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Abstract: When a severe deleterious mutation appears inpalgton, it is
expected to disappear through negative selectidhirwia few generations.
However, the variance of this number is signifibararge to allow some
deleterious mutations to exist for several genensti To extend the
understanding about these dynamics can help teptend treat genetic disease
in humans and other species. In order to underdta@ndevolutionary process,
computer simulations of deleterious mutations inpyations have been
performed. This will answer fundamental questiomshsas expected number of
individuals affected by mutation, as well as numlmdr generations until
extinction. The approach of simulation will confinsults primarily calculated
before, but will also outline completely new finds) such as how the average
number of individuals in a mass of family lines lwia deleterious mutation
strives towards an equilibrium-like state, and hbaplotype frequencies in a
population can be used to find probable relatigrsiietween individuals with
similar phenotype.

INTRODUCTION

The dynamics relating to how deleterious mutaticanrs persist throughout a
considerable number of generations has been sttigiedgh a number of
mathematical models published during th& 2a8d 21 century. These have
not been outright simulations but rather calculaiomost notably the
‘branching processbased on the backward Kolmogorov equation and used
by Fischer and Haldane, and later tb#fusion process’by Kimura and
Otha (1969). Both these were further used by Li Bied in studies with
incomplete dominance (1972). In focus for thesdiezastudies has been
the so callegersistencedefined by Muller (1950) and is defined for how
many generations a newly arisen deleterious muttel® will exist before

it is lost due to negative selection. The persistan tightly coupled to what
can be called thepervasivenessstating how many individuals in total are
carrying the allele over all generations.

From these models some descriptive properties, @aglvariance of
persistencecan be derived with relative ease. Some progeatie however
neither easily accessible nor comprehensively wwtoed using only
mathematics.

Instead, this project will investigate the undertyievolutionary models
through simulations with computer programs. Thepoutfrom these
programs will be samples from statistical populagief outcomes. There
are several advantages with this approach, sutheasonvenience of only
requiring mathematics of relatively low complexityThis offers
transparency in how data is treated and processeldalso offers the ability
to adjust or expand the model to accommodate féerdnt variables. This
study will focus on dominant alleles and reces3{vinked alleles, and the
programming is done in the langudge.
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THE PROBLEMS UNDER STUDY

The problems in this study will be solved with siations of adjusted
Wright—Fisher mode|swere alleles in a generation are randomly drawn
from the alleles from the former generation. In simplest version, the
assumptions are random mating, stable populatis isiHardy-Weinberg
equilibriumas well as non-overlapping generations.

An individual who carries a dominant allele thdtat the overall fithess of
the individual will therefore result in a differerdaverage number of
offspring. This can of course depended on variagsofs in the real world,
but will be summarized into a single valtlee selection coefficiengreatly
simplifying the work of simulating the model. Sinite selection coefficient
is a summary of the selective force, it is somesiraenply referred to as
‘selection’. For the same reason, simulating aidant allele is the natural
first step when looking at deleterious mutationisices only individuals
carrying the allele need to be considered in theuktion. When the diploid
carrier produces offspring, the mate is assumebeta non-carrier. The
model for a recessive and X-linked allele is thetmatural step and extends
this study further. This is because it can be thowj as a special case of
the dominant model. If a male is carrying the resesdeleterious allele, he
will be hemizygote for the allele, lacking a ‘hdésft X chromosome. The
effect in this case will be as if the recessiveeti#ious mutant allele were in
fact dominant. The females carrying the allele witt be affected for an
allele that is completely recessive, but can pass ito its offspring. With
some modifications, it is also possible to simuiatine ‘healthy’ allele is
not completely dominant over the new mutated allele

In a population of a species that reproduces adigxeach individual has

an average number of offspring equal to one ifablstpopulation is to be
maintained. For species that reproduces sexuabh pair should of course
have an average number of offspring equal to twawéVer, for a single

neutral allele, this means that the average nurobelleles in the next

generation should be one, regardless of the wagfbeie reproduces, and
this is what will be simulated in the programs. Tmaeans that only

offspring were the allele is present needs to msidered, and non-carrying
offspring can be excluded from the simulation. Efi@re, what is actually

simulated is the propagation of an allele in a pagan over generations,

not the entire family lines of individuals per sdthough for this somewhat
abstract study, it is not damaging for the datanfsoto be considered as
individuals and not alleles.
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Figure 1. Grey color represents carriers of the mutantall€b the left what a family tree
could look like in the real world, and to the righe minimalistic way they are simulated in
the programs (excluding the non-carriers).

In the programs, there are only heterozygotes éonibogots for males in
the X-linked case). This is of course a simplificat but unless there is
inbreeding, a newly arisen dominant mutation withast never exist in
homozygote form for many generations, and therptbbability is still very

low for an interbreeding population of consideradilze.

In a population that fulfills the given assumptiqeteady population size, et
cetera); new mutations will be inserted at randoraer @enerations. Each
type of hypothetical deleterious mutation will haits own mutation
frequency; the average number of new mutated allelehat type in each
generation. Also, because of selection there wall @& number of older
mutated alleles of this type that will disappearnirthe population each
generation. Therefore, the mutations will be introed at a steady rate, but
the number of mutations that will disappear eachegation will be a
fraction of the mutated alleles present in the pefpan at that specific time.
This will result in themutation-selection equilibriunwhere new alleles of a
specific type will be introduced by mutation at theme rate as alleles of
that type disappears by selection (Crow 1986).

What is considered a ‘type’ of mutation is not ay@a&lear and depends on
the context. There is a distinction betweedentical by type (IBT) and
identical by decent (IBD)Two or more alleles are IBD if they share
common ancestor from which the mutated allele leenliransmitted. The
probability for two individuals sharing an IBD dkiewill be simply referred
to as‘identity’. IBT are mutations that are attributed with versnikr
phenotypes and where the actual DNA change isdrséime locus for the
allele. Therefore, if two alleles are IBD, theyalsave to be IBT, unless
they have undergone further divergent evolutior. &ample, all types of
hemophilia A is considered to be caused by the stype of mutations,
since they give rise to similar phenotypes (redudedd clotting)and have
the DNA damage in the same loc&8 @ene). This is true even if the actual
DNA changes can differ in different lineages. Imiast, hemophilia B is
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considered to be caused be another type of muttiteonA, even though the
phenotypes can be similar. This is because it ised by mutations in
another locusK9 gene).

