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Chapter 1

Introduction

1.1 Problem Description

The topic of this thesis is the implementation of LuGre friction compensation for
the arm of the inverted Furuta pendulum in simulation and experiment.

The Furuta pendulum consists of an arm, that is actuated by an electric motor and
can rotate in the horizontal plane. A pendulum rod with a weight attached to its
end is joined to the end of the arm in a way that it can rotate freely around the
axis of the arm (see figure1.1).
The task is to stabilize the pendulum in the unstable upright position, while control-
ling the position of the arm along or to a desired reference by delivering appropriate
control signals to the electric drive.

Further the LuGre friction parameters of the Furuta pendulum have to be estimated
within the framework of the thesis.
Experiments are to be carried out evaluating the performance of the implemented
friction compensation schemes and comparing it to alternative approaches, namely
friction compensation based on the Dahl and Coulomb model.

For a more detailed task description please refer to appendix A.

1.2 Motivation

Various control approaches for linear and nonlinear systems were developed. How-
ever only few approaches are capable to take into account friction, that is immanent
in any mechanical system. Since friction is often a crucial factor for the behavior of
a mechanical system the control performance deteriorates significantly if the con-
troller does not account for appropriate compensation. Phenomena like hunting,
slip-stick motion and limit cycles can occur because of uncompensated friction ef-
fects.

Figure 1.3 shows an example of the hunting behavior that can result for a block
on a surface (see figure 1.2), that is controlled with a constant reference by an
PI-controller F = Kp(xref − x) + Ki

∫

(xref − x)dt (see e.g. Geering [9]) when
uncompensated friction is present. As friction model to compute the friction force
FF , the LuGre model was used.
The block never reaches the desired reference, since the integrator in the controller

11
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Figure 1.1: Furuta pendulum

x
xref

FFF

Figure 1.2: Picture of setup for block on surface.
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Figure 1.3: Hunting for block on surface (see figure 1.2) controlled with PI-controller
to constant reference.

integrates to high values to overcome the stiction. This causes the block to over-
shoot the desired reference and to stick in a position on the other side of the desired
reference.

A example of slip-stick motion is shown in figure 1.4 where the block from figure 1.2
is controlled with a P-controller F = Kp(xref − x) and a ramp signal as reference.
Again friction prevents the block from following the reference accurately, since the
control forces near the desired reference does not suffice to maintain the movement
of the block.

Figure 1.6 shows a limit cycle resulting from simulation for the Furuta pendulum
with LuGre friction model (see figure 1.5). Due to the friction an oscillation around
the desired reference occurs. This is caused by sticking of the actuator of the pen-
dulum. In the time the actuator sticks the pendulum is not stabilized in the upright
position and therefore falls. Movement and thus stabilization of the pendulum re-
sume when the control error in the states of the pendulum demand a control signal
that is sufficiently high to overcome the static friction.

Due to the highly nonlinear behavior of friction forces1, especially at low relative
speed between the contact surfaces, the mathematical description of friction is dif-
ficult. Additionally, for low relative velocities, the friction force exhibits very fast
and highly velocity dependent dynamics. However in most applications it is hard
to obtain reliable and precise velocity measurements for low speeds.

Due to the high importance of friction compensation in mechanical systems and
the increased technical possibilities to implement dynamic systems for friction com-
pensation, the field of friction modeling and friction compensation has become an
active area of research.

1The device considered in this thesis only possesses rotational joints. Thus the term friction
force always also refers to friction moment, just as the notation FF for friction forces will also be
used for friction moments throughout the thesis.
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Figure 1.4: Stick-slip behavior for block on surface (see figure 1.2) controlled with
P-controller along ramp reference.
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Figure 1.5: Picture of setup for simulation of limit cycles with Furuta pendulum.
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Figure 1.6: Resulting limit cycle for the Furuta pendulum for the setup as in fig-
ure 1.5, depicting the angle ϕ and angular velocity ϕ̇ of the arm as well as the angle
θ and angular velocity θ̇ of the pendulum.

Many models for the description of the behavior of the friction force were developed.
Numerous simulations have been conducted to evaluate the theoretical advantages
and shortcomings of the different approaches.
However the number of implementations of friction compensation based on dynamic
friction models using real hardware is still limited. One reason for this may be dif-
ficulties that arise during the discretization of some of the friction models, that is
necessary for the implementation on microcontrollers in real time.

1.3 Typical Friction Behavior and the LuGre Model

Friction contacts occur in one of the two following states.
Either the friction contact is in the state of sticking, i.e. there is no or more precise
only microscopic motion between the contact surfaces. The state of stiction is also
called presliding.
Or the friction contact is in the state of sliding, i.e. there is macroscopic relative
movement between contact surfaces. The transition between presliding and sliding
is continuous.

A particular friction model that received a lot of attention recently is the so called
LuGre model2.
It is capable of capturing a wide range of behavior that is observed while studying
the friction behavior of real systems. This section intends to give a short intro-
duction of the LuGre model and some of the characteristic phenomena that are
observed while studying friction behavior. Further annotations and expressions
concerning the description of friction that will be used throughout this thesis are

2LuGre for Lund Grenoble friction model.
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z

v

Figure 1.7: Left: Schematic picture of model of the contact between the surfaces
with contact asperities being modeled as bristles; Right: Contact asperities accu-
mulated to one bristle as in the LuGre model.

introduced. This section does not claim to be a complete listing of the correspond-
ing properties and phenomena. For more information on these topics the reader
may want to refer for example to Canudas de Wit et al. [3] and Shiriaev [4]. Fur-
ther Olsson [1] gives a very good introduction into the topic of friction modeling,
since it also describes friction models that were developed prior to the LuGre model.

The LuGre model is a dynamic model for the description of the behavior of the
friction force. It has a physical analogy in the description of the friction behavior
as the result of the bending of surface asperities between the contact surfaces. The
asperities are modeled as bristles that bend under load (see Olsson [1] and Canudas
de Wit et al. [3]). The LuGre model collects the behavior of all these surface as-
perities in contact and describes their accumulated behavior through one asperity
(see figure 1.7).

Referring to Olsson [1] the LuGre model is described by the following equations:

dz

dt
= v − σ0

|v|
g(v)

z (1.1)

FF = σ0z + σ1(v)
dz

dt
+ Fvv (1.2)

g(v) =
(

FC + (FS − FC)e−(v/vS)2
)

(1.3)

σ1(v) = σ1e
−(v/vd)2 (1.4)

where v denotes the relative velocity of the contact surfaces and FF is the LuGre
friction force.

Again referring to Olsson [1] these equation can be interpreted as follows.

Equation (1.1) describes the behavior of the internal state of the friction model, i.e.
the deflection of the above mentioned bristles. The first term on the right hand
side causes a deflection of the bristles that is proportional to the integral of the
relative velocity between the contact surfaces. The second term ensures that the
deflection of the bristles reaches a final value zSS = g(v) · sgn(v), i.e. it introduces
a steady-state friction state z for nonzero velocity v and therefore accounts for the
continuous breaking and new formation of contact points between the contact sur-
faces.

Equation (1.2) describes the dependence of the friction force upon the internal fric-
tion state and its derivative. The first term corresponds to the friction force due
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to the stiffness of the bristles, while the second term adds damping to the friction
model3, to counteract unwanted oscillations of the bristle deflection. The third
term accounts for viscous friction that is predominant at high relative speeds of the
contact surfaces. In this situation the contact surfaces are usually not in contact
anymore, because they are separated by a lubricant layer.

Equation (1.3) describes the velocity dependence of the bristle deflection for steady
state. As seen before for nonzero velocities v the bristle deflection approaches the
steady state value zSS = g(v) · sgn(v). Thus g(v) can be used to account for the
Stribeck effect, that will be described later in this chapter. Further g(v) can also be
seen as a time constant, defining how quick the steady state value zSS is reached.
It should be noted here that different parameters for g(v) can be used for positive
and negative velocities, i.e. the function g(v) is not required to be symmetric with
respect to v and may have a discontinuity for zero velocity.

Equation (1.4) describes a commom parametrization of the damping coefficient
σ1(v). This parametrization yields a damping coefficient that declines with increas-
ing velocity. The parameters controlling this decline allow to influence possible
unwanted effects in the breakaway behavior that can occur due to high damping
and ensure passivity of the state equation for arbitrary high relative velocities. How-
ever a simplified version of the friction model above where the damping coefficient
σ1(v) is assumed to be constant, i.e. σ1(v) = σ1 = const. is also used frequently.

Some of the typical friction phenomena that are covered by the LuGre model are
listed below. For more information on the various phenomena the reader is again
referred to Olsson [1].

• Stribeck effect
The experimentally observed decrease of the friction force at low relative ve-
locities from the usually higher value at stiction to a lower value when sliding
occurs is known as Stribeck effect (see figure 1.8). The Stribeck effect is cap-
tured in the LuGre model through the function g(v), governing the steady
state value of the friction state and thus the friction force for nonzero veloci-
ties.

• Static friction and breakaway
The static friction and breakaway forces depend on the rate of increase of the
external force and thus velocity. This shows that friction is a dynamic process
and not only a static phenomenon only dependent on the relative velocity of
the contact.

• Presliding displacement
Before macroscopic sliding between two friction surfaces occurs the so called
presliding displacement can be observed. This means that the two friction
surfaces move relative to each other even when the applied force is smaller
than the breakaway force. The friction surfaces can be imagined to be con-
nected by springs, allowing a relative movement between the friction surfaces.
These springs break when the breakaway force is reached and formate new,
when the relative velocity between the friction surfaces occurs to be zero.
However experiments suggest that the presliding behavior is highly nonlinear
and exhibits for example hysteresis (see e.g. Swevers et al. [6]).

3Since σ1 does not directly affect the friction state the term damping is not completely accurate.
However the term damping of the LuGre model will be used to refer to σ1 throughout this thesis
since this term is widespread in literature about the LuGre model.
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v

FF

FC

FS

Figure 1.8: Typical behavior of the friction force FF in the sliding regime in depe-
dence of the velocity. For low velocities the Stribeck effect, governing the transition
of the friction force from the stiction force Fs to the Coulomb friction force Fc

becomes evident. For high velocities the viscous friction and the Coulomb friction
dominate the behavior.

• Frictional lag
Experiments indicate dynamic and nonlinear friction behavior also in the slid-
ing regime. Prominent is in particular the so called frictional lag, i.e. a time
delay between velocity and steady state friction force. This causes hysteretic
behavior of the friction force for velocity changes, i.e. the Friction force is
usually lower for decreasing than for increasing velocities. This hysteretic be-
havior strongly depends on the rate of the velocity change. This implies that
the shape of the curve depicted in figure 1.8 depends on the rate of increase
of the velocity.

Also shortcomings of the LuGre model are pointed out by several authors (see e.g.
Swevers et al. [6] and Lampaert et al. [7]). According to Swevers et al. [6] one of
the mayor shortcomings of the LuGre model is its inability to account for hysteresis
with nonlocal memory. Further the LuGre model does not offer the opportunity to
shape the relation between position and force in presliding, since this relations is
given implicitly in the structure of the model.

As proven by Barabanov and Ortega [5] the map from the relative velocity v to
the friction estimate FF defined by the LuGre model is only passive for parameter
choices that fulfill the condition:

1

Fc
≤ 1

Fc

(

1 +
Fv

σ1

)

. (1.5)

It is further mentioned that this condition is violated for the parameters of some real
systems. This poses an theoretical shortcoming of the LuGre model, even though
the LuGre model still produces good estimates for the measured friction data even
when the passivity condition is violated.
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1.4 Outline of this Thesis

Chapter 2 introduces the hardware of the Furuta pendulum and presents the deriva-
tion of the model of the plant.
In chapter 3 the used control system and the different friction compensation schemes
are introduced and their implementation is discussed. Further conditions for the
evaluation of the friction compensation schemes are addressed.
Methods for and results of the estimation of the friction parameters of the Furuta
pendulum are documented in chapter 4.
Chapter 5 presents the evaluation of the different friction compensation schemes
based on simulation.
In chapter 6 the evaluation of the different friction compensation schemes is con-
tinued based on experimental data.
Concluding the thesis chapter 7 summarizes the most important results and conclu-
sions from the analysis presented in the thesis. Additionally the chapter comprises
an outlook and recommendations for further research.
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Chapter 2

Control Plant and Modeling

2.1 Hardware

As mentioned in chapter 1.1 the friction compensation is implemented for the in-
verted Furuta pendulum.

For stabilizing the pendulum in the upright position the angles of the arm ϕ and
the pendulum rod θ are measured (see also figure 2.1).
For the measurement of the angle θ two potentiometers are used. The first one
is used to measure the angle θ in a range of 360◦, while the second one can only
be used to measure angle deviations of about 60◦ from the upright position, but
therefore with higher accuracy. The signals from the potentiometers are transferred
to the base of the pendulum via slip rings enabling endless rotation of the arm of
the pendulum.
The angle of the arm ϕ is measured by an encoder attached to the motor. The im-
pulses of the encoder are integrated by built-in analog electronics and the position
of the arm is indicated by a voltage on the connection panel of the pendulum.
Further the device possesses a built-in analog filter for the reconstruction of the
joint velocities ϕ̇ and θ̇1.

The Furuta pendulum at LTH further possesses an internal analog current con-
troller that controlls the current of the motor to a value proportional to the control
voltage delivered to the pendulum (see section 2.2.2 for more information).

2.2 Model of the Furuta Pendulum

2.2.1 Mechanic Part

In this section a model of the mechanical part of the Furuta pendulum is derived.

The following assumptions were made while modeling the Furuta pendulum:

• All bodies are perfect rigid bodies. In particular oscillations due to flexibility
of the bodies are neglected.

• All connections between bodies are perfect, except for friction. In particular
flexibility and backlash in the joints are neglected.

1These velocity reconstructions are for convenience sometimes denoted as velocity measure-
ments throughout this thesis, even though this term is not completely accurate.
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• The friction in the bearings is not influenced by the forces and moments that
are acting on the joints, i.e. tilting and wedging in the joints are neglected.

• Parameters of the system are assumed to be constant in time and not depen-
dent on environmental parameters, e.g. dependency of spatial dimensions of
bodies on temperature is neglected.

Figure 2.1 shows the schematic picture that is used for modeling the Furuta pen-
dulum. The system parameters that are used for the model are2:

- R: The length of the arm of the pendulum.

- J : The combined moment of inertia of arm and motor with reference to the
center of rotation.

- L: The length of the pendulum rod, i.e. the distance of the pendulum mass,
that is marked as point M , from the joint that connects pendulum and arm.

- m: The mass of the pendulum

- L2: The distance of point M2, that marks the center of gravity of the pendu-
lum rod, from the joint that connects the pendulum with the arm.

- m2: The mass of the pendulum rod.

- Jp: The moment of inertia of the pendulum rod with reference to point M2.

Lagrange’s second equation is used in order to obtain the equations of motion3:

d

dt

(

δL

δq̇

)T

−
(

δL

δq

)T

= fNP (2.1)

where:

- L: Lagrangian of the system given by L = T − V .

- T : Kinetic energy of the system.

- V : Potential energy of the system.

- fNP : Generalized form of the external, non-potential forces acting on the
system.

- q: Vector of minimal coordinates of the system.

2The set of parameters presented here is not the minimal set of parameters that is required
to describe the dynamics of the pendulum. However the current set of parameters was chosen
since many of the used parameters are available through measurements and because the use of
quantities with respect to the center of gravity of the pendulum seems to be more intuitive in the
eyes of the author.

3Please see the annotations on page 9 for more information on the used conventions concerning
vectors, matrices and coordinate systems.
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Figure 2.1: Schematic picture of the Furuta pendulum

The system has two degrees of freedom and the posture of the system can be
described by the two angles ϕ and θ. Therefore the following vector of minimal
coordinates is chosen:

q =

(

ϕ
θ

)

,

where:

- ϕ: The angle of the arm of the pendulum in positive direction of rotation
around eI

z.

- θ: The angle of the pendulum in positive direction of rotation around eR
x ,

measured from the upright position of the pendulum.

Throughout this thesis the term upright position of the pendulum will be used for
configurations of the pendulum where θ = 0, while the term hanging position will
be used for referring to configurations with θ = π.4

4And in both cases the corresponding configurations that are only distinct by an offset of
∆θ = 2nπ where n is an integer.
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The kinetic energy of a rigid body is given by:

T =
1

2
mvT

P vP + mvT
P (Ω × rPS) +

1

2
ΩT Θ̄P Ω (2.2)

where:

- P : A chosen reference point on the rigid body.

- S: Center of gravity (cog) of the rigid body.

- vP : Velocity at point P .

- rPS : Vector from point P to point S.

- Ω: Angular velocity of the rigid body.

- Θ̄P : Tensor of the momenta of inertia in the point P .

Choosing a point on the axis of the arm is as reference point P and considering
that the arm can only rotate around one single axis the kinetic energy of the arm
can be computed using equation (2.2) as:

Tarm =
1

2
Jθ2. (2.3)

Since at no time a point on the arm has a velocity component in vertical direction
(eI

z) the potential energy of the arm is given by a constant:

Varm = Varm0 = const. (2.4)

For the calculation of the kinetic energy of the pendulum the center of gravity for
the rod of the pendulum and the center of gravity of the pendulum mass are chosen
as reference points.
This yields for the rod of the pendulum:

Tpendulum,rod =
1

2
mvT

M2
vM2

+
1

2
ΩT Θ̄rodΩ (2.5)

where:

- Ω: Rotational velocity of the pendulum.

