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Abstract

We take a look at the properties of scalar fields in anti-de-Sitter space in five dimen-
sions. More specifically we define bulk—to—boundary and bulk—to—bulk propagators for a
five-dimensional scalar field and use these to calculate four—point functions. Finally we
take a look at two—point functions and three—point functions and numerically calculate
masses, residues and decay constants for the fourdimensional particles coming from the
five-dimensional scalar field.
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Popularvetenskaplig beskrivning

Ar hela virlden, hela universum, endast ett hologram? Sent forra aret (2013) publicerade
en grupp fysiker sitt resultat fran tva simuleringar vilket kan vara borjan pa att svara pa
fragan. Den forsta rdknade ut observabler sa som det radiella avstandet till handelseho-
risonten, entropi med flera, baserat pa strangteori. Den andra simuleringen berdknar en
liknande sak fast i ett universum med lagre dimensioner, utan gravitation. Det visar sig
att simuleringarnas resultat 6verlappar, vilket pekar pa att de beskriver samma sak. Detta
ar ett exempel pa den sa kallade holografiska principen: All information om ett rum i
n dimensioner kan helt beskrivas genom att kolla pa den (n — 1)-dimensionella ytan av
rummet dar, enligt teorin, all information finns bevarad.

I slutet av ar 1997 kom Juan Maldacena med det som nu kallas
”AdS/CFT-korrespondensen” eller "Maldacena’s formodan” (Eng. Maldacena’s conjec-
ture) som anvander den holografiska principen och relaterar stréngteori, en teori i elva di-
mensioner, till en med farre dimensioner, exempelvis den teori vi anvander for att beskriva
kvarkar, vilken har endast fyra dimensioner. Detta betyder att man kan anvanda kor-
respondensen for att arbeta med samma teori som fysiker har arbetat med lange, och
oversitta resultaten till strangteori, ett relativt nytt omrade inom kvantfaltteorin.

Korrespondensen ses darmed som en av de mest lyckade teorierna inom strangteori for
tillfallet. Denna avhandling tar en titt pa grunderna i teorin, forklarar korrespondensen
och anvander den for att berdkna observabler av ett skalart falt och jamfora den fem-—
dimensionella teorin med en liknande fyr—dimensionell teori.
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1 Introduction

In November 1997, J. Maldacena published a paper[1] proposing the anti-de-Sitter/ Con-
formal Field Theory correspondence in which he suggested the existence of a five-dimensional
space known as the bulk corresponding to a four-dimensional (space-time) boundary in
which all information is carried, analogous to how a three—dimensional hologram stores all
information on a two—dimensional surface. The goal of this thesis is to study the difference
between a five-dimensional theory, a theory which we will see have an infinite number of
bound states, i.e, particles with a given mass m,, and a four—dimensional theory for a
simple scalar interaction; That is, we want to check how well a sum over poles (resonances)
converges, or, in other words, we want to check if we can only use the first few bound
states in order to get a decent approximation of the five-dimensional physics.

Using this construction it might be possible to perform calculations in higher-dimensional
spaces and connect those with the observables (e.g., mass of mesons) in the four-dimensional
space producing results that otherwise could be difficult to obtain.

In section 2, the metric of anti-de-Sitter space (AdS) is defined and the AdS/CFT-
correspondence is explained. Using an action built on a five-dimensional scalar field we
derive equations of motion and four—point functions. Here we also define propagators in
the five—dimensional space. We also introduce Witten diagrams along with Witten rules
— closely related to Feynman diagrams — as a way to graphically represent and calculate
n—point correlation functions, also known as Green functions or propagators. In section
3 we derive the explicit expression for each propagator in terms of Bessel functions and
use these to extract physical constants such as masses and decay constants. In section 4
numerical results obtained from the simplest theory of a scalar field in five—dimensional
anti-de—Sitter space are presented in tables and depicted in plots.



2 The Correspondence

2.1 Definitions

In order to start working with the model, a few definitions must first be introduced.
First of all we define the metric of the space that we will be working with. The metric of
AdSs x S® can be expressed via the invariant lengthd (ds)? as follows|[2]:

2 L2
= % ((dxo)2 — (dz')? — (da*)? — (dx3)2) — —z(dx5)2 — L2dQ°. (2.1)
L5
As usual 2° denotes the time coordinate, while 2! denotes coordinates in space. The
coordinate labeled x5 denotes the added 5" dimension, and d)s; is the corresponding
solid angle of the five-dimensional hypersphere. The angular part is of no intrest in the
following calculation and it will thus be neglected. With a substitution, z5 = %2, equation

(2.1) becomes

ds?

ds* = = ((da°)* — (da')? — (dz?)* — (dz?)* — (d=)?). (2.2)
Using the metric tensor, gy, equation (2.2) can be expressed conveniently as before

ds* = gynda™da™ (2.3)
with the metric tensor of AdS defined as

1 0 0 0 0
20 -1 0 0 0
gun=—5 [0 0 -1 0 0 (2.4)
“1lo o 0 -1 0
00 0 0 -1

The coefficient 5—22 = a*(z) is commonly referred to as the warp factor[3]. While at it, we
define the same tensor without the warp factor; this is useful when explicitly writing out
z—dependence:

1 0 0 0 0
0 -1 0 0 0

nmuv=1,0 0 =1 0 0 (2.5)
0 0 0O -1 0
0 O 0 0 -1

The determinant of the metric tensor is commonly used throughout as well:
10
g = det(gun) = PSR (2.6)

From hereon the constant L will be set to 1 in order to simplify expressions.



Finally, we introduce indicial conventions for various groupings of the dimensions, since
it is often convenient to treat the four normal space—time components separately from the
z—component:

e Capital Latin letters (M,N,...) denote all five dimensions; i.e., (2°, 2!, 2% 23, 2)

e Lower case Greek letters (u, v, ...) denote the four normal spacetime

dimensions; i.e., (z°, 2!, 2% 2?)



2.2 Formulation

As mentioned before, the goal is to make calculations of measurable observables easier
than in normal conformal field theory. One can express operators of the 4-D theory in
terms of fields in AdS space. From here, one can calculate the desired expectation value
(e.g., mass, decay rates, etc.) and then transform the solution back into the 4-D theory.

To continue, we must assume that there exists an operator, denoted O(x#), which is
coupled to a field ¢(x*, 2) living in the AdS space [2, 3, 4]. This field, known as the bulk
field, has an explicit relation at the boundary:

¢(a#,0) = 2" 2o (a), (2.7)

where A denotes the conformal dimension of O(z#) and ¢g(z*) is the source of the operator
O(z"), as defined in (2.9). We define S[¢(z*,z)] as the action of the field in all five
dimensions and then solve this model with the boundary condition given by equation
(2.7). Then we can define the generating functional

Z = exp(S[o(a, 2)]), (2.8)

and in turn write out the correspondence as[4]

7= <eXp ( / ¢0(:U“)(9(:U”)d4x) >Field . (2.9)

The expectation value of the operators can now be computed via the functional derivative
as

oz
Equation (2.7) corresponds to the classical or tree level approximation in the AdS space,

corresponding to the large N, limit of the conformal field theory [4]. We will not go beyond
this approximation.