If we consider three individuals, there are thréeknt constellations of
IBD relationships: all of them share an IBD allel@p of them share it and
the third one has a recurrent mutation, or all lnémt have recurrent
mutations. Note that it is of course impossible égactly two of the three
individuals to have a recurrent mutation, sincetthiel must have someone
to have an IBD allele with.

In the populations generated by these programse theall be mutated
alleles of the same type. Some will have the sanggnoand have alleles
that are IBD, and all will be IBT for each specifietting of the program.
Individuals enter the programs with a newly mutaadidle and no further
mutations will be simulated (including back mutasp in order to simplify
the simulations.

Aims

The programs used in this study will be utilized dostatistical approach to
investigate and examine the population dynamicdetéterious alleles. Of
interest is thePersistencewhich is for how many generations a newly
arisen deleterious mutated allele will exist befares lost due to negative
selection. The persistence is tightly coupled ®oRarvasivenesshiow many
individuals in total are carrying the allele ovdlr generations. Irfigure 1,
the persistence is 3 (generations), and the peefesss is 4 (individuals). In
a population where deleterious mutations of a sertgpe appears and
disappears all the time, there isBxpected agef that type of allele. That
is, if a deleterious allele is drawn by random frma population of alleles
of that type, what is the best guess of the nunobgenerations since the
mutation event for that allele? Also important ire tcontext isLineage
which will be used for describing the first indivial carrying a mutation
and its entire offspring in all future generatiolnang or not.

In this study, there is information about which iinduals have an IBD
allele and which do not. This is not always theecasthe real world, where
distant kinship is not always known. What can beelm the real world is
to haplotype the individuals of interest, if they share the erhging
haplotype surrounding the allele, thus increasimg probability of IBD
rising. If the haplotype is very uncommon, it idikely for that haplotype to
have muted in a similar way twice, but if the urngieg haplotype is
common in the population, it is still possible thihere are two or more
independent mutation events. Since this kind oformition will be
available in this study, the probabilities for difént kinds of constellations
of IBD mutations and recurrent mutations can beuwated. It will also be
investigated how the frequency of the underlyinglbiype changes this
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probability. In this study, these probabilities faynstellations of people in
small groups, of two, three or four individuals]lvee calculated.

METHODS& RESULTS

Programs & algorithms

There are two main algorithms with different stures for the programs,
each with different applications. Both algorithme @n turn applied on a
dominant and an x-linked recessive inheritanceepattThe purpose of the
algorithms is to be as simple as possible, whilk siimic the real life
process.

Thefirst algorithm: Double iteration loop

This algorithm begins with a single individual bklongs to generation zero
and is carrying the new mutation. Step two is rdpotion. The number of
offspring with the mutation (putative non-carrieese excluded from

simulation) is Poisson distributed according tondtad population genetics
X ~ Po(A), whereX is the number of offspring with the new mutatiomda

A is the expected value. The full formula for the $8on function is:

Xp,—A
flx) = % weree is Euler's number. In the programs it is assunied t

the expected value is equal to the fitnesd he fitness will be equal to one
minus the selection coefficient w=1-s. ThereforeX ~ Po(1 — s). Next,
each offspring in generation 2 will each get thensaprobability to
reproduce and so on. This means that in the wdrlthe® program, each
generation of individuals are completely replacgdha next, in the manner
a population of annual plants would behave oveersgwears. This is of
course not the way humans and many other organispreduce, but the
model works surprisingly well for most breedingtpats, including that of
humans.

As soon as all the offspring in a generation isatda zero, the family

lineage is gone. It could be that the linage omgsisted of the first single

individual who did not manage to get any offspri@y.it could be that the

family linage existed for many generations and otalt included many

individuals, but finally came to an end. But no teathe genealogy, if a
linage is gone the program leaves the generatiop énd starts a new one
with a new single individual. This process will gm for the specified

number of iterations, maybe 10 000 or more.

For the X-linked recessive version some thingsaab& different. As in the
dominant version the simulation starts with a snghdividual. This
individual will be female with a probability of twihirds and male with one
third. This is due to the assumption that the pbdltga of any given X
chromosome to mutate is the same regardless ofMabes will be hemi-
zygotes for the mutation, but will not reproducetive same manner as
individuals in the dominant version. All female gffing from males will be
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carriers. Since all male offspring from males via# healthy non-carriers,
they will not be included in further simulation. rkales will be
heterozygotes and will have the heterozygote setedaisadvantagens
when reproducing, were h is the coefficient of doamce. For example, if
the selection coefficient is 0.2 ahet0.5, males will have a fitness of 0.8,
and heterozygote females a fithess of 0.9. Thezefor

X femates ~ Po(1 — hs) andXpqies ~ Po(1 — ).

Persistence

A linage from a mutated allele will persist for @rtain number of
generations and then be lost. Depending on thegttreof the selection
affecting the allele, a population of alleles oé ttame type is expected to
persist to a certain generation with a specifiqdency. Therefore, the unit
for persistence is number of generations. Importaritave in mind is that
for all alleles with a selection disadvantage, Weey first generation will
always have the highest frequency of lost alleléss is true even though
most alleles will persist to further generationkisTis because the number
of linages lost will be a fraction of the linagesrh the previous generation.
In time, the number of linages will decrease andwdb the fraction of
linages lost to the next generation.

Presented here are the outcomes for 10 000 indilgdlinages with newly
mutated alleles of the same type. Here and thrautghe report it should be
kept in mind that the number of iterations, in thdase for 10 000
individuals, should not affect the frequency of. gagrsistence at a specific
generation (provided there are sufficiently manyettsure a statistically
significant output). On the other hand, the extreratie will be highly
dependent of the number of iterations. The prolgbdistribution of
outcomes, that linages with different persistence @ndomly “drawn”
from, does not change depending on the numbertocbmes drawn, but so
does the probability of drawing a outcome with ayvaigh persistence (or
pervasiveness etc.).