- Θrod: Inertia tensor of the rod of the pendulum with respect to its cog.

And for the mass of the pendulum:

Tpendulum,mass =
1

2
mvT

M vM (2.6)

To be able to evaluate this expression the velocity of the mass of the pendulum and
the velocity of the center of gravity of the pendulum rod are needed.
The location of a point R on the rod of the pendulum can be described as:

RrOR =





R
−LR sin(θ)

LR cos(θ) + Cz



 (2.7)

where LR denotes the the distance of the point R from the joint between the rod of
the pendulum and the arm and Cz is a constant depending on the vertical position
of the point of origin coordinate system I.
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Now rOR can be differentiated using Eulers derivation rule to obtain the velocity
of point R :

RvR = RṙOR + BωIR × RrOR

=





0

−LRθ̇ cos(θ)

−LRθ̇ sin(θ)



+





0
0
ϕ̇



×





R
−LR sin(θ)

LR cos(θ) + Cz





=





LRϕ̇ sin(θ)

Rϕ̇ − LRθ̇ cos(θ)

−LRθ̇ sin(θ)



 (2.8)

The rotational velocity of the rod of the pendulum is given by:

RΩpendulum =





θ̇
0
ϕ̇



 (2.9)

The transformation matrix AKR from the coordinate system R to the coordinate
system K that is attached to the rod of the pendulum is given by:

AKR =





1 0 0
0 cos(θ) sin(θ)
0 − sin(θ) cos(θ)



 (2.10)

Hence the rotational velocity of the rod in the coordinate system K is:

KΩpendulum = AKRRΩpendulum =





θ̇
ϕ̇ sin(θ)
ϕ̇ cos(θ)



 (2.11)

The inertial tensor Θrod of the rod of the pendulum expressed in the coordinate
system K is due to symmetry reasons:

KΘrod =





JP 0 0
0 JP 0
0 0 0



 (2.12)

Now the kinetic energy of the pendulum can be computed by using equations (2.5),
(2.6), (2.8), (2.11) and (2.12):

Tpendulum = Tpendulum,rod + Tpendulum,mass

=
1

2
(mL2 + m2L

2
2)ϕ̇

2 sin2(θ) +
1

2
(m + m2)R

2ϕ̇2 . . .

−(mL + m2L2)Rϕ̇θ̇ cos(θ) +
1

2
(mL2 + m2L

2
2)θ̇

2 . . .

+
1

2
JP θ̇2 +

1

2
JP ϕ̇2 sin2(θ) (2.13)

The potential energy of the mass and the rod of the pendulum can be obtained by
using:

dV = F · dh = mg · dh (2.14)

and hence:

Vpendulum = g(mL + m2L2) cos(θ) + Vpendulum0 (2.15)
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where Vpendulum0 is a constant depending on the zero level chosen for the potential
energy.

Using equations (2.3), (2.4), (2.13) and (2.15) the Lagrangian Function of the system
can now be computed to:

L = Tarm + Tpendulum − Varm − Vpendulum

=
1

2
(mL2 + m2L

2
2 + JP )ϕ̇2 sin2(θ) +

1

2

(

(m + m2)R
2 + J

)

ϕ̇2 . . .

−(mL + m2L2)Rϕ̇θ̇ cos(θ) +
1

2
(mL2 + m2L

2
2 + JP )θ̇2 . . .

−g(mL + m2L2) cos(θ) − Vpendulum0 − Varm0 (2.16)

In order to be able to evaluate equation (2.1) the following derivatives of the La-
grangian function have to be calculated:

∂L

∂ϕ
= 0 (2.17)

∂L

∂θ
= (mL2 + m2L

2
2 + JP )ϕ̇2 sin(θ) cos(θ) . . .

+(mL + m2L2)Rϕ̇θ̇ sin(θ) + g(mL + m2L2) sin(θ) (2.18)

d

dt

(

∂L

∂ϕ̇

)

= (mL2 + m2L
2
2 + JP )ϕ̈ sin2(θ) + 2(mL2 + m2L

2
2 + JP )ϕ̇θ̇ sin(θ) cos(θ) . . .

+
(

(m + m2)R
2 + J

)

ϕ̈ − (mL + m2L2)Rθ̈ cos(θ) . . .

+(mL + m2L2)Rθ̇2 sin(θ) (2.19)

d

dt

(

∂L

∂θ̇

)

= −(mL + m2L2)Rϕ̈ cos(θ) + (ml + m2L2)Rϕ̇θ̇ sin(θ) . . .

+(mL2 + m2L
2
2 + JP )θ̈ (2.20)

The external, non-conservative moments acting on the system are the moment MM

of the motor, the friction moment MF of the motor and the friction moment MF P

of the joint of the pendulum. No external, non-conservative forces are acting on the
system.
The external, non-conservative generalized forces fNP are determined using Jacobi
Matrices. The Jacobi Matrices of rotation IJRarm and RJRpendulum of the two
bodies can be obtained via the rotational velocities of the bodies of the system as
follows:

IΩarm =





ϕ̇
0
0



 =





1 0
0 0
0 0





(

ϕ̇

θ̇

)

thus: IJRarm =





1 0
0 0
0 0



 (2.21)

RΩpendulum =





ϕ̇
0

θ̇



 =





1 0
0 0
0 1





(

ϕ̇

θ̇

)

thus: RJRpendulum =





1 0
0 0
0 1



 (2.22)
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Therefore the external, non-conservative generalized forces fNP are:

fNP = IJR
T
armIM

a
arm + RJR

T
pendulumRMa

pendulum

= IJR
T
arm





0
0

MM − MF



+ RJR
T
pendulum





−MF P

0
0





=

(

MM − MF

−MF P

)

(2.23)

Now the equation of motion can be obtained by inserting equations (2.17) to (2.20)
and (2.23) into equation (2.1):

M(q)

(

ϕ̈

θ̈

)

− h(q) − G(q) = f (2.24)

with:

M(q) =

�
(mL2 + m2L

2
2 + JP ) sin2(θ) + (m + m2)R

2 + J −(mL + m2L2)R cos(θ)
−(mL + m2L2)R cos(θ) (mL2 + m2L

2
2 + JP )

�
h(q) =

�
−2(mL2 + m2L

2
2 + JP )ϕ̇θ̇ sin(θ) cos(θ) − (mL + m2L2)Rθ̇2 sin(θ)

(mL2 + m2L
2
2 + JP )ϕ̇2 sin(θ) cos(θ)

�
G(q) =

�
0

g(mL + m2L2) sin(θ)

�
f =

�
MM − MF

−MF P

�
It can easily be proven that the upright and hanging pendulum position are equi-
librium points of the system by inserting ϕ̇ = θ = θ̇ = 0 and ϕ̇ = θ̇ = 0, θ = π,
respectively, together with MM = MF = MF P = 0.
The two equations can be decoupled with respect to the second derivatives of the
minimal coordinates by applying basic arithmetic operations, yielding:

ϕ̈ =
1

C1(C1 sin2(θ) + C3 + J) − C2
2R2 cos2(θ)

· . . . (2.25)

[

C1

(

− 2C1ϕ̇θ̇ sin(θ) cos(θ) − C2Rθ̇2 sin(θ) + MM − MF

)

. . .

C2R cos(θ)
(

C1ϕ̇
2 sin(θ) cos(θ) + gC2 sin(θ) − MF P

)

]

θ̈ =
1

C1(C1 sin2(θ) + C3 + J) − C2
2R2 cos2(θ)

· . . . (2.26)

[

(

C1 sin2(θ) + C3 + J
)(

C1ϕ̇
2 sin(θ) cos(θ) + gC2 sin(θ) − MF P

)

. . .

C2R cos(θ)
(

− 2C1ϕ̇θ̇ sin(θ) cos(θ) − C2Rθ̇2 sin(θ) + MM − MF

)

]

where the constants C1 = mL2+m2L
2
2+JP , C2 = mL+m2L2 and C3 = (m+m2)R

2

were introduced5.

5By introducing these constants a simpler parametrization for the parameters of the pendulum
was introduced, since the constants collect the parameters of the rod and the mass of the pendulum,
thus combining them in the equations to one rigid body. C1 is the moment of inertia of this body
with respect to the joint between pendulum and arm, while C2 is a constant that is related to the
impulse of the pendulum. C3 is the moment of inertia of the pendulum in the upright or hanging
position with respect to the axis of rotation of the motor.
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The linearization of the system around the upright position of the pendulum (ϕ =
ϕ0, ϕ̇ = θ = θ̇ = 0, MM = MF = MF P = 0) yields the following linearized system:

ẋ = Alinx + Blinu (2.27)

with:

x =

0BB� x1

x2

x3

x4

1CCA =

0BB� ϕ

ϕ̇

θ

θ̇

1CCA (2.28)

Alin =

0BBB� 0 1 0 0

0 0
C2

2Rg

C1(C3+J)−C2
2

R2 0

0 0 0 1

0 0 gC2(C3+J)

C1(C3+J)−C2
2

R2 0

1CCCA (2.29)

u =

�
MM + MF

−MF P

�
(2.30)

Blin =
1

C1(C3 + J) − C2
2R2

0BB� 0 0
C1 C2R

0 0
C2R C3 + J

1CCA (2.31)

2.2.2 Motor of Furuta Pendulum

The Furuta pendulum device at LTH is equipped with an internal voltage con-
troller. It is assumed that the motor behaves like an ideal DC motor and thus
the moment produced by the motor is proportional to the motor current. Further
it is assumed that the internal, analog voltage controller is fast in comparison to
the time constants of the mechanical part of the system. Thus it is assumed that
applied moment is proportional to the voltage delivered to the input sockets of the
pendulum:

MM = KMuc,

where MM is the output moment of the motor, while uc is the voltage delivered to
the socket of the device. The factor KM is the conversion factor between applied
voltage and resulting moment.



Chapter 3

Methods for Implementation

and Evaluation

This chapter aims to provide an overview of the general framework that was used for
the implementation of the friction compensation. Further the conditions and criteria
that were used for the evaluation of simulations and experiments are discussed.

3.1 Implementation of the Friction Compensation

3.1.1 Controller Hardware

For the implementation of the controller and the friction compensation for the pen-
dulum a dSPACE1 system was used. A dSPACE system is combination of soft- and
hardware for real time control. dSPACE systems possess the possibility to generate
real time executable code for control directly from Matlab Simulink2 models and
use this code for the control of a real plant.
After successful simulation the model of the plant in the Simulink simulation can
be replaced by corresponding input and output blocks contained in the dSPACE
Simulink library. The Simulink model can then be used for automatically generat-
ing code to test the control system with real hardware.

The dSPACE system used is a DS1103 with a Power PC PPC 750GX CPU with
1GHz CPU clock. The Board is equipped with 32MB application memory where
the real time programs to be executed are stored.
The Board is mounted in a so called extension box (see figure 3.1) making it easy
to connect the board to different devices and host PC’s with different versions of
the dSPACE software and Matlab.
The board can be connected to the host PC on which the code generation with
Matlab is performed via a bus connection either by using a bus card or a special
PCMCIA card delivered with the system.
Further the connection panel to which the out- and inputs of the plant are connected
is connected to the dSPACE board contained in the extension box (see figure 3.1).

For the experiments the dSPACE system was assembled and the corresponding
hardware and software components were set up appropriately3.

1dSPACE is a trademark of dSPACE GmbH
2Matlab and Simulink are registered trademarks of The MathWorks, Inc..
3The used Matlab release is Matlab 7.1 (R14) SP3 with Simulink 6.3 (R14SP3). The release of

the used dSPACE software is release 5.0.

29
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Figure 3.1: dSPACE extension box and connection panel.

For a collection of remarks and instruction for the setup and operation of the
dSPACE system please refer to corresponding document that is contained in ap-
pendix B.1. A manual for the use of the experiment is contained in appendix B.2.
For further information on the dSPACE system and software please refer to the
dSPACE documentation.

3.1.2 Framework for Friction Compensation

For the implementation of the friction compensation a Simulink model was built.
This model contains input and output blocks to read and write signals from and to
the Furuta pendulum. These blocks can easily be replaced by a model of the plant
for simulating the behavior of the system without hardware in the loop.

For experiments with the real hardware, a discrete time model with Euler solver
(“ode1”) was used.
For simulations a hybrid system approach was used where the propagation of
the states of the pendulum4 was computed with a variable step solver (“ode23s
(Stiff/Mod. Rosenbrock)”), while the controller and the friction compensation were

4Including the model of the friction acting on the device.
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executed with the same fixed step size as in the experiments.
The implementation was carried out quasi-continuous with a fixed step sampling
time of 0.1 10−3 s was chosen.

3.1.3 Control System

Controller for Stabilizing the Pendulum

For the stabilization of the pendulum a linear-quadratic (LQ) controller was ap-
plied. Continuous time, as well as discrete time LQ control was used. Due to the
short sampling time the achieved performances are similar.

The design parameters of the LQ-controller were chosen so that state errors con-
cerning the pendulum (θ, θ̇) are punished harder then errors concerning the arm (ϕ,
ϕ̇). Thus the controller focuses on keeping the pendulum in the upright position in
order to assure stability.

Friction compensation

In order to compensate for the friction effects the friction estimates obtained from
one of the friction models whose implementations are described in sections 3.1.4
and 3.1.5 is added to the control signal computed by the controller:

MM = Mcontroller + FF ,

where:

- MM : Applied control signal.

- Mcontroller: Control momentum demanded by the controller without friction
compensation.

- FF : Estimate of the friction momentum used for friction compensation.

This approach assumes that the friction acting in the real plant acts like an ad-
ditional external forces on the bodies of the system. Thus an accurate friction
estimate would cancel out the influence of friction in the equations of motion.

Velocity estimation

To have an alternative to the built-in velocity reconstruction and to examine the
interplay of velocity observation and friction compensation a high-gain observer was
implemented (see Khalil [10] chapter 14.5) to reconstruct the full system state from
the measurements of the angles ϕ and θ.

The equations for the high-gain observer are:

˙̂x = ẋ0(x̂, u) + H(y − Cx̂)

where:

- x̂: The estimated state.

- ẋ0(x̂, u): The derivative of the state when calculated with the model of the
plant (see equations (2.25) and (2.26)) by inserting the estimated state x̂ and
the applied control signal u.

- H: Observer gain matrix.



Chapter 3. Methods for Implementation and Evaluation 32

- u: Control signal applied to the plant

- C: Output matrix of the system model (conversion of system state to system
output).

- y: Measured output of the real plant.

Further the observer gain matrix is chosen to (again see Khalil [10] chapter 14.5):

H =









α1/ǫ1
α2/ǫ21
β1/ǫ2
β2/ǫ22









Where ǫ1 and ǫ2 are positive constants and α1 > 0, α2 > 0, β1 > 0 and β2 > 0 are
chosen such that the real part of the roots of the polynomials

s2 + α1s + α2 = 0

s2 + β1s + β2 = 0

are negative.

To obtain an observer whose behavior is not explicitly dependent on the friction
estimation method the friction estimation is not used in the model ẋ0(x̂, u) of the
plant implemented in the observer. Thus also the control signal u feed to the ob-
server is the control signal without applied friction compensation.

Further efforts for discretization of the high gain observed were not necessary, since
integration of the observer equations using forward Euler approximation proved to
be stable with the used sample time. However experiments show that for sampling
times of o(10−2 s) or larger, additional effort would have to be done in order to
assure stability.

Signal Filtering

A issue worth noting here is that resonance with the mechanical Structure of the
Furuta pendulum is observed, if the measurements of the velocities supplied by the
pendulum are used for the stabilization of the pendulum. This is due to the excita-
tion of unmodeled high-frequency dynamics of the plant, e.g. due the finite stiffness
of the parts of the pendulum.

Without applied countermeasures the resonance may lead to the situation where
the controller looses the ability to stabilize the pendulum in the upright position.
This Problem can be eluded by filtering the control signal applied to the plant with
a first-order low-pass filter. An example of the resonance behavior is shown in fig-
ure 3.2 when the low-pass filter is turned off a t = 10s. Figure 3.3 shows a close-up
of figure 3.2.

As expected, the tendency to show this resonance behavior increases with faster
controllers. It is likely that the noise in the velocity measurement is responsible for
the excitation of the high-frequency dynamics, since the resonance behavior does
not occur when angular velocities calculated with the help of state observers are
used5.

5Even though noise is removed from the measurements by the observer there is no improvement
in the control behavior since the gains of the observer have to be tuned in order not to transfer
excessive noise into the observed quantities. Therefore delays between the measured and the
observed quantities are introduced and thus the use of fast controllers (fast in relation to the
observer) does not yield big performance improvements.
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Figure 3.2: Resonance with mechanical structure in the measurement of the pendu-
lum angle (top) and the control signal (bottom), when the low-pass filter is switched
of at t = 10s.
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Figure 3.3: Close-up of resonance with mechanical structure in the measurement of
the pendulum angle (top) and the control signal (bottom), when the low-pass filter
is switched of at t = 10s.
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Namely the measurement of θ̇ seems to introduce noise that leads to the resonance
with the mechanical structure, since as an alternative to filtering the control signal
also a filtering of θ̇ with an first-order low-pass filter works to elude the problem.
Not depending on whether the control signal or θ̇ are filtered a low-pass filter with
static gain one and cut-off frequency around 250Hz suffices to suppress the reso-
nance behavior. With increasing operation time the cut-off frequency that is suf-
ficient for suppressing the resonance increases. After long operation even a cut-off
frequency above 1000Hz may suffice to hinder the resonance from occurring.