— (O ... O")) . (2.10)



2.3 Free Theory and Two—point Function

So far, we only provided a lot of mathematical definitions. What follows will be an example
of how to perform calculations for a scalar field, so that the reader can better understand the
meaning of the correspondence. We focus on a five-dimensional scalar field in AdS space.
We assume it comes from an underlying operator of the type 11, which automatically
gives us A = 3 in the field theory in four dimensions. The field, denoted ¢(z,x), has an
action given as

S = d%g (9" N O p(x*, 2)On (3", 2) — m*$* (#, 2)], (2.11)

where coupling constants and curvature of the AdS space have been normalized in such
a way that calculations become as compact as possible. The five-dimensional mass m? is
also fixed by [4], e.g, m? = A(A — 4). Writing out the z—dependence of the determinant
and the metric explicitly gives

2

S = /d%%g {nMNanﬁ(:v“,z)@Nqﬁ(:B“,z) - %gb%x“,z) . (2.12)

Using the Fuler-Lagrange equation for fields, we can use the action integral to calculate
the equations of motion (abbreviated EOM) to be:

2

MV oN (Z—lgaM(ﬁ(x”, z)) + %qﬁ(x“, z) = 0. (2.13)

Note that, other than the dependence of the field itself, there are no explicit dependence
of the EOM on z*. Thus it is convenient to split the five—dimensional derivatives into the
usual four dimensions plus the z—component. The resulting equation becomes

226D (L)) + (e, 2) = 0. (2.14)

>3
From here we can split the field into two parts, one dependent on z and one on z*.

Then we can transform the equation to momentum space by using Fourier transformation

(abbreviated FT):

2

-0, (oA ) |+ Hanenia =0 @9

{—kzcbo(l““)fk(Z)

>3
where ¢g(z*) denotes the FT of the boundary field. Note that the EOM are satisfied for
any boundary fields ¢o(z*) and they can thus be factored out and discarded. The resulting
equation thus becomes:

23

{M — 0, (;é?sz(z))] + T—jfk(z) = 0. (2.16)



After calculating the derivative (using the Leibniz rule), the final equation becomes

00,015 - 20.42) + |1 = ] o) =0 2.1)

Let us now return to the action integral, equation (2.12), and Fourier transform the
integrand in the same way as in equation (2.15). The result is as follows:

— g e far [ S [ S e e -

—0. ()0 fu(2) — ;fk<z>fk/<z>} Go()o k)= 4. (2.18)

We can use the exponential combined with the integral over d*z to express the action
integral in terms of a delta function relating k and &’:

s - / / / it 213{ kK (=) fo(z) -

——@ﬁ@@m@%~;n@n@ﬂ%w@ww%fwmﬁy»

(2.19)

The second term in the brackets can be integrated by parts with respect to z; i.e.:

/ fuo (2 (%ﬁsz(z))dz. (2.20)

Ly
B0 () = ( 501l )|

Lo

Inserting this into equation (2.19) to gives

:%Zdz/@ﬂ)4

4
s [ pevenene - 2o+

k- 1 fi(2) fir(2) - ?—fmz)fk/(z)] Do (k)90 (k)3 (k + k') +

1 d*k ~ ~ 1 Ly
- A"k o (k) o (K)o (k + k') =0, : : 2.21
v3 [ G [ ARBRIREIE G+ K SRR, 22D
Note that the expression inside the brackets is exactly the EOM. Since the EOM equals
0,the integrand, and thus the entire first term vanish. The final expression for the action
thus reduces to



s=3 [ A% [aamat)s e+ ) Soa@ G| @2
e —H Uz z 1\ Z . .
2/ 27r) 0 0 3= Ik(2) ]k I

Now that we have a final expression for the action, we can apply the correspondence
in order to obtain the expectation values of the observables. Since the EOM are expressed
in momentum space, we first need to find the F'T of expression for the expectation value:

OPOG)) = / 'z / di2 (O(2)O() e (2.93)

The correspondence states that we ought to take the functional derivative of Z, the expo-
nential of the action. Since the functional derivative acts similarly to a normal derivative
(more specifically, the chain rule works as with normal derivative) it will create an inner
derivative of the action with respect to ¢g(x) and leave the exponent unchanged. By choos-
ing the evaluation point carefully,, we can set the exponent to 0 (e® = 1) and thus ignore
that factor. Expressing the expectation value explicitly in terms of action, we obtain

4 4 1 528 )] 62pm€ip’x’
o) = [t [aw 5%( e (224)

We can express the action as a functional of the field in momentum space, ggg(k;), the FT
of ¢o(x). Using this formulation, we can ultimately get an expression of the observables’
expectation values devoid of integrals|2]

(O(O®W)) = (2m)* W (p+ 1)

We note that, due to the boundary conditions of f,(z), we need the field to dissappear at
the IR boundary (z = L;). This corresponds to either that the fields vanishes at infinity,
i.e., Ly = oo, or that L, is a finite number but that we demand 0, f,(L,) = 0 in order to
reduce interfarence of the boundary. Using this we can rewrite the equation as (2.26) with
all z evaluated at the UV cutoff, z = L

0:fyp(2) fy (2) | (2.25)

Lo

0.1p(2) fp (2)

23 Lo

(O@)OW)) = —(21)" 8 (p +1) (2.26)



2.4 Interactions

Let us continue with a more difficult action, consider the same action as before, equation
(2.11), but with added terms corresponding to interactions: i.e., equation (2.27).

2

b A
5= [#ava|3a ouoone - 07— {0 -

The equations in this section will become very long, thus it is convenient to introduce
shorthand notation; i.e., ¢’s dependence on z* and z will not be written if it is not a
special case such as a boundary limit.

As before we take the given action and use the Euler-Lagrange equations in order to
obtain the EOM:

(0)*]. (2.27)

1
NG

where we impose the boundary condition, ¢(x#, Ly) = Lopo(z*), following from equation
2.7, for later use as well as 0,¢(x*,L;) = 0 in order to make the theory as insensitive
as possible to the IR boundary. While equation (2.28) looks nasty, we can simplify by

recognizing \/LgaM(gMN\/ﬁaN) = V2. Substituting this the equation becomes

S0r =0 (2.28)

(9" /G0N ) +m*é + g ()" +

b A
(V> +m?) ¢ = —§¢2 — 6@253. (2.29)
Unfortunately, there exist no nontrivial solution to the equation above, but we can find
one by solving the equation iteratively.
2.4.1 Iterative Solution

Start by expanding ¢(z*, z) in terms of an unknown parameter ¢, which will be quivalent
to powers of ¢:

p=ep + "+l + - = Z "™, (2.30)
n=0

Put this expression into the equation (2.29) to obtain

b A
(VZ+m?) (e +€¢" +--+) = -3 (e + 2" + - ~)2 -5 (e + " + - -)3. (2.31)
We can now recognize the terms on the left-hand side with the terms on the right-hand
side which contain the same power in €. This give rise to a system with infinite amounts
of equations, but we will only consider the first few. Written out explicitly, the equations
to solve is



(V2 + m2) S0/ — O7
<v2 + m2) S0// - _Z (90/>2 :
(V2 + m2) g0/// _ —b(’OlgD” _ <¢/>37 (232)

with the following boundary conditions:

¢'(z", Lo) = Logo(a"),
90//<IM7 LO)
o"(x" Ly) = 0, (2.33)

|
o

as well as

0.0 (z", L) = 0,

8290//(xu7L1) - 07
9.¢"(x*, L) = 0. (2.34)
Even though this is an infinite series of equations, we only need the action to order (¢g)*
so the equations above are sufficient. The first iteration is solved by introducing a Green’s

function, K (z,z,2"). This function is in this context known as a bulk—to—boundary prop-
agator and has the following properties:

(VP+m®) K(z,z,2') = 0,
K(Lo,w,a") = Lod"(x —a),
0.K(Ly,z,2") = 0. (2.35)

With this the solution to the first equation becomes

S /d4x/K(z,x,x/)¢o(x“/). (2.36)

It can easily be shown that this solution, together with the definitions of K, satisfies equa-
tion (2.32). For the second iteration, we use the result obtained in the previous equation
and put that into equation (2.32). The second iteration is then solved by introducing a
bulk-to-bulk propagator, G(z, ', x,z’), defined such that

— N (p — o
(vQ + m2) G(Z, Z,,.T, x/) — 6(’2 < )5 (Z’ T )7

V9

G(Lg, 7, z,2") = 0,
0.G(Ly, 7z, 2") = 0. (2.37)



With these definitions, along with the boundary condition, we can write the solution to
equation (2.32) as

o = [ VIG5 () = =5 [ POl )

/d4ac”K(z’,x',x")gbo(x“”)/d4x"’K(z',x',a:”’)gbo(x“m). (2.38)
Note that the second order solution contains two factors of ¢g(z*). It is therefore said to
be of order O(¢?2). With the bulk—to-boundary propagator and bulk—to-bulk propagator

defined all other iterations can be solved given enough time. e.g. the third iteration got
the following solution:

" = g/d%’\/ﬁG(z,z',x,x’)/d4x”K(z’,x',x”)%(m") X
/d5a:"'\/§G(z',z”’,x',x"')/d4x(4)K(z"',x"’,x(4))q§0(m(4)) X
X /d4x(5)K(z'”,:1:"/,3:(5))(150(36(5)) -

— %/d%'@G(z,z’,x,x’)/d4x”K(z’,x’,x")gbo(x") X

X /d4x’”K(z’,x’,x'”)%(w'”)/d4x(4)K(z',x’,x(4))¢o(x(4)). (2.39)

X

As consistent with previous equations, the third iteration is O(¢3). Even though we need
the action to O(¢;) to construct the desired four-point function, there is no need to
calculate the fourth iteration.

2.4.2 Relation Between G and K

What we do need though, is a connection between the two propagators, G and K. This
will allow us to simplify the so called boundary term as discussed later. Start by looking
at the following expression:

/d%\/ﬁ[G(z, Zx,7) (VP +m?) K(z,2,2") — K(z,2,2") (V* + m?) G(z, 2, z,2')].
(2.40)

From here we can do two things. First we can use the definitions of G and K, expressing
the terms containing (V? + m?) in a different way. Doing this we arrive at

/ d%\/g{c:@, Joa,a!) (0) — K(z,2,2") (5(2 - Z')f/(;@ - “"’“'))1 . (2.41)

10



We see that the first term vanish due to the definition of K. For the second term, we can
integrate away the delta functions, which in the end gives

5$_\/§ 2,20 (z — 2N)0W(x — ') = =K (2, 2/, 2"
[ AL Km0z = 00w ) = <K ('), (2.42)

But we could just as well take equation (2.40) and rewrite it as

/dSI\/E|:G(Z, 2w, \WAK (2, 2,2") — K(z,2,2")V*G(z, 2, x, x')] : (2.43)
From here we can use Green’s second identity in order to obtain
L
/d%ﬁ[nMG(z,z’,x,x')@MK(z,:B,x") — K(z,2,2")\n™0y,G(z, 7, x,2")] 1,
Lo

(2.44)

where 7% denote the five-dimensional vector normal to the boundary and 7 denote the
determinant of the metric of the boundary. By definition the derivatives of the fields
vanish in the limit as z tend to L;. For the limit as z tend to Ly, we can use the boundary
conditions of K and G, defined in (2.35) and (2.37), and obtain

/d4xﬁnM5(4) (x — 2")0mG (Lo, 2,2, 2") = yAn™ 0 G (Lo, 2, 2", 7).
(2.45)

Since both (2.42) and (2.44) originates from the same equation, (2.40), we can equate them
and finally obtain

~K(Z, 2 2") = M onG (Lo, 2, 2", 7).
(2.46)

2.5 Three—point Function

The three—point function was derived in detail in [2]. We can derive it using the same
techniques sas below for the four—point function, but for the sake of brevity we will only
quote the results of the derivation:

(O(21)O0(22)O(23)) = —b/d4x/dz\/§K(z,x,x1)K(z,m,xQ)K(z,x,xg). (2.47)

And the same equation transformed to momentum space:

(O(p1)O(p2)O(ps)) = —b(2m)"6" (p1 + p2 + p3) /dZ\/EKm(Z)KpQ(Z)Km(Z)- (2.48)

11



2.6 Four—point Function

With the scalar field found in terms of bulk—to—boundary and bulk—to—bulk propagators,
we are ready to calculate the Four—point function. Start integrating by parts the action
(equation (2.27)) which gives

S = / d%?@%&@

+ /d%\/g( — %¢(v2 +m?)¢ — g¢3 — %&).(2.49)

z=Lg

Note that the expression above contains (V2 4+ m?)¢ which, using equation (2.29), can be
traded for —2¢% — 2¢%; i.e.,

S = / d%g@f&;qﬁ

e /d%\/?( - bE - %} ¢~ A[é - 2—1 ¢4> (2.50)

We can split the action in three different sectors, perform calculation on each part sepa-
rately and in the end add together the sectors; i.e.,

STotal = ‘SBoundary + Sb + S)\- (251)

Each sector of the action must be expanded to order O(¢g) in order to give meaningful
results. For Spoundary, this means that ¢ must be expanded to third order, ¢, (Recall that
o(x*, Ly) = Lopo(z") is given as boundary condition). Exchanging ¢ with equation (2.39)
and using equation (2.46) results in

b2
‘SBoundary = Z/d4$¢0(x)/d4I//dZ/\/§K(Z/,$,ZC/>/d4x//K(zl7q;/’x”)¢0(x”) X
/d5l’m\/§G(2,, ZW, I/,ZEW) /d4$(4)K(2m, CL’W, $(4))¢0(ZE(4)) %

/d4l'(5)K(Z”/, ZL'/”, $(5))¢0(ZK(5))

A

D) d4xgb0(x)/dz'\/ﬁK(Z’,x,x')/d%”K(z',m',a:")gzﬁo(x”)

/d4$”/K(Z,,ZE/, x///)¢0(x///) /d4$(4)K(2/, x/,$(4))¢0($(4)).

