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Numerical Study on Seepage-induced Failure of Caisson Type Break-
waters Using a Stabilized ISPH

Tetsuro Goda

1. Introduction

On March 11, 2011, a huge tsunami induced by the Tohoku-Kanto Earthquake devastated many
port structures such as breakwaters and seawalls. A deeper understanding on the failure mechanism of
caisson-type breakwaters is one of the significant tasks to reduce the damages which may be brought
by next millennium tsunamis. Many researches have been done to understand this phenomenon
further, and then the following three causes have been determined; (i) the horizontal force due to the
water-level difference between the front and back side of a caisson, (ii) the scour induced by tsunami
overtopping in the rear of a caisson, and (iii) the seepage-induced piping caused by the degradation
of bearing capacity of a mound. Development of a numerical analysis tool, which can simulate the
above three causes simultaneously, is desired for practical design of breakwaters. However, due to
the complexity of the collapse mechanism of a caisson-type breakwater, it is considerably difficult to
develop such multi-physics simulation models. An individual study focusing on each cause is required
to be done and a robust analysis scheme for each phenomenon need to be established primarily. For
the aforementioned reasons, in this study, the third cause; (iii) seepage-induced piping caused by the
bearing capacity degradation of a mound is solely taken into consideration. As an analysis scheme,
the stabilized ISPH method [Asai et al., 2012] reformulated based on the unified governing equations
proposed by [Akbari, 2014] is adopted to continuously handle both surface and seepage flows. The
results were compared with two cases of the experiments implemented with different hydraulic models;
namely, a breakwater model without reinforcement and the one reinforced with sheet piles. In terms
of the piezo water head and hydraulic gradient, good agreement was observed between the numerical
and experimental data.

2. Analysis methods

2.1 The unified governing equations

According to [Akbari, 2014], a set of unified governing equations for modelling both surface and
seepage flows can be written as:

Cr(ε)

ε

DUD

Dt
= − 1

ρw
∇P + g + νE(ε)∇2UD − a(ε)UD − b(ε)UD|UD| , (1)

Dρ̂

Dt
+ ρ̂∇ ·

(
UD

ε

)
= 0 , (2)

where ρw and g represents the original/true fluid density and the gravitational acceleration vector
respectively. P is the fluid pressure and ε is the porosity. UD is the Darcy velocity, which is understood
as a spatially averaged velocity, defined as the intrinsic velocity U multiplied by the porosity i.e.
UD = εU . Here, ρ̂ denotes the apparent density, which is given by ρ̂ = ερw. This relation regarding
the apparent density is necessary to be employed in order to grantee the volume conservation of fluid
inside the porous medium with the SPH. Moreover, some of the coefficients in Eq.(1) are defined as:

Cr(ε) = 1 + 0.34
1− ε
ε

, (3) νE(ε) =
(νw + νT )

ε
, (4)

a(ε) = α
νw(1− ε)2

ε3D2
50

, (5) b(ε) = β
(1− ε)
ε3D50

, (6)

where Cr(ε) is the inertial coefficient to evaluate the additional resistance force caused by the virtual
mass of porous materials, while νE(ε) is the effective viscosity including the kinematic viscosity of the
fluid νw and the turbulent viscosity νT . The Smagorinsky model, which is one of the mathematical
models for simulating turbulent flows, is adopted to define the eddy viscosity. a(ε) and b(ε) are the
linear and non-linear coefficients respectively. Since the Reynolds number is dependent on the fluid
velocity, the linear term dominates under high Reynolds number flow and the non-linear term governs
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under low Reynolds number flow. These two coefficients are determined from the the mean diameter
of porous medium D50 as well as the theoretically-derived parameters α and β:

α =
41ε2

ξ2/3(1− ξ1/3)(1− ξ2/3)
, (7) β =

ε2

(1− ξ2/3)2
, (8)

where ξ is equivalent with 1 − ε. Note that many types of these empirical coefficients for a(ε), b(ε),
α, and β have been introduced through various theoretical studies or different set of experiments, but
there is still no sufficiently-established agreement yet. In this study, all the coefficients in Eq.(1) are
defined by referring to [Akbari, 2014].

Eq.(1) is the Navier-Stokes type equation for modelling both fluid flows inside and outside the
porous medium. According to this equation, the fluid flow outside the porous medium can be given
by the original Navier-Stokes equation with the porosity ε = 1. On the other hand, the fluid flow
outside the porous medium can be described by including the effects of porous materials; namely, the
inertial force and resistance forces. A remarkable advantage of this equation is that no extra effort
need to be made for satisfying the continuity of fluid flows on the interface inside and outside the
porous medium as the equation is effectively manipulated by the porosity change. Eq.(2) represents
the unified continuity equation for a compressible fluid. Strictly speaking, [Akbari, 2014] employed
the one for an incompressible fluid under the assumption of the constant true fluid density.

2.2 Basic principles of the SPH method

Figure 1: Conceptual drawing of the SPH
approximation

The SPH method is a Lagrangian-based approach and
simply works by dividing a continuum into a set of discrete
elements, referred to as ”particles”. These particles have
a spatial distance, known as the smoothing length h, over
which their properties are smoothed by a kernel function
W . In the general SPH analysis, the physical quantity
of target particle i can be obtained by summing that of
all the particles which lie within the range of the kernel,
called as the neighbor particles j. The contributions of
each neighbor particle to a property of the target particle
are weighted depending on the distance from the target
particle by utilizing a smoothing function. Finally, mo-
tion of the particles can be described by the interpolated
physical quantity with the simple SPH algorithm. Fig. 1
shows the conceptual image of the SPH method. In the SPH method, a physical scalar function
φ(xi, t) at a sampling point xi and time t can be given by:

φ(xi, t) ≈ 〈φi〉 =
∑
j

mj

ρj
W (rij , h)φ(xj , t) , (9)

where subscripts i and j indicate the particle number. mj and ρj are the representative mass and
density associated with the neighbor particle j. Note that the triangle bracket 〈·〉 denotes the SPH
approximation of a particular function. Here, rij (= |rij |) and rij (= xi − xj) are the distance between
two particles and the relative coordinate vector respectively.

2.3 The stabilized ISPH method reformulated based on the unified governing equations

In this study, the incompressible SPH (ISPH) method, which was developed for handling an
incompressible fluid, is adopted among various type of the SPH methods. In the ISPH method,
the fluid pressure at n+ 1 step is implicitly calculated based on the unified continuity equation for an
incompressible fluid via the following Pressure Poisson Equation(PPE) as:〈

∇2Pn+1
i

〉
=
Cr(εi)ρw
εi∆t

〈∇ ·U∗Di〉 . (10)

This derivation of the PPE is well-known as the formulation under the divergence-free condition.
However, only by satisfying the divergence-free condition, uniform distribution of particles can not be
guaranteed and large density variation or particle clustering may occur due to the numerical error. In
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Figure 2: Experiment setup

order to resolve the aforementioned problems, [Asai et al., 2012] proposed the modified PPE that is
derived from the continuity equation for a compressible flow as follows:〈

∇2Pn+1
i

〉
≈ Cr(εi)

εi

(
ρw
∆t
〈∇ ·U∗Di〉+ α

ρ̂i − 〈ρ̂ni 〉
∆t2

)
. (11)

The second term on the right-hand side denoted the additional relaxed density invariance term to
keep uniform distribution of particles. This additional term is the key point of the stabilized ISPH
method and the characteristics of this method are here presented. According to this formulation,
good pressure distribution may be obtained by referring to the velocity distribution in each step.
Furthermore, the numerical error associated with the density may be eliminated gradually by the
effect of the relaxed density invariance term. Consequently, good conservation of fluid volume can be
ensured by means of this source terms as the density can be almost kept constant during computations.
In Eq.(11), α (0 ≤ α ≤ 1) is called as the relaxation coefficient and is generally set to be much less
than 1. In this study, α is set to 0.01.

3. Experimental and analytical studies on caisson type breakwater models

3.1 Outline of the experiments

Fig. 2 depicts the two cases of the breakwater models employed in this study. Case 1 represents
the 1:100 scale experimental model based on the Kamaishi breakwater, while Case 2 is the reinforced
breakwater model of Case 1 with the acrylic sheet piles of 1cm thickness. The density of the rubble
is 2.63g/cm3 and the bulk density of the mound was set to 1.82g/cm3. Moreover, 17 water pressure
gauges were employed for both experimental cases. In the Case 1, piping phenomenon was observed
when the water-level difference ∆h was approximately 100mm. Fig. 3 depicts the developing process
of the piping phenomenon of Case 1. From this figure, it is confirmed that piping occurred from the
mound under the caisson inside the port where the high hydraulic gradient may be expected. On the
other hand, in Case 2, piping phenomenon was not observed even when the same water-level difference
∆h =100mm.

3.2 Analysis overview

The analysis models are made in the same scale with the hydraulic models employed in the exper-
iments. The total number of particles is approximately 900,000 and the initial spacing of particles is
set to 1cm, while the time increment is 0.0005sec. The original porosity of the mound is set as 0.498,
which is calculated from the measured bulk density of 1.82g/cm3. Note that the caisson and sheet
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Figure 3: Developing process of piping phenomenon

Figure 4: Analysis results

piles are fixed in its initial position during computations. Thus, the process of the caisson failure is
not taken into consideration in this study. The water level difference for both analysis models is set
to 100mm, which is the measured water level difference immediately before piping phenomenon was
observed in Case 1. Fig. 4 shows the obtained analysis results. The piezo water head calculated by
using suggested analysis scheme is quantitatively in good agreement with that measured in the exper-
iments for both Case 1 and Case 2. Also, the obtained distributions of the piezo water head smoothly
decrease between outside and inside of the port. Futhermore, Fig. 4 illustrates the distribution of
the norm of the hydraulic gradient in the back of the caisson. The red contour represents that the
calculated norm of the hydraulic gradient excesses the critical hydraulic gradient. For Case 1, red
contour was observed under the caisson inside the port. On the other hand, for Case 2, red contour
was not observed. Hence, these results qualitatively agrees with the tendency of the experiment.

4. Conclusion

Through the experimental and analytical study, it is concluded that the stabilized ISPH method
modified with the unified governing equations is capable of reproducing the good distribution of the
piezo water head, which quantitatively agrees with the experimental data. Besides, it was confirmed
that piping phenomena can be predicted in a simple way using the proposed analysis method by com-
paring the obtained norm of the hydraulic gradient with a certain threshold, which is the Terzhaghi’s
critical hydraulic gradient.
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Abstract

This paper presents a stabilized incompressible smoothed particle hydrodynamics (ISPH)
method to simultaneously simulate surface and seepage flow. The Navier-Stokes type equation,
which manipulates the linear and nonlinear resistance effects caused from porous materials,
are employed for tracking fluid motions in porous medium. The SPH method is one of the
mesh-less particle methods and its Lagrangian nature is considered to be fit to express the large
deformation of free surfaces. Some research on fluid flows in porous medium have been done by
using the particle methods. In particular, Akbari [1] introduced the apparent density which is
numerically calculated by multiplying the original fluid density with the porosity. By means of
his technique, fluid volume in porous medium is successfully conserved. However, fluid pressure
around solid boundaries can be overestimated because of the density gap between the fluid
and fixed solid boundary particles. With the aim of obtaining the smooth and quantitatively
accurate pressure distribution, we proposed a new SPH approximation called as the mass and
density correction. Through some fundamental numerical tests, the accuracy of the proposed
method was sufficiently confirmed.

This paper also presents a hydraulic experiment on caisson type breakwaters solely focusing
on seepage flow through the rubble mound without considering any other factors such as wave
force and scour. Two cases of the experiments were implemented with different hydraulic models;
a breakwater model without reinforcement and that reinforced with sheet piles. As for the latter
one, the sheet piles are set to be quite thin against the whole model structure. This issue can
lead to considerably-high particle resolution in the particle methods because a certain number
of solid particles need to be placed on the thin structure. In order to overcome this problem, a
new boundary treatment using the reversible boundary particles are suggested. We conducted
a numerical analysis on this experiment and confirmed that the analysis results show good
agreement with the experiments.
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Chapter 1

Introduction

1.1 Motivation of this study

On March 11, 2011, a huge tsunami induced by the Tohoku-Kanto Earthquake devastated
many port structures such as breakwaters and seawalls. A proper understanding on the collapse
mechanism of a caisson-type breakwater is one of the significant matters to reduce the damages
which may be brought by next millennium tsunamis. Many researches have been done to
understand this phenomenon further, and then the following three causes have been determined:
(i) the horizontal force due to the water-level difference between the front and back side of a
caisson, (ii) the scour induced by tsunami over-topping in the rear of a caisson, and (iii) the
seepage-induced piping caused by the degradation of bearing capacity of a mound. Fig. 1.1
depicts the conceptual image of the three main causes of a caisson type breakwater failure. The
development of an analysis tool which is capable of handling these three factors simultaneously
is desired to apply numerical simulation to design breakwaters in practical ways. However, due
to the complexity of the collapse mechanism of a caisson-type breakwater, it is considerably
difficult to develop such multi-physics simulation models. An individual study focusing on each
of the causes is required to be done and a robust analysis scheme for each phenomenon need to
be primarily established. From aforementioned reasons, in this study, the third cause; (iii) the
seepage-induced piping caused by the bearing capacity degradation of a mound is solely taken
into consideration as a research target. In order to evaluate the seepage flow inside the rubble
mound, porous and fluid interaction problem need to be properly solved.

Figure 1.1: Three main causes of a caisson type breakwater failure

1



1.2 Past studies on the governing equations for porous flows

The first equation for tracking fluid motion through porous medium is the Darcy’s law [2] that
represents the linear resistance; that is, the fluid velocity (Darcy velocity) is directly proportional
to the hydraulic gradient. The Darcy’s law is the principle of macroscopic porous flow and many
types of additional term were proposed by many researchers in the 19th century. In the early
20th century, Forchheimer [3] reported that the Darcy’s low may not be able to track the fluid
motion through gravels or soils with relatively high Reynolds number under high hydraulic
gradient. Then, he extended the Darcy’s law with a nonlinear term associated with the inertial
effects due to irregular-shaped void. Brinkman [4] also modified the Darcy’s equation by adding
a viscos shear stress term to obtain consistent boundary conditions and determined a relation
between some parameters to be considered for solving porous flow; namely, the permeability,
particle size and density. After this, several research have been done to establish the Navier-
Stokes type equation for porous flow. Here, the core concepts of the theory is summarized by
referring to [5] and [6]. According to [5], the equation of motion can be written with an arbitrary
resistance force term as:

∂u

∂t
= −1

ρ
∇p+ g + (resistance force) , (1.1)

where u is the instantaneous Eulerian velocity and t is time. ρ and p are the fluid density and
the fluid pressure respectively. Note that this equation does not contain the convective term
and the viscous stress term; that is, ∂u/∂t is employed instead of Du/Dt and (u · ∇)u is not
included in the above equation.

Through experimental work, Ward [7] determined the relation to describe the pressure drop
through large grains under steady flow, and Beavers et al. [8] further developed a formulation
in saturated porous medium as:

0 = −1

ρ
∇p+ g − νw

Kp
εu−

Cf√
Kp

ε2u|u| , (1.2)

where νw and Kp are the kinematic viscosity of the fluid and intrinsic permeability coefficient
respectively. ε is the porosity of the medium and Cf is the dimensionless turbulent resistance
coefficient. ∂u/∂t is regarded as zero because of the assumption of steady flow, while the fluid
density ρ is assumed to be 1 so it does not seem to be included in Eq. (1.2) compared to [6].
Since the Reynolds number is dependent on the fluid velocity, it is obvious that the linear term
dominates under high Reynolds number flow and the nonlinear term governs under low Reynolds
number flow. In order to solve Eq. (1.2), Cf and Kp need to be determined and a variety of
attempts have been done to establish a general agreement to define these two coefficients. Ward
[7] originally concluded that Cf can be defined as a universal constant of 0.55. However, after
some experimental studies [9], [10], it was examined that Cf is dependent on the porous material.
Beavers et al. [8] defined Cf as a function of the diameter and the dimension of the porous bed
from their experiments. Arbhabhirama and Denoy [11] proposed another experiment-based
function for Cf which is dependent on the porosity of the porous material, the stone size of
the porous material and the intrinsic permeability. As for Kp, McDougal [12] suggested, for
instance, an empirical relation whose parameters are the the stone size of the porous structure
and the porosity of the porous material, while their equation have been used in the numerical
studies [13], [14]. Sollit and Cross [5] modified Eq. (1.2) by introducing an additional term to
consider the extra resistance force caused from the virtual mass of granular materials i.e.

