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Abstract

Using derivative securities can help investors increase their expected returns
as well as minimize their exposure to risk. For a risk-averse investor, options
can offer both insurance and leverage and for a more risk-loving investor they
can be used as speculation. Basket option is a kind of option whose payoff de-
pends on an arbitrary portfolio of assets. The basket is made out of a weighted
sum of assets. Pricing these kinds of options require multivariate asset pricing
techniques which still remains a challenge. We aim to price basket options
by using different Monte Carlo methods and compare their performance. We
will test both quasi-Monte Carlo methods as well as randomized quasi-Monte
Carlo methods in order to try to speed up the convergance rate. We will
assume a Lévy market model with stochastic volatility through an integrated
CIR-process as a stochastic time change. More specifically we are going to
model the data using the Meixner distribution. In order to calibrate the
model parameters we use S&P 500 index vanilla options and the fast Fourier
transform (FFT).

Keywords: Basket options, Randomized quasi-Monte Carlo, Time-changed
Lévy Processes, Meixner distribution, Fast Fourier Transform
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1 Introduction

The idea of option contracts have a long history in commerce since they pro-
vide very good mechanisms for risk control. Aristotle wrote that by observing
the stars, Thales the Milesian believed that the olive harvest would be very
good in the summer and therefore rented olive presses in advance during the
winter when the demand was low and hence also the price. When summer
came, his beliefs was proven right and by controlling the supply of the equip-
ment while the demand was high, he could make a profit. [22]

Nowadays, options are extremely popular financial instruments. They are
often included in portfolios as a hedge or as speculation. The most common
types of standard option contracts are European and American options. Also
new types of options have arisen in order for investors to create their own
preferred risk profile for their portfolios. Since options play a vital part of
the financial market they must be priced correctly and there exist several
different techniques for pricing options today.

Perhaps the most popular valuation model is the Black & Scholes PDE. This
model is commonly used to price European options as there exist an analytic
solution for their prices. Although, in most cases of exotic options it is al-
most impossible to express the BS-PDE in an analytic formula. It has been
known for a substantial amount of time now that the standard option pricing
model of Black & Scholes is inconsistent with option market data. The Black
& Scholes-model leads to simple calculations, which is nice, but are derived
under the assumption that the time interval between observations are very
small and that the log prices follows a random walk with normally distributed
innovations. Further more, according to a random walk model the standard
deviation σ of the innovations, i.e. the volatility of the stock price, must
remain constant over time. All these assumptions are somewhat unrealistic
and leads to discrepancy between theoretical option prices and market prices.

More sophisticated models have been developed during the last couple of
decades. Lévy processes were first studied in the 30’s as a part of general
probability theory for limits of random sequences. In the 90’s they became
a popular building block in models used in financial mathematics. Multi-
variate models have become more and more important for option pricing.
In particular, the most traded options, the index options, are in principle
options on an average of multiple assets. Neglecting correlations between
the constituent assets could provide severe mispricings of these options. In
this thesis we are going to use a Lévy process called the Meixner process
which was first introduced by Shoutens and Teugels [26] in 1998. In order to
improve the accuracy of the model we are going to integrate a Cox-Ingersoll-
Ross-process, as suggested by Carr, Geman, Madan and Yor in [6], to make
business time stochastic to incorporate stochastic volatility in a Lévy pro-
cess. By using Monte Carlo simulations with the assumed underlying model
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the expected value of the option can be estimated. The advantage of using
Monte Carlo methods is that it can be adapted to price almost any type of
option with the assumed underlying process of our choice. Many financial
derivatives are either path-dependent and depends on the state variables or
have multiple underlying assets. The payoff function can then be written as
a multi-dimensional integral. In these cases, Monte Carlo methods provide a
powerful tool to use.

The main drawback of using Monte Carlo methods is that it is computa-
tionally demanding and converge rather slow, even for simple vanilla options.
However, there are methods to improve the efficency of the Monte Carlo
simulations. One innovation in the area is the usage of quasi-Monte Carlo
methods, see e.g. [24]. Instead of using random sequences, deterministic se-
quences that have favorable properties are being used. In this thesis we are
going to use two different deterministic sequences. The first one is called Hal-
ton sequences and the second is called Sobol sequences. Although in theory
quasi-Monte Carlo seems promising, the major drawback of QMC is that it is
very hard to estimate the error of your simulations, since we use deterministic
sequences standard statistical error estimation techniques cannot be used.

There is however one trick that can be done. We can randomize the determin-
istic sequences. That may seem rather counterintuitive that after choosing
”good” deterministic sequences start randomizing them but there is at least
one major reason for doing this. By randomizing the sequence we open the
possibility to estimate the error by statistical techniques while preserving
much of the accuracy of pure QMC. This is what we call Randomized quasi-
Monte Carlo. There are different methods of randomizing the deterministic
sequences. In this thesis we are going to use the so-called Randomly Shifted
Low Discrepancy Sequence as proposed by Tuffin in [30].

We are in this thesis going to compare five different Monte Carlo methods for
pricing both vanilla options and basket options. First we are going to create
a simulation algorithm to generate Meixner distributed random variables in
order to create the Meixner Lévy Process. We are further going to implement
an integrated CIR-process to determine the length of the time steps. With
these two simulation algorithms in place we are going to estimate the option
prices with the five different Monte Carlo methods.

In section 2 we describe the theory of both the underlying process as well
as the theory of the different Monte Carlo methods used. Next, in section 3
we review the different Monte Carlo methods by using them on a numerical
problem with known expected value and we calibrate our market parameters
from market data. In section 4 we provide numerical results of the thesis;
we compare the different methods in accuracy and speed. Finally in the last
section, we provide a conclusion based on the result and suggestions of further
research topics related to this work.
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2 Theory

2.1 Pricing of Derivatives

In this section we are going to describe the basic theory of pricing derivatives
in the financial market. Before we go in to details we need to make some
definitions. Let us define the daily interest rate as r and we define a fixed
planning horizon with T . We then assume the existence of a risk-free asset
and a risky asset. We define the risk-free asset as B = Bt = ert, 0 ≤ t ≤ T ,
i.e. we recieve a sure payoff, driven by the risk-free rate, r and the time t.
The risky asset’s process can be described as S = St, 0 ≤ t ≤ T where we
discuss the dynamics of the chosen process in this thesis in section 2.5.

2.1.1 Pricing of Vanilla Options

With the definitions above we are ready to describe the payoff function of
vanilla European call and put options:

C(K,St) = max(ST −K, 0)

P (K,St) = max(K − ST , 0)

where K is the predefined strike price of the option. As we see, the value of
the option is varying depending of the underlying asset at time T and the
chosen strike K. To price the option correctly, the price must consider the
likelihood of finishing in-the-money, i.e. the chance of (ST > K) for a call
option and (ST < K) for a put option.

In order to price the option we are going to take advantage of the Funda-
mental Theorem of Asset Pricing (see e.g. [10] or [11]) which states that for a
stochastic process, (St)t∈R, the existence of an equivalent martingale measure
(a risk-neutral probability measure) is essentially equivalent to the absence of
arbitrage opportunities. This means that the arbitrage-free price, Vt, of our
derivative at time t ∈ [0, T ] is given by

Vt = EQ[e−r(T−t)G({Su, 0 ≤ u ≤ T})|Ft], (1)

where the function G(·) is the payoff function of the derivative, in this case the
call or put option. The expectation is in the equivalent martingale measure,
Q, which is a probability measure which has the same null-sets as the given
historical probability measure and under the discounted process {e−rtSt} is
a martingale. Note that an equivalent martingale measure is specific to the
chosen numeraire and you can chose different numeraiers to recieve equivalent
martingale measures. F = Ft, 0 ≤ t ≤ T is the natural filtration of St.

According to Haugh [18], a model that is incomplete is a model that has
future states that cannot be constructed by existing assets. If a model is in-
complete there does not exist one unique equvalent martingale measure. This
means that there exists more than one price of each derivative that fulfill the
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”no-arbitrage condition”. This topic is discussed by Fritteli in [13] since this
can be seen as a problem. If we have an incomplete market one has to take
the agent’s own preferences into consideration when pricing the derivative.
One may take other principles into concideration as well in order to select a
specific martingale measure and accordingly price contingent claims. Since
the choice of pricing measure is considered to be outside of the scope of this
thesis it will not be discussed further here but for a deeper discussion of the
topic, see [13].

All types of vanilla options have some characteristics in common. They all
have one underlying asset, the effective starting time is present, only the price
of the underlying asset at the maturity date decides the payoff and whether
the option is a call or put is known when it is sold. To see a complete list
of characteristics in common for the vanilla options, the reader is refered to
Zhang’s paper [31]. Due to their lack of flexibility, the vanilla options have
many limitations. In order to try to overcome the limitations, so-called exotic
options has been developed. Each kind of exotic option aims to overcome at
least one limitation of vanilla options (to some degree).