Swinging Up the Pendulum

For swinging up the pendulum the concept presented in Åström et al. [8] was
adapted for the Furuta pendulum. During the development of the controller for
swing-up perfect parameter knowledge is assumed. Further analysis of the proper-
ties of the resulting controller was not carried out since swinging up the pendulum
is not part of the main focus of this thesis.

The task of swinging up the pendulum can be interpreted as the task of increasing
the sum of potential and rotational energy of the pendulum. The sum of rotational
and potential energy of the pendulum rod and the mass attached to it can be
expressed as:

E =
1

2
C1θ̇

2 + C2g(1 + cos(θ)), (3.1)

where the parameters introduced in chapter 2.2 for modeling the pendulum were
used. The potential energy in equation (3.1) was chosen so it is zero in the hanging
position (i.e. θ = π) of the pendulum.
Note that equation (3.1) is not the energy content of the Furuta pendulum, since
the kinetic energy due to the rotation of the arm of the Furuta pendulum was not
considered.

Derivation of equation (3.1) with respect to time yields:

Ė = C1θ̇θ̈ − C2gθ̇ sin(θ) (3.2)

First a controller is designed that compensates for the influence of the movement
of the pendulum rod on the arm. Setting the equation for the acceleration of the
arm ϕ̈ (equation (2.25)) to zero and solving for the moment applied by the Motor
results in:

MM,comp = 2C1ϕ̇θ̇ sin(θ) cos(θ)+C2Rθ̇
2 sin(θ)−C2Rϕ̇

2 sin(θ) cos2(θ)−g
C2

2

C1
R sin(θ) cos(θ)

(3.3)

Inserting MM = MM,comp + MM,add into the equation for the acceleration of the

pendulum θ̈ (equation (2.26)), where MM,comp is given by equation (3.3) and MM,add

is an additional control input for pumping energy into the system, produces:

θ̈ = ϕ̇
2 sin(θ) cos(θ)+g

C2

C1
sin(θ)+

C2R cos(θ)

C1(C1 sin2(θ) + (m + m2)R2 + J) − C2
2R2 cos2(θ)

MM,add

(3.4)
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Hence inserting equation 3.4 into equation 3.2 the derivative of the energy of the
pendulum is:

Ė = C1θ̇
2θ̇ sin(θ) cos(θ)+

C1C2Rθ̇ cos(θ)

C1(C1 sin2(θ) + (m + m2)R2 + J) − C2
2R2 cos2(θ)

MM,add

(3.5)

The first term of equation (3.5) does not appear in the case of a pendulum with
fixed or linearly moving joint. Considering equation (3.4) it becomes obvious why
this term arises for the Furuta pendulum. The inertia forces in the pendulum due
to the rotation of the arm of the pendulum have, for constant rotational velocity
of the arm, the same influence on the dynamics of the pendulum as a gravity com-
ponent that is acting radially to the arm of the pendulum. If the pendulum would
be located in an environment without gravity (g = 0), only MM,comp is applied and
the rotational velocity of the arm is nonzero (ϕ̇ 6= 0) then the additional term would
cause the creation of two additional stable equilibrium points of θ at θ = ±π/2,
while the equilibrium points at θ = 0 and θ = π are then unstable.

Again assuming perfect parameter knowledge the influence of the additional term
caused by the rotation of the pendulum is eliminated by choosing:

MM,add = −C1(C1 sin2(θ) + (m + m2)R
2 + J) − C2

2R2 cos2(θ)

C2R
ϕ̇2 sin(θ)+MM,pump

(3.6)

As in Åström et al. [8] the Lyapunov function:

V =
1

2
(E − E0)

2 (3.7)

is chosen to develop a control input MM,pump that brings the energy level E to the
value E0. Derivation of equation (3.7) yields:

V̇ = (E − E0)Ė (3.8)

and by choosing:

MM,pump = −klya(E−E0)
θ̇ cos(θ)

C1(C1 sin2(θ) + (m + m2)R2 + J) − C2
2R2 cos2(θ)

, (3.9)

with design constant klya > 0, the derivative of the Lyapunov function becomes:

V̇ = −klya(E−E0)
2C1C2R

(

θ̇ cos(θ)

C1(C1 sin2(θ) + (m + m2)R2 + J) − C2
2R2 cos2(θ)

)2

.

(3.10)

Thus the Lyapunov function tends to zero as t → ∞ and the pendulum reaches
the desired energy level. The speed of convergence can be influenced by the design
parameter klya.

A proportional controller was added to the control signal, to keep the arm of the
pendulum during the swing-up process near the desired reference value. Since this
controller destroys the structure of the energy based controller presented above a
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dead-zone ϕdead around the reference position for the arm of the Furuta pendulum
was defined in which the proportional controller is not active, i.e.:

Mprop =







kprop(ϕref − ϕ − ϕdead) , for (ϕref − ϕ) > ϕdead

kprop(ϕref − ϕ + ϕdead) , for (ϕref − ϕ) < −ϕdead

0 , for |(yref − y)| ≤ ydead

(3.11)

where:

- kprop: Proportional factor of the controller.

- ϕdead: Half of the width of the dead-zone in that the controller is not active.

- ϕref : Reference value for the angle of the arm.

- ϕ: Measure for the actual position of the arm.

The controller was implemented for the Furuta pendulum in the laboratory. The
swinging of the pendulum worked as expected for small values of θ (i.e. small values
of E0). For higher values two problems arise:

1. The measurement of θ from the potentiometer switches when the amplitude
of the oscillation of the pendulum is about π/2. This discontinuity is difficult
to remove from the signal, since the time that is needed for the switching
is considerably long (o(1e − 2 s)) and varies depending on the speed of the
pendulum.

2. At higher oscillation amplitudes (∆θ > π/2) of the pendulum the excitation
of unmodeled high-frequency dynamics increases. Especially oscillations of
the pendulum rod with amplitude radial to the rotation axis of the arm are
significant. This is due to the flexibility of the parts of the pendulum.

3.1.4 Implementation of the LuGre Model

Additionally to the continuous time representation as in equations (1.1)-(1.4) the
following representation as in Freidovich [2] was also implemented:

1

σ0

dz

dt
= ϕ̇ − |ϕ̇|

g(ϕ̇)
z (3.12)

F = z + σ1(v)
1

σ0

dz

dt
+ Fvv (3.13)

g(ϕ̇) =















Fc+ + (Fs+ − Fc+)e−(ϕ̇/vS)2 for ϕ̇ > 0

Fc− + (Fs− − Fc−)e−(ϕ̇/vS)2 for ϕ̇ < 0

1
2

(

lim
ϕ̇→0+

g(ϕ̇) + lim
ϕ̇→0−

g(ϕ̇)

)

for ϕ̇ = 0

(3.14)

σ1(ϕ̇) = σ1e
−(ϕ̇/vd)2 (3.15)

This representation is distinct from the representation presented in equations (1.1)-
(1.4) only in the chosen state variable. It is z(3.12)−(3.15) = σ0z(1.1)−(1.4). Therefore
the state of the friction model in equations (3.12)-(3.15) is in a order of magnitude
that is numerically more favorable, since it reduces the numerical error.
Further equation (3.14) shows the implementation of a function g(ϕ̇) that uses dis-
tinct parameters for positive and negative velocities.
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The LuGre model was discretized as suggested in Freidovich [2] in order to overcome
the discretization problems discussed in this paper. Therefore the state equation of
the LuGre model is written as:

dz

dt
= b(ϕ̇) − a(ϕ̇)z,

with:

- a(ϕ̇) = σ0
|ϕ̇|

g(ϕ̇) .

- b(ϕ̇) = ϕ̇.

Assuming as in Freidovich [2] that the coefficients a(ϕ̇) and b(ϕ̇) are constant during
one sampling period an analytic solution for the propagation of the friction state
can be found.

With this method the resulting equations for the the discretized LuGre model are:

For a 6= 0:

zk+1 = e−akT zk +
bk

ak
(1 − e−akT ) (3.16)

and for a = 0:

zk+1 = bkT + zk (3.17)

with:

- ak = σ0
|ϕ̇k|

g(ϕ̇k) .

- bk = ϕ̇k.

- T : Sampling time.

This discretization scheme was chosen since a discretization of the LuGre model
using Euler approximation leads to instability for abrupt changing reference signals
and the resulting high angular velocities ϕ̇ (see Freidovich [2]). Further this dis-
cretization allows tests with different parameter setups without causing instability.

The discretization scheme works for the tested sampling time of 0.1 · 10−3 s without
problems. The absolute errors in simulations compared to a continuous LuGre
model solved with variable step size are of order of magnitude o(10−7 Nm) and
thus small, while the average relative errors are of o(10−4) and thus only one order
of magnitude larger than the relative tolerance used for the simulation.

3.1.5 Other Friction Models

For comparison of the performance achieved with the LuGre model the Dahl and
the Coulomb friction model were also implemented.

Static Coulomb Friction

The friction compensation via a static Coulomb map is widely used for friction
compensation. The concept can be extended easily so that also the Stribeck effect,
stiction and viscous friction can be considered (see figure 3.4).
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Figure 3.4: Coulomb friction map mapping nonzero velocities v to the corresponding
friction force FF . Shown are the original Coulomb friction map (upper left) and
coulomb friction maps including stiction (upper right), Stribeck effect (lower left)
and viscous friction (lower right).
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The coulomb friction map is not continuous at zero velocity. This is due to that
the Friction force for zero velocity equals the force that is applied to the system.
This shows that, contrary to what can sometimes be found in literature, Coulomb
friction is not only a function of velocity.
Often a regularized Coulomb model is used where the infinite derivative at zero ve-
locity is replaced by a high, but finite derivative. However this modification allows
drift for infinitely small external forces. This contradicts observed friction behavior.

Two different approaches of the Coulomb model were implemented:

1. For zero velocities the stiction force Fs multiplied by the sign of the applied
control force is used for friction compensation if the control signal without
friction compensation is nonzero. The friction compensation uses always the
stiction value Fs at zero velocity if a nonzero control signal is applied, since a
nonzero control signal indicates that the controller is trying to force the arm
of the Furuta pendulum to move, i.e. the control error is nonzero. Thus it
is reasonable to use the stiction force for friction compensation and not the
actual friction estimate given by the demanded control force. The use of the
magnitude of the control signal itself which would be the accurate friction
estimate resulting form the Coulomb map is not useful, since the Coulomb
map is static, i.e. an increase in the control signal results in an instantaneous
increase of the friction force as long as it does not exceed the stiction force Fs

and would result in an algebraic loop.
Further to avoid excessive switching of the friction force two dead-zones,
around zero values for velocity and around zero values for the control sig-
nal, are applied. For absolute values smaller than the threshold of the corre-
sponding dead-zone the velocity or the control signal are assumed to be zero
respectively (see also figure 3.5).

2. The Coulomb model is regularized, i.e. the switching of the friction force at
zero velocity is replaced by a transition of the friction force following a linear
function (see also figure 3.6).

Both of these modifications cause drift for infinitely small velocities. However since
the models are used for friction compensation and the coulomb model is also not
capable of describing dynamic friction behavior (see Olsson [1]) this shortcoming
appears to be of minor importance here.

3.1.6 Dahl Friction Model

The so called Dahl friction model can be viewed as a predecessor of the LuGre
model. It is a simple dynamic friction model described by the equations:

dz

dt
= v

(

1 − σ0

Fc
sgn(v)z

)i

F = σ0z

Thus the Dahl model for the commonly used value i = 1 is a special case of the
LuGre model for the following choices g(v) = Fc and σ1 = 0 in the LuGre model.
The Dahl model is not capable of capturing the Stribeck effect. It can be augmented
with viscous friction analog to the LuGre model.
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Figure 3.5: Definition of dead zone around zero velocity, in order to prevent excessive
switching. The friction force is set to Fs ∗ sgn(v) if the velocity takes values smaller
than the threshold of the dead zone and the control signal exceeds the threshold for
the control signal.
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Figure 3.6: Regularization of the coulomb model for velocities around zero.
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For the Simulation the Dahl friction model was discretized in the same way as the
LuGre model (see section 3.1.4). This yields the same equations as equations (3.16)
and (3.17), but instead with the coefficients:

- ak = σ0
|ϕ̇k|
Fc

.

- bk = ϕ̇k.

3.1.7 Leuven Friction Model

In Swevers et al. [6] and Lampaert et al. [7] the so called Leuven friction model
is described. In the form as in Lampaert et al. [7] the Leuven friction model is a
generalization of the LuGre model.
The Leuven model offers two major improvements to the LuGre model:

1. The Leuven model is able to exhibit hysteresis with non-local memory.

2. The Leuven model offers the possibility to shape the form of the relation
between force and displacement in the presliding regime explicitly.

The Leuven model was not implemented, since the differences of the Leuven model
in comparison with the LuGre model are in the presliding regime. The parameter
identification showed that presliding parameters are hardly measurable with the
sensor equipment of the device and that, judging from the measurement data, no
statements about the shape of the relation between friction force and displacement
in the presliding regime can be made (see chapter 4).

3.2 Evaluation Criteria for Friction Compensation

To be able to asses the performance of different friction compensation approaches
general procedures and experimental conditions are defined in this section.

3.2.1 Experimental Conditions

The following conditions were met during the different experiments:

• Operation State
Since the friction behavior of the system changes significantly with the oper-
ation time6 similar conditions were used for the different tests. Therefore the
pendulum was used for a time interval of at least five minutes before the begin
of the first measurement in order to ensure that the pendulum was close to a
steady state operation condition.

• Controller
The same controller was used for obtaining measurements with different fric-
tion compensation approaches that are to be compared.

• Measurements and Velocity Reconstruction
The same measurements and/or observers for velocity reconstruction were
used for obtaining data with different friction compensation schemes that
are compared. The friction estimates were not used in the dynamics of the
observer, if an observer was applied.

• Begin and End of Evaluation Measurement
The begin of end of the measurements to be used for the evaluation were
triggered in dependence to the reference signal.

6A possible reason for this are e.g. temperature changes in motor and bearings.
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• Angular Position of the Arm for the Measurements
Since the friction behavior of the pendulum varies in dependence of the posi-
tion of the arm7, it was assured that the measurement cycles for the different
compensation schemes started always at similar angular position of the arm.
It had to be taken care of this since the zero position of the arm moves de-
pending on the initialization position.

3.2.2 Benchmark

To be able to compare the different approaches for friction compensation the fol-
lowing reference signals were used:

1. Assessment of positioning accuracy with constant reference
The behavior of the pendulum is recorded for 20 seconds with a constant zero
reference for all angles and angular velocities. This experiment is used to
assess the improvement through the friction compensation scheme in holding
a constant reference. The reduction of limit cycles due to friction can be
evaluated using this reference.

2. Assessment of transient response with step signals
To be able to assess the speed of the control system comprising different
friction compensation schemes, the angular position reference for the arm is
changed in one step by 45 degrees and back with a period time of 10 seconds
(see figure 3.7). The references for the angular velocities and the pendulum
position remain zero.

3. Assessment of reference tracking using chirp signal
To evaluate the improvement of reference tracking with the approach a sinus
signal with linearly increasing frequency (chirp signal) is used as reference for
the arm of the pendulum. The corresponding derivative is used as reference
signal for the angular velocity, while the references for the pendulum remain
zero. The references for the angle of the pendulum arm and the corresponding
velocity are thus, as depicted in figure 3.8, expressed by the equations:

ϕref (t) = A sin(2πf(tc)tc) = A sin(2π(c1tc + c2)tc) (3.18)

ϕ̇ref (tc) = (4πc1tc + 2πc2)A cos(2π(c1tc + c2)tc) (3.19)

where:

- A = π/4: Amplitude of sinus for the angular position reference signal.

- tc: Cycle time, i.e. the time since the start of the test cycle.

- f(tc): Frequency of the chirp signal that is modified as f(tc) = c1tc + c2.
Where c1 = 0.0075 and c2 = 0.

Test runs without friction compensation but the same controller and combination
of measurements and observations were used as benchmarks for the friction com-
pensation schemes.

It should be noted that it is not possible for the pendulum to follow the reference
signals as in 2. and 3. perfectly. The controller has to compromise in these cases
between following the reference signal with the arm and holding the pendulum
upright. However it is assumed that these signals are useful to asses the performance
improvement due to friction compensation since the same reference signals are used
for all friction compensation schemes to be compared.

7Possible reasons for this are e.g. inaccuracies in the bearings of the pendulum and effects that
occur because of the motor winding.



43 3.2. Evaluation Criteria for Friction Compensation

0 5 10 15 20

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

time [s]

ϕ
r
e
f

[r
a
d
]

Figure 3.7: Reference used for the angular position in second test run.
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Figure 3.8: Reference used for the angular position (top) and angular velocity
(below) in third test run.
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3.2.3 Evaluation Method

For the evaluation of the experiments the following error measure was applied:

Q =
1

n

n
∑

i=1

∆xT
i ∆xi, with: ∆xi =









(ϕ − ϕref )
(ϕ̇ − ϕ̇ref )
(θ − θref )

(θ̇ − θ̇ref )









i

, (3.20)

where:

- n: Number of measurement points.

- ϕ, ϕ̇, θ, θ̇: Values of the state variables of the pendulum as delivered by the
Furuta pendulum (velocity reconstruction via built-in analog filter).

- ϕref , ϕ̇ref , θref , θ̇ref : Reference values for the state variables of the pendulum.

The matrix Q is an estimate of the covariance matrix. It contains the least squares
errors of the state variables on the main diagonal and an estimate of the covariance
between the errors in the states in the remaining fields.