X

X

X

(2.52)

Apply exactly the same calculations on the remaining sectors; i.e., expand S, to the second
order, ¢’ and S to first order, ¢’ to obtain

12



S = /d4/dz\/_/d4’/d4”/d5”’\/_/d4 /d4

sz:n)K(z:z:$ G(zz z, " K (2", 2" aW)K (2

do(2)po(a")po(zW)do (™) + O(67)

:v())x

(2.53)

and
1
S, = D d%/dz@/d%'[((z,x,:B’)gbo(:r’)/d4$”K(z,x,x”)¢0(9§") X
X /d%”’K(z,x,x"’)%( ”’)/d4 VK (z, 2, 2o (zV). (2.54)

Note that all terms in the action with O(¢g) have either a factor A followed by four bulk—
to-boundary propagators, or a factor b* followed by a bulk-to-bulk propagator and 2 x 2
bulk—to—boundary propagators. Adding together all sectors and rearranging coefficients
gives the final action

S = —/d4 /dz\/_/d4’/d4”/d5’”\/_/d4(4)/d4

K(zacx) (zxm)Gzz z, 2"V K (2", 2" aWVK (2", 2" 1)) x
% ( // ¢O( (

5)
- /d4/dzf/d4f/d4ff/d4/ff/d4
e K o Ko 1 )5 2 0 a9 2.5

Now that the action is expressed in terms of propagators and the boundary field, it is
possible to evaluate the four—point function using the correspondence, or more precisely,
equation (2.10) with four operators:

64z
dpo(1)060(2)d¢b0(23)¢b0(24)
For the part of the action containing A the calculation is straightforward. There are four
different fields in the expression and thus there are 4! ways of combining z, 2, 2" and z¥
with x1,...,x4. The exact calculation can be found in section A.1, but essentially the
factor i is canceled, all fields ¢ are derived away and what is left (from the second term
of equation (2.55)) becomes

= (O(21)O(x2)O(25)O(z4)) . (2.56)

(O(21)0(29)O(23)O(x4)) = —)\/d4a:/dz\/gK(z,x,xl)K(z,x,xg)K(z,x,xg)K(z,x,m).
(2.57)

The equation above can be interpreted as a Witten diagram depicted below.

13



Figure 1: Equation (2.57) as a Witten diagram. The circle denotes the four-dimensional
boundary. The wavy lines denote bulk—to-boundary propagators (K). The diamond-
shaped dot denote a vertex with coupling strength —A\.

The first term of equation (2.55), the one including b2, is more tricky since it contains
a bulk—to—bulk propagator G. Because of this, we can not just assume all 4! combinations
are equivalent to each other. Similar to the case with A, the full derivation is listed in the
appendix. The result from the calculations is

O(21)O(22)O(23)O(24)) =

{
= b2/d4x/dz\/§/d4x’/dz’\/§ X

X 2,0, 01K (2,2, 29)G (2, 2w, o YK (2, w0y ) K (2, x5) +

+ b2/4 /dz\/_/d“’/dz V3 X

X K(z,x,m)K(z,2,204)G(2, 2 o, 2" YK (2 2, 20) K (2, 2, x5) +

+ 62/d4 /dz\/_/dA"/dz V9 X

X K(z,x,m)K(z,2,25)G(2, 2,2, 2 YK (2, 2, 09) K (2, 1, 14). (2.58)

Note that the (square roots of the) determinants of the metric, g, are functions of z, 2/, - - -
and therefore cannot be extracted from the integrals. Yet again the result can be depicted
via Witten diagrams (see below). Each of the three terms in the equation above correspond
to similar looking albeit different diagrams.
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Figure 2: Equation (2.58) as a Witten diagram. The cirlce denote the four-dimensional
boundary. The wavy lines denote bulk-to-boundary propagators (K) while the zigzag—
line denotes bulk—to—bulk propagator (G). The diamond-shaped dots denote vertices with
coupling strength —b.

In general we can extract Witten rules (analogous to Feynman rules for Feynman dia-
grams) as follows:

1. Propagators
(a) For each line with one end in bulk and one in boundary: multiply by a bulk—
to-boundary propagator (K)
(b) For each line with both ends in bulk: multiply by a bulk-to-bulk propagator
(@)

2. Vertecies

(a) For each vertex that connects three lines: multiply by a factor —b
(b) For each vertex that connects four lines: multiply by a factor —\

3. Integrate over possible positions for vertices by adding a factor [ d*z [ dz,/g for each
vertex

Consider equation (2.57) (and (2.58)) which gives us the four—point function in position
space. Due to conservation laws, physicists are often more interested in the momentum
space (in this case the fifth dimension will remain in position space while the other four
transform via FT to momentum space). Thus apply Fourier Transform and arrive at
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(O(p1)O(p2)O(ps3 /d4x1/d4x2/d4x3/d Ty X

X 1101931 1p2x2 zpsxsezmm O

= —/\/cl4 /dz\/_/d4x1/d4x2/d4x3/d4x4 X

X P1T1pip2T2 ”"‘“e”’”“K (z,2,21)K (2, 2,29) K (2, 2, 23) K (2, x, 24).

(2.59)

From here we can use the fact that the bulk—to-boundary propagator is a function of the
distance between the four—-dimensional arguments,(z; — ) ; i.e.,

/d4 /dZ\/_/d4l‘1/d4l‘g/d4$3/d4x461p1$1 ip2x2 Z1)3363 Zp4w4 %
3

X K(z,x1—2)K(z,29 —2)K(2,23 — v)K(z,24 — 7). (2.60)

Now we can perform a suitable change of variables, y; = x; — x, in order to obtain

/d4 /dz\/_/d4y1/d4y2/d4y3/d4y eiP1Y1 (1P2Y2 SiP3YS (1PAYA 5

w  ele(prtpatpstps) K Z y1)K<Z QQ)K(Z y3)K(2 y4) (2.61)

By making the following definitions:

S = [ e (2.62)
and
Ky (2) = / Ay eV K (2, y1), (2.63)

we can rewrite equation (2.61) as

A [ AR (4 pa 4 1) Ky (B () (2) K (2) (2.64)

In a similar way, we can rewrite equation (2.58) as
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(O(p1)O(p2)O(p3)O(pa)) = 52(277)45(4) (p1 + p2 + pa+ps)
| [ [ R (G () () ¢

b [ [ @R (G VB () () +

b [ [ @GR (B ()G (5B () i)
(2.65)

Considering the same Witten diagrams as before, we can construct Witten rules in
momentum space:

1. Propagators
(a) For each line with one end in bulk and one in boundary: multiply by a bulk—
to-boundary propagator in momentum space (K,)
(b) For each line with both ends in bulk: multiply by a bulk—to-bulk propagator in
momentum space (G))

2. Vertices

(a) For each vertex that connects 3 lines: multiply by a factor —b

(b) For each vertex that connects 4 lines: multiply by a factor —\

3. For each vertex: multiply by a factor of (2m)*0™)(3;p;) because of conservation of
momentum

4. Integrate over possible positions in z for vertices by adding a factor [ dz,/g for each
vertex

1q

2.7 Equations of Motion

As a final step, we need to find what equations the bulk-to-boundary (and bulk-to-
bulk) propagators obey in momentum space. One way to do this is to solve equation
(2.35) (or equation (2.37) for bulk—to-bulk propagator) in position space and use FT to
convert result into momentum space. However, this is a long and tedious process and
while it in the end gives the correct result, so does a possible shortcut. It is easier to first
use F'T on equation (2.35) in order to get the equation the bulk—to-boundary propagator
in momentum space satisfies and then solve the equation from there. Recall what the
Laplacian was replaced with in order to obtain

