMC CDKC CDW FQWW[ H] VESDC ]KI WdMWW[F CDW FQWW[ H] CDW KMHNFCEM GKYWa CDW VKFWIQNVFW MKB UW KFFNTW[ CH WBMHNBCWI K gdW[ [EWVWMCIEM SIKCEBS NQHB WBCWIEBS CDWMI\FCKV` _HMKVV\ CDEF [EWVWMCIEM SIKCEBS DKF HBV\ HBW FQKCEKV ]IW�NWBM\a IWVKCW[ CHCDW MHIIWFQHB[EBS CWTQHIKV ]IW�NWBM\ H] CDW KMHNFCEM GKYWa KB[ DWBMW HBV\ HBW]IW�NWBM\ MHTQHBWBC H] CDW EBME[WBC VKFWI QNVFW GEVV UW QDKFWOTKCMDW[ KC K MWIOCKEB QHFECEHB EB CDW MI\FCKV KB[ MHNQVW[ CH CDW WdCIKHI[EBKI\ TH[W` XWQWB[EBSHB CDW CETW UWDKYEHNI H] CDW KMHNFCEM FESBKVa EC EF CDWB QHFFEUVW CH CIKBF]WI [E]O]WIWBC ]IW�NWBM\ MHTQHBWBCF H] CDW EBME[WBC QNVFW EBCH CDW WdCIKHI[EBKI\ TH[WKC [E�WIWBC QHFECEHBF EB CDW MI\FCKV`
L]CWI CDW MI\FCKVa CDW WdCIKHI[EBKI\ TH[W MHBCKEBF KVV CDW ]IW�NWBMEWF CDKC DKYWUWWB QDKFWOTKCMDW[ KC [E�WIWBC QHFECEHBF EB CDW MI\FCKV` XWQWB[EBS HB CDWKTQVECN[W H] CDW KMHNFCEM GKYW ]HI [E�WIWBC ]IW�NWBMEWFa CDW MHNQVEBS WcMEWBM\TK\ UW MHBCIHVVW[ EB[EYE[NKVV\ ]HI WKMD ]IW�NWBM\ MHTQHBWBCa TKJEBS EC QHFFEUVWCH [EIWMCV\ TH[E]\ CDW FQWMCIKV KTQVECN[W H] CDW VKFWI QNVFW`
eEBMW QKIKCWVVNIECW EF KB KBEFHCIHQEM MI\FCKVa K ]IW�NWBM\ MHTQHBWBC GEVV WdQWIEOWBMW [E�WIWBC EB[EMWF H] IW]IKMCEHB GDWB CIKYWVVEBS EB CDW [E�WIWBC TH[WF` �WBMWE] CDW MHNQVEBS CKJWF QVKMW KC K MHHI[EBKCW x KVHBS CDW MI\FCKV ix UWEBS bWIH KCCDW ]IHBC ]KMWja CDW QDKFW FDE]C H] CDW MHTQHBWBC [NW CH QIHQKSKCEHB CDIHNSDCDW GDHVW VWBSCD L H] CDW MI\FCKV EF

∆ϕ(x) = −kox − ke(L − x) = −keL +
δn

c
ωx

i�`��j
GDWIW ko

KB[ ke
KIW CDW QIHQKSKCEHB MHBFCKBCF ]HI CDW HI[EBKI\ KB[ WdCIKHI[EOBKI\ GKYWF KB[ δn
EF CDW [E�WIWBMW EB IW]IKMCEYW EB[Wd UWCGWWB CDW WdCIKHI[EBKI\KB[ CDW HI[EBKI\ GKYW EB CDW [EIWMCEHB H] QIHQKSKCEHB` ^DW gIFC CWIT IWQIWFWBCFCDW BHITKV W�WMC HB CDW QDKFW KB[ [HWF BHC [WQWB[ HB GDWIW EB CDW MI\FCKV CDWMHNQVEBS CKJWF QVKMW` ^DW FWMHB[ CWIT [WFMIEUWF CDW QDKFW CDKC EF MHBCIHVVW[U\ CDW KMHNFCEM GKYW` �HBFE[WI ]HI WdKTQVW KB KMHNFCEM FESBKV GECD K BWSKCEYWVEBWKI MDEIQa CDKC EF GECD K VEBWKIV\ [WMIWKFEBS EBFCKBCKBWHNF ]IW�NWBM\` ABFE[WCDW MI\FCKVa CDEF FESBKV IWQIH[NMWF ECFWV] FQKCEKVV\ GECD K QHFECEYW VEBWKI MDEIQ iKFFWWB GDWB CIKYWVVEBS EB CDW [EIWMCEHB H] CDW VKFWI QNVFWj` �HIW FQWMEgMKVV\ CDWVHG ]IW�NWBM\ MHTQHBWBCF KIW KC CDW UWSEBBEBS H] CDW MI\FCKV KB[ CDW DESD ]IWO�NWBM\ MHTQHBWBCF KC CDW WB[` _HGWI HQCEMKV ]IW�NWBM\ MHTQHBWBCF GEVV CDNFUW MHNQVW[ WKIVEWI EB CDW MI\FCKV CDKB DESDWI ]IW�NWBM\ HBWF` �WSVWMCEBS [EFQWIOFEHBa KFFNTEBS CDKC α KB[ δn KIW ]IW�NWBM\OEB[WQWB[WBCa x

EB W�NKCEHB i�`��jUWMHTWF QIHQHICEHBKV CH ω ` ^DNF CDW FWMHB[ CWIT EB CDW EBCIH[NMW[ QDKFW FDE]CEF KQQIHdETKCWV\ �NK[IKCEM EB ]IW�NWBM\a TWKBEBS CDKC K BWSKCEYW VEBWKI MDEIQ EFEBCIH[NMW[ CH CDW QNVFW iFWW FWMCEHB �`�`�j`
LB EVVNFCIKCEHB CH CDEF FECNKCEHB EF [WQEMCW[ EB gSNIW �`�� GDWIW KB EBME[WBCQNVFW GECD KB EBECEKV QHFECEYW MDEIQ EF MHTQIWFFW[ CDIHNSD CDW KQQVEMKCEHB H] KBKMHNFCEM GKYW GECD K BWSKCEYW VEBWKI MDEIQ`
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ZESNIW �`��ï �HTQIWFFEHB H] K QNVFW GECD QHFECEYW MDEIQ NFEBS KB KMHNFCEM GKYWGECD BWSKCEYW MDEIQ` ^DW IW[ MHTQHBWBCF H] CDW QNVFW SWCF MHNQVW[ WKIVEWI EBCDW MI\FCKV CDKB CDW UVNW HBWFa CDNF CIKYWVVEBS K VHBSWI [EFCKBMW WdQWIEWBMEBS CDWDESDWI WdCIKHI[EBKI\ IW]IKMCEYW EB[Wd` AB CDEF GK\ CDW VHG ]IW�NWBM\ MHTQHBWBCFKIW [WVK\W[ IWVKCEYW CH CDW DESD ]IW�NWBM\ MHTQHBWBCFa MKNFEBS K MHTQIWFFEHBH] CDW QNVFW`

%{}t>}=w@?| >}<v|= £t> ={} -?##|}>
L THIW CDHNIHNSD EBYWFCESKCEHB FDHGF CDKC ¸�¹ CDW HNCQNC HQCEMKV QNVFW EF QIHOQHICEHBKV CH CDW MHBYHVNCEHB UWCGWWB CDW EBQNC QNVFW KB[ CDW FMKVW[ KMHNFCEMFESBKV

Eout(t) ∝ Ein(t) ⊗ S(t/α)
i�`��j

GDWIW S
EF QIHQHICEHBKV CH CDW WVWMCIEM FESBKV [IEYEBS CDW QEWbHWVWMCIEM CIKBF[NMWINFW[ CH WdMECW CDW KMHNFCEM GKYW EB CDW MI\FCKV KB[ α

EF CDW IKCEH UWCGWWB CDWKMHNFCEM KB[ HQCEMKV ]IW�NWBM\ KF [WgBW[ EB i�`��j` AB CDW ]IW�NWBM\O[HTKEBi�`��j UWMHTWF
Eout(ω) ∝ Ein(ω)S(αω)

i�`��j
�>tv~ u}|?� @t�~}s<?=wts
LF FWWB KUHYW CDW XKbbVWI MKB KQQV\ K BWSKCEYW �XX HB K VKFWI QNVFW` ^DWTKdETNT KQQVEMKUVW �XX EF [WQWB[WBC HB CDW MI\FCKV VWBSCD KB[ CDW KMCNKVUKB[GE[CD H] CDW QNVFW` ^DW VKISWI CDW UKB[GE[CD H] CDW QNVFWa CDW VHBSWI MI\FCKVEF BWW[W[ CH EBCIH[NMW K gdW[ KTHNBC H] �XX` LB ETQHICKBC EFFNW EF CDKC CDWMI\FCKV ECFWV] EBCIH[NMWF K QHFECEYW �XX H] KIHNB[ 12500 ]F2 ` A] CDEF EF CH UWMHTQWBFKCW[ U\ CDW XKbbVWI ECFWV]a CDWIW EF KB NQQWI UKB[GE[CD VETEC ]HI GDEMDCDEF EF QHFFEUVW` LC ��� BTa GECD K MI\FCKV VWBSCD H] L = 25 TTa CDW TKdETNT
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ZESNIW �`��ï _ETECF ]HI CDW KTHNBC H] EBCIH[NMW[ BWSKCEYW �XX GECD CDW MI\FCKV[EFQWIFEHB EBMVN[W[` �HCW CDKC CDW VETEC ]HI CDW EBCIH[NMW[ �XX EF bWIH KC CDWTKdETNT FWV]OMHTQWBFKCEHB UKB[GE[CD H] ��� BT`

CHCKV UKB[GE[CD H] FWV]OMHTQWBFKCEHB MKVVW[ CDW MNCOH� UKB[GE[CD$ a EF ��� BT`AB HI[WI CH QIWFWIYW CDW GEBSF H] CDW FQWMCINT EC EF CDWIW]HIW EB QIKMCEMW BHCQHFFEUVW CH DKYW K UKB[GE[CD VKISWI CDKB KUHNC DKV] H] CDEF TKdETNT UKB[GE[CD`AB gSNIW �`�� CDW TKdETNT BWSKCEYW �XX CDKC MKB UW EBCIH[NMW[ U\ CDW XKbbVWIEF FDHGB KF K ]NBMCEHB H] CDW QNVFW CHCKV UKB[GE[CD` AB CDEF QVHC CDW MI\FCKV[EFQWIFEHB DKF KVFH UWWB EBMVN[W[`
LBHCDWI ETQHICKBC MHBFE[WIKCEHB IWVKCW[ CH CDW EBCIH[NMW[ SIHNQ [WVK\ EF CDWEBCWIKMCEHB WcMEWBM\ H] CDW KMHNFCEM GKYW GECD CDW VKFWI QNVFWF` L FEBSVW ]IWO�NWBM\ CIWKCTWBC GECD MHNQVW[ TH[W KBKV\FEF ¸��¹ KVVHGF CH IWVKCW CDW [E�IKMCW[VESDC EBCWBFEC\ CH CDW EBME[WBC VESDC EBCWBFEC\ KB[ CH CDW KMHNFCEM QHGWI [WBFEC\EB CDW EBCWIKMCEHB KIWK` XNW CH TKCWIEKV QIHQWICEWF CDWIW EF DHGWYWI K VETEC ]HICDW TKdETNT KVVHGW[ KMHNFCEM QHGWI [WBFEC\ EB CDW MI\FCKV` ¦WMKNFW H] CDEF ECEF QIW]WIIKUVW CH FQIWK[ HNC CDW VHMKV ]IW�NWBMEWF H] CDW KMHNFCEM GKYW FH CDKCCDW GDHVW MI\FCKV EF NFW[ ]HI [E�IKMCEHBa KVVHGEBS ]HI K VKISWI CHCKV EBCWIKMCEHBWcMEWBM\` LF [EFMNFFW[ KUHYWa CDEF FQIWK[EBS EF MHBCIHVVW[ U\ CDW MDEIQ H] CDWKMHNFCEM GKYWa TKJEBS EC ETQHICKBC CH KC VWKFC EBCIH[NMW FHTW �XX EB HI[WI CHgVV CDW MI\FCKV FNcMEWBCV\ GECD CDW KMHNFCEM GKYW`
Ĥ KVVHG CDW XKbbVWI CH HQWIKCW GECDEB K [\BKTEM IKBSW GDWIW BHBW H] CDW KUHYWVETECF KIW YEHVKCW[a EC EF H]CWB BWMWFFKI\ CH EBCIH[NMW K gdW[ �XX U\ WdCWIBKVTWKBF` AB CDEF GHIJ K QIEFT MHTQIWFFHI GKF NFW[ UW]HIW CDW XKbbVWI CH KMDEWYWCDEF`
%1
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ZESNIW �`��ï ĤQYEWG H] MI\FCKV NBEC` ^DW MI\FCKV EF MNC FH CDKC UHCD [EIWMC KB[[E�IKMCW[ UWKTF [WYEKCW K VECCVW ]IHT CDW EBQNC UWKT` REMCNIW ]IHT ¸��¹

©?ø}|}s�={ >}<t|v=wts ?su @?|w;>?=wts
^DW XKbbVWI NFW[ EB CDEF GHIJ EF MHBFCINMCW[ CH GHIJ KC K MWBCIKV GKYWVWBSCD H]��� BTa KVVHGEBS ]HI K FQWMCIKV UKB[GE[CD H] ��� BT VETECW[ U\ CDW UKB[GE[CDH] CDW QEWbHWVWMCIEM CIKBF[NMWI` ZHI K MHVVETKCW[ EBQNC UWKTa CDW FQWMCIKV IWFOHVNCEHB EF �`� BTa GDEMD TWKBF ��� EB[EYE[NKVV\ QIHSIKTTKUVW QHEBCF GECDEB KUKB[GE[CD H] ��� BT` L [EYWISWBC EBME[WBC UWKT [WSIK[WF CDEF IWFHVNCEHB KB[CDW TKdETNT KVVHGW[ [EYWISWBMW EF

δθ1/2 = 0.04◦ ` ^DW KBSVW H] EBME[WBMW H] CDWEBQNC UWKT EF THIW CHVWIKBC CH TEFKVESBTWBCa MKNFEBS HBV\ K [WSIK[KCEHB H] CDWFQWMCIKV MKVEUIKCEHB ]HI FTKVV TEFKVESBTWBCF` ^DEF EF [NW CH CDW ]KMC CDKC CDW]IW�NWBM\ IKCEH α
EB i�`��j EF MKVMNVKCW[ ]HI K FQWMEgM KBSVW H] EBME[WBMW KB[ CDNFDKF CH UW MDKBSW[ EB CDW FH]CGKIW E] KBHCDWI KBSVW H] EBME[WBMW EF IW�NEIW[` LVKISW TEFKVESBTWBC H] CDW EBQNC UWKT GEVV DHGWYWI VWK[ CH QHHI EBCWIKMCEHB GECDCDW KMHNFCEM GKYW` ^DW BHITKV QIHMW[NIW ]HI gBW CNBEBS H] CDW EBME[WBMW KBSVWEF CH TKCMD CDW GKYWVWBSCDF FWC EB CDW FH]CGKIW GECD CDHFW H] K FQWMCIHTWCWI U\CEVCEBS CDW MI\FCKV`

-?##|}> <}=v~ ?su @ts=>t| <t£=�?>}
^DW HQCEMKV FWCNQ H] CDW XKbbVWI MI\FCKV EF FDHGB EB gSNIW �`��` ^DW QHVKIEbKCEHBH] CDW EBQNC UWKT FDHNV[ UW YWICEMKVa VWK[EBS CH K DHIEbHBCKV QHVKIEbKCEHB H] CDW[E�IKMCW[ UWKTa GDEMD DKF K [WYEKCEHB H] �◦ ]IHT CDW [EIWMCEHB H] CDW EBQNCUWKT` ^DW KMHNFCEM GKYW EF VKNBMDW[ EB CDW MI\FCKV U\ CDW CIKBF[NMWIa IWMEWYEBSECF FESBKV ]IHT CDW hZ SWBWIKCHI YEK K MHKdEKV MKUVW`
^DW hZ SWBWIKCHI DKF K GKYW]HIT TWTHI\a TKJEBS EC QHFFEUVW CH HQWIKCW CDWSWBWIKCHI EB K FCKB[OKVHBW TH[Wa KF FHHB KF K GKYW ]HIT DKF UWWB FWBC CH EC]IHT CDW MHBCIHV MHTQNCWI` ^DW VKNBMD H] CDW GKYW]HITF TK\ UW CIESSWIW[ WECDWIEBCWIBKVV\ HI U\ KB WdCWIBKV FESBKV` AB EBCWIBKV CIESSWI TH[Wa EC EF QHFFEUVW CHFWC CDW [WVK\ UWCGWWB FNUFW�NWBC VKNBMDW[ KMHNFCEM FESBKVF` �DWB WdCWIBKVV\CIESSWIW[a EC EF QHFFEUVW CH FWC CDW EBCWIBKV [WVK\ UWCGWWB CDW CIESSWI FESBKV KB[

��



CDW KMHNFCEM FESBKV` AB NFNKV HQWIKCEHBa GHIJEBS GECD K QNVFW[ VKFWI F\FCWTa CDWhZ SWBWIKCHI EF CIESSWIW[ WdCWIBKVV\ U\ K FESBKV ]IHT CDW VKFWI F\FCWT& a CH KFFNIWCDKC CDW KMHNFCEM FESBKV EF ]NVV\ QIWFWBC EB CDW MI\FCKV GDWB CDW VKFWI QNVFWFKIIEYW` AB HI[WI CH SWC K DESDWI CDIHNSDQNC CDIHNSD CDW MI\FCKVa ]HI WdKTQVWGDWB KVESBEBS CDW FWCNQa EC EF KVFH QHFFEUVW CH VWC CDW hZ SWBWIKCHI GHIJ EB KMHBCEBNHNF TH[Wa GDWIW CDW BWdC KMHNFCEM FESBKV EF FWBC [EIWMCV\ ]HVVHGEBS CDWQIWYEHNF HBWa KVVHGEBS ]HI KB KMHNFCEM FESBKV IWQWCECEHB IKCW H] KQQIHdETKCWV\�� J�bù' `
^DW MHBCIHV FH]CGKIW [WVEYWIW[ GECD CDW XKbbVWIa KVVHGF CDW NFWI CH KIUECIKIEV\KQQV\ K gVCWI CH CDW VKFWI QNVFW` ZHI CDW KTQVECN[Wa K FNQWISKNFFEKB QIHgVW GECDK DHVW MKB UW KQQVEW[` ^DW QHFECEHB KB[ GE[CD H] CDW QIHgVW KB[ CDW QHFECEHBaGE[CD KB[ [WQCD H] CDW DHVW MKB UW K[½NFCW[ U\ QKBWV MHBCIHVF` ZHI CDW QDKFWaK QHV\BHTEKV GECD YKIEKUVW MHWcMEWBCF NQ CH CDW ]HNICD HI[WI MKB UW KQQVEW[`AC EF KVFH QHFFEUVW CH ]WW[ CDW QIHSIKT GECD CGH gVWFa HBW ]HI CDW KTQVECN[W KB[HBW ]HI CDW QDKFWa MHBCKEBEBS YKVNWF H] CDW KTQVECN[W KB[ CDW QDKFW ]HI [E�WIWBCGKYWVWBSCDFa GIECCWB EB K FCKB[KI[ MHVNTB ]HITKC` �DWB IWK[EBS FNMD gVWFa CDWQIHSIKT TKJWF K VEBWKI EBCWIQHVKCEHB UWCGWWB CDW FQWMEgW[ QHEBCF`
�DWB K gVCWI ]NBMCEHB DKF UWWB MDHFWBa CDW FH]CGKIW MHTQNCWF CDW MHIIWFQHB[EBShZ FESBKV EB CDW ]IW�NWBM\ [HTKEBa NFEBS CDW FMKVEBS ]KMCHI α KF [WFMIEUW[KUHYW` ^DW FESBKV EF CDWB CIKBF]WIIW[ CH CDW CETW [HTKEB YEK KB EBYWIFW ZHNIEWICIKBF]HITa KB[ FWBC CH CDW hZ SWBWIKCHI`
AB TKB\ KQQVEMKCEHBFa CDWIW EF K BWW[ CH MHBCIHV CDW KQQVEW[ QNVFW FDKQW ]IHT KBWdCWIBKV QIHSIKT` ZHI CDWFW MKFWF CDW XKbbVWI FH]CGKIW FNQQHICF K VHHQOTH[WaEB GDEMD CDW FH]CGKIW EF E[VW NBCEV K IW�NWFC EF TK[W CDIHNSD K IW�NWFC gVW` ^DWIW�NWFC gVW EF K CWdC gVW MHBCKEBEBS CDW gVW QKCD CH K QKIKTWCWI gVW GECD CDW]IHBC QKBWV FWCCEBSF [WFMIEUW[ KUHYW` $QHB gB[EBS K IW�NWFC gVWa CDW FH]CGKIWIWK[F CDW [WFEIW[ QKIKTWCWI gVWa MKVMNVKCWF CDW MHIIWFQHB[EBS hZ GKYW]HIT KB[FWB[F EC CH CDW hZ SWBWIKCHI` �DWB CDW GKYW]HIT DKF UWWB FWBCa CDW IW�NWFCgVW EF [WVWCW[ EB[EMKCEBS CDKC CDW IW�NWFCW[ QNVFW FDKQW EF BHG KMCEYW`
XNW CH CDW TKdETNT KVVHGW[ KMHNFCEM QHGWI [WBFEC\ EB CDW MI\FCKVa MKNCEHB DKFCH UW CKJWB BHC CH NFW K CH DESD CIESSWI IKCW` ^DW TKdETNT KVVHGW[ CIESSWIIKCW EF [WQWB[WBC HB CDW KYWIKSW QHGWI H] CDW KMHNFCEM GKYW]HIT` AB BHITKVHQWIKCEHBa CDW MHBCIHV FH]CGKIW MKVMNVKCWF CDW TKdETNT CIESSWI ]IW�NWBM\ KB[FWB[F EC CHSWCDWI GECD CDW GKYW]HIT CH CDW hZ SWBWIKCHI` A] CDW CIESSWI ]IW�NWBM\KC KB\ THTWBC WdMWW[F CDEF TKdETNT YKVNWa CDW hZ SWBWIKCEHB EF FCHQQW[KB[ CDW NFWI EF KVWICW[` �DWB HQWIKCW[ EB VHHQOTH[Wa CDEF FK]WC\ ]WKCNIW EFDHGWYWI BHC KMCEYW FEBMW EC GHNV[ MHBFE[WIKUV\ FVHG [HGB CDW FGECMDEBS UWCGWWBGKYW]HITF`
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� �üý *� �ý�ý���
� fs = 70
��� ��� �üý ����ý� 
� þ��ÿ�	�� ÿ
	��þ N = 2048 ���þ	�� �üý þ	���� �
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N/fs =
29.3 µ
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�WBWCEM LVSHIECDTF KIW K MVKFF H] FWKIMD KVSHIECDTFa UWVHBSEBS CH CDW gWV[ H]fYHVNCEHBKI\ RIHSIKTTEBSa NFEBS BKCNIKV WYHVNCEHB KF CDW TH[WV ]HI K FQWMEgMQIHUVWTù` ^DW MHBMWQC H] SWBWCEM KVSHIECDTF GKF [WYWVHQW[ U\ �HVVKB[ ¿À ÁÂÃKC CDW $BEYWIFEC\ H] �EMDESKB EB ����a EB DHQW CH CIKBF]WI CDW ETQHICKBC BKCNIKVTWMDKBEFTF H] K[KQCKCEHB KB[ WdQVHIKCEHB EBCH KICEgMEKV F\FCWTF ¸��¹`
�WBWCEM KVSHIECDTF KIW QKIKVVWV EB CDW FWBFW CDKC CDW FWKIMD EF BHC [HBW ]IHTK FEBSVW QHEBC EB CDW FWKIMD FQKMWa UNC IKCDWI ]IHT K FWC H] QHEBCF MKVVW[ KQHQNVKCEHB` fKMD FWKIMD QHEBC EB CDW QHQNVKCEHB EF MKVVW[ KB EB[EYE[NKV` fKMDEB[EYE[NKV MHBCKEBF WBMH[W[ EB]HITKCEHB KUHNC CDW QKIKTWCWIF IWQIWFWBCEBS CDWFWKIMD QHEBC` AB CDEF GK\ CDW SWBWCEM KVSHIECDT [HWF BHC GHIJ [EIWMCV\ GECD CDWQKIKTWCWIF CDWTFWVYWF` fKMD QHQNVKCEHBa HI WKMD FWC H] EB[EYE[NKVFa EF IW]WIIW[CH KF K SWBWIKCEHBa KB[ CDW FCIKCWS\ H] CDW FWKIMD QIHMW[NIW EF CH WYHVYW CDWMNIIWBC QHQNVKCEHB MIWKCEBS K BWG SWBWIKCEHB GECD UWCCWI FNECW[ EB[EYE[NKVF`
LB ETQHICKBC MHBMWQC H] SWBWCEM KVSHIECDTF EF CDW gCBWFF HI HU½WMCEYW ]NBMCEHB`^DW gCBWFF ]NBMCEHB EF BWW[W[ CH [EIWMC CDW FWKIMDa [WFMIEUEBS GDKC K SHH[EB[EYE[NKV FDHNV[ VHHJ VEJW` AB ]KMCa CDW gCBWFF ]NBMCEHB TK\ UW IWSKI[W[ KF K]NBMCEHB TKQQEBS WKMD QHFFEUVW EB[EYE[NKV CH K gCBWFF YKVNW KB[ CDW DESDWI CDWgCBWFFa CDW UWCCWI CDW EB[EYE[NKV` ^DW QIHMWFF H] MKVMNVKCEBS CDW gCBWFF� ]HI WKMDEB[EYE[NKV EB K QHQNVKCEHB EF KB ETQHICKBC FCWQ EB K SWBWCEM KVSHIECDT KB[ EFH]CWB IW]WIIW[ CH KF CDW WYKVNKCEHB H] CDW QHQNVKCEHB`
AB gSNIW �`� K ¾HGOMDKIC H] SWBWCEM KVSHIECDT HQWIKCEHB EF FDHGB` eCKICEBS ]IHT
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E v a l u a t i o n R e p r o d u c t i o n
I n i t i a l  p o p u l a t i o n