∂u

∂t
= −1

ρ
∇p+ g − νw

Kp
εu−

Cf√
Kp

ε2u|u| − 1− ε
ε

CM
∂u

∂t
. (1.3)

Unsteady flow is assumed in the above equation, so the time-derivative of the velocity does not
vanish. Here, CM is the virtual mass coefficient of medium grains. In [5], CM can be estimated

2



only for isolated simple shape. The definition of CM have been generalized by Van Gent [15]
via experimental studies considering different types of porous materials. Moreover, Huang et
al. [16] intended that the convective term and the viscous stress term need to be added in Eq.
(1.3).

Alternatively, the Ergun equation [17] have been frequently used to solve fluid and porous
interaction problems. According to [18], the generalized form of the Ergun equation is given by

Du

Dt
= −1

ρ
∇p+ g + νw∇2u− νw

k
εu− Fch√

k
ε2u|u| . (1.4)

The fourth and fifth terms in the right hand side of Eq. (1.4) correspond to the resistance force
in Eq. (1.1) Here, k is the permeability of porous medium and the Forchheimer’s inertia factor
Fch is introduced for the nonlinear resistance force:

k =
ε2D2

50

A(1− ε)2
, and Fch =

B√
Aε3

, (1.5)

where D50 is the mean diameter of porous medium. A and B are empirical coefficients de-
termined by Ergun [17], with A = 150 and B = 1.75 respectively. Sun et al. [19] developed
three dimensional DEM-SPH coupling method by combining the Ergun equation and the equa-
tion proposed by Wen and Yu [20]. They set a threshold of the porosity and switch these two
equations depending on the value.

As a different model of the Navier-Stokes type equation, Irmay [21] gave a nonrigorous
derivation of the Forchheimer law by considering several facts known from experiments and
suggested the resistance force including the linear and nonlinear resistance terms. Akbari [1]
utilized the general form of the Navier-Stokes type equation with the resistance terms by adding
the inertial coefficient Cr and the viscous stress term as:

Cr
Du

Dt
= −1

ρ
∇p+ g + νE∇2u− ανw(1− ε)2

ε2D2
50

u− β (1− ε)
εD50

u|u| , (1.6)

where νE is the effective viscosity, which contains the kinematic and eddy viscosity. α and β
are empirical coefficients and many different values for these coefficients have been introduced.
(Akbari [1] summarized this issue in detail.) For instance, Du plessis [22] proposed analytically
based equations for these two coefficients and Akbari [1] agreed with the equations through
numerical tests.

As mentioned above, there are different types of the resistance force in Eq. (1.1) depending on
the original equation. In general, experimentally based equations may suffer from the analogical
problem and setting of the experiment, while theoretically based equations may not be settled
without assumptions. A certain fact from recent studies is that the resistance force need to
consist of the linear and nonlinear terms. Theoretically, it intends that porous flows with any
range of the Reynolds number can be expressed by the resistance terms.

1.3 Numerical studies using an Eulerian-based approach

Theoretical and experimental study on the resistance force caused from porous materials and
the additional inertial effects have been actively discussed in the past research. By employing
the established knowledge, numerical approach have also been developed by many researchers.
Van Gent [23] proposed a set of long wave equations to solve fluid flows on and in permeable
structures by including the linear and nonlinear resistance force and the added mass. He imple-
mented one-dimensional numerical tests for a berm breakwater and submerged breakwater under
the assumption of the depth-averaged velocity of fluid and hydrostatic pressure. Sakakiyama
and Kajima [24] modified the Navier Stokes type equation by adding the inertial and convective
terms. They used the simple drag equation instead of the linear and nonlinear resistance forces
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and calibrated their inertial and drag coefficient by referring to a experimental data of rubble
mounds. Rojanakamthorn et al. [25] developed a mathematical model of wave transformation
over a submerged permeable breakwater under mid slope assumption by applying the resistance
force similar to [5]. Cruz et al. [26] employed the Boussinesq-type equation based on the fi-
nite difference theory to solve the porous flows in a submerged permeable breakwater with an
opening and they confirmed their numerical scheme can reproduce the fundamental character-
istics of wave propagation in a porous structure, such as diffraction, reflection, shoaling and
damping. Van Gent [15] used the adopted Navier-Stokes type equation that contains the linear
and nonlinear resistance force term as well as the inertial force term. He solved the governing
equation using the Volume Of Fluid (VOF) method and implemented some numerical exam-
ples for permeable ocean structures to validate their proposed model. Troch and de Rouck [27]
used the Navier-Stokes type equation, similar to [15], for simulating wave breaking in a rubble
mound breakwater and their numerical approach was also based on VOF method. Liu et al.
[28] extended the Reynolds Averaged Navier-Stokes (RANS) equation, proposed by Lin and Liu
[29], for fluid flow through porous structures. They employed two different governing equations
to solve fluid flows inside and outside the porous: the RANS equation outside the porous and
the spatially averaged Navier-Stokes equation inside the porous. Hsu et al. [30] indicated that
turbulence inside the porous medium could be significant under breaking waves when the size
of the rubble material is relatively large and they developed the Volume Averaged/ Relnolds
Averaged Navier Stolks (VARANS) equation considering the small scale turbulence effects in
porous medium by referring to the model of [28]. Furthermore, Garcia et al. [31] and Lala et al.
[32] investigated the capacity of the model suggested in [28] by solving wave interaction problems
with low crested breakwater. Huang et al. [16] reformulated the Navier-Stokes type equation
proposed by Sollit and Cross [5] with the convective term and the viscous stress term. They
used the linear and nonlinear resistance force suggested by Ward [7] to simulate wave interaction
with submerged breakwaters in porous medium. Huang et al. [13] utilized the modified Navier-
Stokes type equation developed in [16] to solve the propagation of solitary wave over porous
bed and ensured the accuracy of their numerical model by comparing the analytical results with
the theoretical solutions. Cheng et al. [33] introduced a velocity-pressure correction equation
to simultaneously handle surface and porous flows. Their approach intends that no boundary
condition is required on the interface. del Jesus et al. [34] presented a set of governing equations
that consider the multiphase VARANS equation using volume averaged turbulent models inside
the porous material. Their proposed scheme has been validated through the laboratory tests
conducted by Lala et al. [35] focusing on wave-breaking phenomena. Hu et al. [36] proposed the
spatially filtered governing equations with large eddy simulation turbulence model and showed
the good agreement of their numerical results with the experiment implemented by Liu et al.
[28]. Wu [37] utilized the numerical model developed by Hu et al. [36] to study solitary wave
interaction with permeable breakwater on both macroscopic and microscopic. As a recent study,
Vanneste and Troch [38] employed FLOW-3D, a multi-physics CFDcode developed by Flow Sci-
ence Inc. (USA) based on RANS equations with a variety types of turbulent model, to investigate
the wave interaction acting on a multi-layers armour breakwater. Jacobsen et al. [39] presented
the validation and application of VOF method for coastal structures under the normal incident
irregular wave field by means of a open source, called the OpenFoam CFD-toolbox. Most of the
aforementioned research were implemented by the grid-based Eulerian scheme. However, as del
Jesus et al. [34] mentioned, a particle method based on Lagrangian framework can be useful
to express the fluid flows that contain a complicated shape of free surface. In particular, the
smoothed particle hydrodynamics (SPH) method have been actively used by many researchers
to simulate a broad range of engineering problems.
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1.4 Historical background of the SPH method

The SPH method was first invented by Lucy [40] and Gingold and Monaghan [41] to simulate
nonaxisymmetric phenomena in astrophysics. The SPH equations was originally developed for
a compressible gas. So, in order to handle incompressible fluid flows, a new treatment that
satisfies the incompressible condition was required. Monaghan [42] extended the SPH method
under the semi-incompressible limitation by introducing the concept of the sound speed: density
fluctuation is assumed to be considerably small if the sound speed of artificial fluid is much
greater that the speed of bulk flow. This scheme is well known as the weakly compressible
smoothed particle hydrodynamics (WCSPH) and the artificial viscosity proposed by [43] is
generally incorporated in the formulation to prevent unphysical penetration of particles. Morris
et al. [44] employed the WCSPH to solve the incompressible flow at low Reynolds number and
their results showed a good agreement with the finite element solutions. Meanwhile, Cummins
and Rudman [45] proposed an another approach for enforcing incompressibility in the SPH
method. In their semi-implicit projection method, the Pressure Poisson Equation (PPE) is
solved via the intermediate velocity calculated in a fractional step. After that, the Incompressible
Smoothed Particle Hydrodynamics (ISPH) method was established by Shao and Lo [46] to
simulate Newtonian and non-Newtonian flows with free surfaces. Their method was made based
on the model proposed by Cummins and Rudman [45], while dam-break problems with different
conditions were demonstrated for the validation. Lee et al. [47] demonstrated the comparison
of a semi-implicit and truly ISPH method with the classical WCSPH method by showing the
pressure and velocity distribution with a dam-break problem. Their analysis results indicated
how the ISPH model is able to manipulate the problems encountered in a incompressible flow
simulation using the WCSPH. The core concept of the SPH method for an incompressible fluid
have been successfully developed, but a form of the PPE was a controversial issue: i.e. Cummins
and Rudman [45] as well as Lee et al. [47] employed the divergence-free condition, while Shao
and Lo [46] as well as Khayyer et al. [48] utilized the density-invariance condition to solve
the PPE. Hu and Adams [49] mentioned that an uniform distribution of the particles can not
be guaranteed only by satisfying the divergence-free condition and also large density variation
or particle clustering may occur due to the error of the discretization scheme without both of
the conditions. They utilized an internal iteration scheme that is capable of satisfying both
conditions at each step and showed the accurate and robust results for a couple of numerical
examples. However, according to Xu et al. [50], the total calculation cost would be 4-5 times
larger than that implemented by employing one of the conditions. In order to not only reduce
the calculation cost but also get a robust solution, Asai et al. [51] proposed the stabilized ISPH
method that couples the divergence-free condition with the relaxed density-invariance condition
by introducing a small value of the relaxation coefficient. Although the accuracy of their scheme
would be less than that of Hu’s scheme [49] at every single step, no internal iteration can
reduce a large amount of calculation cost and it was confirmed that better solutions in pressure
distribution and volume conservation can be obtained comparing to the classic SPH method. The
stabilized ISPH method have been applied to simulate a variety types of engineering problems
such as multi-fluid problem, fluid-structure and fluid-soil interaction, while the capability of the
scheme have been sufficiently investigated in [52], [53] and [54]. Alternatively, Xu et al. [50]
proposed a new divergence-free ISPH approach which can maintain accuracy and stability by
slightly shifting particles away from streamlines. Their shifting algorithm avoids particle spacing
distortion and error resulting from particle clustering without considering the density-invariance
condition. This method also can reduce much calculation cost comparing to the use of Hu’s
scheme [49] because of no internal iteration. The shifting algorithm have been further developed
based on the Fick’s law of diffusion by Lind et al. [55] and frequently used in many studies
on incompressible flow problems [56], [57] and [58]. Along with the successful development of
the SPH method for solving incompressible flow problems, several attempts have been made to
simulate fluid flows through porous medium by using the method.
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1.5 Numerical studies based on Lagrangian particle methods

Zhu et al. [59] first applied the standard SPH method to model an incompressible flow in
porous medium at low Reynolds number as generally occurred in groundwater flow systems.
Similar to the scheme of [59], Jiang and Sousa [60] simulated the fluid flow through randomly
packed certain number of particles. However, their numerical model is based on the pore-scale
discretization and the calculation cost to implement numerical analysis on real-scale structures
would be too expensive. So, this concept is probably far away from the engineering applica-
tion. The first ISPH model for wave and porous interaction was presented by Shao [14]. Two
different sets of the spatially-averaged governing equations, proposed by Huang [16], were em-
ployed to solve in both inside and outside of the porous medium. Their macro-scale approach
requires much less computational cost than the pore-scale approach and it showed a possibil-
ity of simulating porous flows by using a particle method. However, Shao’s model [14] needed
some improvements in terms of turbulence effects, the inertia coefficient in the Navier-Stokes
type equation for porous flows, boundary treatment between inside and outside of the porous
medium, as well as volume conservation of water particles inside the porous. Akbari and Namin
[61] resolved most of the aforementioned problems and made great progress for enhancing the
accuracy of the ISPH method for porous flows. They introduced the inertial coefficient in their
numerical model by following the proposed equation in [16] and [13] though the effect of the
inertia coefficient is much smaller that that of the resistance force caused by porous medium as
reported in [1]. Also, they formulated the unified governing equation, which are based on the
Navier-Stokes type equations inside and outside the porous medium, and the new formulation
is able to simultaneously simulate two different flows by changing the porosity. By means of the
unified governing equation, an extra effort is no longer required to satisfy the continuity criterion
for the complicated boundary treatment between inside and outside of the porous medium. The
most remarkable work by Akbari and Namin [61] was to introduce the concept of the apparent
density, that is defined by the original/true fluid density times the porosity. The density change
can give the compensated representative volume for water particles and this means that the vol-
ume conservation can be guaranteed inside the porous medium. Their results of the proposed
method showed good agreement with some available experimental data. Akbari [1] further ex-
tended the unified governing equation by adding the turbulent model and investigated the most
reasonable way to define the linear and nonlinear coefficients in detail. Recently, some studies
related to porous flows using the ISPH method have been done and most of them uses the gov-
erning equations employed in Shao [14] or Akbari [1]. For instance, Gui et al. [62] employed two
different sets of the governing equations used in [14] to simulate wave propagation over porous
bed and fluid motion around and inside a submerged breakwater. A simpler interface treatment
between surface and porous flows than that of Shao [14] was proposed based on the similar treat-
ment suggested by Akbari [1]. Moreover, Phar and Dhar [63] also utilized the similar governing
equations to Shao [14] with different model of the resistance forces caused by porous materials to
solve a couple of validation tests. Aly and Asai [64] reformulated the algorithm of the stabilized
ISPH method proposed by Asai et al. [51] for solving porous flow using the Akbari’s governing
equations [1]. Meanwhile, the WCSPH method have also been utilized for simulating wave and
porous interaction. Ren et al. [65] used two different sets of the governing equations employed in
[14] and the sub-particle-scale (SPS) turbulence stress was included only in the equation outside
the porous medium. Their method was further developed in Ren et al. [66] by considering the
SPS turbulence model also for porous flows. In order to achieve that, they adapted the unified
governing equations similar to Akbari [1]. They investigated the importance of LES turbulence
model under certain type of porous flows through the Liu’s experiment [28].
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1.6 Purpose of this research

In this paper, the stabilized ISPH method proposed by Asai et al. [51] is reformulated to solve
the unified governing equations suggested by Akbari [1]. The apparent density is employed to
guarantee the volume conservation of the fluid inside the porous medium. For a solid boundary
treatment, the Fixed Ghost Particle (FGP), originally proposed by Marron et al. [67] and further
developed by NurAin [68], is utilized for satisfying some necessary requirements; namely, the
density calculation of fluid particles around solid boundaries, the slip and no slip condition,
and also the pressure Newmann condition. While the fluid density inside the porous medium
decreases due to the porosity, the density of the fixed ghost particle does not change depending
on the porosity. This issue may cause some density gap between the fluid particle and fixed
ghost particle only inside the porous medium. As reported in [69], [70] and [71], an unphysical
repulsive force appears between the two different materials in the density and the pressure
of the low-density side may be overestimated. Although this numerical-based knowledge was
originated from the solution of a simple two-fluid system with density gap, the same tendency was
observed in the fluid-solid interaction inside the porous medium through our implementation. In
order to eliminate the unphysical repulsive force and obtain the quantitatively correct pressure
distribution, a new technique called as the mass and density correction is introduced in the SPH
approximation functions. This paper presents the results of some fundamental numerical tests
and a discussion on the results mainly in terms of the volume conservation and the distribution
and quantitative value of the pressure.