2.1.2 Basket Options

As mentioned, the payoff of a vanilla option depends only on one underlying
asset value at maturity. In this thesis we are going to be pricing basket
options. This type of option is an exotic option whose payoff depends on
the value of an arbitrary chosen portfolio of assets. The basket is made out
of a weighted sum of N underlying assets. Options written directly on this
portfolio yields an efficient method of hedging the risk of such an exposure.
The literature on multiple asset options is somewhat limited according to [4]
but there has been work done the last twenty years and in the last couple of
years the multivariate models for asset returns have recieved much attention,
see [19]. If we denote the basket value at time t as Bt, then the value of the
basket is given by:

Bt =

N∑
i=1

wiS
(i)
t ,

where wi is the weight of of the coresponding underlying asset, Sit and
∑
wi =

1. The payoff structure of the basket option is defined by:

GB(T ) = φ(

N∑
i=1

wiS
(i)
T −K)+, (2)

where φ equals 1 if it is an call option and -1 if it is an put option. With these
options the main problem is not path-dependency but the multidimensional-
ity which makes it impossible to give exact analytical representations of the
option prices. There are several different methods that aims to approximate
basket options, see [21] for a comparison of different so-called analytical ap-
proximations. Recent development in pricing basket options is using asymp-
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totic expansion methods, see e.g. [16]. All these methods use Monte Carlo
simulations as a measure of ”true” option value which indicate to us that
there is no prefered superior method for pricing basket options yet. We are
in this thesis therefore going to use different Monte Carlo Methods in order
to estimate basket option prices, see section 2.4.

2.2 Lévy Processes

The underlying process we are going to use in this master thesis is the Meixner
Lévy Process. It is therefore appropriate to introduce the reader to basic the-
ory of Lévy processes before we go in to details about the Meixner Process.

We start by defining a set of probability measures on the line as P. We
can then uniquely determine an element, P ∈ P by its distribution func-
tion FP (x) = P ((−∞, x]), x ∈ R and its characteristic function, which is the
Fourier transform of the distribution, FP :

ϕ(λ) =

∫
eiλxFP (dx), λ ∈ R (3)

A probability distribution, P , is called infinitely devisible if and only if, for
every integer n ≥ 1, there exists a characteristic function ϕn, such that
ϕP (t) = ϕn(t)n.

With a stochastic process we mean a collection of random variables Xt, t ∈ T
with values in R and T is time, see Knill’s notes [20]. If we say that a
stochastic process is càdlàg (continu à droite, limites à gauche) we mean that
we allow jumps in the process but require that the process is right continuous
with probability 1, i.e.

lim
s↓t

Xs = Xt

The process also need to have a limit from the left:

Xt− = lim
s↑t

Xs

With these introduced definitions we are now ready to define a Lévy process
and describe some characteristics of such processes. A process is called a
Lévy process if and only if the càdlàg stochastic process X = {Xt}, t ≥ 0
with X0 = 0 has independent and strictly stationary increments. This means
that the distribution of an increment over [s, s + t], s, t ≥ 0, i.e. Xs+t −Xs

has (ϕ(λ))t as characteristic function.

When using Lévy processes it is common to talk about the process’ triplet of
Lévy characteristics. In order to describe this triplet we need to introduce the
characteristic exponent, which is defined as: ψ(λ) = logϕ(λ) and it satisfies
the Lévy-Khintchine formula:

ψ(λ) = iγλ− σ2

2
λ2 +

∫ ∞
−∞

(exp(iλx)− 1− iλx1(|x|<1)v(dx), (4)
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where γ ∈ R, σ2 ≥ 0 and v (the Lévy measure of X ) is a measure on R− {0}
such that

v(R− [−1, 1]) <∞, and

∫ 1

−1
x2v(dx) <∞

The parameters [γ, λ, v(dx)] are the Lévy triplets that are uniquely deter-
mined by the specific Lévy process. From Equation 4 above we can dis-
tinguish three independent parts that makes it easier to interpret the Lévy
triplet. γ is a linear deterministic drift term, λ is a Brownian part and v(dx)
is a pure jump part. The jumps will occur according to a Poisson process
with parameter

∫
A v(dx), where A is the jump size.

One advantage of using Lévy based models to describe the financial mar-
ket is that they provide a flexible framework to model the marginal distri-
bution of asset returns. However, using Lévy processes also give us some
difficulties. One of the major drawbacks is that the returns will be indepen-
dent and identically distributed when measured over time intervals of fixed
length. Thus stylized facts such as volatility clustering are being ignored by
the model. This issue can be resolved and we will discuss a method to deal
with this problem in section 2.5.1. Another issue with using Lévy Processes
in the financial market that Mazzola and Muliere discuss in their paper [23],
is that markets are incomplete when using Lévy processes, i.e. there exist
an infinite number of martingale measures equivalent to the physical measure
describing the underlying price evolution. This means that each martingale
measure corresponds to a set of derivative prices which are compatible with
the no-arbitrage requirement; and thus the prices cannot be determined by no
arbitrage but instead on every agent’s own risk preferences. This means that
the derivative prices are determined by particular utility functions, which are
different from one agent to another.

2.2.1 The Meixner Process

The Meixner distribution belongs to the class of infinitely divisible distribu-
tions and as such gives rise to a Lévy Process, called the Meixner Process.
The process originates from the theory of orthogonal polynomials proposed
in 1998 by Schoutens and Teugels [26]. The density of a random variable X
that has a Meixner distribution, MD(α, β, δ, µ), is given by:

fM (x;α, β, δ, µ) =
(2 cos(β/2))2δ

2απΓ(2δ)
exp

(
β(x− µ)

α

)∣∣∣∣Γ(δ +
i(x− µ)

α
)

∣∣∣∣2 (5)

with α > 0, β ∈ (−π, π), δ > 0, µ ∈ R and Γ(·) is the Euler Gamma function.
The parameter µ is a location parameter, α is a scale parameter and δ is
a time scale parameter. β is a shape parameter that primarily influencing
the skewness of the distribution. The characteristic function of the Meixner
distribution is given by:

E(exp(iuX)) =

(
cos(β/2)

cosh(αu−iβ2 )

)2δ

exp(iuµ) (6)
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Mazzola and Mulliere has shown in their paper [23] that for the Meixner
distribution, moments of all orders exists. The first moment (the mean) is:
κ1 = αδ tan(β)+µ and we see that the mean is finite as long as β 6= ±π. The

second moment is κ2 = α2δ
1+cos(β) which is also finite as long as β 6= ±π. The

skewness of the distribution is: γ1 = sin(β2 )
√

2
δ which is finite for all parameter

values (except δ = 0). The fourth moment, the kurtosis, is: γ2 = 3 + 2−cos(β)
δ

and we see that the kurtosis is always greater for the Meixner distribution
compared to the Normal distribution (which has a kurtosis of 3). This hints
us that the Meixner distribution potentially fits financial data better com-
pared to the Normal distribution since the stylized facts of financial data
have shown that the distribution of the real data has higher peaks and fatter
tails than the normal distribution. If X ∼ MD(α, β, δ, µ), then the random
variable Z = (X − µ)/α has the density function MD(1, β, δ, 0) via a simple
standardization.

Properties of the Meixner Lévy process mostly derives from from the corre-
sponding properties of the Meixner distribution. The characteristic exponent
of the Meixner distribution is given by:

ψMeixner(u) = − log

((
cos(β/2)

cosh(αu− iβ)/2)

)2δ
)
− iuµ (7)

The characteristic Lévy triplet of the Meixner distribution with parameters
MD(α, β, δ, µ) is (γ, 0, v(dx)) where:

γ = αδ tan
β

2
− 2δ

∫ ∞
1

sinh(βx/α)

sinh(πx/α)
dx+ µ (8)

v(dx) = δ
exp(βx/α)

x sinh(πx/α)
dx (9)

For derivation and proof of the Lévy triplets see Shouten’s paper [27]. As seen
in the Lévy triplet, the Meixner process does not have a Brownian part since
σ = 0 and hence is a pure jump model. Another property of the Mexiner
distribution worth mentioning is that if Xj ∼ MD(α, β, δj , µj), j = 1, .., n
and are mutually independent, then:

X1 + · · ·+Xn ∼MD

(
α, β,

n∑
j=1

δj ,
n∑
j=1

µj

)
.

The Meixner process X = (Xt, t ≥ 0) is a Lévy process such that:

Xt ∼MD(α, β, δt, µ)

This process is of infinite variation since it can be shown by standard Lévy
process theory (see e.g. [3]) that

∫∞
−∞ |x|v(dx) = ∞. This is called that the

model is an infinite activity Lévy process and these models are able to capture
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both small frequent movements as well as rare large movements.

In the Meixner Lévy Market Model, which we are going to use in this thesis,
we assume that the risky asset is modeled as:

St = S0 exp(MDt)

The log returns, log(St+s/St), follow the distribution of increments of the
length s of the Meixner Process MDt. In order to have a price process with
finite expected value, the following criteria must be fulfilled by the parameters
in the Meixner distribution: α+ β < π and the process has finite variance if
2α+ β < π.