789:;< ÷>?@ 7HDNRIGB;C Q<KI;8Â8E9 9<E<C8I BH9D;8CGT DO<;BC8DE>

BE 8E8C8BH ;BEQDT ODO:HBC8DEÃ CG< ODO:HBC8DE 8K <JBH:BC<Q BEQ ;<O;DQ:I<Q CD
DÂCB8E B E<N 9<E<;BC8DE> PG< E<N 9<E<;BC8DE 8K CG<E <JBH:BC<Q BEQ CG< O;DI<KK
9D<K DE :EC8H KDT< O;<RQ<ÚE<Q KCDORI;8C<;8B 8K T<C> PG< IDTOH<C8DE DF CG< <EC8;<
O;DI<KK DF DOC8T8òBC8DEÃ KCB;C8E9 F;DT B ;BEQDT ODO:HBC8DE BEQ KCDOO8E9 NG<ECG< I;8C<;8B 8K T<CÃ 8K DFC<E ;<F<;;<Q CD BK B 59<E<C8I BH9D;8CGT ;:E5 D; 6:KC B5;:E5> PG< ;<O;DQ:IC8DE KC<O I;<BC<K CG< E<N 9<E<;BC8DE ÂBK<Q DE CG< ÚCE<KK
DF CG< Q8Ø<;<EC 8EQ8J8Q:BHK> �<O;DQ:IC8DE 8K DFC<E Q8J8Q<Q 8ECD CG;<< KC<OKÃ D;
DO<;BCD;KÃ IBHH<Q K<H<IC8DEÃ I;DKKDJ<; BEQ T:CBC8DE NG8IG B;< Q8KI:KK<Q 8E K<IC8DE÷>?>÷>

7àâàâ 89:;îï;<çæ é:çì îéìê;å æç;ìèð ëìéèç9äìçæ

P;BQ8C8DEBH IBHI:H:KRÂBK<Q K<B;IG T<CGDQK TBM Â< Q8J8Q<Q 8ECD CND TB8E IHBKK<K@
8EQ8;<IC BEQ Q8;<IC> ÆEQ8;<IC T<CGDQK C;M CD HDIBH8ò< B TBS8TB ÂM KDHJ8E9 CG<
EDERH8E<B; K<C DF <Ù:BC8DEK Q<KI;8Â8E9 CG< O;DÂH<TÃ K<CC8E9 CG< 9;BQ8<EC DF CG<F:EIC8DE CD ò<;D= > Ü8;<IC T<CGDQK DE CG< DCG<; GBEQÃ K<B;IG F;DT B OD8EC
8E CG< K<B;IG KOBI<Ã TDJ8E9 8E CG< Q8;<IC8DE DF CG< HDIBH 9;BQ8<EC> >BHI:H:KRÂBK<Q T<CGDQK B;< CG:K Q<O<EQ8E9 DE CG< <S8KC<EI< DF HDIBH Q<;8JBC8J<K DJ<;CG< NGDH< K<B;IGRKOBI<Ã B IDEQ8C8DE CGBC 8K GB;Q CD F:HÚHH FD; K<B;IG KOBI<K N8CG
Q8KIDEC8E:8C8<K BEQ ED8K<> ÇEDCG<; O;DÂH<T N8CG CG<K< T<CGDQK 8K CGBC CG<M
DEHM K<B;IG FD; HDIBH TBS8TBÃ N8CG B ;8KÉ DF T8KK8E9 CG< 9HDÂBH TBS8T:T FB;
BNBM F;DT CG< I:;;<EC OD8EC 8E CG< K<B;IG KOBI<>
ÇEDCG<; CMO< DF K<B;IG T<CGDQ 8K CG< <E:T<;BC8J< BOO;DBIG> ÇK CG< EBT<8TOH8<KÃ CG<K< K8TOH< KIG<T<K :K<K Â;:C< FD;I< CD IBHI:HBC< CG< F:EIC8DE JBH:< BC
<J<;M ODKK8ÂH< OD8EC 8E CG< K<B;IG KOBI<Ã É<<O8E9 CG< Â<KCRKDRFB; BK CG<M 9D DE>
PG< O;DÂH<T N8CG K:IG BE BOO;DBIG 8K DÂJ8D:K> ÆE B K<B;IG KOBI< N8CG B HB;9<
E:TÂ<; DF Q8T<EK8DEKÃ CG< E:TÂ<; DF ODKK8ÂH< OD8ECK 9<CK <ED;TD:KÃ TBÉ8E9 8C
8TODKK8ÂH< CD <SBT8E< BHH DF CG<T 8E B ;<BKDEBÂH< C8T<>
Ü:;8E9 CG< <JBH:BC8DE KC<OÃ B 9<E<C8I BH9D;8CGT DEHM E<<QK CD IBHI:HBC< CG< JBH:<
DF CG< ÚCE<KK F:EIC8DE FD; CG< 8EQ8J8Q:BHK 8E CG< I:;;<EC ODO:HBC8DEÃ TBÉ8E9 8C 8ERQ<O<EQ<EC DF Q<;8JBC8J<K D; DCG<; 8EQ8;<IC 8EFD;TBC8DE> PG:K B 9<E<C8I BH9D;8CGT
?@ABA CDA EFGH FI CDA JAGBKD LJ MAJKBLNAM GJ OPMLPE G QGRLQSQ TGHSA FI G ISPKCLFPU VDLJ LJG CBSA MAJKBLWCLFP LP GHH JAGBKDAJ LI CDA ISPKCLFP KFPJLMABAM LJ CDA OCPAJJ ISPKCLFP FI CDA JAGBKDJWGKA GJ MAJKBLNAM LP JAKCLFP XUYU
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MKB UW WdQWMCW[ CH QWI]HIT GWVV WYWB EB K FWKIMD FQKMW GECD [EFMHBCEBNECEWF KB[BHEFW` LF [WFMIEUW[ KUHYWa K SWBWCEM KVSHIECDT [HWF BHC FWKIMD ]IHT K FEBSVWQHEBCa UNC IKCDWI ]IHT K GDHVW FWC H] QHEBCFa MHBCKEBW[ EB CDW MNIIWBC QHQNVKOCEHB` ¦WMKNFW H] CDEF EC EF VWFF VEJWV\ CH SWC FCNMJ HB K VHMKV TKdETNTa FEBMW ECBWYWI MWKFWF CH WdQVHIW HCDWI QKICF H] CDW FWKIMD FQKMW KF GWVV`
ôßàßÞ õèìèãäîäì äéëçæâé÷
AB K SWBWCEM KVSHIECDTa CDW QKIKTWCWIF [WFMIEUEBS K QHEBC EB CDW FWKIMD FQKMW KIWBHC DKB[VW[ [EIWMCV\a UNC KIW WBMH[W[ KF K UECOFCIEBS HI MDIHTHFHTW` ^DW EB[EOYE[NKV UECF H] CDW FCIEBS KIW H]CWB IW]WIIW[ CH KF SWBWF` �HBFE[WI K MDIHTHFHTWGECD �� SWBWF

(a9, a8, a7, a6, a5, a4, a3, a2, a1, a0)
i�`�j

GDWIW CDW SWBWF ai
TK\ CKJW HB CDW YKVNWF 0 KB[ 1` ^DW THFC MHTTHB [WMH[EBSH] FNMD K FCIEBS EF CH IWSKI[ CDW MDIHTHFHTW KF KB QHFECEYW EBCWSWI L WdQIWFFW[EB CDW UKFW �ï

A =

9
∑

i=0

ai · 2i i�`�j
�WBWIKVV\ ]HI K MDIHTHFHTW GECD

l SWBWFa CDEF [WMH[EBS TWKBF CDKC CDW NBFESBW[EBCWSWI L TK\ CKJW HB 2l [E�WIWBC YKVNWFa IKBSEBS ]IHT 0
CH 2l − 1`

Z?~~ws� t£ >}?| ~?>?�}=}><
AB THFC MKFWFa CDW FWKIMD FQKMW MKB BHC UW [WFMIEUW[ U\ KB NBFESBW[ EBCWSWIa UNCIKCDWI U\ IWKV BNTUWIF` ^DEF TKJWF EC BWMWFFKI\ CH [EFMIWCEbW CDW QKIKTWCWIFKB[ TKQ CDWT CH CDW EBCWSWI YKVNW H] CDW MDIHTHFHTW` �HBFE[WIEBS CDW IWKVFWKIMD QKIKTWCWI xa KVVHGW[ CH YKI\ UWCGWWB CDW YKVNWF xmin

KB[ xmax
a UWEBSTKQQW[ CH K MDIHTHFHTW GECD

l SWBWFa K FCIKESDC]HIGKI[ TKQQEBS EF
x = xmin +

∑l−1
i=0 ai · 2i

2l − 1
(xmax − xmin)

i�`�j
GDEMD EF CDW TKQQEBS CDKC GKF NFW[ EB CDEF GHIJ` ^DW QIWMEFEHB H] CDW TKQQEBSMKB UW MKVMNVKCW[ KF

∆x =
xmax − xmin

2l − 1

i�`�j
FDHGEBS CDKC GDWB CDW VETECF

xmin
KB[ xmax

DKYW UWWB FWCa CDW BNTUWI H] SWBWF
l
DKF CH UW MDHFWB FH CDKC CDW IW�NEIW[ QIWMEFEHB EF HUCKEBW[` L TNVCEQKIKTWCWIMH[EBS EF WKFEV\ HUCKEBW[ U\ MHBMKCWBKCEHB H] FWYWIKV FEBSVWOQKIKTWCWI MH[EBSF`A] ]HI WdKTQVW K QHEBC EB CDW FWKIMD FQKMW MKB UW [WFMIEUW[ U\ CDW CDIWW IWKVQKIKTWCWIF xa

a xb
KB[ xc

KB[ CDWFW KIW CH UW MH[W[ GECD
la
a lb

KB[ lc
SWBWFWKMDa CDW TNVCEQKIKTWCWI MDIHTHFHTW GEVV VHHJ VEJW

(ala−1, ..., a0, blb−1, ..., b0, clc−1, ..., c0)
i�`�j

GECD CDW CHCKV VWBSCD l = la+lb+lc
KB[ GDWIW CDW SWBWF ai

WBMH[W CDW QKIKTWCWI
xa

KB[ FH HB`
��
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^DW DWKIC H] CDW SWBWCEM KVSHIECDT EF CDW QIHMWFF H] IWQIH[NMCEHBa CDW KET H]GDEMD EF CH QIWFWIYW DESDOFMHIEBS EB[EYE[NKVF KF GWVV KF CH MIWKCW BWG EB[EYE[NKVFCH WdQVHIW HCDWI QKICF H] CDW FWKIMD FQKMW` ^DW gIFC CDEBS CDKC BWW[F CH UW[HBW EF CH [WME[W GDEMD EB[EYE[NKVF EB CDW MNIIWBC QHQNVKCEHB FDHNV[ UW SEYWBH�FQIEBS QHQNVKCEBS CDW BWdC SWBWIKCEHB` ^DEF EF [HBW U\ CDW FWVWMCEHB HQWIKCHIaKB[ CDW MDHEMWF KIW UKFW[ HB CDW gCBWFF YKVNWF KFFESBW[ CH CDW EB[EYE[NKVF EBCDW WYKVNKCEHB FCWQ` �DWB CDW FWVWMCEHB EF TK[Wa CDW MDHFWB EB[EYE[NKVF KIWMHTUEBW[ iHI TKCW[j CH QIH[NMW H�FQIEBS ]HI CDW BWdC SWBWIKCEHB` ¦\ CDEFTKCEBSa HI MIHFFHYWIa CDW QIHTEFEBS MDKIKMCWIEFCEMF H] HBW EB[EYE[NKV TK\ UWMHTUEBW[ GECD FHTW HCDWI MDKIKMCWIEFCEMF H] KBHCDWI EB[EYE[NKV` ^DW VKFC FCWQ EFCDW TNCKCEHB FCWQa EB GDEMD CDW EB[EYE[NKVF TK\ UW IKB[HTV\ MDKBSW[ U\ FHTWNFNKVV\ FTKVV QIHUKUEVEC\` ^DEF FCWQ QIWYWBCF CDKC CDW KVSHIECDT GEVV MHBYWISWQIWTKCNIWV\a ]HIMEBS EC CH CI\ IKB[HT KB[ NBWdQVHIW[ QHEBCF H] CDW FWKIMD FQKMWHBMW EB K GDEVW`
^DEF FWMCEHB GEVV [WFMIEUW CDW FCKB[KI[ FWC H] HQWIKCHIF MHTTHBV\ NFW[ EB KMHBYWBCEHBKV SWBWCEM KVSHIECDT` ^DW QKICEMNVKI MDHEMW H] IWQIH[NMCEHB HQWIKCHIFCHSWCDWI GECD CDW KFFHMEKCW[ QKIKTWCWIF [EFMNFFW[ UWVHG EF MHTTHBV\ IW]WIIW[CH KF CDW IWQIH[NMCEYW QVKB`
z}|}@=wts
AB K QHQNVKCEHB MHBCKEBEBS N

EB[EYE[NKVF CDW gCBWFF H] K FEBSVW EB[EYE[NKV EF[WBHCW[ fi
GDWIW i IKBSWF ]IHT � CH N ` ^DW CKFJ H] CDW FWVWMCEHB HQWIKCHI EFCH FWVWMC K CHCKV H] N

EB[EYE[NKVF HNC H] CDEF QHQNVKCEHB` ^DW FWVWMCEHB EF [HBWGECD IWQVKMWTWBC FH CDKC CDW FKTW EB[EYE[NKV TK\ UW FWVWMCW[ FWYWIKV CETWF`
^DW THFC MHTTHB GK\ H] [HEBS CDEF EF CH [WME[W CDKC CDW QIHUKUEVEC\ H] KMWICKEB EB[EYE[NKV UWEBS MDHFWB FDHNV[ UW QIHQHICEHBKV CH ECF gCBWFF` L FWVWMCEHBTWMDKBEFT [HEBS CDEF C\QW H] QIHQHICEHBKCW FWVWMCEHB MKB UW ETQVWTWBCW[ U\ CDWFCWQF FDHGB EB gSNIW �`�` ^DEF TWCDH[ EF H]CWB IW]WIIW[ CH KF hHNVWCCWO�DWWVeWVWMCEHB ¸��¹a FEBMW EC TK\ UW [WFMIEUW[ U\ K IHNVWCCW GDWWV GECD MEIMNT]WIWBMW
fsum

GDWIW WKMD EB[EYE[NKV EF KFFESBW[ K FWMCHI HMMNQ\EBS K VWBSCD fi
H] CDWMEIMNT]WIWBMW`

¡>t<<tø}>
ZHI WKMD CGH EB[EYE[NKVF CDKC DKYW UWWB FWVWMCW[ U\ CDW FWVWMCEHB HQWIKCHIaCDWIW EF K MDKBMWa [WCWITEBW[ U\ CDW MIHFFHYWI QIHUKUEVEC\a CDKC CDW\ GEVV UWTKCW[ UW]HIW CDW\ KIW MHQEW[ CH CDW BWdC SWBWIKCEHB` �HIJEBS GECD UEBKI\FCIEBSF KF MDIHTHFHTWF CDWIW KIW TKB\ GK\F EB GDEMD CDEF MKB UW [HBW` ^DWTHFC MHTTHB FMDWTW EF CDW eEBSVWORHEBC �IHFFHYWI` eEBSVWORHEBC �IHFFHYWIIKB[HTV\ MDHHFWF K MIHFFHYWIOQHEBC UWCGWWB CGH SWBWF EB CDW MDIHTHFHTW` ^DWMDIHTHFHTWF H] UHCD EB[EYE[NKVF KIW CDWB MNC KC CDEF QHFECEHB KB[ CDW gIFC

��
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fsum =

N
∑

i=1

fi
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fs
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j
∑

i=1

fi ≥ fs
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ZESNIW �`�ï hHNVWCCWO�DWWV eWVWMCEHBOFMDWTW`

P a r e n t s O f f s p r i n g

ZESNIW �`�ï eEBSVWORHEBC �IHFFHYWI` ^DW MIHFFHYWIOQHEBC EF FDHGB KF [KFDW[VEBWF`

QKIC H] HBW EB[EYE[NKV'F MDIHTHFHTW EF TWISW[ GECD CDW FWMHB[ QKIC H] CDWHCDWI EB[EYE[NKV'F MDIHTHFHTWa KB[ YEMW YWIFK` ZESNIW �`� FDHGF K eEBSVWORHEBCO�IHFFHYWI UWCGWWB CGH EB[EYE[NKVF GECD MDIHTHFHTWF H] VWBSCD ��`

Zv=?=wts
P] CDW CDIWW UKFEM HQWIKCHIFa TNCKCEHB EF CDW FETQVWFC CH ETQVWTWBC` L]CWI CGHEB[EYE[NKVF DKYW UWWB FWVWMCW[a KB[ EB FHTW MKFW TKCW[a CDW\ KIW CH UW MHQEW[CH CDW BWdC SWBWIKCEHB` �DWB MHQ\EBS CDW EB[EYE[NKVFa CDW TNCKCEHB HQWIKCHI EFEBCIH[NMW[ KF K FTKVV QIHUKUEVEC\ CDKC WKMD H] CDW MHQEW[ SWBWF GEVV MDKBSW ECFYKVNWa ]IHT � CH � HI ]IHT � CH �`
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�KB\ TH[EgMKCEHBF KB[ ETQIHYWTWBCF CH CDW üeCKB[KI[ �WBWCEM LVSHIECDTü[WFMIEUW[ KUHYW DKYW UWWB FNSSWFCW[` PBW H] CDWFWa MKVVW[ gCBWFF FMKVEBSa EFNFW[ EB CDEF GHIJ` PCDWI TH[EgMKCEHBF KF K[[ECEHBKV FWVWMCEHB FMDWTWF KB[YKIEKBCF H] CDW MIHFFHYWI HQWIKCHI MKB UW ]HNB[ EB ¸��¹ KB[ ¸��¹`
§ws}?> _=s}<< <@?|ws�
^DW gCBWFF FMKVEBS TWMDKBEFT EF EBCIH[NMW[ EB HI[WI CH JWWQ K UKVKBMW EB CDWVWYWV H] MHTQWCECEHB UWCGWWB [E�WIWBC EB[EYE[NKVF EB K QHQNVKCEHB` AB CDW UWOSEBBEBS H] KB HQCETEbKCEHB INBa CDW KYWIKSW gCBWFF H] CDW QHQNVKCEHB EF H]CWBVHGa [NW CH CDW IKB[HT MDHEMW H] CDW EBECEKV QHQNVKCEHB` AB CDEF MKFW CDW ]WGEB[EYE[NKVF GECD K IKCDWI DESD gCBWFF GEVV UW FWVWMCW[ GECD YWI\ DESD QIHUKUEVEC\aMKNFEBS EC CH [HTEBKCW CDW HCDWI EB[EYE[NKVF KB[ IEFJEBS K QIWTKCNIW MHBYWIOSWBMW H] CDW KVSHIECDTa QHFFEUV\ CH K VHMKV TKdETNT` Ĥ KYHE[ CDEFa CDWIW EF KBWW[ CH FMKVW [HGB CDW gCBWFF WKIV\ EB K INB` _KCWI HB EB CDW INBa CDWIW KIW TKB\EB[EYE[NKVF GECD IKCDWI DESD gCBWFFa KB[ CDW KYWIKSW gCBWFF H] CDW QHQNVKCEHBTK\ UW �NECW MVHFW CH CDW gCBWFF H] CDW UWFC EB[EYE[NKVa MKNFEBS CDW QIHUKUEVEC\CDKC KB KYWIKSW EB[EYE[NKV EF FWVWMCW[ CH UW KVTHFC KF DESD KF CDW QIHUKUEVEC\H] FWVWMCEBS CDW UWFC EB[EYE[NKV` AB CDEF MKFW CDW gCBWFF BWW[F CH UW FMKVW[ NQa[EIWMCEBS CDW FWKIMD CHGKI[F CDW THFC QIHTEFEBS EB[EYE[NKVF`
¦HCD H] CDWFW FECNKCEHBF MKB UW FHVYW[ U\ K CWMDBE�NW JBHGB KF VEBWKI FMKVEBS`�ECD CDEF CWMDBE�NW CDW FMKVW[ gCBWFF f ′

i

EF MKVMNVKCW[ CDIHNSD f ′
i = afi+ba GDWIW

fi
EF CDW IKG gCBWFF KB[ a KB[ b KIW FNECKUV\ MDHFWB FMKVEBS MHBFCKBCF` �HITKVV\CDW FMKVEBS MHBFCKBCF KIW MDHFWB FH CDKC CDW KYWIKSW FMKVW[ gCBWFF f ′

a

EF W�NKV CHCDW KYWIKSW IKG gCBWFF fa
KB[ CDW TKdETNT FMKVW[ gCBWFF f ′

max = C ·f ′
a
a GDWIW

C
EF K MHBFCKBCa BHITKVV\ FWC CH �` AB FHTW MKFWF EC EF BHC QHFFEUVW CH FMKVW CDWgCBWFF KF TNMD KF CDW MHBFCKBC C IW�NEIWF FEBMW EC GEVV VWK[ CH BWSKCEYW gCBWFFYKVNWF KB[ EB CDKC MKFW CDW gCBWFF EF FMKVW[ KF TNMD KF EF QHFFEUVWa FH CDKC CDWEB[EYE[NKV GECD CDW VHGWFC gCBWFF SWCF CDW FMKVW[ gCBWFF �` AB gSNIW �`� CDW IKGKB[ FMKVW[ gCBWFFWF KIW FDHGB ]HI K IWKV FECNKCEHBa WKIV\ EB CDW INBa KB[ VKCWI HBGDWB CDW KVSHIECDT DKF MHBYWISW[` AB CDEF MKFW CDW FMKVEBS MHBFCKBC C