This paper also presents a hydraulic experiment on caisson type breakwaters solely focusing
on seepage flow through the rubble mound without considering any other factors such as wave
force and scour. Two cases of the experiments were implemented with different hydraulic models;
a breakwater model without reinforcement and that reinforced with sheet piles. As for the
latter one, the sheet piles are quite thin against the whole model structure. This issue demands
considerably high particle resolution in the particle methods because a certain number of solid
particles need to be placed on the thin structure when the ghost or solid wall particle are utilized
for the boundary treatment. In order to overcome this problem, a new boundary treatment using
the reversible boundary particles are suggested. This new technique can satisfy the necessary
requirements such as the density calculation of fluid particles around solid boundaries, the slip
and no slip condition, and also the pressure Newmann condition. We conducted a numerical
analysis on this experiment and confirmed that the analysis results show a good agreement with
the experiments.
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Chapter 2

Analysis method for porous flows

2.1 The unified governing equations

According to Akbari [1], a set of unified governing equations for modelling fluid flows both
inside and outside the porous medium are introduced as:

Cr(ε)

ε

DUD

Dt
= − 1

ρw
∇p+ g + νE(ε)∇2UD − a(ε)UD − b(ε)UD|UD| , (2.1)

∇ ·UD = 0 , (2.2)

where ρw and g represents the fluid density and the gravitational acceleration vector respectively.
p is the fluid pressure and ε is the porosity. UD is the Darcy velocity, which is understood as a
spatially averaged velocity, defined as the intrinsic velocity U multiplied by the porosity i.e.

UD = εU . (2.3)

Cr(ε) in Eq. (2.1) is the inertial coefficient, first suggested by Sollit and Cross [5], to evaluate
the additional resistance force caused by the virtual mass of porous materials:

Cr(ε) = 1 +
1− ε
ε

CM , (2.4)

where CM is the added mass coefficient. Several discussion is still required for this parameter
because no general agreement have been found yet. Although sufficient studies have not been
made, some experimental-based knowledge was reported. Van Gent [15] performed an hydraulic
experiment with an oscillating water tunnel having the shape of U-tube. Different types of the
materials were utilized in the experiments under different conditions of oscillatory flows. His
experimental data showed the range of CM is between 0.08-0.83 with an average of 0.34. A
function for CM was alternatively suggested based on the experimental results as:

CM = 0.85− 0.015

Ac
; Ac =

Û

εgT
>

0.015
ε

1− ε
+ 0.85

, (2.5)

where Ac is the acceleration parameter which describes the added mass coefficient. Û and T
are the maximum bulk/filter velocity for characteristic velocity in the KC-number and the wave
period. However, it seems to be difficult to use this function for solving the governing equations
because Û and T need to be known in advance of the computations; that is, specific profiles of
water motion are necessary to be known for implementing numerical analysis. For reasons of
simplification, it was concluded that the average value of 0.34 can be applicable as CM . In many
recent studies conducted by Huang et al. [13], Shao [14] and Ren et al. [65], Cr(ε) is assumed
to be unity as the effect of the added mass have been determined to be little compared to the
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resistance force caused by porous materials. Although Cr(ε) may be possible to be set as unity,
the the constant CM of 0.34 is merely adopted by referring to the Akbari’s governing equations
[1] in this study.

νE(ε) is the effective viscosity, which can be given by the kinematic viscosity of the fluid νw
and the turbulent viscosity νT , expressed by the following equation:

νE(ε) = (νw + νT )/ε . (2.6)

The Smagorinsky model [72], which is one of the mathematical model for modelling turbulent
flows, is adopted to define the eddy viscosity as:

νT = (Cs∆)2S , (2.7)

where Cs is the Smagorinsky constant and is set to 0.2 by following Asai et al. [51]. ∆ is the
cutoff scale length settled depending on the smoothing length, which is equivalent to 2.4 times
the particle diameter, in this study and S is the strain rate calculated from the rate-of-strain
tensor.

Furthermore, a(ε) and b(ε) are the linear and nonlinear coefficients respectively. Although
many types of these two empirical coefficients have been introduced based on various theoretical
assumptions and different set of experiments, there is still no sufficiently established agreement
yet. (see Losada et al. [73] for detail on this issues.) In this study, by following Akbari [1] and
Ren [66], a set of coefficients proposed by Irmay [21] is employed:

a(ε) = α
νw(1− ε)2

ε3D2
50

, (2.8)

b(ε) = β
(1− ε)
ε3D50

, (2.9)

where D50 is the mean diameter of porous medium. α and β are the empirical parameters.
As described well in Akbari [1], two analytical parameters proposed by Du Plessis [22] can be
efficiently used without calibration because of its functional form and the theoretically-derived
character. Ren et al. [66] also utilized the same parameters as Akbari [1]. According to Du
Plessis [22], α and β are given by:

α =
41ε2

ξ2/3(1− ξ1/3)(1− ξ2/3)
, (2.10)

β =
ε2

(1− ξ2/3)2
, (2.11)

where ξ is equal to 1 − ε. Note that these two analytical parameters were introduced under
some assumptions; that is, a granular porous medium is rigid, stationary and locally isotropic
with respect to average geometrical properties, while variations in porosity and characteristic
microscopic length are described by continuous variable functions of position [22].

As all the included variables and coefficients in Eq. (2.1) and Eq. (2.2) are mentioned
above, characteristic points of the unified governing equations will be described here. Eq. (2.1)
is the Navier-Stokes type equation for modelling both fluid flows inside and outside the porous
medium. According to this equation, the fluid flow outside the porous medium can be given by
the original Navier-Stokes equation with the porosity ε = 1. On the other hand, the fluid flow
outside the porous medium can be described by including the effects of porous materials; namely,
the resistance forces and added mass force. A remarkable advantage of this equation is that no
additional effort is required to satisfy the continuity of fluid flows on the interface between inside
and outside of the porous medium. It would be better to be noted again that this equation has
some uncertainties associated with Cr(ε), a(ε), b(ε), α and β because all these coefficients were
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derived based on theoretical assumptions or under a specific set of experimental settings. Ren
et al. [66] mentioned that other factors such as the surface roughness of the porous medium
and the Reynolds number of the porous flows can affect the coefficients, particularity in a(ε)
and b(ε). We totally agree with them and this issue can be probably said for Cr(ε), α and β.
Therefore, this equation is regarded as an approximation formula for modelling porous flows and
there may be other ways to set the porous-induced forces in more proper manner. Eq. (2.2) is
the unified continuity equation. This equation is the same equation with the continuity equation
for incompressible fluid i.e. ∇·U = 0 if the Darcy velocity is substituted by the intrinsic velocity.
However, this shape of the continuity equation can not be derived without the assumption of
the constant porosity in space and time. In the next section, the continuity equation is derived
from the mixture theory and the employed assumption is properly investigated.

2.2 The continuity equation for porous flows

Here, the general form of the continuity equation for multi-body materials is summarized via
the theoretical works made by Bowen [74] and Coussy et al. [75]. Then, the continuity equation
for two phase mixture flow, fluid and porous medium, is formulated under some reasonable
assumptions. Note that all the variables and notations in this section are only defined for this
section and will not be employed for any other formulation in other sections.

Assume that a medium D is consisted of N kinds of different materials and the continuum
Da (a = 1, 2, ..., N) is occupied only by the materials. In order to describe the motion of the ath
body, a reference configuration is introduced to each body. Then, the material point of the ath
body can be recognized by the position Xa in its reference configuration. The spatial position
xa of the ath body can be described by Xa and time t i.e.

xa = xa(Xa, t) . (2.12)

The velocity and acceleration of the ath body, which are ẋa and ẍa respectively, can be
correlated by taking the substantial derivative D/Dt as:

ẍa =
Dẋa
Dt

=
∂ẋa
∂t

+ (ẋa · ∇)ẋa . (2.13)

Here, the density of the ath body is defined as ρ̂a. Then, the density of the mixture ρ̄ can
be described as;

ρ̄ =
∑
a

ρ̂a . (2.14)

Note that ρ̂a physically represents the mass per unit volume of the mixture. In [74], this
quantity is called as the bulk density as opposed to the true density. Here, the average velocity
of the mixture v̄ is given by the concentration of the ath body which is ca = ρ̂a/ρ̄ (

∑
a ca = 1)

i.e.

v̄ =
∑
a

caẋa . (2.15)

In general mixture theory, a mass transfer is considered between different bodies. However,
when considering the targeted materials of this study, namely porous medium and water, the
effects of the mass transfer is possible to be ignored. Then, the continuity equation of the ath
body can be given by:

∂ρ̂a
∂t

+∇ · (ρ̂aẋa) = 0 . (2.16)
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Figure 2.1: Conceptual figure of two-phases mixture body

Alternatively, Eq. (2.16) is also represented using the substantial derivative as:

Dρ̂a
Dt

+ ρ̂a∇ · ẋa = 0 . (2.17)

Supplementary, Eq. (2.16) and Eq. (2.17) can be respectively transformed to consider the
entire domain of the continuum by taking a summation associated with a:

∂ρ̄

∂t
+∇ · (ρ̄v̄) = 0 , (2.18)

Dρ̄

Dt
+ ρ̄∇ · v̄ = 0 . (2.19)

Next, the continuity equation for two phase mixture flow is derived based on the general
form of that summarized above. Consider the unit volume dv as illustrated in Fig. 2.2 and the
volume of the fluid and solid are defined as ε and 1 − ε respectively. Note that the porosity
represents the proportion of the unit volume occupied by the fluid component. Here, Eq. (2.17)
can be rewritten under this condition as:

Dρ̂f
Dt

+ ρ̂f∇ · vf = 0 , (2.20)

Dρ̂s
Dt

+ ρ̂s∇ · vs = 0 , (2.21)

where vf = ẋf and vs = ẋs. Moreover, ρ̂f and ρ̂s are the bulk/apparent density of fluid and
solid:

ρ̂f = ερf , (2.22)

ρ̂s = (1− ε)ρs , (2.23)

where ρf and ρs are the true/original density of the fluid and solid respectively. vf in Eq. (2.20)
can be rewritten based on the concept of the Darcy’s law (vD = εvf ) as:

Dρ̂f
Dt

+ ρ̂f∇ ·
(vD
ε

)
= 0 . (2.24)

This is the continuity equation employed by Ren et al. [66]. However, this equation is derived
only from Eq. (2.20). In order to satisfy the continuity equations for both fluid and solid, Eq.
(2.21) need to be spontaneously satisfied. According to Bowen [74] and physical reality, vs can
be regarded as zero if the spatially-fixed porous medium is assumed as the solid. Then, Eq.
(2.21) can be given by:

11



Figure 2.2: Conceptual figure of the SPH method

Dρ̂s
Dt

= 0 . (2.25)

As defined, ρ̂s is only dependent on the porosity and the true density of solid. Since the true
density of solid does not change in space and time, Eq. (2.25) implies that Dε/Dt = 0; that
is, the porosity also is not allowed to change in space and time. By utilizing this assumption
and Dρf/Dt = 0, which indicates a truly incompressible flow, then finally Eq. (2.24) can be
transformed to the same form as the Akbari’s continuity equation [1]:

∇ · vD = 0 . (2.26)

In this study, a spatially-fixed porous medium are assumed to be set and the distribution
of the porous medium is isotropic and homogeneous. Hence, Dε/Dt = 0 can be satisfied in
most of the analysis domain. In other words, the porosity can be 1 outside the porous medium
and that can be the settled porosity based on the character of the material inside the porous
medium. However, on the interface between outside and inside of the porous medium, the
porosity must have a distribution changing in space. Consequently, there could be some doubt
on the applicability of Eq. (2.24) and Eq. (2.26) for solving fluid flows around the interface. In
addition, the fluid flow include free surfaces could not be handled in an proper way either as it
does not follow a basic assumption of the mixture theory; that is, a continuum need to be fully
occupied by the composed materials, in this case solid and fluid.

2.3 Basic concept of the SPH method

The SPH method is a Lagrangian based approach and simply works by dividing a continuum
into a set of discrete elements, referred to as ”particles”. These particles have a spatial distance,
known as the smoothing length, over which their properties are smoothed by a kernel function.
In a general SPH analysis, the physical quantity of target particle i can be obtained by summing
that of all the particles which lie within the range of the kernel, called as the neighbor particles
j. The contributions of each neighbor particle to a property of the target particle are weighted
depending on the distance from the target particle by utilizing a smoothing function. Finally,
a motion of the particles can be described by the interpolated physical quantity based on the
simple algorithm. Fig. 2.2 shows the conceptual figure of the SPH method. Here, the basic
concept of the SPH method is described by referring to Asai et al. [51].
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A spatial discretization using scattered particles is summarized. First, a physical scalar
function φ(xi, t) at a sampling point xi and time t can be represented by the following volume
integration:

φ(xi, t) =

∫
W (xi − xj , h)φ(xj , t)dV =

∫
W (rij , h)φ(xj , t)dV , (2.27)

where W is a weight function called as the smoothing kernel function. In the smoothing kernel
function, rij and h are the distance between neighbor particles and the smoothing length respec-
tively. Here, the distance rij is simply the length of the relative coordinate vector rij(= xi−xj).
For an SPH numerical analysis, the physical scalar function φ in Eq. (2.27), the divergence ∇·φ,
the gradient ∇φ and the Laplacian ∇2φ can be approximated as,

φ(xi, t) ≈ 〈φi〉 =
∑
j

mj

ρj
φjW (rij , h) , (2.28)

∇ · φ(xi, t) ≈ 〈∇ · φi〉 =
1

ρi

∑
j

mj (φj − φi) · ∇W (rij , h) , (2.29)

= ρi
∑
j

mj

(
φj
ρ2j

+
φi
ρ2i

)
· ∇W (rij , h) , (2.30)

∇φ(xi, t) ≈ 〈∇φi〉 =
1

ρi

∑
j

mj (φj − φi)∇W (rij , h) , (2.31)

= ρi
∑
j

mj

(
φj
ρ2j

+
φi
ρ2i

)
∇W (rij , h) , (2.32)

∇2φ(xi, t) ≈
〈
∇2φi

〉
=

∑
j

mj

(
ρi + ρj
ρiρj

rij · ∇W (rij , h)

r2ij + η2

)
(φi − φj) . (2.33)

The subscripts i and j indicate the positions of a labeled particle, for example, mj and ρj
mean the representative mass and density of a neighbor particle j respectively. Note that the
triangle bracket 〈·〉 here indicates the SPH approximation of a particular function. Furthermore,
note that the two sets of the expressions of the divergence and gradient models have manifold
properties that can be converted to each other analytically. η in Eq. (2.33) is the parameter to
avoid division by zero and is defined by the following expression i.e. η2 = 0.0001(h/2)2. In this
study, the cubic B-spline curve proposed by Monaghan and Lattanzio [76] is adopted for the
kernel function and the smoothing length is set to 2.4 times the initial diameter of the particle.

2.4 Discretization of the unified governing equations in the
ISPH method

In the ISPH method, the unified governing equations, Eq. (2.1) and Eq. (2.2), are first
discretized in time by following the projection method based on the predictor and corrector
scheme. Then, the spatial discretization is implemented for the time-discretized equations.