To find an equivalent martingale measure, we can use the so called Esscher
transform that was first proposed by Esscher in 1932 and and used by Gerber
and Shiu in 1994 for asset pricing in incomplete markets [14]. The idea is to
define a new measure, Q as:

Q(dw) = ce−X(w)2P (dw), w ∈ Ω (10)

where X is a univariate random variable on the probability space (Ω,F , P )
and such that P (X 6= 0) > 0. The normalizing constant c is defined as:
c = 1/EP [e−X

2
]. We now let ξ(θ) = EQ[eθX ] where θ ∈ R. Finally we define

a new variable as:

Zθ(w) =
eθX(w)

ξ(θ)
(11)

The mapping of x → eθx/ξ(θ) is what we call the Esscher transform with
parameter θ. By changing our P-measure to the Q-measure (the risk-free mea-
sure) via the Esscher transform, our Meixner distribution goes fromMD(α, β, δ, µ)
to MD(α, αθ + β, δ, µ), where θ is the unique Esscher transform parameter
for the Meixner distribution. If we specify βQ as the solution to the equation:

cos(
βQ
2

+
α

2
) = exp((µ− r)/(2δ)) cos(

βQ
2

) (12)

where the solution is given by:

βQ = 2 arctan

(
(cos(α2 − exp((µ− r)/2δ)))

sin(α2 )

)
(13)

we see that βQ always fulfill the requirement of |β| < π. The unique Esscher
transform parameter can be derived from the fact that the new β-parameter
is defined as βQ = αθ + βP and Equation 13. This gives us the equation:

θ =
βQ − βP

α
(14)

In this case, the Esscher transformed Meixner model incorporate by itself a
volatility smile effect. Although, the smile effect is not enough and distinct
differences between market prices and model prices still exist. We need to
correct the model for this issue.
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2.3 Time deformation and time-change

The main feature the above described Meixner Lévy process is missing is the
fact that volatility is changing stochastically over time. Empirical financial
data shows that estimated volatilities tend to be clustered with some pe-
riods with high absolute log-returns and some periods with lower absolute
log-returns, see [27]. This phenomenon of volatility clustering can be incor-
porated in the model by making the time stochastic. There are different
methods for choosing a time change which is suitable for financial model-
ing. Two popular classes are subordinators and absolutely continuous time
changes and sometimes the terms are used synonymously in finance literature
according to [1]. In this thesis we are going to use an absolutely continuous
time-change. This class is of the form Ts =

∫ s
0 τudu, for a positive and inte-

grable process τ = (τs)s≥0. In this setting T is always continous but τ can
exhibit jumps. The process τ is often called instantaneous (business) activity
rate. One advantage of this class is that it leads to affine models which are
highly analytically tractable in contrast to stochastic integrals with respect
to Lévy processes which in general are not affine.

In this thesis we are using a process proposed by Carr, Madan, Geman and
Yor in [6]. In order to build volatility clustering and to keep time going for-
ward we have a mean-reverting positive process as a measure of the local time
change rate. In this particular case we use the Cox-Ingersoll-Ross-process
(CIR-process) y(t) that solves the stochastic differential equation:

dyt = κ(η − yt)dt+ λy
1/2
t dWt (15)

where Wt is a Weiner process, κ ≥ 0 corresponds to the speed of adjustment,
η is the mean and λ is the volatility. The economic time elapsed in terms of
calender time is then given by Y (t) where:

Y (t) =

∫ t

0
ysds (16)

The characteristic function of Y (t) have been shown by e.g. Carr et al. in [6]
to be:

E(exp(iuY (t))) = φ(u, y) =
exp(κ2ηt/λ2) exp(2y(0)iu/(κ+ γ coth(γt/2)))

(cosh(γt/2) + κ sinh(γt/2)/γ)2κη/λ2
,

(17)
where

γ =
√
κ2 − 2λ2iu. (18)

2.4 Mathematical methods

In the following section the theory behind the mathematical methods used
in this thesis are presented. There will be a brief introduction to Monte
Carlo methods, Quasi-Monte Carlo methods and lastly an introduction to
randomized quasi-Monte Carlo methods.
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2.4.1 Monte Carlo Methods

Monte Carlo methods is a technique where you use computational algorithms
to repeatedly generate random numbers to solve a problem. A narrower def-
inition was stated by Halton [17]: ”the Monte Carlo methods are defined
as representing the solution of a problem as a parameter of a hypothetical
population, and using a random sequence of numbers to construct a sample
of the population, from which statistical estimates of the parameter can be
obtained”.

A common application of Monte Carlo methods is to estimate integrals, see
e.g. [28]. Consider the integral:

τ = E(φ(X)) =

∫
φ(x)f(x)dx (19)

here φ : Rd → R, X ∈ Rd and f is the probability denisty of X. The
probabilities can be rewritten as φ being an indicator function:

P (X ∈ A) =

∫
1{x ∈ A}f(x)dx (20)

Now, by using the Law of Large Numbers (LLN), an approximation of τ can
be achieved according to the equation:

τN = t(x1, ..., xN ) =
1

N

N∑
i=1

φ(xi) (21)

where x1, ..., xN are independently drawn from f . As we see the LLN can
be interpreted as a statement that the Monte Carlo estimate of an integral
is (under certain conditions) a consistent estimate, i.e. it converges to the
correct value as the random sample size becomes larger. If we further assume
that φ is square integrable we can calculate the variance as:

σ2f =

∫
(φ(x)− τ)2dx (22)

The Central Limit Theorem asserts that the estimation error (τ − τN ) is
approximately normally distributed with zero mean and standard deviation
σf/
√
N . This is often written in literature as:

τN − τ
σf
√
N
→ N(0, 1) (23)

This feature is nice in theory but in practice if τ is unknown typically one
can assume that also σf is unknown. This issue can be solved by estimating
the sample standard deviation instead:

sf =

√√√√ 1

N − 1

N∑
i=1

(φ(xi)− τN )2 (24)
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The standard error is therefore of convergence rate O(N−1/2). This is consid-
ered a rather slow rate of convergence compared to other classical quadrature
rules for smooth functions in low dimensions (see [9]). The value of using
Monte Carlo methods is the fact that the convergence rate does not depend
on the dimension d! In addition, if we have a finite but at least moderately
large n, we can also estimate a confidence interval of the point estimate, τN
as:

τN ± zδ/2
sf√
N

(25)

where zδ/2 denotes the (1 − δ)-quantile of the standard normal distribution.
This is justified by the Central Limit theorem and is an asymptotically con-
fidence interval.

One way to increase the efficiency of Monte Carlo simulation is to use variance
reduction techniques [15]. One example is to use a technique called antithetic
variates which attempts to reduce the variance by using negative dependence
between replication pairs. Lets assume we want to estimate τ with an error
less than a given constant, ε > 0 from the expression of the confidence interval
in Equation 25 we see that:

zδ/2
sf√
N
< ε ⇐⇒ N > zδ/2

s2f
ε2

(26)

i.e. the sample size N increases lineary with the variance s2f . When using
antithetic variables we are going to assume we can generate another variable,
Y that also has τ as expected value and the same variance as X. We can
then define a third variable, Z as:

Z =
X + Y

2
(27)

also with τ as expected value and with variance:

V ar(Z) = V ar
(X + Y

2

)
=

1

4
(V ar(X) + 2Cov(X,Y ) + V ar(Y )) (28)

=
1

2
(V ar(X) + Cov(X,Y ))

For a desired size of the estimation error, ε, it is better to use Z if:

2zδ/2
V ar(Z)

ε2
< zδ/2

V ar(X)

ε2
⇐⇒ (29)

V ar(X) + Cov(X,Z) < V ar(X) ⇐⇒
Cov(X,Z) < 0

This means that if we can find a variable Y that is negatively correlated with
our original variable X we would increase the efficiency of the Monte Carlo
simulation.
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2.4.2 Quasi-Monte Carlo Methods

Another way of increasing the efficiency of the Monte Carlo simulation is to
consider using deterministic sequences instead. The discussion in this section
is mainly based on the work of Niederreiter in [24]. It can be shown that it is
not so much the true randomness of the sampling that is relevant but rather
that the samples should be spread in a uniform manner over the integration
domain in order to increase accuracy of the estimation. This leads to the
idea of selecting deterministic nodes in such a way that the error bound is as
small as possible instead. This is the fundamental principle of Quasi-Monte
Carlo methods (QMC). We try in no way to mimic randomness but rather
choose ”good” points instead. The tools and theory that QMC is based on
are very different from those that are being used in ordinary Monte Carlo.
QMC theory is based on number theory and abstract algebra compared to
MC that is based on probability and statistics theory. We will go through
the main ideas of QMC in the following section and refer the reader to [24]
for a thorough explanation of the theory.

Since QMC is a completely deterministic procedure it implies that we get
deterministic and thus guaranteed error bounds. In principle this means that
it is possible to determine in advance an integration rule that yields a pre-
scribed level of accuracy. We need to replace the random samples from ordi-
nary Monte Carlo by well-chosen deterministic points. The selection criterion
is based on uniformly distributed sequence and discrepancy. The discrepancy
can be seen as a quantitative measure for the deviation from uniform distri-
bution.