17



1 MN 2 —
(ﬁaM(g VION) +m ) K(z,y) =0. (2.66)

Split the derivative into one z-dependent and one z*-dependent part and insert the z-
dependence from the metric explicitly to get

23

(228“((9“ — 2532(i32) + m2) K(z,y)=0. (2.67)

Evaluate the second term in the parenthesis, which gives

(Z28H8H — 220,0. + 320, + m2) K(z,y) =0, (2.68)

and after the FT the equation becomes

(—22p2 — 220,0. 4+ 320, + m2) K,(z) = 0. (2.69)

Since the right hand side is nonzero for the bulk-to—-bulk propagator, the calculation nat-
urally becomes a bit longer. FT of the right hand side gives

/d4yeipyz5(5(4)(y)5(z— 2 = 2°6(z — z')/d4y5(4)(y)eipy
= 2°0(z — 2). (2.70)

In the same way, the FT of the boundary conditions gives

Ky(2) = Lo, (2.71)
Gy(z,2") = 0. (2.72)

Divide equation (2.69) and (2.70) through by 2% to obtain the equations

3 m?
<—8Z&z + ;82 —p2 + ?) Kp(z) = O, (273)
0.0+ 0. 2+ TN Gyn ) = Bo(z— o 9.74
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3 Results

Let us gather together all the results we have derived so far. We note that Kj(z), G,(z, 2')
as well as ¢,(2), the FT of ¢(a#, 2), defined by

6u(2) = [ dtze (et ) (3.1)

are all functions of z which obeys the same equation, equation (2.73) albeit different bound-
ary conditions. Le., for ¢,(2) we need

(Ep(z) at z = Ly,
06p(2) = at z = L, (3.2)

for the bulk-to-boundary propagator K,(z) we need

Kp(Z) = LO at z = Lo,
0,Ky(2) =0  at z= Ly, (3.3)

and for the bulk-to-bulk propagator G,(z, z’) we need

Gy(z,2')=0  at z= Ly,
GG( ,2) =0 at z= L,
Gp(zy,2') = Gp(z_,2") at z = 2/,
0,Gp(24,2") — 0.Gp(2-,2") = ( "3 at z = 2. (3.4)
where we have made the following definitions:
z_ =limz
<
zy = lim 2z (3.5)
N

The third condition from equation (3.4) comes from continuity at the point z = 2’. The
fourth condition is a bit trickier. Starting from equation (2.74), we can integrate both sides
of the equation between 2z’ — € and 2’ + ¢, i.e.,

z/+e z/+e
3 m? , ,
/ (—82@ + ;82 —p*+ ?> Gp(z,2")dz = / 220(z — 2')dz. (3.6)

!

—€ zZ'—€
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Using a defining property of the delta function we can calculate the right side to be

2 +e

/ S5 — )z = () (3.7)

!

zZ'—€

The left hand side is more complicated. We need to use partial integration on the first
term in order to obtain

2 +e 3 ) m2 / ) Z=zZ4
/ <—828Z + ;(92 —p°+ ?) Gp(z,2")dz = —0,Gp(z, 2") . + - (3.8)

where, after some calculation, the remaining terms will be of order € and vanish. Equating
the left and right side gives

R (39)

zZ=Zz_

—0,Gp(z,2")

which, when evaluated at boundaries, gives the fourth condition.

We see that both of the differential equations given in (2.73) and (2.74) closely resembles
the Bessel equation, but not quite. By a slight modification of respective propagator we
hope to rewrite the equations as Bessels equation,

(2202 + 20, + 2* — v*) y(2) = 0. (3.10)

The equation is of second order in 0,, and thus two independent solutions, defined as J,(z)
and Y, (z) exists. We can write the full solution as a superposition of the independent
solutions, i.e.,

y(z) = AJ,(z) + BY,(2), (3.11)
for some constants A and B. Back to (2.73), we try to make it look like (3.10) by rewriting
the propagator as K,(z) = 2" f,(pz) for some n. The derivatives are now acting on the

product of 2% and f,(pz) and must be evaluated according to the Leibnitz rule. The
resulting differential equation becomes

2"21220,0. + (2n — 3)20, + p*2* + (n(n — 1) —n — m?) | £,(p2). (3.12)
From here it is obvious that n = 2 which gives
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220,0, + 20, + p*2* — (m* + 4)| f,(p2). (3.13)

Recall that the five-dimensional mass is given by the equation m? = A(A — 4).Since in
this case A = 3 we must set m? + 4 = 1. This leads to the solution to (3.13) as

fo(pz) = AJi(pz) + BYi(pz), (3.14)

where A and B are given by the boundary conditions set by equations ((3.2) — (3.4)) and
P =7

Before we need to find the value of the constants we make a short note here. The
momentum p in equation (3.12) is actually short notation for four-momentum (recall the
four-dimensional FT made in equation (2.69)), which, using the metric of AdS space, may
be negative. A direct implication of this is that the four-momentum squared may be
negative. We can find those solutions by performing the substitution \/F — \/—p?, on
equation (3.13).This gives us the so called modified Bessel equation:

220,0, + 20. — (p2)* — (m* +4) | f,(p2). (3.15)

The solution of the differential equation above can once again be written in terms of two
linearly independent functions, most commonly known as the modified Bessel Functions.
m? + 4 must still be equal to 1 since we are still dealing with the same object. Thus the
solution is given by

fo(pz) = CIL(pz) + DK, (pz). (3.16)

where C' and D are constants given by boundary conditions. Returning to (3.14), we can
find the constants A and B by using the boundary conditions in order to obtain a system
of equations. In order to evaluate one of the boundaries we need to know the derivative of
J1(2), Y1(z) and so on. The derivatives of Bessel functions can be found in[5] to be

(%%)k(z”,]y(z)) — R (). (3.17)

The equation above holds for Y, (z) and I,(z). In the case of K,(z) the identity is similar,
but differ with a minus sign, i.e.

(-1)’“(%%)%%&@)) = 2"PK,_u(2). (3.18)
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Set ¥y =1 and k = 1 to obtain

li(zjl(z)) = Jo(2). (3.19)

zdz

For us, the interesting case is given by equation (3.3). Expand the parenthesis, using the
Leibniz rule, e.g.,

0.(z[zJ1(2)]) = [2J1(2)] + z[zJ0(2)] (3.20)

Using this we can set up an expression for the coefficients A and B:

ALg*Ji(pLo) + BLo*Yi(pLo) = Lo,
A(LyJy(pLy) + pLiJo(pLy)) + B(LYi(pLy) + pLiYo(pLy)) = 0. (3.21)
Using shorthand notation, n; = L2.J;(pLo) and £ = (L1 Jy(pL1)+pL3 Jo(pLy)), where  and

¢ are functions of four-momentum, and similar definitions made for the terms containing
Bessel functions of second kind, i.e., ny and &y, we can write the expression as:

An;+ Bny = 0or Ly,
A&+ BE = 0. (3.22)

3.1 Bound States

In order for a bound state to appear we must demand that equation (3.2) are linearly
dependent; Only then will we get an interesting, nonzero solution. If they are linearly
dependent can be checked using a determinant, i.e.,