To begin with the time discretization, UD at n+1 step is written as:

Un+1
D = U∗D + ∆U∗D , (2.34)

where U∗D is the predictor term calculated explicitly from the physical quantities at n step, while
∆U∗D is the corrector term which is implicitly given from the physical quantities at n+1 step to
correct the predictor term. Based on the projection method, Eq. (2.1) can be separated as:
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U∗D = Un
D +

ε∆t

Cr(ε)

(
g + νE(ε)∇2Un

D − a(ε)Un
D − b(ε)Un

D|Un
D|
)
, (2.35)

∆U∗D =
ε∆t

Cr(ε)

(
− 1

ρw
∇Pn+1

)
. (2.36)

The pressure Pn+1 in Eq. (2.36) is determined by solving the simultaneous linear equation,
called as the Pressure Poisson Equation (PPE):

∇2Pn+1 =
Cr(ε)ρw
ε∆t

∇ ·U∗D . (2.37)

It should be noted that the above equation is slightly different from that used in Akbari [1] in
terms of the positions of Cr(ε) and ε. More detail, in his formulation, these two variables were
not taken out from the divergence and remained with the pressure gradient term. However, as
mentioned before, the continuity equation in the unified governing equations implies that the
porosity should not be dependent on time and space. In this study, Cr(ε) and ε were manipulated
in the formulation based on the implied assumption.

Next, the procedure of spatial discretization is introduced. By referring to Eq. (2.29) and
Eq. (2.33), the divergence of the predictor and the laplacian of the pressure are represented as:

〈∇ ·UDi〉 =
1

ρ̂i

∑
j

mj (UDj −UDi) · ∇W (rij , h) , (2.38)

〈
∇2Pi

〉
=
∑
j

mj

(
ρ̂i + ρ̂j
ρ̂iρ̂j

rij · ∇W (rij , h)

r2ij + η2

)
(Pi − Pj) . (2.39)

Here, ρ̂ denotes the apparent density that is defined by the following equation i.e. ρ̂ = ερw. In
order to grantee the volume conservation of fluid inside the mound, this concept is necessary to
be employed. As the fluid density changes depended on the porosity, the representative volume
also changes. Consequently, in an entire analysis domain including outside and inside of the
mound, the total amount of the fluid volume can be theoretically conserved.

Due to the inconstancy of the kinematic viscosity, the viscous term in Eq. (2.35) is discretized
by referring to Morris et al. [44] as follows:

〈
νE(εi)∇2UDi

〉
=
∑
j

mj

(
ρ̂iνEi + ρ̂jνEj

ρ̂iρ̂j

rij · ∇W (rij , h)

r2ij + η2

)
(UDi −UDj) . (2.40)

According to Aly [54], the strain rate in Eq. (2.7) that is employed to evaluate the eddy
viscosity can be approximated as:

S2
i =

1

2

∑
j

mj

(
ρ̂i + ρ̂j
ρ̂iρ̂j

|Ui −Uj |2

r2ij + η2

)
rij · ∇W (rij , h) . (2.41)

The PPE in the spatially-discretized form is described as:

〈
∇2Pn+1

i

〉
=
Cr(εi)ρw
εi∆t

〈∇ ·U∗Di〉 . (2.42)

This derivation of the PPE is well-known as the formulation under the divergence-free con-
dition. Here, Eq. (2.39) represents a summation of the multiplication between the unknown
pressure difference and coefficients calculated from the physical quantities of particles i and j.
As this approximating procedure is implemented for all of the particles, Eq. (2.39) can be ex-
pressed by a coefficient matrix and a vector related to unknown pressure. By incorporating Eq.
(2.39) with Eq. (2.42), a linear equation can be derived. In order to calculate the pressure of
each particle, the linear equation need to be solved in the ISPH method.
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Next, the velocity at n + 1 step Un+1
D is determined from the obtained pressure calculated

through Eq. (2.42) by using Eq. (2.34) and Eq. (2.36). In order to implement this updating
procedure, the pressure gradient term need to be determined. By reffering to Eq. (2.32), it can
be written as:

〈∇Pi〉 = ρ̂i
∑
j

mj

(
Pj
ρ̂2j

+
Pi
ρ̂2i

)
∇W (rij , h) . (2.43)

Finally, the position of a particle is updated from the updated velocity:

rn+1
i = rni + ∆t

Un+1
Di

εi
. (2.44)

The aforementioned procedure explained the formulation based on a general ISPH method
with unified governing equations. In the next section, the stabilized ISPH method reformulated
with the unified governing equations are introduced.

2.5 Reformulation based on the stabilized ISPH method

The stabilized ISPH method is able to keep a uniform distribution of particles by introducing
an additional relaxed density invariance term into the PPE. In a sense of physical observations,
the density of incompressible fluid must be kept within its initial value during computation.
However, it is inevitable that the density changes in time because the numerical density is
calculated from the distribution of particles in the particle methods. For that reason, in the
stabilized ISPH method, slight change of the density is allowed and the effect of the density-
invariance condition is additionally taken into account with the divergence-free condition. Based
on the aforementioned assumption, Eq. (2.2) may be rewritten in the same form of the continuity
equation employed in Ren et al. [66] by considering the time derivative of the true/original fluid
density and the forward difference approximation:

〈
∇ ·Un+1

Di

〉
= −εi

ρ̂i

〈
ρ̂n+1
i

〉
− 〈ρ̂ni 〉

∆t
, (2.45)

where 〈ρ̂ni 〉 is the numerical density of the particle i at n step. By following Eq. (2.28), it can
be given by:

〈ρ̂ni 〉 =
∑
j

mj

ρ̂j
ρ̂jW (rij , h) =

∑
j

mjW (rij , h) . (2.46)

Furthermore, by referring to Eq. (2.34), Eq. (2.42) and Eq. (2.45), the following relation
can be derived:

〈
∇2Pn+1

i

〉
=
Cr(εi)

εi

(
ρw
∆t
〈∇ ·U∗Di〉+

〈
ρ̂n+1
i

〉
− 〈ρ̂ni 〉

∆t2

)
. (2.47)

Assume that the particle density in the next step ’hopefully’ corresponds to the ideal density
at the current position: that is, ρw outside the porous and ερw inside the porous. Then, the
incremental particle density ∆ 〈ρ̂ni 〉 can be given by:

〈
ρ̂n+1
i

〉
= 〈ρ̂ni 〉+ 〈∆ρ̂ni 〉 ≈ ρ̂i ,

→ 〈∆ρ̂ni 〉 = ρ̂i − 〈ρ̂ni 〉 . (2.48)
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Consider that slight compressibility is allowed; the density-invariance condition is not needed
to be satisfied instantaneously, considerably-smaller incremental particle density than the actual
density difference may be given by multiplying the coefficient α as:

〈∆ρ̂ni 〉 ≈ α (ρ̂i − 〈ρ̂ni 〉) , (2.49)

where α (0 ≤ α ≤ 1) is called as the relaxation coefficient and is generally set to be much less
than 1. In this study, α is set to 0.01. By substituting Eq. (2.49) for Eq. (2.47), the Pressure
Poisson Equation is modified as follows:

〈
∇2Pn+1

i

〉
≈ Cr(εi)

εi

(
ρw
∆t
〈∇ ·U∗Di〉+ α

ρ̂i − 〈ρ̂ni 〉
∆t2

)
. (2.50)

Note that Eq. (2.50) becomes the formulation of the divergence-free condition when the relax-
ation coefficient is assumed to be zero. According to this formulation, good pressure distribution
may be obtained by referring to the velocity distribution in each step. Furthermore, the error
associated with the density may be eliminated gradually by the effect of the density-deference
term. Consequently, good conservation of volume can be given by using this source terms
because the density can be almost kept constant during numerical computation.
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Chapter 3

Boundary treatment

3.1 Treatment of solid boundaries

A boundary treatment between fluid and solid boundaries is still one of the challenging
and important issue for implementing an accurate calculation using the particle method. The
main purposes of the treatment for solid boundaries are as follows: (i)preventing unphysical
penetration of fluid particles into solid boundaries, (ii)avoiding the kernel truncation at the
boundary, (iii)giving the slip and no-slip conditions to fluid particles around the boundary,
and (iv)satisfying the Pressure Newmann condition. A variety of research on this issue has
been made, and different types of the approaches have been suggested. According to Violeau
and Rogers [77], the approaches can be mainly categorized into three groups depending on a
character of the techniques; namely, (a)fictitious boundary particles approach, (b)repulsive force
approach, and (c)boundary integral approach.

Although the repulsive force approach can prevent the penetration of water particles without
fictitious wall particles, an incompleteness of the kernel support is the crucial shortcoming of
the approach. Besides the repulsive force, generally described in the Lennard-Jones form [42],
is calculated only considering the two constant empirical coefficients and the distance between
two particles. Accordingly, this technique could not consider the physical character of solid
boundaries in a proper manner.

The boundary integral approach, also called ad the Unified Semi-Analytical Wall boundary
method (USAW), is able to employ the slip or no-slip velocity boundary condition and satisfy
the pressure Neumann condition on the solid surface analytically without the kernel truncation
at solid boundaries. As a recent work, Leroy et al. [78] formulated the ISPH with the USAW
boundary treatment to solve the Lid-driven cavity problem. Their results showed pretty good
accuracy by satisfying the exact non-homogeneous Newmann boundary condition on the pressure
field. However, the coefficient matrix of the discretized linear equation of the pressure Poisson
equation was observed to be a non-symmetric matrix. Hence, the computational cost will
increase compared to solving a symmetric matrix and the implementation of the calculation
could be more complicated.

The fictitious boundary particle approach have been commonly used in the SPH because of
its straightforward and pragmatic features. The basic idea, first provided by Morris et al. [44],
is to compensate the incomplete kernel support in the solid domain by filling with the fixed
fictitious boundary particles. Then, Yildiz et al. [79] suggested the Ghost Boundary Particle
(GBP) whereby the fictitious particles are treated as a mirror image of the fluid particles and the
GBP can satisfy boundary conditions for the velocity and pressure by mirroring and overwriting.
However, there are two main difficulties to use the GBP in an accurate way: the first difficulty
is to place ghost boundary particles in complex geometries such as sharp corners, as well as the
second difficulty is to impose arbitrary non-homogeneous pressure boundary condition in the
ISPH. After that, Marrone et al. [67] proposed the Fixed Ghost Particle (FGP) to resolve the first
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difficulty by employing the fixed fictitious particle. The FGP introduces the virtual markers,
which are not the interpolation points for SPH calculation but a measuring point, and are
placed inside the fluid domain for mirroring the measured physical quantity from fluid particles
onto the fixed wall particles. Nurain [68] further developed the FGP with the virtual marker
for formulating the ISPH method. In the scheme, The non-homogeneous pressure Neumann
condition can be satisfied with high accuracy under a simple assumption for solving the PPE,
while the coefficient matrix can be set to be a symmetric matrix. The slip and no-slip condition
can also be properly imposed and the analysis results on the static pressure tests for complex
geometrical objects with incompatible surface showed quite good accuracy.

In this study, the FGP with the virtual marker proposed by Nurain [68] is employed because
of the more straightforward and practical character than the USAW. The accuracy of the scheme
have been sufficiently validated, even though the scheme includes a simple assumption for solving
the PPE. Moreover, the fictitious boundary particle approach have been utilized in most of the
research associated with porous flow such as, Shao [14], Akbari [1], Aly and Asai [64], Gui et
al. [62], Phar and Dhar [63], and Ren et al. [66]. It would be good to use a similar type of
the boundary treatment for solid boundaries to the past research because the analysis results
obtained in this paper can be discussed in detail by the comparison. The boundary treatment
for solid boundaries employed by Gui et al. [62] is similar to that used in this paper in terms
of the role of the fixed ghost particles which implement the Dirichlet boundary for the velocity
and the Neumann boundary for the pressure. Here, a basic procedure of the treatment, calles as
the Simplified treatments of the Generalized FGP (SGFGP), is described. Note that the fixed
ghost particle is hereinafter referred to as ”wall particle”.

Step 1. Arrange wall particles inside the solid boundary at equal intervals

Step 2. Place the virtual marker paired with a wall particle on the boundary surface

All the wall particles are arranged inside the solid boundary within a structured regular
grid. Each wall particle is assigned with its own distance function denoted as di from the
nearest boundary surface in the normal direction ni to the surface. (di and ni are automatically
calculated in pre-process.) Then, each of those boundary particles is paired with a virtual
marker, denoted as I, which is placed on the boundary surface oriented by ni. The position
of each virtual marker XI is obtained from the position of boundary particle xi in the global
coordinate system and the distance function di. Here, XI can be expressed as:

XI = xi + dini . (3.1)

Note that again the key point is that the virtual markers utilized are not directly associated
with the SPH approximation and only act as a measuring point to give the wall particles accurate
physical quantities. Furthermore, the virtual markers can also provide a more robust boundary
condition that can produce stable fluid flow state. Using this pairing system between boundary
particles and their virtual markers, the slip and no-slip condition of velocity distribution in
the vicinity of solid boundary and the non-homogeneous pressure Neumann condition can be
satisfied. Fig. 3.1 shows the assigned positions of the virtual makers and wall particles for an
incompatible boundary model.

Step 3. Measure the fluid velocity on a virtual marker

The velocity uI and pressure PI at the virtual marker are interpolated based on the concept
of weighted average of neighboring particles, which is fundamental in the SPH formulation,
similar to the equation (2.28):

φ(XI , t) ≈ 〈φI〉 =
∑
j

mj

ρ̂j
φjW̃ (rIj , h) . (3.2)
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Figure 3.1: Virtual markers and wall particles for the incompatible boundary model

The only difference between the above interpolation and its original equation (2.28) is the use
of the normalized weight function W̃ instead of the original weight function W . The normalized
weight function is required to overcome the loss of a sufficient number of water particles to
satisfy the unity condition of the smoothing kernel function. This unique treatment is generally
used when the particle inside the smoothing length is a wall particle or void area exists inside
the smoothing length around free surfaces. This interpolation is applied to the virtual marker
because it has no explicit degree of freedom in the SPH calculation.

W̃ (rIj , h) =
W (rIj , h)∑
j
mj

ρ̂j
W (rIj , h)

. (3.3)

Step 4. Give the slip or no-slip condition to a wall particle

Once the velocity of the virtual marker is obtained from the aforementioned interpolation,
approximately-adequate velocity distributions in the slip and no-slip condition can be given. As
mentioned in Nurain [68], the slip and no-slip condition may not be easy to be satisfied with
the modified virtual marker because the virtual markers are located on the wall surface. The
velocity of a virtual marker should not have its normal component to the wall surface in both
situation; namely, the slip and no-slip conditions. For the slip velocity condition, the normal
component at virtual marker need to be eliminated, and the remaining tangential velocity is
mapped to the paired wall particle as follows:

uslip
i = M 〈uI〉 , (3.4)

Mab = δab − nanb .

Here, uslip is the virtual velocity of a wall particle when the slip condition is assumed. M
is a second order tensor and it can be obtained from the normal vector of the wall and the
Kronecker delta. Meanwhile, the no-slip condition is approximately satisfied by mapping the
reversely oriented vector of the remaining tangential velocity at the virtual marker as:

uno−slip
i = R

〈
u′I
〉
, (3.5)

Rij = −δij ,

where in this case, uno−slip is the virtual velocity of a wall particle when the no-slip condition is
assumed. u′I is described by the following equation i.e. 〈u′I〉 = 〈uI〉 − (〈uI〉 · ni)ni. Moreover,
M is a second order tensor for the transportation process of the measured velocity at a virtual
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Figure 3.2: A schematic image of the velocity distribution on a wall particle

marker. Fig. 3.2 shows a schematic image of the velocity distribution on a wall particle and its
paired virtual marker.