Then value at each generation will be the relaigquency of linages that
persisted to that specific generation, and notdimaulative frequency of
linages still alive at that generation. Values ofetatively low selection

disadvantage of 0.02 and a relatively high of Oif be displayed. In

addition for the x-linked case, an h value of &5 been used.
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Figure 2b: Distribution of lineages with dominant mutationttha
persisted to a certain generation with a seleafatisadvantage of
s=0.02. Note: The x-axis has been cut, and the longest existing
linage persisted for 327 generations.
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The striking difference lies not in the relativeduencies of persistence for
the first few generations. Instead, it is the pneseof relatively high relative
frequencies of persistence for the later generatimn the low selection
disadvantage.

Interestingly, but not surprisingly, for both theM and the high selective
disadvantage, the number of mutations that onlsigid for a single
generation is about the same. Remember that tmenextvalues are very
variable and therefore very dependent of the totmhber of iterations the
program runs.
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Figure 2c: Distribution of linages with x-linked mutation tha
persisted to a certain generation with a seleaifatisadvantage of
s=0.2andh=0.5.
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Figure 2d: Distribution of linages with x-linked mutation tha
persisted to a certain generation with a seleaifatisadvantage of
s=0.02andh=0.5. Note: The x-axis has been cut, and the longest
existing linage persisted for 455 generations.

For the x-linked case the scenario is similar, uce females in these
examples are less affected by the negative sete¢tiave higher fithess),
the alleles generally persist longer in comparisotih the same selection
disadvantage in the dominant case.

For different degree of selection, there will beeapected value for the
persistence, i.e. the mean persistence.

Table 1: Mean Persistence.
Persistence

Selection: Dominant X-linked (h=0.0) X-linked (h=0.5)
0.01 8.48 10.28 9.26
0.02 6.95 9.04 7.93
0.03 6.28 8.38 6.91
0.04 5.69 7.56 6.29
0.06 4.98 6.80 5.59
0.08 4.30 6.29 5.11
0.10 4.12 5.76 4.68
0.20 291 4.51 3.52
0.30 2.40 3.96 2.94
0.40 1.99 3.35 2.52
0.50 1.74 2.98 2.21
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Table 2: Variance of persistence
Variance of persistence

Selection: Dominant X-linked (h=0.0) X-linked (h=0.5)
0.01 600.57 2215.48 943.27
0.02 236.61 907.27 409.76
0.03 160.24 668.70 278.99
0.04 113.48 398.23 162.73
0.06 68.27 251.28 110.04
0.08 38.20 183.17 74.27
0.10 33.46 129.49 52.84
0.20 9.73 46.53 19.01
0.30 5.05 29.21 10.50
0.40 2.61 16.16 6.06
0.50 1.53 10.81 3.92

There is not a big difference in persistence ferdbminant case and the X-
linked even when h=0 and the allele is completelgessive and carrying
females are not affected at all. The variance akipence differ more
drastically, with much higher variance for the XKed case, and even more
so when h=0. This indicates that even when the measistence is similar,
the distributions of persistence for the differali¢les are very different for
the two cases.

Pervasiveness

The total number of individuals carrying a new lallérom the mutation
event through the generations to the extinctiothefallele in the population
can be called the pervasiveness. This means thainih of pervasiveness is
number of individuals. If the persistence is orie pervasiveness should
also be one since a new allele always starts wihngle copy in a single
individual. Therefore, the relative frequency ofyasiveness for generation
one should be the equal to the relative frequentypearsistence for
generation one. Also, the pervasiveness for aeialigle must be at least as
high as the persistence; there must be at leastiratieidual in each
generation. This means that the variance of pergasss will always be
higher than the variance of persistence. For thesy weason, when
pervasiveness is simulated more iterations neduetperformed to get an
even distribution. In the results presented hdre,number of iterations is
100 000 instead of the previously used 10 000.
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Figure 3a: Distribution of pervasiveness for dominant mutagion
with a selection disadvantagef0.2 Note: The x-axis has been
cut, and the largest existing linage had a pereasss of 271
generations.
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with a selection disadvantage0.02 Note: The x-axis has been cut,
and the largest existing linage had a pervasiveniesa 669
generations.
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Most lineages only consisted of few individualst Imusome rare cases they
could consist of many hundreds of individuals. Asthe persistence, it is in
the later generations that the main difference alative frequency of
pervasiveness lies.
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Figure 3c: Distribution of pervasiveness fat-linkedmutations
selection disadvantage ££0.2andh=0.5. Note: The x-axis has
been cut, and the largest existing linage had @apereness of 582
individuals
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Figure 3d: Distribution of pervasiveness foX-linkedmutations
selection disadvantage ££0.02andh=0.5. Note: The x-axis has

been cut, and the largest existing linage had eagareness of 22
372Individuals.

Again it is the length of the right tail of the ttibution of relative
frequencies that differ. Especially the extremeugalare very far apart.

Table 3: Pervasiveness
Pervasiveness

Selection: Dominant X-linked (h=0.0) X-linked (h=0.5)

0.01 110.29 322.89 181.22
0.02 50.69 160.44 76.63
0.03 35.09 110.76 53.93
0.04 26.17 72.66 35.82
0.06 17.62 50.36 25.65
0.08 12.28 37.88 19.03
0.10 10.56 28.80 14.70
0.20 4.87 13.79 7.36
0.30 3.42 9.76 5.03
0.40 2.46 6.71 3.72
0.50 2.00 5.25 2.95
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Table 4: Variance ofpervasiveness

Variance of Pervasiveness

Selection: Dominant X-linked (h=0.0) X-linked (h=0.5)
0.01 1119107.00 22670817.00 3236206.00

0.02 119814.50 4052346.00 391489.70
0.03 32706.68 902410.70 135181.60
0.04 15309.92 401868.60 45501.76
0.06 3922.99 131180.30 13662.87
0.08 1742.87 46362.27 6976.90
0.10 885.21 23907.79 3138.31
0.20 100.02 2847.79 360.12
0.30 26.64 698.96 93.28
0.40 9.25 272.60 38.28
0.50 3.92 125.99 16.99

For high selection disadvantages, the differencgaearvasiveness is not
great, but for lower s-values, the pervasivenessiies much higher for the
lower s and h-values. This pattern is even cleavéh very high variance
for the lower selection disadvantages.

Individuals per generation

Persistence and pervasiveness only describe theremudt of mutations

spread in a population. Here is shown the reldti@guency of individuals

living after a certain number of generations frorhew the mutation first

occurred.

