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Abstract

High energy particle collisions involve complex physics, beyond analytical control. Instead,
Monte Carlo event generators like Pythia have been used to simulate particle collisions
since decades. A study of the production of heavy quarks (namely, charm and bottom) is
presented for two different scenarios: lepton (e+e−) and hadron (pp) collisions. Electron-
positron collisions at the Z0 resonance are simulated and the result used to study the
secondary bb production rate (gbb) and the D∗± meson energy spectrum. Results are com-
pared with experimental data. Three proposed modifications to the Pythia algorithm
regarding the g → QQ branching are also tested. For the gbb, the default and one of the
alternatives fit the experimental measurement. The study is inconclusive for the D∗± spec-
trum. Proton-proton collisions at typical LHC energies are also simulated; the correlations
between produced B meson pairs are studied through the azimuthal angular separation,
the relative rapidities and the R distance, according to the production mechanisms. The
default and the alternative options are also compared in the hadronic case.

1Exchange student from Simón Boĺıvar University, Venezuela.



Popular science article

Creating heavier matter at the LHC

The Large Hadron Collider (LHC) has kept appearing in science headlines in the last years.
This collider, operated by CERN, consists of giant (27 km) rings buried across the French-
Swiss border near Geneva. Using powerful magnets, beams of subatomic particles are
accelerated through the rings to collide at specific places, where detectors can measure the
outcome of the collision. Such an extravagant machine is needed to get the energy desired:
the harder the collision, the more we can explore the internal structure of matter.

Because of the equivalence between mass and energy, the collision process allows the
creation of new kinds of matter, heavier than the ones found in regular atoms. The study
of this conversion and the behaviour of the resulting heavy matter can shed light on the
understanding of our universe.

The strongest force in nature is the so-called nuclear strong interaction. The energy from
this force is then the most likely to produce our desired heavy matter. Although the strong
interaction and the more familiar electromagnetism are involved in different phenomena,
we can see some similarities. In the same fashion as the electromagnetic field is responsible
for holding the nucleus and the electrons together inside the atom, the gluonic field (of the
strong interaction) “glues” the quarks inside the neutrons and protons, i.e., the components
of the nucleus.

Furthermore, as the electromagnetic radiation coming from electrically charged particles,
there is an analogous gluonic radiation from quarks, which is present in proton collisions.
Positive-negative pairs (quarks-antiquarks) are then likely to be produced from the energy
of this radiation. Those quarks can be of the same kind as the ones inside the protons
and neutrons, or heavier kinds, depending on the energy available. They afterwards bind
together into hadrons (composite particles of two or three quarks). Hadrons containing
heavy quarks live for a short period before decaying into “everyday matter”.

Since a collision often produces many particles, the “pen and paper” math involved
becomes impossible to handle and a new approach is needed. Computer programs called
event generators then come to the rescue by simulating the processes that take place in
colliders. Much effort is focused on developing and tuning generators to produce accurate
results to match both theoretical results and experimental data. Simulations done with
generators have played an important role in the study of possible physical scenarios and
when designing new detectors.

This project studies how heavy quarks are produced from the gluonic radiation in col-
liders. Using an event generator called Pythia, several production models are tested and
compared to experiments. Some properties of the final hadrons coming from the same
heavy quark-antiquark pair will be of particular interest: the relative angular separations,
the energy fraction carried and the production rates, just to mention some of them. The
contribution of each of the production mechanisms is explicitly shown for each model, by
tracing the history of the particles in the events from the generator output. By this study
more insight will be gained about the nature of the heavier quarks and hadrons, and possible
modifications to Pythia will be proposed based on the accuracy of the tested models.
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1 Introduction

One of the major pursuits of physics in the last hundred years has been to get an under-
standing on how the world works at the smallest scale, involving remarkable achievements.
With the help of mathematical models we can depict and predict very accurately some
observed physical phenomena: the atom and its energy transitions, nuclear reactions and
decays, just to name two of them.

The simple idea of making small particles collide has played an important role in these
discoveries and given much of the understanding of the physical laws at that scale. Also,
with the advent of increasingly powerful machines, we are able to observe in better detail
the fundamental components of matter. This is analogous to light: its energy is inversely
proportional to the wavelength, so higher energies are needed in order to resolve smaller
objects.

Colliders have become the workhorses of particle physicists. With the help of electric
and magnetic fields, beams of particles are accelerated and bent, and detectors are placed
where the collisions happen to observe the outcome after the interactions. Since the colliding
particles are very small and the energies really high, the mathematical approach must be
both quantum mechanical and relativistic.

Within the current mathematical analytical framework (formally called the Standard
Model), it is only possible to handle simple interactions involving few particles. A different
approach is needed since the real processes occurring in the colliders are much more complex
than that, often involving hundreds of particles. Computer programs called event generators
have been developed to deal with such situations in a phenomenological way, making use of
tuneable models, inspired both by theoretical predictions and experimental results to better
fit the data. Furthermore, generators have been also used to explore possible scenarios
before the actual experiment is set up or an analysis is done.

Of particular interest in this article is the study of the strong nuclear force, one of the
four basic interactions of nature. The gluonic field from the strong force holds (“glues”)
quarks toghether into compounds called hadrons, like protons and neutrons. When a high-
energy collision happens, the strong interactions dominate and it is possible to create heavier
quark pairs, different from the ones inside the neutron and proton, from the radiation of
the gluonic field. The study of the hadrons produced from those heavier quarks after the
collision can give us hints on how the strong force works.

The Lund-born Pythia event generator ( [1], [2]) will be used to analyze the different
heavy quark production mechanisms and their contributions. Several modifications to the
Pythia algorithm for the modelling of the g → QQ rate, with Q a heavy quark (namely,
charm (c) or bottom (b)), have been proposed and are to be tested. The underlying theory
is described in section 2.

The study of the production mechanisms comprises two main parts: electron-positron
collisions at the Z0 resonance to compare with the data from the Large Electron Positron
collider (LEP) and the more complex hadron collisions, at typical energies of the Large
Hadron Collider (LHC). Several physical observables, like the angular separation of the
objects produced from the quark pairs are to be studied.

Since the generator gives a detailed history of the processes involved, one can trace the
origins of each particle and classify them. The methods to analyze the events are discussed
in section 3. In some cases the results (in section 4) will be compared with experimental
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data. Section 5 provides a summary of the study and an outlook.

2 Theoretical overview

The Standard Model (SM) is the physical theory that explains the properties of matter
and its interactions at the very fundamental level. Whithin the framework of the special
theory of relativity and quantum mechanics, the SM deals with the elementary particles of
the physical reality.

Particles can be classified in different ways according to their properties, such as spin,
electric charge and mass. A first important distinction can be done looking at the spin
values. Particles with integer spin2 are called bosons and mediate the interactions, while
those with half-integer spin are called fermions and represent the interacting particles.
Moreover, for each particle in the SM, there is an antiparticle with the same properties but
opposite charges. Fermions are created (and annihilated) necessarily in matter-antimatter
pairs whereas their interactions are mediated by the usually singly-created bosons.