If we want to estimate the integrand, f , we use the QMC approximation:∫
Id
f(u)du ≈ 1

N

N∑
i=1

f(xn) (30)

where Id := [0, 1)d, is the half-open d-dimensional unit cube and x1, x2, ..., xN ∈
Id. It can be shown that the desirable nodes are those for which the empirical
distribution is close to the uniform distribution on Id, i.e. the nodes x1, ..., xN
should be evenly distributed over Id. Let us define discrepancy more detailed.
For N points x1, x2, ..., xN ∈ Id and J as a collection of subsets of Id, if A(J)
counts the number of points xi ∈ Id and V (J) is the volume of J , we define
the discrepancy D(J,N) as:

D(J,N) =

∣∣∣∣A(J)

N
− V (J)

∣∣∣∣ (31)

Intuitively, the discrepancy is the difference between the proportion of points
in J compared to the full unit cube Id. If we take J to be to be the collection
of rectangles in Id in the form:

d∏
j=1

[uj , vj), 0 ≤ uj < vj ≤ 1, (32)
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we get the ordinary discrepancy but if we instead restricting J to the rectan-
gles of:

d∏
j=1

[o, uj) (33)

we get what is defined as the star discrepancy D∗(x1, ..., xN ) which is no larger
than the ordinary discrepancy. Niederreiter shows in [24] that in dimension,
d = 1:

D∗(x1, ..., xn) ≥ 1

2N
, D(x1, ..., xN ) ≥ 1

n
(34)

which in both cases yields the minimum if:

xi =
2i− 1

2N
, i = 1, ..., N (35)

The problem is though that much less is known about the best discrepancy
in higher dimensions. Niederreiter uses the expression ”it is widely believed”
to state that in d ≥ 2, any points x1, ..., xN satisfy:

D∗(x1, ..., xN ) ≥ cd
log(N)d

N
(36)

where cd is a constant dependent on the dimension d. There is no proof of
whether this is correct or not. The goal of a low-discrepancy sequences (LDS)
is to minimize this star discrepancy, see [8]. In other words, LDS are numbers
that are better equidistributed in a given volume than random numbers.

Simulations of QMC with LDS can potentially achieve faster convergence
and better accuracy than standard Monte Carlo methods. Since the points in
a LDS are deterministic there are correlation between the points to eliminate
clumping of points. But because of the correlation, LDS are less versatile
than random sequences.

With the notation above we can now describe the integration error bound, ε
of QMC:

ε(f) ≤ V (f)D∗N (37)

where f is any function with finite Hardy-Krause variation. This is known
as the Koksma-Hlawka bound. Note that when using QMC we only have
an (theoretical) upper bound of the integration error and we cannot exactly
estimate the real error as we can in the ordinary MC case. A comparison of
the error bound of standard MC and the Koksma-Hlawka inequality in QMC
are stated below and are discussed by Caflisch in [5].

• The Koksma-Hlawka inequality in Eq. 37 is a worst-case strict bound,
whereas Eq. 25 is a probabilistic bound dependent on n.

• The two terms in Eq. 37 are very difficult to compute, in some cases
even harder than the integral f itself. Whereas the variance in standard
Monte Carlo is easily estimated.
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• In cases where both terms V (f) and D∗N in Eq. 37 are known, numerical
computation shows that the bound is usually a gross over-estimate of
the true error. While the CLT asserts a sound and relatively informative
measure of the error in Monte Carlo estimations.

• The condition that the Hardy-Krause variation must be finite, V (f) <
∞ put on a restriction that is unmatched in Monte Carlo estimations.
If Hardy-Krause variation is finite it implies that f is bounded which is
not always the case in option pricing.

From Eq. 36 we see that the rate of convergence for QMC is of order
O((log(N)dN−1) which is much faster for problems in relatively low dimen-
sions compared to the convergence rate of standard MC. Note though that
one drawback of QMC compared to MC is the dependence of the level of
dimension. To what dimension is QMC appropriate then? Authors of this
topic are not unanimous. Some are putting the upper level at 40 dimension
while other putting the limit as low as twelve or 15 dimensions. Numerical
experimentations of QMC applied to financial problems have found QMC to
be effective in even higher dimensions than 40 as well, see e.g. [15].

Another drawback of quasi-Monte Carlo methods is the loss of versatility
compared to Monte Carlo methods. Low descrepancy sequences are numbers
between 0 and 1 which limits the use of QMC to numerical inversion methods
for sampling from the distribution. While there are many different methods
to sample from the wanted distribution for ordinary Monte Carlo simulations,
e.g. rejection sampling and importance sampling. One shortcoming in this
master thesis is that we are not going to compare the efficiency and speed
of different simulation methods of the Monte Carlo method with the quasi
Monte Carlo and randomized quasi Monte Carlo methods. All distribution
samplings are going to be with the inversion method. The problem of com-
paring different sampling methods is left to other master theses.

There are several different ways to create a LDS. Some examples are Hal-
ton Sequences, Sobol Sequences and Niederreiter Sequences, see [8]. Earlier
work with QMC has shown that the efficiency of the estimation can differ
depending on chosen LDS. Therefore we are going to use two different LDS
in this thesis for comparison, namely the Halton Sequence and the Sobol se-
quence. MatLab has built-in methods to generate both Halton and Sobol
sequences but a brief theoretical description of how to generate the sequences
are presented below:

The Halton sequence is a generalization of the Van der Corput sequence
to higher dimensions. Each dimension is represented in a different prime
base b e.g. (2, 3, 5, 7, ..). To generate the n-th point in the sequence, con-
sider the base b-ary expansion of a n :

∑∞
i=1 aib

i where the b-ary coefficients
ai ∈ {0, ..., b− 1}. The n-th Halton point H(n) is the radical-inverse function
in base b, defined as: H(n) =

∑∞
i=1 aib

−i−1. Even though standard Halton
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sequences perform well in low dimensions, correlation problems have been
noted between sequences generated from higher primes. For example if we
start with the primes 17 and 19 to generate a Halton sequence in (0, 1)×(0, 1)
in R2, the first 16 pairs of points have perfect linear correlation. To avoid
this, it is common to skip the first 20 entries or some other predetermined
number depending on the primes chosen. Another solution to this problem is
to use so called scrambled Halton sequences, which uses permutations of the
coefficients used in the construction of the standard sequence.

Just like Halton sequences, the Sobol sequence starts from the Van der
Corput-sequence. Sobol is exclusively in base 2. The coordinates in a d-
dimensional Sobol sequence are permutations of segments in the Van der
Corput-sequence. These permutations are created by multiplying binary ex-
pansions of consecutive integers by a set of d numbers of predetermined gen-
erator matrices. These generator matrices are created in a certain way for
the Sobol sequences. How this matrices are created are outside the scope of
this thesis and the reader is refered to [8] or [15] for further explanation of
the low-discrepancy sequences.

2.4.3 Randomized Quasi-Monte Carlo Methods

One of the main problems with QMC, as mentioned above is that the sam-
ple error is often very difficult to estimate. Theoretically, an upper bound
can be estimated but it is far from possible in all cases. One way to solve
this problem is to use so-called randomized Quasi-Monte Carlo, RQMC. If
we use a randomization technique on the deterministic points in the QMC it
allows us to use CLT to estimate the error. We try to get the best out of
two worlds, we keep the accuracy of QMC and recieve a tool to estimate a
confidence interval of the error by using randomization. One could say that
using RQMC becomes a trade-off between sacrificing some of the precision in
order to get a better estimate of the error. Just as in the QMC case, one of
the major drawbacks of RQMC is that the method is only applicable when
using inversion methods for sampling from the distribution.

There are different randomization techniques that can be used, see e.g. [32].
In this thesis we are going to use Shifted LDS, as described in [30]. Let X
be a random variable that is uniformly distributed over the unit hypercube
[0, 1)d. We further denote a low-discrepancy sequence as (ξ(n))n∈N. With
these notations we create a new random variable, Z, defined as:

Z =
1

N

N∑
i=1

f({X + ξ(n)}) (38)

as seen, we now have a deterministic part and a random part. The notation
{X + ξ(n)} means that we add the random number X to each of the values
in the sequence ξ(n) and then use the operator modulo 1 to ensure values
between 0 and 1. The idea is now to re-simulate this estimation of Z, I
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number of times, i.e. we create I independent copies Zi of Z. We can now
use the Central Limit theorem, just as in ordinary Monte Carlo, to estimate
the expected value of f(X):

E(f(X)) ≈ 1

I

I∑
i=1

Zi (39)

The rate of convergence for randomized quasi-Monte Carlo methods depends
on some characteristics of the function f , see [12]. We assume that f has
a bounded variation V (f) in the sense of Hardy-Krause. If we further can
assume Owen’s mild smoothness condition holds; f has a Lipschitz-continious
d-fold mixed partial derivative on [0, 1]d (see Owen’s paper [25] for a more
detailed explanation), this condition implies that f in fact has bounded vari-
ation on [0, 1)d. The rate of convergence of RQMC is then:

V ar(f(X)) = O(N−3(log(N)d−1) (40)

If the smoothness condition does not hold, the (asymptotic) variance of
RQMC with shifted LDS have been shown by Tuffin [29] and the reader
is refered to his paper for the proof:

V ar(f(X)) = O(N−2(log(N)2d) (41)

which is significantly better than for standard MC in low dimensions. Empiri-
cal tests have although shown that the convergence rate is not always speeded
up using the shifted discrepancy sequences compared to standard MC see e.g.
[30].