Ny NJ
=0. 3.23
& & (3.23)
The determinant evaluates to
ny&s —ns& = 0. (3.24)

Whenever the above equation is satisfied there is a bound state.
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3.2 Bulk—to—boundary Propagator

We note that, solving for constants A and B, (3.22), belonging to the solution of the
bulk-to-boundary propagator, yields

B —8y

4= nyv&r — sy’ (3.25)
B &

b= s — sy (3.26)

Note that the poles correspond exactly to the bound states satisfying (3.24). These zeroes
can be found numerically, which we will come to later. Using the newly found constants
A and B, we can write the bulk—to—bulk propagator as

22 nyi (pz) - fYJl(pZ)

ny&s — nsly (3:27)

Ky(2) =

3.3 Two—point Function

We now wish to calculate the two-point—function of K,(z) using the expression given by
(2.25), i.e

1(?) = (0(p)Ow)) = — LB (@) (3.28)

We see that for discrete values of p the denominator of K,(z) tends to zero and the
propagator becomes infinite. This equates to the expression

np) =Y Res(LL(p*))n. (3.29)

2 2
m

Where I1(p?) is the two—point function and Res(II(p?)),, is the residue of the n'" pole. Le.,
every singularity of K,(z) corresponds to a particle with mass m,. Equation (3.29) is
known as the not subtracted dispersion relation.

While at it, we introduce the so called once subtracted dispersion relation, given by
equation (3.30), as well as the twice subtracted dispersion relation, (3.31).

Res(II(m?))

2

I(p*) = 1(0) +p* )

Do (3.30)

—m3)

NG =110+ P10) +9 3 L s Res )
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How these formulas are derived can be found in detail in appendix (A.3). Take a closer
look at (3.27), more specifically, the denominator,

€ —ns€y = Lo°Ly |Yi(pLo)[Ji(pL1) + pLiJo(pL1)] —
= Ji(pLo)[Yi(pL1) + pL1Yo(pL1)] |- (3.31)

The equation above becomes zero for discrete values of p. These zeroes equates to the
poles of K,(z). Unfortunately, there exist no analytical solution, so in order to find the
masses; the equation must be solved numerically. We are luckier when it comes to the
residues — they can be found analytically. Looking at (3.29), we can multiply both sides
by the denominator and obtain

Res(I1(p?)), = Aim, (p?)(p® — m3). (3.32)

We know that II(p?) is a function proportional to K,(z) which in turn we can write as
fraction of functions, i.e.,

f(?)
p2-m2 g(p?)

Res(I1(p2)), = (v —m2). (3.33)

Where g(p?) = 0. We can Taylor expand g(p®) near the pole in order to obtain

202
pT=my

2~ lim f(*)(p* —m2)
ResTlp))o = fim. o) T 07— md)g(md) + - (3.54)

But g(m?) = 0, so the expression simplifies, after truncating higher order terms, to

f®*)  f(m2)

pomi g'(m2)  g'(m3)’

Res(II(p?)), = (3.35)

Once we obtained the residues we can use them to easily find the decay constant, which in
standard field theories are defined by:

f={010(pn)|dn) = V/Res(Il(p?))n- (3.36)
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3.4 Three—point Function

We can play the same game with the three—point function as with the two—point function.
The difference being that there is much more calculation involved, including an integral
over z that must be evaluated (recall equation (2.48)). We can use the results, e.g., masses
and decay constants, found numerically by simulating the two—point function in order to
find new results, e.g., coupling constants \;;;. From equation (2.48) we got

(O(p1)O(p2)O(ps)) = —b(2m)*6* (p1 + p2 +p3)/dZ\/ﬁKpl(Z)KpQ(Z)Kps(Z)- (3.37)

where p,, are momentum corresponding to the mass of the n*® particle. Using the fact that
K

»(2) can be rewritten as a sum over all n, i.e.,

Ky(z) =) Res(Fy,(2)) (3.38)

2 2
-m
—y P n

we can then write the z-dependence of the integral as

/dz% Res (K, (2)) Res (K, (2)) Res (K,,(2)). (3.39)

Just like in the case with the two—point function, we can rewrite the three-point function
as a sum over all poles. This time though, we must multiply by the coupling constant that
corresponds to the vertex in a Witten diagram. The resulting expression becomes

OO0 = 3 N L R (3.40)

S0Pt —mip3 —mips —my
with f defined by equation (3.36). Using this we can get the value of the coupling con-
stant by calculating the integral (numerically) and divide by the appropriate decay factors,

mathematically written as:

b
fififw

Finally we would like to use \;j;x in order to find the form factor, F(p3), which in
standard field theories are defined by

Mg = / dz% Res (K, (2)) Res (K, (2)) Res (K, (2)). (3.41)

PR) = (610my))6)) = 3 —2ublt

(3.42)
. P — mj
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4 Numerical Results

The results are obtained by computing the derived equations using numerical values.
For the IR—cutoff, L, we used the value L; = O%Ge\/_l, a cutoff in the same region of

energy as AQch. For the UV—cutoff, Ly, we used Ly = 1—10Ge\/'_1 as an upper bound.

| Root nr. | Mass [GeV] | Residue | decay constant |

1 0.54734 0.09140 0.30233
2 1.14022 0.87315 0.93442
3 1.75792 3.14881 1.77449
4 2.38336 7.58235 2.75361
) 3.01242 14.68070 3.83154
6 3.64366 24.81338 4.98130
7 4.27638 38.23924 6.18379
8 4.91024 55.13265 7.42514
9 5.54497 75.60575 8.69516
10 6.18042 99.72618 9.98630

Table 1: Table showing results gathered from simulating two—point function using a bulk—
to—boundary propagator.

Table 1 lists the first ten numerically found bound states together with their corresponding
decay constant. Making variations in Ly shows that the mass stays fairly constant while

the residues, and thus the decay constants, changes greatly for the bound states close to
1
L—O.

’ State i \ State j \ State k \ Nijik ‘

1 1 1 -0.2933
2 1 1 0.0100
2 2 1 -0.2535
2 2 2 -0.1650
3 1 1 0.0304
3 2 1 0.0348
3 2 2 -0.1945
3 3 1 -0.2445
3 3 2 -0.1534
3 3 3 -0.1578

Table 2: Table showing results gathered from simulating three—point function using bulk—
to—boundary propagators.

Table 2 lists the coupling constants of the first few bound states. Since \;; is symmetric,
all permutations of the three first bound states are found in the table.
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Figure 3: Plot showing the two—point function as well as the first dispersion relations
calculated using first three poles.
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Figure 4: Plot showing the difference between the two—point function and the first disper-
sion relations calculated using the first three poles.
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Figure 5: Plot showing the difference between the two—point function and the first disper-

sion relations calculated using the first ten poles.
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Figure 6: Plot showing the form factor F(p?) using equation (3.42) with ¢ = 0 and j = 0.
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In figure 3, we see that the twice subtracted dispersion relation is, as predicted, a
better approximation to the two—point function compared to the once subtracted dispersion
relation. We see that if only the three first bound states are considered the once subtracted
dispersion relation is not a good approximation to use (too big error). The not subtracted
dispersion relation is not plotted because it is simply not visible with the given y—axis,
the not subtracted function’s value lies around y = 0. As expected, both approximations
fail to copy the two—point function shortly after the last pole is found. This is of course
because the numerically calculated sum, equation (3.29), which is finite, has run out of
terms.

