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The past hundred or so years have shown us that if the microscopic world is to be described,
quantum mechanics has to be invoked. It allows us to make accurate predictions on the scale of
atoms and smaller, and at very low temperatures, down all the way to absolute zero. Whether it
is a few tens of electrons whirling around in the electron cloud of an atom, or the billions of them
navigating the crystal structure of piece of metal, we have the basic description down.

However, the difficulty with exact, first principles approaches is that the calculations can be
computationally expensive. You could generally say that the cost originates from two sources: the
size of the system, like the number of particles, and the complexity of the system — the finer the
details the system exhibits, the higher the accuracy needed for the calculations.

As an example, with several interacting particles, we have to account for the interaction between
every pair. With more and more particles, the number of interacting pairs we have to keep track
of will grow faster than the number of particles itself, and therefore the calculations can only be
performed for relatively small systems. And by small we mean really small — going past a dozen
particles is generally a major achievement.

But then, how do we study these systems? The answer is “approximations”. What it means is
that by using reasonable assumptions we reformulate and simplify the original problem, making
the calculations easier. For example, instead of tracking every interaction between each pair of
particles, we could instead approximate the interaction as an average effect from all the particles.
That is, we say that every particle feels an average force from all the other particles, instead of
being aware of them individually.

However, with approximation methods it can be difficult to know how well they work. In
general, you could say that approximations always have a region of validity and outside of that
region the method does not yield good results. Averaging the interaction would fail to describe
the case where particles prefer to form pairs.

This work looks at a method that is basically averages out the interaction, but in a slightly
more advanced way. It should also be able to account for the pairing between the particles, but
the question we are asking is how well does it actually work. Our strategy? To compare the exact
and approximate methods in the limit where it is possible to solve both. We will then find out
how well it works and try to understand the source of any differences.

It turns out that the method can actually reproduce the relevant features reasonably well when
we compare against the exact results. Some care is necessary when interpreting the results, but
it seems that we have a tool at our disposal that we can use to probe larger systems than was

possible before.

IThis is in a nutshell the Hartree-Fock method, which is widely used in quantum physics.



