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Abstract
A short introduction to optimal control problems is presented. For these
problems the calculation of sensitivity matrices with the method of adjoint
equation is shown. The adjoint equations are derived with the corresponding
initial values. At the end two examples are calculated.
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1 Introduction

In this thesis we look at the computation of sensitivity matrices with the adjoint
method. Now the question is, what is sensitivity analysis or what are sensitiv-
ity matrices? Sensitivity analysis looks at small perturbations of the solution
of a mathematical model based on how the input parameters can change the
output. Here with a mathematical model a system of equations which are de-
pendent on some variables and parameters is meant. The parameters describe
some influences, which can happen in the mathematical model. The sensitivity
analysis shows how big the influence of the change of the initial parameter is
for the solution. So the sensitivity matrices show the influence of changing the
initial conditions of the mathematical model that affect the solution of a sys-
tem of ordinary differential equations (ODE) or differential algebraic equations
(DAE). Applications of this sensitivity analysis can be found in optimization,
in physical problems, in the field of the engineering and others.

Recent work [1] explains the forward computation method for the sensitivity
matrices and how they can be calculated with CVODES.

But what is a real problem where the computation of sensitivities can be used?
For example: You have two water boxes where each of these boxes has a given
volume and a controllable outflow rate of water. Then you are interested in the
influence of a change in the initial outflow on the resulting outflow. Here the
sensitivity matrix describes the influences of changing the inflow.

In this paper the focus is on the adjoint sensitivity analysis for optimal control
problems, the derivation of the adjoint equations and the computation of the
sensitivity matrices. For this optimization problem we have a given objective
function, which we want to minimize, from an optimal control problem. This ob-
jective function depends on a given parameter u, for which we want to compute
the sensitivities. The sensitivities are given by the derivative of the objective
function at the parameter w.

In the beginning a short overview for optimal control problems is given. After
this the adjoint equation for an optimal control problem will be derived. Then
the formula for the computation of sensitivity matrices will be derived. Finally,
two examples are calculated.



2 Optimization Problem

This section gives a short introduction to optimal control problems, what an
optimal control problem is and the definition of such a problem. The sec-
tion ends with two special cases of optimal control problems. These cases are
the parametrized optimal control problem and the initial value optimal control
problem.

2.1 Optimal Control Problem

Optimal control problems are given, for example, when we are searching for the
right angle of holding a water towel to water a salad. Here maybe some steps are
needed to find the best angle that we catch the salad best, without loosing to
much water. This means that in this case the changing of the angle is what we
want to optimize. Such control problems are described by a system of ordinary
differential equations

2= f(21,- s Zn, ULy vy Un,) (1)
where z; describes the process and u; are the control parameters which describe
the problem at the time ¢t. In the example above the control parameter u is
a vector of parameter values, rather then a vector valued function is normally
called parameter identifications. In this thesis we consider these problems as
(discrete) special cases of optimal control problems, where w is a vector valued
function in time, which is given by

u; = u(t) for i =0,...,n

In this paper the idea behind optimal control problems is to look what the
influence of changing the initial conditions has on the output. This means that
the calculation of the sensitivities from the given optimization problem is of

interest. The sensitivities are given by
d
duig’

where g is the objective function of the optimal control problem with the con-
straints z. So the definition of the optimal control problem is given by

Problem 1. Let ¥ := [to,tf] C R be a compact interval with fized time points
to <ty and let

g:R"™ xR™ —» R
p:R" xR"™ - R
f:9 xR x R™ — R™
be sufficiently smooth functions.
Minimize
T
oz = [ oete),u(t)
0
with respect to z : 9 — R™ and u : ¥ — R™

z=f(t,z,u)

such that{
z(0) = 2o



2.2 Parametrized Optimal Control Problem

Here the focus is on a parametrized optimal control problem. This part of
optimal control problems is a special case of this problem class. Here the control
parameters are no longer functions which depend on time t, now these control
parameter functions are discretized control parameters and are given as a vector
u € R™=. From the discretization it follows that the initial conditions of the
given system of differential equations (1) depend on the control parameters,
which means that

z(tg) = zo(u).