Since only the friction in the joint belonging to ϕ is compensated and the LQ-
controller focuses on controlling the angle θ for stabilizing the pendulum, the effect
of the friction compensation can be best observed in ϕ. Therefore for evaluation the
least squares error in ϕ (Q1,1-component) is considered to be the most important
error measure.
The errors in the velocity reconstructions are of minor importance for the evalu-
ation since the obtained velocities are less reliable than the angle measurements.
Further the true velocity errors are connected to the position errors through a pure
differentiator as long corresponding references are used for positions and velocities.

For more than one measurement for the evaluation of the experiment the mean
values of the components of the error measure as in equation (3.20) was used to
assess the performance and the root mean square error:

σ2
u,v =

1

m − 1

m
∑

k=1

(kQu,v − Q̄u,v)2 (3.21)

with:

- σu,v: Sample standard deviation of the Qu,v-component of the error measure

- kQu,v: Qu,v-component of the error measure from the kth measurement

- m: Number of measurements

- Q̄u,v = 1
m

∑m
k=1

kQu,v: Mean value of the Qu,v-component of the error mea-
sure as in equation (3.20) for all measurements

was used to evaluate the scattering of the determined performance indices8 and thus
to give a measure of the significance of differences in the performance indices.

8Since the number of values used to calculate the standard deviation σu,v is not high it cannot
be used to estimate the parameters of a probability distribution. However it can be used to obtain
a measure of the order of magnitude of the variation of the performance indices from different
measurements and thus give an idea of the significance of differences in the error measures.



Chapter 4

Friction Parameters

This chapter documents the estimation of the LuGre friction parameters and the
voltage constant of the Furuta pendulum.

4.1 Estimation of the Voltage Constant

As mentioned above the Furuta pendulum is equipped with a current controller.
Assuming that the dynamics of this internal control loop are fast compared to the
time constants of the process and that the used motor behaves like an ideal DC
motor it can be assumed that the moment applied to the mechanical part of the
Furuta pendulum is proportional to the control voltage supplied to the device. Thus
the control moment can be applied to the plant by scaling the calculated control
momentum with the inverse of the constant that describes the transfer from applied
voltage to applied momentum and delivering the resulting voltage to the socket of
the device.

Considering the mechanical part of the Furuta pendulum device with detached
pendulum the following equation of motion is obtained:

Jarmϕ̈ = MM − MF , (4.1)

where:

- Jarm: Moment of inertia of the arm assembly with respect to its center of
rotation.

- MM : Moment produced by the motor.

- MF : Friction moment.

Applying feedback position control with an proportional controller and assuming
that the friction moment can be modeled by Coulomb friction, equation (4.1) can
be transformed to:

Jarmϕ̈ = KMKp(ϕref − ϕ) − Fcsgn(ϕ̇), (4.2)

with:

- KM : Constant transforming the voltage supplied to the pendulum into the
moment MM applied to the mechanical part of the pendulum.

- Fc: Coulomb friction force.

45
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Figure 4.1: Measurement of the first 5 sec of the step response (step height 1 rad)
for Kp = 0.35 V/rad.

Neglecting the coulomb part Fc of the equation for a moment equation (4.2) results
in the equation of a harmonic oscillator with natural frequency:

ω0 =

√

KMKp

Jarm
.

To consider the effect of the coulomb friction force a half of a period of the motion is
considered since the Coulomb friction force only changes at velocity reversals. Since
equation (4.2) is linear in the half period of the motion where ϕ̇ does not change
its sign, the constant term Fc only adds an offset to the solution of the system. At
velocity reversals the value of the Coulomb friction force and thus also the offset of
the solution jumps. Since the natural frequency of a harmonic oscillator does not
depend on the amplitude of the oscillation the frequency is the same on before and
after the velocity reversal.
Thus on the above mentioned assumptions the voltage constant can be estimated
by measuring the natural frequency of the arm of the Furuta pendulum when pro-
portional control is used.
Figure 4.1 shows an example of a measurement that was made to determine the
natural frequency. The effects of friction are relatively small in the first seconds of
the measurement. For evaluation the dominant frequency in the spectrum of the
measurements was determined via fft (see figure 4.2 for an example). The power
spectra have a pronounced peak making it possible to determine the predominant
frequency component in the measurements.

According to the model of the Furuta pendulum used at the department the moment
of inertia of the arm assembly is Jarm ≈ 0.0014kg m2. The setup is like in the upper
picture in figure 4.3. The voltage constant to be calculated has to serve the purpose
to cancel the influence of KM as depicted in the picture as the bottom of figure 4.3.
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Figure 4.2: Power spectrum of the signal from figure 4.1.

Hence the voltage constant Kuov can be computed as:

Kuov =
1

KM
=

Kp

Jarmω2
0

Since signals delivered to the dSPACE output blocks are normalized and the maxi-
mal output voltage is 10V the voltage constant is multiplied by this factor to make
it platform independent1:

Ku = 10 · Kuov.

Overall nine measurements with different controller gains and initial amplitudes
were taken. The resulting mean for the voltage constant is Ku = 10.96 V/(Nm)
with an estimated variance of 6.2 10−3 (V/Nm)2. For a complete listing of the used
controller parameters please refer to appendix C.3.
The estimated value is thus in good correspondence with value Ku,data = 9.43 V/Nm
from data sheets that is valid for a new motor.

4.2 Estimation of Friction Parameters

This section aims to document the estimation of the LuGre friction parameters of
the arm of the Furuta pendulum. An estimation of the fundamental system pa-
rameters like the masses and moments of inertia of the different bodies was not
carried out again, since reliable estimates of these parameters are available at the
department.

In order to perform measurements to determine the friction parameters the pendu-
lum was detached from the Furuta pendulum. Without the pendulum the device
resembles a motor with an inertia attached to its shaft.

1Of course this factor has also to be recognized while calculating the gain Kp since it contributes
to the gain of the P-controller as depicted in figure 4.3, i.e. it is in series connection with the “real”
compensator gain Kp,model that is defined in the model. Thus Kp = Kp,model∗Ku,est/10V , where
Ku,est is the estimate of the voltage constant used for the measurements.
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Figure 4.3: Arrangement of the gains for the measurement of the natural frequency
(top) and for the implementation of controllers computing the desired torque (bot-
tom). ∆ϕ denotes the control error, U the voltage delivered to the socket of the
Furuta pendulum, MM,cont the desired moment and MM the actual moment deliv-
ered to the mechanical part of the Furuta pendulum.

4.2.1 Estimation of the Friction Forces

To obtain an estimate of the stiction force Fs and the coulomb friction force Fc the
moment of the motor was slowly ramped up and down (see figure 4.4).

The amplitude of the signal was chosen high enough, so macroscopic movement
of the arm starts before the peak moment is reached. The ϕ-positions at which
sticking and breakaway occurs vary, because the friction parameters are distinct
depending on the sign of MM .

The values of Fc and Fs and their variation for the different cycles can be obtained
graphically from the plots if the recorded estimate of the angular velocity as sup-
plied by the Furuta pendulum and the applied moment MM are plotted against
each other (see figures 4.5, 4.6 and 4.7). For each of the three used input signals six
measurements with a length of 120 sec or 240 sec (for period length 40 sec) at a
sampling rate of 0.1 10−3 s were performed. Table 4.1 lists the ranges of the friction
forces that were obtained from the plots2 and the corresponding parameters of the
input signal.

The higher absolute values for the Coulomb force Fc for the smaller amplitude of
the moment is due to the fact that the rate of decrease of the moment is smaller in
this case. With amplitude 0.2 Nm the pendulum reaches a relatively high speed of
rotation and due to the higher rate of decrease of the motor moment the state of
the device is farther apart from the stationary state where the friction and motor
moment equal each other, i.e. where the acceleration ϕ̈ is zero, thus allowing the
applied moment to decrease further until the friction force can dissipate the kinetic
energy contained in the arm. Thus the absolute values for Fc with higher period
time are is in most cases higher than the values for smaller period times.

2The values were determined manually by observation of the figures and estimating when the
measurements leave zero velocity. The applied method seems appropriate to the author, since the
measured forces for breakaway and sticking vary for different measurements and the determined
forces can anyway only be an indicator of the approximate magnitude of the friction forces.
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Figure 4.4: Input signal used for determining the friction forces Fc and Fs.

Table 4.1: Ranges for the friction forces Fc and Fs that were obtained from fig-
ures 4.5, 4.6 and 4.7 respectively.

Period
time

max(|MM |)
[Nm]

sgn(MM ) Friction
force

Lower bound
[Nm]

Upper bound
[Nm]

20 s ≈ 0.026 1 Fs 0.0153 0.0211
Fc 0.0109 0.0141

−1 Fs −0.0192 −0.0134
Fc −0.0111 −0.0089

≈ 0.023 1 Fs 0.0156 0.0217
Fc 0.0134 0.0153

−1 Fs −0.0192 −0.0143
Fc −0.0128 −0.0105

40 s ≈ 0.023 1 Fs 0.0153 0.0224
Fc 0.0134 0.0160

−1 Fs −0.0211 −0.0141
Fc −0.0141 −0.0121

Remark: The exact values of MM are known, but due to the subsequent estimation
of the voltage constant not round.
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Figure 4.5: Plot of applied motor moment versus rotational speed of the arm for
an input signal as in figure 4.4 with amplitude 0.2 Nm and period time 20 s (The
data was downsampled with a factor of 25 to keep the file size acceptable).

Further the measurements show the dependency of the breakaway force on the rate
of increase of the motor moment. The minimal breakaway force is lower if the rate
of increase of the Motor moment is higher.

Further it becomes obvious from figures 4.5 to 4.7 that the friction forces vary
depending on the position of the arm ϕ and/or the operation conditions. The
figures show that the break away force is not clearly defined, but rather break away
occurs in an interval for the applied force (see table 4.1). For forces within this
interval it can occur that the arm breaks away temporarily, then reaches an area
with higher friction force and sticks again.
No systematic variation of the friction forces depending on the angle ϕ could be
determined. Thus the estimated friction forces can only be mean values of the
actual forces for different arm positions.

4.2.2 Estimation of the Viscous Friction Coefficients

For the estimation of the viscous friction coefficient Fv constant motor moments
were applied to the device. The angular velocity ϕ̇ of the arm at steady-state and
the applied motor moment MM are recorded over several turns of the arm around
its axis of rotation with a sampling rate of 0.1 10−3 s. A straight line is fit to the
data points made up by the mean values of ϕ̇ for the individual measurement series
and the applied torques. For this purpose the built-in Matlab function “fminsearch”
is used.
The used performance index Lls,σ̂ϕ̇

is a least squares error measure that is obtained
by weighting the errors at the data points with the inverse of the root mean error
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Figure 4.6: Plot of applied motor moment versus rotational speed of the arm for
an input signal as in figure 4.4 with amplitude 0.18 Nm and period time 20 s (The
data was downsampled with a factor of 25 to keep the file size acceptable).

of the arm angle ϕ:

Lls,σ̂ϕ̇
=

n
∑

i=0

1
iσ̂ϕ̇

2 (iMM − (a1 + a2
iµϕ̇))2, (4.3)

with:

iσ̂2
ϕ̇ =

1

m − 1

m
∑

k=1

(i,kϕ̇ − iµϕ̇)2, (4.4)

iµϕ̇ =
1

k

m
∑

k=1

i,kϕ̇, (4.5)

where:

- n: Number of data points (iMM i,
iµϕ

i) for optimization.

- iMM : Moment of the motor applied in the ith measurement.

- a1, a2: Parameters to be optimized. a1 resembles the Coulomb friction force
Fc, while a2 resembles the viscous friction coefficient Fv.

- iµϕ̇: Mean value of the measured arm velocity ϕ̇ for the ith measurement.

- iσ̂ϕ̇: Sample standard deviation (root mean error).

- i,kϕ̇: kth data point of the ith measurement.

- m: Number of data points per measurement, i.e. measured values of ϕ̇.
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Figure 4.7: Plot of applied motor moment versus rotational speed of the arm for
an input signal as in figure 4.4 with amplitude 0.18 Nm and period time 40 s (The
data was downsampled with a factor of 25 to keep the file size acceptable).

Table 4.2: Resulting parameter values from the optimization of Fv as described in
section 4.2.2.

sgn(MM ) Fc [Nm] Fv [Nm/(m/s)]
1 0.0218 0.00023

-1 −0.0202 0.00022

The weighting with the sample standard deviation favors measurements where the
rotational speed stayes closer to the mean value. Assuming a correct model struc-
ture (e.g. assuming that Fs, Fc and Fv are constants) these measurements appear
to be more accurate. However in the present case the differences to an optimization
with an traditional least squares performance index are negligible given the used
accuracy. This indicates similar sample standard deviations for the different mea-
surements.
As start values for the optimization the mean values of the friction forces Fc that
were determined in section 4.2.1 were used for a1, whereas the guess 0.01 was used
as initial value for a2.

Figure 4.8 show the data points and the resulting fit for positive velocities, while
figure 4.9 is the corresponding plot for negative velocities. The parameter values
that result from the optimization are listed in table 4.2.

The estimated viscous friction is negligible small. Note that considering the viscous
friction coefficients of Fv ≈ 0.0002 Nm/(m/s) an angular velocity of ϕ̇ ≈ 75 rad/s
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Figure 4.8: Data points and corresponding fit for positive values of the motor
moment MM with performance index as in equation (4.3).
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Figure 4.9: Data points and corresponding fit for negative values of the motor
moment MM with performance index as in equation (4.3).
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would be needed to produce a viscous friction force that is approximately of the
same value as the coulomb friction (Fc ≈ 0.015Nm).

Note that the values for Fc as in table 4.2 are much higher than the values estimated
in section 4.2.1. When increasing the applied motor momentum manually the values
as estimated in chapter 4.2.1 appear to be more realistic. However the values of the
friction forces vary depending on the position of the arm and operation conditions
like operation time, wear, temperature, etc.. Another reason for the disagreement
are structural differences between the LuGre model and the friction behavior of the
plant.

4.2.3 Estimation of the Stiffness σ0

For the estimation of the stiffness σ0 of the LuGre model the motor moment MM

was ramped up slowly to a value lower than the stiction force Fs, so that no large
scale movement of the arm occurs. The input signal is ramped up from zero to a
maximum value3 of MM ≈ 0.018 Nm in 20 sec. Measurements are performed in
different positions of the arm and for positive and negative values of the moment
MM .

Again using the built-in Matlab function “fminsearch” the least squares error be-
tween the measurements of ϕ and a straight line is minimized. The results that are
obtained for the different measurements are displayed in figure 4.10.
The mean of the inverse of all estimated stiffnesses that were depicted in figure 4.10
is 1/σ̄0 = 2.98 10−3N what corresponds to σ̄0 = 3.36 102N . The corresponding
sample standard deviation (see equation (4.4)), is σ̂1/σ0

= 4.23 10−3 N . Thus
the root mean error is one size of magnitude larger than the absolute value. This
indicates that due to the proposed method, the measurement equipment or the
unsuitability of the model structure a clear determination of σ0 is not possible.
However the analysis presented can be used to give a lower bound on the stiffness
σ0. Examining figure 4.10 it is likely that 1/σ0 < 1 10−3 m/Nm and therefore
σ0 > 1000 Nm/m.

The big variance of the estimate of the stiffness of the LuGre model becomes more
clear if the measurements from the Furuta pendulum are examined more closely.
The quantization of the signals from the encoder is of order of magnitude o(10−4).
Since the friction moments are o(10−2) and the LuGre model has a spring like
behavior in the presliding regime only stiffnesses smaller than o(102) are measurable
with the used encoder. This is exactly the order of magnitude of the lower bound
obtained above.
The lower bound for σ0 as determined above is used since it seems not useful to use
values for this parameter that are significantly higher than what is observable from
measurements.

4.2.4 Estimation of Static Parameters

Further an attempt was made to estimate all parameters that determine the sta-
tic behavior of the LuGre model in the sliding regime, i.e. Fs, Fc, vs and Fv, at once.

A fast PI-Controller was used to control the angular velocity ϕ̇ of the arm to a
constant reference.

3The exact maximum value of MM is known but due to subsequent estimation of the voltage
constant not round.
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Figure 4.10: Resulting inverse of the Stiffness 1/σ0 from the optimization. The first
24 values were obtained with measurements with a positive ramp for MM , while the
second 24 values originate from optimization using measurements with a negative
ramp for MM . In each of these groups the first six measurements were performed
near the back position of the arm (arm toward wall). The second six measurements
were taken near the front position of the arm (arm toward glass wall), near the left
position of the arm and right position of the arm (displayed in the figure in this
order).
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After giving the controller time to control the system near the desired velocity ref-
erence the velocity estimated and applied control moment are recorded.
For small reference velocities (vref < 0.1 m/s) six measurements with a length of
20 s and a sampling time of 0.1 10−3 s in different positions of the arm were taken
for each velocity. For bigger reference velocities (vref ≥ 0.1 m/s) three measure-
ments were taken for every velocity while the length of the measurement was chosen
so the arm makes at least one full turn of 360◦.

For a constant velocity the LuGre model reaches the following steady-state4:

ż = ϕ̇ − σ0
|ϕ̇|

g(ϕ̇)
ż ≡ 0 with ϕ̇ 6= 0

⇒ z =
g(ϕ̇)

σ0
sgn(ϕ̇) (4.6)

(4.7)

By using equation (1.3) this yields the following expression for the steady-state
friction force:

F = g(ϕ̇)sgn(ϕ̇) + Fvϕ̇ (4.8)

where:

g(ϕ̇) = Fc + (Fs − Fc)e
−(ϕ̇/vs)2

Thus the parameters Fs, Fc, vs and Fv can theoretically be estimated with the help
of measurements of the steady state velocity ϕ̇ and friction moment F . For this
purpose the Matlab function “fminsearch” with the same performance index as in
equation (4.3) is used.