In figure 4 the difference between a given approximation and the two—point function
are plotted. Here we can see how the not subtracted dispersion relation fails to even come
close to the two—point function. Yet again it is obvious that the twice subtracted disper-
sion relation is much better than the once subtracted. The failure of the not subtracted
dispersion relation comes from the fact that the contour integral, see equation (A.22), is
nonzero — in fact it contributes with an infinite constant since the integral diverges for
I(k?%).

Figure 5 describes the same scenario as the previous figure. However, the number of
bound states taken into consideration has grown, from 3, to 10. We note that while the
green line (corresponding to the not subtracted relation) lies closer to the other lines it is
still very far away. All lines in this plot are more flat compared to the corresponding lines
in figure 4, which is to be expected — using more bound states in the approximation gives
a better result.

Figure 6 shows the form factor as a function of momentum. We see that the not
subtracted dispersion relation follows the curve very well this time, albeit not as good as
neither the once subtracted nor the twice subtracted dispersion relation.
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5 Conclusions

We have successfully derived the four—point function for a simple interacting scalar field
in five-dimensional AdS space. We have also introduced Witten diagrams, a tool used to
graphically represent n—point functions.

From our results deriving the two—point function we have found an explicit expression
for a bulk—to-boundary propagator describing a scalar field in AdS space. Using this
expression we have numerically found bound states as well as their corresponding decay
factors.

From here we derived the not subtracted, once subtracted, and twice subtracted dis-
persion relations and used these to see how fast the sums to converge. These can be seen
as a test of so called meson dominance of the two—point function. We see that the not
subtracted dispersion relation does not fit the two—point function at all and the once sub-
tracted dispersion relation, while it is better, does not give satisfying results when only a
few bound states are considered.

We also took a look at the three-point function and derived the coupling constants for
the first few bound states. Finally we used some of the coupling constants to find a form
factor, F'(p3). Here the not subtracted dispersion relation works very well, i.e., it follows
the curve given by the form factor very well.

5.1 Outlook

This thesis concentrates to only look at a scalar field, ¢(z#, 2), living in five-dimensional
AdS space. As an obvious extension to this thesis one can derive the explicit expression
for the bulk-to-bulk propagator, G(z, ', z,2') and use this to numerically calculate the
four—point function in a similar way the numerical results of the three-point function are
obtained.

Another possible extension is that one can introduce vector fields, as done in [2, 3].
Using vector theory one may obtain theoretical results such as different meson masses,
e.g., pion, kaon, etc. as well as the pion form factor [3].
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A Appendices

A.1 Four—point Function; term containing \

Start from second term in (2.55); Le.,

S = d4/dz\/_/d4’/d4/'/d4’/’/d4(4)szx)

X K(z z, 2" VK (2,2, 2" VK (2,2, 2) do (2" ) do (2" ) o (2" ) o (D).
(A1)

Introduce the very short notation, K (z,z, z(™) = K", ¢o(x™) = ¢, as well as d¢o(z™) =

0¢, and omitting the integrals. Also define a new notation for derivation, i.e.;

0n

With all definitions made we can start by writing out the action:

- K, (A.2)

S = —%K1K2K3K4¢1¢2¢3¢4. (A.3)

For the first derivative, we got four choices of K. This leads to four different terms:

5_Z — _i KK2K3K4¢2¢3¢4+KKK3K4¢ ¢3¢4
5o 24
+ K1K2K1K4¢1¢2¢4+K1K2K3K1¢1¢2¢3 ) (A4)

For the second derivative, there are three choices left for each term generated by the first
derivative, increasing the amount of terms to twelve.

527 A
0pidg 24
LR K K3KA830Y + K K2 Ko KA 920" + K K2 K3 Kyd2dd +
+K2K1K3K4¢3¢4 +K1K1K2K4¢1¢4 + K1K1K3K2¢1¢3 +
LR, KK K420 + KUK KA ot + KKK, Ky o? +

+ Ko KKK 020 + KT Ko K3 K 010 + KT K2 KK M2 |
(A.5)
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The pattern continues for the third derivative, yielding

$sZ A
0610205 24
+ K KoK KA + KN K3 Ko KAt + K\ K3 KP Ky ¢° +
+ K Ko K3 K¢ + Ky K2 Ky K¢ + Ky K2 K3 K¢ +
+ Ko K K3 K¢ + KK Ko Kot + KK KP Ky +
+ KoK K2 K30 + KYK Ko Kot + KUK K3 K¢t +
+IGKGK KA + K Ko K KA + K K2 K Ky p? +
+ Ko KP K K30® + K' Ko K1 K3¢' + K' KoK Kog' +
+ Ko K3 K2 K 0P + K3 Ko K2 K ¢° + Ki K2 K3 K, ¢ +

+IKGKPK K7 + KKK Ko + KV KGO Ks K¢t
(A.6)

Finally, in order to obtain the four—point function, we take the fourth derivative with
respect to the last field left and thus obtain

57 A
001602003665 24
+KG KoK Ky + K K3 KoKy + K Ks Ky K + Ky KoKy K +
+ KK KoK + KWKy K3 Ky + KoK K3 Ky + K3 K\ KoKy +
+ K3 K1 Ky Ky + Ko K Ky K3 + Ky K1 Ko K3 + Ky Ky K3 K +
+ KoK K Ky + K3 Ko lKG Ky + KGN Ky K3 Ky + Ko Ky K K +
+ K KoK K+ K K3 KWKy + Ko Ks Ky K + Ks KoK K +

+ KoK K3 Ky + KoKy K3 Ky + Ky KoK Ky + Ky KoK K.
(A7)

We see that all possible permutations of K K;K3K, appear in the final expression. Since
the order of which the factors appear does not matter, there are effectively 4! = 24 identical
terms added together. Using this property, the factor i cancels, and what is left is

6z
— = )M KK:K,. A8
501062005001 K K (A4.8)

Going back to full-length notation and recognizing the four—point function, the final result
becomes
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(O(21)0(29)O(23)O(4)) = —)\/d4x/dz\/gK(z,x,xl)K(z,x,mgK(z,w,xg)K(z,x,x4).
(A.9)

A.2 Four—point Function; term containing b

Start from second term in (2.55); Le.,

S = /d4/dzf/d4’/d4”/d5”’f/d4 /d4(5)Kz:1:x)
X

K Z z, .CE (Z Z ., .CE”/ /// /// .CE $(5)

do(2")do(x") o ( 4))%( )- (A.10)

Reintroduce the very short notation, K (z,z,2™) = K", G(z, 2™, z,2™) = G", ¢o(z™) =
¢" as well as 6¢o (™) = §¢,, and omitting the integrals. Rewrlte the expression as
b2
S = §K1K2G3K4K5¢1¢2¢4¢5. (A.11)