In other words, an individual with a mutated alletepicked at random,

what is the probability that that mutation haveseed for a given number of
generations? Looking at all those relative fregiesnh@t the same time
represents the steady state age distribution trertain type of mutated
allele would have in a population. This gives aeaidf how probable it is
for a mutation to exist in a certain generationpiReented in this way, the
relative frequency of number of individuals livimg a certain generation
may or may not have offspring living in later gesteons; and if so

contributing to the relative frequencies in lat@ngrations. In the small
example in figure 1, the relative frequencies wdagd).25 0.50 and 0.25 for
the first, second and third generation. In the ltespresented here, the
number of iterations is 100 000.
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disadvantage e£0.02 The x-axis has been cut, and the largest
existing linage had a persistence of 458 genemtion
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Given the low relative frequency of each bar, thebpbility for an
individual with a mutation to exist in a given geson after first
occurrence is usually very low. The relative freggies become more
informative if compared with relative frequenciesr fpersistence. For
s=0.02 for example, there are very few lineages pleasisted for more than
30 generations. During the same conditions, thativel frequency of
individuals living in that generation is still rékzely high. The decrease of
individuals is not as drastic as the decreasengaljes. This means that in
the surviving lineages, there are a considerableuatof individuals.

For the x-linked case, the relative frequencies saredivided in relative

frequencies of females and males. The total raatirequencies are
therefore divided in females and males and theimrssare represented by the
total heights of the bars.

O Males
B Females

0.08 0.10
|

0.06
I

Frequency of number of individuals

.

1 5 9 13 18 23 28 33 38 43 48 53 58 63 68

0.00
L

Generations

Figure 4c: Distribution of number of individuals (per genéoa)
after a mutation occurred for ahlinkedmutation with a selection
disadvantage &§=0.2andh=0.5.
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Figure 4d: Distribution of number of individuals (per genéoa
after a mutation occurred for &alinkedmutation with a selection
disadvantage &§=0.02andh=0.5. The x-axis has been cut, and
the largest existing linage had a persistence 8fggherations.

In the X-linked scenario there is additional infatmn about the gender
ratio. About two thirds in every generation are &en Apart from that, the
general pattern of high relative frequencies of ivitials in later
generations is seen again. This is because maigsncathe mutated allele
only have female carriers in their offspring, batniales have both males
and females. Should one gender be randomly ovesepted in one
generation, the ratio will go back in the next.

All this taken together, is possible to calculdte éxpected agef an allele.
That is, if an allele from a population of mutatgiteles, what is the best
guess of the age in generations of that allele® Type of question still
assumes that the age distribution of alleles da¢schange (much) from
generation to generation in a continuous worldsTan be calculated using
the weighted arithmetic mean, where the expectddevavill be the
expected age. L&b;, G,, Gs...G, be the relative frequencies of the number
of individuals with the mutated allele in generatih 2... et cetera. The first
individual in a generation is from generation ome offspring from two, et
cetera.

n
Expected age = z G;+i
i=1

Using frequencies from figure one as an example:
Expected age = (0.25 = 1) + (0.5 * 2) + (0.25 * 3) = 2
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Table 5: Expected age of mutant alleles.
Expected age

Selection:  Dominant X-linked (h=0.0) X-linked (h=0.5)

0,01 98,23 285,80 146,26
0,02 50,11 147,87 74,91
0,03 35,24 103,42 50,50
0,04 24,71 74,91 37,79
0,06 16,51 52,04 24,39
0,08 12,60 34,57 19,03
0,10 10,03 29,58 14,84
0,20 4,99 14,17 7,50
0,30 3,33 9,20 4,96
0,40 2,51 6,82 3,68
0,50 2,01 5,16 2,94

The difference in expected generally big, especi@it the lower selection
disadvantages.

Individuals in lineages per generation

As mentioned, there seems to be a considerable r@mbindividuals with
mutation living in later generation, even when mostages are gone. The
guestion is then, amongst the lineages that are logit how many
individuals are there on average in each of thossmagjies? In the results
presented here, the number of iterations is 1 0
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Figure 5a: Mean number and variance of individuals in eacbdge that still exists in a

generation. For dominant mutation with a selectimadvantage o§=0.2.
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Figure 5b: Mean number and variance of individuals in eacbdge that still exists in a
generation. For a dominant mutation with selectimadvantage a=0.02.

In the very first generation all lineages consisa gingle individual and the
mean will of course be 1 and the variance 0. Ireg&ion number 2, some
lineages are already lost, but those that survwildconsist of one person
or more and that is why the mean increases, even thduglotal number
of individuals decreases. The mean continues taease for later
generations until what seems like a plateau ishe@cAt this point, there is
a mixture of lineages on the verge of extinctiothwonly a few (or one)
individuals, and lineages on a temporary rise, widthaps hundreds of
individuals. The mean will then become unstable #odtuate because
there are too few lineages left to accurately regme the mean. In fact,
already by generation 355 in the run with a domimaatation ands=0.02
(figure 5b) there are only 214 of the original one milliondages still not
lost. In the very last generations there will béyame lineage in existence
and therefore there will be no variance. Also, ¢hisr a big difference in
variance for the high and the low selection, seelobking at the rightmost
axis for variance in the different graphs.
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Figure 5c;: Mean number and variance of individuals in easbdge that still exists in a

generation. For an x-linkemutation with a selection disadvantagese0.2andh=0.5.

CESARINI S



THE FATE OF DELETERIOUS ALLELES

1
4000

--- Variance

B Females

40

30
1
T T
2000 3000

Variance

Individuals / linage
20

118 38 58 78 98 121 147 173 199 225 251 277 303 329 355 381 407 433 459 485 511 537 563 589 615 641 667 693

Generations
Figure 5d: Mean number and variance of individuals in eacbdge that still exists in a
generation. For an x-linkedutation with a selection disadvantagesef.02andh=0.5.

The x-linked scenario shows similar pattern.