To obtain data points for the estimation of the parameters the mean of the mea-
sured values for ϕ̇ and F is calculated for every measurement.
Figure 4.11 shows the measurements for positive angular velocities of the arm while
figure 4.12 is the corresponding plot for negative arm velocities. The values scatter
for small velocity values and no distinct Stribeck effect can be observed in the mea-
surements. While some measurements suggest an increase in the friction moment
for small velocities as suggested by the Stribeck effect others suggest a decrease.

The scattering of the obtained values for small velocities may have several reasons.
The limited resolution of the encoder prohibits accurate measurements and control
for very small velocities. The controller could also be to slow to compensate for the
fast friction dynamics and thus lead to stick-slip motion. Further the variation of the
friction parameters in dependence of the arm position ϕ is a possible reason. Local
maxima in the friction forces could cause the strong variance of the measurements
for slow velocities, where the measurements only cover a small angle range ∆ϕ.

4.2.5 Chosen Parameter Values

The parameters that could not be determined through parameter estimation were
tuned by hand. Table 4.3 lists the parameters of the LuGre model, the chosen
values and a brief explanation how and why these values were chosen.

4Since the original LuGre model is continuous this state is theoretically reached after infinite
time. However it is assumed that the velocity remained constant for a sufficiently long time so the
state of the LuGre model is sufficiently close to the steady-state value.
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Figure 4.11: Example of data points resulting from measurements as described in
section 4.2.4 for positive reference velocities.
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Figure 4.12: Example of data points resulting from measurements as described in
section 4.2.4 for negative reference velocities.



Chapter 4. Friction Parameters 58

Table 4.3: Chosen parameter values
Parameter Value Explanation
Fcpos 1.4 10−2 Nm Average of the values from parameter

estimation (see table 4.1).
Fspos 1.9 10−2 Nm Average of the values from parameter

estimation (see table 4.1).
Fcneg 1.2 10−2 Nm Average of the values from parameter

estimation (see table 4.1).
Fsneg 1.7 10−2 Nm Average of the values from parameter

estimation (see table 4.1).
Fvpos 2.3 10−4 Nm/(m/s) As determined in section 4.2.2 (see ta-

ble 4.2.2).
Fsneg 2.2 10−4 Nm/(m/s) As determined in section 4.2.2 (see ta-

ble 4.2.2).
vs 0.04 m/s Tuned by hand (see also chapter 6.1.3).
σ0 3.4 102 Nm/m Value from section 4.2.3. See also chap-

ter 6.1.4.
σ1 1 Nm/(m/s) Tuned by hand (see also chapter 6.1.5).
vd 0.006 m/s Tuned by hand (see also chapter 6.1.5).

Note that these parameters result in a violation of the passivity condition for the
LuGre model as derived by Barabanov and Ortega [5] (see equation (1.5)) for small
velocities.

4.3 Origins of Friction and Influence on Parameter

Estimation

The friction of the pendulum seems to depend on the position ϕ of the motor arm.
This is due to inaccuracies in the elements causing the friction.
For example a major part of the friction is caused by the slip rings that transmit the
measurements of the pendulum angle θ to the base of the pendulum (see figure 4.13).
The friction reduces significantly when the cantilevers resting on the slip rings are
lifted. When examining the slip rings more closely the surface seems to be rather
rough and pitted. Further the rings are dirty due to dust resulting from the wear
between slip rings and cantilever. Thus these rings cannot be kept in a state where
the friction parameters are constant in ϕ and time, since the macroscopic variations
in the surface properties over time and space cause the friction parameters to change.

This illustrates the problems arising when trying to identify the parameters of the
LuGre model, since some parameters are hardly - if at all - measurable and in
addition dependent on time, wear, position, temperature and other environmental
factors.
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Figure 4.13: Slip rings for the transmission of the measurements of θ.
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Chapter 5

Simulation of Friction

Compensation

This chapter intends to document the observations concerning the friction compen-
sation that were made while running simulations in Matlab Simulink.

When running simulations with friction compensation a friction model for the plant
has to be chosen. Therefore it is not possible to compare different schemes for fric-
tion compensation since the model that is also used in the plant for the simulation of
the friction effects will outperform other models for friction compensation. However
simulations can be used to explore problems that can occur with the tested friction
models and to evaluate the theoretical performance of the friction compensation.

5.1 Friction Compensation with the LuGre Model

5.1.1 Simulation Setup

For the following examination the friction of the plant was assumed to have a struc-
ture of the LuGre friction model as in equations (1.1)-(1.4). The friction model in
the plant is a continuous LuGre model and is solved with variable step size.
The choice of the solver has critical influence on the quality of the solution, since
numerical problems arise with some of the built-in Simulink solvers. Due to the fast
friction dynamics the use of solvers for stiff systems is reasonable. The best results
concerning numerical accuracy and execution speed are achieved with the Simulink
solver “ode23s (Stiff/Mod. Rosenbrock)” and therefore this solver was chosen. For
simulations it is advantageous to specify the minimum step size and tolerance man-
ually to prevent the solver from getting stuck at zero velocity crossings.

For friction compensation the discretization as in equations (3.16) and (3.17) was
used on the assumption of perfect knowledge of the friction parameters.
The used simulation setup thus forms a hybrid system with the model of the plant
and the friction model of the plant being solved with variable step size, while the
control signal and friction compensation being computed at discrete time with a
sampling time of 0.1 10−3 s.

For the simulation an initial control error of 0.1 rad for θ is used in order to excite
limit cycles and to show transient behavior.

61
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For the experiments where velocity reconstructions from the high-gain observer (see
chapter 3.1.3) are used the gains of the observer have to be tuned in a way that the
delay of the state estimates is sufficiently small to ensure that the friction compen-
sation can work.
As mentioned before the LuGre model exhibits strong elements of spring like be-
havior in the presliding regime. The period time of a linear spring with the stiffness
of the LuGre model and the inertia of the pendulum including pendulum rod in the
upright position is:

Tspring,lin =
2π

ω
= 2π

√

Jpmot

σ0
= o(10−2 s)

where:

- Jpmot = o(10−3) kg m2: Moment of inertia of the arm assembly and the
pendulum in the upright position with respect to the axis of rotation of the
arm.

- σ0 = o(102) Nm/m: Stiffness of the LuGre model.

Justified by the spring like behavior of the LuGre model in the stiction regime this
period time can be used to obtain an estimation of an acceptable order of magnitude
of the observer delays. In simulation and experiments good results were obtained
when choosing ǫ1 = ǫ2 = 1 10−2 and pole location −1 for the polynomials for the
observer design (see chapter 3.1.3). The resulting delays are two orders of mag-
nitude smaller than Tspring,lin and therefore also for experiments with increased
stiffness σ0 sufficiently small.

These design parameter for the observer were tuned manually in experiments with
the real plant. Slower observers yield worse control performance in experiments,
while faster observers propagate to much of the measurement noise into the ob-
served states and therefore also reduce the control performance. No improvement
could be obtained by variation of the location of the poles.

To test the convergence and the influence of the peaking behavior of the observer
(see Khalil [10] chapter 14.5) the initial values of the observer are chosen resulting
in an initial observation error of −0.1 rad for θ.

For a complete listing of the used parameters please refer to appendix C.2.

5.1.2 Compensation Using LuGre Friction Model

State Feedback

Figure 5.1 shows the resulting limit cycle for constant zero reference when state
feedback is used in the controller without friction compensation. Figure 5.2 shows
the same setup, but with friction estimate added to the control signal. As expected
the limit cycle due to friction is eliminated when the LuGre friction estimate is added
to the control signal. The remaining control errors lie in the order of magnitude of
the tolerance of the simulation. Also for other reference signals the performance of
the control system controlling a plant without friction can be recovered.
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Figure 5.1: Simulated behavior of the arm angle ϕ without friction compensation
for constant zero reference and state feedback.
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Figure 5.2: Simulated behavior of the arm angle ϕ with LuGre friction compensation
for constant zero reference and state feedback.
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Figure 5.3: Simulated behavior of the arm angle ϕ without friction compensation
for constant zero reference and output feedback.

Observer Feedback

To assess the influence of velocity estimation on the performance of the friction
compensation the same simulations as in section 5.1.2 were run while using velocity
reconstructions via high-gain observer.

Figures 5.3 and 5.4 are the to figures 5.1 and 5.2 corresponding figures, with state
estimates from the high-gain observer. The initial deviation is bigger compared to
the state feedback case mostly due to the initial state observation error.
The use of the observer has mostly deteriorating influence on the performance of
the controller, since the amplitude of the limit cycle without friction compensation
increased due to the use of the velocity estimates. The performance of the friction
compensation is not significantly affected because of the use of the observer (com-
pare figures 5.2 and 5.4).
Again the same statements apply for the use of other, not constant reference signals.

5.1.3 Closed-Loop LuGre Friction Observers

The state equation of the LuGre friction model can be augmented by a friction
observer gain K:

dz

dt
= ϕ̇ − |ϕ̇|

g(ϕ̇)
z + K (5.1)

Thus the friction compensation using the LuGre model as presented above can be
interpreted as an open-loop friction observer.



65 5.1. Friction Compensation with the LuGre Model

0 5 10 15 20
−0.4

−0.2

0

0.2
ϕ

[r
a
d
]

time [s]

Figure 5.4: Simulated behavior of the arm angle ϕ with LuGre friction compensation
for constant zero reference and output feedback.

Closed-Loop Friction Observer based on Shiriaev [4]

In Shiriaev [4] the following friction observer gain K is proposed:

K = −σ0

ρ

(

1 + σ1
|ϕ̇|

g(ϕ̇)

)

y (5.2)

with:

- ρ: Design constant of the friction observer.

- y: Output of the control plant. In the case of the Furuta pendulum y = ϕ − ϕref

is the simplest choice.

For passive systems, on the assumption of perfect knowledge of the friction parame-
ters and an assumed structure of the friction in the physical system according to the
LuGre model (equations (1.1)-(1.4)), it is shown in Shiriaev [4] that the estimated
friction state converges to the internal friction state of the control plant when the ve-
locity ϕ̇ is non-zero at at least one point in time, when K is chosen as in equation 5.2.

However the proof presented in Shiriaev [4] is not valid here, since the choice of
y = ϕ−ϕref violates the assumption of zero-state detectability made in the paper.
This problem arises due to the under-actuated nature of the Furuta pendulum. The
plant has only one control input that is used to control the two minimal coordinates
(ϕ and θ) that are needed to describe the kinematics of the pendulum.
This did not pose a problem in the example in Shiriaev [4] where the task was the
stabilization of the limit cycle for a inertia wheel pendulum, since the interest lay
only in the control of the pendulum angle. Therefore it was sufficient to show that
the velocity of the inertia wheel is bounded.
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Figure 5.5: Simulated behavior of the Furuta pendulum and control signal with
applied friction observer 1 for constant zero reference and output feedback.

For the Furuta pendulum the situation is different, because the task is to control
the angle of the pendulum as well as the angle of the arm to a desired reference.

In the evaluation of the friction compensation the term “friction observer 1” will be
used to refer to the friction observer gain given by equation (5.2). The parameter
ρ was tuned by hand so the influence of the friction observer on the control perfor-
mance becomes obvious.

Figure 5.5 shows the behavior of arm angle ϕ when LuGre friction observer 1 is used.
The use of the observer worsens the situation. This behavior occurs because the
output y used in the observer is not zero-state-detectable and is further discussed
in chapter 6.2.2.

Closed-Loop Friction Observer based on Freidovich [2]

Freidovich [2] proposes an observer gain K as follows:

K = −σ0

ρ

(

1 + σ1
| ˙̂ϕ|

g( ˙̂ϕ)

)

((ϕ − ϕref ) + ρ2(ϕ̇ − ϕ̇ref )) (5.3)

with:

- ρ, ρ2: Design constants of friction observer.

- ˙̂ϕ: Estimate of the velocity ϕ̇ of the arm.

The proof of convergence presented in Freidovich [2] is based on a particular con-
troller design distinct from the LQ-controller used in this thesis and therefore not
applicable in the given situation.
Experiments with the observer gain as in equation (5.3) will be made since the
structure is similar to the approach of equation (5.2).
For the evaluation the term “friction observer 2” will be used to refer to the friction
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Figure 5.6: Q1,1-component of the error measure as defined in chapter 3.2.3 from
simulation for constant zero reference using state feedback.

observer gain as in equation (5.3). The design parameters ρ and ρ2 were tuned by
hand.
Qualitatively the same behavior as in figure 5.5 can be observed with friction ob-
server 2.

5.1.4 Quantitative Evaluation

Figure 5.6 shows the Q1,1-component of the performance index as defined in chap-
ter 3.2.3. It can be seen that the error measure is sigificantly reduced through
friction compensation.
The remaining values for bar 1 and 2 are mostly due the initial error of 0.1 rad for
the pendulum angle θ.

The performance using state feedback is, as expected, better than using the ob-
server. This is especially evident without friction compensation, since friction is
not considered in the model of the plant implemented in the observer. Therefore
the error introduced through observation in that case is mostly due to the mismatch
between the model of the real plant comprising friction and the model in the ob-
server without friction.
Only in case of friction observer 2 the control system using output feedback slightly
surpasses the control system with state feedback. This is likely a result of the im-
plementation of the friction observer being actually designed for a different kind of
control system. No particular reason could be found for this phenomenon.

As expected considering figure 5.5 and the statements made above the performance
indices using the closed-loop friction observers are higher than with open-loop fric-
tion compensation. The reasons for this is further discussed in the evaluation of the
experiments in chapter 6.2.2.
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Figure 5.7: Q1,1-component of the error measure as defined in chapter 3.2.3 from
simulation for step reference (see chapter 3.2) using state feedback.

Figures 5.7 and 5.8 are the to figure 5.6 corresponding plots for the step and the
chirp reference signal.
The same statements as made above for the constant zero reference apply.
In these plots the performance indices for all tested friction compensation schemes
are bigger due to the control errors that arise because the signals are not traceable.
In figures 5.7 and 5.8 the bar for friction observer 2 with state feedback is missing
since this setup with the parameters tuned in experiments resulted in instability in
simulations when state feedback was used. No problems concerning stability arouse
with all of the implemented compensator in experiments and when output feedback
with high-gain observer was used in simulations.

Note that the performance with all tested friction compensators surpasses the per-
formance achieved without friction compensation.

5.2 Influence of Velocity Dependent Damping

Concluding this chapter an interesting property of the LuGre model concerning the
factor σ1 is mentioned. The influence of the “damping” factor σ1 is discussed fur-
ther in chapter 6.1.5.

A friction model should be passive since it can be intuitively expected that friction
dissipates energy. As proven on p.56f in Olsson [1] the state-equation of the LuGre
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Figure 5.8: Q1,1-component of the error measure as defined in chapter 3.2.3 from
simulation for chirp reference (see chapter 3.2) using state feedback.

model is dissipative if the damping σ1(v) fulfills the condition:

0 ≤ σ1(v) ≤ 4σ0g(v)

|v| .

In order to be able to fulfill this condition for arbitrary velocities v a velocity vari-
able damping σ1(v) was introduced. Olsson [1] suggests σ1(v) = σ1e

−(v/vd)2 .
Another reason for the introduction of the velocity dependent damping as men-
tioned above is that, using constant σ1, over- and undershoots of the LuGre friction
force can occur e.g. after break away and at velocity reversals that can be reduced
by tuning the constant vd. The cause of this over- and undershoots is the rapid
change of the friction state z during break away and velocity reversals. Velocity
dependent damping can elude this problem since the influence of the derivative dz

dt
on the friction force can be influenced by tuning the the parameter vd.

However the introduction of a velocity dependent damping σ1(v) according to equa-
tion (1.4) as suggested in Olsson [1] can also have a deteriorating effect on the quality
of the friction estimate. Figures 5.9, 5.10, 5.11 and 5.12 show the friction force that
is produced by the LuGre model with variable damping according to equations (1.1)
to (1.4) with the parameters shown in table 5.1 when the velocity input to the LuGre
model is ramped up from v = −0.5m/s with a slope of a = 0.25m/s2 for different
values of vd.

When the parameter vd is tuned that the friction force does not overshoot the de-
sired maximum value of the friction force given by Fs = 0.4N the friction force
shows an undesired behavior, since it is does not decline monotonous after the peak
value is reached. This occurs because the contribution of the damping term σ1(v)dz

dt
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Table 5.1: Parameters of the LuGre model used to create figures 5.9, 5.10, 5.11
and 5.12.

Parameter Value Unit
σ0 1 · 105 Nm/m
σ1 2

√
σ0 ≈ 632.46 Nm/(m/s)

Fv 0 Ns/m
Fc 0.2 N
Fs 0.4 N
vs 0.01 m/s
vd 0.0015 to 2000 m/s
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Figure 5.9: Friction force resulting from LuGre model with vd = 2000.

to the friction force declines faster due to the fast decline of σ1(v) than the static
part σ0z increases to compensate for the decline in the contribution of the damping
term. This becomes obvious by comparing figure 5.13, which shows the course of
the static and damping term for vd = 2000, with figure 5.14, which is the corre-
sponding figure for vd = 0.15 · vs.