GKF FWCCH �`
ôßàß` ]äèêòìâé÷ ëçé.äì÷äéëä aó çbåöâéä íäìcçìãèéëä
Ĥ �NKBCE]\ CDW QWI]HITKBMW H] K SWBWCEM KVSHIECDTa FHTW FNECKUVW TWKFNIW EFBWW[W[` AB MHTQVWd F\FCWTF CDW SHKV EF BHC BWMWFFKIEV\ HBV\ CH HUCKEB HQCETNTQWI]HITKBMWa UNC IKCDWI CH IWKMD FHTW FKCEF]\EBS QWI]HITKBMW �NEMJV\` Ĥ NBO[WIFCKB[ CDW [E�WIWBMWF UWCGWWB [E�WIWBC QWI]HITKBMW TWKFNIWFa EC EF NFW]NV CHKFFNTW CDKC CDW KVSHIECDT EF NFW[ CH gB[ CDW HQCETKV MHBCIHV QKIKTWCWIF ]HIFHTW KQQVEMKCEHBa GDWIW CDW gCBWFF H] KB EB[EYE[NKV EF [WCWITEBW[ U\ CDW KMOCNKV QWI]HITKBMW H] CDW KQQVEMKCEHB GDWB CDW MHBCIHV QKIKTWCWIF [WFMIEUW[ U\CDKC EB[EYE[NKV KIW NFW[` AB ����a XW ºHBS EBCIH[NMW[ CDW H�OVEBW QWI]HITKBMWaGDEMD EF K TWKFNIW H] MHBYWISWBMW EB CDW MKFWF GDWIW BHC KVV WYKVNKCW[ EB[EYE[O
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u∗
b(G) = best [ub(g)] , g = 1, 2, ..., G

�jk��
rwi z�}ueoi yihxzh�poti eo fioihprezo G

es rwi p�ihpfi zx rwi �isr yihxzh�potisz xph xzh iptw fioihprezo gy rz po| eotug|eof fioihprezo G
m

U∗(G) =
1

G

G
∑

g=1

u∗
b(g)
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¦\ CDEF [WgBECEHB CDW H�OVEBW QWI]HITKBMW [WQWB[F BHC HBV\ HB CDW UWFC QWI]HIOTKBMW ]HNB[a UNC KVFH HB GDWCDWI EC GKF ]HNB[ WKIV\ EB CDW INB` ^DNF CDW H�OVEBWQWI]HITKBMW EF K IWVWYKBC TWKFNIW H] CDW MHBYWISWBMW H] K SWBWCEM KVSHIECDT`

xËÊ ¶ÒÙÕÑÒÑÛÏÎÏÓÚÛ
ôßÞßà á)ä ·èa¸¹º» íìç÷ìèããâé÷ äé.âìçéãäéî
_KU�Af� EF K SIKQDEMKV QIHSIKTTEBS VKBSNKSW NFEBS [KCK¾HG QIHSIKTTEBSaTWKBEBS CDKC CDW WdWMNCEHB H] K QIHSIKT GIECCWB EB _KU�Af� EF [WCWITEBW[ U\CDW ¾HG H] [KCK IKCDWI CDWB U\ CDW EBFCINMCEHBF` L _KU�Af� QIHSIKTa MKVVW[K �EICNKV ABFCINTWBC i�Aja MHBFEFC H] K ]IHBC QKBWV KB[ K UVHMJ [EKSIKT` ^DW]IHBC QKBWV IWQIWFWBCF CDW NFWI EBCWI]KMWa HI E] CDW �A EF K FNUIHNCEBWa CDW EBQNCFKB[ HNCQNCF` ^DW UVHMJ [EKSIKT MHBCKEBF SIKQDEMKV IWQIWFWBCKCEHBF H] ]NBMCEHBFGEIW[ CHSWCDWI FH CDKC EC IWFWTUVWF K ¾HGMDKIC` ^DW HU½WMCF HB CDW ]IHBC QKBWVKIW IWQIWFWBCW[ EB CDW UVHMJ [EKSIKT KF [KCK FHNIMWF HI FEBJF`
^DW SIKQDEMKV EBCWI]KMW TKJWF _KU�Af� KB E[WKV WBYEIHBTWBC ]HI GIECEBS QIHOSIKTF CDKC KIW WKF\ CH SIKFQa KB[ CDNF WKF\ CH TH[E]\ KB[ [WUNS` ACF TKB\QIW[WgBW[ ]NBMCEHBF KB[ ECF UNEVCOEB MKQKUEVECEWF H] MHTTNBEMKCEHB GECD QWOIEQDWIEMKV W�NEQTWBC TKJW EC WKF\ CH GIECW QIHSIKTF CDKC GHIJ GWVV EB TKB\WdQWIETWBCKV FECNKCEHBF` ^DW SWBWCEM KVSHIECDT NFW[ EB CDEF FCN[\ GKF GIECCWBEB _KU�Af�`
Ĥ TKJW CDW ETQVWTWBCKCEHB THIW KUFCIKMCa KB[ CDNF WKFEWI CH TH[E]\ VKCWIaCDW GDHVW KVSHIECDT GKF GIECCWB CH GHIJ GECD K FWC H] QIW[WgBW[ FCINMCNIWFHI UNEV[EBS UVHMJF` ^DWFW FCINMCNIWF KIW WECDWI QNIW [KCK C\QWFa [WFMIEUEBS KBEB[EYE[NKV HI K GDHVW QHQNVKCEHBa HI CWTQVKCWFa [WgBEBS HQWIKCHIF KB[ ]NBMCEHBFU\ FQWME]\EBS CDWEI EBQNCF KB[ HNCQNCF`

AB FWMCEHB �`�`� CDW MHBBWMCEHBF UWCGWWB CDW SWBWCEM KVSHIECDT KB[ CDW WdQWIEOTWBCKV FWCNQ KIW [EFMNFFW[a GDEVW CDW [E�WIWBC UNEV[EBS UVHMJF NFW[ KIW [WFMIEUW[EB LQQWB[Ed �`
ôßÞßÞ º.èöòèîâçé íìçëäêê
eH ]KI HBV\ CDW SWBWCEM KVSHIECDT DKF UWWB MHBFE[WIW[` ^DWIW EF DHGWYWI KQIHUVWTO[WQWB[WBC QKIC IW�NEIW[ CH SWC CDW KVSHIECDT INBBEBSa BKTWV\ CDWWYKVNKCEHB FCWQ` ZEIFC H] KVVa CDW KVSHIECDT BWW[F CH JBHG DHG CH [WMH[W KBEB[EYE[NKV'F MDIHTHFHTW EBCH FHTW NFW]NV EB]HITKCEHB KB[ FWMHB[a DHG CH TWKOFNIW CDW gCBWFF KFFHMEKCW[ GECD CDEF EB]HITKCEHB`
AB CDEF GHIJ CDW EB[EYE[NKVF H] K QHQNVKCEHB GEVV WKMD IWQIWFWBC K GKYW]HIT CHUW FWBC CH CDW XKbbVWI iFWW FWMCEHB �`�`�j` ^DWFW GKYW]HITF KIW IWQIWFWBCW[ KFQKIKTWCWIF EB K QKIKTWCWI gVW GDEMD EF ]W[ CH CDW XKbbVWI MHBCIHV FH]CGKIWa CDNFCDW [WMH[WI ]NBMCEHB BWW[F CH JBHG DHG CH TKQ K FCIEBS H] UECF EBCH QKIKTWCWIF]HI CDW XKbbVWI` ^DW [WMH[WI ]NBMCEHB GEVV UW ]NICDWI [EFMNFFW[ EB CDW BWdC
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AB CDW WdQWIETWBCKV QKIC H] CDEF GHIJa VKFWI QNVFWF ]IHT CDW HFMEVVKCHI H] CDW _NB[^3OVKFWIù GKF NFW[` �HITKVV\ CDEF HFMEVVKCHI EF NFW[ CH FWW[ K MDKEB H] KTQVEgWIFHQWIKCEBS KC K QNVFW IWQWCECEHB IKCW H] �� �b` Ĥ UW KUVW CH QIWOMHTQWBFKCWKTQVECN[WO KB[ QDKFWOW�WMCF H] CDW KTQVEgMKCEHBa K XKbbVWI LPRXZ CIESSWIW[KC �� �b EF QVKMW[ [EIWMCV\ K]CWI CDW HFMEVVKCHI` ¦\ NFEBS CDW QNVFWF BHC [E�IKMCW[U\ CDW XKbbVWIa E`W` CDHFW CDKC KIW BHC NFW[ ]HI KTQVEgMKCEHBa CDW WdQWIETWBCFMHNV[ UW TK[W GECDHNC EBCWI]WIEBS GECD HCDWI HBSHEBS WdQWIETWBCF KC CDW ]KMEVEC\`
^DW KMCEYW TW[ENT H] CDW HFMEVVKCHI EF K MI\FCKV H] CECKBENTO[HQW[ FKQQDEIWî EïLV

2
P

3
ja QNTQW[ KC K GKYWVWBSCD H] ���`� BT U\ KB LISHBOEHB VKFWI` ^DWGE[CD H] CDW SKEB QIHgVW H] ^EïFKQQDEIW EF VKISWa KUHNC ��� BT GECD CDW QWKJKC ��� BTa CDWHIWCEMKVV\ KVVHGEBS ]HI CIKB]HITOVETECW[ QNVFWF H] � ]F [NIKCEHBiFWW FWMCEHB �`�`�j` Ĥ HUCKEB QNVFW[ HQWIKCEHB H] FNMD K VKFWIa CDW QDKFWF H]CDW EB[EYE[NKV ]IW�NWBM\OMHTQHBWBCF DKYW CH UW VHMJW[ IWVKCEYW CH HBW KBHCDWIaK CWMDBE�NW JBHGB KF TH[WOVHMJEBS` RIKMCEMKVV\ CDEF MKB UW KMDEWYW[ U\ TH[NOVKCEBS CDW VHFFWF H] CDW HFMEVVKCHI MKYEC\ EB FNMD K GK\ CDKC HBW ]KYHIF ]IW�NWBM\OMHTQHBWBCF GECD IWVKCEYW QDKFWF SEYEBS IEFW CH FDHIC QNVFWF ¸�¹` AB CDW HFMEVVKCHINFW[ EB CDW QIWFWBC GHIJa TH[WOVHMJEBS EF KMDEWYW[ U\ K CWMDBE�NW MKVVW[ ÅWIIOVWBF TH[WOVHMJEBS` ^DW HQCEMKV ÅWIIOW�WMCa HI CDW �NK[IKCEM WVWMCIHOHQCEM W�WMC¸��¹a MKNFWF CDW IW]IKMCEYW EB[Wd H] K TKCWIEKV CH UW EBCWBFEC\O[WQWB[WBC` ZHI KVKFWI UWKT GECD K SKNFFEKB FQKCEKV QIHgVWa CDEF MKNFWF CDW TKCWIEKV CH KMC WFOFWBCEKVV\ KF K VWBF ¸�¹ GECD K ]HMKV VWBSCD UWEBS FDHICWI ]HI DESDWI EBCWBFECEWF`¦\ VWCCEBS CDW KMCEYW TW[ENT KMC KF K ÅWIIOVWBF KB[ KVESBEBS CDW MKYEC\ EB FNMDK GK\ CDKC K DKI[WI ]HMNFW[ UWKT WdQWIEWBMWF FTKVVWI VHFFWFa TH[WOVHMJEBS EF

úû���ý�û
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KMDEWYW[` Ĥ MHTQWBFKCW ]HI MKYEC\O[EFQWIFEHBa E`W` CDW [EFQWIFEHB EBCIH[NMW[U\ CDW HQCEMKV WVWTWBCF EB CDW MKYEC\a CDW HFMEVVKCHI DKF KB EBCIKOMKYEC\ QIEFTOMHTQIWFFHI iFWW FWMCEHB �`�`�j`
XNIEBS CDW WdQWIETWBCF [WFMIEUW[ DWIWa CDW UKB[GE[CD H] CDW HFMEVVKCHI GKFSWBWIKVV\ KIHNB[ �� BTa KVVHGEBS CIKBF]HITOVETECW[ SKNFFEKB QNVFWF H] KUHNC ��]F` ^DW IWQWCECEHBOIKCW H] CDW HFMEVVKCHI EF �� ��b GECD KB KYWIKSW QHGWI H]KUHNC ��� T�a SEYEBS K QNVFW WBWIS\ H] �O� Bº`
^DW WdQWIETWBCF GWIW QWI]HITW[ EB KBHCDWI IHHT CDKB CDW HBW H] CDW ^3OVKFWIKB[ CDNF CDW UWKT DK[ CH UW CIKBF]WIIW[ K [EFCKBMW H] KUHNC ��T UW]HIW WBCWIEBSCDW WdQWIETWBCKV FWCNQ` LF TWBCEHBW[ EB FWMCEHB �`�`� EC EF ETQHICKBC CH DKYW KMHVVETKCW[ UWKT KC CDW XKbbVWI KB[ CH KMDEWYW CDKC K CWVWFMHQW QVKMW[ [EIWMCV\K]CWI CDW ^3OHFMEVVKCHI GKF KVESBW[ FH CDKC CDW UWKT GKEFC GKF VHMKCW[ KC CDWXKbbVWI MI\FCKV`

�ßàßÞ õòöêä íìäíèìèîâçé
AB gSNIW �`� CDW WdQWIETWBCKV FWCNQ EF [WQEMCW[ GECD CDW EBQNC UWKT WBCWIEBSCDW HQCEMKV CKUVW ]IHT CDW VW]C`
eEBMW CDW EBQNC UWKT GKF CKJWB ]IHT CDW BHBO[E�IKMCW[ ibWIHCD HI[WIj UWKTH] CDW ^3OXKbbVWIa EC GKF BWMWFFKI\ CH MHTQWBFKCW ]HI KC VWKFC ����� ]F2 H]�XX EBCIH[NMW[ U\ CDKC XKbbVWI` ^DW KMCNKV MHTQWBFKCEHB BWW[W[ GEVV KMCNKVV\UW FHTWGDKC VKISWI [NW CH CDW QHFECEYW �XX EBCIH[NMW[ U\ CDW CWVWFMHQW KB[CDW QIHQKSKCEHB [EFCKBMW EB KEI` ^DWIW EF KVFH K FTKVV QHFECEYW �XX EB CDWUWKT VWKYEBS CDW HFMEVVKCHIa [NW CH [EFQWIFEHB EB K QKIC H] CDW CECKBENTOFKQQDEIWMI\FCKV KB[ EB CDW HNCMHNQVEBS TEIIHI` ^DW CHCKV [EFQWIFEHB EBCIH[NMW[ U\ CDWFWWVWTWBCF MKB UW WFCETKCW[ CH UW BH DESDWI CDKB ���� ]F2 ` LF MKB UW FWWB EBgSNIW �`�� K MHTQWBFKCEHB H] CDEF TKSBECN[W GHNV[ SEYW K MNCOH� UKB[GE[CD H]VWFF CDKB �� BTa GDEMD EF CHH BKIIHGa TKJEBS KB WdCWIBKV MHTQIWFFHI BWMWFFKI\`^DWIW]HIW K ]HNIOQKFF QIEFT MHTQIWFFHI GKF NFW[ GECD QIEFTF TK[W H] eZ��SVKFF iFWW gSNIW �`�j`
ZESNIW �`� FDHGF EBCNECEYWV\ DHG CH CDEBJ GDWB MHBFE[WIEBS CDW BWMWFFKI\ �XXCH UW EBCIH[NMW[ U\ CDW MHTQIWFFHI` AB CDEF QEMCNIW CDW [EFQWIFEHB W�WMCF H] CDWNFW[ XKbbVWI KIW MHBFE[WIW[ CH UW EBCIH[NMW[ U\ K [EFQWIFEYW WVWTWBC` ^DW XKbObVWI ECFWV] EF MHBFE[WIW[ CH WdDEUEC bWIH [EFQWIFEHB` LF [EFMNFFW[ KUHYW CDW �XXH] CDW QNVFWF WBCWIEBS CDW HQCEMKV CKUVW MKB UW WFCETKCW[ CH UW 12500 + 1000 =
13500 ]F2 [NW CH CDW [EFQWIFEHB H] CDW HFMEVVKCHIa CDW gIFC XKbbVWIa CDW CWVWFMHQWKB[ CDW QIHQKSKCEHB EB KEI` ABMVN[EBS CDW [EFQWIFEHB H] CDW NFW[ XKbbVWI CDIHNSDCDW [EFQWIFEYW WVWTWBCa CDEF VWKYWF NF GECD K CHCKV QHFECEYW �XX H] ����� ]F2 ` LFFWWB EB CDW gSNIWa CDW QNVFW WBCWIEBS CDW XKbbVWI EF MKVVW[ CDW üEBQNC QNVFWüa KB[]IHT DWIW HB GDWB CKVJEBS KUHNC CDW EBQNC QNVFW H] CDW XKbbVWIa CDW [EFQWIFEYW W]O]WMCF H] CDW XKbbVWI DKF KVIWK[\ UWWB EBMVN[W[` A] HBW GKBCF CH EBCIH[NMW K �XXH] O����� ]F2 GECD CDW XKbbVWIa CDW �XX H] CDW EBQNC QNVFW DKF CH UW ����� ]F2 `�WBMW CDW MHTQIWFFHI DKF CH UW KVESBW[ FH CDKC EC EBCIH[NMWF O����� ]F2 H] �XX`LF FWWB EB FWMCEHB �`�`� EC EF QHFFEUVW CH EBCIH[NMW K TKdETNT BWSKCEYW �XX H]����� ]F2 GECD K MNCOH� UKB[GE[CD H] ��� BTa SEYEBS K IKCDWI VKISW IKBSW ]HI
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ZESNIW �`�ï fdQWIETWBCKV FWCNQ` ^DW EBQNC UWKT QKFFWF CDW MHTQIWFFHI UW]HIWWBCWIEBS CDW XKbbVWI MI\FCKV` L]CWI CDW MI\FCKV CDW bWIHCD HI[WI UWKT EF UVHMJW[KB[ CDW [E�IKMCW[ QNVFWF KIW FWBC WECDWI CH CDW ]WW[UKMJ KIT HI CH K [EKSBHFCEMKIT U\ CDW EBFWICEHB H] CDW TEIIHI �` AB CDW ]WW[UKMJ KIT CDW UWKT EF ]HMNFW[EB CDW ¦¦P MI\FCKV U\ CDW VWBF _�` ^DW VWBF _� EF QVKMW[ FH CDKC K ]HMNFEF HUCKEBW[ KC [EH[W �a TKdETEbEBS CDW FESBKV ]HI CDW ]IW�NWBM\O[HNUVW[ VESDC`X�� KB[ X�� KIW [EMDIHEM TEIIHIFa FWQKIKCEBS CDW ]NB[KTWBCKV MHTQHBWBC]IHT CDW FWMHB[ HI[WI DKITHBEM` LUHYW CDW QEMCNIW K FE[W YEWG FJWCMD H] CDWQKFFKSW H] CDW UWKT CDIHNSD CDW QIEFT MHTQIWFFHI EF FDHGB`
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ZESNIW �`�ï REMCNIW CH IWSKI[ GDWB MHBFE[WIEBS CDW KTHNBC H] �XX BWMWFFKI\ CHEBCIH[NMW U\ CDW MHTQIWFFHI` ^DW [EFQWIFEYW W�WMCF H] CDW XKbbVWI KIW IWSKI[W[KF K [EFQWIFEYW WVWTWBC QVKMW[ UW]HIW CDW MHTQIWFFHI`
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FWMHB[OHI[WI QDKFWOMHIIWMCEHBF GECD CDW HQWIKCEBS QHEBC MDHFWB KF O����� ]F2 `L CDWHIWCEMKV MKVMNVKCEHB iFWW ¸��¹j FDHGF CDKC CDW QIEFT [EFCKBMW IW�NEIW[ CHEBCIH[NMW CDEF KTHNBC H] �XX EB ]HNI QKFFWF EF KIHNB[ �`� Ta KB[ CDEF GKF CDW[EFCKBMW NFW[ [NIEBS CDW gIFC WdQWIETWBCF`
L]CWI CDW MHTQIWFFHI CDW UWKT GKF FWBC CDIHNSD CDW XKbbVWI` ^DW QHVKIEbKCEHBH] CDW EBQNC UWKT GKF EB CDEF MKFW DHIEbHBCKV KB[ CDW XKbbVWI GKF CDWIW]HIWKVESBW[ FE[WONQ CH TKCMD CDEF QHVKIEbKCEHB iMHTQKIW GECD gSNIW �`��j` ^DNF CDWQHVKIEbKCEHB H] CDW [E�IKMCW[ UWKT GKF YWICEMKVa TKCMDEBS CDW IW�NEIW[ EBQNCQHVKIEbKCEHB ]HI CDW NFW[ KNCHMHIIWVKCHI` L]CWI CDW XKbbVWI KB EIEF iA�j GKF NFW[CH UVHMJ CDW bWIHCD HI[WI UWKTa VWCCEBS CDW [E�IKMCW[ UWKT QKFF` AB gSNIW �`�CGH THIW EIEFWF MKB UW FWWB iA� KB[ A�j QVKMW[ KC CDW WBCIKBMW H] CDW FWCNQ KB[UW]HIW CDW XKbbVWI IWFQWMCEYWV\` ^DWFW GWIW NFW[ KF IW]WIWBMWF GDWB IWKVESBEBSCDW FWCNQa KFFNIEBS CDW MHIIWMC UWKT QKCD CDIHNSD CDW MHTQIWFFHI KB[ CDWTEIIHIF UW]HIW CDW XKbbVWI` ^DEF KIIKBSWTWBC GKF BWMWFFKI\ [NW CH CDW VKISWVHBSOCWIT FQKCEKV [IE]C H] CDW EBQNC UWKTa IWFNVCEBS ]IHT CDW VHBS QIHQKSKCEHB[EFCKBMW KB[ TKB\ IW¾WMCEHBF H] CDW UWKT QIEHI CH CDW FWCNQ`
ZEBKVV\ CDW [E�IKMCW[ QNVFWF GWIW FWBC CH CDW ]WW[UKMJ KIT HI KVCWIBKCEYWV\ CH K[EKSBHFCEM KIT U\ CDW EBFWICEHB H] CDW TEIIHI i�j`

%>w��}>ws� ?su =w�ws�
�DWB CDW XKbbVWI EF NFW[ EB K VKFWI F\FCWTa CDW CIESSWIEBS H] CDW KMHNFCEM GKYWO]HIT EF TK[W KC CDW FKTW IKCW KF CDW QNVFW QEMJEBS TWMDKBEFT EB CDW F\FCWT` ABCDEF GHIJ BH QNVFW QEMJWI GKF NFW[ KB[ CDW IWQWCECEHB IKCW ]HI CDW EBQNC QNVFWFGKF �� ��b` ^DW XKbbVWI GKF CIESSWIW[ KC K MHBFCKBC IKCW H] � J�ba EB HI[WI CHETECKCW CDW MHB[ECEHBF H] K MHTQVWCW VKFWI F\FCWT` �ECD K CIESSWI IKCW H] � J�baCDWIW EF BH IEFJ CH WdMWW[ CDW TKdETNT KVVHGW[ KMHNFCEM QHGWI [WBFEC\ H] CDWMI\FCKVa TKJEBS EC QHFFEUVW CH NFW CDW [WYEMW EB VHHQOTH[W GECDHNC CDW BWW[ CHGHII\ KUHNC KQQV\EBS KB WdMWFFEYW QHGWI` L [IKGUKMJ H] HQWIKCEBS CDW XKbbVWIGECDHNC K QNVFW QEMJWI EF CDKC BHC HBV\ CDW IW�NWFCW[ QNVFW FDKQEBS CKJWF QVKMW`AB gSNIW �`� K CETWO[HTKEB QEMCNIW H] CDW IWFNVC H] FNMD HQWIKCEHB EF FDHGB`
RNVFWF CDKC KIIEYW GDWB CDW WBCEIW KMHNFCEM GKYW EF EB CDW MI\FCKV GEVV UW [E�IKMCW[KF WdQWMCW[a GDEVW QNVFWF KIIEYEBS KC CETWF GDWB HBV\ K QKIC H] CDW KMHNFCEM GKYWEF QIWFWBC GEVV HBV\ UW QKICV\ [E�IKMCW[a FWWB KF CDW GEBSF H] CDW [E�IKMCW[ QNVFWWBYWVHQWF EB gSNIW �`�` ^DEF TWKBF CDKC CDW ]WW[UKMJ TWKFNIWTWBC FDHNV[ UWTK[W GECDEB CDW CETW tc− ts