Because the discretization of the control parameter functions has an influence
on the system of differential equations and so it has an influences at the initial
conditions from this system. From this the definition for parametrized optimal
control problems follows

Problem 2. Let ¥ := [to,t7] C R be a compact interval with fized time points
to <ty and let

g:R"™ xR™ —» R
p:R" xR" — R
9 xR"™ x R™ — R™
be sufficiently smooth functions.
Minimize
T
92)= [ ete(t)
with respect to z : 9 — R™ and u € R"*

2= f(t, z,u)

such that {Z(O) — 2o(1)

2.2.1 Initial Value Optimal Control Problem

In the last part of this section the focus is on a more specific case of optimal
control problems. Here we have an optimal control problem where only the
initial conditions depend on the parameters u. The name of this special case
is initial value optimal control problem. Mathematically speaking this means
that the given system of differential equations is independent of the control
parameters u;. So the system looks like

z = f(Zl,...,Zn)
with the initial condition
z(to) = u,

where u € R™=. The definition of initial value optimal control problems is:



Problem 3. Let ¥ := [to,tf] C R be a compact interval with fized time points
to <ty and let

g:R"™ xR"™ —» R

p:R"™ - R

9 xR"™ — R"

be sufficiently smooth functions.
Minimize

T
o(zu) = / o(=(1))

with respect to z : 9 — R"™* and u € R"*

sz(taz)

z(0) =u

such that {



3 Sensitivity Analysis

The goal is to derive the adjoint equations in order to compute the sensitivity
matrices. Therefore this chapter starts with the derivation of adjoint equations
and the sensitivity equation for optimal control problems. After this the adjoint
equation for parametrized optimal control problems and initial value optimal
control problems will follow. At the end of the chapter the idea of computing
the sensitivities as a boundary value problem is given.

3.1 Sensitivity Analysis for Optimal Control Problem

The calculation of the sensitivity matrices depends on the objective function of
Problem 1

T
g(z,u):/o o(z,u)dt

and its constraints. The sensitivities are the derivatives of the function g(z) for
the parameters u(t). For this the construction of an auxiliary function will be
used. The residual of the system will be multiplied with a multiplier A. The
idea behind this is that the multiplier times the residual will be equal to zero.
From this the adjoint equation follows. The auxiliary function looks like

T T
I(z,u)z/o ga(z,u)dtf/o M2 = flz,u))dt

In this function Z — f(z,u) describes the residual. If the residual is equal to 0
or AT makes the second integral equal to 0, then

d

T T
@g(u) = %I(u) = /0 P22y + Pu — /0 )‘T(Zu — fo2u — fu)dt (2)

In the next step we will use integration by parts for the last term of the equation
T T
/ MN(& = fozy — fu)dt = ATz, |7 — / N2y = AT fozy — AT f,)dt
0 0

Now we can look again at equation (2) and from the integration by parts of the
last term in equation (2) it follows

T T
dii[(u) = / 022y + Qu — / (}\Tzu N f 2, — )\Tfu)dt — [)\Tzu]OT (3)
0 0

&
d

T T
—I(z,u) = / Oy — AT fo — / ()\T — ©2)zudt — [)\Tzu]g
du 0 0

In the next step the idea is that the second integral will be zero. This happens
when,

AT f, = —g. (4)

holds. So the adjoint equation for what is being sought is given by (4). The
next interesting point is the last term of the equation (3), because this term



should also be zero so that the derivative of the auxiliary function is equal to
the derivative of the objective function from problem (1). So from this term

N 2u)i=r =0

the assumption for the initial condition at the time T for the adjoint equation
follows. For this we assume that A(T) = 0, that the last term of equation (3)
will be zero at T, because it is known that z, can’t be zero. So it follows for
the computation of the sensitivities

) = [ ou= XA+ ()i o)

because the multiplier A is chosen such that the second integral of equation (3)
is zero. Here is it important to note that z, at ¢ = 0 is the sensitivity of the
initial conditions with respect to w [2]. With this equation the calculation of
the sensitivities can be done for an optimal control problem.

3.1.1 Sensitivity Analysis for a Parametrized Optimal Control Prob-
lem

The sensitivities of a parametrized optimal control problem can be calculated in
an easier way. From Problem 2 it follows that, by a parametrized optimization
problem, the initial conditions depend on the control parameter w,

z(tg) = zo(u).