Step 5. Solve the PPE under the non-homogeneous pressure Neumann condition

In order to prevent penetration of the water particles to the solid boundary, the normal
component of the water velocity on the solid boundary needs to be cancelled out, and thus, the
following condition should be satisfied:

(uw0 · ni)ni = 0 , (3.6)

where uw0 is the the fluid velocity on the solid boundary. Furthermore, it is also necessary
to satisfy the pressure Neumann condition to prevent any penetration of fluid particle into the
solid boundaries. For this purpose, an adequate pressure value should be calculated accurately
and given to each wall particle; it can be done by referring to the pressure of the paired vir-
tual marker. In general, the treatment for the non-homogeneous pressure Neumann condition
satisfying Eq. (3.6) can be easily formulated from Eq. (2.1). The non-homogeneous pressure
Neumann condition at fixed solid boundaries is given by:

∂P

∂n
= ρwf · n , (3.7)

f = g + νE(ε)∇2UD − a(ε)UD − b(ε)UD|UD| . (3.8)

The pressure Pj on the wall particle can be described in the following relationship to ap-
proximately satisfy the above condition:

Pj = 〈PJ〉+ djρw 〈fJ〉 · nj , xj ∈ Ωwall , (3.9)

where 〈PJ〉 and 〈fJ〉 are the measured pressure and the force terms, given by Eq. (3.8), on
the virtual marker determined by the SPH weight averaging approximation of Eq. (3.2), while
Ωwall indicates the wall domain. The pressure of wall particles are employed to solve the PPE
as stated in Eq. (2.39). In other words, the non-homogeneous pressure Newmann condition of
Eq. (3.9) need to be satisfied on all of the wall particles for giving the Neumann condition in
the pressure properly. 〈fJ〉 can be determined in the projection method as all the unknown
variables are physical quantities at the current time step n. Meanwhile, 〈PJ〉 can not be known
without solving the PPE because the pressure is implicitly updated in the ISPH method. In
order to resolve this issue, Nurain [68] proposed a simple assumption as follows:
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Figure 3.3: Simple implementation of the non-homogeneous pressure Neumann condition

〈PJ〉 ≈ Pi . (3.10)

Fig. 3.3 depicts the conceptual image of the simple implementation of the non-homogeneous
pressure Neumann condition. By applying the above relation to Eq. (3.9), the pressure Pj
associated with the wall particles can be approximately determined. Although this approach can
not strictly satisfy the non-homogeneous pressure Neumann condition, the simple approach could
be useful and this scheme can evaluate an accurate enough pressure around solid boundaries as
reported in Nurain [68]. Moreover, Nurain [68] proposed the coefficient β to associate 〈PJ〉 with
Pi in the following equation:

〈PJ〉 ≈ (1− β)Pi . (3.11)

By adopting the small coefficient β, the computation with the conjugate gradient (CG) method
becomes more stable because it is ensured that the diagonal components of the coefficient matrix
could not be zero. Nurain [68] recommended the coefficient to be around 0.01. In this study, β
is set to 0.015 adjusted through several numerical tests.

Step 6. Interpolate the pressure of fluid particles to wall particles

After solving the PPE under the non-homogeneous pressure Neumann condition, the pressure
of each fluid particle at n + 1 step will be determined. Then, by employing the Eq. (3.9), the
pressure of wall particles are properly determined from the obtained pressure of fluid particles.

Through this series of the procedure for treating solid boundaries, the pressure and virtual
velocity for slip or no-slip condition are provided for the wall particles. After that, the normal
algorithm of the SPH method can be implemented without employing the virtual markers.
In summery, Nurain’s scheme [68] can approximately satisfy the non-homogeneous pressure
Neumann condition for the PPE, while it can give the slip and no-slip condition to wall particles.
It is worth mentioning that the virtual markers need to be created just once at the pre-process
and no additional effort need to be made for modelling these markers. Moreover, as the coefficient
matrix can be a symmetric matrix in this scheme, the CG method is simply adopted to solve the
PPE. In this section, key points of the boundary treatment between fluid and solid boundary
were mentioned. For more details, please refer to Nurain [68].
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Figure 3.4: General treatment of a thin structure using the wall particles

3.2 Reversible boundary particle for a thin structure

Here, a new boundary treatment between solid boundaries and fluid particles are introduced
for handling a thin structure in the SPH method. First, the restraint of a boundary treatment
using the wall particle is described. Assume that there is a water tank which is composed of
two domains ΩA and ΩB over a thin wall of much small width against the dimension of the
entire structure as shown in Fig. 3.4. As mentioned before, the wall particle need to have the
virtual velocity, which can give the slip and no-slip condition to fluid particles, and the pressure
calculated based on the non-homogeneous pressure Neumann condition. If a wall particle can
have only a single information of the virtual velocity and the pressure, some layers of the wall
particle are necessary to be placed on the thin structure as illustrated in Fig. 3.4. In paticular,
since we adopted the cubic spline kernel function whose smoothing length h is given by 2.4 times
the initial particle diameter, at least two layers of the wall particle are needed for each of the
domain ΩA and ΩB. Based on the basic spatial-discretization of the SPH method, a certain
constant value of the representative volume is allocated to each particle. Hence, if some layers
of the wall particle are placed on a thin structure, the total number of particles will significantly
increase. Although a large number of particles can be handled at present as the performance of
supercomputers have been dramatically enhanced, the technique to treat a thin structure with
low-computational is still considered to be useful.

In this new boundary treatment, no wall particles are placed on a thin structure. Instead
of that, some layers of particles are assigned around the thin structure as depicted in Fig. 3.5.
These particles are hereinafter referred to as ”reversible boundary particle”. Note that, in this
treatment, a thin structure is modelled as a surface with no thickness. So, the proposed method
can only be applied for a structure whose thickness is thin enough against the entire structure of
analysis objects. In Fig. 3.5, two layers of the reversible boundary particles at regular intervals
surround the surface of the thin wall in each of the domains ΩA and ΩB. As a notable difference
from the wall particle, fluid particles are allowed to overlap with the reversible particles.

The implementation of the SPH algorithm with the reversible boundary particles can be
done in a straightforward manner. The way to treat the reversible boundary particles is basi-
cally same as that for the wall particles in terms of the interpolation of the virtual velocity and
the pressure estimated from fluid particles. A key issue to implement this scheme is to modify
the technique of neighbor particle searching. In the general SPH algorithm, all the particles
located inside the influence domain of a particle are counted as neighbor particles of the target
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Figure 3.5: Conceptual image of the reversible boundary particles

particle and these particles are used for the SPH approximation. However, some of the particles
that are not supposed to be counted as a neighbor particle would be employed for the SPH
approximation when a spatial discretization is implemented with the reversible boundary parti-
cles. Fig. 3.6 presents the implementation of the SPH algorithm with the reversible boundary
particles. According to Fig. 3.6, the improved particle searching is described separately for the
fluid particle and virtual marker:

(i) Target: a fluid particle in ΩA

⇒ Excluded neighbors: reversible boundary particles in ΩA and fluid particles in ΩB

(ii) Target: a fluid particle in ΩB

⇒ Excluded neighbors: reversible boundary particles in ΩB and fluid particles in ΩA

(iii) Target: a virtual marker of the wall particle in ΩB

⇒ Excluded neighbors: reversible boundary particles in ΩA and fluid particles in ΩB

(iv) Target: a virtual marker of the wall particle in ΩA

⇒ Excluded neighbors: reversible boundary particles in ΩB and fluid particles in ΩA

By implementing the neighbor particle searching based on the above manner, appropriate
particles can be chosen as neighbor particles of the target particle. After this searching, the
reversible boundary particle is handled in the same way as the wall particle to satisfy some
required boundary conditions. Although a concept of the proposed boundary treatment for
a thin structure is simple and straightforward to be implemented, a huge computational cost
could be reduced as the resolution of discretization is not dependent on the thickness of a thin
structure. In this study, the coordinate of a thin wall is utilized to identify the domain where
a fluid and reversible boundary particle belong. However, the mentioned way to identify the
domain cannot be applied to a thin structure with incompatible surfaces due to the complicated
geometry. The proposed technique will be validated through a simple dambreaking problem
with a thin structure later.
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Figure 3.6: Implementation of the SPH algorithm for fluid particles and virtual markers with
the reversible boundary particle

3.3 Mass and density correction

Another main purpose of this paper is to obtain a quantitatively correct pressure of fluid
particles abound solid boundaries inside the porous medium. Since Akbari [1] introduced the
concept of the apparent density, the volume conservation of fluid inside the porous medium is
guaranteed in a proper way. However, a change of the fluid density can cause an numerical
error because of the density gap between the fluid particles inside the porous medium and solid
boundaries (wall particles). As reported in [69], [70] and [71], an unphysical repulsive force
appears between the two different materials in its density, while the pressure of the low-density
side may be overestimated. Although this numerical-based knowledge was originated from the
solution of a simple two-fluid system with density gap (e.g. 1:4 and 1:64 were employed in [69]),
the same tendency was observed in the fluid-solid interaction inside the porous medium through
our implementation. Here, the reason of occurrence of the instability in SPH approximation
algorithm is first explained through the fundamental theory using a simple drawing. Then, a
new technique to enhance the accuracy of the approximation is introduced.
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Figure 3.7: Change of the representative volume of fluid particles

In order to start implementing the calculation with the SPH algorithm, the initial density
and particle diameter d are to be allocated to all the particles, which are fluid and wall particles
for the most simple example. The initial density is set as 1.0 for cm unit and 1,000 for m unit if
water is assumed to be the fluid. The entire analysis objective is commonly discretized in space
with the constant particle spacing, which also can be denoted as d. The representative volume
of each particle can be calculated by d raised to 3rd power in 3D. Then, the allocated mass can
be simply estimated from the density and representative volume. This procedure is adopted for
both fluid and wall particle at the beginning of an analysis.

As explained before, the apparent density is written by multiplying the true/original density
of fluid with the porosity. This density change only affects the representative volume. It means
the mass does not change from its allocated mass in initial spatial-discretization and the rep-
resentative volume will increase when the fluid density decreases. On the other hand, from the
view of physical sense, the density of wall particle does not change because the porosity is not
given except fluid particles. Thus, all the initially allocated parameters, which are the density,
mass and representative volume of wall particle, will be maintained during the SPH calculation.
To sum up the aforementioned facts, the situations illustrated in Fig. 3.7 could occur during the
implementation of fluid simulation with porous medium. In the case of the water tank filled only
with fluid, the distribution of the fluid and wall particles are almost same because of the unit
porosity, namely 1. Meanwhile, in another case of the water tank filled with fluid together with
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porous medium, discrepancy in the particle distribution between fluid and wall particles could
occur because only fluid particles become sparser due to the effect of the porosity. Although a
influence domain of the target particle is almost-fully filled with arbitrary particles, this discrep-
ancy could cause a serious numerical error in the SPH approximation. For instance, Eq. (2.46)
that approximates the numerical density of a particle no longer works in an accurate manner.
This issue can be intuitively explained through Fig. 3.7. In order to calculate the numerical
density via Eq. (2.46), the mass of neighbor particles is only taken into consideration. Due to the
almost-uniform distribution of particles in the water tank filled only with fluid, the contribution
of the mass from neighbor particles including wall and fluid particles to the target particle can
be appropriate. However, in the case of the water tank filled with fluid together with porous
medium, the contribution of the mass from neighbor wall particles to the target fluid particle
would be too large as the allocated mass of fluid and wall particle is constant during numerical
calculation: that is, the particle distribution in an influence domain of the target particle need
to be uniform unless the allocated mass is not modified. Since the particle distribution changes
depending on the representative volume, the representative volume can be estimated only by the
apparent density of the fluid particle. However, the representative volume of the wall particles
can not be changed because these particles are fixed in space: the area of representative volume
will be overlapped with other that of the wall particle if the representative volume of the wall
particle changes. In order to artificially satisfy the uniformity in an influence domain of the
target fluid particle, a new technique called as ”mass and density correction” is presented in this
study. In the proposed method, the density of all the neighbors is first rewritten to be the same
as that of the target particle. Then, a new value of mass is calculated from the given density
without changing its representative volume. In other words, these manipulations can be written
with variables as follows: ρ̂j is replaced by ρ̂i, while mj is replaced by the following relation i.e.
(mj/ρ̂j) ρ̂i in which ρ̂j can not be replaced by ρ̂i because (mj/ρ̂j) denotes the representative
volume of particle j. Note that these relations are only employed when some of the specific
approximations, namely Eq. (2.38), (2.39), (2.40), (3.15), (2.43), and (2.46), are implemented
in the SPH algorithm. New approximation functions based on the concept of mass and density
correction are described respectively as:

〈∇ ·UDi〉 =
1

ρ̂i

∑
j

(
mj

ρ̂j

)
ρ̂i (UDj −UDi) · ∇W (rij , h)

=
∑
j

mj

ρ̂j
(UDj −UDi) · ∇W (rij , h) , (3.12)
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j
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)
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(
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r2ij + η2

)
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j
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ρ̂j
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26



S2
i =

1

2

∑
j

(
mj

ρ̂j

)
ρ̂i

(
ρ̂i + ρ̂i
ρ̂iρ̂i

|Ui −Uj |2

r2ij + η2

)
rij · ∇W (rij , h)

=
∑
j

mj

ρ̂j

|Ui −Uj |2

r2ij + η2
rij · ∇W (rij , h) , (3.15)
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ρ̂iW (rij , h)

= ρ̂i
∑
j

mj

ρ̂j
W (rij , h) . (3.17)

Note that there are different types of the SPH approximation function proposed in the past
research. Accordingly, the form of these functions can be slightly different depending on the
referred equations. However, the proposed technique could be used to modify every different
type of the SPH implementations as long as the apparent density and fixed wall particles are
adopted without updating the allocated mass from its initial value. The accuracy of the proposed
method will be checked by conducting a numerical test later.

3.4 Treatment of free surfaces

Detection of the free surface boundary has an important role in the ISPH formulation of free
surface flows since the pressure value on the free surface particles should be equal to zero as
the Dirichlet boundary condition of PPE. Also, a zero pressure is imposed on the free surface
particles after solving the PPE again for ensuring the Dirichlet condition of the free surface.
Here, two different schemes employed commonly in the SPH method are introduced.

The first one is the scheme that judge the free surface particles from its particle density. The
particle density on the free surface may significantly drop as there is no particle existing outside
the free surface [46]. This scheme is quite straightforward and easy to be implemented. Most
of the free surface particles can be determined by utilizing this concept. Similar type technique
have been employed to simulate porous flows with the SPH by Shao [14], Akbari [1] and Gui
et al. [62]. In particular, Akbari [1] utilized the following equation to judge the free surface
particles i.e. ρ̂i/εi < βsurfρw. In his study, βsurf was set to 0.9.

The second scheme, proposed by Lee et al. [47], uses the divergence of particle positions to
improve the free surface tracking. They implemented a simple dam-breaking test and showed
the accuracy of the proposed scheme. They concluded that most of the free surface particles can
be detected but there are some undetected particles and further improvement is still required.
Pahar and Dhar [63] used this scheme with their ISPH method to solve porous flow problems.

Since there are less fluid particles existing inside the porous medium due to the apparent
density, it would be more difficult to judge the free surface in an accurate manner. Although
the free surface detection for porous flows can be done within acceptable error by using the
aforementioned techniques, it would be better to use the surface detection scheme with higher
accuracy. The highly-accurate technique for the surface detection could properly simulate a
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dynamic porous flows, for instance wave breaking phenomenon inside the porous medium. With
this motivation, we extended the free-surface detection technique proposed by Marrone et al.
[80] for porous flows. Here, the key points of the method are introduced.

This free-surface detection scheme is composed of two phases of the procedures. In the first
step, by evaluating the eigenvalues of the renormalization matrix, the number of particles to be
investigated in the second step can be largely reduced. Then, in the second step, the target fluid
particle is judged whether or not it has a certain amount of vacant region by means of geometric
properties.