Since the mean individuals per lineage and gemeraguickly become
unstable, it is not entirely clear that there ideied a plateau phase at all. It
is possible that there would be a decline or iregeaf the values if there
were enough lines left to contribute to a stablemeén order to study the
suspected plateau, the input of the program wasgdthto mimic a
population which had already reached the plateaemd®nber, in the
original setup there were only one individual peredge in the first
generation. Instead, a population of lineages withumber of individuals
Poisson distributed with the plateau value as ¥peeted value was used as
input.
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Figure 5e; Mean number and variance of individuals in eagbdge that still exists in a
generation. For an initiallyX{~Po [plateau mean3]*1 000 00Q individuals with a
dominantmutation with a selection disadvantagesa0.2.
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Now, the suspected plateau is stable for more génas before the mean
starts to fluctuate. The variance initially incressand then stabilizes;
indicating that the distribution has changed eVeugh its mean has not.

At the plateau the mean of individuals per linagi@t a steady state. Also

the distribution of individuals will be steady aetplateau.

020
1

Frequency
0.15
|

0.05
I

0.00
L

1 2

3

DDDDDEE==__

10 11 12 13 14 15

Individuals / linage at plateau

Figure 5f. Steady state distribution of individuals per linage
plateau (seégure 59 with a selection disadvantagessf0.2
Note: The x-axis has been cut, and the highest ruimdividuals
in any generation in any linage at the plateau \#8re

The distribution of individuals at plateau for s8B.is much skewed with
almost a third of the linages with only a singldiwndual.

The distribution of individuals at the plateau hmese simulations is only
dependent of the selection coefficient s.
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Figure 5g. Mean individuals at plateau for different selenti
coefficients.
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Figure 5h. Variance of individuals at different plateaus for
different selection coefficients.

As the s values decreases, the plateau mean iesreapidly and
approaches infinity as s approaches zero. At viglly election on the other
hand, the mean approaches one. The mean can nevekbr than one
since there have to be at least one individuallinage unless it will be lost.
The variance does not have a simple relation viighselection coefficient
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and neither has the standard deviation which ozlathave a similar
appearance (not shown). But the multiplicative mseeof the standard
deviation (1/SD) has a simple linear relation viftb selection coefficient.

1/SD of plateau
06
1

0.0 0.1 02 03 04 05

Selection

Figure 5).1/SD for different selection coefficients with étt line. Correlation coefficient=
0.997, p-value: < 2.2*10% slope 2.213, forced through (0,0).

The second algorithm: Whole population equilibrium

In the first algorithm, the iteration loop could lbieought of as parallel
universes, each with its own outcome. In this sdagorithm, there is only
one universe and we begin with zero individualsytag the mutation. For
each generation Roisson distributechumber of new mutations occur and
those individuals with the new mutation is addeth®population. Also, for
each new generation the individuals from the pnevigeneration produce
offspring in the same manner as in the first athan This is of course
more similar to a real world situation. In this @lighm, each lineage is
treated as separate and therefore, number of chdiig, identity and
expected agean be calculated at any given moment in the sitiau.

This scenario will result in thenutation-selection equilibriummention
earlier, where the frequency of individuals with tation will fluctuate
around a mean. This equilibrium is described byvilef know population
genetics formula:

f=ul/s

Were U is the mutation rates is the selection coefficient andis the

frequency of the mutant allele in a haploid popatatFor a rare dominant
allele, this will approximately be the same as filegjuency of individuals
carrying the mutation in a diploid population. Faonvenience, we don’t
want to simulate an entire population, just theivimials carrying the
mutant alleles. At any point the population of induals with the mutant
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allele will have a specific number. In the worldtbé program, there are no
non carriers. To do this we have to convert thgqueacy of carriers into an
actual number, calledumber of individuals This frequency is of course
just the total number of individuals carrying theutation (here calle)
divided by the total number of alleles in the papian (N). Then:X /N =

p /s. And if N shuffled to the right side:

X = Np/s.

Now can we treaNu as a single value since it is the product of two
constants. This value will be the number of newatians in the population
in each generation, i.e. the lambda for Basson distributiorused in the
simulation. Accordingly, when the equilibrium isaghed, the number of
individuals with mutation in the simulation shodildctuate aroundNp/s

To get a concept about the diversity of the origihthe alleles thélentity
is used. This is the probability that two indivitkimamong those with the
mutant allele have IBD alleles; the higher the tdgnthe lower the
diversity.

Let L1, Ly, Ls...Lk be the relative frequency of the number of indinls in
arbitrarily numbered lineages with the mutant alléThe probability for
individuals in the population to share IBD alleteye referred to as identity,
can be calculated as:

n
Identity = z L?
i=1

The expected age will be calculated as before.ntai@ difference with this
algorithm is that there will be a time axis. Numloérindividuals with the
mutant allele and the expected age of that typallefe will change from
generation to generation.
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Figure 6a: Number of individuals witlmo mutation and their expected age and the identity
by decent for the mutation, wi¥0.0and withNu=100per generation.
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To get a context of how this model works an intrdoy example with no
selection is shown. This example can be thoughsatn immigration of a
new species to a new island. Each generation abbuhdred new
individuals immigrate to the island, while the ptgiion already
immigrated on the island reproduces with a fitr@fssne. This scenario is
not likely in the real world were the fithess usyare dependent of how
close the population number are to the carryin@gciyp (Pianka 1970). If
there isno selection, the number of individuals with mutaltelas will
steadily increase as new individuals with mutaleled are introduced in
each generation. The identity for the alleles aiifirt atl/Npin the very
first generation and then decrease. Because ofigeindt, the identity will
not decrease indefinitely. Each generation the rarroblost lineages
increases (decreases identity) until the numbercaggpedNp. The average
number of new alleles will then be similar to thve@ge number of lost
alleles in each generation. In what first appeara paradox, thexpected
ageof an allele continues to increase even whendéetity is momentarily
increasing.

PR Ve, '
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- Indviduals
= Expected age
Identity
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Expected age
Tdentity

Generations

Figure 6b: Number of individuals with dominant mutatiormnd their expected age and the
identity by decent for the mutation, wisir0.02and withNu=100per generation.
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Figure 6¢: Number of individuals with dominant mutatiorand their expected age and the
identity by decent for the mutation, wistr0.2 and withNu=100per generation.
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When theres selection, the total number of individuals wilciease until
the number reaches tmeutation-selection equilibriumAt the equilibrium
the number randomly fluctuates for the rest of gheulation. So does the
identity as well as thexpected agaround their own equilibriums. Since all
alleles behave independently of each othergettpected agat equilibrium
will always be the same for certain selection gjtes. If only theNu is
changed, but not the s, the expected age at equititwill be the same.