This implies that in this case the system of differential equations derived at the
parameter u gives the sensitivities, because the objective function is independent
of the control parameter. So the sensitivities from the right-hand-side function
are what is being sought. So the adjoint equation for these special systems is
given by

AT =2Tf + f. (6)

)\T(to) = Zou
and then the sensitivities can be evaluated with equation (4). When we compare
the adjoint equation (4) with the adjoint equation (6) then the term {Lg(z) =

d% f(t, z,u), because we are interested in the sensitivities of the right-hand-side
function.

3.1.2 Sensitivity Analysis for an Initial Value Optimal Control Prob-
lem

In the special case of an initial value optimal control problem, the initial values
for the given system of ordinary differential equations are

z(tg) =u

and the given right hand side of the system of ODEs is independent of the
parameter u. Here the sensitivities are given from the initial conditions, because
the initial value optimal control problem is a special case of the parametrized



optimal control problem. From this it follows that the last term of the adjoint
equation of the parametrized problem is removed, because the right hand side
f(t,z) from the system of differential equations is independent of the control
parameter u. So this term f, = 0, from this we get the following system for the
adjoint equation:

A =2TY,

Alto) = 1L,
where I; stands for the i-th column of the identity matrix. In this special case
the solution of the adjoint equation gives the sensitivities of the system.

3.2 Solve Sensitivity Analysis with Boundary Value Prob-
lem

The idea behind this section is to solve the given system of differential equations
at the same time as the system of the adjoint differential equations. So the
system of differential equations from the optimal control problem is given

z2=f(t,z,u)
z(to) = 2o
and the system from the adjoint differential equations is given
M =2Tf. g
MNT)T =o.
Let h(z,\,u) = AT f, — g. and

i (50)

with boundary values

2(to) = (i()) and 2(T) = <;>

The question marks are there, because there is no initial condition for z(T") and
A(to), but we can solve this problem with the approach of a boundary value
problem for differential equations. The idea is to make a piecewise interpolation
for the solution of the given system & at the time points ¢; with the conditions

wi(t;) = zi1(t;)
- J(zi(tir1), wi(tivr))
h(zi(tig1), Ai(tivr), ultivn)) )
Then the piecewise interpolated polynomials here of order 3 look like
2i(t) = ab(t —t;)° + ob(t —t;)* + of(t —t;) + o

AT Ayt — 1) +ah(t — )2+ al(t —t) +ab )
Now the idea is that the missing initial conditions can be evaluated. So a
solution for the system of the adjoint differential equations is found, which can
be used for computing the sensitivities with the given formula (5).

In this paper a different method for the computation of the solution of the two
systems is used. This method will be explained in the next section.
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3.3 Solve Sensitivity Analysis with Forward and Back-
ward Integration

By the sensitivity analysis two systems of differential equations are given. The
first one is the system of differential equations of the optimal control problem
and the second one is the adjoint system of differential equations. Then the two
systems be given by

y(0) = yo
te [to, T]
and
AT = h(r,y,u)
M(T)y=0
T E [to, T]
In this case the solution of the second system of differential equations depend
on the solution of the first system. For this a forward integration can be used to
compute the solutions for the first system of differential equation and a backward
integration, which includes the solution from the forward integration, gives the

solution of the second system of differential equation. The method is shown
in figure 2. Here the long green arrow describes the solution of the forward

— = i B e —
= Forward pass .
k& k 1 kZ k 3
I. } } J I. } | } [ I
I T T | I T T T I
b 1, 1, iy N . P S R t
‘&\ e _,H'\\\ - B R E
% A # . arkward pag
, / . i ~,  Backward pass
\\-._ ___,/ ‘\.""-\.___ : ____/'J

Figure 1: Illustration of the forward and backward integration during
calculation of the adjoint system [4]

integration and the small right and green arrows stand for the forward and
the backward integration steps which will be done. But it can happen that
different time steps are used for the forward and the backward integration, for
example when no fixed step size is used. Thus an interpolation over the solution
from the forward integration is needed. The forward integration gives solutions
Yo, .- -, yn for to,...txy = T, but for the backward integration y(7) is needed,
because maybe different time points from the forward integration are used in
the backward integration. So it is easy to think that

i <7 <ti41

and then an interpolation over the given t; and the given y;(¢;) can be done to
evaluate the function y(t) at the point 7. With this interpolation the backward
integration can be computed and then the sensitivity equation (5) from above
can be evaluated.