EB[EMKCW[ EB CDW gSNIWa TWKFNIEBS HBV\ HB MHIIWMCV\[E�IKMCW[ QNVFWF` AB K F\FCWT GECD K QNVFW QEMJWIa CDW NFW[ QNVFW FDHNV[ UWQEMJW[ ]IHT EBFE[W CDEF CETW IKBSW` ZHI CDW NFW[ MI\FCKV tc ≈ 24 µsa TWKBEBSCDKC ]HI KB KMHNFCEM GKYW gVVEBS ��Æ H] CDW MI\FCKVa CDWIW GEVV UW KUHNC ���NFW]NV QNVFWF GDWB NFEBS K IWQWCECEHB IKCW H] �� ��b` XNW CH CDW ]KMC CDKCCDW KMHNFCEM GKYW DKF K VEBWKI MDEIQa CDW QNVFWF CDKC KIW [E�IKMCW[ KC CDW GIHBSCETWF GEVV SWC K BKIIHGWI UKB[GE[CD GECD K FQWMCINT UNEVC NQ HBV\ U\ CDW HQCEMKV]IW�NWBMEWF MHIIWFQHB[EBS CH CDW KMHNFCEMKV ]IW�NWBMEWF QIWFWBC EB CDW MI\FCKV KCCDKC EBFCKBC` PBW MKB CDNF WdQWMC CDW EBMHIIWMC QNVFWF CH DKYW K QNVFW VWBSCDTNMD VKISWI CDKB CDW MHIIWMC HBWF iFWW FWMCEHB �`�`�j` ^DW QDKFW GECDEB CDEFUKB[GE[CD GEVV DHGWYWI FCEVV UW CDW KQQVEW[ HBW`
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ZESNIW �`�ï ^ETWO[HTKEB QEMCNIW H] [E�IKMCEHB H] K QNVFW CIKEB GECDHNC CDW NFWH] K QNVFW QEMJWI` ts

EF CDW [NIKCEHB H] CDW KMHNFCEM GKYW` td ≈ 5 µs
EF CDW [WVK\IWVKCW[ CH CDW QIHQKSKCEHB H] CDW hZ FESBKV CH CDW MI\FCKV` tc ≈ 24 µs

EF CDWQIHQKSKCEHB CETW ]HI CDW KMHNFCEM GKYW CDIHNSD CDW MI\FCKV` PBV\ QNVFWF GECDEBK CETW IKBSW H] tc − ts
KIW [E�IKMCW[ U\ CDW GDHVW KMHNFCEM GKYW`
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^DW SHKV H] CDEF GHIJ EF CH NFW CDW SWBWCEM KVSHIECDT CH HQCETEbW CDW e��OWcMEWBM\ FEBMW EC EB FWMCEHB �`� GKF MHBMVN[W[ CDKC CDW FWMHB[ DKITHBEM SWBOWIKCEHB EF THIW WcMEWBC GDWB CDW QNVFW EF FDHICWI` AC GKF KVFH FWWB CDKC CDWe��OWcMEWBM\ EF [WQWB[WBC HB CDW QNVFW WBWIS\ iFWW gSNIW �`�j KB[ KF [EFOMNFFW[ EB FWMCEHB �`�`� CDW KMHNFCHOHQCEM EBCWIKMCEHB WcMEWBM\a KB[ DWBMW CDW[E�IKMCW[ QNVFW WBWIS\a EF [WQWB[WBC HB DHG CDW KMHNFCEM GKYW gVVF CDW MI\FCKV`^DEF TKJWF CDW ]WW[UKMJ FESBKV [WQWB[WBC HB CDW KQQVEW[ KTQVECN[W KB[ QDKFWCDIHNSD CDW QNVFW WBWIS\ KF GWVV` �HGWYWI E] HBW KFFNTWF CDKC CDW [E�IKMCW[QNVFW WBWIS\ EF HBV\ GWKJV\ [WQWB[WBC HB CDW [E�IKMCEHB MHB[ECEHBF KIHNB[ KTKdETK H] CDW e��OWcMEWBM\a CDW [WQWB[WBMW H] CDW ]WW[UKMJ FESBKV HB QNVFWWBWIS\ TESDC UW KB K[YKBCKSWa DWVQEBS CDW KVSHIECDT CH KYHE[ FHVNCEHBF GECDVHG QNVFW WBWIS\`
Ĥ TWKFNIW CDW e��OWcMEWBM\ CDW [E�IKMCW[ QNVFWF KIW ]HMNFW[ U\ CDW VWBF_� GECD K ]HMKV VWBSCD H] �� TT EBCH K ¦¦P MI\FCKV i¦K¦

2
P

4
j` ^DW MI\FCKVEF KVESBW[ FH CDKC FWMHB[ DKITHBEM SWBWIKCEHB EF KMDEWYW[ KB[ U\ CDW [EMDIHEMTEIIHIF X�� KB[ X�� CDW ]NB[KTWBCKV KB[ ]IW�NWBM\O[HNUVW[ QNVFWF KIW FWQOKIKCW[ KB[ [WCWMCW[ U\ CGH QDHCH[EH[WF` ^DW FWMHB[ DKITHBEM QNVFWF KIW GWKJKB[ CH WBDKBMW CDW FESBKVa K VWBF _� GECD K ]HMKV VWBSCD H] ��� TT EF NFW[ CH]HMNF CDW ]IW�NWBM\O[HNUVW[ VESDC HBCH [EH[W �` XNIEBS CDEF GHIJ EC GKF BHCQIKMCEMKVV\ QHFFEUVW CH SKCW CDW TWKFNIWTWBC KB[ DWBMW CDW WBCEIW [E�IKMCW[QNVFW CIKEB H] gSNIW �`� GKF [WCWMCW[` Ĥ SWC K FCIHBS WBHNSD FESBKV CDW FESBKVF]IHT CDW QDHCH[EH[WF DK[ CH UW CWITEBKCW[ GECD K � �

Ω IWFEFCKBMWa TKJEBSEC ETQHFFEUVW CH CWTQHIKVV\ IWFHVYW WYWB CDW WBYWVHQW H] CDW [E�IKMCW[ QNVFWF[NW CH CDW KFFHMEKCW[ FVHG IWFQHBFW CETW` ABFCWK[ CDW QWKJOCHOQWKJ YKVNW H] CDW[EH[W FESBKVF DK[ CH UW NFW[ KF K TWKFNIW H] CDW CHCKV WBWIS\ EB CDW [E�IKMCW[WBYWVHQW`
LBHCDWI ETQHICKBC EFFNW EF CDKC CDW IKCEH H] CDW [EH[W FESBKVF EF BHC CDW e��OWcMEWBM\ KF [WgBW[ EB FWMCEHB �`�`� FEBMW CDW ]NB[KTWBCKV QNVFW WBWIS\ FDHNV[CDWB UW TWKFNIW[ UW]HIW CDW FWMHB[ DKITHBEM SWBWIKCEHB` ZHI VHG MHBYWIFEHBWcMEWBMEWF CDW TWKFNIW[ FESBKV GEVV DHGWYWI UW K YWI\ SHH[ KQQIHdETKCEHB H]CDW e��OWcMEWBM\ FEBMW CDW [WQVWCEHB H] CDW ]NB[KTWBCKV UWKT MKB CDWB UWESBHIW[` $FEBS HBW H] CDW KMHNFCEM GKYW]HITF IWFNVCEBS ]IHT KB HQCETEbKCEHBaCDW e��OWcMEWBM\ GKF TWKFNIW[ U\ K QHGWI TWCWI CH UW VHGWI CDKB �Æ` ^DEFTWKBF CDKC CDW BHBO[WQVWCW[ KQQIHdETKCEHB [HWF EB[WW[ DHV[ EB CDW WdQWIETWBCFQIWFWBCW[ DWIW iFWW gSNIW �`� KB[ gSNIW �`�j`
RIKMCEMKVV\ CDW [EH[W FESBKVF GWIW FWBC CH KB HFMEVVHFMHQW CIESSWIW[ HB CDW hZFESBKV ]IHT CDW XKbbVWI hZ SWBWIKCHI` ^DW UNEVCOEB TWKFNIWTWBC ]NBMCEHB H] CDWHFMEVVHFMHQW GKF NFW[ CH [WCWITEBW CDW QWKJOCHOQWKJ YKVNWF H] CDW CGH FESBKVFKB[ CDW IWFNVCF GWIW CIKBF]WIIW[ NFEBS �RA¦� CH CDW TWKFNIWTWBC IHNCEBW KF[WFMIEUW[ EB FWMCEHB �`�`�`
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�ßàß� ýâè÷éçêîâëê
AB HI[WI CH UW KUVW CH SWC �NKBCECKCEYW IWFNVCF ]IHT KB HQCETEbKCEHBa K [EKSBHFCEMKIT GKF KVFH QIWFWBC EB CDW WdQWIETWBCKV FWCNQ` ¦\ EBFWICEBS CDW TEIIHI � EBCDW [E�IKMCW[ UWKT ]IHT CDW XKbbVWIa CDW VESDC GKF MHNQVW[ CH CDW [EKSBHFCEMW�NEQTWBC` ^DW GEB[HG � KF FWWB EB gSNIW �`� GKF TK[W H] CDW FKTW TKCWOIEKV KF CDW VWBF _� DKYEBS K CDEMJBWFF KVTHFC W�NKV CH CDW VWBF` ^DW IWKFHB ]HIEBCIH[NMEBS CDEF K[[ECEHBKV TKCWIEKV EBCH CDW [EKSBHFCEMF KIT EF NB[WIFCHH[ E]HBW MHBFE[WIF CDKC CDW KMCNKV TWKFNIWTWBC H] CDW e��OWcMEWBM\ EF BHC [HBW[EIWMCV\ K]CWI CDW XKbbVWI UNC IKCDWI EB CDW ¦¦P MI\FCKVa K]CWI CDW VWBF _�` ^DWW�WMC H] CDW GEB[HG EF CDWB CH KFFNIW CDKC CDW QDKFW TWKFNIW[ U\ CDW [EKSBHFCEMW�NEQTWBC EF W�NEYKVWBC CH CDW HBW ]HI GDEMD CDW e��OWcMEWBM\ GKF TWKFNIW[[NIEBS CDW HQCETEbKCEHB` XNIEBS CDW WdQWIETWBCF KETW[ KC MDHHFEBS K IWQIH[NMOCEYW QVKB K TNVCEOFDHC EBCWBFEC\ KNCHMHIIWVKCHI KB[ K SIKCEBS FQWMCIHTWCWI GWIWNFW[ KF [EKSBHFCEMF GDEVW CDW KBKV\FEF H] CDW KQQVEW[ FQWMCIKV QDKFW GKF [HBWNFEBS eRAXfh KF [WFMIEUW[ EB FWMCEHB �`�`
^DW KNCHMHIIWVKCHI NFW[ GKF K ZWTCHMDIHTW Zh���O¼_ KNCHMHIIWVKCHI` AB CDEF[WYEMW CDW CETW [WVK\ EF KMDEWYW[ U\ K IHCKCEBS QKIKVVWV TEIIHI KFFWTUV\` ^DWFWQKIKCW FMKBF KIW TK[W GECD K IWQWCECEHB IKCW H] �� �b KB[ CDW FESBKV ]IHT CDWQDHCH[EH[W TK\ UW YEWGW[ HB KB HFMEVVHFMHQW CIESSWIW[ ]IHT CDW KNCHMHIIWVKCHI`LF K gIFC KQQIHKMD CDW KNCHMHIIWVKCHI GKF HQWIKCW[ FWQKIKCWV\ GDEVW CDW XKbbVWIGKF FWC CH HQWIKCW EB MHBCEBNHNF TH[W GDWB TWKFNIEBS CDW QNVFW VWBSCD` �ECDK QNVFW CIKEB H] E[WBCEMKV QNVFWF CDEF TWCDH[ EF H]CWB NFW[ FNMMWFF]NVV\ UNC U\FCN[\EBS gSNIW �`� HBW MKB NB[WIFCKB[ GD\ EC [HWF BHC GHIJ DWIW` fYWB E] CDWXKbbVWI EF HQWIKCW[ MHBCEBNHNFV\ CDWIW GEVV KVGK\F UW QNVFWF CDKC DKYW QKFFW[CDW MI\FCKV GDWB CDW KMHNFCEM GKYW EF BHC QIWFWBC EB ]NVV` ^DWFW QNVFWF GEVVa KF[EFMNFFW[ EB FWMCEHB �`�`�a DKYW K QNVFW VWBSCD VHBSWI CDKB CDW HBW IWFNVCEBS ]IHTK MHIIWMCV\ [E�IKMCW[ QNVFW KB[ DWBMW FHTW H] CDW KNCHMHIIWVKCHI FMKBF GEVV UWEBMHIIWMC KB[ WYWB KF\TTWCIEM` ŴFCF MHBgITW[ CDEF KB[ GDWB KYWIKSEBS CDWKNCHMHIIWVKCHI FESBKV HYWI FWYWIKV FMKBF CDW IWFNVCEBS CIKMW GKF TNMD GE[WI CDKBWdQWMCW[ VWK[EBS CH KB EBMHIIWMCV\ TWKFNIW[ QNVFW VWBSCD`
AB HI[WI CH UW KUVW CH TWKFNIW CDW QNVFWF MHIIWMCV\ GECD CDW KNCHMHIIWVKCHIEC EF BWMWFFKI\ CH F\BMDIHBEbW CDW KNCHMHIIWVKCHI FMKB GECD CDW [E�IKMCW[ QNVFWWBYWVHQWF EB FNMD K GK\ CDKC CDW KMCNKV FESBKV ]IHT CDW KNCHMHIIWVKCHI EF IWMHI[W[GECDEB CDW CETW IKBSW tc − ts

[WQEMCW[ EB gSNIW �`�` LF K IWFNVC H] CDEF EC GEVVBHC UW QHFFEUVW CH TWKFNIW CDW MHIIWMC QNVFW VWBSCD H] QNVFWF CDKC KIW FH VHBSCDKC CDW\ MKB BHC UW FMKBBW[ U\ CDW KNCHMHIIWVKCHI EB CDW CETW tc − ts
` ZHI KBKMHNFCEM GKYW gVVEBS CDW MI\FCKV GWVVa KF IW�NEIW[ ]HI DESD EBCWIKMCEHB WcMEWBM\aCDW CETW IKBSW tc − ts

GEVV UW FDHIC KB[ CDNF WYWB FDHICWI QNVFWF KIW IW�NEIW[ E]CDW\ KIW CH UW TWKFNIW[ MHIIWMCV\`
Ĥ F\BMDIHBEbW CDW KNCHMHIIWVKCHI GECD CDW [E�IKMCW[ QNVFW WBYWVHQWFa EC GKFBWMWFFKI\ CH CIESSWI CDW hZ SWBWIKCHI HB CDW KNCHMHIIWVKCHI CIESSWI FESBKV` L[ESECKV CETW [WVK\ GKF NFW[ ]HI CDEF FESBKV KB[ U\ K[½NFCEBS CDW [WVK\ UWCGWWB CDWKNCHMHIIWVKCHI CIESSWI KB[ CDW VKNBMD H] CDW KMHNFCEM GKYW]HIT EC GKF QHFFEUVW CH[E�IKMC CDW QNVFW WBYWVHQW ½NFC GDWB CDW KNCHMHIIWVKCHI FMKB GKF KC CDW QHFECEHBH] HYWIVKQ UWCGWWB QNVFWF` ¦\ gBW CNBEBS CDW [WVK\ EC GKF FWWB CDKC CDWIW WdEFCW[K TKdETNT ]HI CDW KNCHMHIIWVKCEHB FESBKVa KF QIW[EMCW[ U\ CDEF [EFMNFFEHBa ½NFC
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ÈÁÉÁÊ¿À¿É ËÌÍÀ ÎÍÌ ÎÁÏ ÈÉ¿ÐÍÑÍÒÌ Ó¿Ì¿GE[CD BT � �� �`�� ��``��DHVW QHFECEHB BT ��� ��� �`�� ��``��DHVW GE[CD BT � �� �`�� ��``��DHVW [WQCD KN � �
1.0 · 10−3 ��``��[WVK\ ]F � ���� �`� ��``��HI[WI � ]F2 O����� O���� ��`� ��``��HI[WI � ]F3 O������ ������ ���`� ��``��HI[WI � ]F4 O������ ������ ���`� �``�

K̂UVW �`�ï �KYW]HIT QKIKTWCWIF NFW[ ]HI CDW SWBWCEM KVSHIECDT`

GDWB CDW FMKB GKF EBMVN[EBS CDW MHIIWMCV\ [E�IKMCW[ QNVFWF` XNW CH CDW ]KMC CDKCCDW [E�IKMCEHB EB CDW XKbbVWI MI\FCKV TESDC CKJW QVKMW KC [E�WIWBC QHFECEHBFa CDW[E�IKMCW[ QNVFW WBYWVHQW TK\ KVFH UW [WVK\W[ EB CETWa TKJEBS EC BWMWFFKI\ CH[H CDW gBW CNBEBS HYWI KSKEB ]HI WKMD QNVFW CH UW TWKFNIW[ HB`
ZIHT CDEF [EFMNFFEHB EC EF IWKVEbW[ CDKC CDW KNCHMHIIWVKCHI TWKFNIWTWBC GEVVQIHUKUV\ BHC SEYW KB\ IWVEKUVW YKVNW ]HI CDW QNVFW VWBSCDa KC VWKFC BHC ]HI VHBSQNVFWFa FEBMW CDW TWKFNIWTWBC TESDCa KB[ QIHUKUV\ GEVVa UW TK[W QKICV\ HBQNVFWF CDKC KIW BHC CDW MHIIWMC HBWF` ^DW QIHUVWTF [WFMIEUW[ KIW FHVWV\ [NW CHCDW ]KMC CDKC CDWIW KIW BH QNVFW QEMJWI EB CDW NFW[ F\FCWT`

ÃËÊ ÍÑÏÐÚÖ
^DW IWQIH[NMCEYW QVKB EF CDW QKICEMNVKI MDHEMW H] IWQIH[NMCEHB HQWIKCHIF CHOSWCDWI GECD CDW KFFHMEKCW[ QKIKTWCWIF ]HI CDHFW HQWIKCHIF iFWW FWMCEHB �`�`�j`AB CDEF WdQWIETWBC CDW FCKB[KI[ FWC H] HQWIKCHIF [WFMIEUW[ EB FWMCEHB �`�`� GKFETQVWTWBCW[ KB[ NFW[` ^DW QHQNVKCEHB FEbW KB[ CDW QIHUKUEVECEWF ]HI MIHFFHYWIKB[ TNCKCEHB GWIW YKIEW[ EB HI[WI CH gB[ K MHTUEBKCEHB VWK[EBS CH SHH[ MHBOYWISWBMW TWKFNIW[ U\ CDW H�OVEBW QWI]HITKBMW GECD IWFQWMC CH QNVFW VWBSCD` ĤETQIHYW CDW W�WMC H] CDW FWVWMCEHB TWMDKBEFTa K VEBWKI gCBWFF FMKVEBS TWMDKBEFTKF [WFMIEUW[ EB FWMCEHB �`�`� GKF NFW[`
�ßÞßà ºéëçæâé÷ çc Ôè.äcçìã íèìèãäîäìê
^DW GKYW]HIT QKIKTWCWIF MHIIWFQHB[EBS CH CDW XKbbVWI ]IHBC QKBWV MHBCIHVF GKFWBMH[W[ NFEBS CWB UECF WKMDa WdMWQC ]HI CDW QHFECEHB H] CDW FNQWISKNFFEKB KTQVEOCN[W GDEMD GKF gdW[ CH CDW MWBCIKV GKYWVWBSCD H] CDW FQWMCINT` AB CKUVW �`� CDWNFW[ QKIKTWCWIF KIW FDHGB CHSWCDWI GECD CDWEI TEBETNT KB[ TKdETNT YKVNWFKB[ CDW QIWMEFEHB HUCKEBW[` AB gSNIW �`� K QEMCNIW H] CDW KMCNKV MDIHTHFHTWGECD �� SWBWF EF FDHGB KB[ CDW VHMKCEHB H] WKMD QKIKTWCWI EF EB[EMKCW[` AB CDWCKUVW EC MKB UW FWWB CDKC CDW QIWMEFEHB H] CDW CDIWW gIFC QKIKTWCWIF EF NBBWMOWFFKIEV\ SHH[a FEBMW CDW KMCNKV GKYWVWBSCD IWFHVNCEHB H] CDW XKbbVWI EF KIHNB[�`� BT iFWW FWMCEHB �`�`�j` ^DEF DHGWYWI EF BHC K QIHUVWT KB[ FETQV\ TWKBF
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ZESNIW �`�ï ^DW MDIHTHFHTW GECD �� SWBWF NFW[ CH WBMH[W CDW QKIKTWCWIF`

CDKC FHTW H] CDW SWBWF EB CDW MDIHTHFHTW KIW BHC ETQHICKBC EB CDW FWKIMD`
�ßÞßÞ ýäêëìâíîâçé çc è ÷äéäîâë èö÷çìâî)ã ìòé
LF TWBCEHBW[ EB FWMCEHB �`�a K SWBWCEM KVSHIECDT INB MHIIWFQHB[F CH K FEBSVWHQCETEbKCEHBa FCKICEBS ]IHT K IKB[HT QHQNVKCEHB KB[ FCHQQEBS GDWB FHTW QIWO[WgBW[ FCHQOMIECWIEK EF TWC` ^DW FCHQOMIECWIEK TESDC UW CDKC K MWICKEB QWI]HIOTKBMW EF KMDEWYW[ HI CDKC K MWICKEB BNTUWI H] WYKVNKCEHBF DKYW UWWB TK[W` ABCDEF FCN[\ FWYWIKV KVSHIECDT INBF GWIW CH UW TK[Wa FHTW H] CDWT GECD [E�WIWBCQHQNVKCEHB FEbWF` Ĥ UW KUVW CH MHTQKIW CDHFW EC EF ETQHICKBC CDKC HBW TWKOFNIWF CDW QIHSIWFF EB CWITF H] CDW BNTUWI H] WYKVNKCEHBF IKCDWI CDKB EB CWITFH] SWBWIKCEHBF` ^DEF EF [NW CH CDW ]KMC CDKC ]HI [E�WIWBC QHQNVKCEHB FEbWFa K[E�WIWBC BNTUWI H] WYKVNKCEHBF DKYW CH UW TK[W ]HI WKMD SWBWIKCEHB` �WBMWCDW FCHQOMIECWIEK GKF DWIW MDHFWB CH UW K MWICKEB BNTUWI H] WYKVNKCEHBFa BKTWV\����`
XNW CH CDW VHBSOCWIT [IE]C H] CDW EBQNC VKFWI UWKTa CDW gCBWFF YKVNWa E`W` CDWTWKFNIW[ e��OWcMEWBM\a MHNV[ BHC UW NFW[ ]HI IWVEKUVW MHTQKIEFHB UWCGWWB [E]O]WIWBC SWBWIKCEHBF EB CDW INB` �WBMW CDW QNVFW VWBSCD GKF TWKFNIW[ GDWB CDWINB GKF MHTQVWCW[ KF [EFMNFFW[ EB FWMCEHB �`�`� KB[ CDW H�OVEBW QWI]HITKBMW GKFCDWB MKVMNVKCW[ GECD IWFQWMC CH CDW TWKFNIW[ QNVFW VWBSCD iFWW FWMCEHB �`�`�j`Ĥ MKVMNVKCW CDW H�OVEBW QWI]HITKBMWa CDW QNVFW VWBSCD H] CDW UWFCOFHO]KI EB[EYE[ONKVa E`W` CDW EB[EYE[NKV IWQIWFWBCEBS CDW FDHICWFC QNVFW VWBSCD NQ CH CDW MNIIWBCCETWa DKF CH UW MKVMNVKCW[ ]HI WKMD SWBWIKCEHB EB CDW INB` AC GKF DHGWYWI QIKMOCEMKVV\ ETQHFFEUVW CH TWKFNIW CDW QNVFW VWBSCD H] WYWI\ FEBSVW EB[EYE[NKV EB WKMDSWBWIKCEHB/a KB[ DWBMW HBV\ CDW QNVFW VWBSCD ]HI CDW UWFC EB[EYE[NKV EB CWITFH] gCBWFF GKF TWKFNIW[ EB WKMD SWBWIKCEHB` AB gSNIW �`� CDW UWFCOFHO]KI QNVFWVWBSCD EF QVHCCW[ CHSWCDWI GECD CDW MKVMNVKCW[ H�OVEBW QWI]HITKBMW EB CWITF H]QNVFW VWBSCD`
AC MKB UW BHCW[ CDKC EB CDW WdQWIETWBCF QIWFWBCW[ DWIWa CDW üCINWü QNVFW VWBSCDGEVV KVGK\F UW FTKVVWI CDKB CDW YKVNW H] CDW H�OVEBW QWI]HITKBMW` ZEIFCV\ UWMKNFWCDW H�OVEBW QWI]HITKBMW EF K INBBEBS KYWIKSWa EBMVN[EBS CDW QNVFW VWBSCDF ]IHTKVV QIWYEHNF SWBWIKCEHBFa KB[ FWMHB[V\ UWMKNFW H] CDW VETECKCEHBF HB CDW KNCHOMHIIWVKCHI TWKFNIWTWBCF [EFMNFFW[ EB FWMCEHB �`�`�` ¦WEBS KB ETQHICKBC QHEBCaCDW MHBMVNFEHB ]IHT FWMCEHB �`�`� EF IWQWKCW[ DWIWï ^DW H�OVEBW QWI]HITKBMW EB
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ZESNIW �`�ï ^DW UWFCOFHO]KI QNVFW VWBSCD QVHCCW[ CHSWCDWI GECD CDW MKVMNVKCW[H�OVEBW QWI]HITKBMW EB CWITF H] QNVFW VWBSCD ]HI K FEBSVW SWBWCEM KVSHIECDT INB`