To compare the efficiency of the estimation with RQMC compared to stan-
dard MC, we have to use the same total number of simulations. We have to
compare the variance of Eq. 39 with the variance of standard MC simulation
in Eq. 24 with N · I random variables. The variance estimation of RQMC is:

σ2RQMC =
1

I − 1

I∑
i=1

(
Zi −

1

I

I∑
l=1

Zl

)2

(42)

=
1

I − 1

∑(
1

N

N∑
j=1

f({Xi + ξ(j)})− 1

I

I∑
l=1

( 1

N

N∑
n=1

f({Xl + ξ(n)})
))2

=
1

(I − 1)N

I∑
i=1

( N∑
j=1

f({Xi + ξ(j)})− 1

I

I∑
l=1

( N∑
n=1

f({Xl + ξ(n)})
))2

If we compare this with the variance estimate of the standard Monte Carlo
variance estimation (the square of Eq. 24) with Ntot = N · I simulations, we
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see that we get a smaller variance if and only if:

σ2MC =
1

NI − 1

NI∑
i=1

(
f(Xi)−

1

NI

NI∑
j=1

f(Xj)

)2

> (43)

1

(I − 1)N

I∑
i=1

( N∑
j=1

f({Xi + ξ(j)})− 1

I

I∑
l=1

( N∑
n=1

f({Xl + ξ(n)})
))2

= σ2RQMC
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3 Simulations

We now have enough theory to describe the assumptions for the simulations in
this thesis and the mathematical methods we are going to compare. First we
are going to take a closer look at the different techniques of number generation
used in the stock simulations. Secondly we are going to try the different Monte
Carlo simulations methods on a stochastic function with known expected
value to see the efficiency of the different estimation methods. At the end of
this chapter we are going to calibrate our model to fit market data using fast
Fourier transformations.

3.1 Number Generation

Both Monte Carlo methods and quasi Monte Carlo methods aims to ap-
proximate an integral over the unit cube by selecting a set of points. The
difference is how you pick the point set. In Monte Carlo methods the points
are independent and identically distributed uniform random vectors from the
unit cube while in quasi-Monte Carlo one aim to chose points that are more
evenly distributed than random methods. To see the difference in choosing
points, all five methods have been used to generate 1000 2-dimensional points
and are presented in Figure 1. From the figure we do notice that the Halton
points and the Sobol points look more well distributed in R2 than the 1000
(pseudo)random points. The 1000 Halton and the 1000 Sobol points are the
first 1000 2d-Halton and 2d-Sobol points generated by Matlab respectively.
The randomized Halton points, aswell as the 1000 randomized Sobol points
are generated through a shift of the LDS with 1000 (pseudo)random numbers
uniformly distributed in [0,1].

3.2 Numerical Example

Since the purpose of this thesis is to compare different Monte Carlo methods
for pricing different kinds of options the efficiency of the methods are crucial
but since there exist options without known exact pricing formula one idea is
to evaluate the efficiency of the methods on a function with known expected
value. We will test the methods on a function of a univariate stochastic
variable with known expected value. By doing this we can fairly easy compare
the methods and how fast they converge to the correct value. Therefore we
are going to use the five methods to estimate eX where X ∼ N(1, 9). This
stochastic function has known expected value and variance. The expected
value of eX when X is normal distributed is: eµ+σ

2/2, which in this case is:
e1+9/2 = e5.5 ≈ 244.69. The variance of the function can be calculated from
the definition of variance. If we let Y = eX then we know that V ar(Y ) =
E(Y 2)−E(Y )2 = E(e2X)−e2·5.5 = e2µ+4σ2/2−e11 = e2+2·9−e11 = e20−e11 ≈
4.85·108. We notice that this rather simple function has a huge variance which
will really test the Monte Carlo methods’ rate of convergence. All the random
numbers are generated with the inversion method. Figures 2-4 display the
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Figure 1: The five different number generation techniques of generating 1000
2d-points
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standard Monte Carlo method, the two quasi-Monte Carlo methods and lastly
the randomized quasi Monte Carlo method with Sobol points.

Figure 2: Standard Monte Carlo estimation of eX

Figure 3: Quasi-Monte Carlo estimation of eX with Halton and Sobol se-
quences
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Figure 4: Randomized quasi Monte Carlo estimation of eX with a Sobol se-
quence

What we can observe is that the crude Monte Carlo method converges
slowly compared to the other methods. In total there are 90000 simulations
for every method. Not even after 90000 simulations has the 95%-confidence
interval start to cover the true expected value for the crude Monte Carlo
simulation. The 95%-confidence intervals are displayed as the dashed lines
in the figures. In the randomized quasi Monte Carlo simulation the total
number of iterations is 90000 where N = 300 and I = 300. In figures 5-6 the
absolute error of the estimation is displayed for the different methods. After
90000 simulations the absolute errors of the different methods were:

εMC = 45.0240

εQMCH = 30.4853

εQMCS = 29.4271

εRQMCS = 3.3783

As seen both from the numerical values of the error and from the figures,
the randomized quasi-Monte Carlo method yields the smallest absolute error
and is close to the true value almost immediately. This numerical example
tells us that randomized quasi-Monte Carlo methods looks very promising as
a method to estimate an expected value. One issue that isn’t considered in
this example is the effect the dimension of the problem has on the estimation.
This example is a low dimensional problem whereas financial problems often
are of very high dimensions.
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Figure 5: Absolute error of the Monte Carlo and quasi Monte Carlo simula-
tions

Figure 6: Absolute error of the randomized quasi Monte Carlo simulation with
one-dimensional Sobol points
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3.3 Calibration of Model Parameters

The underlying stock price process is assumed to be a Meixner Lévy Process
with Esscher transformed parameters to get an equivalent martingale mea-
sure. The choice of using a Meixner process in this thesis is due to the fact
that the Meixner distribution fits financial data better than the normal dis-
tribution used in the Black-Scholes model and the Meixner process is flexible
to work with and leads to numerically tractable formulas. Since earlier work
have shown that using Lévy processes to simulate financial data don’t take
stochastic volatility in the data into consideration, an integrated CIR-process
is used to make business time stochastic. By making business time stochastic
it aims to mimic the effect of volatility clustering of the stockpath. The stock
price process used is described in Eq. (44).

St = S0 exp(XY (t)) (44)

where XY (t) is the Esscher transformed Meixner Lévy process, where the log
returns, log(St+s/St), has the distribution MD(α, αθ + βP , δ, µ) where θ is
the Esscher transform parameter. Y (t) is the integrated CIR-process to make
time change stochastic. The characteristic function for the logarithm of our
stock price is given by:

E(exp(iu log(St)) = exp(iu((r − d)t+ log(St)))
φ(−iψX(u), t)

φ(−iψX(−i), t)iu
, (45)

where φ is the characteristic function of the CIR-process described in Eq. (17)
and ψX is the characteristic exponent of our Meixner Lévy process described
in Eq. (7). See [27] for derivation and proof of the characteristic function of
the logarithm of our stock price.

For general Lévy process models we typically cannot find analytical solu-
tions for the European option prices such as we can in the Black & Scholes
framework. Therefore, we are going to introduce a pricing method based on
the characteristic function of the process in order to calibrate our model pa-
rameters. We are going to use fast Fourier transformation FFT, as proposed
by Madan and Carr in [7]. Here we will briefly going through the methodology
in the following sections.

3.3.1 The Fourier transform of an option price

If we want to evaluate a European call option which are written on a price
process St with maturity time T and strike price K we start by denoting
k = log(K) and s(T ) = log(ST ). We further denote CT (k) as the option price
and qT the risk-neutral probability density function of the log price, sT . The
characteristic function of the density function, qT , is then:

φT (u) =

∫ ∞
−∞

eiusqT (s)ds (46)
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The option price related to the risk-neutral density qT is then given by:

CT (k) =

∫ ∞
k

e−rT (es − ek)qT (s)ds (47)

There is one problem though with the equation above. CT (k) is not square
integrable since when k → −∞ which means that K → 0, we have CT → S0.
Carr and Madan [7] suggest a modified price cT (k) instead in order to achieve
a square integrable function:

cT (k) = eakCT (k), (48)

for a suitable a > 0. The value of a will affect the speed of convergence. The
Fourier transform of cT (k) is given by:

ψ(v) =

∫ ∞
−∞

eivkcT (k)dk, (49)

and the corresponding inverse Fourier transform is then:

cT (k) =
1

2π

∫ ∞
−∞

e−ivkψT (v)dv (50)

With Eq. (48) - (50) we can express the option price CT (k) as follows:

CT (k) =
exp(−ak)

2π

∫ ∞
−∞

e−ivkψT (v)dv =
exp(−ak)

π

∫ ∞
0

e−ivkψT (v)dv, (51)

where we in the last equation used the fact that T is odd in its imaginary part
and even in its real part and we know that CT (k) is real. Now, lets express
the Fourier transform, ψK in terms of φT (k):

ψT (v) =

∫ ∞
−∞

eivk
∫ ∞
k

eake−rT (es − ek)qT (s)dsdk (52)