The behavior described above can be influenced by changing equation (1.4), as
already suggested in Olsson [1] to:

σ1(v) = σ1e
−(|v/vd|)

δd
(5.4)

and tuning the parameter δd. But since the friction model is dynamic it remains
questionable if the observed behavior can be eliminated for arbitrary slopes of the
input velocity.
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Figure 5.10: Friction force resulting from LuGre model with vd = 0.2 · vs.
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Figure 5.11: Friction force resulting from LuGre model with vd = 0.175 · vs.
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Figure 5.12: Friction force resulting from LuGre model with vd = 0.15 · vs.
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Figure 5.13: Contribution of static term (σ0z) and damping term (σ1(v)dz
dt ) to

friction force for vd = 2000.
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Figure 5.14: Contribution of static term (σ0z) and damping term (σ1(v)dz
dt ) to

friction force for vd = 0.15 · vs.
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Chapter 6

Experiments with Friction

Compensation

The following chapter documents the results obtained while experimenting with fric-
tion compensation with the Furuta pendulum. For the implementation of the fric-
tion compensation the model of the Furuta pendulum is removed from the Simulink
model used for the simulations and replaced by analog input and output blocks from
the dSPACE library in Simulink.

6.1 Influence of LuGre Friction Parameters on the

Friction Compensation

This section documents the influence of the different parameters of the LuGre model
on the performance of the friction compensation. The performance is assessed with
hardware in the loop. For an examination of the influence of the parameters of the
LuGre model in simulation the reader may refer to Olsson [1].
The experiments were carried out with the parameter settings as described in ta-
ble C.2 in appendix C.2, unless other settings are indicated explicitly. For friction
compensation a LuGre model as described by equations (3.12) to (3.15), discretized
according to Freidovich [2] (see equations (3.16) and (3.17)), was used.

6.1.1 Influence of the Friction Forces

The friction forces Fc and Fs are the parameters with the biggest influence on the
performance of the friction compensation.
Choosing the friction forces too big leads to overcompensation and finally to a sit-
uation were the controller looses the capability to stabilize the pendulum. Whereas
the performance increase due to friction compensation is smaller if the friction forces
are chosen too small.

Figure 6.1 shows the course of the arm position ϕ for a constant zero reference for
three different settings of the friction forces. The first plot shows the behavior of
ϕ when the nominal friction forces from the parameter identification are used (see
table 4.3 on page 58). The second and third plots show the corresponding behavior
when the friction forces are increased and decreased by 30% respectively, while the
fourth plot is the corresponding figure without friction compensation.

75
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The chosen reference is suitable for illustrating the influence of the friction forces
since the limit cycle that occurs with constant zero reference causes frequent veloc-
ity reversals and therefore the influence of the stiction force Fs is visible. However
a potential decrease in robustness can be observed better with bigger control errors
and time varying references.

For smaller values of the friction forces the friction compensation works less efficient
than for the nominal values, since the additional term of the friction compensation
in the control signal does not suffice to compensate the friction effects. Further the
frequency of the corresponding limit cycle is reduced.
For an increase of the friction forces the frequency of the limit cycle increases, while
its amplitude remains the same or even decreases slightly. A reduction of the ampli-
tude of the limit cycle due to an increase of the friction forces is possible due to two
reasons. First the estimated friction forces are mean values for different positions of
the arm and thus higher friction parameters can lead to performance improvements
for some particular positions of the arm, while, using the same parameters, friction
would already be overcompensated for other positions of the arm. Second the rate
of increase of the moment used to identify the friction forces causes the state of the
LuGre friction model not to reach steady-state. Since the break away forces are
rate dependent this can lead to the estimation of friction forces that are lower than
the actual values.

However care has to be taken when exploiting possible performance improvements
due to higher friction forces than the estimated values, since higher friction forces
can lead to overcompensation of friction and can thus reduce the stability margin of
the system. Also the strong increase of the frequency for the increased friction force
observed in the experiments can be seen as a sign of beginning overcompensation
of the friction. Considering the variation of the friction forces due to the position
of the arm and the operation conditions the used conservative approach seems ap-
propriate to the author.

6.1.2 Influence of the Viscous Friction Coefficients

The viscous friction coefficient Fv influences the friction estimate only for nonzero
velocities. Therefore the influence was assessed using non-constant reference sig-
nals, namely a sinusoidal signal.
An influence on the performance of the friction compensation when the viscous fric-
tion parameters deviate from their nominal values is not noticeable.
The main reason for this is that the viscous friction parameters determined for the
Furuta pendulum are small compared to the friction forces Fc and Fs (see chap-
ter 4.2.2).

Figure 6.2 shows the behavior of ϕ for different values of the viscous friction coeffi-
cients with a sinusoidal reference with amplitude 0.4 rad and frequency 0.2 Hz and
a corresponding reference for the the speed of the arm, while the references for the
pendulum remain zero (θref = θ̇ref = 0). No significant differences are noticeable.
The deviation from the desired reference occur mostly because zero references are
used for the states of the pendulum and thus the used reference is not traceable
without error.
Effects of overcompensation of the viscous friction are only visible if the viscous
friction coefficients are increased by two orders of magnitude or more.
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Figure 6.1: Behavior of the arm position ϕ with friction compensation with nominal
parameter values (first plot), with 30% increased (second plot) and 30% decreased
(third plot) parameter values. The fourth plot shows the behavior without friction
compensation.
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Figure 6.2: Behavior of the arm position ϕ following a sinusoidal reference with
amplitude 2 rad and frequency 0.2 Hz for nominal values for Fv (first plot), 100%
increased values for Fv (second plot) and without viscous friction (third plot).
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6.1.3 Influence of the Stribeck Velocity vs

For small Stribeck velocities (vs < o(10−2 m/s)) the Stribeck effect is hardly visi-
ble in the friction estimation. This is due to the limited velocity resolution of the
encoder and the high noise in the measurements of the arm angle ϕ and velocity ϕ̇.
The quantization of the velocity reconstructions for ϕ̇ from the analog filter of the
device due to the encoder is of o(10−3 rad/s). Thus considering noise and quanti-
zation error a measurement accuracy of o(10−2 m/s) or above seems reasonable.
Due to this the behavior of the LuGre model for Stribeck velocities vs < 0.01 m/s
resembles the behavior of the Dahl model with additional viscous friction, if the
damping σ1 of the model is chosen small.

Figure 6.3 shows the behavior of the arm position for nominal (top), ten times
increased and ten times decreased value of vs. The influence of the Stribeck veloc-
ity on the performance of the friction compensation is small. The compensation
reduces the limit cycle slightly better for a ten times increased vs (this is hardly
visible in figure 6.3 due to the high noise level).
However an increase of vs to an order of magnitude higher than o(10−2 m/s) causes
audible noise from the actuator due to the sharper control signal and leads to over-
compensation. This becomes obvious since values of vs bigger than o(10−2 m/s)
tend to decrease the robustness of controllers with higher punishment of the control
effort in comparison to the used controller. Thus the increase of vs only works with
fast controllers that posses the capability to catch the pendulum after the overcom-
pensation due to the overestimated vs. In this case the friction compensation can
work better than with underestimated vs, since the overcompensation helps to keep
the state error in the states corresponding to the pendulum (θ, θ̇) small.
This is risky since the overcompensation can reduce the robustness. Further the
sharper control signal due to the higher propagation of noise resulting from a higher
vs

1 causes more wear of the components of the device.
Smaller values for vs slightly decrease the capability of the control system to sup-
press the limit cycles. This is because in this case the control signal has less punch
to overcome static friction.

6.1.4 Influence of the Stiffness σ0

The influence of the stiffness σ0 on the friction compensation is limited. Figure 6.4
shows the resulting behavior of the arm for nominal (top), 10 times higher (middle)
and 10 times lower (bottom) σ0.
The tracking of the constant zero reference tends to improve when σ0 is increased.
However the use of a higher stiffness σ0 seems not reasonable, since the nominal
value of σ0 marks the upper limit of stiffnesses that are still measurable with the
used sensor equipment.

6.1.5 Influence of the Damping σ1(ϕ̇)

The damping σ1(ϕ̇) has a strong influence on the performance of the friction com-
pensation.

According to Olsson [1], σ1 was introduced to suppress high frequency oscillations
in the system made up of the friction model and the model of the mechanical system.

1The influence of the value of vs on the noise propagation can be illustrated considering that
when the friction model is at steady state vs defines the interval around zero velocity in that the
noise has to lie to be propagated into the friction estimate.
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Figure 6.3: Behavior of the arm position ϕ for constant zero reference for nominal
values of vS (top), 10 times higher value of vs (middle) and 10 times lower value of
vS (bottom).
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Figure 6.4: Behavior of the arm position ϕ for constant zero reference for nominal
value of σ0 (top), 10 higher value of σ0 (middle) and 10 lower value of σ0 (bottom).
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In the experiments with the Furuta pendulum a need for the introduction of σ1

could not be observed. It is possible to reduce the constant σ1 to zero without any
deteriorating effects.

On the other hand a nonzero σ1 can have a negative influence on the performance
of the friction compensation.
Since σ1 adds an additional2 direct term from the velocity estimate to the friction
estimate a nonzero σ1 increases the level of noise that is propagated from the ve-
locity estimate to the friction estimate.

Further the high derivative of the friction state during velocity reversals leads to
overshoots of the friction estimate over the stiction force Fs after velocity reversals
when high values for σ1 are used. This problem and to cause the state equation
of the LuGre model to be dissipative for arbitrary high velocities (see Olsson [1]
p.56) lead to the introduction of the velocity dependent damping σ1(v). However
the overshoots in the friction estimate can even appear when σ1(v) is used. If a
constant σ1 is used the overshoots can reach such high values that the overload
protection of the internal current controller of the Furuta pendulum activates the
emergency stop of the device.
Even when the control signal is applicable for the plant the overshoots cause peaks
in the demanded control signal that increase the wear in the actuators and the
control plant and have a negative influence on the control performance.

Figure 6.5 shows the increased noise propagation and tendency for overshoots de-
pending on the value of σ1. The uppermost plot shows a friction estimate resulting
for the nominal values σ1 = 1 [Nm/(m/s)], vd = 0.006 m/s. The plot in the middle
shows a sample of a friction estimate when the σ1 is 10 times increased, while the
plot of the bottom is a corresponding plot when the σ1 is set to zero.

The influence of the parameter vd on the friction estimate is similar to the influence
of σ1. An increase of vd prolongs the decrease of the “damping” σ1(v) in dependence
of velocity and thus causes similar effects as an increase in σ1.

Summing up the introduction of the direct term σ1(v) seems not necessary from
a practical point of view. If the term is kept for reasons of the model structure it
should be kept as small as possible and should be decreasing with velocity.
Further, for small values of σ1, the passivity condition derived by Barabanov and
Ortega [5] (see equation (1.5)) is fulfilled for a broader range of the remaining LuGre
friction parameters.

6.2 Experimental Evaluation of Friction Compen-

sation

6.2.1 Performance Improvement trough Friction Compensa-

tion

Also in the experiment the limit cycles that can be observed with the Furuta pen-
dulum without friction compensation can be reduced significantly through friction
compensation.
Figure 6.6 shows the limit cycle of the arm with the LQ-controller with velocity
reconstructions from the analog filter of the device when no friction compensation

2In addition to Fv .
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Figure 6.5: LuGre friction estimate for constant zero reference for nominal value of
σ1 (top), 10 higher value of σ1 (middle) and σ1 = 0 (bottom).

is applied. Figure 6.7 is the corresponding plot when the friction estimate obtained
by the LuGre model is added to the control signal.

To evaluate the performance improvement due to friction compensation quantita-
tively, ten measurements are taken with zero reference and five with the other two
test cycles defined in chapter 3.2.2. The mean value of the error matrices (see chap-
ter 3.2.3) from these measurements is calculated and used for evaluation. For the
evaluation presented below the velocity reconstructions from the analog filter of the
Furuta pendulum were used. For a complete listing of the used parameters please
refer to appendix C.2.

Figure 6.8 shows a bar plot depicting the mean value of the Q1,1-component of the
error matrices of the single measurements computed as in equation (3.20) in chap-
ter 3.2.3 for constant zero reference. Figure 6.9 shows the corresponding sample
standard deviations (see equation (3.21) in chapter 3.2.3).
The average least square control error in ϕ (Q1,1-component) is clearly reduced
through all the applied friction compensation schemes. The differences between the
different friction compensation schemes are small.
The sample standard deviation of all performance indices is smaller than of order
o(10−3). Thus the differences in the performance indices between the different fric-
tion compensation schemes in figure 6.8 lie just on the borderline of being significant.

The close results are backed by the impression from observing the performance
of the friction compensation. None of the tested friction compensation schemes
yields an improvement in reducing of the limit in comparison to other compensa-
tion schemes that is noticeable while observing the experiment.
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Figure 6.6: Resulting limit cycle of the arm of the pendulum without friction com-
pensation using velocity reconstructions from the analog filter of the device.
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Figure 6.7: Resulting behavior of the arm of the pendulum with friction compensa-
tion through the LuGre model using velocity reconstructions from the analog filter
of the device.
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Figure 6.8: Mean value of least squares deviation of ϕ for zero reference with velocity
reconstructions from the pendulum.

Figure 6.9: Sample standard deviation of least squares deviation of ϕ for zero
reference with velocity reconstructions from the pendulum.
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Figure 6.10: Mean value of least squares deviation of ϕ for step reference with
velocity reconstructions from the pendulum.

Figure 6.10 shows the least square error of the angle ϕ corresponding to figure 6.8,
but for the step signal (see chapter 3.2.2) as reference. The corresponding values of
the sample standard deviation are depicted in figure 6.11.
The error measures are higher than for zero reference and the differences between
the bars with and without friction compensation are less pronounced. This is due
to that the major part of the error measure is accumulated during the transient
phase after a step in the reference signal occurred.
Again the best results are achieved with the open-loop LuGre model friction com-
pensation, however the differences are small. The closed-loop friction observers
produce significantly higher error measures than the remaining friction compensa-
tion schemes. In the case of observer 1 the error measures are even higher than
the errors that result without friction compensation. The possible reasons for this
behavior are addressed in section 6.2.2.
The differences between the open-loop friction compensation schemes are of the
same order of magnitude as in for zero reference and thus, as expected, there are no
significant differences in the speed of the step responses of the different open-loop
friction compensation schemes.

The same statements that were made for the error measures using the step reference
apply for the error measures resulting when the chirp signal is used (see figures 6.12
and 6.13). The higher error measures when using the closed-loop friction observers
are even more obvious when using this reference signal.

The differences in the performance indices for the open-loop friction compensation
schemes are smaller than with the step or constant zero reference. This becomes
clear considering that the constant movement of the pendulum with the chirp signal
produces less velocity reversals than with the other control signals. Since the friction
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Figure 6.11: Sample standard deviation of least square deviation of ϕ for step
reference with velocity reconstructions from the pendulum.

estimates yielded by the different friction models are almost identical for high rel-
ative velocities the resulting error measures are also expected to have similar values.

Examination of other components of the error matrix Q did not yield remarkable
results.

The following conclusions are drawn from the analysis presented above:

• For all three reference signals the open-loop LuGre friction compensation
yields a small performance improvement in comparison to all other friction
compensation schemes.

• The differences between the remaining open-loop friction compensation schemes
are small and not significant considering the scattering of the evaluation re-
sults.

• The closed-loop friction observation schemes produce worse results when com-
pared to the open-loop LuGre friction compensation, especially for transient
reference signals.

6.2.2 Closed-Loop Friction Observers

In figure 6.10 it can be noticed that the closed-loop friction observers produce higher
error measures even compared to error measures from experiments without friction
compensation. If the transient responses of the friction compensation schemes with
and without friction observer are compared the origin of these high error measures
becomes obvious.
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Figure 6.12: Mean value of least squares deviation of ϕ for chirp reference with
velocity reconstructions from the pendulum.
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Figure 6.13: Sample standard deviation of least squares deviation of ϕ for chirp
reference with velocity reconstructions from the pendulum.
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Figure 6.14 compares the transient behavior of the arm angle ϕ after a step in the
reference signal occurred with open-loop and closed-loop LuGre friction compensa-
tion. The time needed to reach the new reference is longer when closed-loop friction
compensation is applied3.
The reason for this behavior is that the friction observer carries the control error
in ϕ that arises after the step in the reference signal into the friction estimate. The
Observer thus interprets the control error as an error in the friction estimate, since
perfect parameter knowledge was assumed during the design of the friction observer.
The friction observer tends to correct the control error (ϕref−ϕ) by manipulation of
the friction estimate, e.g. a positive control error leads to an increase in the friction
estimate. However the friction observer has no information about the state of the
pendulum attached to at the tip of the arm, since the chosen input to the observer
does not fulfill the condition of zero-state detectability. Thus by trying to force the
arm to the desired reference position by increasing the absolute value of the friction
estimate and thus of the control signal the angle of the pendulum is decreased.
Since the angle of the pendulum is related to the acceleration of the arm that is
possible without loosing control of the arm4 this behavior is counterproductive to
reaching the new reference quickly, since the decreased angle of the pendulum forces
the LQ-controller, that primarily controls with attention to the pendulum angle,
to slow down the movement. Therefore during the transient the LQ-controller and
the friction compensation produce control signals that cancel each other partly out,
slowing down the transient behavior of the system.

As mentioned before the step reference is not a reasonable reference signal for the
control of the pendulum. However it is used here to illustrate a problem arising with
the friction observer because the plant has fewer control inputs than the number
of minimal coordinates that is needed to describe its kinematics. The step in the
reference signal could be interpreted as a control error. Then the transient response
of the system characterizes the ability of the system to reduce control errors.