From this it is clear that there is some kind opeledence of these three
factors. This is at least true for some extremergtas. Imagine a large
population were only a single individual is carryia certain mutated allele.
The identity for that mutation would be 1, and tlexpected agevould
probably be very low. On the other hand, if allivduals in the same
population carried the allele, theentity would be 1 and thexpected age
very high. The dependence could also be time laggede fore example
the number of individuals compared to the expeecigel some generations
later could be higher than a comparison for presantbers.

6.0
o

Expected age

450 500 550 600

Individuals

Figure 7a: Expected age, and number of individuals plotted
against each other at 400 generations at mutasttset
equilibrium, with a dominant mutation and s=0.2 Nf@6 per
generation. Line fitted with linear regression hagselation
coefficient 0.37.
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Figure 7a: Expected age, and identity plotted against eaahrot
at 400 generations at mutant-selection equilibriwith a
dominant mutatiorands=0.2 Nu=100per generation. Line fitted
with linear regression has correlation coefficieril
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Figure 7a: Identity and number of individuals plotted agaieath
other at 400 generations at mutant-selection dxitiin, with a
dominant mutatiorands=0.2 Nu=100per generation. Line fitted
with linear regression has correlation coefficient

-0.32.
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Interestingly, compared two by two, there are sanpgly low correlations
between these factors. But as expected, therepissdive, though small,
correlation betweeexpected agand thenumber of individualas well as
betweenexpected ageand identities and a negative correlation between
identities and thenumber of individuals The plots are comparing traits
generation for generation. If the time axis werggkd for up to 10
generations for any one of the traits, the corn@bat became poorer. This
indicates that there is no lagged dependence fgr @n the traits.

A Bayesian approach

As mention, the identityl) is the a priori probability of two individuals thi

a mutation of the same type to share an IBD allEis probability changes
if the underlying haplotype of the genomic areauatbthe mutation is the
same for both of the individuals. They cannot b® IB the haplotype is
different. So if the haplotypes are the same, thebability for IBD
increases. It this case, the conditional probabihaat two individuals share
an IBD allele if the haplotype is known to be tlen®, can be calculated
usingBayes theorem

Using just generic evens andB, Bayes theorerhas a simple appearance:

P(B|A)P(A)

PAIB) = ——

It can be derived using the axiom that the prolitghibr event A and B to
happen togethdr(A and B), can be thought of an event of its own. The
axiom states thdtd and B) = P(B)P(A|B). P(A|B) means the probability
of A if it is known that B is true, or ZivenB. It's important to realize that
even though thaR(4 and B) andP(A|B) represents the same event; their
probabilities are different since they exist infeliént probability space. A
simple example: we want to know the probabilityt thdruit that we pick at
random in a fruit basket is a green banana. Weatasimply multiply the
probability of a fruit being green with the probidtpi of a fruit being a
banana, the probabilities are obviously dependgut.if we know that the
probability of randomly picking a banana in the kesP(banana), and we
now the probability of a banana to be green P(gflelanana). Then we
know that the probability of picking a fruit that greenand is a banana is
the product of the fraction of all fruits in thedbat that are bananas and the
fraction of all bananas that are green. P(banand)ipiied with P(green|
banana) will be the fraction of all bananas th& green bananas, or P(
green and banana) =P(banana) * P(green | bandénidere are eight fruits

in the basket and three of them are bananas arutabability of banana to
be green is one third, then P(banana) * P(greaanain) -—-Z-*gz % and

that is the probability of picking a green banamag all the eight fruits.
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This axiom can is also true for the reverse; P(4 Bh= P(A)P(BJA). Since
both are equal to P(A and B), the(B)P(A|B) = P(A)P(B|A) . Moving

P(B) to the other side and we have Bayes theoPr|B) = %

The law of total probability allows the expansion the denominator; the
probability for B is the sum of the probabilities whe® happens in
conjunction with other events, such as the evew, @i the event ohot A,

_ P(B|A)P(A) .
or A, thereforeP(A|B) = PBIAPG) + PEIAPCA) The theorem is used to

calculate theconditional probabilityof eventA under the condition th& is
true. In this study the following notations will beed:

"2’ = two alleles in one group, i.e. two alleles thed IBD.

| = identity

‘1:1’ =two alleles in two groups, i.e. two alleles thate a recurrent
mutation

H = the specific underlying haplotype

f(H) = the frequency ofl

Of interest isP(*2’| H) which is the conditional probability of two allsle
being IBD if it is known that they share the hapjm. P(‘2’) is the non-
conditional probability for the identity. Using thigayes theoremthis will

: By _ P(H|r2r)P(r21)
be calculated as followin@('2'|H) = P2 C2) 1 PEIN IR

The eventP(H|='2")is in this case the same R&|1:1") since the event
‘1:1" is the complement to the evéBt P(='2")can then be replaced with
P(‘1:1) and P(H| ='2") with P(H|' 1:1") in the formula:P("2'|H) =
P(H|r2r)P(r21) 11 e
P(H|,2,)P(,2,)+(H|,1:1,)P(,1:1I)For the evenP(H|'2")to happen, the specific
haplotype have only mutated once. If a mutationnevakes place, the
probability for that mutation to hit a specific hafype is here assumed to
be equal to the frequency of that haplotype. Tloeegfif two mutated
alleles are considered, the probability for thasde IBD is equal td(H).
Remembers thgt-H| ‘2’) is of course not possible; two IBD alleles have to
share haplotype. For this evdiit|'1: 1') to take place, the haplotype must
have mutated twice and this probability would theri(H)% The probability
for the eventP(‘1:1") is one minus the complemeR('2’), i.e. the total
probability minus identity (1-1). All this taken togetherP('2’|H) =
f(H)+I
fED*I+H)Z+(1-1)

Or simpler:

I

P(2'H;) = 1+f(H)*(1-1)"
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Figure 8: The probabilities for different IBD relationshifs two
individuals with mutant alleles of the same typsswaning the

same underlying haplotypklentities used are examples; they are
not from generated datdhe horizontal lines are the unconditional

probabilities when the frequency of the underhiaglotype is
one.