Four fundamental forces or interactions are actually known in nature: the strong and
weak nuclear forces, plus electromagnetism and gravity. (The first three of them are under-
stood within the SM, while the latter has not been consistently included in it yet.) Table
1 lists the interactions with their respective mediating bosons, i.e., the particles associated
to the force field.

Table 1: Standard Model interactions and bosons.

Force Boson (mass in GeV [3])

Electromagnetism γ (0)
Weak interaction W± and Z0 (80.4 and 91.2)
Strong interaction g (0)

Besides electrical charge, there is a charge for the strong interaction called “colour
charge” by analogy with real colour, as we will see below. Photons (γ) and Z0 bosons carry
no charge, so they are their own antiparticles; whereas gluons carry only colour charge and
W± bosons only (±1) electrical charge. Therefore, gluons’ antiparticles are gluons with
opposite colour content, while the W+ and the W− are each others antiparticle.

One further boson is not listed in table 1, the Higgs boson (125 GeV), which mediates
the mass-acquiring mechanism of the particles. The universe is filled with the electrically
neutral, scalar Higgs field, which has a non-vanishing expectation value in vaccum because
of the spontaneous symmetry breaking of the field. Then, particles interact with this field
and gain mass.

So far, 12 fermions (and the respective antifermions) have been observed, as listed in
table 2. Each column in the table is called a generation or family. The second (c, s, µ, νµ)
and the third (t, b, τ, ντ ) families are “heavier versions” of the first (u, d, e, νe) one. Neutrinos
(in the last row) are quite massless, and measurements have only given an upper bound to
their masses. The electrical charge of each quark in the first row is 2/3 and in the second

2Here, and in the rest of the work, we use natural units: h̄(reduced Planck constant)= c(speed of
light)= e (electron charge)= 1.
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Table 2: Fermions in the Standard Model.

Quarks (mass in GeV [3])

u(2× 10−3) c(1.3) t (173)
d (5× 10−3) s (10−1) b (4.2)

Leptons (mass in GeV)

e(5.11× 10−4) µ(1.05× 10−1) τ(1.78)

νe(∼ 0) νµ(∼ 0) ντ (∼ 0)

row is −1/3; the leptons in the third row have charge −1 while their neutrinos (ν) are
electrically neutral (i.e. zero charge).

Although all the particles we have mentioned exist, ordinary atoms are made out only
of first generation fermions. Electromagnetism holds together the electrons (e) around
the positively charged nucleus, composed of neutrons and protons. The latter two are
quark combinations: “udd” and “uud”, respectively. Protons, neutrons and other three
(anti)quark objects are known as (anti)baryons, while the combination of a quark with an
antiquark leads to a meson. Baryons and mesons are collectively known as hadrons.

Particles from the second and third families are unstable, they exist for short time
periods before they decay into first generation matter. Being heavier, more energy is also
needed to produce them. We can detect heavier matter at high-energy experiments like
colliders, but also some cosmic processes are energetic enough to provide us a natural (and
rather uncontrolled) source of that kind of matter.

Quarks interact also via the strong force since they carry colour charge, while leptons
do not. By analogy with real colour, there are three kinds of basic charge involved in the
strong interaction, called red (r), green (g) and blue (b), and together they can form a
colourless combination (a colour singlet, to be precise) in the same way those colours in
real life add up to white. This means that there exist quantum mechanical superpositions
of colour charge states of quarks that lead to colour singlet states. Also, anticolours are
such that they vanish when combined with the corresponding colour (e.g. the combination
anti-red plus red (r̄ + r) must be colourless). As we stated above, gluons also carry colour
charge, which they transfer during the interaction.

The colour content of gluons is slightly more complicated than that of quarks and it
is related to the group structure of the theory. Gluons contain a non-vanishing colour-
anticolour combination. Since we are assuming 3 independent colours, it is natural to have
the colour indices running from 1 to 3 and a 3× 3 matrix representation, as we will see in
the next subsection. The symmetry group associated with the strong force is SU(3), which
has 32 − 1 = 8 linearly independent generators. What we are doing in a concrete way by
substracting one, is excluding the gluon generator corresponding to a colour singlet state.
Hence, gluons are called “colour octets”.

Since colour must be conserved, gluons carry a non vanishing configuration such that
they can both transmit the charge content and lead to new “coloured” quarks or gluons
after the interaction. For example, the colour content of a gluon emission by a red quark
could be q(r)→ q(b) + g(rb̄).

All hadrons in nature have been observed to be colour singlets. So, there exist several
ways to produce such states, the most common are: having the three (anti)colours in
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a singlet combination of three (anti)quarks to form (anti)baryons; and having a quark-
antiquark pair with a vanishing colours-anticolours superposition to form mesons. The
strong force acts only on “coloured” objects; this means that not only quarks interact
strongly, but also gluons can interact with other gluons. The latter process can be viewed
as follows: name the initial gluons 1 and 4, then 1 splits into two new gluons, named 2 and
3 (g(1) → g(2) + g(3)), the latter of which is finally merged with 4 to form a new gluon,
called 5 (g(3) + g(4) → g(5)). This process can be pictured as in figure 1, which is an
example of the so-called Feynman diagrams.

g(1)

g(4)

g(2)

g(3)

g(5)

Figure 1: Feynman diagram for a gluon-gluon interaction.

These diagrams represent the SM interactions. Particles are drawn as lines and the
interactions are the vertices. Fermions are usually represented by solid straight lines, while
bosons by curly (gluons), wiggly (W,Z, γ) or dashed (Higgs) lines. As suggested in the
previous paragraph, time flows from left to right in the diagram. Although Feynman
diagrams do not represent real trajectories of the particles, they are powerful tools to
depict the nature of the interaction and to make matrix-element calculations, described
below.

Two interesting features are present in the strong force:

Confinement Since quarks by themselves cannot be colour singlets, no free quarks have
been observed. At distances above 10−15 m, the strong force by gluon exchange is believed
to be constant, so the energy stored between quarks grows linearly with the distance when
trying to take them apart to split a hadron. Let us take the simple example of a meson.
When enough energy has been given to separate the two quarks, the gluonic field will create
a new quark-antiquark pair in between. That way, the original interaction will be screened,
forming two separate mesons, i.e., each endpoint quark will interact with the nearest one
from the new pair. This process ensures then that all quarks remain confined into hadrons.

Asymptotic freedom The strong force change its behavoiur at small distances. There,
it is less strong and the quarks interact in a weaker fashion. They asymptotically tend to
be free objects. Thereby, the theory can be treated perturbatively as we will see below in
subsection 2.1.

2.1 The QCD Lagrangian and matrix elements

The part of the Standard Model that deals with the strong interaction is called Quantum
Chromodynamics (QCD). The rules and strengths (couplings) of the interactions are explic-
itly stated in the Lagrangian of the theory. The processes we are interested in are the ones
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involving quark-gluon interactions. The part of the QCD Lagrangian for such interactions
has the form [4]:

gs
2

qαγ
µλaαβG

a
µqβ . (2.1)

In the formula, gs is the coupling of the strong force. Both qβ and qα are spinor states
of quarks with their colour indices (α, β = 1, 2, 3), γµ is a Dirac matrix and λaαβ colour
(Gell-Mann) matrices, the generators of the SU(3) group. Ga

µ is the gluon field strength.
The index µ is a space-time one (0, . . . , 3), while the gluon field index a = 1, . . . , 8. The
complete QCD Lagrangian comprises also the mass terms and the gluon self-interactions.