Start by taking the first derivative

2
% — b_ K1K2G3K4K5¢2¢4¢5 +K1K1G3K4K5¢1¢4¢5+
1
+ K1K2G3K1K5¢1¢2¢5 +K1K2G3K4K1¢1¢2¢4 7
(A.12)

followed by the second derivative

87
01002

b2
=3 K K,GPKAK ¢4 ¢° + K1 K2GP K, K% ¢° + K\ K GPK* K2 ¢t +

KKIGKAKPo¢® + KK\ GPKL,KP ' ¢° + KK GEK Kyl o +
KiJCPG KK 9?0 + K Ky GP K K91 ¢° + K KGR K K¢ 6 +

+ o+ +

KsKPGPKYK 10?0 + K'KsGPKAK, ¢ o' + K'K2GP K5 K10 ¢ .
(A.13)

After the third derivative we obtain
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637

— = K KyGPK K59 + K K GPKGKP¢° + K K GP KA K0t +
091002003

|

K\ K:GPKAK 0+ KIKPGP KoKy ¢ + K\ KGR K Ky p* +
Ky K\GPK K¢ + Ky KGR K ¢° + K K G KA K0 +
KoK\ GPKAK 0" + K'K\GP K, K 9t + KY KGR K K0 +
KoK G\ KP4+ Ky KoGRK K5 ¢° + Ky K*G3 K Ko p? +
KK GPK \K¢* + K'K,GPK K¢ + K' K \GP K Koot +
KoK GPKAK ¢ + Ky KGR KK ¢ + Ky KPGP KK ¢ +

+ o4+ +

K2K2G3K4K1¢2 + K1K2G3K4K1<;51 + K1K4G3K2K1q51 .
(A.14)

Finally the fourth derivative gives us the expression

4 2
@E%%%:% KiKyGPK Ky + K1 K GP KoKy + K\ K GRS +
KKK Ky + K KGRy Ky + K KGR K K +
KoK\ GPK Ky + Ky K GBS Ky + Ky K GPKK +
KoK\GPKs Ky + K5 K GPKo Ky + Ky KGR K I, +
KoK GG Ky + Ky KGR K K + K KGR K K +
Ko KsGPKG Ky + K5 KOG K Ky + Ky KWGP K K, +
KoK GP KKy 4+ K KGR KKy + Ky KGR K +

+ o+ 4+ o+t

Ko KsGPKLK + K KoGP K K + K5 KGR KoK |.

(A.15)

As expected, all different permutations of K; K>G3 K, K5, with G2 fixed, appears in the final
expression. Since the order in which the factors appear does matter when it comes to G
and K, but not between K and K, there are some symmetries that can be used. Essentially
there exists three main types of terms in the equation above and we can classify them,
looking at if K, and K,, K; and K, or K| and Kj are on the same side of G3. Looking at
the terms in the equation above, we see that there are eight cases when K; and K, are on
the same side of G® (Note that it doesn’t matter if they are to the left or to the right, nor
does it matter if K; is before or after K5). By symmetries, there exist 8 cases of the other
types as well. This in the end cancels the factor % in all cases and we are left with

6z

— = VK KGKK+ KK G KKy + K KG KL K.
5¢15¢2(5¢3(5¢4 [ 1432 41\ 5 1434 24)5 14)5 2 4]

(A.16)
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Going back to full length notation, recognizing the four—point function and relabel d°z"
as d°x’, the final result becomes

(O(z1)...0(x1)) =

- /d4 /dz\/_/d%’\/ﬁx

X K(z,z,21)K(2,2,29)G (2,2, 2" YK (2w, 04 K(2', 2, 25) +
+ bz/d4 /dz\/_/d%'\/ﬁx
X K(z,x,01)K(z,2,204)G (2,2 2, 0" YK (2,2, 20) K (2, 2, w5) +

+ b2/d4 /dz\f/d%’\/gx

X K(z,z,01)K(z,2,25)G (2,2 2, 2" YK (2, 2, 20) K(2', 2, 24).
(A.17)

A.3 Derivation of the Dispersion Relation for the Two—point
Function
First note that m(k?) can be plotted on the plane of complex k% with poles along the real

axis. This means that we can use Cauchy’s integral theorem to calculate the value of 7(k?)
in every point, excluding the poles. IL.e.,

M(k?) = % ]{ dSSH_(S];. (A.18)

C

This formula is valid for any curve, evaluated counter—clockwise, enclosing the point k?
and not containing any of the singularities of TI(k?). Thus we can extend the border of
the curve to infinity in all directions, but we have to be careful along the real axis since
we can not pass through any poles. Recall that we are allowed to deform the curve in any
way we want, so we can choose a curve with a branch cut of thickness ¢ to form what is
called a keyhole contour. By letting € tend to zero we get our original curve, now moved
to infinity, plus all poles we encountered, evaluated clockwise, i.e

(k%) = %Ja{ 8_k2 +22m?§ 5—132 (A.19)

Coo Cn

Where the minus sign comes from evaluating the contour integrals clockwise. The sum is
over all poles not enclosed by the original curve. We would like to express the integral
inside the sum in a different way if possible. Note that the integrand can be rewritten as
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II(s) Res(T1(s),,)

s—k  (s—m2)(m2 — k)

T (A.20)

Where Res(7(s),,) denotes the residue. Inserting this into equation (A.19) gives

o 1 . I(s) 1 SRes(H(s)n)
(v = 270 j{d s — k2 ; 2mi(m?2 — k?) fd (s —m2) (A.21)

Coo Ch

We can use Cauchy’s theorem to identify the integral in the sum as 2mi Res(w(m?)) which
leads to

2mi s — k2 (m2 — k?)
Coo

() = — f g5 1) Zw. (A.22)

Equation (A.22) is known as the unsubtracted dispersion relation. The first term, the
integral, is a constant whose value could be anything. The second term is a sum which
for a certain k? converges proportional to % Since the sum is evaluated numerically we
can not have infinite amount of terms in it, even though there exist an infinite amount of
poles. Therefore we would like the sum to converge as fast as possible. Introduce a new
function, 7(s), defined as

M(s) = ——". (A.23)

Note that there is no new pole in the limit as s tends to zero which can be easily verified,
e.g., using ’'Hopital’s rule. The corresponding residue for the new function is given by:

Res(II(s)) = w. (A.24)
Replace TI(s) with II(s) in (A.22) to obtain:
(k%) —11(0) 1 II(s) — I1(0) Res(IT(m?2))
k2 T omi j{ ds s(s —k?) Z m2(m?2 — k2) (A.25)

Coo "
Which can be rewritten so that IT(k?) is alone on the left side, i.e.
1 II(s) —1I I(m?
H(kQ) _ 1—[(0) + /CQ |:_ % dsw _ Z M} (A26)

2mi s(s — k?) m2(m2 — k?)
Coo "
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(A.26) is known as the once subtracted dispersion relation. Yet again we have an integral
which evaluates to some constant, but now the sum converges faster than before, pro-
portional to # We can play the same game by defining a new function, 7(s) defined
as

fi(s) = II(s) — II'(0) _ I(s) — TI(0) — sIT'(0) (A.27)

S 52

Using I'Hopital’s rule shows that no new pole has been added. Following the exact same
procedure as before leads to

I1(k?) — T1(0) — K2IT'(0) 1 7{ L J(s) — 11(0) = sIV(0) > Res(II(m2))

k4 270 s2(s — k2) — my(m} — k?)’

(A.28)

Not surprisingly this is known as the twice subtracted dispersion relation.
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