The frequency of the underlying haplotype beconmegeasingly more
informative when it is rare, especially for highelentities. For higher
identities, the haplotype must be exceedingly tareadd change to the
probability to any but low extent. As can be saeprevious resultigures
6b-c), the identities can be much Ilower than these @kasn

Bayes theoremcan also be used when more than two events are
complimentary to each other, and the sum of thetiptel probabilities
equals to one. This can be used when multiple iddats have the same

type of mutated allele, but the IBD relationshiptioéir mutated alleles is
not known.

If the generic everA in the original formula was a sum of multiple etgen
A1, Ao, As...A, Bayes theorernan be written asP(A;|B) = %

And again using the law ¢btal probabilitywe can expan®(B) as the sum
of all probabilities included:

_ P(B|Aj)P(A;)
P(AllB) - P(B|A1)P(Ay) + P(B|A3)P(A3)+-+P(B|A)P(AL)’
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This general formula can be used to find the priibalof any number of
individuals to share any possible number of IBDelak. For three
individuals, the notation is expanded:

‘3’ = the three mutated alleles are IBD

‘2:1’ = two of the three alleles are IBD (the third ist,ni.e. recurrent
mutation on the same haplotype)

‘1:1:1' = all three alleles are recurrent mutation on #raees haplotype

If we let the eventA; representeither oneof these, the formula can be
written as:

P(H|A;{)P(H)

P(AilH) - P(H|r31)P(137) + (H| r2:11) P(r2:11)+ (H| r1:1:17) P(r1:1:17)"

As mentioned, probability for identity is calculdtéy adding up all the
probabilities for randomly picking two IBD allelas the population of
mutated alleles. In a similar manner, the probtdsifor any constellation
of IBD/non-IBD alleles can be calculated. For aupof two:

n
Identity = P('2') = z L?

i=1
Or for:

P(’ll 1’) = Z?:l Z;‘lzl Li * L]

J#i

Similarly for three:

n
P(3) =) 13

i=1n n
P('2:1") = Z Z L7 * L

i=1j=1
Jj#i

P(1:1:1) =Yy X7y Mkey Li* Lj * Ly

izjzk
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Figure 9a: The probabilities for different IBD relationshifis three individuals
with mutant alleles of the same type, assumings#tmee underlying haplotype.
Horizontal lines indicate were the curves will cenye when the underlying
haplotype frequency is equal to one. Populatian@ation-selection
equilibrium with adominantmutation with selection disadvantagesef.2 and
Np=100per generation. Only haplotype frequencies frotm 0.03 are shown.
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Figure 9b: The probabilities for different IBD relationshifie three individuals
with mutant alleles of the same type, assumings#imee underlying haplotype.
Horizontal lines indicate were the curves will cerge when the underlying
haplotype frequency is equal to one. Populatiomatiation-selection
equilibrium with adominantmutation with a selection disadvantagess0.2 and
Np=10 per generation. Only haplotype frequencies froim 0.4 are shown.
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Again it can be seen that only when the haplotgpgncommon does the
conditional probability differ much from the non+ahtional probability. It
is also evident that the information added bytthplotype frequencig
much higher for the lowp of 10, than for the higher 10€idures 9a-
b).Also noteworthy is that th@:1’ group’s probability peaks at an
intermediary haplotype frequency, though still aeay low frequency.

Using the general formula the same thing can be d@nfour individuals:
‘4’ = the four alleles are IBD

‘3:1’ =three out of four alleles are IBD

‘2:2’ =two separate groups of two who within the subgrshare IBD
alleles

‘2:1:1' =two of the four alleles are IBD

‘1:1:1:1’ = none of the four alleles are IBD

P(A;[H) =
~ P(H|A))P(H)
T P(HI'4)P(4) + (H|'3:1)P(3:1) + (H'2:1:1)P(2:1:1) + (H'1:1:1:1) P(1: 1:1: 1)

Where:

n
P(4) = ) Lt
i=1
n

n

P('3:1) = Z Z L}« L

i=1j=1
Jj#i

n n
P('2:2") = z Z L« 12

i=1 j=1
j#i

n n n
P(1:1:1:1) = Z ZZZLi*L]-*Lk*Ll

i=1 j=1k=1 Il=1
i#j*k*l
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Figure 10: The probabilities for different IBD relationshifis

four individuals with mutant alleles of the sampéayassuming the
same underlying haplotype. Horizontal lines indécakre the
curves will converge when the underlying haplotieguency is
equal to one. Population at mutation-selectionldgitim with a
dominantmutation with a selection disadvantages=0.2and
Np=10 per generation. Only haplotype frequencies froim 0.5
are shown.

As more individuals are added, less probabilitydistributed to each
outcome. Now, at somewhat higher frequencies otittterlying haplotype,
the conditional probabilities are further away frotime unconditional
probabilities.

DiscussionN

This study provides striking evidence that evererely deleterious allele
can exist for many generations, which is especiatiteresting when
considering species with a long reproduction cysleh as humans. 20, or
even 100 generation may not sound very much, bat mman context it
means hundreds or even thousands of years. Andnargthis study only
considers alleles in steady populations. It is Imatd to imagine how the
rapidly increasing human population that has begrerenced since the
industrialization will effectively make any smallifiédrence in general
fitness almost negligible. For an evolutionist thigth confirms previous
assumptions, but can also call for re-evaluatitins. clear from the overall
high variance for both persistence and pervasiwertkat in individual
cases, it is random factors rather than fitnedsisithe main player. There is
a paradox in a steady population with an averageds of one, where
random fluctuations should rapidly change the nundfendividuals, and
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even if the population sometimes could, or everukhdecome very large,
eventually it would hit zero. The answer to thiscolurse lies in ecology,
where a steady environment favors a steady popualati a population
should decrease in numbers, it is not hard to inethat the overall fithess
would increase, because of now further accessiblgtdts, et cetera. This
reasoning puts reliability to the genetic modelst thre available, since the
discrepancy from the real world is not as extensisghe axioms imply. It
could then be argued that there is no such thirgstable environment, but
at least that relocates the problem from populatyemetics. The high
variance also puts a time scale to the change lelfedrequencies. If an
allele attributed with positive selection has torftpete’ with an allele that
will go extinct because of negative selection, that momentarily increases
in frequency by random fluctuations, how can aflelgth positive selection
ever go to fixation? The answer is of course timbere for every allele
attributed with positive selection, there have jaidlp been many which
went extinct. Likewise, for every disease-causithgl@that is known to be
around in a family line for generations, there ara@ny that just affected a
single person.