Physically, the expression (2.1) represents the following mechanisms: gluon emission by
a quark (q → gq), gluon absorption by a quark (gq → q) and pair creation from a gluon
(g → qq); plus the time-inverted ones: gluon absorption by an antiquark (gq → q), gluon
emission by an antiquark (q→ gq) and quark-antiquark annihilation into a gluon (qq→ g).

q

g

q
q

g

q

q
g

q

g
q

q

q

g
q

q
g

q

Figure 2: Feynman diagrams of the processes represented by eq. (2.1).

The Feynman diagrams for all of those processes are in figure 2. The arrows in the quark
lines stand for the fermion flow and an antiquark is thus represented as a quark traveling
backwards in time.

One of the most important quantities involved in the calculations of the Standard Model
is the probability amplitude of the interactions, which is related to physical observables,
such as cross sections and decay rates. Quantum mechanics states that the probabilities of
measurements are squared matrix elements |M |2, coming from the projection of the final
state onto the time-evolved initial state. In mathematical language, the amplitude M is
calculated as

M = 〈final|S |initial〉 ,
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where S is the time-evolution operator, related to the Lagrangian. In the Standard Model,
that evolution is performed in a perturbative fashion. Each term in the expansion is as-
sociated with a Feynman graph that contributes to the final amplitude: the lowest order
term corresponds to a “tree” diagram, whereas the higher order terms correspond to “loop”
contributions or to final states with higher multiplicities. An example of a tree diagram
(lowest order) and one of the loop contributions are shown in fig. 3.

q

qq

g

q q

qq

g

q

g

Figure 3: Tree (left) and loop (right) diagrams contributing to the same process.

When the amplitudes are calculated for the diagrams, the corrections given by the higher
order terms depend on the momentum transfer of the interaction. Hence, the strength of the
interaction (gs) necessarily includes the contributions from all the possible graphs, giving
a dependance between the coupling and the momentum transfer Q.

The functional dependence of the of the strong coupling with the momentum transfer
is given by

αs(Q
2) =

12π

(33− 2nf ) ln(Q2/Λ2)
, (2.2)

where αs = g2s/(4π), nf the number of kinds (flavours) of quarks and Λ is the QCD energy
scale. Then, the strong coupling has a logarithmic divergence when Q2 is near 0.3 GeV,
the estimated value of Λ. Hence, perturbative QCD works well when the expansion is done
in a region where the value of αs is not too large, i.e., at energies well above 1 GeV. The
running of the strong coupling with the momentum transfer scale explains why confinemet
dominates at low Q2 scales, where αs blows up, while asymptotic freedom appears at high
Q2, where αs tends to zero.

The complexity of the calculation of matrix elements scales factorially with the number
of particles in the final state [5]. So, this method works fine when handling few particles,
but not in a collider like LHC, where typically around a hundred hadrons may be produced,
leading to extremely complicated mathematical expressions. A further complication is that
detected particles in the final state are hadrons and the perturbative approach deals only
with quarks and gluons.
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2.2 The Pythia event generator and parton showers

Event generators can help to overcome the difficulties of using nothing but a matrix element
approach. The Pythia event generator uses Monte Carlo methods to simulate the events
that take place in colliders.

From the quantum mechanical point of view, a system changes its state according to
the probability of the next state to occur. As we stated before, this probability is related to
the amplitude (i.e. matrix element) squared. Hence, the same experiment (e.g. a hadron
collision) can lead to different outputs, so the results become significative once one has
made enough observations. Monte Carlo event generators use (pseudo)random numbers to
emulate the quantum mechanical “choice” of the subsequent state.

Each of the constituents of a colliding hadron is called a parton. Then the hard process
is defined as the most energetic 2 → 2 subcollision of the partons from the incoming
hadrons. Since protons are constitued by valence quarks (uud), gluons and sea quarks
(uu, dd, cc, . . . ), the hard process can start with any two of these objects, one from each
incoming proton.

Matrix elements are used for calculations in the hard process and the subsequent evo-
lution of the particles is modeled by a parton shower algorithm. The idea is to model the
branchings allowed by the strong force, i.e., gluon emission by an (anti)quark (q → qg),
gluon branching (g → gg) and gluon branching into a pair (g → qq). The less probable
gluon self-coupling with four-vertices (g→ ggg) is not included.

Neglecting quark masses, the probability of a branching in the collinear limit is governed
by the universal DGLAP equations (see [6]):

dPa→bc =
αs

2π

dQ2

Q2
Pa→bc(z)dz , (2.3)

where

Pq→qg =
4

3

1 + z2

1− z
, Pg→gg = 3

(1− z(1− z))2

z(1− z)
, Pg→qq =

nf
2

(z2 + (1− z)2).

The variable z represents the energy sharing after the branching: Eb = zEa and Ec =
(1− z)Ea. Q is the virtuality of the process (i.e. of the quark or gluon before branching).
This procedure is applied recursively to get the succesive branchings of the daughters.

The DGLAP equations are reliable in the case of strongly ordered emissions, i.e., when
the virtuality of the daughter is much lower than the one of the mother. That is the case
of the radiation of the particles emerging from the hard process, known as Final-State
Radiation (FSR). Since the particles involved have positive virtualities, they are also called
timelike showers. Because the Heisenberg principle, we do not have complete certainty on
the time-ordering of the shower. However, we assume that subsequent emissions lead to
lower virtualities.

In a hadron collision, the radiation from the partons before the hard process is known
as Initial-State Radiation (ISR). In contrast with FSR, this spacelike showers (negative
virtualities) are more complicated, due to the uncertainty in the structure of the incoming
hadrons: how the momentum is distributed among the partons, sea quarks being created
and annihilated, etc. Here, the construction of the shower is using “backwards evolution”;
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this is, once a hard process has been selected, decrease to lower virtualities until the initial
state is reached.

The DGLAP equations are singular in the “collinear” (Q→ 0) regime and two of them
(for q → gq and g → gg branchings) for “soft” emissions, when the energy sharing z → 1
or z → 0. To avoid both singularities, a lower Q cutoff around 1 GeV is introduced, where
confinement becomes dominant.