6.2.3 Interplay of Velocity Estimation and Friction Compen-

sation

When the velocities reconstructed by the high-gain observer are used for the friction
compensation additional problems arise.
An important role plays the trade-off between the speed of the observer and the
level of noise in the state estimates. On the one hand the observer has to be fast
enough to exploit the description of the fast friction dynamics in the stiction regime
of the LuGre model. On the other hand fast observers propagate more noise into
the velocity estimates produced by the observer. This noise is propagated through
the friction estimate into the control signal.
However if the direct term σ1 in the LuGre model is reduced to a small value or set
to zero the noise propagation is less dramatic. In this case the only remaining direct
term from the velocity estimate to the friction estimate and therefore to the control
signal is the viscous friction. As indicated in chapter 4.2.2 the viscous friction plays
a negligibly small role for the friction behavior of the device.

3Figure 6.14 depicts a situation where the initial position of the arm is even more favorable in
the plot were the closed-loop friction observer was used. This emphasizes the statements made
above. Differences in the starting positions occur due to the remaining limit cycle when friction
compensation is enabled.

4An inclination of the pendulum is required to accelerate or decelerate.
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Figure 6.14: Comparison of transient response after step in reference signal with
open-loop LuGre friction compensation (top) and closed-loop LuGre friction ob-
server type 2 (see chapter 5.1.3) (bottom).

In the present application a rather fast observer was chosen, since the direct term
σ1 was set to a small value, because it did not yield an improvement in the friction
compensation behavior (see section 6.1.5) and the viscous friction is negligible. The
performance of the control system increases in comparison to slower observers, also
if no friction compensation is used. If the observer gain is increased further the
noise level in the friction estimated exceeds a level where the controller looses the
capability of stabilizing the pendulum in the upright position (see chapter 5.1.1 for
the chosen parameters of the high-gain observer).

The control performance achieved with the velocity reconstructions from the Fu-
ruta pendulum could not be completely recovered when using a state observer -
without and with friction compensation. The control system with velocities from
the high-gain observer tends to exhibit additional oscillatory behavior with a fre-
quency above the frequency of the limit cycle due to friction that was observed with
the velocity reconstructions from the analog filter. These oscillations can be best
observed in the measurements of the pendulum angle θ (see figure 6.15) since the
amplitude of the noise in those measurements is smaller.
Reasons for this behavior could be the delays introduced by the observer and inac-
curacies in the model used in the observer, e.g. the influence of not compensated
friction and high-frequency dynamics.
An alternative observer approach described in Erlic and Lu [11] was examined at
the department by Francesco Pierri, but no significant improvement in comparison
with the used high gain observer was achieved. No further investigation was carried
out since the design of state observers does not lie within the main scope of this
thesis.
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Figure 6.15: Oscillations due to the use of the high-gain observer in the pendulum
angle θ.

The same parameter values as for the evaluation with velocity reconstructions from
the pendulum (see appendix C.2) were used for the evaluation of the performance
using the high-gain observer. Since the goal is only to validate that the results using
the velocity reconstructions from the pendulum do also apply when the high-gain
observer is used only three measurements for each of the reference signals were taken.

Figure 6.16 shows the Q1,1-component of the error matrix (see chapter 3.2.3) using
the high-gain observer and a constant zero reference. The achieved results resemble
the results achieved with the analog velocity reconstructions. Again the perfor-
mance of the open-loop friction compensation using the LuGre model is slightly bet-
ter than performance achieved with the remaining friction compensation schemes.
With the use of the high-gain observer the accumulated error without friction com-
pensation is smaller in comparison to the case with velocity reconstructions from the
analog filter. A reason therefore could be that the estimated angular velocities are
bigger than the reconstructions with the analog filter from the Furuta pendulum.
The reason for this difference are inaccuracies in the model of the plant that is used
in the observer5. These can lead to bigger control errors in the states corresponding
to the angular velocities of the pendulum and thus to larger control effort and a
reduction of the accumulated error in the arm position.

The plots for other reference signals corroborate the statements made for the use
of the velocities from the analog filter. The following conclusions are made:

• The same statements about the effect of friction compensation apply when
the high-gain observer is used instead of the velocity reconstructions from the
pendulum.

• High frequency oscillations of the pendulum arm arises when the high-gain
observer is used. This behavior also appears without friction compensation

5E.g. the model in the observer does not comprise friction.
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Figure 6.16: Mean value of least square deviation of ϕ for zero reference with
velocity reconstructions using the high-gain observer.

and is thus due to the state observer and not due to the friction compensation
schemes. However this performance degradation does not clearly appear in
the used error, since the error measure is least squares error from the desired
reference.

6.2.4 Qualitative Assessment of Friction Compensation Schemes

In addition to the mostly quantitative analysis presented in section 6.2.1 some qual-
itative aspects of the different friction compensation schemes and observations that
were made while running experiments are mentioned in this section.

Smoothness of Control Signal

In contrary to the static coulomb friction compensation, the dynamic friction models
ensure that no discontinuities are introduced to the control signal by the friction
compensation. However this problem for using the static friction compensation
schemes can be eluded by regularizing the Coulomb model (see chapter 3.1.5).

Noise Suppression through Integration

In dynamic friction models the velocity estimates supplied to the friction model are
integrated before entering the friction estimate. Only the viscous friction and σ1

carry the velocity estimate directly into the friction estimate.
However for the Furuta pendulum viscous friction is negligible (see chapter 4.2.2).
Further viscous friction can be compensated more easily by the state controller
since the friction dynamics are much slower than the friction dynamics for sticking
behavior.
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Figure 6.17: Comparison of resulting friction estimate with Coulomb friction esti-
mation without Stribeck effect (top) and open-loop LuGre friction compensation
(bottom) when no friction compensation is applied to the system.

The direct term σ1 was chosen small in the current application, since no beneficial,
but only deteriorating effects on the friction estimation were noticeable (see sec-
tion 6.1.5).
Thus in the present case there is almost no direct term bypassing the integration.

Because of the dynamic friction compensation schemes integrate the velocity esti-
mate the noise in the friction estimate and thus in the control signal, especially at
velocity reversals, is lower in comparison with static friction compensation schemes.
For static friction compensation schemes the friction estimate may switch frequently
for noisy velocity estimates. The tendency to do so can be reduced by regularizing
the compensation schemes. However static models with big intervals of regulariza-
tion do not capture the typical stiction behavior since the regularization introduces
drift for infinitely small velocities.

Figure 6.17 compares friction estimates resulting with Coulomb (top) and LuGre
(bottom) friction compensation. The Coulomb friction estimate switches exces-
sively at velocity reversals, while the LuGre friction estimate is smoother. The
difference can also be witnessed when examining the fft of the two signals. The
power spectrum of the coulomb friction estimate shows constantly higher values for
frequencies above 40 Hz (see figure 6.18)
This switching of the friction estimate and therefore of the control signal is notice-
able when running experiments since it causes audible noise in the motor. Further
the unsteady signal can cause higher wear of the motor and mechanic components
of the device.
Thus the dynamic friction compensation schemes offer the advantage of smoother
control signals without introducing the permanent drift as with regularized Coulomb
friction models.
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Figure 6.18: Power spectrum of the friction estimate as in figure 6.17 with LuGre
model (top) and Coulomb friction model without Stribeck effect (bottom).
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When considering the influence of noise on friction estimation the following remark
seems appropriate here. Noise in the control signal can also have a beneficial in-
fluence on friction compensation, since the resulting vibrations create peaks in the
applied control moment that change at a high rate and can therefore be helpful to
overcome static friction and reduce stick-slip behavior. A similar technique is some-
times applied to overcome static friction in airplane rudders, where a high-frequency
oscillation is added to the control signal to reduce the effects of stiction. However
care has to be taken that the actuators and mechanical parts of the system are not
harmed by the resulting control signal.

6.2.5 Comparison of Simulation and Experiment

The evaluation of the experiments is concluded with the comparison of results from
the simulation with the experimental data.

Figures 6.19 to 6.22 show a comparison of the limit cycles of the real plant and the
simulated limit cycle for constant zero reference. Figure 6.23 shows the comparison
of the corresponding control signals.
The simulated limit cycle was obtained by running a model of the plant and a
continuous time LuGre model implementation solved with variable step size solver.
The parameters of the LuGre model were set to the parameters determined in the
parameter identification in chapter 4 (see table 4.3 on page 58). The initial states
for the simulation were obtained from plots from the measurements from the pen-
dulum and the velocity reconstructions by the analog filter.

Figure 6.19 shows that the period time of the simulated limit cycle is about 27%
longer than the period time of the measured limit cycle, while the amplitude is
slightly smaller.
A reason for this could be an error in the friction parameters. Simulation shows that
an increase in the friction forces leads to an increase in the period time. However
also the amplitude of the limit cycle increases.
Another reason for the differences are structural differences of the friction behavior
of the LuGre model from the friction behavior of the Furuta pendulum.

From figure 6.20 it becomes obvious that the sticking behavior is more pronounced
in the simulation than in the measurements. The small hump in the angular velocity
of the simulation data interrupting the sticking is due to that the controller does
not manage to catch the pendulum with the first effort before sticking. This can
be seen in figure 6.21 since the angle θ hits zero in the simulation data at the same
time the hump in ϕ̇ occurs, while it does not in the data from the experiment.
In the oscillations for the pendulum angle θ the first maximum, starting from θ = 0
has approximately the same absolute value as measured. After the first maximum
the angle of the arm in the simulation decreases to zero forcing the controller to do
additional control effort. This causes the absolute value of the second peak to be
higher than than the measured value.
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Figure 6.19: Comparison of measured (top) and simulated (bottom) behavior of ϕ
for constant zero reference.
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Figure 6.20: Comparison of measured (top) and simulated (bottom) behavior of ϕ̇
for constant zero reference.
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Figure 6.21: Comparison of measured (top) and simulated (bottom) behavior of θ
for constant zero reference.
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Figure 6.22: Comparison of measured (top) and simulated (bottom) behavior of θ̇
for constant zero reference.



Chapter 6. Experiments with Friction Compensation 98

0 1 2 3 4 5 6 7 8 9 10
−0.03

−0.02

−0.01

0

0.01

0.02

M
M

[r
a
d
/
s]

time [s]

0 1 2 3 4 5 6 7 8 9 10
−0.03

−0.02

−0.01

0

0.01

0.02

θ̇
[r

a
d
/
s]

time [s]

Figure 6.23: Comparison of measured (top) and simulated (bottom) control signal
for constant zero reference.



Chapter 7

Conclusions and Outlook

7.1 Conclusions

The following conclusions are drawn from the analysis presented beforehand:

7.1.1 Friction Compensation

• Friction compensation reduces the limit cycles of the Furuta pendulum sub-
stantially.

• The differences between the different friction compensation schemes are mar-
ginal.

• Open-loop LuGre friction compensation produces slightly better results than
other friction compensation schemes.

• The resolution and quality of the position measurements of the arm conceal the
subtleties of the dynamic friction models in describing friction behavior. The
main advantage of the dynamic friction models presented lies in the accurate
description of friction behavior, in particular in the presliding regime. However
the high noise level in and the relatively coarse quantization of the velocity
and position measurements provided by the pendulum cause that the control
systems using the dynamic friction compensation cannot completely exploit
these subtleties. This statement is corroborated considering that important
LuGre friction parameters, that govern the friction behavior in the presliding
and the transition between presliding and sliding regime, namely the stiffness
σ0 and the Stribeck velocity vs, cannot be estimated using the measurements
from the Furuta pendulum.
Due to the fast dynamics of friction these parameters are hard to measure -
independent of the used device. However the author holds the opinion that
this is not a shortcoming of the friction models, since the corresponding fast
dynamics of friction can be witnessed in experiments where high precision
sensors are used and have to be captured by friction models aiming to describe
the phenomenon of friction accurately.

• The under-actuated nature of the Furuta pendulum poses difficulties for the
implementation of closed-loop friction observers. The proposed observation
schemes have to be modified for the situation where the number of minimal
coordinates of the system surpasses the number of control inputs.
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• Friction compensation using the LuGre model offers the following main ad-
vantages:

– Smooth control signal, especially no abrupt changes in the control signal.

– Noise reduction through integration of the velocity estimate before en-
tering the friction estimate and thus the control signal.

– Best friction compensation performance for all tested friction compensa-
tion schemes.

– Capturing of Stribeck effect, presliding behavior and frictional lag. How-
ever this advantage cannot be fully exploited for the given setup.

• The main disadvantages using the LuGre friction model for friction compen-
sation are:

– Implementation of dynamic model poses higher demands on hardware.

– Tuning of relatively many, sometimes difficult measurable parameters
necessary1.

7.1.2 Friction Parameters

• The measurable friction parameters of the Furuta pendulum depend on the
position of the arm and the operating conditions.

• Crucial parameters of the LuGre friction model, namely the stiffness σ0 of
the LuGre model and the Stribeck velocity vS , are not measurable with the
current sensor equipment of the device.

• Friction forces Fc and Fs have the largest influence on the performance of the
friction compensation.

• The achieved performance of the friction compensation is best for small values
of σ1.

• Viscous friction is negligible for the Furuta pendulum.

• The influence of the other LuGre friction parameters is relatively small.

7.1.3 LuGre Friction Model

• The LuGre friction model is suitable for friction compensation.

• The discretization according to Freidovich [2] works in practice, produces good
and stable results and eludes the problems when discretizing the LuGre model
via Euler discretization for the setup presented here.

• The direct term σ1(v) is not needed for the application of the LuGre model for
the Furuta pendulum. Further nonzero σ1(v) increases the level of noise in the
friction estimate and therefore in the control signal and at velocity reversals
it can result in overshoots of the friction estimate over the stiction force Fs.
Especially with constant σ1(v) = σ1 these peaks in the friction estimate can
reach intensities that cause the resulting control signal to be inapplicable to
the plant.
Further for small values of σ1 the LuGre model fulfills the passivity condition
for a wider range of values of the remaining friction parameters.

1This is a general disadvantage of accurate friction compensation.
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7.2 Outlook and Recommendations

• An assessment of the LuGre friction compensation with high-precision de-
vices like machine tools would be interesting. These devices provide position
measurements with higher quality and therefore allow for velocity reconstruc-
tions with higher quality. Further high-precision mechanical parts cause less
dependency of the friction parameters on position and operation conditions.
The finesse of the dynamic friction models especially in describing the pres-
liding behavior that was shown in simulations (see e.g. Olsson [1], Canudas
de Wit et al. [3]) could be exploited and assessed better using high precision
machinery.

• Attempts to improve the signal quality of the signals from the Furuta pen-
dulum through signal filtering and/or improved velocity observation could
lead to improvements of the control and friction compensation performance.
However the statements made for the resolution of the encoder for the mea-
surement of ϕ remain valid. Another attempt to improve the signal quality
could be to read the signals directly from the encoder of the device. Until
now an internal analog electronics integrates and evaluates the measurements
from the encoder and provides a voltage that is proportional to the deter-
mined angular position. The encoder signals could be read directly with the
encoder interface of the dSPACE board and evaluated on the board.

• An estimation of friction parameters by adaptation could prove to be ben-
eficial for the control performance. Especially on-line tuning of the friction
forces that appeared to be the friction parameters with the highest influ-
ence on the control performance (see chapter 6.1.1) appears to be interesting.
However adaptation of the parameters that could not be estimated from the
measurements, namely vs and σ0, appears, due to the limited quality of the
measurements, to be hardly feasible.
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Appendix A

Task Description

Title: Friction Compensation for the Furuta Pendulum using the LuGre

Model

Background:
The deteriorating effects of friction on the control of mechanical systems is a ma-
jor problem in a multitude of applications such as high-performance robotics and
pointing systems.

Problem Description:
This thesis aims at improving control by using a nonlinear friction observer to
detect friction in the system and use this information to modify the control input.
Simulations and experiments are to be made using the unstable Furuta pendulum
and the efficiency of the observer approach should be compared to other standard
methods for friction compensation. Methods:

• LuGre friction model

• High gain observer for reconstruction of velocity

• Furuta Pendulum with dSPACE equipment

Expected Results/ work steps:

• Acquisition of knowledge about friction compensation in general and the Lu-
Gre Friction Model in particular.

• Implementation and Simulation of friction observer in Matlab Simulink.

• Connecting and initial operation of dSPACE equipment.

• Implementation of friction compensation including observer for velocity for
Furuta Pendulum with special attention on the discretization of the friction
model.

• Carrying out of experiments and evaluation of experimental results from dif-
ferent approaches.

• Compensation of Friction effects in experiments and in a simulation environ-
ment.

• Detailed documentation of all work steps.
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Appendix B

Setup and Operation of the

dSPACE System

B.1 Instructions for the Use of the dSPACE Sys-

tem

This document aims to give a short introduction into working with the dSPACE
system. It summarizes the knowledge that the author gained during the setup of
the dSPACE equipment. This document claims on no account to be complete nor
to be a replacement for the dSPACE documentation.

B.1.1 General Setup and Nomenclature

The dSPACE system consists of three physical parts:

1. The dSPACE board in the extension box:
A gray box, approx. 10cm x 15cm x 50cm (height x width x depth) with a
fan on the front side (see figure 3.1 on page 30). The extension box contains
the dSPACE board (Type: 1103) on which the controller code is executed in
real time.

2. The dSPACE connection panel:
The dSPACE connection panel provides an interface between the extension
box and the pendulum (see figure 3.1 on page 30).

3. The host computer:
The host computer is the computer attached to the extension box. This
computer is used to manipulate the Simulink models, to create and download
code to the extension box, to control the execution of applications on the
dSPACE board and to visualize and save data from the experiments.