=

∫ ∞
−∞

e−rT qT (s)

∫ s

−∞
(es+ak − ek+ak)eivkdkds

=

∫ ∞
−∞

e−rT qT (s)

(
e(a+1+iv)s

a+ iv
− e(a+1+iv)s

a+ 1 + iv

)
ds

= e−rT
∫ ∞
−∞

qT (s)
e(a+1+iv)s

(a+ 1 + iv)(a+ iv)
ds

=
e−rTφT (v − (a+ 1)i)

a2 + a− v2 + i(2a+ 1)v

Using the known expression for the time changed Meixner charactieristic func-
tion in Eq. (45) in Eq. (52), we can compute the option prices by using Eq.
(51).
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3.3.2 Fast Fourier transformation FFT

Fast Fourier transformation is an algorithm that efficiently calculates the sum:

ω(k) =
N∑
j=1

e−i2π(j−1)(k−1)/Nx(j), (53)

where N is usually in a power of 2. FFT is commonly used as a discrete
approximation technique for the Fourier transformation that significantly re-
duce the computaional burden. By using FFT we can approximate Eq. (51)
by:

CT (k) ≈ exp(−ak)

π

N∑
j=1

e−ivjkψT (vj)η (54)

Madan and Carr suggest in their paper [7] the following parameter values and
conventions:

vj = η(j − 1), N = 212 = 4096, α = Nη = 600,

b =
Nλ

2
, ku = −b+

2b

N
(u− 1), λη =

2π

N

where α is the upper limit of the integration, ku is a vector with N values
of k, and b sets a bound on the log strike to range in between [−b, b]. With
these notations, Eq. (54) can be rewritten as:

CT (k) ≈ exp(−aku)

π

N∑
j=1

e− iλη(j − 1)(u− 1)eibvjψT (vj)η (55)

Here, we cannot combine a too fine integration grid with a wide enough region
for strikes since if we choose a small η that gives us a fine integration grid
we will not cover many strike prices instead. Carr and Madan suggest to use
Simpson’s weighting rule to obtain an accurate enough integration with large
η. Then we rewrite our pricing approximation formula one last time to:

CT (k) ≈ exp(−aku)

π

N∑
j=1

e−i2π(j−1)(u−1)/NeibvjψT (vj)
η

3
(3+(−i)j−δj−1), (56)

where δn is the Kronecker delta function. This is the price formula we will
be using when calibrating our model parameters.

3.3.3 Calibration Results

We use historical option prices to calibrate the model parameters. The Eu-
ropean call options of the S&P-500 index used as calibration is listed in Ap-
pendix A. The market prices were chosen between April 2016 to June 2017
with strike prices between 1700 and 2300. The index close price were on
January 20th 2016 1881.3. While the pricing problem is the problem related
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to price options given the parameter values, the calibration problem is the
opposite: given the market prices of the options which model parameter val-
ues fits the data best? Here we are going to use the least square method in
order to calibrate our model parameters. The idea is very simple: From the
observed market prices (Ci)

N
i=1 at t = 0 for different strikes and maturities

we try to minimize the difference of the proposed risk-neutral model prices,
Cθ with model parameters, θ. Thus we find the best parameter values by
minimizing the sum of the quadratic difference between these values:

θ∗ = arg min
N∑
i=1

(Ci − Cθ(Ti,Ki))
2 (57)

We are going to use a variation of this statistic as a measure of fit, called the
Root Mean Square Error, RMSE:

RMSE =

√√√√ N∑
i=1

(Ci − Cθ(Ti,Ki))2

N

In the following tables the calibrated model parameters are shown together
with the coresponding value of RMSE. We decided to calibrate both the model
without a stochastic time change and with the integrated CIR-process to see
the difference.

Model Parameters

Meixner α β δ
0.1843 -1.1177 1.0707

Meixner-CIR α β δ λ κ η
0.1562 -0.5358 3.3715 2.9849 0.2880 1.4860

Table 1: Calibration results

Meixner Meixner-CIR

RMSE 2.3237 0.5929

Table 2: RMSE for the calibrations

From the RMSE calculations we do notice that we get significantly better
calibration results if we use an integrated CIR-process as a stochastic time
change. In the following two figures we show the theoretical option prices from
our calibrated model as well as the coresponding observed market prices:
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Figure 7: Meixner calibration to S&P500 option prices

Figure 8: Meixner-CIR calibration to S&P500 option prices
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3.4 Simulation Routine

There is no available closed form of the inverse cumulative density function of
the multivariate Meixner distribution that we can use the inversion method
to sample from. Hence in order to simulate from the multivariate Meixner
process with integrated CIR-process we have to come up with another tech-
nique to simulate the Meixner process. The whole Monte Carlo simulation
routine is as follows:

1. Simulate the rate of time change yT , 0 ≤ t ≤ T from the CIR-process
with either MC, QMC or RQMC simulations.

2. Calculate from (1) the time change YT =
∫ T
0 ysds, 0 ≤ t ≤ T

3. Estimate the inverse multivariate Meixner distribution function, V −1,
with the parameters: α, β and δYT using Fourier transform techniques

4. Set X = V −1(u), where u is a uniform random vector in [0, 1] generated
by MC, QMC or RQMC methods. The length of the vector, u, is equal
to the number of underlying assets in the basket option. Repeat (1)-(4)
until the desired amount of multivariate Meixner distributed random
variables, X

(N)
T , is achieved.

5. The stock price at time T is then modeled as: ST = S0 exp(XY (T ))

6. For each X(i) calculate the payoff function gi = G(ST ) where G is the
payoff function described in equation (2).

7. Calculate the mean of the sample payoffs to get an estimate of the
expected payoff:

ĝ =
1

N

N∑
i=1

gi

8. Discount the expected payoff at the risk-free interest rate to get an
estimate of the value of the derivative: exp(−rT )ĝ
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In the figure below we see a frequency plot from random samples of size
10000 from our simulation routine of the Meixner distribution. The dashed
line represents the true Meixner density. The parameter values are the ones
from the calibration results for the Meixner-CIR process: α = 0.1562, β =
−0.5358, δ = 3.3715. As can be seen in the Figure 9 our routine fits the true
Meixner density well.

Figure 9: Frequency plot for random samples from our Meixner distribution
simulation routine
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4 Results

We apply the simulation algorithm with the different Monte Carlo-methods
to price the basket options. The following data were used as input parameters
for the numerical results: the number of assets in the basket is n = 4, the
portfolio weights of each asset, wi = 0.25 for i = 1, ..., n. The correlation co-
efficients ρij = 0 for i, j = 1, ..., n. The initial asset prices Si(0) = 1881.3 for
i = 1, ..., n, the risk-free rate is set to 3% and the dividend yield is assumed
to be 0%. The strike prices is set to K = 1700 to K = 1900 with increments
of 100. We let maturity time be [1, 3]. Every estimation is done with 25000
simulations. In the simulations we use the calibrated parameter values from
Table 1 in section 3.3.3.

Each of the five methods will be compared on both accuracy and speed.
We will also simulate with and without stochastic time change and compare
the differences in estimation and accuracy.

As a last result we will price vanilla options written on the S&P500-index
and compare our theoretical prices with real market prices in order to get an
understanding of how well our assumed underlying model fit the real world
data as well as the efficiency of our simulation algorithms.

What we can see from the results is that depending on which model we use
to model our assets, we get a different future belief in the market. Without
an integrated CIR-process, the option prices tend to decrease with increasing
maturity and increasing with maturity when using an integrated CIR-process.

4.1 Monte Carlo simulations of the Basket Option

In the first figures we see the basket option prices estimated with regular
Monte Carlo simulation. In Figure 10 the three diferent basket options are es-
timated with the maturity time one year and with an integrated CIR-process.
The blue line is the estimation with strike 1700, the red line is the estimation
with strike 1800 and the green line is the estimation with strike 1900. In
Figure 11 the maturity time is three years.

In Figure 12 and Figure 13 the basket options are estimated without an
integrated CIR-process in the simulation routine. In Table 3 we see detailed
data of the simulations. Assuming that the simulations with integrated CIR-
process is the true value of the basket options we also compare how much
closer to the real value the simulations are with a CIR-process as well as how
much longer the simulation takes.
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Figure 10: Monte Carlo estimation of Basket options with strike 1700, 1800
and 1900. One year to maturity

Figure 11: Monte Carlo estimation of Basket options with strikes 1700, 1800
and 1900. Three years to marutity
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Figure 12: Monte Carlo estimation of Basket options with strikes 1700, 1800
and 1900. One year to maturity and no integrated CIR-process

Figure 13: Monte Carlo estimation of Basket options with strikes 1700, 1800
and 1900. Three years to maturity and no integrated CIR-process
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T K MC with CIR (std) MC no CIR (std)

1 1700 135.4839 (0.7488) 79.0191 (0.7267)
1800 71.2894 (0.5219) 37.8910 (0.5168)
1900 23.3244 (0.3000) 15.7767 (0.3322)

Comp.time (s) 654.78s 503.60s

3 1700 151.6640 (1.0259) 24.6492 (0.9789)
1800 96.5520 (0.7827) 13.4189 (0.7899)
1900 51.3931 (0.5440) 6.9680 (0.5805)

Comp.time (s) 836.16s 513.58s

Table 3: Results of the four different Monte Carlo simulations with the cali-
brated parameters from section 3.3.3

In Table 4 we compare the extra computation time between using an
integrated CIR-process and the accuracy of the estimation compared to not
using an CIR-process. We assume the process with integrated CIR converges
to the true value of the option.