Now let us study the case of the radioactive decay, to use as an analogy for the branching
of a parton. Denote the number of undecayed radioactive nuclei at time t by N (t) and the
initial number (at time t = 0) by N0. A naive ansatz would be dN (t)/dt = −cN0, where
c is a constant parameter representing the decay probability per unit time. The solution
is then N (t) = N0(1 − ct), which cannot hold since for times t > 1/c, the number of
undecayed nuclei becomes negative and the probability of having had a decay exceeds
unity. The way to fix such a defect is by proposing a new ansatz where the decay rate takes
in account the effect of having nuclei that already decayed. This is done by introducing
dN (t)/dt = −cN (t); then the solution is N (t) = N0 exp(−ct). This exponential decay fits
well in the model, since the number of undecayed nuclei tends to zero and the probability
to unity when t → ∞. In the case where c is a function of time i.e. c = c(t), the decay
probability at a given time t is modified to

P (t) = − 1

N0

dN (t)

dt
= c(t) exp

(
−
∫ t

0

c(t′)dt′
)
.

The probability that a nucleus has not decayed at time t is then

1−
∫ t

0

P (t′)dt′ = exp

(
−
∫ t

0

c(t′)dt′
)
,

which tends to zero for large t values (unless c(t) vanishes for t→∞).
The naive probability for parton branchings are given by eq. (2.3), but also here we

must include an exponential factor in order to conserve probability. The DGLAP equations
are thus modified by the so-called Sudakov form factor:

dPa→bc =
αs

2π

dQ2

Q2
Pa→bc(z)dz exp

(
−
∑
b,c

∫ Q2
max

Q2

dQ′2

Q′2

∫
αs

2π
Pa→bc(z′)dz′

)
. (2.4)

The uncertainty principle tells us that the relevant time scale for the branching is like
∆t ∼ 1/∆E ∼ 1/∆Q, so the time evolution is done by the integration on Q2, starting with
its maximum value and going down until the cutoff is reached. It is possible to make the
evolution run in other variables, like the transverse momentum of the branching p2⊥, or the
emission angle θ2, always using the appropriate Jacobian. Also, the exponent in eq. (2.4)
sums over all possible branched particles.

2.3 The g→ QQ rate

Now we are turning to the massive quark case to model the process we are interested in:
gluon branching into a heavy quark-antiquark pair.
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2.3.1 The DGLAP splitting kernel

The DGLAP equation should be modified to include the effect of the non-negligible mass.
The standard (in terms of the invariant mass evolution scale m2 = Q2)

dPg→qq =
αs

2π

dm2

m2

1

2

(
z2 + (1− z)2

)
dz , (2.5)

will no longer hold. Introducing

rQ =
m2

Q

m2
, (2.6)

βQ =

√
1−

4m2
Q

m2
=
√

1− 4rQ , (2.7)

where βQ is the magnitude of the three-momentum of each heavy quark, the DGLAP rate
is modified to

dPg→QQ =
αs

2π

dm2

m2

βQ
2

(
z2 + (1− z)2 + 8rQz(1− z)

)
dz , (2.8)

and the z-integrated rate is

dPg→QQ

dm2
=
αs

2π

1

m2

1

3
βQ(1 + 2rQ). (2.9)

We will refer to this result as the DGLAP answer.

2.3.2 A matrix element expression

We will now put the (g→ QQ) branching into the context of a real process, to see its effect
on a matrix element expression. Since the Higgs boson is a colourless, scalar (spin-zero)
particle, its decays are isotropic, which is convenient for integration. A clean way to get the
branching from the Higgs is taking the decay H→ gg3 and including the further branching
of one of the gluons H → gg → QQg. In figure 4 we can see Feynman diagrams for both
decays.

To get the matrix element expression we calculate the quantity dΓ3/Γ2, i.e., we are
going to study the variation of the decay rate when a gluon branches into a heavy quark
pair, normalized to the first (two-body) decay:

dΓ3

Γ2

=
αs

2π

(
x21 + x22
1− x3

− 2 + 2r
x23

(1− x3)2

)
dx1 dx2 , (2.10)

where we are using the energy fraction xi = 2Ei/M = 2p0pi/M
2 (with i the number of

the particle in figure 4), r = m2
Q/M

2 and Γ2,Γ3 are the decay rates into two and three
bodies, with M = mH . Doing some algebraic manipulation to this equation, taking the
limit m→ 0 and assuming massless quarks, the DGLAP rate is recovered.

We can relate the fractions x1,2 to the cos θ of the branching in the rest frame of the g∗,
taken to be in the xz-plane:

3This decay occurs usually via a t-quark loop, omitted in the discussion and in the diagrams.
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Figure 4: Two (left) and three (right) body decays of the Higgs.

pQ,Q =
m

2
(1;±βQ sin θ, 0,±βQ cos θ) . (2.11)

Using the ratio δ = m2/M2, a boost along the z axis is βz = (1 − δ)/(1 + δ). Then the
boosted momenta give

x1,2 =
1

2
(1 + δ ± (1− δ) βQ cos θ) , (2.12)

x3 = 1− δ . (2.13)

For the integration we will use that r/δ = (m2
Q/M

2)/(m2/M2) = m2
Q/m

2 = rQ, so it
becomes

∫ x1,max

x1,min

(
x21 + x22 − 2(1− x3) + 2r

x23
(1− x3)

)
dx1

=

∫ 1

−1

1

2

(
(1 + δ)2 + (1− δ)2 β2

Q cos2 θ − 4δ + 4
r

δ
(1− δ)2

) 1

2
(1− δ) βQ d(cos θ)

=
2

3
βQ (1 + 2rQ) (1− δ)3 , (2.14)

i.e. again we recover the DGLAP rate, but with a suppression factor of (1 − δ)3 for large
g∗ masses and a factor of two from having two gluon ends. We will refer to eq. (2.14) as
the matrix element (ME) expression.

The DGLAP equations do not claim to include the effect of the phase space factors
taken into account in the integration above. Even though the suppression given by the
(1− δ)3 is plausible, there is no guarantee that this factor is going to be universal.

2.3.3 The Pythia algorithm

We are now going to describe some details of the Pythia algorithm, involving the gluon
branching into a pair of quarks. After that, the options to test with the corresponding
branching weights are described.
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The evolution on the algorithm is hardcoded to be in terms of a decreasing p2
⊥evol. This

new variable is close to the normal p2⊥, but has some advantages for high angular separation.
Given that value, the allowed z range is:

zmax,min(p2
⊥evol) =

1

2
±
√

1

4
− p2

⊥evol
M2

, (2.15)

where M is now the quark-pair dipole mass.
Since z2 + (1 − z)2 < 1, the evolution rate can be overestimated by the length of the

maximally allowed z range (given by the lower p2
⊥evol cutoff), times a half for each quark

flavour. Here, the z values are picked flat; later this overestimation will be corrected. For
the subsequent evolution in p2

⊥evol, the potential branchings with z values lying outside the
allowed range are rejected.

For a consistent (p2
⊥evol, z) pair, we calculate the mass value for the quark pair:

m2 =
p2
⊥evol

z(1− z)
. (2.16)

The Jacobian for this transformation has the convenient property that

dp2
⊥evol

p2
⊥evol

dz =
dm2

m2
dz, (2.17)

so the phase space can be covered by any of the evolution variables. The preference of one
variable over the other relies on the effect they have on the Sudakov factor. Since each
variable covers the phase space with a different shape, some places might be reached at
different variable scales. This means that the integral in the Sudakov will differ.