1. First procedure: Judging by the eigenvalue

Calculate the minimum eigenvalue λi of the renormalization matrix Bi which is defined as:

Bi =

∑
j

∇W (rij , h)⊗ (rj − ri)
mj

ρ̂j

−1 , (3.18)

where ⊗ denotes the tensor product. Note that the apparent density ρ̂ is employed instead of
the fluid density to manipulate the above equation for solving porous flows. From the theoretical
knowledge [80], λi approach to 0 when the particle i is located inside the fluid domain, while
λi approach to 1 when the particle i is going away from the fluid domain. Based on this
knowledge, Marrone et al. [80] classified all of the fluid particles into three complementary
subsets: namely, (i)E composed by particles belonging to the free surface (ii) I composed by
particles located inside the fluid domain and far from the free surface, (iii)B composed by
particles which located in the vicinity of the free surface or in the domain where particles are not
uniformly distributed. Furthermore, they determined the threshold values for the classification
through several numerical tests:


λi ≤ 0.20⇒ i ∈ E ,
0.20 ≤ λi ≤ 0.75⇒ i ∈ B ,
0.75 ≤ λi ⇒ i ∈ I .

(3.19)

In our study, the above thresholds are also employed without any adjustment. The most biggest
advantage of this first procedure is to reduce much computational costs in the second proce-
dure by detecting a large number of fluid particles belonging to I through this straightforward
approach. Only the particles classified into B are evaluated more deeply in the next procedure.

2. Second procedure: Judging by the geometry

In order to implement the second procedure, the local normal vector ni to the free surface
is determined by using again the the renormalization matrix B as follow:

ni =
li
|li|

, (3.20)

li = −Bi

∑
j

∇W (rij , h)
mj

ρ̂j
. (3.21)

By using ni, it is possible to define the domains associated with the particle i as illustrated
in Fig. 3.8. Then, the neighbor particle j that is located in the range of smoothing length of
particle i is taken into consideration. If any one of the neighbor particles of the particle i is
located in the Domain S1 or S2 in Fig. 3.8, the particle i is not judged as a free surface particle.
This investigation can be done by the following equations in 3D algorithm:
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Figure 3.8: Conceptual drawing of the free-surface detection scheme

|rji| <
√

2H, arccos

(
ni · rji
|rji|

)
<
π

4
(For domain S1) ,

|rji| ≥
√

2H, |rjT | < H (For domain S2) .

(3.22)

The position of the point T in Fig. 3.8 can be given by:

rT = ri +Hni . (3.23)

As for H in Fig. 3.8, Marrone et al. [80] employed the constant value determined from
the initial diameter of particle d and the coefficient c, which is H = cd. This c is defined
depending on the type of the utilized smoothing kernel function. Marrone et al. [80] adopted
the renormalized gaussian kernel, so c of 1.33 was set in their study.

In this study, the distance between fluid particles can be larger inside the porous medium due
to the representative volume change. For the reason, it was observed the fluid particle inside the
porous medium is incorrectly detected as the free surface in the case that H is set as a constant
value similar to Marrone et al. [80]. By considering that d is proportional to the cubes of the
porosity in 3D algorithm, in this study, a new definition of Hi is introduced for porous flows as
follows:

Hi =
cd
3
√
εi
, (3.24)

where c is set to 1.2, which is commonly used with the cubic spline function. Note that the
smoothing length h in this study is given by the following equation i.e. h = κcd. Here, κ is set
as 2.0, so the smoothing length can be expressed by 2.4 times the initial particle diameter.

3.5 Interface treatment between outside and inside of the
porous medium

It is obvious that the interface treatment between outside and inside the porous medium
is one of the most important issues because a character of the flows differ from each other.
Shao [14] employed two different sets of governing equations separately for the flows outside and
inside porous medium, so the continuity of the velocities and the continuity of the normal and
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Figure 3.9: Schematic figure of the porosity change

tangential stress are needed to be ensured on the interface. Meanwhile, the unified governing
equations, proposed by Akbari [1], can simultaneously handle the two different flows without
considering the restraints for the velocity and stress because fluid flows in entire analysis domain
can be simulated by using a set of governing equations controlled by the porosity change. The
unified governing equations could be more useful and simple to be implemented for simulating
porous flows in terms of the aforementioned points. In the unified governing equations, the
character of fluid flow is determined based on the porosity; all the important parameters such as
the linear and nonlinear coefficients, the Darcy velocity and the apparent density, are dependent
on the porosity. Therefore, it can be said that the key parameter for this formulation is the
porosity. Here, the adopted way to calculate the porosity in this study is presented.

Similar to Akbari and Namin [61], the concept of background points are adopted for calcu-
lating the porosity of each fluid particle. While the background points are placed in an entire
analysis domain in their studies, these points are only located inside the porous medium in this
study. This background point is hereinafter referred to as ’porous marker’. The porous marker is
fixed in space and is treated just as a reference point: that is, the SPH approximation algorithm
is not applied to these mound markers. The porosity of particle i can be estimated by referring
to the position of the porous makers using the smoothing kernel function:

εi = ε0 + (1− ε0)

1−
∑

j∈porous
W (rij , h)

mporous
j

ρporousj

 , (3.25)

where ε0 is the original porosity of the porous medium. mporous
j and ρporousj represent the mass

and density of the porous marker respectively. Note that the above equation is only employed for
calculating the porosity of fluid particle. The porosity of the wall particles or others except fluid
particles is set to 1 and is not changed depending on the porous marker. During the calculation,
these two variable are not updated, so the representative volume of marker porous is the same as
that allocated at initial step. According to the Eq. (3.26), these relations are obtained: εi = 1
in the fluid domain, εi = ε0 in the porous domain, and εi changes smoothly depending on the
number of neighbor porous markers in the transitional layer, that has 2h of the width. Fig. 3.9
shows the basic concept of how to calculate the porosity.

This definition of the transition layer is quite similar to Akbari and Namin [61] as a width
of the transition layer can be determined from the smoothing length h. However, this width
of the transition layer is too thick because the smoothing length is even longer than the initial
diameter of particle. (Strictly speaking, 2.4 times longer when κ is set to 2.0.) Thus, at least,
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Figure 3.10: Calculation of the porosity around solid boundaries

it can be said that the thickness of the transition layer in the fluid domain is too large as the
particle diameter is same as the initial value. To define more reasonable transition layer, Akbari
[1] and Ren et al. [66] have suggested to consider the average diameter of the porous medium
D50. However, it is good to be noted again that the continuity equation in the unified governing
equations implies that the porosity should not be dependent on time and space based on the
mixture theory. Accordingly, there are some doubt whether or not an accurate solution can be
obtained on the interface.

By using Eq. (3.9), the porosity in the transition layer can change smoothly. However, the
porosity around the solid boundary can be underestimated because the porous markers are not
located inside solid boundaries. In order to resolve the aforementioned issue, Eq. (3.26) can be
rewritten in the similar manner to the normalized weighting function as:

εi = ε0 + (1− ε0)

1−

∑
j∈porousW (rij , h)

mporous
j

ρporousj

1−
∑

j∈wallW (rij , h)
mj

ρ̂j

 . (3.26)

Note again that the apparent density of the wall particle is initially set as 1 and is not
updated because the porosity is only calculated for fluid particles. By adopting Eq. (3.10),
the porosity distribution in both fluid and porous domain is properly guaranteed. The porosity
distribution will be presented later with a simple numerical test.
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Chapter 4

Validation tests

Recently, our SPH technique has been proven to work very well in simulating numerous fluid
dynamics and multiphysics phenomena. After the stabilized version of ISPH with a relaxation
coefficient was introduced by Asai et al. [51], several researches have been conducted within
our research group on the development and application of the technique in simulating fluid
dynamic problems in civil engineering field. By using the numerical treatment, we can produce
an accurate fluid simulation with convergence in volume by adding a relaxed density invariance
term into the original source term of the PPE. Several numerical examples in simulating dam
breaks, with or without obstacles, multi-phase flows, and violent water induced impact problems
were conducted by Aly [54] in his Ph.D. thesis as initial validation tests. Moreover, Nurain [68]
implemented some numerical tests subjected to the boundary treatment between the fluid and
solid particles with the stabilized ISPH method and sufficiently discussed the accuracy of the
numerical scheme.

As several fundamental tests have been already conducted to check the accuracy of the
stabilized ISPH itself, we only focus on the applicability of the newly proposed techniques in
this paper. Four cases of numerical tests are here presented. The first one is a dam-breaking
problem with a thin partition whose thickness is ignorable with the aim of validating how the
reversible boundary particles work. The second one is the hydrostatic test with porous medium.
In this numerical test, the pressure and piezo water head of water in the tank with porous medium
are quantitatively evaluated, as well as the effectiveness of mass and density correction will be
surveyed. The third one is called as the water clock problem, which was originally implemented
by Akbari [1]. This numerical example is conducted to discuss the volume conservation of water
passing thorough the porous medium. The fourth one is done only for demonstration purpose.
A porous dam experiment with crushed-stones implemented by Liu et al. [28], which have been
simulated by many researchers to present the accuracy of their analysis scheme, is solved by
means of the proposed numerical scheme.

4.1 Dam break problem with a thin wall

Here, the simple dam-breaking problem with a thin wall is presented to validate how the
reversible boundary particles work. Fig. 3.9 shows the two different figures, which are concep-
tual image of the analysis model and that represented by spatially-discretized particles. The
dimension of the water tank is arbitrarily set to 700 × 550 × 100 ( Width × Hight × Depth). A
thin wall is placed in the exact middle of water tank (x = 350 mm from the left side of the water
tank) and is used as a partition. Three layers of reversible boundary particles are placed in both
sides over the thin wall. Actually, two layers of solid particles are enough if the B-spline kernel
is employed and its smoothing length is set as 2.4 times particle diameter. In this study, one
additional layer of solid particles is considered just for safety purpose. Note that we confirmed
this additional one layer does not affect the entire analysis results at all via several numerical
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Figure 4.1: Conceptual and particle-discretized models of the water tank with a thin wall

tests. Masses of water are placed in both sides over the thin wall with different dimensions, 300
× 300 × 100 located within 0 ≤ x < 300 mm in the left domain, while 300 × 150 × 100 located
within 400 ≤ x ≤ 700 mm in the right domain. Three layers of wall particles are employed
for representing the water tank. This sets of the wall particle also include additional one layer
due to the same reason as the reversible boundary particle. The number of water particles and
reversible boundary particles are set to 13,500 and 3,300 respectively. The initial particle spac-
ing is 10 mm and the time step is 0.0005s. The slip condition is given to the solid boundaries,
which are both thin wall and wall of water tank. It took 16 hours in real time to obtain the
analysis result of 5 sec with 1 node and 1 core of HA8000-tc/HT21, a supercomputer of Kyushu
University.

Fig. 4.2 and Fig. 4.3 depicts the analysis results including the pressure distribution of
both the water and reversible boundary particles at t = 0.025, 0.175, 0.375, 0.500, 0.750, 0.875,
1.000, 5.000s. As shown in the figures, discontinuous pressure distribution of water particles was
successfully observed over the thin wall dividing the water tank into two domains. The motion of
water particles look fairly reasonable and the given pressure to the reversible boundary particles
are corresponding to that of water particles around the thin wall. It can be visually confirmed
that a new boundary treatment technique with the reversible boundary particles is useful to
solve the fluid and a thin structure coupling problems.
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Figure 4.2: Pressure distribution of both the water and reversible boundary particles
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Figure 4.3: Pressure distribution of both the water and reversible boundary particles
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Figure 4.4: Model of water and porous column

4.2 Hydrostatic test with porous medium

In order to check the effectiveness of the mass and density correction, hydrostatic test with
the porous medium is implemented in this section. Fig. 4.4 shows the employed model, called
as water and porous column in this study. The dimension of the water tank is arbitrarily set
to 200 × 1000 × 200. The upper part of the water tank is filled with the mass of water whose
dimension is 200 × 500 × 200, placed within 500 ≤ y ≤ 1000 mm. Note that y denotes the hight
in this study as defined in Fig. 4.4. Porous medium is placed in the lower part of the water
tank and its dimension is defined as 200 × 400 × 200, located within 0 ≤ y < 400 mm. Empty
area is provided between the water and porous medium with the dimension of 200 × 100 × 200
within the range of 400 ≤ y < 500 mm. The original porosity ε0 of the porous medium is set
to 0.5 and the averaged diameter D50 is set as 10 mm. These two values are arbitrarily given
for this numerical example. The number of water particles and porous marker are 20,000 and
16,000 respectively. The initial particle spacing is 10 mm and the time step is 0.0005s. The slip
condition is given to the wall of water tank. It took 9 hours in real time to obtain the analysis
result of 1.375 sec with 1 node and 24 cores of HA8000-tc/HT21, a supercomputer of Kyushu
University. In this numerical test, the water mass located in the upper part of the water tank
falls down into the porous material placed in the lower part of the water tank by the effect of
the gravity. Then, the pressure and piezo water head are quantitatively evaluated in the two
cases of the SPH algorithm with and without the mass and density correction.

Fig. 4.5 depicts the pressure distribution of the water and wall particles as well as the
motion of the water particles. In this numerical tests, the water starts to fall down into the
porous medium at t = 0 sec and become completely stable at t = 0.75. In the both two cases,
steady and stable pressure distribution was obtained from t = 0.75 to t = 1.375. Moreover, the
top height of the water during steady states was y = 70mm. This value is considered to be
reasonable because of the effects of the porous medium ε0 = 0.5. In other words, two fifth of
the water mass is used to fill with the void of the porous medium and the rest remains above
the porous medium. The pressure distribution in both two cases look similar to each other.
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However, slight separation was observed in the case without considering the mass and density
correction. This separation is not so large compared to the one illustrated in [69], [70] and [71]
because the emerged density gap between the wall and water particles was only 1:2 in this study:
that is, the density of the wall particles are the initially allocated density which is 1.0, while the
density of water particles inside the porous medium is the apparent density, which may be 0.5 in
this numerical example. This slight separation would be caused by unphysical forces presented
in [69], [70] and [71] but it seems to be difficult to quantitatively evaluate the force acting on the
water particles. Hence, in this research, the overestimated pressure of the water particles around
wall particles is focused to be surveyed. In order to evaluate the pressure in more accurate way,
the concept of the piezo water head is introduced. The piezo water head is mostly employed in
civil engineering areas and it is defined by the following equation, P/ρwg + ∆z. Here, P is the
pressure and ρw is the original/true density of water, and g is the gravity acceleration. ∆z is
the height from the settled datum. An advantage of this concept is that the component of the
static pressure can be eliminated from the pressure.

Fig. 4.6 illustrated the distribution of the piezo water head. These pictures were taken in the
same timing as that shown in Fig. 4.5. In this study, ∆z is set to 0 which denotes the bottom of
the water tank, so the piezo water head need to be 700 mm if the perfect volume consecration is
guaranteed. As can be seen in Fig. 4.6, the piezo water head above the porous medium is around
700 mm in the case of conventional treatment but that inside the porous medium is much higher
than the ideal value. This indicates the pressure inside the porous medium is visually confirmed
to be overestimated. On the other hand, in another case with the proposed mass and density
correction, the piezo water head is almost around 700 mm throughout the water tank. Strictly
speaking, the piezo water head inside the porous medium still seems slightly higher than the
ideal value. However, when comparing to the case with the conventional treatment, the mass
and density correction was proven to be effective to obtain more accurate pressure values around
solid boundaries.