CWITF H] QNVFW VWBSCD EF K UWCCWI TWKFNIW H] MHBYWISWBMW CDKB CDW KMCNKV QNVFWVWBSCDa FEBMW EC [HWF BHC HBV\ [WQWB[ HB CDW MNIIWBC QNVFW VWBSCDa UNC KVFH HBGDWCDWI EC GKF IWKMDW[ WKIV\ HI VKCW EB CDW INB`

�ßÞßô û)çâëä çc è ìäíìçæòëîâ.ä íöèé
^DW MDHEMW H] CDW QKIKTWCWIF N a pc

KB[ pm
GDEMD EF CDW QHQNVKCEHB FEbWa CDWMIHFFHYWI QIHUKUEVEC\ KB[ CDW TNCKCEHB QIHUKUEVEC\ IWFQWMCEYWV\a EF BHC FCIKESDCO]HIGKI[` ^DEF EF [NW CH CDW ]KMC CDKC CDW HQCETKV QKIKTWCWIF KIW MIECEMKVV\[WQWB[WBC HB CDW BKCNIW H] CDW QIHUVWT ECFWV]` ^DWIW WdEFC DHGWYWI FHTW IWMOHTTWB[KCEHBF UKFW[ HB WdQWIEWBMWF GDEMD KIW NFW]NV KF K FCKICEBS QHEBC`

�DWB EC MHTWF CH CDW MDHEMW H] CDW QHQNVKCEHB FEbW K VKISWI QHQNVKCEHB VWK[F CH K[WMIWKFW[ BNTUWI H] IWQIH[NMCEYW FCWQF ]HI K gdW[ BNTUWI H] gCBWFF WYKVNKCEHBFaMKNFEBS CDW WYHVNCEHB KB[ CDWIWU\ CDW MHBYWISWBMW CH FVHG [HGB` L CHH FTKVVBNTUWI H] EB[EYE[NKVF TKJWF CDW QHQNVKCEHB NBKUVW CH TKEBCKEB ECF [EYWIFEC\KB[ CDW KVSHIECDT'F KUEVEC\ CH FETNVCKBWHNFV\ FWKIMD KIHNB[ [E�WIWBC TKdETK EF[WSIK[W[ ¸��¹` ^DEF GHNV[ CDWB TKJW CDW KVSHIECDT THIW VEJWV\ CH MHBYWISW CH KVHMKV TKdETNT IKCDWI CDKB CH CDW SVHUKV HBW` AB CDEF CWFC QHQNVKCEHB FEbWF H] ��a��a �� KB[ ��� GWIW NFW[` ^DW TNCKCEHB EF ETQHICKBC EB TKJEBS CDW FWKIMD CI\NBWdQVHIW[ QKICF H] CDW FQKMW GDEVW K CHH DESD TNCKCEHB IKCW TKJWF CDW FWKIMDKBKVHS CH K IKB[HT FWKIMD` AB SWBWIKV TNCKCEHB IKCWF UWCGWWB �`��� KB[ �`��KIW IWMHTTWB[W[` AB CDW QIWFWBC FCN[\ TNCKCEHB IKCWF H] �`���a �`���a �`��a�`�� KB[ �`� GWIW CWFCW[`
��



ZHI CDW MIHFFHYWI QIHUKUEVEC\a EB ¸��¹ EC EF FNSSWFCW[ K YKVNW H] �`� ]HI VKISW QHQNOVKCEHB FEbWF GDEVW EB ¸��¹ EC EF FDHGB CDKC ]HI FTKVVWI QHQNVKCEHBF EC EF IWKFHBKUVWCH EBMIWKFW CDW MIHFFHYWI QIHUKUEVEC\ CH �`� EB HI[WI CH QIWYWBC QIWTKCNIW MHBOYWISWBMW` AB CDW WdQWIETWBCF QWI]HITW[ DWIWa K MIHFFHYWI QIHUKUEVEC\ H] �`� GKFNFW[ GDEVW CDW QHQNVKCEHB FEbW KB[ TNCKCEHB IKCW GKF YKIEW[` ZHI CDW MDHFWB NKB[ pm
a CDW MIHFFHYWI IKCW GKF CDWB YKIEW[ UWCGWWB �`� KB[ �`� EB FCWQF H] �`�`

Ĥ UW KUVW CH MHTQKIW CDW [E�WIWBC INBF CDW HQCETEbKCEHBF GWIW TK[W ]HI K gdW[BNTUWI H] ���� WYKVNKCEHBF` �ECD CDW QHQNVKCEHB FEbWF ��a ��a �� KB[ ��� CDEFTWKBF CDKC CDW KVSHIECDT GKF INB ]HI ��a ��a �� KB[ �� SWBWIKCEHBF` ZHI WKMDMHTUEBKCEHB H] QKIKTWCWIF CDIWW EB[WQWB[WBC INBF GWIW TK[W KB[ CDW IWFNVCFGWIW KYWIKSW[ EB HI[WI CH FNQQIWFF CDW BHEFW EBCIH[NMW[ U\ [K\OCHO[K\ YKIEKCEHBFH] CDW EBQNC QNVFWF`

¡{tw@} t£ ~t~v|?=wts <w#} ?su �v=?=wts >?=}
AB gSNIW �`� CDW H�OVEBW QWI]HITKBMW EF QVHCCW[ ]HI CDW [E�WIWBC MHTUEBKCEHBFH] QHQNVKCEHB FEbW N KB[ TNCKCEHB IKCW pm

` ^DWFW IWFNVCF SEYW KB EB[EMKCEHB H]GDEMD QHQNVKCEHB FEbW KB[ TNCKCEHB IKCW CDKC EF UWFC K[KQCW[ CH CDW QIHUVWT KCDKB[` LB EB[EMKCEHB H] VKMJ H] FCKCEFCEMF MKB UW FWWB U\ IWSKI[EBS CDW YKVNWF H]CDW H�OVEBW QWI]HITKBMW ]HI CDW EBECEKV QHQNVKCEHBa KF FWWB VW]CTHFC EB WKMD QVHCH] gSNIW �`�` eEBMW CDW EBECEKV QHQNVKCEHB EF FWVWMCW[ KC IKB[HT CDW EBECEKV H�OVEBWQWI]HITKBMW FDHNV[ UW CDW FKTW ]HI K SEYWB QHQNVKCEHB FEbW EB[WQWB[WBCV\ H]CDW TNCKCEHB IKCW` ^DEF TKJWF [EcMNVC CDW MHTQKIEFHB UWCGWWB CDW [E�WIWBCMNIYWFa UNC DHGWYWI CDWIW EF K MVWKI MHBYWISEBS CIWB[ EB KVV H] CDWT`
^DW VW]C QVHC H] gSNIW �`� FDHGF CDW KYWIKSW EBECEKV H�OVEBW QWI]HITKBMW KF K]NBMCEHB H] QHQNVKCEHB FEbW` LF MKB UW FWWB CDW QWI]HITKBMW H] CDW EBECEKV QHQONVKCEHB [WMIWKFWF GECD QHQNVKCEHB FEbWa GDEMD EF WdQWMCW[ FEBMW K VKISWI BNTUWIH] EB[EYE[NKVF TWKBF K DESDWI QIHUKUEVEC\ CDKC KC VWKFC HBW H] CDWT GEVV UW KDESD FMHIEBS EB[EYE[NKV` �HGWYWI CDEF FCIHBS [WQWB[WBMW TESDC KVFH EB[EMKCWCDKC CDW QIHUVWT QHFW[ EF KMCNKVV\ BHC MHTQVEMKCW[ WBHNSD CH UWBWgC ]IHT KSWBWCEM KVSHIECDT KQQIHKMD` ^DEF UWMHTWF WFQWMEKVV\ MVWKI ]HI CDW QHQNVKCEHBH] ��� EB[EYE[NKVF GDWIW CDW EBECEKV SNWFF EF BHC KC KVV ]KI ]IHT CDW IWFNVC H] CDWFWKIMD K]CWI ���� WYKVNKCEHBF`
^DW IESDC QVHC H] gSNIW �`� FDHGF CDW gBKV H�OVEBW QWI]HITKBMW ]HI WKMD QHQONVKCEHB FEbW N QVHCCW[ KSKEBFC CDW TNCKCEHB IKCW` XNW CH CDW VHG BNTUWI H]KYWIKSWF CKJWB CDWFW IWFNVCF KIW BHC CDKC MVWKI UNC HBW MKB FWW K CWB[WBM\ H]DESDWI TNCKCEHB IKCWF ]HI CDW FTKVVWI QHQNVKCEHBF` ZHI N = 20

CDW UWFC IWFNVCFKIW HUCKEBW[ GECD CDW DESDWFC TNCKCEHB IKCW H] �`� GDEVW ]HI N = 40 K TNCKOCEHB IKCW H] �`�� FWWTF CH UW K UWCCWI MDHEMW` ^DEF MKB UW WdQWMCW[ FEBMW EC EFDKI[ CH TKEBCKEB CDW [EYWIFEC\ EB FTKVV QHQNVKCEHBF KB[ DWBMW TNCKCEHB DWVQF CHIWEBCIH[NMW SWBW YKVNWF CDKC TESDC HCDWIGEFW UW VHFC [NW CH CDW FWVWMCEHB TWMDOKBEFT` ZHI CDW QHQNVKCEHB H] �� EB[EYE[NKVF CDW UWFC QWI]HITKBMW EF KMDEWYW[]HI K TNCKCEHB IKCW H] �`��a UNC DWIW EC EF KVFH FWWB CDKC CDW DESDWFC TNCKCEHBIKCW VWK[F CH DESD QWI]HITKBMW` ^DW QHQNVKCEHB H] ��� EB[EYE[NKVF FWWTF CH UWIKCDWI EB[WQWB[WBC HB CDW TNCKCEHB IKCW GECD ½NFC K FVESDC CWB[WBM\ ]HI DESDWIQIHUKUEVECEWF` ^DEF EF QIHUKUV\ [NW CH CDW SHH[ EBECEKV SNWFF HUCKEBW[ [NW CH
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ZESNIW �`�ï LYWIKSW EBECEKV KB[ gBKV H�OVEBW QWI]HITKBMW QVHCCW[ KSKEBFC CDWQHQNVKCEHB FEbW KB[ CDW TNCKCEHB IKCW IWFQWMCEYWV\`
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CDW VKMJ H] MHTQVWdEC\ KF [WFMIEUW[ KUHYW` ZHI CDW KBKV\FEF H] KVV CDWFW MKFWFMKNCEHB DKF CH UW CKJWB GDWB IWSKI[EBS CDW DESDWFC TNCKCEHB IKCW` L QIHUKOUEVEC\ H] �`� ]HI TNCKCEHB EF DESD MHTQKIW[ GECD CDW IWMHTTWB[W[ HBWF KB[ EFYWI\ VEJWV\ CH EB QIEBMEQVW MKNFW K IKB[HT FWKIMD` ^DEF EF WFQWMEKVV\ CINW ]HI CDWVKISWI QHQNVKCEHBF GDWIW VWFF IWQIH[NMCEYW FCWQF KIW CKJWB ]HI K gdW[ BNTUWI H]WYKVNKCEHBF`
AC EF [EcMNVC CH [IKG IWVEKUVW MHBMVNFEHBF ]IHT CDW INBF TK[W` ^DW UWFC QWIO]HITKBMW TWKFNIW[ GKF ]HI K QHQNVKCEHB FEbW H] ��� EB[EYE[NKVF KB[ K TNCKCEHBIKCW H] �`�` ^DW TWMDKBEFT UWDEB[ CDW IWFNVCF EB CDHFW MKFWF EF DHGWYWI YWI\VEJWV\ CH UW THIW IKB[HT CDKB WYHVNCEHBKI\ UKFW[ HB CDW SHH[ EBECEKV SNWFFTK[W ]HI KVV TNCKCEHB IKCWF GECD CDEF QHQNVKCEHB FEbW` A] CDKC IWQIH[NMCEYW QVKBGKF CDWB CH UW KQQVEW[ CH K THIW MHTQVWd QIHUVWTa EC MHNV[ BHC UW WdQWMCW[CH QWI]HIT UWCCWI CDKB K IKB[HT FWKIMD` ZHI CDW QHQNVKCEHB H] �� EB[EYE[NKVFCDWIW EF DHGWYWI K TEBETNT YKVNW ]HI K TNCKCEHB IKCW H] �`��a GECD KVTHFC KFSHH[ QWI]HITKBMW KF ]HI CDW VKISWFC QHQNVKCEHB` ^DEF MDHEMW H] QHQNVKCEHB FEbWKB[ TNCKCEHB IKCW EF KVFH EB SHH[ KSIWWTWBC GECD CDW HBWF IWMHTTWB[W[ EB CDWVECWIKCNIW ¸��¹a ¸��¹`
¡{tw@} t£ @>t<<tø}> ~>t;?;w|w=�
�ECD CDW MDHFWB YKVNWF ]HI CDW QHQNVKCEHB FEbW KB[ CDW TNCKCEHB IKCW CGH EBO[WQWB[WBC INBF GWIW TK[W ]HI [E�WIWBC YKVNWF H] CDW MIHFFHYWI QIHUKUEVEC\ KB[CDW IWFNVCEBS H�OVEBW QWI]HITKBMW EF FDHGB EB gSNIW �`�` ^DW UWFC QWI]HITKBMWGKF HUCKEBW[ ]HI K MIHFFHYWI QIHUKUEVEC\ pc = 0.9a UNC EC EF KVFH FWWB CDKC CDW[E�WIWBMWF EB QWI]HITKBMW KIW IKCDWI FTKVV WdMWQC ]HI pc = 0.5 KB[ pc = 0.8GDEMD FN�WIF ]IHT K QHHI EBECEKV H�OVEBW QWI]HITKBMW [NW CH CDW FTKVV BNTUWIH] KYWIKSWF CKJWB` ^DW GWKJ [WQWB[WBMW H] CDW QWI]HITKBMW HB CDW MIHFFHYWIQIHUKUEVEC\ EF [EFCNIUEBS EB CDW FWBFW CDKC EC ETQVEWF CDKC CDW FWKIMD EF BHC FHFCIHBSV\ [WQWB[WBC HB CDW WYHVNCEYW QIHMWFF KF HBW TK\ WdQWMC` ^DEF EF DHGWYWIEB KSIWWTWBC GECD CDW KUHYW FNFQEMEHBF CDKC CDW QIHUVWT EF BHC MHTQVWd WBHNSDCH UWBWgC ]IHT K SWBWCEM KQQIHKMD`
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�ßôßà õòöêä öäé÷î) èéèöóêâê
�WIW CDW TKEB IWFNVCF UKFW[ HB QNVFW VWBSCD TWKFNIWTWBCF GECD CDW KNCHMHIOIWVKCHI KIW QIWFWBCW[ KB[ KBKV\bW[` ZHI CDEF CDIWW EB[WQWB[WBC INBF H] ����WYKVNKCEHBF WKMD GWIW TK[W NFEBS CDW IWQIH[NMCEYW QVKB HUCKEBW[ EB FWMCEHB�`�`�a E`W` N = 60a pm = 0.01 KB[ pc = 0.9` ^DW IWFNVCEBS KYWIKSW H�OVEBWQWI]HITKBMW EF FDHGB EB gSNIW �`� CHSWCDWI GECD CDW KYWIKSW H] CDW FDHICWFCTWKFNIW[ QNVFW VWBSCDF FH ]KI` LF [EFMNFFW[ EB FWMCEHB �`�`�a CDW QNVFW VWBSCDMKB QIHUKUV\ BHC UW CINFCW[ CH UW MHIIWMC WKIV\ EB CDW INBa UNC CDW QVHC FCEVVFDHGF CDKC CDW EBECEKV [WMIWKFW EB QNVFW VWBSCD EF IKCDWI ]KFCa gB[EBS QNVFWF GECDCDW VWBSCD �� ]F K]CWI KIHNB[ ��� WYKVNKCEHBF` ZIHT CDWIW HBa CDW MHBYWISWBMW
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ZESNIW �`�ï RWI]HITKBMW ]HI N = 60 KB[ pm = 0.01 ]HI [E�WIWBC MIHFFHYWIQIHUKUEVECEWF pc
` Ĥ CDW VW]C EF CDW H�OVEBW QWI]HITKBMW ]HI ���� WYKVNKCEHBFKB[ CH CDW IESDC CDW gBKV H�OVEBW QWI]HITKBMW EF QVHCCW[ KSKEBFC CDW MIHFFHYWIQIHUKUEVEC\`

EF FVHGWIa UNC FCEVV CDW QNVFW VWBSCD [WMIWKFWF FCWK[EV\ KVHBS CDW INB`
Ĥ FCN[\ CDW KMCNKV W�WMC H] CDW HQCETEbKCEHB HBW H] CDW INBF MKB UW FCN[EW[THIW MVHFWV\` ^DW HQCETEbKCEHB VWK[EBS CH CDW FDHICWFC QNVFW VWBSCD IWFNVCW[ EBKB EB[EYE[NKV GECD K QNVFW VWBSCD H] �� ]F K]CWI ���� WYKVNKCEHBF` ^DW KQQVEW[KTQVECN[W gVCWI ]HI CDEF EB[EYE[NKV EF FDHGB EB gSNIW �`�� CHSWCDWI GECD CDWTWKFNIW[ FQWMCINT UHCD UW]HIW KB[ K]CWI HQCETEbKCEHB` ^DW UKB[GE[CD H] CDWFQWMCINT EF �� BTa KB[ CDW CIKBF]HITOVETECW[ QNVFW VWBSCD HUCKEBW[ U\ CDWEBYWIFW ZHNIEWI CIKBF]HIT EF �� ]F`

LF MKB UW FWWB ]IHT CDW gSNIW CDW KTQVECN[W gVCWI EF MDHFWB EB FNMD K GK\ KF CHTKJW CDW FQWMCINT THIW F\TTWCIEM KB[ CDNF EBMIWKFEBS CDW Z���OUKB[GE[CD`LB EBYWIFW ZHNIEWI CIKBF]HITKCEHB H] CDW TWKFNIW[ FQWMCIK KFFNTEBS K ¾KC QDKFWFDHGF CDKC CDW [WMIWKFW EB QNVFW VWBSCD HUCKEBW[ U\ CDW KTQVECN[W gVCWI EF KUHNC� ]F` ^DEF ]HIT H] CDW KTQVECN[W gVCWI GKF HUFWIYW[ EB KVTHFC KVV H] CDW INBFaTWKBEBS CDKC CDW KVSHIECDT EF KUVW CH KQQV\ KB KTQVECN[W gVCWI EB FNMD K GK\KF CH EBMIWKFW CDW FQWMCIKV UKB[GE[CD KB[ CDNF [WMIWKFW CDW QNVFW VWBSCD`
^DW FQWMCIKV QDKFW [WCWITEBWF CDW QNVFW FDKQW KF FWWB EB FWMCEHB �`�`� KB[ EBgSNIW �`�� CDW MHWcMEWBCF H] CDW QDKFW QHV\BHTEKV EF QVHCCW[ ]HI WKMD EB[EYE[NKVEB CDW QHQNVKCEHB CDIHNSDHNC CDW INB` ^DW FWMHB[ HI[WI QDKFW EF MINMEKV ]HI CDWQNVFW VWBSCD KB[ KF MKB UW FWWBa EC �NEMJV\ gB[F ECF YKVNW KIHNB[ O����� ]F2 KB[FCK\F CDWIW ]HI CDW IWFC H] CDW INB` ^DW MHBYWISWBMW H] CDW FWMHB[ HI[WI QDKFWEF CDWB IWFQHBFEUVW ]HI CDW gIFC IKQE[ [WMIWKFW EB QNVFW VWBSCD FWWB EB gSNIW �`�`^DW �XX EBCIH[NMW[ U\ CDW MHTQIWFFHI GKF EB FWMCEHB �`�`� MDHFWB FH CDKCCDW EBQNC QNVFW FDHNV[ DKYW K QHFECEYW �XX H] ����� ]F2 KB[ CDNF CDW ]HNB[HQCETKV FWMHB[ HI[WI QDKFW [WYEKCWF GECD O���� ]F2 ]IHT CDW WdQWMCW[ YKVNW` ^DWCDWHIWCEMKV MKVMNVKCEHB TK[W GKF HBV\ KETW[ KC gB[EBS KB KQQIHdETKCW QIEFT[EFCKBMW FH CDW KMCNKV �XX H] CDW EBQNC QNVFW GEVV QIHUKUV\ [WYEKCW K VECCVW ]IHTCDW WdQWMCW[ YKVNW` ^DKC CDW WIIHI GHNV[ UW KF VKISW KF ���� ]F2 EF DHGWYWI DKI[
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ZESNIW �`�ï RWI]HITKBMW ]HI N = 60a pm = 0.01 KB[ pc = 0.9` AB CDW QVHCUHCD CDW H�OVEBW QWI]HITKBMW KB[ CDW FDHICWFC QNVFW VWBSCD FH ]KI EF FDHGB ]HI KSWBWCEM KVSHIECDT INB H] ���� WYKVNKCEHBF` ^DW QVHC FDHGF CDW KYWIKSW H] CDIWWEB[WQWB[WBC INBF`
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ZESNIW �`��ï eQWMCINT TWKFNIW[ UHCD UW]HIW KB[ K]CWI CDW HQCETEbKCEHB CHSWCDWIGECD CDW KTQVECN[W gVCWI ]NBMCEHB`
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ÈÁÉÁÊ¿À¿É ÛÁÂÜ¿GE[CD �� BTDHVW QHFECEHB ��� BTDHVW GE[CD �� BTDHVW [WQCD �`��[WVK\ ���� ]FHI[WI � O����� ]F2HI[WI � ����� ]F3HI[WI � O������ ]F4
K̂UVW �`�ï �KYW]HIT QKIKTWCWIF H] CDW EB[EYE[NKV GECD K QNVFW VWBSCD H] �� ]F]HNB[ K]CWI ���� WYKVNKCEHBF`