11



4 Examples

In this chapter are two examples for the computation of sensitivity matrices.
The first example is about a system of two water boxes with a controllable
outflow rate and the second example is a Sundials test example. For the first
example only the analytic calculation is shown and for the second example the
analytic calculation combined with the numerical calculation is given. For the
numerical calculation a program with forward-backward integration is used.

4.1 System of two Water Boxes

Here we consider a system of two water boxes, where z1(t) and z2(t) stand for
the volume of water in the reservoirs and v (¢) and vs(t) stand for the outflow
rate of water for each reservoir, respectively, at time .

0

vi(t)

-

X(t)

va(t)

Figure 2: System of two water boxes with controllable outflow rate [3]

The system describes the influence of an controllable outflow from reservoir 1 in
reservoir 2 for the outflow of reservoir 2. For this the optimal control problem
is given by

Problem 4. Let ¥ = [0, 10].

Minimize,, .,

10
g(x1,T2,v1,v2) = —/ (10 — t)vy(t) + tvo(t)dt
0

such that
i?l(t) = —U1 (t)
’lj‘g(t) =1 (t) — "Ug(t)
r1(to) = 21,
$2(t0) = $20
xl(t),xg t) S 0
U1 (t) = ’Ug(t) S [O, 1]

12



In Problem 4 the control parameters are given by vy, v and the system is inde-
pendent of the states, it depends only on the control parameters. Now by the
formulae from the section before it follows

s (4051.)

The adjoint equation for this problem is given by

- ()

with AM(T) =0
Now we can compute the sensitivities for this problem with

d

T
Gl = [ G = AT R+ (T

The last term (ATz,)|o = 0, because we have no sensitivity for the initial con-
dition. So it follows that the equation reduces to

T
%I(m,u) = /0 (pu — )\Tfu)dt.

For this we need the solution of the adjoint equation, but it is easy to see that

the solution is given by
A(t) =0,

because of the initial condition A(T") = 0. So now we have all the information
we need for the calculation of the sensitivity matrix.

d 10
s _
o (z,v) /0 Pudt

10
:/ (-10+¢, t)dt
0

= (—10t+ 3t2, 3t)[°

= (=50, 50)
This means that the solution of the integral will be changed. In the sense that
the initial outflow v; changes then the first term of the integral (10 — t)vy (¢).
In this case that these term will be multiplied with a factor of —50 and when

the initial outflow vq is changed then the last term of the integral tva(t) will be
multiplied with a factor of 50.

4.2 Sundials test Example

This is an example of an initial value problem. In this problem the initial values
depend on the sensitivity u. The given problem is

g1 = —0.0712y1 + 0.0111ys + 0.039y3 + 49.3
o = 0.0111y; — 0.0286y,
33 = 0.039y; — 0.000035y3

13



with initial condition y(0) = u [5]. So the computation of the sensitivities can
be done with

d

T
Tl = [ =T @

and the adjoint equation
}‘T = )‘Tfy — PyYu
So f is given by

1 +0.0712y; — 0.0111ys — 0.039y3 — 49.3
Fly,5,t) = o — 0.0111y; + 0.0286y,
93 — 0.039y; + 0.000035y3

and f, is given by

0.0712 —-0.0111 —0.039
fy=1-0.0111 0.0286 0
—0.039 0 0.000035

Now for this example the question is: what is the function ¢,? The function is
given by

Y1
ey=(1 0 ... 0] [,
Yn

because it is searched for the sensitivities of the inital conditions from the sys-
tem, but here is only a example given for the first vector. Here it can be choosen
every row of the identity matrix for the first term of ¢,. So the sensitivities for
the these system can be calculated with the equation (5).

4.2.1 Numerical Solution

The problem will be solved with a program which is written in Python. Here the
package Assimulo is used. Assimulo can be used for solving differential equa-
tions. For this, a right-hand-side function is given, which will be transformed
in an explicit problem and for the simulation a CVODE solver is used.

In this example Assimulo is used to calculate the forward integration and the
backward integration, where in the right-hand-side function the interpolation of
the forward solution is done. In the next lines the code for the forward integra-
tion will be explained and then the code for the backward integration will be
explained.