4.3 Water clock problem with different porous materials

Next, one of the basic tests called as the water clock, which was originally implemented in
Akbari [1], is solved in this section. The main purpose of this numerical example is to discuss
the volume conservation of water passing thorough the porous medium. Fig. 4.7 presents the
analysis model employed for this numerical test. The dimension of the water tank is set to 200
× 600 × 200 referring to Akbari [1]. The upper part of the water tank is filled with the mass of
water whose dimension is 200 × 200 × 200 in the range of 400 ≤ y ≤ 600 mm. Porous medium
is placed in middle part of the water tank and its dimension is defined as 200 × 200 × 200,
placed within 200 ≤ y < 400 mm. Empty area is provided under the porous medium with the
dimension of 200 × 200 × 200, arranged within 0 ≤ y < 200 mm. Three different values of the
original porosity ε0 of the porous medium is employed here, 0.4, 0.6 and 0.8. Note that Akbari
[1] set these values as 0.3, 0.5 and 0.7 instead. The averaged diameter D50 is arbitrarily set as
10 mm because this value is missed in Akbari’s study [1]. The number of water particles and
porous marker are 8,000 and 8,000 respectively. The initial particle spacing is 10 mm and the
time step is 0.0005s. The slip condition is given to the wall of water tank. The mass and density
correction is hereinafter employed for all the numerical tests. It took approximately 2 hours in
real time to obtain the analysis result of 3.25 sec with 1 node and 24 cores of HA8000-tc/HT21,
a supercomputer of Kyushu University. In this numerical test, the water mass located in the
upper part of the water tank falls down into the porous material placed in the middle part of
the water tank by the effect of the gravity. Then, the water particles continue to fall down to
the bottom of the water tank.
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Figure 4.5: Distribution of the pressure
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Figure 4.6: Distribution of the piezo water head
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Figure 4.7: Water clock

Fig. 4.8 shows the results of water clock problems with three different values of the porosity
ε0 = 0.4, 0.6 and 0.8. The contour represents the pressure distribution of water and wall
particles. From Fig. 4.8, the velocity of the water particles falling down is different depending
on the porosity; the velocity becomes faster as the porosity becomes lower. This tendency
agrees with the fundamental physical nature. Furthermore, when the mass of water located in
the upper part of the water tank reaches the bottom of the porous medium area (t = 0.29s for
ε0 = 0.8, t = 0.43s for ε0 = 0.6 and t = 0.61s for ε0 = 0.4), the corresponding amount of water
particles remains in the upper part of the water tank. These results ensure that the accurate
volume conservation can be obtained by using the stabilized ISPH method reformulated based
on the unified governing equations. Fig. 4.9 presents the porosity distribution of this numerical
test. The porosity change can be visually confirmed depending on the original porosity of the
porous medium. Besides, it was observed that the porosity of the water particles is 1 outside
the porous medium, while that is the corresponding porosity with the settled value inside the
porous medium. Transition layer can also be seen in these results. However, note again that
this transition layer is probably too large because it is even lager than the representative volume
of water particle inside the porous medium. (The representative volume of water particle inside
the porous may be enlarged by the effects of the apparent density, so it cannot be certainly said
that the traditional layer is too large in the porous side.)
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Figure 4.8: Pressure distribution of the water clock problem
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Figure 4.9: Porosity distribution of the water clock problem
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Figure 4.10: Conceptual and particle-discretized models of the porous dam

4.4 Porous dam experiment with crushed-stones

As a last numeral test, the porous dam experiment with crushed-stones implemented by Liu
[28] was selected just for the demonstration purpose. This experiment have been simulated by
many researchers, Akbari and Namin [61], Akbari [1], Pahar and Dhar [63], Aly and Asai [64],
and Ren et al. [66] , to survey the accuracy of their own analysis schemes. Fig. 4.10 presents the
analysis model employed for this numerical test. The dimension of the water tank is set to 892 ×
300 × 440 mm. Strictly speaking, Liu et al. [28] settled the height of the water tank as 580mm.
However, in this study, the height was just shorten to reduce the number of the employed wall
particles. Note that this difference does not change the analysis result because all the water
motion can be described under y = 300 mm. The crushed stones are placed in 300 ≤ y < 590
mm with the dimension of 290 × 300 × 440 mm. The original porosity is set to 0.49 by following
to the experiment [28]. A mass of water is placed in the left side of the crushed stones within
the range of 0 ≤ x < 280 mm with the height of 250 mm and the depth of 440 mm. Also,
thin water layer was placed in the bed of the water tank with the thickness of 20 mm to ignore
the effects of wall friction. As for this thickness of the thin water layer, no clear information
was provided in Liu et al. [28]. It looks around 20mm in the depicted figure in their paper, so
the approximate value is simply adopted in this study. In the experimental setup of Liu et al.
[28], a gate with the thickness of 20 mm was installed between the crushed-stones and the mass
of water located in the left side of the crushed-stones. The gate was employed for damming
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up the water in its initial position, and then it was manually opened within 0.1 sec after the
experiment starts. As Akbari [1] and Ren et al.[66] did not take into consideration this gate in
their numerical models, the gate is not modelled in this study either. Different from Akbari [1],
the distribution of the water particles inside the crushed-stones are placed by considering the
sparse distribution caused by the porosity as illustrated in Fig. 4.10. The Entire part of the
analysis model except this area are discretized with the particle spacing of 5 mm, while it is set
to 3
√

53/ε0 ≈ 6.3mm. This numerical setup is surely more accurate than that of Akbari [1]. The
number of water particles and porous marker are 278,450 and 306,240 respectively. The initial
particle spacing is 10 mm and the time step is 0.0005s. The no-slip condition is given to the
wall of water tank. It took approximately 23 hours in real time to obtain the analysis result of
2.0 sec with 4 nodes and 24 cores of PRIMEHPC FX10, a supercomputer of Kyushu University.

Fig. 4.11 depicts the analysis results of the pressure distribution. The obtained pressure
is smoothly given on the interface of the cruched-stones and the mass of water. The analysis
results show good enough agreement with the experimental data. Actually, the motion of water
particles is slower from the beginning to t =0.4s compared to the experimental data and this
tendency was also seen in the analysis result of Akbari [1]. As reported in his study, this delay
would be caused by the lack of the modelling of the opening gate.
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Figure 4.11: Analysis results of the porous dam experiment with the pressure distribution
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Chapter 5

Hydraulic experiment and analytical
study on caisson type breakwaters

A proper understanding of the failure mechanism of a caisson-type breakwater has been an
urgent task to reduce the projected damages caused by next millennium tsunamis. A variety of
research has been done to understand this phenomenon further. From the current observations,
the seepage-induced piping phenomenon, which is caused by the bearing capacity degradation
inside a mound, is determined as one of the main causes. With the aim of moderating the bearing
capacity degradation, a design to reinforce a mound by utilizing sheet piles has been proposed
in the past. Although the effectiveness of sheet piles installation has been confirmed via some
experimental-based research, the optimized design to determine the dimension and position of
the sheet piles has not been established yet. Numerical simulation, which can evaluate the effect
of the installed sheet piles accurately, is desired to design durable and economical breakwaters. In
this study, a 3D numerical simulation based on a particle method is implemented by considering
sheet piles inside a mound, and its accuracy is discussed by comparing it with experimental
tests.

In the past research, Hazarika et al. [81], [82] have implemented some experimental studies
associated with a reinforcement of caisson-type breakwaters utilizing sheet piles and gabion.
They concluded that sheet piles can reduce seepage flows inside the rubble mound in some degree
and it can lead to large reduction of seepage-induced scouring. However, the effectiveness of the
sheet piles installation was not evaluated quantitatively in their study because of the complexity
of the hydraulic models; the tsunami overtopping, seepage flows and wave force were taken into
consideration simultaneously in their experiments, and also the rubble mound were composed of
two different type of materials. As mentioned before in this paper, an individual study focusing
on each of the causes, the wave force, tsunami overtopping and seepage, is primarily required
to be done as fundamental studies in order to establish a robust analysis tool which can be
used for simulating comprehensive problems of breakwater failure. Therefore, in this study, we
performed some hydraulic experiments on caisson type breakwaters solely focusing on seepage
flow through the rubble mound without considering any other factors such as wave force and
scour.

Two cases of the experiments were implemented with different hydraulic models; a break-
water model without reinforcement (Case 1) and that reinforced with sheet piles (Case 2). The
piezo water head measured in the experiments will be compared with the analysis results later.
Thorough these experiments, the effectiveness of the sheet piles installation associated with
seepage flow was fairly confirmed.
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5.1 Experimental overview

Fig. 5.1 depicts the two cases of the breakwater models employed in the experiments. Case
1 represents the 1:100 scale experimental model based on the Kamaishi breakwater located in
Iwate prefecture, while Case 2 is the reinforced breakwater model of Case 1 with the acrylic
sheet piles of 1cm thickness. 17 water pressure gauges were employed for both cases of the
experiments and the water pressure gauge numbers are displayed in Fig. 5.1. The height and
width of the caisson are 195mm and 185mm respectively, while the specific gravity of the caisson
is 2.03g/cm3. Furthermore, 2-4.75mm (D50=3.1mm) rubble was used for the mound, while the
picture and particle size distribution curve of the rubble are presented in Fig. 5.2. The density
of the rubble is 2.63g/cm3 and the bulk density of the mound was set to 1.82g/cm3. Two wave
gauges were placed to accurately measure the fluctuation of water level outside and inside the
port as shown in Fig. 5.1.

In this study, the effect of seepage flow is solely taken into consideration. In order to achieve
the aim, the water level outside the port was statically increased during the experiments: that
is, no waves act on the breakwater. Besides, the constant water level difference between the
inside and outside of the port was kept by utilizing submersible pumps. For both Case 1 and
Case 2, these experiments were conducted twice under the same condition because the observed
water pressure irregularly fluctuated at some of the water pressure gauges due to the inaccuracy
of the measurements. (Case 1: TEST1,2 and Case 2: TEST3,4)

Next, the results of these two different cases of experiments are here presented. In the Case-1,
piping phenomenon was observed when the water-level difference ∆h was approximately 100mm.
(The water level inside the port was about 465mm and that outside the port was approximately
565mm.) Fig. 5.3 depicts the developing process of the piping phenomenon of Case 1. From the
figure, it is confirmed that piping occurred from the mound under the caisson inside the port,
where the high hydraulic gradient may be expected. On the other hand, in the Case 2, piping
phenomenon was not observed with the same water-level difference ∆h =100mm as shown in Fig.
5.4. Moreover, the mound was not destructed even when the maximum water-level difference
∆h =135mm, though the pictures are not included in this paper. Above all, the effectiveness of
the sheet piles installation to enhance the bearing capacity of the mound against seepage flow
was qualitatively evaluated through these hydraulic experiments. The measured piezo water
head at the 17 water pressure gauges will be presented later and also will be compared with the
analysis results.

5.2 Evaluation of the physical quantities

In this section, some physical quantities employed in this chapter are introduced. First, the
piezo water head can be calculated for each water particle as follows:

Piezoi =
Pi
ρwigi

+ ∆zi , (5.1)

where ∆z is the height from the arbitrary datum. Note that the original/true density of water is
included in the first term on the right-hand by following the definition of the piezo water head.
Moreover, the hydraulic gradient of each water particle is defined as the gradient of the piezo
water head and can be evaluated by referring to Eq. (2.32):

ii = 〈∇Piezoi〉 = ρ̂i
∑
j

mj

(
Piezoj
ρ̂2j

+
Piezoi
ρ̂2i

)
∇W (rij , h) . (5.2)
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Figure 5.1: Two cases of the breakwater model employed in the experiments
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Figure 5.2: Characteristics of the employed rubble material

The above equation can be modified base on the mass and density correction as:

ii = ρ̂i
∑
j

(
mj

ρ̂j

)
ρ̂i

(
Piezoj
ρ̂2i

+
Piezoi
ρ̂2i

)
∇W (rij , h)

=
∑
j

mj

ρ̂j
(Piezoj + Piezoi)∇W (rij , h) . (5.3)

It should be emphasized again that Eq. (5.1) and Eq. (5.3) are the piezo water head and the
hydraulic gradient obtained on the water particle. However, in order to judge whether seepage-
induced piping occur or not, the hydraulic gradient need to be evaluated on the porous marker
because the porous marker is located on the assumed position of the rubble. This interpolating
procedure is simply implemented by the following equation:

iporousi =
∑

j∈water

mj

ρ̂j
ijW (rij , h) . (5.4)

Each component of the hydraulic gradient directed in each axis (two components in 2D, while
three components in 3D) are interpolated by using the above equation. In the physical sense,
the hydraulic gradient evaluated on the water particles are the smoothed hydraulic gradient of
water particles at the porous marker.

In order to implement the prediction of seepage-induced piping, the critical hydraulic gra-
dient, proposed by Terzaghi [83], is employed in this study. The critical hydraulic gradient is
described as the submerged unit weight of the material γ′ divided by the unit weight of water
γw i.e.

ic =
γ′

γw
=
Gs − 1

1 + e
. (5.5)

Here, Gs is the specific gravity of the mound material which is given by Gs = ρs/ρw. Moreover,
e is the void ratio defined as e = ε/1 − ε. In this study, Gs and e are set to 2.63 and 0.992
respectively. Hence, ic is calculated to be approximately 0.82.

The hydraulic gradient calculated in Eq. (5.4) is a vector, while the critical hydraulic gradient
is a scalar. In order to compare these two values, the norm of the hydraulic gradient is utilized
in this study. The norm can be defined in 3D if iporousi = (iix , iiy , iiy):

|iporousi | =
√
i2ix + i2iy + i2iy . (5.6)
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Figure 5.3: Pictures of the experimental results of Case-1
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Figure 5.4: Pictures of the experimental results of Case-2

5.3 Numerical simulation

Fig. 5.5 depicts the analysis models of both Case 1 and Case 2. These analysis models were
made in the same scale with the hydraulic models employed in the experiments. As can be seen
in Fig. 5.5 (Top view), drainage functions which play a role to keep water level constant in both
outside and inside of the port are installed to these analysis models. By means of the functions,
the overtopping water particles from the side wall of the channel are eliminated once, and then
are replaced to the water tank. Then, the replaced water particles are finally reused as inflow
again. Moreover, a mass of the porous medium which can reduce the speed of water particles
is placed between the water tank and channel in order to ignore the effect of wave. The piezo
water head is measured in the same position as 17 water pressure gauges displayed in Fig. 5.1
for both analysis models (Case 1 and Case 2). The number of water particles and porous marker
are approximately 382,000 and 117,500 respectively, while the number of caisson particles is set
to 7,220 in both of the cases. As for the Case 2, the reversible boundary particles of about 4,900
are employed to express the sheet piles. The initial particle spacing is 10 mm and the time step
is 0.0005s. The no-slip condition is given to the wall of water tank, caissons, and sheet piles for
both Case 1 and Case 2. Here, the original porosity of the mound ε0 is set as 0.498, which is
calculated from the measured bulk density 1.82 g/cm3. Note that the caisson and sheet piles
are fixed in its initial position during computation, so the process of the caisson collapse is not
taken into account in this study. The water level difference of both analysis models is set to
100mm, which is the measured water level difference immediately before piping phenomenon
was observed in Case 1. It took approximately 20 hours in real time to obtain the analysis
result of 2.5 sec with 4 nodes and 24 cores of PRIMEHPC FX10, a supercomputer of Kyushu
University. As for the Case 2, the reversible boundary particles are employed to model the sheet
piles. It means the thickness of the sheet piles is ignored in this simulation, though the acrylic
sheet piles have the thickness of 10mm. However, with the aim of modelling the discontinuity
of the seepage flow inside the mound, the reversible boundary particles were simply employed
in this study.
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Figure 5.5: Analysis models

Fig. 5.6 depicts the distribution of the pressure and the piezo water head for both Case 1
and Case 2. These distributions shows the water flows after that became completely steady.
It can be visually observed that smooth distribution is obtained for both cases even on the
interface. Fig. 5.7 shows the comparison between the experimental and analytical results in
the piezo water head. Note that the piezo water head is calculated by setting the height from
the datum ∆z as 450mm. As can be seen in these figures, slight discrepancy of the measured
piezo water head at some water pressure gauges was observed between TEST1 and TEST2 for
Case 1, as well as TEST3 and TEST4 for Case 2. This error is considered to be induced by
the instability of the measured water pressure due to the problem of the measurement accuracy.
According to Fig. 5.7, the piezo water head calculated by using suggested analysis scheme is
almost quantitatively in good agreement with that measured in the experiments for both Case
1 and Case 2. However, the measured piezo water head in the numerical simulations at water
pressure gauges 15, 16 and 17, which are located in vicinity of the outside of the mound, are
seemed to be slightly higher than the experimental data in both cases. Since the water levels
outside and inside the port in the numerical analysis were fairly same with the experimental
conditions, namely 565mm and 465mm respectively, this discrepancy is probably not induced by
the water-level setup of the numerical modelling. Besides, if so, the piezo water head inside the
mound need to continuously decrease from 115mm (565mm-450mm) to 15mm (465mm-450mm).
As the water pressure gauges 15, 16 and 17 are placed inside the mound apart from the interface
between the mound and outside of the port, the piezo water head measured at the water pressure
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gauges should be less than the maximum possible value of 115mm. Meanwhile, the obtained
piezo water head at water pressure gauges 15, 16 and 17 in the numerical analysis for both Case 1
and Case 2 are around 120mm according to Fig. 5.7 and these value must be overestimated. This
issue would be caused simply from the numerical error of our proposed scheme. It can be easily
understood from the numerical results of the porous column problem, which is depicted in Fig.
4.6. As discussed, the mass and density correction can be used to obtain much better solution in
the piezo water head inside the porous medium comparing to the conventional SPH algorithm,
but perfectly-quantitative piezo water head could not be obtained as slight overestimation of
the piezo water head surely appears even for solving the simple hydrostatic test with porous
medium. As another approach to obtain better analysis results, it can be considered that the
thickness of the transition layer is changed by considering the average diameter of the porous
medium D50 as Akbari [1] and Ren et al. [66] did. Fig. 5.8 shows the velocity distribution of
Case 1 and Case 2. Moreover, Fig. 5.9 the enlarged velocity distribution of the Case 1 and Case
2 inside the dash-line of Fig. 5.8. From these velocity distributions, the difference of the seepage
flows between two cases can be visually confirmed. In Case 1, the highest velocity of the seepage
flow is observed under the caisson and the velocity is gradually decreasing as it becomes away
from the caisson. In Case 2, some water particles are trapped between the sheet piles and the
seepage velocity of that are close to zero. The highest velocity of the seepage flow is observed
around the edge of the sheet piles.