CH UWVEWYWa KB[ WYWB E] EC GKF FH CDW HQCETEbKCEHB FDHNV[ FCEVV UW KUVW CH gB[ KBHQCETKV QNVFW VWBSCD MVHFWI CH CDW ZHNIEWI VETEC H] �� ]F` ^DW MHBMVNFEHB TNFCCDWB UW CDKC KC VWKFC FHTW H] CDW [WYEKCEHB EF [NW CH K [E�WIWBMW UWCGWWB CDWFDHICWFC QNVFW KB[ CDW QNVFW FDHGEBS CDW DESDWFC gCBWFF`
^DWIW KIW FWYWIKV QHFFEUVW WdQVKBKCEHBF CH CDEF [E�WIWBMW` ZEIFC H] KVV EC TESDCDKYW CH [H GECD CDW [E�WIWBMWF UWCGWWB TWKFNIEBS CDW e��OFESBKV KB[ TWKFNIOEBS CDW QNVFW VWBSCD` LF FWWB EB gSNIW �`� K GEB[HG � EF NFW[ CH EBCIH[NMWCDW FKTW [EFQWIFEHB ]HI CDW QNVFWF EB CDW [EKSBHFCEM KIT KF CDW VWBF _� [HWF EBCDW ]WW[UKMJ KIT` ^DEF MHTQWBFKCEHB TESDC BHC UW WdKMC KB[ CDNF CDW QNVFWVWBSCD EF TWKFNIW[ ]HI K QNVFW GECD K FVESDCV\ [E�WIWBC QDKFW CDKB CDW QNVFW]HI GDEMD CDW ]WW[UKMJ FESBKV GKF TWKFNIW[ [NIEBS CDW INB` ^DW [E�WIWBMW EBEBCIH[NMW[ �XX UWCGWWB CDW GEB[HG KB[ CDW VWBF GEVV DHGWYWI UW YWI\ FTKVViKIHNB[ FHTW DNB[IW[ ]F2j` LBHCDWI EFFNWa UIEW¾\ TWBCEHBW[ EB FWMCEHB �`�`�aEF CDW QDKFWOTKCMDEBS MHB[ECEHBF ]HI FDHIC QNVFWF EB CDW ¦¦POMI\FCKV` �ECDCDW UIHK[ FQWMCIK H] FDHIC QNVFWF CDW QDKFWOTKCMDEBS MHB[ECEHBF GEVV BHC UW CDWFKTW ]HI KVV ]IW�NWBMEWFa KB[ CDNF EC EF BHC SNKIKBCWW[ CDKC CDW FDHICWFC QNVFWKC CDW WBCIKBMW H] CDW e��OMI\FCKV GEVV \EWV[ CDW DESDWFC e��OWcMEWBM\`
LBHCDWI QHFFEUVW WdQVKBKCEHB EF UKFW[ HB CDW [WQWB[WBMW H] CDW e��OWcMEWBM\HB CDW QNVFW WBWIS\ KF FWWB EB FWMCEHB �`�`�` eEBMW CDW [E�IKMCW[ QNVFW WBWIS\EB CDW XKbbVWI MI\FCKV EF FCIHBSV\ [WQWB[WBC HB CDW KQQVEW[ FWMHB[ HI[WI QDKFWEC EF QHFFEUVWa KB[ WYWB QIHUKUVWa CDKC CDW TKdETNT H] CDW e��OWcMEWBM\ GEVVHMMNI ]HI KB KQQVEW[ �XX CDKC EF K CIK[WOH� UWCGWWB K ¾KCCWI QDKFW KB[ KBEBMIWKFW[ QNVFW WBWIS\a CDNF GECD K CWB[WBM\ CHGKI[ K VKISWI BWSKCEYW �XX`
^DW CDEI[ HI[WI QDKFW MHBYWISWF KF GWVVa UNC EF BHC FH GWVV VHMKVEbW[ KF CDWFWMHB[ HI[WI CWIT` ZHI CDW ]HNICD HI[WI CWIT MHBYWISWBMW MKB BHC UW MHBMVN[W[]IHT CDW gSNIW` ^DW IWKFHB EF QIHUKUV\ CDKC CDW QNVFW VWBSCD EF BHC FH FWBFECEYWCH CDW ]HNICD HI[WI CWIT KB[ DWBMW CDW KVSHIECDT DKF [EcMNVCEWF EB gB[EBS KBHQCETNT YKVNW` ^DW GKYW]HIT QKIKTWCWIF H] CDW EB[EYE[NKV GECD K QNVFW VWBSCDH] �� ]F ]HNB[ K]CWI ���� WYKVNKCEHBF EF FDHGB EB CKUVW �`�`
AC EF NFW]NV CH EBYWFCESKCW DHG CDW [E�WIWBC QDKFW MHWcMEWBCF K�WMC CDW QNVFWFDKQW` A] HBW KFFNTWF CDKC CDW ]HNB[ HQCETKV EB[EYE[NKV DKF K ¾KC QDKFW{ a E`W`
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ÈÁÉÁÊ¿À¿É ��� ¿ÛÁÂÜÁÀÍÒÌÑ[WVK\ ���� ]FHI[WI � O����� ]F2HI[WI � ����� ]F3HI[WI � O������ ]F4
K̂UVW �`�ï RDKFW MHWcMEWBCF ]HI CDW EB[EYE[NKV GECD CDW DESDWFC gCBWFF K]CWI ���WYKVNKCEHBF`

WBF CDW QNVFW ]IHT CDW EBECEKV QNVFW VWBSCD H] ���� ]F [HGB CH �� ]F` ^DW CDEI[HI[WI MHTQWBFKCEHB TKJWF CDW QNVFW THIW F\TTWCIEM KB[ FDHICWBF EC ]NICDWI[HGB CH �� ]F` ^DW ETQKMC H] CDW ]HNICD HI[WI CWIT EF TNMD FTKVVWIa VWK[EBS CHFDHICWBEBS H] VWFF CDKB �`� ]F`
AB CDW UHCCHT IESDC QVHC CDW W�WMC H] CDW [E�WIWBC QDKFW MHWcMEWBCF HB CDW QNVFWVWBSCD EF QVHCCW[ KSKEBFC CDW NBECF H] IWFHVNCEHB ]HI CDW MNIIWBC HQCETEbKCEHB iFWWCKUVW �`�j` �WBWIKVV\ CDW CIWKCTWBC H] CDW [E�WIWBC CWITF FDHNV[ BHC UW [HBWEB[WQWB[WBCV\a FEBMW CDW YKVNW H] HBW TK\ [WCWITEBW CDW ETQKMC H] KBHCDWI` ABCDEF MKFW EC EF DHGWYWI NFW]NV CH FWW CDKC KIHNB[ KB HQCETNT KF [WCWITEBW[ U\CDW FWMHB[ HI[WI CWITa CDW QNVFW VWBSCD EF TNMD VWFF FWBFECEYW CH CDW DESDWI HI[WICWITF HB CDW FMKVW NFW[ [NIEBS CDEF HQCETEbKCEHB` ^DEF WdQVKEBF CDW EBMIWKFW[[EYWIFEC\ ]HI CDW DESDWI HI[WI QDKFW CWITF KTHBS CDW EB[EYE[NKVF EB gSNIW �`��`AC KVFH FNSSWFCF CDKC CDW VETECF ]HI KC VWKFC CDW ]HNICD HI[WI QDKFW MHWcMEWBCFDHNV[ DKYW UWWB GE[WI`

�ßôßÞ (íäëîìèö í)èêä èéèöóêâê òêâé÷ (õ¹ýº[

^DW QIWYEHNF IWFNVCF FNSSWFC CDKC CDW HQCETEbW[ HNCQNC QNVFW GKF BHC CIKBF]HITOVETECW[a DKYEBS K [NIKCEHB H] � ]F KUHYW CDW CIKBF]HITOVETEC` Ĥ SWC K MVHFWIVHHJ HB CDW FHVNCEHB ]HNB[ U\ CDW KVSHIECDTa KMMWFF CH K eRAXfhOKQQKIKCNF KF[WFMIEUW[ EB FWMCEHB �`� GKF QHFFEUVW ]HI K ]WG [K\Fa CDNF TKJEBS EC QHFFEUVW CH]NVV\ MDKIKMCWIEbW CDW FQWMCIKV QDKFW H] CDW HQCETEbW[ QNVFWF` LF [WFMIEUW[ EBFWMCEHB �`�`� CDW eRAXfh IWQVKMW[ CDW KNCHMHIIWVKCHI EB CDW WdQWIETWBCKV FWCNQ`
RIEHI CH CDEF KBKV\FEF CDW ^3OHFMEVVKCHI GKF K[½NFCW[ EB HI[WI CH SWC K UIHK[WIFQWMCINTa KB[ FEBMW CDW HQCETEbW[ FWMHB[ HI[WI QDKFW EB CDW QIWYEHNF INBF GWIWMVHFW CH CDW VETEC ]HI K MNCOH� UKB[GE[CD H] ��� BTa K FVESDC K[½NFCTWBC GKFTK[W CH CDW MHTQIWFFHI ½NFC CH UW HB CDW FK]W FE[W` ^DEF FDHGF NQ KF CDW FWMHB[HI[WI QDKFW ]HNB[ EB CDEF INB UWEBS [E�WIWBC ]IHT CDW HBW ]HNB[ EB CDW QIWYEHNFINBF` RIWYEHNFV\ CDW HQCETEbW[ FWMHB[ HI[WI QDKFW GKF KQQIHdETKCWV\ O����� ]F2KB[ DWIW EC EF KIHNB[ O����� ]F2 `
ZHI CDEF WdQWIETWBC CDW FKTW IWQIH[NMCEYW QVKB KF EB FWMCEHB �`�`� GKF NFW[ KB[K INB GKF TK[W ]HI ��� WYKVNKCEHBF` AB CDEF INB HBV\ CDW QDKFW GKF TH[EgW[KB[ CDW KTQVECN[W GKF FWC CH K FNQWISKNFFEKB H] GE[CD �� BT GECDHNC K DHVW`AB CKUVW �`� CDW QDKFW MHWcMEWBCF H] CDW EB[EYE[NKV GECD CDW DESDWFC gCBWFF K]CWI��� WYKVNKCEHBF KIW FDHGB`
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Spectrum and calculated phase

ZESNIW �`��ï eRAXfh TWKFNIWTWBC` Ĥ CDW VW]C CDW IWMHI[W[ eRAXfhOEBCWI]WIHSIKT EF FDHGB KB[ EB CDW IESDC QVHC CDW TWKFNIW[ QNVFW FQWMCINT EFFDHGB KF CDW [KFDW[ VEBW CHSWCDWI GECD CDW MKVMNVKCW[ FQWMCIKV QDKFW iFHVE[VEBWj`

^DW UKB[GE[CD H] CDW HQCETEbW[ QNVFW GKF �� BT KB[ CDW MHIIWFQHB[EBS CIKBF]HITOVETECW[ QNVFW VWBSCD GKF MKVMNVKCW[ CH UW �� ]F` AB gSNIW �`�� CDW TWKFNIW[eRAXfhOEBCWI]WIHSIKT EF FDHGB EB CDW VW]C QVHC KB[ CH CDW IESDC CDW QNVFW FQWMOCINT EF FDHGB CHSWCDWI GECD QDKFW MKVMNVKCW[ GECD CDW ZHNIEWIO ÎKBF]HIT eQWMOCIKV ABCWI]WIHTWCI\ TWCDH[ [WFMIEUW[ EB LQQWB[Ed ¦` LF MKB UW FWWBa CDWIW KIWFCEVV NBMHTQWBFKCW[ QDKFW CWITF IWTKEBEBS KB[ CDW QNVFW VWBSCD GKF MKVMNVKCW[CH UW �� ]Fa HI KUHNC �`�� CETWF CDW CIKBF]HITOVETEC`
^DW NBMHTQWBFKCW[ QDKFWOCWITF EB[EMKCWF CDKC CDW KVSHIECDT DK[ BHC ]NVV\ MHBOYWISW[ K]CWI ��� WYKVNKCEHBF` L MHBCEBNKCEHB H] CDW FKTW INB NQ CH ��� WYKVNKOCEHBF KVFH FDHGW[ CDKC CDEF GKF CDW MKFW KB[ CDW MDKBSW H] CDW QDKFW MHWcMEWBCFHUCKEBW[ GECD CDW MHBCEBNW[ INB GKF O��� ]F2 a O����� ]F3 KB[ O������ ]F4 ]HI CDWFWMHB[a CDEI[ KB[ ]HNICD HI[WI IWFQWMCEYWV\` LC CDEF QHEBC EC GKF NB]HICNBKCWV\BHC QHFFEUVW CH [H KB\ K[[ECEHBKV eRAXfhOTWKFNIWTWBCF KB[ CDNF CDW MDKBSWEB CDW QDKFW GKF KQQVEW[ TKCDWTKCEMKVV\` ZESNIW �`�� FDHGF CDW WdQWMCW[ QDKFWK]CWI ��� WYKVNKCEHBF HUCKEBW[ U\ K[[EBS CDW QHV\BHTEKV QDKFW [E�WIWBMW CH CDWQDKFW TWKFNIW[ K]CWI ��� WYKVNKCEHBF`
LF MKB UW FWWB CDW IWFNVC H] CDW MHBCEBNW[ WYKVNKCEHB EF CH ]NICDWI ¾KCCWB CDWQDKFW KB[ CDW MKVMNVKCW[ QNVFW VWBSCD K]CWI ��� WYKVNKCEHBF CNIBF HNC CH UW�� ]F HI HBV\ �`�� CETWF CDW CIKBF]HITOVETEC` AB gSNIW �`�� CDW MKVMNVKCW[ QNVFWFDKQW K]CWI ��� WYKVNKCEHBF EF FDHGB CHSWCDWI GECD CDW WFCETKCW[ QNVFW FDKQWK]CWI ��� WYKVNKCEHBF` LF MKB UW FWWBa CDW MHBCEBNW[ WYKVNKCEHB VWK[F CH K TNMDUWCCWI MHIIWMCEHB ]HI CDW CDEI[ HI[WI QDKFWa TKJEBS CDW QNVFW THIW F\TTWCIEM`
^DEF KBKV\FEF FNSSWFCF CDKC EC GHNV[ UW YWI\ EBCWIWFCEBS CH QWI]HIT K THIWCDHIHNSD EBYWFCESKCEHB H] CDW FQWMCIKV QDKFW IWFNVCEBS ]IHT KB HQCETEbKCEHB INB`AC KVFH FDHGF CDKC EC EF YWI\ ETQHICKBC CH KFFNIW CDKC CDW KVSHIECDT DKF ]NVV\MHBYWISW[ UW]HIW TKJEBS �NKBCECKCEYW [EKSBHFCEMF`
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ZESNIW �`��ï fdQWMCW[ QDKFW K]CWI ��� WYKVNKCEHBF HUCKEBW[ U\ K[[EBS CDW QHV\OBHTEKV QDKFW [E�WIWBMW CH CDW QDKFW TWKFNIW[ K]CWI ��� WYKVNKCEHBF`
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ZESNIW �`��ï RNVFW FDKQWF` ^DW TWKFNIW[ QNVFW FDKQW K]CWI ��� WYKVNKCEHBFiFHVE[ VEBWj EF FDHGB CHSWCDWI GECD CDW WFCETKCW[ QNVFW FDKQW K]CWI ��� WYKVNKOCEHBF i[KFDW[ VEBWj`
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AB CDEF FCN[\ KB LMHNFCHOPQCEM RIHSIKTTKUVW XEFQWIFEYW ZEVCWI DKF UWWB NFW[CH CWTQHIKVV\ FDKQW ]WTCHFWMHB[ QNVFWF ]IHT CDW HFMEVVKCHI H] CDW ^3OVKFWI EB_NB[` ^DW KMCNKV FDKQEBS DKF UWWB [HBW CDIHNSD K ]WW[UKMJ VHHQa MHBCIHVVW[U\ K SWBWCEM KVSHIECDTa EB HI[WI CH HQCETEbW CDW WcMEWBM\ ]HI FWMHB[ DKITHBEMSWBWIKCEHBa CDNF WdQWMCEBS CH TEBETEbW CDW QNVFW VWBSCD` ^DW WdQWIETWBCKVEBYWFCESKCEHBF DKYW FDHGB CDKC CDW KVSHIECDT GHIJFa gB[EBS QNVFWF GECD K QNVFWVWBSCD H] K ]WG QWIMWBC KUHYW CDW CIKBF]HITOVETEC` XNIEBS CDW GHIJ WdQWIEWBMWDKF UWWB SKEBW[ HB CDW QNVFW FDKQWI KF GWVV KF HB CDW QIKMCEMKV KQQVEMKCEHB H]K SWBWCEM KVSHIECDT EB K ]WW[UKMJ VHHQ` ¦WVHG FHTW H] CDW MHBMVNFEHBF IWKMDW[KIW FNTTKIEbW[`
�ËÌ �ÝÕ×Ñ ×ÐÎÙÑØ
LB ETQHICKBC EFFNW GDWB CDW XKbbVWI EF NFW[ EB KB WdQWIETWBCKV FWCNQ EF CDKCCDW FWMHB[ HI[WI QDKFW TK\ DKYW CH UW WdCWIBKVV\ MHTQWBFKCW[ FH CDKC CDW�XX CDKC DKF CH UW EBCIH[NMW[ U\ CDW XKbbVWI VEWF GECDEB ECF [\BKTEM IKBSWH] MHTQWBFKCEHB` ^DEF IKBSW EF [WCWITEBW[ U\ CDW IW�NEIW[ WBWIS\ CDIHNSDQNCKB[ CDW IW�NEIW[ FQWMCIKV UKB[GE[CD` eEBMW CDW FDKQW[ QNVFW EF MIWKCW[ U\[E�IKMCEHB [NW CH KMHNFCHOHQCEM EBCWIKMCEHB EB CDW MI\FCKVa CDW KMCNKV VWBSCD H]EBCWIKMCEHB UWCGWWB CDW KMHNFCEM KB[ HQCEMKV GKYWF EF MINMEKV ]HI CDW [E�IKMCEHBWcMEWBM\a KB[ DWBMW [WCWITEBWF CDW WBWIS\ CDIHNSDQNC` ^DW EBCWIKMCEHB VWBSCDEF [WQWB[WBC HB CDW FQIWK[ H] CDW KMHNFCEM GKYWa GDEMD EB CNIB EF FCIHBSV\[WQWB[WBC HB CDW KQQVEW[ �XX` ^DNF K VKISWI iKUFHVNCW YKVNWj H] CDW KQQVEW[�XX GEVV VWK[ CH K DESDWI WBWIS\ CDIHNSDQNC` ^DW FQWMCIKV UKB[GE[CD VETEC EF[NW CH CDW gBECW VWBSCD H] CDW MI\FCKV ECFWV]` A] K CHH VKISW �XX EF KQQVEW[a CDWKMHNFCEM GKYW GEVV FQIWK[ FH CDKC EC [HWF BHC gC EB CDW MI\FCKVa KB[ EF CDNF MNCH�a IWFNVCEBS EB FHTW KMHNFCEM ]IW�NWBMEWF BHC UWEBS QIWFWBC EB CDW MI\FCKV` ^DWHQCEMKV ]IW�NWBM\ MHTQHBWBCF CDKC GHNV[ HCDWIGEFW UW [E�IKMCW[ U\ CDW TEFFEBSKMHNFCEM ]IW�NWBMEWF GEVV DWBMW UW TEFFEBS EB CDW [E�IKMCW[ QNVFW FQWMCINT` ^DEFGKF BHC K FWYWIW QIHUVWT EB CDW QIWFWBC GHIJa UNC E] CDW XKbbVWI EF CH UW NFW[EB K VKFWIOF\FCWT GECD KB KTQVEgWIa KCCWBCEHB DKF CH UW QK\W[ CH CDEF EFFNW`

��



^DEF EF [NW CH CDW ]KMC CDKC KB KTQVEgWI EF FWBFECEYW CH CDW UKB[GE[CD H] CDWQNVFWF` A] QNVFWF GECD K CHH BKIIHG UKB[GE[CD KIW NFW[ CH FWW[ KB KTQVEgWIaKVV SKEB GEVV UW MHBMWBCIKCW[ EBCH K FTKVVWI FQWMCIKV IKBSWa GECD CDW IEFJ H]IWKMDEBS EBCWBFECEWF [KTKSEBS CDW SKEB TW[ENT HI KFFHMEKCW[ HQCEMF` ^DW BWW[]HI WdCWIBKV MHTQWBFKCEHB EB CDEF GHIJ VW[ CH CDW K[[ECEHB H] K MHTQIWFFHI CH CDWFWCNQa GDEVW EB K MHTQVWCW VKFWI F\FCWT FHTW FHIC H] MHTQIWFFHI EF KVGK\F QIWFWBCaIW[NMEBS CDW MHTQWBFKCEHB BWMWFFKI\ ]HI CDW XKbbVWI CH K FETQVW K[½NFCTWBC`
AB CDEF GHIJ CDW XKbbVWI GKF HQWIKCW[ EB K F\FCWT GECDHNC K QNVFW QEMJWI` LFDKF UWWB [EFMNFFW[ EB FWMCEHB �`�`� EC ETQVEWF CDKC BHC HBV\ CDW WdQWMCW[ QNVFWFKIW HUCKEBW[a UNC KVFH QNVFWF [E�IKMCW[ KC CETWF GDWB CDW KMHNFCEM GKYW EF BHCQIWFWBC EB ]NVV EB CDW MI\FCKV` AB CDW QWI]HITW[ WdQWIETWBCF CDEF EBCIH[NMW[FHTW NBMWICKEBCEWF CH CDW HQCETEbKCEHB QIHMWFF KB[ VW[ CH FHTW WdQWIETWBCKV[EcMNVCEWF ]HI CDW [EKSBHFCEMF` AB K IWKV VKFWI F\FCWTa VEJW CDW � J�bOVKFWI EB_NB[a CDEF GEVV DHGWYWI BHC MKNFW KB\ QIHUVWTFa FEBMW K QNVFW QEMJWI EF QIWFWBCEB CDEF F\FCWT`
AB MHBMVNFEHB EC MKB UW FKE[ CDKC CDW XKbbVWI FDHGW[ WdMWVVWBC QWI]HITKBMW EBFDKQEBS CDW VKFWI QNVFWF ]HI CDW QWI]HITW[ WdQWIETWBCF` LB K[YKBCKSW H] CDWXKbbVWI HYWI HCDWI QNVFW FDKQEBS [WYEMWF EF ECF MKQKUEVEC\ CH KQQV\ K gVCWI CHUHCD CDW KTQVECN[W KB[ CDW QDKFW GECD K FEBSVW HQWIKCEHB` P]CWB HBW CDEBJFH] CDW HQCETEbKCEHB H] e��OWcMEWBM\ KF K TKCCWI H] EBCIH[NMEBS K ¾KC QDKFWHBV\` AB CDEF GHIJ EC GKF DHGWYWI FWWB CDKC WYWB KB KTQVECN[W gVCWI EF NFW]NV CHF\TTWCIEbW CDW KTQVECN[W FQWMCINT KB[ CDNF EBMIWKFEBS CDW UKB[GE[CD` ^DWQHFFEUEVEC\ CH NFW KB KTQVECN[W gVCWI EF WFQWMEKVV\ ETQHICKBC EB K MHTQVWCW VKFWIF\FCWT GECD KB KTQVEgWI` AB KTQVEgWIF KB W�WMC JBHGB KF üSKEBOBKIIHGEBSüMKNFWF CDW UKB[GE[CD H] CDW FQWMCINT CH [WMIWKFW HB KTQVEgMKCEHBa VWK[EBS CHVHBSWI QNVFWF` ¦\ FNQQIWFFEBS CDW KTQVECN[W H] CDW MWBCIKV ]IW�NWBMEWF QIEHI CHKTQVEgMKCEHBa CDEF W�WMC MKB UW TEBETEbW[ KB[ CDNF FDHICWI QNVFW VWBSCDF MKB UWIWKMDW[` ZEBKVV\ CDW XKbbVWI EF YWI\ üNFWIO]IEWB[V\ü CDIHNSD ECF MHBCIHV FH]CGKIWaKVVHGEBS EC CH UW MHBCIHVVW[ EB K üVHHQOTH[Wü KF [WFMIEUW[ EB FWMCEHB �`�`�` AC EFKVFH WKF\ CH EBCIH[NMW CDW XKbbVWI EBCH KB WdEFCEBS FWCNQa FEBMW CDWIW EF BH BWW[]HI K bWIH [EFQWIFEHBOVEBW KB[ FEBMW CDW FDKQW[ QNVFWF KIW CIKYWVVEBS EB CDW FKTW[EIWMCEHB KF CDW EBQNC QNVFWF`
�ËÊ �ÙÏÓÒÓzÎÏÓÚÛ ÎÕ�ÚØÓÏÐÒ
PB CDW GDHVWa CDW SWBWCEM KVSHIECDT GHIJW[ GWVVa KMDEWYEBS QNVFWF [HGB CH K ]WGQWIMWBC KUHYW CDW CIKBF]HITOVETEC` AC GKF FWWB CDKC CDW HQCETEbKCEHB QIHMWFFGKF WYWB KUVW CH gB[ KB KTQVECN[W gVCWI GECD CDW W�WMC H] TKJEBS CDW FQWMCIKVKTQVECN[W THIW F\TTWCIEM KB[ CDNF DKYEBS K VKISWI UKB[GE[CD` ^DW UIEW] FQWMOCIKV QDKFW KBKV\FEF TK[W GECD eRAXfh EB[EMKCW[ CDKC CDW HQCETEbW[ GKYW]HITF[E[ EB[WW[ ¾KCCWB CDW QDKFW KF IW�NEIW[ CH HUCKEB FDHIC QNVFWF` ^DW IWFNVCF [E[DHGWYWI FDHG [WYEKCEHB ]IHT CDW CIKBF]HITOVETECW[ MKFW KB[ K QHFFEUVW IWKFHB]HI CDEF TESDC UW CDW [WQWB[WBMW H] CDW e��OWcMEWBM\ HB QNVFW WBWIS\` ^GHKQQIHKMDWF HB FHVYEBS CDEF KIW QIWFWBCW[ DWIWï