T K Increased comp.time (%) Increased accuracy (%)

1 1700 30.0 % 41.7 %
1800 30.0 % 46.8 %
1900 30.0 % 32.4 %

3 1700 62.8 % 83.8 %
1800 62.8 % 86.1 %
1900 62.8 % 86.4 %

Table 4: Comparison between increased computation time and increased ac-
curacy of using integrated CIR-process in the Monte Carlo simulations of
the basket options when assuming the simulation with integrated CIR-process
converges to the true option value

4.2 Quasi-Monte Carlo simulations of the Basket Option

In the first subsection we give the results of the Sobol sequences and in the
second subsection we give the results of the Halton sequences.

4.2.1 Sobol sets for estimating Basket options

In Figure 14 - Figure 17 the results of the simulations with Sobol sequences
are presented for estimating the basket options. As in the Monte Carlo sim-
ulations, the blue line corresponds to strike 1700, the red line corresponds to
strike 1800 and the green line corresponds to strike 1900.
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Figure 14: Quasi-Monte Carlo with Sobol sequences estimation of Basket op-
tions with strike 1700, 1800 and 1900. One year to maturity

Figure 15: Quasi-Monte Carlo with Sobol sequences estimation of Basket op-
tions with strike 1700, 1800 and 1900. Three years to maturity
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Figure 16: Quasi-Monte Carlo with Sobol sequences estimation of Basket op-
tions with strike 1700, 1800 and 1900. One year to maturity and no integrated
CIR-process

Figure 17: Quasi-Monte Carlo with Sobol sequences estimation of Basket op-
tions with strike 1700, 1800 and 1900. Three years to maturity and no inte-
grated CIR-process
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T K QMC Sobol with CIR QMC Sobol no CIR

1 1700 139.5565 82.0935
1800 73.9390 39.3225
1900 24.2768 16.2786

Comp.time (s) 683.08s 506.82s

3 1700 156.3356 25.8455
1800 99.7679 14.1523
1900 53.2036 7.4797

Comp.time (s) 738.25s 535.01s

Table 5: Results of the four different quasi-Monte Carlo simulations with a
Sobol sequence and the calibrated parameters from section 3.3.3

In Figure 18 we have plotted both the Monte Carlo simulation and the
quasi-Monte Carlo simulation with Sobol sequences in the same figure to eas-
ily compare the different simulations methods. Time to maturity is one year
and includes an integrated CIR-process. The blue lines represent the quasi-
Monte Carlo simulations and the red lines represent Monte Carlo simulation.
We see that there are some discrepancy in the options estimations between
the two methods.

Figure 18: Monte Carlo and Quasi Monte Carlo with Sobol sequences es-
timation of Basket options with strike 1700, 1800 and 1900. One year to
maturity
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4.2.2 Halton sets for estimating Basket options

In Figure 19 - Figure 22 the results of the simulations with Halton sequences
are presented for estimating the basket options. As in the the other simu-
lations, the blue line corresponds to strike 1700, the red line corresponds to
strike 1800 and the green line corresponds to strike 1900. In Figure 19 and
Figure 20 we do see that using Halton sequences in very high dimensional
problems doesn’t work very well. In the CIR-simulations we have problem of
dimension 730 for the one year to maturity simulation and dimension 1111
in the three years to maturity simulation. Therefore we get poor estimations
of the Basket options compared to the other estimation methods. However,
using Halton sequences when estimating without a CIR-process we get com-
parable results as the other simulations and can be seen in Figure 21-22.

Figure 19: Quasi-Monte Carlo with Halton sequences estimation of Basket
options with strike 1700, 1800 and 1900. One year to maturity
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Figure 20: Quasi-Monte Carlo with Halton sequences estimation of Basket
options with strike 1700, 1800 and 1900. Three years to maturity

Figure 21: Quasi-Monte Carlo with Halton sequences estimation of Basket
options with strike 1700, 1800 and 1900. One year to maturity and no inte-
grated CIR-process
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Figure 22: Quasi-Monte Carlo with Halton sequences estimation of Basket
options with strike 1700, 1800 and 1900. Three years to maturity and no
integrated CIR-process

T K QMC Halton with CIR QMC Halton no CIR

1 1700 12.2429 62.8002
1800 5.7182 25.0498
1900 1.3224 8.2626

Comp.time (s) 799.71s 513.15s

3 1700 15.6076 14.9662
1800 10.5845 7.4163
1900 5.9430 3.5426

Comp.time (s) 1170.53s 512.71s

Table 6: Results of the four different quasi-Monte Carlo simulations with a
Halton sequence and the calibrated parameters from section 3.3.3
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4.3 Randomized quasi-Monte Carlo simulations of the Basket
Option

In the first subsection we give the resutls from the randomized quasi-Monte
Carlo method with Sobol sequences. In the second subsection we give the
results from the randomized quasi-Monte Carlo simulations with Halton se-
quences. Every simulation is done with N = 158 and I = 158 this gives us
a total of 24964 simulations. In this thesis we will not consider adjusting N
and I in order to achieve better results. We finish the section by showing a
table with all five different simulation methods’ numerical values.

4.3.1 Randomized quasi-Monte Carlo Simulation with Sobol
sequences

In Figure 23 - Figure 26 the results of the simulations with Randomized quasi-
Monte Carlo simulations with Sobol sequences are presented for estimating
the basket options. As in the other simulations, the blue line corresponds
to strike 1700, the red line corresponds to strike 1800 and the green line
corresponds to strike 1900.

Figure 23: Randomized quasi-Monte Carlo with Sobol sequences estimation
of Basket options with strike 1700, 1800 and 1900. One year to maturity
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Figure 24: Randomized quasi-Monte Carlo with Sobol sequences estimation
of Basket options with strike 1700, 1800 and 1900. Three years to maturity

Figure 25: Randomized quasi-Monte Carlo with Sobol sequences estimation
of Basket options with strike 1700, 1800 and 1900. One year to maturity and
no integrated CIR-process
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Figure 26: Randomized quasi-Monte Carlo with Sobol sequences estimation
of Basket options with strike 1700, 1800 and 1900. Three years to maturity
and no integrated CIR-process

T K RQMC Sobol with CIR (std) RQMC Sobol no CIR (std)

1 1700 130.1303 (0.7712) 76.3333 (0.6988)
1800 68.1333 (0.5134) 36.4356 (0.5017)
1900 22.0055 (0.3360) 14.9842 (0.2519)

C.time (s) 617.40s 474.49s

3 1700 140.0488 (0.8188) 24.5826 (0.7883)
1800 89.3890 (0.7023) 13.7676 (0.5385)
1900 47.8425 (0.5122) 7.4976 (0.3815)

C.time (s) 668.15s 508.80s

Table 7: Results of the four different randomized quasi-Monte Carlo simula-
tions with a Sobol sequence and the calibrated parameters from section 3.3.3
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4.3.2 Randomized quasi-Monte Carlo Simulation with Halton
sequences

In Figure 27 - Figure 30 the results of the simulations with Randomized quasi-
Monte Carlo simulations with Halton sequences are presented for estimating
the basket options. As in all the other simulations, the blue line corresponds
to strike 1700, the red line corresponds to strike 1800 and the green line
corresponds to strike 1900.

Figure 27: Randomized quasi-Monte Carlo with Halton sequences estimation
of Basket options with strike 1700, 1800 and 1900. One year to maturity
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Figure 28: Randomized quasi-Monte Carlo with Halton sequences estimation
of Basket options with strike 1700, 1800 and 1900. Three years to maturity

Figure 29: Randomized quasi-Monte Carlo with Halton sequences estimation
of Basket options with strike 1700, 1800 and 1900. One year to maturity and
no integrated CIR-process
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Figure 30: Randomized quasi-Monte Carlo with Halton sequences estimation
of Basket options with strike 1700, 1800 and 1900. Three years to maturity
and no integrated CIR-process

T K RQMC Halton with CIR (std) RQMC Halton no CIR (std)

1 1700 135.1000 (0.5230) 76.5373 (0.3628)
1800 71.2993 (0.3811) 37.3290 (0.2924)
1900 23.7775 (0.2352) 16.0242 (0.2292)

C.time (s) 609.39s 474.20s

3 1700 136.0302 (0.7881) 23.3948 (0.3610)
1800 86.6339 (0.6146) 13.1931 (0.3178)
1900 46.3919 (0.4316) 7.3306 (0.2712)

C.time (s) 662.74s 517.12s

Table 8: Results of the four different randomized quasi-Monte Carlo simu-
lations with a Halton sequences and the calibrated parameters from section
3.3.3
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Finally we summarize our simulations in Table 9 and Table 10 with the
numerical values of the different simulations. Both with the market model
including an integrated CIR-process as well as the model without a CIR-
process.