B.1.2 Important Instructions

• Ensure that the extension box is always switched on when the host computer
or the pendulum are switched on! I.e. Switch on the extension box before
switching on the pendulum and the host PC and leave the extension box
switched on as long as the host computer or the pendulum are switched on!

• Ensure that extension box and host computer are turned off when connecting
devices to the connection panel!
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B.1.3 Getting Started

Switching On the dSPACE System

Perform the following steps in the indicated order:

1. Ensure that all devices are disconnected from the power supply.

2. Set up all physical connections, i.e. between extension box and host PC and
between connection panel and pendulum.

3. Connect pendulum, extension box and host PC to power supply.

4. Switch on the dSPACE Box.

5. Switch on the pendulum; ensure that the emergency stop button is pushed.

6. Switch on the host PC.

Remark:
Never switch on the host PC or the pendulum while the extension box is switched
off. Ensure that the extension box is always switched on while the host PC or the
pendulum are switched on.

Switching Off the dSPACE System

Perform the following steps in the indicated order:

1. Switch off the host PC.

2. Switch off the pendulum; ensure that the emergency stop button is pushed.

3. Switch off the dSPACE Box.

4. Disconnect all devices from the power supply.

5. Disconnect the physical connections between the devices.

Remark:
Never switch off the extension box while the host PC or the pendulum is switched
on. Ensure that the extension box is always switched on while the host PC or the
pendulum are switched on.

B.1.4 Brief Overview of the Used Connectors and how to

Access them in Simulink

The used analog in- and outputs of the dSPACE system and the encoder inputs are
arranged as follows:

• There are 16 analog inputs using BNC connectors named “ADHC 1-16”.
These analog inputs can be accessed by using the block “Mux ADC” in
Simulink (rtilib1103/DS1103 MASTER PPC/DS1103MUX ADC CON1 ).

• There are 4 analog inputs named “ADHC 17-20” using BNC connectors that
can be accessed using the Simulink block “ADC” (rtilib1103/DS1103 MAS-
TER PPC/DS1103ADC C17 ).

• The 8 analog outputs using BNC that are named “DAHC 1-8” can be accessed
by the Simulink block “DAC”
(rtilib1103/DS1103 MASTER PPC/DS1103DAC C1 ).
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• Further the system possesses digital encoder interfaces (Labeled: “Inc 1-7”).
These can be accessed using the encoder position block ( rtilib1103/DS1103
MASTER PPC/DS1103ENC POS C1 ). To use the encoder interfaces also a
encoder master setup block has to be inserted into the model
(rtilib1103/DS1103 MASTER PPC/DS1103ENC SETUP).

For all the analog in- and outputs the voltage range is -10V...+10V. A voltage of
+10V corresponds to a signal value of 1 from/to the corresponding Simulink block.
I.e. if the controller is tuned to deliver the voltage that is to be delivered to the
system the controller output has to be divided by 10 before guiding the signal to the
DAC block of the model. Analogous the input from a Simulink block corresponding
to an analog digital converter has to be multiplied by 10 to retrieve the voltage
values that were delivered to the dSPACE system.

B.1.5 General Tips for Working with the dSPACE System

• dSPACE asks to change the default simulation settings in Simulink when
starting MATLAB for the first time after installation of dSPACE. It is rec-
ommendable to agree. However care has to be taken since from now on the
default solver in Simulink will be the Euler approximation (ode1) with fixed
step size. Further the default end time of simulations will be infinity.

• Change of rti platform: type: rtixxxx (replace xxxx with platform number)
in Matlab command window.

B.2 Manual for Running the Friction Compensa-

tion Experiment

B.2.1 Setting Up the Experiment

1. Check that all devices (host computer, dSPACE board and pendulum) are
switched off and disconnected from the power supply!

2. Connect computer with dSPACE extension box and dSPACE connection panel
with pendulum (see appendix B.2.4).

3. Connect the devices to their power supply.

4. Switch on the dSPACE board (switch at the back of extension box).

5. Switch on the Furuta pendulum.

6. Switch on the host computer (Login: Username and password: dspace).

7. Start Matlab 7.1 SP3.

8. Check that dSPACE software correctly installed (messages during initializa-
tion of Matlab).

9. Insert dSPACE license dongle.

10. Start dSPACE ControlDesk.

11. In dSPACE ControlDesk click: File → Open experiment: Open experiment:
[thesis root]/Matlab/Controller dSPACE/Stabilization of Furuta Pendulum.cde.

12. In Matlab run m-file:
[thesis root]/Matlab/Controller dSPACE/para control fric comp furuta.m.
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Figure B.1: “Incremental build” button in the menu bar of Simulink.

13. Open Simulink: Open model:
[thesis root]/Matlab/Controller dSPACE/fur try.mdl.

14. Check that the working directory is: [thesis root]/Matlab/Controller dSPACE.

15. Compile the model by pushing the button “incremental build” in Simulink
(see figure B.1).

16. Wait until build procedure is finished (MATLAB is not busy anymore).

17. Switch to dSPACE ControlDesk and use the experiment (for further infor-
mation on the use of dSPACE ControlDesk please refer to the “ControlDesk
Experiment Guide”).

B.2.2 Shutting Down the Experiment

1. Stop the experiment by clicking “Off” in the layout of the experiment (see
number 1 in figure B.2).

2. End all programs running on the host computer.

3. Shut down the host computer.

4. Switch off the pendulum.

5. Switch off the dSPACE system using the switch at the back of the extension
box.

6. Disconnect the devices from the power supply

7. Disassemble the connections between the devices.

Remark:
The pendulum and the host computer must not be switched on while the dSPACE
system is switched off, i.e. always switch on the pendulum and the host computer
after the dSPACE system and always switch off the pendulum and the host computer
before the dSPACE system! Otherwise uncontrolled and possibly harmful behavior
of the pendulum will be the result.

B.2.3 Using the Experiment

The Layout as depicted in figure B.2 is used for the control of the experiment.
The different buttons, their use and function is described below. For information
concerning the use of “dSPACE ControlDesk” please refer to the “ControlDesk
Experiment Guide” delivered with the dSPACE system.



109 B.2. Manual for Running the Friction Compensation Experiment

On/Off Button (number 1 in figure B.2)

As long as the on/off button is set to “Off” (the LED to the right is black) the
control voltage delivered to the pendulum is zero. The initial state of the on/off
button is off. If the emergency stop of the pendulum is disabled and the pendulum
is reset the experiment can be started by clicking on the button “On” (the LED to
the right turns red).

Friction Compensation Settings (number 2 in figure B.2)

• With the radio button on the left side of the panel the friction compensation
can be enabled and disabled.

• The friction model that is to be used for compensation can be chosen with
the upper pull down menu.

• The second, lower pull down menu is used for the choice of the friction observer
gain to be used. The choice does only affect the friction estimate when a
dynamic friction model is chosen.

• The numeric inputs below the pull down menus define the design parameters
of the friction observer gains.

• The radio button to the right determines whether the same state as used for
the controller or the measured state is used for friction compensation.

Friction Parameters (number 3 in figure B.2)

The numeric input panels can be used to modify the friction parameters for the
LuGre and the Dahl friction model. The Coulomb friction models use the same
friction forces and Stribeck velocity as the LuGre friction model.

Measurement Settings (number 4 in figure B.2)

• The used observer is chosen with the pull down menu at the top.

• The four radio buttons below allow to chose for each of the four state variables
if the estimate from the observer or the measurement from the device is used.

• The radio button on the right of the pull down menu is for choosing if the
friction estimate is to be used in the control input to the observer1.

• The radio button below allows to chose whether the friction estimate is to be
used in the model of the plant implemented in the high-gain observer or not.

• With the pull down menus on the right it can be chosen which measurement for
θ is used. Either always the measurement from the 360 degree potentiometer,
or always the measurement from the potentiometer for positions close to the
upright position, or a measurement that is automatically switched (default)
can be used.

1It makes only sense to use the friction estimate in the control signal delivered to the observer
if it is also used in the model of the plant implemented in the observer. In this case the friction
estimate in the control signal and in the model of the plant in the observer cancel each other out.
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Settings for the Controller (number 5 in figure B.2)

• The radio button is used to chose if the controller only for stabilization or
the swing-up controller with switching to the stabilizing controller is used
(the swing-up controller does not work properly due to a discontinuity in the
measured signal and due to structural oscillations.).

• The slider bar below is to chose the reference energy level of the (energy based)
swing-up controller.

• With the radio button below the additional minimum variance controller can
be activated.

Settings for the Reference Signal (number 6 in figure B.2)

• The radio button on the left allows to chose the used reference signal. Either
zero reference (default), sinusoidal reference or one of the test runs defined in
chapter 3.2.2 can be chosen.

• The first slider gain on the right side is used to chose the reference angle ϕ
for constant zero reference.

• The two sliders below are used to tune the frequency and amplitude of the
sinusoidal signal.

• The radio button below is used to chose one of the test cycles (zero reference,
step reference or chirp reference.)

• With the push button on the right from the radio button the test cycle can
be started.

• The big slider gain on the bottom is used to set the slope of a ramp signal
that is added to the ϕ reference if the radio button on the left is set to the
corresponding position.

Settings for Signal Filtering (number 7 in figure B.2)

The controls here are used to enable and to tune several low pass filters implemented
in the model. Each of the blocks has a radio button to enable or disable the filter,
a slider to tune the cut-off frequency (upper slider) and a slider to tune the static
gain (lower slider).

• The uppermost filter is for filtering the control signal to prevent excitation of
umodeled high frequency dynamics (default: on).

• The second filter is for filtering the angular velocity of the pendulum (default:
off).

• The third filter is for filtering the angular position and velocity of the arm
(default: off).

Control of Recorder Settings (number 8 in figure B.2)

Control of the settings for recording data. For further information please refer to
the “ControlDesk Experiment Guide”. Basic functions:

• Setting of record length (How long it will be recorded).

• Setting of downsampling (For a downsampling factor n only every nth mea-
sured point is saved).
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• Auto repeat (If enabled a new measurement is started immediately after the
subsequent measurement is finished. The data of the subsequent measurement
is discarded).

Plotter Array (number 9 in figure B.2)

The following data is displayed in the plots:

1. plot: Applied control signal (zero if on/off switch is set to “Off”) and com-
puted control signal.

2. plot: Friction estimate.

3. plot: Measured and estimated value of arm angle ϕ.

4. plot: Measured and estimated value of pendulum angle θ.

5. plot: Measured and estimated value of arm velocity ϕ̇.

6. plot: Measured and estimated value of pendulum velocity θ̇.

7. plot: Reference signals.

8. plot: Control signal before and after filtering with low-pass filter.

B.2.4 Additional Information

Signal Connections

Connect the connectors of the dSPACE connection panel to the pendulum as follows:

• ADCH 1: Arm angle

• ADCH 2: Arm velocity

• ADCH 5: Pendulum angle 360

• ADCH 6: Pendulum velocity 360 (not needed)

• ADCH 7: Pendulum angle top

• ADCH 8: Pendulum velocity top

• DACH 1: In 1 (motor voltage)

Connect the plus pole (red pole, center pin of BNC connector on connection panel)
to the corresponding socket and the minus pole (black pole, outer ring of BNC
connector on connection panel) to the ground socket of the motor.

Access of Measured Data

If measurement data was saved using the filename “[Filename]”, using the button
“save” in the plotter settings (number 8 in figure B.2), it can be accessed in Matlab
after loading the corresponding .mat file as follows:

• [Filename].X.Data: Time values.

• [Filename].Y.Name: Path of the recorded signals in the Simulink model (the
name of the corresponding Simulink block is listed before the last slash in the
pathname).

• [Filename].Y(i).Data: Data values from the signal and block as described in
[Filename].Y(i).Name.
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Figure B.2: Picture showing the layout used for the experiments annotated with
numbers indicating groups of instruments.
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Legend

[thesis root] : root directory of the thesis
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Appendix C

Parameter Values

C.1 Explanation of Parameters

Table C.1: Explanation of parameters

Parameter Explanation
Simulation
parameters

T sample discrete Fundamental sampling time that is used dur-
ing the execution of the system.

k u Output factor for the conversion of the mo-
ment computed by the controller into control
voltage that is applied to the system.

System m a est Mass of the arm of the pendulum.
parameters l a est Length of the arm of the Furuta pendulum.

l a inert est Distance of the cog of the arm from its axis of
rotation.

J m est Moment of inertial of the motor shaft around
its axis of rotation.

m 2 est Mass of the pendulum rod.
m p est Mass of the weight attached to the top of the

pendulum.
l 2 est Distance of the cog of the pendulum rod from

the joint connecting pendulum and arm.
l p est Distance of the weight attached to the top of

the pendulum and the joint connecting pen-
dulum and arm.

Friction
Compensation

F c p est p f Coulomb friction of the arm for positive veloc-
ities (see Fc in equation (1.3)).

Parameters F c p est n f Coulomb friction of the arm for negative ve-
locities (see Fc in equation (1.3)).

F s p est p f Stiction force of the arm for transfer from stic-
tion to friction in positive turning direction
(see Fs in equation (1.3)).

F s p est n f Stiction force of the arm for transfer from stic-
tion to friction in negative turning direction
(see Fs in equation (1.3)).

v s est f Stribeck velocity (see vs in equation (1.3)).
sig 0 est f Stiffness of the LuGre model (see σ1 equa-

tions (1.1) to (1.4)).
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sig 1 est f “Damping” of the LuGre model (see σ0 in
equations (1.1) to (1.4)).

v d est f Parameter that controls the speed of decrease
of the damping rate with increasing velocity
for the LuGre model with velocity dependend
damping (see vd in equation (1.4)).

F v est p f Viscous friction parameter for positive veloci-
ties (see Fv in equation (1.2)).

F v est n f Viscous friction parameter for negative veloc-
ities (see Fv in equation (1.2)).

F c est dahl Coulomb friction for the Dahl model.
sig 0 est dahl Stiffness of the Dahl model.
exp dahl Exponent used in the Dahl model.
thres coul vel Half width of the dead-zone for velocities in

the static coulomb map, to prevent excessive
switching of the friction estimate (Velocities
that have a smaller absolute value than this
threshold are assumed to be zero).

thres coul cont Half width of the dead-zone for the control sig-
nal in the static coulomb map, to prevent ex-
cessive switching of the friction estimate (Con-
trol signals that have a smaller absolute value
than this threshold are assumed to be zero).

ρfricobs1 Parameter ρ of friction observer as in chap-
ter 5.1.3.

ρ1,fricobs2 Parameter ρ1 of friction observer as in chap-
ter 5.1.3.

ρ2,fricobs2 Parameter ρ1 of friction observer as in chap-
ter 5.1.3.

Controller
parameters

R l Punishment for control effort for discrete time
LQ-controller design.

Q l Punishment for control error for discrete time
LQ-controller design.

Controller type Type of the controller used (discrete time/
continuous time).

Observer
parameters

roots factors 1/2 Roots that are used for the computation of the
high-gain observer for the integrator chain for
the arm (index 1) and the pendulum (index 2)
respectively.

eps hg 1/2 Observer gain of the high-gain observer for the
integrator chain for the arm (index 1) and the
pendulum (index 2) respectively.

C.2 Basic Parameter Setup

Table C.2: Parameters for Observation of Resonance Behavior

Parameter Value Unit
Simulation T sample discrete 0.1 [ms]
parameters k u 10.96 [V/Nm]
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System m a est 0.165 [kg]
parameters l a est 0.254 [m]

l a inert est 0.044 [kg]
J m est 0.381 · 10−4 [kg m2]
m 2 est 0.02 [kg]
l p est 0.421 [m]
l 2 est =l p est/2 = 0.2105 [m]
m p est 0.015 [kg]

Friction F c p est p f 0.014 [Nm]
Compensation F c p est n f 0.012 [Nm]
Parameters F s p est p f 0.019 [Nm]

F s p est n f 0.017 [Nm]
v s est f 0.04 [m/s]
sig 0 est f 3.4 · 102 [Nm/m]
sig 1 est f 1 [Nm s/m]
v d est f 0.006 [m/s]
F v est p f 0.00023 [Nm s/m]
F v est n f 0.00022 [Nm s/m]
F c est dahl =F c p est p f [Nm]
sig 0 est dahl =sig 0 est f [Nm/m]
exp dahl 1 [−]
thres coul vel 1 · 10−4 [m/s]
thres coul cont 1 · 10−4 [Nm]
ρfricobs1 1 104 [−]
ρ1,fricobs2 1 105 [−]
ρ2,fricobs2 2 [1/s]

Controller R l 5000 [−]

parameters Q l









1/0.12 0 0 0
0 1/12 0 0
0 0 1/0.32 0
0 0 0 1/22









[−]

Controller type discrete LQ -
Observer roots factors 1/2 [−1,−1] [−]
parameters eps hg 1/2 1 · 10−2 [−]
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C.3 Gain values for Estimation of Voltage Con-

stant

Table C.3: Used gain values and initial amplitudes for estimation of the voltage
constant ku (see chapter 4.1).

Measurement No. Used initial ampli-
tude

Used gain Kp

1-3 0.5 rad 0.518 V/rad
4-6 1.5 rad 0.280 V/rad
7-9 1 rad 0.350 V/rad

Remark: The values for Kp also comprise the initial estimate for the voltage con-
stant (ku = 1.4 V/(Nm)) and the transformation from values in the Simulink model
to the output voltage of the dSPACE board (1 in model corresponds to 10V on the
board).
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