• ABFCWK[ H] NFEBS CDW e��OWcMEWBM\ [EIWMCV\ HBW TK\ NFW CDW IKCEH UWCGWWB
��



CDW e��OWcMEWBM\ KB[ CDW QNVFW WBWIS\ EB CDW ]NB[KTWBCKV` ^DEF GHNV[MHTQWBFKCW ]HI CDW [WQWB[WBMW H] CDW ]WW[UKMJ FESBKV HB CDW QNVFW WBWIS\aKC VWKFC NB[WI CDW BHBO[WQVWCW[ KQQIHdETKCEHB iFWW FWMCEHB �`�`�j`
• AB CDW XKbbVWI FH]CGKIW CDWIW EF K FQWMEKV ]NBMCEHB KVVHGEBS CH NFW K MHBOFCKBC SKEB ]HI CDW KMHNFCEM GKYW` �HITKVV\ CDW QHGWI H] CDW KMHNFCEM GKYWEF FWC U\ K QHGWI YKVNW UWCGWWB � KB[ �a GDWIW K YKVNW H] NBEC\ TWKBF CDKCCDW TKdETNT KTQVECN[W H] CDW KMHNFCEM GKYW GEVV UW BHITKVEbW[ CH CDWTKdETNT YHVCKSW KVVHGW[` A] CDW MHBFCKBC SKEB ]NBMCEHB EF KMCEYKCW[a CDWFKTW FMKVEBS ]KMCHI CDKC EF NFW[ ]HI CDW MNIIWBC KMHNFCEM GKYW GEVV UW NFW[CH FMKVW KVV KMHNFCEM GKYWF` ^DEF TWKBF CDKC E] ]HI WdKTQVW K FWMHB[ HI[WIQDKFW EF KQQVEW[a VWK[EBS CH K FQIWK[ H] CDW KMHNFCEM GKYWa CDW TKdETNTKTQVECN[W H] CDW KMHNFCEM GKYW [WMIWKFWF` AB CDEF GK\ EC GEVV UW QHFFEUVWCH JWWQ CDW [E�IKMCEHB WcMEWBM\ KVTHFC MHBFCKBC` $B]HICNBKCWV\a CDW NFWH] CDEF ]NBMCEHB GKF UW\HB[ T\ JBHGVW[SW GDWB CDW QIWFWBC WdQWIETWBCKVGHIJ FCKICW[`

L]CWI CDEF GHIJ GKF gBEFDW[a A SHC CDW HQQHICNBEC\ CH TKJW K YEFEC CH ZKFCVECWaCDW MHTQKB\ CDKC [WFESBW[ CDW XKbbVWI` AC GKF [NIEBS CDEF YEFEC CDKC A SHCWdQVKEBW[ CH TW CDW W�WMC H] NFEBS CDW MHBFCKBC SKEB ]NBMCEHB EB CDW XKbbVWIFH]CGKIW KF WdQVKEBW[ KUHYW` XNIEBS CDEF CIEQ A KVFH YEFECW[ K VKUHIKCHI\ KC �fLi�HTTEFFKIEKC 	 V'fBWISEW LCHTE�NWja GDWIW CDW\ DKYW K VKFWI F\FCWT FETEVKICH CDKC EB _NB[` A GKF KUVW CH CI\ T\ SWBWCEM KVSHIECDT HB CDEF F\FCWTa HQOCETEbEBS HB CDW e��OWcMEWBM\ H] CDW QNVFW K]CWI KTQVEgMKCEHB` ^DW KVSHIECDTMHBYWISW[ UNC [NW CH CWMDBEMKV QIHUVWTF EC GKF BHC QHFFEUVW CH NFW CDW eRAXfhCH MDKIKMCWIEbW CDW HQCETEbW[ QNVFWF` �HGWYWI CDW IWFNVCF GWIW MHTQKIW[ GECDCDW IWFNVCF H] KB HQCETEbKCEHB TK[W KC CDW FKTW CETW NFEBS K FETQVWd TWCDH[FWKIMDa FDHGEBS WdMWVVWBC KSIWWTWBC ]HI CDW ]HNB[ QDKFW MHWcMEWBCF` ^DW FETOQVWd TWCDH[ DHGWYWI FDHGW[ TNMD ]KFCWI MHBYWISWBMWa CDNF MHBgITEBS GDKCDKF UWWB [EFMNFFW[ EB CDW WdQWIETWBCKV FWMCEHBa CDKC CDW QIHUVWT QHFW[ DWIW EFQIHUKUV\ CHH FETQVW CH UWBWgC ]IHT KB WYHVNCEHBKI\ KQQIHKMD`
^DW ETQVWTWBCKCEHB H] CDW SWBWCEM KVSHIECDT NFW[ EB CDEF GHIJ GKF HB QNIQHFWTK[W KF KUFCIKMC KF QHFFEUVW` AC EF ]HI WdKTQVW BHC [WQWB[WBC HB CDW NFW H] FHTWQKICEMNVKI ]WW[UKMJa FEBMW CDW gCBWFF EF MKVMNVKCW[ U\ KB WdCWIBKV TWKFNIWTWBCIHNCEBW KF [WFMIEUW[ EB FWMCEHB �`�`�` AC EF KVFH WKF\ CH INB CDW KVSHIECDT GECD[E�WIWBC WBMH[EBSF H] CDW GKYW]HIT QKIKTWCWIF [NW CH CDW NFW H] K ]NBMCEHBCWTQVKCW ]HI CDW [WMH[WI IHNCEBW KF [WFMIEUW[ EB LQQWB[Ed �` ^DW HQWIKCHIF]HI FWVWMCEHBa MIHFFHYWI KB[ TNCKCEHB DKYW KVFH UWWB UNEVC HB CWTQVKCWFa TKJEBSEC WKF\ CH MDKBSW CDWFW KF GWVV` AC BHG IWTKEBF ]HI CDW SWBWCEM KVSHIECDT CH UWKQQVEW[ CH K THIW [EcMNVC QIHUVWTa GDWIW EC MKB UW THIW NFW]NV MHTQKIW[ CHHCDWI HQCETEbKCEHB KVSHIECDTFa ]HI WdKTQVW EB CDW DESD DKITHBEM SWBWIKCEHB IWOFWKIMD CHGKI[F KCCHFWMHB[ QNVFWFa MNIIWBCV\ QWI]HITW[ KC CDW � J�b VKFWI F\FCWTEB _NB[`

��
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ZEIFC H] KVV A GHNV[ VEJW CH CDKBJ T\ FNQWIYEFHI �ÌÌ¿ 
 ��ÜÍÂÂÍ¿É ]HI SEYEBS TW CDWHQQHICNBEC\ CH [H T\ [EQVHTK QIH½WMC GECDEB CDW UKFEM IWFWKIMD SIHNQa KB[ ]HIDWI YKVNKUVW DWVQ CDIHNSD �NWFCEHBFa FNSSWFCEHBF KB[ [EFMNFFEHBFa WBMHNIKSEBSTW CH gB[ KB[ WdQVHIW CDW QD\FEMF UWDEB[ KVV CDW SWBWCEMF`
A GHNV[ KVFH VEJW CH CDKBJ CDW IWFC H] CDW UKFEM IWFWKIMD SIHNQ ]HI KVV CDWEI DWVQKB[ ]HI KVV ]INEC]NV [EFMNFFEHBF` fFQWMEKVV\ A GHNV[ VEJW CH CDKBJ �Ì�¿ÉÑ È¿ÉÑÑÒÌKB[ �Ò�ÁÌ ÎÁÜÉÍÀÑÑÒÌ ]HI KVV CDWEI DWVQ GECD CDW WdQWIETWBCKV W�NEQTWBC` ºHDKBKVFH [WFWIYWF KB WdCIK MIW[EC ]HI DWVQEBS TW KB[ QKICEMEQKCEBS EB CDW eRAXfhOKBKV\FEFa TKJEBS EC QHFFEUVW CH EBMVN[W CDEF EB CDW IWQHIC`
^DW QWHQVW KC �ÁÑÀÂÍÀ¿ A GHNV[ VEJW CH CDKBJ ]HI KVV FNQQHIC GECD CDW XKbbVWIaKB[ ]HI KBFGWIEBS TKB\ H] T\ �NWFCEHBF GDWB A GKF CDWIW ]HI K YEFEC` L FQWMEKVCDKBJF KVFH CH �ÂÍÛÍ¿É ÓÒ�¿ÉÀ ÁÌ� ÐÒÂÂ¿Á�Ü¿Ñ KC CDW �fLa ]HI VWCCEBS TW YEFECCDWEI ]KMEVEC\ KB[ WYWB [KIEBS CH VWC TW CI\ T\ KVSHIECDT HB CDWEI F\FCWT`
LC VKFC A GHNV[ VEJW CH CDKBJ T\ SEIV]IEWB[ ÎÁÉÍÁa KB[ CDW IWFC H] T\ ]KTEV\a ]HIQNCCEBS NQ GECD TW WYWB [NIEBS CDW THFC EBCWBFW QWIEH[F H] BESDCOGHIJa UNC KVFH]HI IWTEB[EBS TW BHG KB[ CDWB CDKC EC EF FHTWCETWF NFW]NV CH ]HMNF HB HCDWICDEBSF CDKB GHIJ`
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¸�¹ º Ò�` XEWVFa KB[ �` hN[HVQDa ËÂÀÉÁÑ�ÒÉÀ ÂÁÑ¿É �ÜÂÑ¿ ��¿ÌÒÊ¿ÌÁa LMK[WTEMRIWFFa ABM`a ����`
¸�¹ L` e½�SIWBa 
ÁÑ¿É�ÊÁÀÀ¿É ÍÌÀ¿ÉÁÐÀÍÒÌÑ ÁÀ ¿ÏÀÉ¿Ê¿ ÍÉÉÁ�ÍÁÌÐ¿� ��ÉÁ� �¿Ì¿ÉÁ�ÀÍÒÌ ÁÌ� É¿ÂÁÀÍÛÍÑÀÍÐ Ð�ÁÌÌ¿ÂÂÍÌ�a XHMCHIKV ^DWFEFa _NB[ hWQHICF HB LCHTEMRD\FEMFa _hLRO���a ����`
¸�¹ º` �HIEBa º` �KNIECFFHBa L` ºHDKBFFHBa �`Å` hKKINQa e` ¦NEVa L` RWIFFHBaP` X�DIa �`¦` �KKI[Wa Å`º` eMDK]WIa $` ÅWVVWIa � Ò�` �KDVFCI�Ta KB[L` _'�NEVVEWIa  ÍÊ¿�!É¿"Ü¿ÌÐ� Ð�ÁÉÁÐÀ¿ÉÍ#ÁÀÍÒÌ Ò! !¿ÊÀÒÑ¿ÐÒÌ� �Ë$�ÜÂÑ¿ÑaRD\FEMKV hWYEWG _WCCWIFa ��i��ja ����`
¸�¹ h` ¦KICWVFa e` ¦KMJNFa f` úWWJa _` �EFHSNCEa �` �[HYEBa A`R` �DIEFCHYa�`�` �NIBKBWa KB[ �`�` ÅKQCW\Ba %�Á�¿���ÜÂÑ¿ Ò�ÀÍÊÍ#ÁÀÍÒÌ Ò! ÐÒ�¿É¿ÌÀ¿ÊÍÑÑÍÒÌ Ò! �Í����ÁÉÊÒÌÍÐ ÑÒ!À ��ÉÁ�Ña �KCNIWa ���ï���O���a����`
¸�¹ R` ĤNIBHEFa �ÐÒÜÑÀÒ�Ò�ÀÍÐ �ÉÒ�ÉÁÊÊÁ�Â¿ �ÍÑ�¿ÉÑÍÛ¿ & ÂÀ¿É !ÒÉ Á�Á�ÀÍÛ¿ ÐÒÊ��¿ÌÑÁÀÍÒÌ Ò! �ÉÒÜ� �¿ÂÁ� ÀÍÊ¿ �ÍÑ�¿ÉÑÍÒÌ ÍÌ ÂÁÑ¿É Ñ�ÑÀ¿ÊÑa PQCEMF �HTTNOBEMKCEHBFa ���ï���O���a ����`
¸�¹ X` hWECbWa Z` �WEDWa e` ÅKbKTEKFa �` �NVVHCa X` XHNEVVWCa Z` LNSWa º`R`�DKTUKIWCa X` �NVEBa KB[ R` ¦KVMHNa ��Á�ÀÍÛ¿ Ò�ÀÍÊÍ#ÁÀÍÒÌ Ò! �Í�� ÒÉ�¿É�ÁÉÊÒÌÍÐ �¿Ì¿ÉÁÀÍÒÌ ÍÌ Á !É¿¿ �ÉÒ�Á�ÁÀÍÒÌ �¿ÒÊ¿ÀÉ�a RIWQIEBC`
¸�¹ L`f` eEWSTKBa 
ÁÑ¿ÉÑa $BEYWIFEC\ eMEWBMW ¦HHJFa ����`
¸�¹ P` eYWVCHa ÈÉÍÌÐÍ�Â¿Ñ Ò! 
ÁÑ¿ÉÑa RVWBNT RIWFFa ����`
¸�¹ º` �KNIECFFHBa Ó¿Ì¿ÉÁÀÍÒÌ Ò! ÜÂÀÉÁÑ�ÒÉÀ ÂÁÑ¿É �ÜÂÑ¿Ñ ÜÑÍÌ� �ÁÑ�& ÂÂ¿� �ÒÂÂÒ''ÁÛ¿�ÜÍ�¿Ña _NB[ hWQHICF HB LCHTEM RD\FEMFa _hLRO���a ����`

¸��¹ L` (KIEYa KB[ R` (WDa ��ÀÍÐÁÂ 'ÁÛ¿Ñ ÍÌ ÐÉ�ÑÀÁÂÑa ºHDB �EVW\ ) eHBFa ABM`a����`
¸��¹ P` RIKJKFDa e`Å` XEdECa KB[ h` ¦DKCBKSKIa �Ì À�¿ ÉÒÂ¿ Ò! À�¿ ÐÒ�¿É¿ÌÐ¿'Í�À� ÁÌ� ÍÀÑ ¿ÛÒÂÜÀÍÒÌ ÍÌ Á Ñ�ÒÉÀ��ÜÂÑ¿ !ÜÌ�ÁÊ¿ÌÀÁÂ �¿ÁÊ ÍÌ Ñ¿ÐÒÌ� �ÁÉ�ÊÒÌÍÐ �¿Ì¿ÉÁÀÍÒÌ !ÉÒÊ *¿ÀÁ�*ÁÉÍÜÊ *ÒÉÁÀ¿a Afff ºHNIBKV H] +NKBCNTfVWMCIHBEMFa ��i�jï���O���a ����`
¸��¹ Z Ò^` �Na KB[ � Òú` úDKBSa ,ÒÌÑÍ�¿ÉÁÀÍÒÌ Ò! ÁÌ�ÜÂÁÉ ÁÐÐ¿�ÀÁÌÐ¿ ÁÌ�Â¿ ÍÌ**� ÐÉ�ÑÀÁÂ ÒÌ Á �Í��Â� ¿-ÐÍ¿ÌÀ Ñ¿ÐÒÌ� �ÁÉÊÒÌÍÐ �¿Ì¿ÉÁÀÍÒÌa PQCEMF )_KFWI ŴMDBHVHS\a ��ï���O���a ����`

��



¸��¹ e Ò�` RWCCWIFFHBa e` ¦HISFCI�Ta KB[ �` �WICba ��ÛÁÌÐ¿� ��ÀÍÐÑa XWQKICOTWBC H] RD\FEMFa _^�a ����`
¸��¹ L`�` �WEBWIa �¿ÊÀÒÑ¿ÐÒÌ� �ÜÂÑ¿ Ñ�Á�ÍÌ� ÜÑÍÌ� Ñ�ÁÀÍÁÂ ÂÍ��À ÊÒ�ÜÂÁÀÒÉÑahWYEWG H] eMEWBCEgM ABFCINTWBCFa ��i�jï����O����a ����`
¸��¹ X` ÅKQVKBa KB[ R` ĤNIBHEFa  �¿ÒÉ� ÁÌ� �¿É!ÒÉÊÁÌÐ¿ Ò! À�¿ �ÐÒÜÑÀÒ���ÀÍÐÈÉÒ�ÉÁÊÊÁ�Â¿ .ÍÑ�¿ÉÑÍÛ¿ �ÍÂÀ¿É ÜÑ¿� !ÒÉ !¿ÊÀÒÑ¿ÐÒÌ� ÂÁÑ¿É �ÜÂÑ¿ Ñ�Á�ÍÌ�aº` RD\F` A� ZIKBMWa ��iRI�jï��O��a ����`
¸��¹ .Á##Â¿É %�ÑÀ¿Ê ��¿ÉÁÀÍÌ� ÎÁÌÜÁÂa ZKFCVECWa ���� ºNV\ ����`
¸��¹ X`f` �HV[UWISa Ó¿Ì¿ÀÍÐ �Â�ÒÉÍÀ�ÊÑ ÍÌ %¿ÁÉÐ�� ��ÀÍÊÍ#ÁÀÍÒÌ� ÁÌ� ÎÁÐ�ÍÌ¿
¿ÁÉÌÍÌ�a L[[EFHBO�WFVW\ RNUVEFDEBS �HTQKB\a ABM`a ����`
¸��¹ Å`Z` �KBa Å`e` K̂BSa KB[ e` ÅGHBSa Ó¿Ì¿ÀÍÐ �Â�ÒÉÍÀ�ÊÑa eQIEBSWIO�WIVKS_HB[HBa ����`
¸��¹ f` ¦WVTHBCO�HIWBHa  �¿ ÉÒÂ¿ Ò! ÊÜÀÁÀÍÒÌ ÁÌ� �Ò�ÜÂÁÀÍÒÌ ÑÍ#¿ ÍÌ �¿Ì¿ÀÍÐÁÂ�ÒÉÍÀ�ÊÑ Á��ÂÍ¿� ÀÒ ���ÑÍÐÑ �ÉÒ�Â¿ÊÑa ABCWIBKCEHBKV ºHNIBKV H] �H[WIBRD\FEMF �a ��i�jï����O����a ����`
¸��¹ Å`L` XW½HBSa KB[ �`�` eQWKIFa �Ì ÁÌÁÂ�ÑÍÑ Ò! À�¿ ÍÌÀ¿ÉÁÐÀÍÌ� ÉÒÂ¿Ñ Ò!

�Ò�ÜÂÁÀÍÒÌ ÑÍ#¿ ÁÌ� ÐÉÒÑÑÒÛ¿É ÍÌ �¿Ì¿ÀÍÐ ÁÂ�ÒÉÍÀ�ÊÑa RIHM` ZEIFC �HIJFDHQRKIKVVWV RIHUVWT eHVYEBS ]IHT �KCNIWa eQIEBSWI �WIVKSa ��O��a ����`
¸��¹ º`º` �IW]WBFCWCCWa ��ÀÍÊÍ#ÁÀÍÒÌ Ò! ÐÒÌÀÉÒÂ �ÁÉÁÊ¿À¿ÉÑ !ÒÉ �¿Ì¿ÀÍÐ ÁÂ�Ò�ÉÍÀ�ÊÑa Afff ÎKBFKMCEHBF HB e\FCWTFa �KBa KB[ �\UWIBWCEMFa e��O��i�jï���O���a ����`
¸��¹ h`_` ZHIJa P`f` �KICEBWba KB[ º`R` �HI[HBa /¿�ÁÀÍÛ¿ �ÍÑ�¿ÉÑÍÒÌ ÜÑÍÌ� �ÁÍÉÑÒ! �ÉÍÑÊÑa PQCEMF _WCCWIFa �i�jï���O���a ����`
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�DWB KBKV\bEBS FWMHB[ DKITHBEM SWBWIKCEHBa EC EF NFW]NV CH MHBgBW CH CDW FMKVKIMKFW WYWB E] CDW MI\FCKV EF KBEFHCIHQEM` ^DEF EF QHFFEUVW E] HBW EBFCWK[ H] K CWBFHIIWVKCEHB ]HI CDW WVWMCIEM QHVKIEbKCEHB NFWF K FMKVKI IWVKCEHBFFDEQ HB CDW FKTW ]HITKF i�`��ja UNC GECD KB W�WMCEYW BHBVEBWKI MHWcMEWBC deff

PNL = 2ε0deffE2 iL`�j
GDWIW CDW FMKVKIF PNL KB[ E

BHG IW]WIF CH CDW gWV[ MHTQHBWBC KVHBS CDWKQQIHQIEKCW KdEF` AB CDEF MKFWa CDW GKYW W�NKCEHB ]HI CDW WVWMCIEM gWV[ TK\ UWGIECCWB KF ¸�¹
∂2E

∂z2
− µ0ε

∂2E

∂t2
= µ0

∂2PNL

∂t2
iL`�j

GDWIW z [WBHCWF K MHHI[EBKCW KVHBS CDW QIHQKSKCEHB [EIWMCEHB` PBV\ MHBFE[WIEBSCDW MHTQHBWBCF H] ]IW�NWBMEWF ω KB[ 2ω a CDW WVWMCIEM gWV[ KB[ CDW QHVKIEbKCEHBgWV[ TK\ UW WdQIWFFW[ KF
E(t, z) =

1

2

[

Ãωei(ωt−kωz) + Ã2ωei(2ωt−k2ωz)
]

+ c.c.
iL`�j

PNL(t, z) =
1

2

[

PNL
ω ei(ωt−kωz) + PNL

2ω ei(2ωt−k2ωz)
]

+ c.c.
iL`�j

$FEBS iL`�j ]HI CDW WVWMCIEM gWV[ EB IWVKCEHB iL`�ja KB[ MKII\EBS HNC CDW TNVCEOQVEMKCEHBa CDW CGH KTQVECN[WF ]HI CDW QHVKIEbKCEHB MHTQHBWBCF EB iL`�j MKB UWE[WBCEgW[ KF
PNL

ω = 2ε0deff Ã∗
ω + Ã2ωe−i∆kz + c.c.

iL`�j
PNL

2ω = ε0deff Ã2
ωei∆kz + c.c.

iL`�j
GDWIW ∆k = k2ω − 2kω

` eEBMW k = nω/ca EC MKB UW FWWB CDKC U\ [WgBEBS ∆k
EBCDEF GK\a CDW QDKFWOTKCMDEBS MHB[ECEHB i�`��j UWMHTWF ∆k = 0`

��



^DW GKYW W�NKCEHB iL`�j [WgBWF K IWVKCEHBFDEQ UWCGWWB CDW CGH gWV[F iL`�j KB[iL`�j` ABFWICEBS CDW gWV[ MHTQHBWBCF H] ]IW�NWBM\ ω
EBCH iL`�ja SEYWF K FWMHB[HI[WI [E�WIWBCEKV W�NKCEHB ]HI CDW WVWMCIEM gWV[ KTQVECN[W Ãω

ï
2ikω

∂Ãω

∂z
− ∂2Ãω

∂z2
=

2deffω2

c2
Ã∗

ωÃ2ωe−i∆kz iL`�j
L FETEVKI W�NKCEHB MKB UW HUCKEBW[ ]HI Ã2ω

U\ EBFWICEBS CDW gWV[ MHTQHBWBCFH] ]IW�NWBM\ 2ω
EBCH iL`�j` ^DW CGH HUCKEBW[ [E�WIWBCEKV W�NKCEHBF MHNQVWF CDWMHTQHBWBC KTQVECN[WF MKNFEBS WBWIS\ CIKBF]WI CH HMMNI UWCGWWB CDW CGH TH[WF[NIEBS QIHQKSKCEHB CDIHNSD CDW MI\FCKV` PB K GKYWVWBSCD FMKVWa CDEF WBWIS\CIKBF]WI EF IKCDWI FVHGa KB[ HBW MKB WdQWMC CDKC CDW WBWIS\ H] K TH[W [HWF BHCMDKBSW FESBEgMKBCV\ HYWI K QIHQKSKCEHB [EFCKBMW EB CDW HI[WI H] HBW GKYWVWBSCDaHI CDKCï

∣

∣

∣

∣

∣

2ikω
∂Ãω

∂z

∣

∣

∣

∣

∣

À
∣

∣

∣

∣

∣

∂2Ãω

∂z2

∣

∣

∣

∣

∣

iL`�j
¦WMKNFW H] CDEF HBW TK\ BWSVWMC CDW FWMHB[ HI[WI [WIEYKCEYWF H] CDW gWV[ KTOQVECN[WFa KB KQQIHdETKCEHB MKVVW[ CDW FVHGV\ YKI\EBS KTQVECN[W KQQIHdETKCEHB`XHEBS CDEFa CDW FWMHB[ HI[WI [E�WIWBCEKV W�NKCEHBF KIW IWQVKMW[ U\ CGH MHNQVW[gIFC HI[WI [E�WIWBCEKV W�NKCEHBF [WFMIEUEBS CDW WYHVNCEHB H] CDW gWV[ KTQVECN[WF]HI CDW CGH TH[WF`