Below we describe the options to be tested, regarding the g→ QQ rate.

Option 1 This is the default option, which has been implemented so far. It starts with a
massless (randomly-flavoured) quark pair, and the effect of the masses is included afterwards
by “shrinking” the three-momenta, but keeping the branching angles fixed. This is done
by changing to the rest frame of the gluon, where the pair is produced back-to-back, and
increasing the mass of the quarks according to the flavour. The three-momentum of each
quark is reduced accordingly in magnitude, so the four-momentum and the angles are
preserved. A weight for the survival probability of the trial branching is assigned to W =
βQ(z2 + (1 − z)2). Below the mass threshold for the creation of the quark, βQ = 0. This
option falls below the DGLAP and ME rates in the threshold region, since it lacks the
mass-dependent term.

Option 2 A straightforward correction for Option 1 is to add the missing mass-dependent
term 8rQz(1− z) to W . This fix is valid since the new weight is still lower than 1 for every
z. This option has the same low-mass behaviour as the DGLAP and ME for the threshold
region.

In the limit m2 → M2, this Pythia option falls faster than the DGLAP rate, but not
as fast as the ME option, since the latter has a strong suppression factor, which is not
necessarily universal.
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Option 3 This option will reproduce the DGLAP behaviour for the complete m2 range.
We expect it to be similar to ME at low masses but let us see the other limit. Following the
expression for calculating the mass, it is easy to see that a given m2 value can be reached
from different values of p2

⊥evol and z. We will use the kinematics of equations (2.11) and
(2.12) to get the expression for the weight. Since the starting point is massless quarks,
βQ = 1; also, taking in account that z = x1/(x1 + x2), the allowed z range goes from
cos θ = −1 to 1, i.e., from m2/(M2 +m2) to M2/(M2 +m2). Noting that z(m2) is also flat
(as z(p2

⊥evol), because of the Jacobian) and introducing

Iz(m
2) =

∫ 1−zmin(m
2)

zmin(m2)

(
z2 + (1− z)2 + 8rQz(1− z)

)
dz, (2.18)

it follows that the new weight

W =
2

3
βQ (1 + 2rQ)

z2 + (1− z)2 + 8rQz(1− z)

Iz(m2)
(2.19)

will average to (2/3) βQ (1 + 2rQ). We recover the DGLAP rate in equation (2.9), since
the overestimation made in the algorithm has a factor of 1/2. This approach, however,
has issues with the limit m2 → M2, where the allowed z is restricted to the value 1/2.
This leads to an almost constant W weight, which does not obey the expected angular
dependence 1 + cos2 θ (∼ z2 + (1− z)2). To solve this, we introduce

zθ =
1 + cos θ

2
=

(1 + δ) z − δ
1− δ

(2.20)

Then, the analogue to Iz(m
2) with this new variable will be (2/3)(1 + 2rQ) (as in the

integration to get eq. (2.9)), times the Jacobian relating z and zθ, i.e.,

W = βQ
(
z2θ + (1− zθ)2 + 8rQzθ(1− zθ)

) 1 + δ

1− δ
. (2.21)

The weight in this equation defines Option 3. Because of the 1−δ denominator the DGLAP
rate falls off slower than Pythia, in eq. (2.21). This weight blows up in the limit m2 →M2,
so a way to fix it is by enhancing the trial g→ qq rate by a factor (hardcoded to 20) that
is then used to decrease W accordingly.

Option 4 Now we want to reproduce the ME behaviour. In order to recover eq. (2.14)
we need to multiply the weight from option 3 by the suppression factor (1 − δ)3. The
suppression has a stronger effect on large masses.

To summarize, the four options are:

1. The default option used so far, creating massless quarks and adding masses by shrink-
ing their three-momenta in the rest frame. Falls below DGLAP and ME in the thresh-
old region because it misses the mass-dependent term in the weight. At high masses,
falls faster than DGLAP but slower than ME due to the large suppression factor in
the latter.
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2. A straightforward correction: adds the mass term that fixes the problem in the thresh-
old. In this region, the behaviour is similar to DGLAP and ME.

3. Reproduces the DGLAP shape for all the mass range. It increases for high m2 (→
M2), so it is not likely to reproduce reality at those scales.

4. In order to recover the ME behaviour, the weight from option 3 is multiplied by the
(1− δ)3 factor. Shows a strong suppression in the limit m2 →M2.

As we know from subsection 2.1, the value of the strong coupling varies with the energy
scale of the process. This effect is non-negligible in a parton shower, where the successive
branchings lead to lower virtualities. We have assumed a fixed value of αs to make the
formulae look easy, but the running of the coupling is usually hardcoded in the algorithm.

Several different quantum mechancial amplitudes interfere in the emission of gluons,
and calculations have then shown that p2

⊥evol is the optimal scale choice for the αs coupling.
These arguments do not necessarily carry over to g → qq. Instead, it has been suggested
that the m2 of the virtual gluon that branches to QQ is a better scale choice. Such an alter-
native is easily explored by multiplying theW weight by a factor of log(p2

⊥evol/Λ
2)/ log(m2/Λ2),

as can be understood from eq. (2.2).
The options 1-4 have their equivalents 5-8, using the scale choice αs(m

2). In Pythia
the options can be used by setting TimeShower:weightGluonToQuark.

3 Event analysis

Pythia is a program written in the C++ language for the simulation of events in particle
colliders, using Monte Carlo methods. In this context, an event is a set of particles that
describes a collision and its complete evolution, starting from the incoming beams to the
final hadrons or leptons.

The statistical error of a quantity is related to the fluctuations of the obtained values in
a measurement (in our case, a simulation). This error is inherent to the random character
of the underlying mechanisms (i.e. the use of pseudo-random numbers in the generator can
lead to a different output for several realizations).

Another source of uncertainty is the systematical error. In an experimental measure-
ment, issues like the limited precision of the instruments, the limited understanding of the
detectors, the selection process of the signals and the calibration of the apparatus used
introduce an error that can be quantified and usually improved.

In a Monte Carlo simulation, the statistical error of a quantity I is

δI =
σ(I)√
Nacc

,

where σ(I) is the standard deviation of the quantity, given by the probability distribution
in the sample space. Nacc is the number of accepted events, i.e., the number of sampled
events which contribute to the quantity studied. (Some generated events may not be of the
desired character and are discarded without fiurther study.) That is the reason why the
simulations are usually done with a large amount of events.
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The event record is a vector that stores the particles in the event. Every time a particle
is added to the record, an index number is assigned to it as a reference. The particles in
the hard process take the first places in the event record, usually six or seven (2 particles
from the incoming beams, plus the 2(partons)→ 2 and a resonance particle, if any). Also,
the hard process record is listed separately.

Each particle is created with a set of properties; the standard Pythia event output
shows the following:

• The identity (id) number of the particle, following the Monte Carlo Particle Num-
bering Scheme [3]. This number links to the fixed properties of the particle, such as
the name of the particle (also shown), the decay with, etc.

• The status number. This (positive) number indicates the mechanism by which the
particle is added to the event. When a particle decays the status is turned negative.