The program of the forward integration starts with the right-hand-side function.
This function contains the system of differential equations from the optimal con-
trol problem. Here y1, 2, y3 are written as a vector y. By the definition of the
right-hand-side function this function will be transformed into an explicit prob-
lem, with the function called Explicit Problem. This function needs as an input
the right-hand-side function and the initial values for the given system, here also

14



a name for the problem can be given. For this example yo = (O, 0, 0). After
the problem is discretized a CVode solver is used to solve the problem. This
works with the function called CVode and finally this problem will be simulated,
for this the function called simulate is used.

From this program the solution of the forward integration follows: In this plot

forward

— n®||
1400 — n

— w)
1200

1000
> 800
600
400 _— —

200 —

20 20 60 80 100

Figure 3: Solution of the forward integration

the solution of the problem is given, where the parameter is chosen as u = 0.
This means that the solution without the influence of the parameter is shown.
The program for the backward integration is the same, only two small differences
are in it. The first difference is that in the right-hand-side function the solution
of the forward integration will be interpolated, with a degree three polynomial.
The second difference is that we need a special variable that the interpolation
in backward time can be done. This variable is called backward and it has to
be true. From this the following solution for the adjoint equations are shown in
figures 4-6.

250000 backward integration

—  dy, (0)/du, (1)
— gy (0)/duy (0)
dy, (6)/du, (¢)

200000

150000

100000

lambda

50000

0

-50000
0 20 40 60 80 100

Time

Figure 4: Solution of the backward Integration Whereddy—g
1
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— Ay (0)/dus ()
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— Ay (0)/duy ()

0 20 40 60

Figure 5: Solution of the backward Integration where

1000
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-2000

-3000
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—-8000
0

Figure 6: Solution of the backward integration where

Time

backward integration

100

—  dy, (t)/ds

uy (t)

— A (0)/dus (1)

—  dy,(t)/ds

uy (t)

—

20 40 60
Time

100

dy

dyo,

dy
dyog

In these three plots, the influence of the parameter at the time is shown. This
means for example that when the parameter u; is chosen for which the compu-
tation of the sensitivities should be done. Then the influence for the solution of
the system when the parameter u; is changed at ¢ = 0 is, for example, that the
solution of y3 will be multiplied with a factor of 225000, the solution of y; will
be multiplied with a factor of 100000 and the solution of yo will be multiplied
with a factor of —10000. This means that in the plot the factor for changing
parameters at a given time point is shown, which means that the solution of
this system will be multiplied with this factor if the parameter is changed.

If the influence of the sensitivities is searched for a given time interval, then the
computation can be done with the following formula

d T

16
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In the next step the solution of this integral is computed where 7" = 100, from
this the following sensitivity matrix follows

d 148389.47134845212 148569.16737826829 149028.31931999006
d—[(u) = | —19327.387537068535 —19149.415402086557 —18698.284831337056 | ,
v 335924.48444081156  336109.53173379973  336592.77106828295

here in the first collum the sensitivities %y = wuy are given, in the second
0

collum the sensitivities for ﬁy = u9 and in the last collum for ﬁy = ug. So
0

in the matrix are the factors shown, which multiplie the solution at 7" = 100,

when the inital parameters will be changed.

17



5 Conclusion

In this paper, first a short introduction for optimal control problems was given.
For these problems the adjoint equations which for the regular problem looks
like

).‘T - )‘sz = =9z
ANT) =0

and the formula for the computation of the sensitivity matrices

T
dig(u) = / (@u - /\Tfu)dt + P‘szzu]t=0
U 0
were derived. We found out that for initial value optimization problems the
calculation of the sensitivities is equal to the integral over the solution of their
adjoint differential equation system, because there the sensitivities depend on
the initial conditions of the system of ODEs.