Considering this, perhaps the most telling restribsn this study is the
average individuals with deleterious mutation pesde and generation. It is
shown that it is likely that thimmeanstrives against equilibrium, not unlike
the mutation-selection equilibriuniThe selection is the obvious reason that
prevents the ‘individual per linage mean’ to inGg@andefinitely. But what
force is keeping this mean up at the level showthéresults? A pragmatic,
but perhaps not so scientific, answer to this goess simple: it is luck. For
a deleterious allele to persist to a late genaratitnas to have a history of
‘luck’. Since luck is just randomness in subjectinredsight, if alleles are to
persist to a later generation, the average numbaitlees cannot be too
few. If so, they would randomly go extinct muchtés On the other hand,
if the alleles become many, the relentless forceegfative fitness brings the
number down again. For example, for 1 000 indivislugith an average
fitness of 0.8, their offspring would be very cldee800, and almost never
above 1 000, but for just 10 of these individudélss not that unlikely that
they would produce 10 or more offspring with soregularity. Hence, for a
small group, randomness plays a much larger rale thr big groups.

Even though this study focuses on deleteriouses]ahe non-equilibrium
situations with neutral alleles are shown as aepteffigure 6a). The
apparent paradox that the expected age of an @itelgnues to increase,
even when the identity is momentarily increasings lan explanation. It is
because the total number of individuals from a aiertgeneration is
expected to be about the same for further genasatiothe near future, but
they will stochastically coalesce to fewer and femegins because of drift.
This causes a certain generation to increase thected age as time passes,
regardless of the composition of different origifiis is true wherNp is
large in relation to the time scale. In the venydaun, all the ‘new’ mutated
alleles from a certain generation will all be ganethis model. This puts

CESARINI S



THE FATE OF DELETERIOUS ALLELES

emphasizes on the fact that this model works wllpragmatic purposes
regarding some few alleles, but not so well for #welution of an entire
population. Alleles, as well as individuals, in ogeneration must have
ancestors in all earlier generations in a real fjmn. This connects to the
lottery paradox it is highly unlikely that any single ticket walilbe the

winning one, but one must be the winning one. Wiheme is selection on
the other hand, the model becomes more approgaatie context. Now

the interesting thing is the low correlation betwebe identity, expected
age and number of individuals with mutations of shene type. Intuitively,

there should be a strong connection between these.tThe random walk
of these factors is relatively high compared to theected causality
between them.

The Bayesian approach to the IBD problem for smadlips is only a first
step to try and answer a very complex problem. whk-usedinfinite-site
model for mutations presented by Kimura and Crow (196@tes that
mutations affecting the same site in the DNA arersasual that they can be
neglected. Even though this is a very important asuhlly reliable model,
its thinking can be counterproductive in this casethis study, the very
possibility that a single site has mutated twicesimbe included as a
potential reality. The questions asked and answemethis report are
informative, but perhaps a bit on the theoretiodé sFor example, it is not
entirely clear what qualifies ‘the same underlyihgplotype’, as a true
shared IBD haplotype for two individuals can stinetor a different number
of base pairs due to molecular recombination. Gtmmgig all this, the
guestion still not answered is the probability thab or more identical
mutations are not IBD, depending on the lengthhef shared underlying
haplotype?

Attempts to validate the results in this reportdndeen made. Of interest is
of course to compare results from this study, usirgimulating approach,
with previous results were only mathematics weetluin the review article
‘On the Persistence and Pervasiveness of a newtMuotgGarcia-Dorado
A, Caballero A, Crow J, 2003) the results from was researches in the
field were presented:

Table 6
hs p = l/hs p = 1/hs(1 + 1/8N,hs) ¢ (diffusion) 7 (branching)
0.001 1,000 1012.5 13.28 12.64
0.01 100 101.2 8.67 8.13
0.05 20 20.2 5.45 5.16
0.1 10 10 4.06 4.00

Source -On the Persistence and Pervasiveness of a newibhitéGarcia-Dorado A,
Caballero A, Crow J, 2003)
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The results are very similar. For exampleh#1l and hs=5 then the two
different values for persistence st£0.1 presented in the review article
(table 6) are 4.06 and 4.00 respectively, and in the reguriksented in this
study it was equal to 4.12able 1). The pervasiveness for the same
according to the article is 10, and in this stu@yb6 table 4).

Nei (1970) presents a probability distribution é&xtinction time for alleles
using a diffusion equation:

0.4

02

Probability

0.0

Generation

Figure 11: Probability distribution of extinction times follegles using a diffusion
equationSource — Nei M, 2003

This probability distributionf{gure 11) is remarkably similar to the actual
frequency distribution presented in this reporti &lso points out the small
difference in the appearance of the distributiom foe two different
selection coefficients, but that the differencesmean and variance are
quite large. This can partially be explained by ttegure of thePoisson
distribution Consider just the first generation after the rmoes, and the
fact that the probability of getting zero offspridges not change radically if
s changes. The probability of getting zero offspringhe dominant version
is 37% if s=0, 38% if s=0.02and45% if s=0.2 This corresponds well to
what can be seen in the results.

What is random?

The programming languag®’ uses theMersenne-Twister algorithnio
produce pseudorandom numbers. Pseudorandom meanghéhnumbers
aren’t actually random, but seems like it. Fromtaistical view this is of
course troublesome, but in the algorithm, measaes been taken to avoid
the obvious appearance of patterns. Pseudorandorhers are thus widely
used in statistical analysis and produce reliagdeilts in most situations.

The results from this study often include a timeeinsion, and the situation
in one generation is of course dependent on bathstiuation in the last
generation, and the (pseudo-)random change.

This correspondence puts trust in the results pteden this report, even

for the results that have not been presented ilieeatudies, since the
results are generated using the same algorithmdahele iteration loop
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Results from the second algorithm used in this ystuehole population
equilibrium, are easier to validate just using existing matatselection
equilibrium.X=Np/f holds very well for the expected number of indiatiu
carrying the mutation at equilibrium.

All'in all, this study shows that the alternatiygpeoach of simulating rather
than calculating probable outcomes serves its @@s0 Though new
insights have been made, several questions raméuis study still stand

unanswered.
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