∂Ãω

∂z
= −i

deffω

nωc
Ã∗

ωÃ2ωe−i∆kz iL`�j
∂Ã2ω

∂z
= −i

deffω

n2ωc
Ã2

ωei∆kz iL`��j
K̂VJEBS KUHNC WBWIS\ CIKBF]WIa KB[ CDW WcMEWBM\ H] WBWIS\ CIKBF]WIa EC EF NFW]NV CHCIKBF]WI CDW MHNQVW[ W�NKCEHBF CH DHV[ ]HI EBCWBFEC\ IKCDWI CDKB gWV[ KTQVECN[W`LMMHI[EBS CH RH\BCEBS'F CDWHIWT ¸��¹a CDW EBCWBFEC\ H] KB WVWMCIHTKSBWCEM gWV[EF QIHQHICEHBKV CH CDW IW]IKMCEYW EB[Wda GDEMD FNSSWFCF CDW [WgBECEHB H] CGH BWGgWV[ YKIEKUVWFa Ã′

ω =
√

nωÃω
KB[ Ã′

2ω = i
√

n2ωÃ2ω
` �ECD CDWFW BWG YKIEKUVWFaCDW W�NKCEHBF iL`�j KB[ iL`��j MKB UW GIECCWB KFï

∂Ã′
ω

∂z
= − deffω

nω
√

n2ωc
Ã′∗

ω Ã′
2ωe−i∆kz iL`��j

∂Ã′
2ω

∂z
=

deffω

nω
√

n2ωc
Ã′2

ω ei∆kz iL`��j
�HCW CDKC |Ã′

ω|2 KB[ |Ã′
2ω|2 KIW [EIWMCV\ QIHQHICEHBKV CH CDW EBCWBFEC\ H] CDWgWV[Fa GECD K QIHQHICEHBKVEC\ MHBFCKBC EB[WQWB[WBC H] ]IW�NWBM\` ¦\ EBCIH[NMEBSK MHNQVEBS MHBFCKBC κ =

deff ω
nω

√
n2ωc

GECD NBECF ¸�−1
¹a W�NKCEHBF iL`��j KB[ iL`��jIW[NMWF CHï

∂Ã′
ω

∂z
= −κÃ′∗

ω Ã′
2ωe−i∆kz iL`��j

∂Ã′
2ω

∂z
= κÃ′2

ω ei∆kz iL`��j
��



¦\ CIKBFQHFEBS iL`��j KB[ TNVCEQV\EBS UHCD FE[WF U\ Ã′
ω
a KB[ TNVCEQV\EBS UHCDFE[WF H] iL`��j GECD

Ã′∗
2ω

a HBW HUCKEBF K IWVKCEHBFDEQ JBHGB KF CDW �KBVW\OhHGWIWVKCEHBa GDEMD FETQV\ FK\F CDKC WBWIS\ EF MHBFWIYW[ EB CDW MHBYWIFEHB UWCGWWBCDW CGH ]IW�NWBMEWF`
∂

∣

∣

∣
Ã′

2ω

∣

∣

∣

2

∂z
= −

∂
∣

∣

∣
Ã′

ω

∣

∣

∣

2

∂z

iL`��j

��
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ZIW�NWBM\O[HTKEB EBCWI]WIHTWCI\ EF K GE[WV\ NFW[ TWCDH[ GECD TKB\ KQQVEOMKCEHBF` ^DEF LQQWB[Ed GEVV ]HMNF HB CDW KUEVEC\ CH MDKIKMCWIEbW VKFWI QNVFWFNFEBS CDWFW CWMDBE�NWF` LF CDW BKTW ETQVEWFa ]IW�NWBM\O[HTKEB EBCWI]WIHTWCI\EF KB EBCWI]WIHTWCIEM CWMDBE�NWa UKFW[ HB CDW K[[ECEHB H] WVWMCIEM gWV[Fa GDWIWCDW TWKFNIWTWBCF KIW [HBW EB CDW ]IW�NWBM\O[HTKEB H]CWB NFEBS KB HI[EBKI\FQWMCIHTWCWI` ZESNIW ¦`� [WQEMCF K FWCNQ GDWIW CGH QNVFWF KIW K[[W[ NFEBS KFWTEOCIKBFQKIWBC TEIIHI` ^DW FQWMCINT H] CDW FNQWIQHFECEHB H] CDWFW CGH QNVFWFEF CDWB IWMHI[W[ NFEBS K FQWMCIHTWCWI` ^DW QNVFW ER(t− τ)
EF [WVK\W[ K CETW τIWVKCEYW CH CDW QNVFW EC(t)

CH UW MDKIKMCWIEbW[` Ĥ UWSEB GECD GW KFFNTW CDKC
ER(t− τ)

EF K IW]WIWBMW QNVFW GECD K JBHGB FQWMCIKV QDKFW ϕR(ω) KB[ GECD CDWFKTW MKIIEWI ]IW�NWBM\ ωL
KF EC(t)` ^DW FQWMCIKV WBYWVHQWF H] CDW CGH QNVFWFTK\ CDWB UW GIECCWB KF

ÃC(ω) = AC(ω)eiϕC(ω) i¦`�j
ÃR(ω) = AR(ω)eiϕR(ω) i¦`�j

S p e c t r o m e t e r
S ( w )

E R ( t - t )

E C ( t )

789:;< È>?@ ÆE B K<C:O FD; F;<Ù:<EIMRQDTB8E 8EC<;F<;DT<C;MÃ CND O:HK<K B;<
K:O<;ODK8C8DE<Q BEQ CG< ;<K:HC8E9 KO<IC;B 8K ;<ID;Q<Q :K8E9 B KO<IC;DT<C<;> PG<
O:HK< ER(t−τ)

8K Q<HBM<Q B C8T< τ ;<HBC8J< CD CG< O:HK< CD Â< T<BK:;<Q DEÃ EC(t)>

�=



KB[ CDW CETW [WVK\ H] CDW IW]WIWBMW QNVFW GEVV FDHG NQ KF KB K[[ECEHBKV VEBOWKI QDKFW CWIT EB CDW FQWMCIKV WBYWVHQW iFWW FWMCEHB �`�`�j` ^DW FQWMCIHTWCWITWKFNIWF CDW FQWMCIKV EBCWBFEC\ H] CDW FNQWIQHFECEHB H] CDW CGH QNVFWF GDEMD EFQIHQHICEHBKV CH
S(ω) =

∣

∣

∣
ÃC(ω) + ÃR(ω)e−iωτ

∣

∣

∣

2 i¦`�j
= |AC(ω)|2 + |AC(ω)|2 + 2AC(ω)AR(ω) cos [ωτ + ∆ϕ(ω)]GDWIW ∆ϕ(ω) = ϕC(ω) − ϕR(ω)

EF CDW QDKFW [E�WIWBMW UWCGWWB CDW CGH QNVFWFKC CDW ]IW�NWBM\ ω ` ^DW CGH gIFC CWITF KIW K FNQWIQHFECEHB H] CDW EB[EYE[NKVFQWMCIK H] CDW CGH QNVFWFa GDEVW CDW VKFC CWIT EF KB EBCWI]WIWBMW CWITa MKNFEBS]IEBSWF CH KQQWKI HB CHQ H] CDW FQWMCINT` ^DW KYWIKSW [EFCKBMW UWCGWWB CDW]IEBSWF EF
2π/τ a [WQWB[EBS HB CDW CETW [WVK\ UWCGWWB CDW CGH QNVFWFa GDEVW CDW[E�WIWBMW EB FQWMCIKV QDKFW UWCGWWB CDW CGH QNVFWF MKNFWF CDW ]IEBSW [EFCKBMW CHYKI\`

LFFNTEBS CDKC CDW QDKFW H] CDW IW]WIWBMW QNVFW EF ¾KCa GDEMD TWKBF CDKC ϕR(ω)
EFMHBFCKBCa EC MKB UW FWWB ]IHT i¦`�j CDKC E] ]HI WdKTQVW CDW QDKFW H] CDW TWKFNIW[QNVFW EF �NK[IKCEMa ϕC(ω) = Cω2 a CDW ]IEBSW [EFCKBMW EB CDW IWMHI[W[ FQWMCINTGEVV UW 2π

τ+2Cω
a EBMIWKFEBS HI [WMIWKFEBS GECD ]IW�NWBM\`

:ËÌ ;ÚÝØÓÑØ<1ØÎÛ×ÜÚØÒ ÄÙÑÔÏØÎÕ ¶ÛÏÑØÜÑØÚÒÑÏØ2
LF [WFMIEUW[ KUHYWa CDW QDKFW [E�WIWBMW ∆ϕ(ω) MKB UW IWCIEWYW[ ]IHT CDW EBOCWI]WIHSIKT U\ WdCIKMCEBS CDW QDKFW H] CDW EBCWI]WIWBMW ]IEBSWF` PBW GK\ CH [HCDEF EF CH VHMKVEbW CDW TKdETK H] CDW ]IEBSW QKCCWIB KB[ MKVMNVKCW CDW YKI\EBS]IEBSW [EFCKBMW` LBHCDWI TWCDH[ GDEMD NFWF ZHNIEWI CIKBF]HITF CH WdCIKMC CDWQDKFW SHWF NB[WI CDW BKTW ZHNIEWIO ÎKBF]HIT eQWMCIKV ABCWI]WIHTWCI\ iZ^eAj`
^KJEBS CDW EBYWIFW ZHNIEWI CIKBF]HIT H] CDW TWKFNIW[ FQWMCIKV EBCWBFEC\ EB W�NKOCEHB i¦`�j IWFNVCF EBï

F−1{S}(t) =
∫ +∞
−∞ AC(t′)A∗

C(t′ − t)dt′ +
∫ +∞
−∞ AR(t′)A∗

R(t′ − t)dt′ +

f(t + τ) + f∗(−t + τ)
i¦`�j

^DW CGH gIFC CWITF EB CDEF W�NKCEHB EF IWMHSBEbW[ KF CDW gWV[ KNCHMHIIWVKCEHBF H]WKMD QNVFW iMHTQKIW GECD i�`��jj KB[ KF FNMD CDW\ KIW F\TTWCIEM KB[ MWBCWIW[KIHNB[ t = 0` ^DW ]NBMCEHB
f(t) =

∫ +∞

−∞
AC(t′)A∗

R(t′ − t)dt′
i¦`�j

EF CDW MIHFFOMHIIWVKCEHB ]NBMCEHB UWCGWWB CDW CGH QNVFWFa MWBCWIW[ KIHNB[ −τ ]HICDW CDEI[ CWIT KB[ KIHNB[ τ ]HI CDW VKFC CWIT` �ECD K VKISW WBHNSD YKVNW H] CDWCETW [WVK\ τ a CDW MHIIWVKCEHB FESBKV MWBCWIW[ KIHNB[ τ
GEVV BHC HYWIVKQ GECD CDWMWBCIKV KNCHMHIIWVKCEHB FESBKVFa KB[ MKB CDWIW]HIW UW gVCWIW[ HNC` ÎKBF]HITEBSCDW gVCWIW[ FESBKV UKMJ CH CDW ]IW�NWBM\ [HTKEB \EWV[F K MHTQVWd ]NBMCEHB S̃f (ω)ï

S̃f (ω) = AC(ω)AR(ω)e−i(ωτ+∆ϕ(ω)) i¦`�j
��



¦\ NFEBS CDW KISNTWBC H] CDEF MHTQVWd ]NBMCEHBa CDW FQWMCIKV QDKFW [E�WIWBMW
∆ϕ(ω) TK\ UW MKVMNVKCW[a FEBMW CDW CETW [WVK\ τ

EF JBHGB KB[ CDW CWIT ωτ
CDNFTK\ UW FNUCIKMCW[`

:ËÊ ÄÙÑÔÏØÎÕ ×ÐÑÎØÓÛ�
ZIHT W�NKCEHB i¦`�j EC EF FWWB CDKC EC EF BHC HBV\ ETQHICKBC CH DKYW K IW]WIWBMWQNVFW GECD K JBHGB FQWMCIKV QDKFWa UNC KVFH CDKC CDW UKB[GE[CD H] CDW IW]WIWBMWQNVFW TNFC UW VKISWI HI W�NKV CH CDW UKB[GE[CD H] CDW TWKFNIW[ QNVFW EB HI[WICH UW KUVW CH IWMHBFCINMC CDW QDKFW HYWI CDW GDHVW FQWMCIK` �DWB GHIJEBS GECDNVCIKFDHIC VKFWI QNVFWF CDEF EF H]CWB BHC QHFFEUVW FEBMW K GE[WI FQWMCIK MHIIWFQHB[FCH K FDHICWI QNVFWa KB[ CDW FDHICWFC QNVFW KYKEVKUVW EF KVTHFC KVGK\F CDW QNVFWCH UW MDKIKMCWIEbW[` Ĥ UW KUVW CH MDKIKMCWIEbW FNMD FDHIC QNVFWFa EC EF CDWBBWMWFFKI\ CH NFW CDW QNVFW ECFWV] KF K IW]WIWBMWa KB KQQIHKMD CDKC EF TK[W QHFFEUVWNFEBS K CWMDBE�NW MKVVW[ FQWMCIKV FDWKIEBS` AB FQWMCIKV FDWKIEBSa CDW FQWMCINTH] ]HI WdKTQVW CDW IW]WIWBMW QNVFW EF [EFQVKMW[ GECD K [EFQVKMWTWBC Ωa TKJEBSEC QHFFEUVW CH GIECW CDW FQWMCIKV WBYWVHQW H] CDW IW]WIWBMW QNVFW KF

ÃR(ω) = AC(ω + Ω)eiϕC(ω+Ω) i¦`�j
SEYEBS ]HI CDW gVCWIW[ FQWMCIKV FESBKV

S̃f (ω) = AC(ω)AC(ω + Ω)e−i(ωτ+∆ϕΩ(ω)) i¦`�j
GDWIW ∆ϕΩ(ω) = ϕC(ω) − ϕC(ω + Ω)` ZIHT CDW KISNTWBC H] i¦`�j EC EF CDNFQHFFEUVW CH HUCKEB CDW QDKFW [E�WIWBMW UWCGWWB CDW MHTQHBWBC GECD ]IW�NWBM\
ω KB[ CDW MHTQHBWBC GECD ]IW�NWBM\ ω + Ω` ¦\ FWCCEBS CDW QDKFW CH bWIH ]HIFHTW ]IW�NWBM\ iH]CWB CDW MWBCIKV ]IW�NWBM\ja CDW QDKFW MKB CDWB UW MKVMNVKCW[]HI CDW GDHVW FQWMCINT GECD K IWFHVNCEHB EB ]IW�NWBM\ H] Ω`
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yËÌ 1ÑÒÙÕÎÏÑ×

L CWTQVKCW EB _KU�Af� EF FETQV\ K FQWMEgMKCEHB H] K FNUIHNCEBW U\ FQWME]\EBSECF EBQNCF KB[ HNCQNCF` AB _KU�Af� K FNUIHNCEBW MKVV TK\ UW TK[W [\BKTEMKVV\]IHT K IW]WIWBMW H] K FNUIHNCEBW CWTQVKCW` ^DEF TWKBF CDKC CDW KMCNKV FNUIHNCEBWMKVVW[ EF BHC [WCWITEBW[ NBCEV EC EF KMCNKVV\ MKVVW[a KB[ CDKC CDW NFWI TK\ FQWME]\CDW GKBCW[ FNUIHNCEBW KC INBOCETW U\ FQWME]\EBS ECF gVWBKTW` XWgBEBS CWTQVKCWF]HI CDW ]NBMCEHBF KB[ HQWIKCHIF NFW[ U\ CDW SWBWCEM KVSHIECDT KVVHGF CDW NFWI CHKVGK\F NFW CDW FKTW KVSHIECDT WBSEBWa MDHHFEBS CDW GKBCW[ HQWIKCHIF KC WKMDINB` ^DW CWTQVKCWF H] CDW FCKB[KI[ HQWIKCHIF FWVWMCa MIHFFHYWI KB[ TNCKCW KIWFDHGB EB gSNIW �`�`
^DW FWVWMCEHB HQWIKCHI EF [WgBW[ KF CKJEBS KB KIIK\ H] IWKV gCBWFF YKVNWF CHSWCDWIGECD CDW QIWOMKVMNVKCW[ gCBWFF FCKCEFCEMF` ^DW IWFNVC H] CDW FWVWMCEHB FDHNV[ CDWUW SEYWB KF CDW EB[Wd H] CDW MDHFWB EB[EYE[NKV EB CDW gCBWFF KIIK\`
^DW MIHFFHYWI HQWIKCHI CKJWF CGH EB[EYE[NKVF CHSWCDWI GECD CDW MIHFFHYWI QKOIKTWCWIF` AC IWCNIBF CDW CGH H�FQIEBS EB[EYE[NKVF CHSWCDWI GECD CDW BNTUWI H]TNCKCEHBF CDKC DKF HMMNIW[` AC KVFH IWCNIBF K UHHVWKB EB[EMKCEBS E] MIHFFHYWICHHJ QVKMW HI BHC`
^DW TNCKCEHB HQWIKCHI EF CDW FETQVWFC HBWa CKJEBS K SWBW KB[ CDW QIHUKUEVEC\]HI TNCKCEHB KF EBQNCa KB[ IWCNIBEBS CDW QHFFEUV\ TNCKCW[ SWBW CHSWCDWI GECDK UHHVWKB EB[EMKCEBS E] CDW SWBW GKF TNCKCW[`
AB K[[ECEHB CH CDW CDIWW FCKB[KI[ HQWIKCHIFa CDWIW EF K BWW[ ]HI CGH ]NBMCEHBCWTQVKCWFï [WMH[W KB[ FMKVW` ^DWFW KIW FDHGB EB gSNIW �`�`
^DW [WMH[WI ]NBMCEHB CKJWF KB EB[EYE[NKV KF EBQNCa [WMH[WF ECa KB[ HNCQNCF CDWGKYW QKIKTWCWIF ]HI CDW MHIIWFQHB[EBS GKYW]HIT` AC KVFH IWCNIBF CDW BNTUWI
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H] SWBWF EC EF [WFESBW[ CH DKB[VW` Ĥ FNQQHIC KIUECIKI\ gVCWIF iFWW FWMCEHB �`�`�jCDW [WMH[WI KVFH CKJWF CDW QKCD H] CDW IW�NWFC gVW EB HI[WI CH UW KUVW CH SWBWIKCWKIUECIKI\ KTQVECN[W HI QDKFW gVWF KB[ QNC CDWT EB CDW MHIIWMC VHMKCEHB`
^DW FMKVEBS ]NBMCEHB EF NFW[ QIEHI CH CDW FWVWMCEHB HQWIKCHIa TKJEBS EC QHFFEUVWCH ETQVWTWBC gCBWFF FMKVEBS KF [WFMIEUW[ EB FWMCEHB �`�`�` AC CKJWF KF EBQNCF KBKIIK\ H] IKG gCBWFF YKVNWF CHSWCDWI GECD CDW QIWOMKVMNVKCW[ gCBWFF FCKCEFCEMFa KB[HNCQNCF CDW MHIIWFQHB[EBS KIIK\ H] FMKVW[ gCBWFF YKVNWF`
yËÊ @ÎÏÎ Ï2ÙÑ×
L [KCK C\QW EB _KU�EWG EF FETQV\ K ]IHBC QKBWV GECDHNC KB\ UVHMJ [EKSIKTa IWQOIWFWBCEBS MHTQHNB[ [KCKOMKII\EBS HU½WMCF` ^DW K[YKBCKSW H] [WgBEBS [E�WIWBC[KCK C\QWF EF CDKC E] HBW ]HI WdKTQVW DKF [WgBW[ K [KCKC\QW IWQIWFWBCEBS CDWGDHVW QHQNVKCEHBa GDHVW QHQNVKCEHBF TK\ UW QKFFW[ KF K FEBSVW QKIKTWCWI EBCDW [KCKO¾HG H] CDW UVHMJ [EKSIKT`
^DW UKFEM [KCKC\QW ]HI CDW SWBWCEM KVSHIECDT EF CDW EB[EYE[NKVa MHBFEFCEBS H] KMDIHTHFHTW IWQIWFWBCW[ KF KB KIIK\ H] UHHVWKBF CHSWCDWI GECD CDW gCBWFF YKVNWH] CDW EB[EYE[NKV`
^DW [E�WIWBC QKIKTWCWIF BWW[W[ ]HI K SWBWCEM KVSHIECDT INB KIW SIHNQW[ FH CDKCIWVKCW[ QKIKTWCWIF KIW SIHNQW[ CHSWCDWI` ^DW ]HNI QKIKTWCWI SIHNQF KIWï

�` �ÍÀÌ¿ÑÑ �ÁÉÁÊ¿À¿ÉÑA RKIKTWCWIF BWW[W[ ]HI MKVMNVKCEHB H] CDW gCBWFF H] KBEB[EYE[NKV`
• .¿ÐÒ�¿ É¿!¿É¿ÌÐ¿A $FW[ CH HUCKEB CDW GKYW QKIKTWCWIF [WFMIEUW[ U\KB EB[EYE[NKV`
• B¿"Ü¿ÑÀ & Â¿ �ÁÀ�A �WW[W[ CH UW KUVW CH TKJW K IW�NWFC ]HI K GKYWO]HIT`
• �ÍÀÌ¿ÑÑ & Â¿ �ÁÀ�A �WW[W[ CH HUCKEB CDW gCBWFF ]IHT CDW TWKFNIWTWBCIHNCEBW`

�` B¿�ÉÒ�ÜÐÀÍÒÌ �ÁÉÁÊ¿À¿ÉÑA RKIKTWCWIF BWW[W[ CH WYHVYW CDW QHQNVKCEHB CHHUCKEB CDW BWdC SWBWIKCEHB`
• %ÐÁÂ¿ É¿!¿É¿ÌÐ¿A �WW[W[ CH FMKVW CDW IKG gCBWFF QIEHI CH FWVWMCEHB`
• %¿Â¿ÐÀ É¿!¿É¿ÌÐ¿A $FW[ CH FWVWMC EB[EYE[NKVF ]HI IWQIH[NMCEHB`
• ,ÉÒÑÑÒÛ¿É É¿!¿É¿ÌÐ¿A $FW[ CH MHTUEBW CGH EB[EYE[NKVF UW]HIW CDW\KIW MHQEW[ CH CDW BWdC SWBWIKCEHB`

�` ,ÉÒÑÑÒÛ¿É �ÁÉÁÊ¿À¿ÉÑA RKIKTWCWIF QKFFW[ CH CDW MIHFFHYWI HQWIKCHI`
• ,ÉÒÑÑÒÛ¿É �ÉÒ�Á�ÍÂÍÀ�A ^DW QIHUKUEVEC\ CDKC K MIHFFHYWI GEVV HMMNI`
• ÎÜÀÁÀÍÒÌ �ÉÒ�Á�ÍÂÍÀ�A ^DW QIHUKUEVEC\ H] K FEBSVW SWBW UWEBS TNCKCW[`
• ÎÜÀÁÀ¿ É¿!¿É¿ÌÐ¿A $FW[ CH TNCKCW CDW SWBWF [NIEBS CDW MHQ\ HQWIKOCEHB`

��



ZESNIW �`�ï ^DW ]IHBC QKBWV HU½WMC H] CDW QHQNVKCEHB [KCK C\QW`

�` �ÍÀÌ¿ÑÑ ÑÀÁÀÍÑÀÍÐÑA eHTW FCKCEFCEMF HYWI CDW gCBWFFWF EB K QHQNVKCEHB` $FW[U\ CDW FWVWMCEHB HQWIKCHI KB[ CDW FMKVEBS ]NBMCEHB [NIEBS IWQIH[NMCEHB`
• ÎÁÏÍÊÜÊ &ÀÌ¿ÑÑ
• ÎÍÌÍÊÜÊ &ÀÌ¿ÑÑ
• �Û¿ÉÁ�¿ &ÀÌ¿ÑÑ
• %ÜÊ Ò! ÁÂÂ &ÀÌ¿ÑÑ¿Ñ

LVV H] CDWFW [KCKC\QWF KIW gBKVV\ MHTUEBW[ EB K MHTQHNB[ [KCK C\QW IWQIWFWBCEBSK QHQNVKCEHB` ZESNIW �`� FDHGF CDW KMCNKV ]IHBC QKBWV HU½WMC H] CDW QHQNVKCEHB[KCKC\QW`
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