T K MC QMCS QMCH RQMCS RQMCH

1 1700 135.48 (0.75) 139.56 12.24 130.13 (0.77) 135.10 (0.52)
1800 71.29 (0.52) 73.94 5.72 68.13 (0.51) 71.30 (0.38)
1900 23.32 (0.30) 24.28 1.32 22.00 (0.34) 23.78 (0.24)

3 1700 151.66 (1.03) 156.34 15.61 140.05 (0.82) 136.03 (0.79)
1800 96.55 (0.78) 99.77 10.58 89.39 (0.70) 86.63 (0.61)
1900 51.39 (0.54) 53.20 5.94 47.84 (0.51) 46.39 (0.43)

Table 9: Comparison of the numerical values of the different simulation tech-
niques with an integrated CIR-process. Standard deviation of the simulations
are presented in the parentheses

T K MC QMCS QMCH RQMCS RQMCH

1 1700 79.02 (0.73) 82.09 62.80 76.33 (0.70) 76.54 (0.36)
1800 37.89 (0.52) 39.32 25.05 36.44 (0.50) 37.33 (0.29)
1900 15.78 (0.33) 16.28 8.26 14.98 (0.25) 16.02 (0.23)

3 1700 24.65 (0.98) 25.86 14.97 24.58 (0.79) 23.39 (0.36)
1800 13.42 (0.79) 14.15 7.42 13.77 (0.54) 13.19 (0.32)
1900 6.97 (0.58) 7.48 3.54 7.50 (0.38) 7.33 (0.27)

Table 10: Comparison of the numerical values of the different simulation
techniques without an integrated CIR-process. Standard deviation of the sim-
ulations are presented in the parentheses
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4.4 Model fit to real values

As a last result, we are going to check whether the accuracy of our described
simulation approach is good compared to real market data. We do this by
pricing European vanilla call options written on the S&P500-index with ma-
turity date 16th of June 2017, and compare the simulated prices with the
corresponding real world market prices fetched from Nasdaq on the 20th of
January 2016. This gives us T = 1.402 years. Number of simulations are
25000. By doing this comparison we have both evaluated the different sim-
ulation methods to each other as well as how well the assumed underlying
model fits the real world data. The closed index price is S0 = 1881.30. The
results were as follows:

Strike MC QMCH QMCS RQMCH RQMCS Mean of
Bid & Ask

1700 211.24 (1.53) 143.87 213.69 213.72 (0.69) 211.06 (0.65) 250.20
1750 181.27 (1.43) 124.65 183.40 183.43 (0.61) 181.29 (0.56) 218.55
1800 152.93 (1.33) 107.29 154.71 154.68 (0.54) 153.10 (0.49) 188.75
1850 126.46 (1.23) 91.73 127.86 127.78 (0.49) 126.72 (0.43) 160.80
1900 102.19 (1.14) 77.79 103.20 103.00 (0.45) 102.42(0.39) 134.85
1950 80.50 (1.04) 65.54 81.00 80.75 (0.43) 80.62 (0.38) 111.60
2000 61.79 (0.95) 55.86 61.95 61.58 (0.42) 61.81 (0.38) 90.10
2050 46.54 (0.86) 47.80 46.72 46.15 (0.39) 46.52 (0.36) 71.05
2100 35.24 (0.78) 40.93 35.69 34.82 (0.37) 35.16 (0.34) 54.50
2150 26.99 (0.70) 35.09 27.55 26.63 (0.36) 26.94 (0.33) 40.15
2200 20.84 (0.64) 30.13 21.41 20.60 (0.34) 20.89 (0.31) 28.95

Table 11: Theoretical prices with estimated standard deviation and market
prices for European Call Options

The prices are estimated using the same parameters estimated in section 3.3.3
and with an integrated CIR-process. Once again we notice that estimating
with Halton sequences in high dimensional problems doesn’t yield as satis-
factory results as the other methods.
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5 Conclusions

In this master thesis we investigated the pricing of basket options using differ-
ent kinds of Monte Carlo methods and a time changed Meixner Lévy process
as assumed underlying process. We began with pricing European options
using fast Fourier transformation for Lévy processes since it is easy to find
the characteristic function for most of the Lévy processes. The FFT-pricing
was used for calibration of our model parameters that were being used in the
Monte Carlo simulations. We have analyzed and compared the efficiency of
standard Monte Carlo methods, quasi-Monte Carlo methods and randomized
quasi-Monte Carlo methods.

The theoretical properties of the Meixner distribution, with heavier tails than
the normal distribution and infinite divisibility, make it potentially very ef-
fective in modeling financial derivatives. However, the usefulness of a certain
distribution depends also on the availability of algorithms to simulate from
it, and to estimate its parameters. In this thesis we have come up with an
simulation algorithm that let us use the inversion method to draw Meixner
distributed variables and hence enable us to use randomized quasi-Monte
Carlo methods to evaluate European basket options.

We do see that using an integrated CIR-process in the financial model has a
big impact on pricing the derivatives and should be used in order to capture
the volatility smile effect that market data shows. Depending on whether we
include a CIR-process or not we got a different belief in the future of the
underlying assets, which indicates that model choice has a huge impact on
modeling the option prices. Using an integrated CIR-process to represent a
stochastic time change minimizes the discrepancy between market prices and
theoretical computed prices. However, using an integrated CIR-process with
the inversion method also significantly increased the computation time. It all
comes down to a trade off between increased computation time and increased
accuracy (compared to market data) depending on preferences of the person
simulating. The results of our simulations compared to real market data were
okay but not extraordinary even when using an integrated CIR-process.

Theoretically, using randomized quasi-Monte Carlo methods can potentially
increase the estimation accuracy significantly. We do see in our simulations
that especially in the cases where we have a longer time to maturity, we get
lower standard deviation of our simulations with the same cost of computa-
tion time. As well as in the vanilla option estimation we got significantly
lower standard deviation with the RQMC methods. There exist no superior
method for pricing basket options and analytical approximations do contain
rather large approximation errors in some cases. We showed that by using
randomized quasi-Monte Carlo methods with Sobol or Halton sequences we
were able to increase the accuracy but the Monte Carlo methods are still very
time consuming compared to other pricing methods. Until fast and accurate
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analytical approximations of the basket options exist we do see that the using
of randomized quasi-Monte Carlo can fulfill a good purpose of speeding up
the estimation time and give accurate results of the basket option prices.

In the theory of quasi-Monte Carlo methods one of the biggest issue is the
sensitivity of the dimension of the problem. In this thesis we have shown
that using Halton sequences in very high-dimensional problems indeed yield
bad results. But using Sobol sequences don’t show the same behaviour and
perform inline with the other Monte Carlo methods even in very high dimen-
sions. However, using randomized quasi-Monte Carlo with Halton sequences
yields higher accuracy in the simulations compared to using Sobol sequences.

One obvious limitation of the results in this thesis is that we don’t compare
other simulation techniques with the randomized quasi-Monte Carlo meth-
ods. Using randomized quasi-Monte Carlo methods limits us to the inversion
method but there are also other techniques such as rejection sampling we
don’t even consider who could potentially be even more efficient.

In this thesis we have not investigated the performance of the randomized
quasi-Monte Carlo methods by altering N and I which could have been an
interesting aspect to look into. We leave this issue to someone else to in-
vestigate. Another interesting area we haven’t consider in this thesis is to
compare other Lévy processes with randomized quasi-Monte Carlo methods
or to use other types of time changes than the CIR-process. For example,
Belomestny does in his article [2] assume the time change process is unknown
and estimate the characteristics of different Lévy processes from market data,
which could be an interesting aspect of this master thesis’ topic.
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A Appendix A
S&P-500 call option prices

We collected 95 call option prices written on S&P-500 index at the close
of market on January 20, 2016 from Nasdaq. The closed index price were
S0 = 1881.30. We set the risk-free interest rate to 0.03 and the dividend yield
to 0. The prices in the table are the calculated mean of bid and ask prices
and were used as calibration.

Strike April 15 June 17 Sep 16 Dec 16 Jan 20 June 16
2016 2016 2016 2016 2017 2017

1700 179.25 195.20 212.45 226.50 232.25 250.20
1750 141.30 158.95 177.95 193.15 199.20 218.55
1800 106.35 125.50 145.70 162.05 168.55 188.75
1850 75.50 95.05 116.20 133.50 139.65 160.80
1900 49.25 68.50 89.95 107.10 113.25 134.85
1925 38.80 56.75 77.80 94.90 101.30 123.15
1950 29.20 46.10 66.55 83.40 89.40 111.60
1975 21.30 36.70 56.20 72.70 78.75 100.65
2000 14.80 28.50 46.75 62.75 68.45 90.10
2025 9.45 21.40 38.15 52.75 58.30 79.80
2050 6.25 15.95 30.80 44.85 50.85 71.05
2075 3.75 11.40 24.30 36.95 41.90 62.10
2100 2.30 8.20 18.95 30.55 35.55 54.50
2150 3.70 10.60 19.40 23.15 40.15
2200 1.63 5.75 11.90 14.95 28.95
2250 2.93 6.85 8.75 19.95
2300 3.95 5.05 13.15
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