• The particle index numbers of the mothers and daughters.

• The colours indices of the particles, following the Les Houches Accord scheme for
the colour flow [7].

• The four-momentum (px, py, pz, e) and mass (m).

With this information, one can study several different aspects of the simulated collision.
Given a set of events, the program can produce general statistics about the cross sections
of the hard processes involved. Also, using different methods implemented, it is possible to
extract information from the particles to study more specific details of the collision.

In this work, we simulate both leptonic (e+e−) and hadronic (pp) collisions. The first
case is easier to deal with, since the colliding beams consist of leptons (rather than the
composite hadrons) and do not interact via the strong force.

3.1 Electron-positron collisions

A clean way to produce Z0 bosons is by colliding electrons and positrons at a center-of-
momentum energy near to the mass of the boson, i.e., 91.2 GeV. When the energy matches
the mass of the created particle, we call it a “resonance”. In order to study the Z0 resonance,
around two decades ago, some accelerators (LEP and SLC) were built to collide e+e− beams
at energies around 45 GeV each.

The hadronic decay of a Z0 is the most probable one [3]; there, a quark-antiquark pair is
created in the hard process and the FSR contains gluon emissions and the possible further
creation of heavy quarks from them. The leptonic decay of the Z0 is excluded from this
analysis, since we are interested in heavy quarks.

The quarks coming from a gluon (or photon) splitting will be called “secondary”, while
the ones created in the Z0 decay “primary”. Figure 5 is an example diagram for the
creation of primary and secondary quarks. Notice that secondary quarks can come from
further gluons emited by either secondary or primary quarks.
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Figure 5: Primary (1,4) and an example of secondary (2,3) quarks.

3.1.1 The gbb ratio

The splitting ratio of a radiated gluon into a bb pair in Z0 hadronic decays has been
measured (see [8], [9], [10], [11] and [12]). Then the quantity

gbb =
Γ(Z0 → qqg, g→ bb)

Γ(Z0 → hadrons)
(3.22)

is of particular interest.
The analysis here is simple. Looking only at the Z0 hadronic decays, we have to count

how many secondary bottom quarks were created and divide by the number of events. This
is a good scenario to try the eight options proposed in 2.3.3.

3.1.2 D∗± meson tagging

After the hard process and during the parton shower evolution, quarks and gluons reach
energies where confinement is dominant. This transition to the creation of hadrons is known
as hadronization. Several observed mesons and baryons contain heavy quarks.

In particular, there are studies and measurements of charm quarks produced in Z0 decays
[13]. Using Pythia, we are going to study the energy fraction spectrum XE = E/Ebeam
of D∗+ and D∗− (consisting of cd and cd, accordingly), where E is the energy of the meson.
The D∗± mesons are excited states of the D±, so the first ones usually decay into the latter.
D mesons finally decay weakly. It is possible to follow back this decay chain and reconstruct
the D∗± from the experimental data.

By tracing the origins of the charm quarks of those mesons in the event record, one can
distinguish between primary and secondary production. The idea is to follow the charm
content back to the original branching and classify it. It is possible to match each charmed
hadron with the corresponding (anti)charm quark before hadronization. The classification
of that quark will decide whether the meson is primary or secondary.

Furthermore, the D mesons can also come from a weak decay of a B (bottom) meson.
This mechanism is not discussed here, but the key aspect is that the bottom inside the B
emits a virtual W boson and turns into a charm, forming then a D∗. Our charmed mesons
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can then be classified as coming from primary or secondary charm or bottom quarks.
Obviously, the production of secondary quarks in the simulation will be affected by the
g→ QQ rate option used.

3.2 Hadron collisions

Colliding hadrons (usually protons and (anti)protons) instead of leptons introduce further
complications to the analysis. Unlike electrons and positrons, hadrons are not point-like
particles. The partons from the incoming hadrons lead to multiple interactions in an event.
The most violent collision (with the largest Q2) is then classified as the hard process,
while the effect of the rest of the interactions is taken in account as MPI (Multi-Parton
Interactions). Also, the colour interactions from the incoming hadrons are related to the
initial and final state radiations.

Then, the total momentum of hadrons is distributed among the partons, a sharing which
is not known from first principles. The proposed modeling for the momentum distribution
of the partons are the so-called Parton Distribution Functions (PDFs), defined as the prob-
ability to find a parton i with momentum fraction x inside an incoming hadron for a specific
energy scale: fi(x,Q

2). The cross section of a process involving two incoming hadrons is
then

σ =
∑
a,b

∫
dx1fa(x1, Q

2)

∫
dx2fb(x2, Q

2)σ̂(ŝ = x1x2s,Q
2), (3.23)

where σ̂ is the constituent cross section, the one of the subprocess where a and b are the
incoming partons. The variable s in this case is the center-of-momentum energy squared.
Moreover, the calculation of σ̂ itself may include further integrations. This total cross
section then integrates over the momentum fractions and sums over all the possible partonic
interactions.

In order to make a study decoupled from the momentum dependence introduced by the
PDFs, it is convenient to deal with observables that are invariant under Lorentz boosts
along the collision axis z, i.e., that do not depend on the individual x1 and x2 values.

3.2.1 Production mechanisms of heavy flavours

A classification of how heavy quarks (Q) interact in a hadron collision can be done taking
in account the role they play in the hard process [14].

Pair Creation (PC) This is when two heavy flavours are created in the hard process. To
conserve momentum, to first approximation, the quarks have to be produced back-to-back
in the azimuthal axis. Corrections come from recoiling effects of shower emissions.

Flavour Excitation (FE) Occurs when a heavy (anti)quark is produced and then enters
the hard process. The interaction is usually mediated by gluon exchange with another gluon
or quark. Q and Q directions are less strongly anticorrelated than in PC.
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Gluon Splitting (GS) Here the g → QQ branching occurs after the hard collision, so
the heavy flavour is emited, usually at low opening angles, without being involved in the
hard process.

Figure 6 shows examples of PC, FE and GS.

Q

Q
Q

Q

Q

q

q

Q

Q

Figure 6: From left to right, examples of: Pair Creation, Flavour Excitation and Gluon
Splitting.

An interesting special case is when a gluon branching of the initial state radiation leads
to heavy quarks that are not involved in the hard process. The diagram for this situation
is shown in fig. 7. This case is less likely than the ones above and therefore does not
significantly impact the studies that follow.

Q

Q

Q

Figure 7: Mechanism classified as Gluon Splitting, but with Flavour Excitation character.

3.2.2 B mesons tagging

In order to analyze the production of bottom quarks in hadron colliders, we will study
observables related to B mesons. Generating proton-proton events at a typical LHC energy
(ECM = 7000 GeV), we list the last bottom mesons, i.e., the ones that decay into non-
bottom objects. Each B from the list is traced back to the first bottom meson mother (the
one created in the first step after hadronization). Then, the first mesons are matched to the
(anti)quarks in the perturbative region (before hadronization). The classification of mesons
is then the same as their corresponding quarks, in terms of the productions mechanisms.