18
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Appendix

# -*%- coding: utf-8 -*-

Created on Wed Jun 17 16:27:59 2015

Q@author: kathrin

from scipy import *

import numpy as N

import pylab as P

from assimulo.problem import Explicit_Problem
from assimulo.solvers import CVode

import warnings

from numpy.polynomial.hermite import hermfit

def run_example(with_plots=True):

""" forward integration to compute the sensitivity matrices in the next step

#Define the rhs

def f(t, y):
y1,y2,y3 =y
k01 = 0.0211
k02 = 0.0162
k21 = 0.0111
k12 = 0.0124
k31 = 0.0039
k13 = 0.000035
bl = 49.3
yd_0 = -(k01+k21+k31) *y1+k12xy2+k13%y3+b1l

yd_1 = k21*y1-(k02+k12)*y2
yd_2 = k31*xyl-k13x*y3

return N.array([yd_0,yd_1,yd_21)

#Define an Assimulo problem
forward_exp_mod = Explicit_Problem(f, yO=array([0,0,0]), name =

#Define an explicit solver

forward_exp_sim = CVode(forward_exp_mod) #Create a CVode solver
#Sets the parameters

#forward_exp_sim.inith=-1.e-15

forward_exp_sim.iter = ’Newton’ #Default ’FixedPoint’
forward_exp_sim.discr = ’BDF’ #Default ’Adams’
forward_exp_sim.atol [1e-6] #Default le-6
forward_exp_sim.rtol = le-6 #Default le-6

#Simulate

tl, x1 = forward_exp_sim.simulate(100,100) #Simulate 5 seconds
#Plot

P.figure()

20
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101
102
103
104
105

if with_plots:

legend_text=r"${}$"

P.plot(t1l, x1)

P.title(forward_exp_mod.name)

P.legend((legend_text.format(Cy_1(t)’),
legend_text.format(’y_2(t)’),
legend_text.format (’y_3(t)’)))

P.ylabel(’y’)

P.xlabel(’Time’)

P.show()

return forward_exp_mod, forward_exp_sim

if __name__==’__main__"’:

forward_mod,forward_sim = run_example()
def run_example2(with_plots=True):

""" backward integration to compute the sensitivities of dx/dp_1i"""
t=N.array(forward_sim.t_sol)#time of the forward integratio
u=N.array(forward_sim.y_sol)#solution points of the forward integration

def lambda_xy(tau,lambdal):
upp_index = lambda tau: argmax(array(t)>tau)#gives the upper index
index=upp_index(tau)#gives us the upper index for the t
try:
u_pol=polyfit(t[index:index+3],ul[index:index+3,i],3)
except IndexError:
u_pol=polyfit(t[index-3:index],ulindex-3:index,i],3)

#adjoint equation
lambda_xdot=0.0712*1lambdal[0]-0.0111*1lambdal[1]-0.039%1lambdal [2] -polyval(u_pol,ul0,i])
lambda_ydot=+0.0111*lambdal [0]+0.0286*1lambdal [1]-polyval (u_pol,ul0,i])
lambda_zdot=-0.039*lambdal [0]+0.000035*1lambdal [2] -polyval (u_pol,ul0,i])

return N.array([lambda_xdot,lambda_ydot,lambda_zdot])

#Define an Assimulo problem
exp_mod = Explicit_Problem(lambda_xy, yO=array([0,0,0]),t0=100, name = r’backward integration’)

#Define an explicit solver

exp_sim = CVode(exp_mod) #Create a CVode solver
#Sets the parameters

exp_sim.backward=True

#exp_sim.inith=-1.e-5

exp_sim.iter = ’Newton’ #Default ’FixedPoint’
exp_sim.discr = ’BDF’ #Default ’Adams’
exp_sim.atol = [le-7] #Default le-6
exp_sim.rtol = le-6 #Default le-6

#Simulate

taul,x1 = exp_sim.simulate(0,100) #Simulate 5 seconds
#Plot
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P.figure()
if with_plots:
legend_text=r"$\mathrm{{d}}{}/\mathrm{{d}}{}$"
P.plot(taul,x1)
P.title(exp_mod.name)
P.legend((legend_text.format(’y_1(t)’,’u_1(t)’),
legend_text.format(’y_2(t)’,’u_1(t)?),
legend_text.format (’y_3(t)’,’u_1(t)’)))
P.ylabel(’lambda’)
P.xlabel(’Time’)
P.show()
return exp_mod, exp_sim
for i in range(3):
if __name__==’__main__’:
with warnings.catch_warnings():
warnings.filterwarnings(’ignore’,category=FutureWarning)
warnings.filterwarnings(’ignore’,category=RankWarning)
mod,sim= run_example2()
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