It is important to take in account the B − B oscillation. We can no longer associate
unambiguously an (anti)bottom to a (anti)B-meson, since the neutral B mesons can turn
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into their antiparticles. For example, a Bs can turn into a Bs and vice versa, leading to an
oscillation of the states.

For practical reasons, only the events containing one bb pair will be selected to make the
classification and the calculations regarding the bottom mesons, according to the production
mechanisms (i.e. PC, FE and GS). Thus, we ensure that only one g→ bb branching occured
in the event, so the list contains two particles that correspond to the same mechanism.
Observables calculated from events with more bottom pairs will be classified as mixed,
even though each pair individually contains information about its production mechanism.

Although not used here, a more complex strategy to extract the information from events
with several bottom pairs can be devised. Once the list is filled with all the B-mesons and
their corresponding (anti)bottoms, we can pair the mesons in many ways, but only one
configuration will match every meson with its corresponding partner coming from the same
g → bb branching. There, each pair can be classified by production mechanism, while the
other pairings mix quarks from different branchings.

We will study the following z-boost invariant quantities for PC, FE and GS: azimuthal
angular separation between the mesons (∆ϕ), their rapidity difference (∆y), and their R2

distance, defined as (∆ϕ)2 + (∆y)2.

4 Results

The following results were obtained using the Pythia event generator, version 8.185.

4.1 Electron-positron collisions at the Z0 resonance

In the simulation each beam energy is set to 45.6 GeV, in order to reproduce the creation
of the resonance particle and its further hadronic decays (discarding the leptonic ones), i.e.,
e+e− → Z0 → (hadrons). There is a limited set of experimental data relevant for our study.

4.1.1 Gluon splitting into bottom quarks rate

The experimental results for the gbb rate are shown in table 3.

Table 3: Experimental data on gluon splitting rate to bb.

Experiment Ref. gbb(±(stat.)± (syst.))(%)

DELPHI [8] 0.21± 0.11± 0.09
ALEPH [9] 0.277± 0.042± 0.057
SLD [10] 0.307± 0.071± 0.066
DELPHI [11] 0.33± 0.10± 0.08
OPAL [12] 0.307± 0.053± 0.097

The first three values were obtained by studying secondary bb pairs from a sample
of four hadron jets. The fourth and fifth values come from more recent studies of the
Z → bbbb signal.

A 107 events simulation was performed for each option. The results are shown in table
4.
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Table 4: Simulated gbb values for each option.

Option gbb(±(stat.)(%)

1 0.397± 0.002
2 0.527± 0.002
3 1.106± 0.003
4 0.407± 0.002
5 0.384± 0.002
6 0.504± 0.002
7 1.083± 0.003
8 0.389± 0.002

As we were expecting, the table reflects the description of the options. Option 2 gives
a larger rate than the default since it adds the mass term that corrects the behaviour in
the threshold region, whereas option 3 is even larger than the first two, due to the (1− δ)
denominator. Option 4 provides a value close to the one given by option 1; the effect of the
option 4 enhancement in the threshold region is approximately canceled by the suppression
factor for high masses.

The production of bb as a function of the pair invariant mass is shown in figure 8.

Figure 8: Bottom-antibottom pair production as a function of the invariant mass. Pythia
options: default (solid), 2 (dashed), 3 (dotted) and 4 (dashed-dotted).

10 15 20 25 30 35 40 45
0

0.001

0.002

0.003

0.004

0.005

0.006

0.007

0.008

0.009

0.01

Quark pair production for the four options

m bb

d
P
/
d
m

b
b

 

 

The relevant features of the options 1-4, discussed in 2.3.3, are present in this graph.
Option 3 represents the extreme case. The compensation between the enhancement in
the threshold region and the suppression for high masses in option 4 is visible. That
compensation corrects the total rate (area under the curve) to a value similar to the one
given by option 1. From first principles, there was no reason to expect these two effects to
compensate as closely as they do in the total rate. Option 2 has a clear enhancement in
the threshold region compared to option 1.
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The rate for the options using m2 as the evolution variable (5-8) have a slightly sup-
pressed rate compared to the first four, around 5% less.

The values given by options 1, 4, 5, 6 and 8 fit inside the total error of the last three
references in table 3. The value given by option 2 lies outside the errors, but still within
two standard deviations. Options 3 and 7 do not seem to reproduce experimental data
at all, since they show values well above the upper bound given by the error in all the
measurements.

The discrepancies could be related to the mass of the bare b quark, a quantity that
cannot be measured directly. Using a higher mb than the default, the simulated rate would
be reduced, matching better the experimental results. Furthermore, taking in account the
systematic errors provided in table 3 and the spread in the values, we can notice that the
measurement of this rate is a complicated one.

4.1.2 D∗± energy fraction spectrum

We are going to study the production rate of D∗± mesons as a function of the energy fraction
XE. The ALEPH collaboration has provided measurements for this in [13]. The total
spectrum is taken as the sum of three components: mesons coming from primary charms,
from primary bottoms and from secondary heavy quarks, i.e., from gluon branchings.

Figure 9: Energy fraction distribution for the D∗± mesons. The points with error bars
are the measurements from ALEPH and the solid line is the Pythia simulation, with the
respective contributions: bb (dotted line), cc (dashed line) and gluon branching (dashed-
dotted).
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The plot in fig. 9 shows the ALEPH measurements and the Pythia (option 1) simula-
tion with the components. We can see that the main contribution of the gluon splitting is
at low energy fractions, which is due to the fact that the secondary quarks are produced at
least at a third branching from the Z0 (as in fig. 5), where the energy has been distributed
into several products. Then, the main impact of the options will be at low energy fractions.
The figure also suggests the need for a correction at low energy fractions, in addition to the
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primary cc and bb components. Also, the simulation presents an excess just after the peak
near 0.3. For high XE simulation and measurements are in good agreement.

Figure 10 shows the extreme cases for the gluon contribution: options 1 and 3. The
latter gives values at least two times higher that the former in each bin. The distributions
for the options 2 and 4 (not shown) give intermediate values.

Figure 10: Extreme cases of the D∗ production from gluons. Pythia options 1 (solid) and
3 (dashed).
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To compare the four options with the experimental data, figure 11 shows the full distri-
butions and the ALEPH measurements. The enhancement at low energies is evident for the
non-default options, where the simulations get closer to the experimental values. The excess
near the peak is still present and slightly enhanced. At high energies, the decreasing tails
show no major differences (since the main contribution is due to the primary production in
this region) and follow approximately the behaviour of the data.

In this context, option 3 seems a good candidate, since it corrects (somehow accurately)
the D∗ production at low energy fractions. For the region just after the peak, the enhance-
ment might be higher than desired, but still the data is closer to this option, overall.

Due to their non-perturbative character, meson decays are not fully understood. A
slightly different modelling of the B→ D decay could shift some events above the peak to
below it, better fitting the data in both regions, without requiring a higher g → bb rate.
The study is therefore inconclusive regarding this issue.

4.2 Proton-proton collisions at 7000 GeV

Turning now to hadron collisions, we will study the correlations between B hadron pairs.
Events with one pair are classified as PC, FE or GS; events with more pairs are classified
as mixed.

A 5× 106 events simulation was done for each option. Events with two B mesons, each
of them with a trasverse momentum greater than 15 GeV, are selected to the analysis. A
lowest transverse momentum cutoff for the hard process of 15 GeV is also imposed. This is
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Figure 11: D∗± energy fraction spectrum. ALEPH data (dots with error bars) and Pythia
options: default (solid), 2 (dotted), 3 (dashed) and 4 (dashed-dotted).
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necessary since the events with lower p⊥ are more likely to be produced, but the number of
selected events decrease for values lower than 20 GeV, as one can see in fig. 12. There, only
around 1% of the events are selected to the analysis. An even lower cutoff would increase
such “inefficiency”, with only few more selected events in comparison to the total number
of generated ones.

4.2.1 Azimuthal angular separations

The variation of the azimuthal angle is a good measure of the separation of two B mesons,
since it is invariant under Lorentz boosts along the beam axis (z). The difference ∆ϕ
is measured in the plane perpendicular to the z-axis. Figure 13 shows the production of
bottom meson pairs in terms of the azimuthal angular separation, for option 1.

First features of the correlations in the production mechanisms are revealed: PC peaks
at high angles, since the pairs created in the hard process tend to be back-to-back, whereas
GS contributes mostly to the low-opening region. Pairs created by means of FE are less
anticorrelated than the ones from PC. Mixed B mesons show an expected homogeneous
angular distribution, because there is no particular relation between mesons coming from
different gluon branchings.

The variation of the Pythia options is shown in fig. 14.
Similar to the case discussed in the previous subsection, the two upper and lower extreme

cases at low azimuthal angles are given by options 3 and 1, where the gluon splitting
dominates. Option 2 and 4 are intermediate in that region.

4.2.2 Relative rapidities

Rapidity, defined as

y =
1

2
ln
E + pz
E − pz

,
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Figure 12: Generated (solid) and accepted (dashed) events as a a function of the transverse
momentum of the hard process.
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Figure 13: Azimuthal angular separation of B mesons pairs using Pythia default option,
including the four sources.
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is a measure of the separation of the particle to the z axis. In fact, it is related to the polar
angle (between the particle and the z axis). It can be shown that the difference ∆y ≡ y2−y1
is invariant under a z-axis boost.

The plot in figure 15 shows the production of B meson pairs as a function of the relative
rapidities ∆y, as simulated with the default Pythia option.

Low rapiditiy differences mean that the particles in the pairs are close in “polar dis-
tance”, as well as a high ∆y means a high polar separation. In principle, quarks from
PC are produced with a very small rapidity difference, but the kinematical effects of the
showering broaden that separation and the corresponding mesons then have a significant
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Figure 14: Azimuthal angular separation of B mesons pairs using Pythia options 1 (solid),
2 (dashed), 3 (dotted) and 4 (dashed-dotted).
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Figure 15: Relative rapidity of B meson pairs using Pythia default option, including the
four sources.
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contribution at small and medium ∆y values. On the other hand, the impact of the mesons
from GS is mainly at small rapidity differences.

The FE contribution is less important than the one from PC. Flavour excitation falls
below GS only at small rapidity differences.

The change in the options is then appreciable at low ∆y values, whereas in the medium
region and in the tail the behaviour is similar for the four options. See fig. 16.
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Figure 16: Relative rapidity of B meson pairs using Pythia options 1 (solid), 2 (dashed),
3 (dotted) and 4 (dashed-dotted).
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4.2.3 R distances

The quantity R contains information from the two variables studied above. In a sense, by
giving the ∆y and ∆ϕ values of a meson pair, one has a complete (Lorentz invariant to
boosts along the z-axis) description of the angular distribution for the pair. In the y − ϕ
plane, the (also invariant) distance R =

√
(∆y)2 + (∆ϕ)2 is then useful to group the pairs

with their angular “neighbours”. In order to define a hadron jet, typically the R distance
is used to cluster nearby hadrons.

Figure 17 shows the behaviour of each source, plus the total production of B mesons
for option 1. Due to the relevant contribution of PC to large azimuthal opening angles,
the main peak of the R-distance is near to the π value. Flavour excitation also presents a
growth near that value, but less significant. Mesons produced by means of GS are usually
close in both y and ϕ separations, so pairs classified as gluon splitting will be likely to be
found in the same jet.

Since R combines the information from the relative rapidities and the azimuthal angular
opening, a respective enhancement is expected for each of the options at small distances,
shown in fig. 18.

Experimental data on bottom angular correlations from hadron collisions at the LHC
can be found in [15] and [16]. The analyses done there are included in the set of validation
routines provided by Rivet [17]. The integration between Pythia and Rivet analyses, and
the production of results from it, is a machinery that was considered for this study but not
fully implemented due to time constraints. The hadron collision study can also be done for
different PDFs, to observe the impact on the production mechanisms and then and compare
with experimental data.

There are also studies on the b quark production at Tevatron (pp collisions at 2000
GeV), an example can be found in [18].
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Figure 17: R-distances of B mesons pairs using Pythia default option, including the four
sources.
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Figure 18: R-distances of B mesons pairs using Pythia options 1 (solid), 2 (dashed), 3
(dotted) and 4 (dashed-dotted).
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5 Summary and outlook

The gbb rate was simulated and compared with experimental results. The results agree with
the default option implemented in Pythia so far and with option 4 within the experimental
error. Remarkably, the enhancement introduced by option 4 at the mass threshold region
is almost exactly canceled by the suppression at high masses, leading to a rate close to the
default. Option 2 gives a result within two standard deviations compared to experimental
data, whereas option 3 does not seem to reproduce the rate at all. Options 5-8, using m2 as
the argument of the strong coupling, do not affect sensibly the rate (around 5% difference
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for each option).
A limited set of data is available for the study of heavy quarks at lepton collisions. A

future measurement of the production of heavy quarks as a function of the invariant mass
of the pairs could shed light on which of the options is more suitable, or the need for a new
one.

The study is inconclusive regarding the D∗± energy spectrum. The default option shows
a deficiency for low energy fractions that could be corrected by the enhancement given by
the alternative options, particularly option 3. However, all the options present an excess
at the medium region that, if shifted back to the low region by e.g a different modeling of
the B→ D decay, could also reconcile Pythia and the data, without introducing a higher
g→ QQ rate.

For proton-proton collisions at typical LHC energies the azimuthal angular openings, the
relative rapidities and the R distances of B meson pairs were simulated. The contributions
of the production mechanisms to the mentioned quantities are shown. The variation of
the observables using the four Pythia options is also shown. Using transverse momentum
lower cutoffs for the generation of the events and for the analyzed B mesons, the selected
events were around 1.5% of the generated ones.

Further studies could begin by comparing the simulated results for the four options with
data. There exist experimental results and analyses for Tevatron and LHC experiments,
based on different event reconstruction mechanisms. The dependence of the correlations and
the production rates implementing different PDFs could also be explored in this context.
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