Fig. 5.10 shows the distribution of the norm of the hydraulic gradient in overall view and
enlarged view which focuses on the back side of the caisson. The red contour in Fig. 5.10
indicates that the calculated norm of the hydraulic gradient excesses the critical hydraulic gra-
dient. In Case 1, red contour was observed under the caisson inside the port, while this analysis
result qualitatively agrees with the tendency of the experiment. On the other hand, In Case
2, red contour was not observed under the caisson, and it also agrees with the experimental
tendency. In both cases, some areas represented by red contour are observed: the area outside
the port under the caisson in Case 1, and the area just below the edge of the sheet piles in Case
2. These areas are judged as the predicted areas where seepage-induced piping may occur in
this numerical simulation. However, it should be noted that seepage-induced piping can only
occur from the rear side of the mound around the interface between the mound and inside of the
port because there is no obstacle (rubble) to prevent the piping movement of the rubble whose
norm of the hydraulic gradient exceeds the critical hydraulic gradient. On the other hand, for
instance, in the areas just below the sheet piles in Case 2, there are many other rubble located
in the direction to which the rubble whose norm of the hydraulic gradient exceeds the critical
hydraulic gradient goes. Therefore, the areas depicted in the enlarged view in Fig. 5.10 are the
most significant parts to be considered in this piping-prediction analysis. It also should be noted
that the critical hydraulic gradient could not be able to be used for judging the occurrences of
piping phenomena in all possible situations because it was derived only considering the equation
of the equilibrium between the submerged unit weight of the material and the unit weight of
water. It means this threshold would be only applicable in vertical direction. In order to settle
the threshold in more proper manner, the direction of the seepage velocity or the angle of the
rear side of the mound need to be taken into consideration.
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Figure 5.6: Distribution of the pressure and the piezo water head
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Figure 5.7: Comparison in the piezo water head between experiment and analytical results

Figure 5.8: Velocity distribution of both Case 1 and Case 2

55



Figure 5.9: Enlarged velocity distribution
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Figure 5.10: Distribution of the norm of the hydraulic gradient for Case 1 and Case 2
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Chapter 6

Conclusion and future work

6.1 Conclusion

The following conclusions and summaries were made through this study:

• In order to model fluid flows inside and outside the porous medium, a set of unified governing
equations proposed by Akbari [1] was employed in this study. All of the important coefficients
in the Navier-Stokes type equation to express the effects caused by the porous materials were
set to be same between his study and this research. Different from Akbari [1], the continuity
equation for a compressible flow was adopted instead of the one for an incompressible flow. This
substitution of the continuity equation was also done by Ren et al. [66] in their WCSPH calcu-
lation. The stabilized ISPH method, suggested by Asai et al. [51], was successfully reformulated
based on the aforementioned two governing equations.

• The implied assumptions of the continuity equation for porous flows were described in detail
by referring to the basic concept of the mixture theory. Both the continuity equations for
a compressible and an incompressible flows were formulated under the assumption that the
porosity is not allowed to change in space and time i.e. Dε/Dt = 0. In addition, the fluid
flow with free surfaces may not be handled in an proper way either as it does not follow a
basic assumption of the mixture theory; that is, a continuum need to be fully occupied by the
composed materials, porous and water in this study.

• A new boundary treatment between solid boundaries and fluid particles were introduced for
handling a thin structure with the SPH method. The suggested reversible boundary particles
can be used to satisfy some necessary requirements such as the density compensation of fluid
particles around solid boundaries, the slip and no slip condition, and also the pressure Newmann
condition. A simple numerical test, a dam-breaking problem with a thin wall, was implemented
to check how this new technique works. The obtained numerical results were considered to be
reasonable solutions in terms of physical sense.

• With the aim of moderating the unphysical force and overestimation of the fluid pressure
around solid boundaries, the mass and density correction was introduced to the stabilized ISPH
algorithm. Simple modifications to remove the density gap between the wall and fluid particles
were done in some SPH approximation functions. Although this proposed theory has not been
proven mathematically yet, the effectiveness of this scheme was sufficiently confirmed through
a simple numerical example with porous column problem.

• Through the two numerical tests that are the water clock and porous dam problem, the
accuracy of a stabilized ISPH method reformulated with the unified governing equations was
successfully ensured. It is concluded that the proposed analysis scheme can be utilized to obtain
good numerical solutions in terms of not only the volume conservation of fluid inside and outside
the porous medium but also the smooth and fairly-accurate pressure distribution.
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Figure 6.1: Distribution of the piezo water head with different contour range from Fig. 5.6

• Two cases of the experiments were implemented with different hydraulic models; a breakwater
model without reinforcement and that reinforced with sheet piles. Through the experiments,
it was surely confirmed that sheet piles installation can enhance the bearing capacity of the
foundation. Piping phenomenon occurred for the model without sheet piles when the water-
level difference was 100mm. On the other hand, piping destruction was not observed for the
model reinforced with sheet piles even when the water-level difference was 135mm.

• It was ensured that the stabilized ISPH method modified with the unified governing equations is
capable of reproducing the good distribution of the piezo water head, which almost quantitatively
agree with the experimental data for both of the breakwater models without reinforcement
and that reinforced with sheet piles. Moreover, it was confirmed that piping phenomena can
be predicted in a simple way using the proposed analysis method by comparing the obtained
hydraulic gradient with the Terzaghi’s critical hydraulic gradient.

6.2 Future work

As mentioned in the previous section, the proposed set of analysis scheme can be used to
obtain much better solutions in the piezo water head inside the porous medium comparing to
the conventional SPH algorithm. However, perfectly-quantitative piezo water head could not be
obtained as slight overestimation of the piezo water head surely appears. Fig. 6.1 depicts the
piezo water head with different contour range from Fig. 5.6. According to Fig. 6.1, slightly-
discontinuous distribution of the piezo water head can be seen around the interface and it arises
from the overestimation of the piezo water head. The clear reason of this overestimation have
not been investigated yet, but some ideas to resolve this issue and enhance the accuracy of the
proposed numerical scheme are phere resented.
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• In this study, a thickness of the traditional layer was set based on the smoothing length h.
However, it must be better that the thickness of the transition layer is changed by considering
the average diameter of the porous medium D50 as Akbari [1] and Ren et al. [66] did. Since
the employed continuity equation cannot track the fluid flows under the porosity changing in
space, a thinner transitional layer reduce the zone where the continuity equation cannot be
theoretically adopted.

• Related to the aforementioned suggestion, two different sets of the spatially-averaged governing
equations employed in Shao [14] would be effective to eliminate the transition layer where the
continuity equation cannot be theoretically adopted. By using the governing equations, fluid
flows inside and outside the porous medium are able to be handled separately. Hence, a constant
porosity value can be given inside the porous material. Although an extra effort is required to
consider the continuity of fluid flows on the interface between inside and outside of the porous
medium (the continuity of the velocities and the continuity of the normal and tangential stress
are needed to be ensured on the interface), these two different sets of the governing equations
have some possibilities of enhancing the accuracy of the proposed scheme.

• Changing the smoothing length depending on the porosity must be able to improve the pro-
posed analysis scheme. This attempt has been already done by Ren et al. [66] recently. In
order to accurately implement the SPH approximation, a certain number of particles need to be
placed in the influence domain. As the distribution of fluid particles inside the porous medium
become sparser due to the apparent density, the number of the particles located in the influence
domain may decrease. To ensure the certain number of particles in the domain, the smoothing
length need to be changed depending on the porosity. It is difficult to consider the change-
able smoothing length because the linked-list algorithm is adopted with constant-width meshes
for searching neighbor particles in our current coding. However, the implementation itself is
theoretically possible and the attempt is worthy to be done.

• Note that the analysis models illustrated in Fig. 5.5 were not made strictly following the
experimental models. In terms of the given drainage functions in the analysis models and inflow
condition in the experiments, there are some difference between them. In the experiments,
drainage function was not installed along the side wall of the water channel and the incoming
flow was provided via a water pipe. (See the details on the experimental devices in appendix
of this paper.) So, in order to obtain more accurate analysis results, some modification are still
needed for numerical modelling.

The final destination of this research is to develop a robust analysis tool which is able to
track the failure mechanism of caisson-type breakwaters. In order to apply the numerical simu-
lation tool to design caisson-type breakwaters in practical ways, the scour induced by tsunami
overtopping in the rear of a caisson, the tsunami wave force, and the collapse movement of a
caisson need to be considered simultaneously with seepage flow inside the mound in the future.
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Appendix A

Details on the experiments

In this chapter, detailed information on the experiments is presented with several pictures.
Fig. A.1 shows the overview of the experimental setup (Case 1). In this experiment, three

caissons were placed in a row. The center one is slightly bigger than others. These caissons were
located between the side walls of the water channel without any opening. So, some friction forces
occurs between not only the caissons but the caisson and the side wall of the water channel.
Hence, the motion of caisson collapse after piping phenomenon was affected in some degree
by the effect of the contact forces. In order to track the motion of caisson collapse with this
experimental devices, we need to reduce the friction effects as much as possible, for instance, by
using lubricating grease or making a tiny opening between the caissons and the side wall of the
water channel and caisson.

Figure A.1: Overview of the experimental setup

Fig. A.2 depicts the conceptual figure of the employed water channel. As can be seen in Fig.
A.1, two water pipes were installed outside the port and these two pipes were used respectively
for supplying incoming flow and keeping the water level constant by sucking up water. Similarly,
a water pipe was placed inside the port and was used for carrying the outflow. Two submersible
pumps were utilized to suck up the overtopping water from the gates. A moveable gate was
placed outside the port and it gradually increases its height during the experiments to adjust the
water level at the aimed height. Meanwhile, a fixed gate was located inside the port with the aim
of keeping the water level constant and it does not move from its initially-settled position. From
Fig. A.2, the difference between the experimental setup and numerical modelling illustrated
in Fig. 5.5 can be visually confirmed. Note that the aimed water level was not perfectly kept
in these experiments. Although the height of the gates are adjustable during the experiments,
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it was inevitable that overtopping water has a certain amount of thickness above the gates.
Besides the amount of the supplied incoming water changed in some degree in time. For the
aforementioned reasons, there is slight discrepancy in the water levels between the experimental
and numerical studies.

Figure A.2: Conceptual drawing of the water channel

Fig. A.3 shows the acrylic sheet pile of 1cm thickness utilized in Case 2. The height is
200mm and the width is approximately same with the depth of the water channel, which is
620mm.

Figure A.3: Acrylic sheet pile of 1cm thickness

Fig. A.4 depicts the pictures of the employed wave gauges. The wave gauge measures the
water level change via change of the current through a wire, so the unit of the output data was
not [cm] but [V]. In order to convert the unit, we conducted simple tests: 1) increase the water
level statically and 2) measure the change of current through a wire. Note that the relation
between the change of current and the water level is linear. As a result, 0.1645 V/cm for wave
gauge 1 and 0.1627 V/cm for wave gauge 2 were determined in this experimental study.
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Figure A.4: Wave gauges

Fig. A.5 shows the pictures of how to install the water pressure gauges. Five acrylic bars
were used to fix the position of water pressure gauges and these bars were hung from the side
wall of the water channel as illustrated in Fig. A.5. The five acrylic bars have holes for putting
water pressure gauges in and the water pressure gauges were attached to the bars with bolts.
The cables of water pressure gauges were tied together and were connected to a measuring
instrument. Two acrylic sheet piles were utilized to enhance the bearing capacity of a mound in
Case 2 and the acrylic sheet piles have holes for the acrylic bars as shown in Fig. A.3. In order
to ignore the effect of leakage from the small openings between the hole of acrylic sheet pile and
acrylic bar, the openings were closed with tapes. For the same reason, slight openings between
the sheet piles and water channel were also closed with tapes.

Figure A.5: Instillation of the water pressure gauges

Fig. A.6 shows how to form the rubble mound and put the caissons. We repeated same
experiments several times until a consistent tendency of the collapse mechanism of a caisson
type breakwater was certainly observed. Consequently, it was found that the degree of the
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compaction of the rubble under the caissons are considerably important. If the rubble mound
under the caissons are not compacted enough, drastic piping phenomenon could not be observed
due to the formation of the water path in early phase of the experiments. Therefore, in this
study, an uniform way to set the mound and caissons were adopted in order to obtain consistent
results. The setup procedure is as follows:

(i) Form the outline of the whole rubble mound and remain the rubble layer with the thickness
of 2 cm where the caissons will be placed.

(ii) Compact the rubble layer with the thickness of 2 cm three times each using a rammer.

(iii) Level the area where the caissons will be placed to be horizontal and adjust the thickness
of the rubble layer to be 1 cm.

(iv) Compact the rubble layer up to the settled height (430mm) by pushing the caissons in and
adjust the position of the caissons.

Figure A.6: How to form the rubble mound and put the caissons

Fig. A.7 explains how to measure the bulk density in the experiments. As presented in this
figure, an iron mold is first put inside the mound above the 15 cm from the bottom of the water
channel. Then, the same procedure as depicted in Fig. A.6 is implemented. After that, the iron
mold is put out from the mound and the bulk density is finally measured. In this study, this
measurements were conducted three times and the obtained bulk density was 1.82 g/cm3 in all
the tests. It should be noted that this bulk density is not strongly dependent on the number of
compaction. We have attempted to compact the rubble mound as much as possible with a trial
purpose but the obtained maximum bulk density was around 1.85 g/cm3.

Figure A.7: How to measure the bulk density

Note that there is no general manner to implement these process; namely, the formation
of the rubble mound and measurement of the bulk density. So, there would be better ways
to conduct the experiments more accurately. However, at least, a certain reproducibility is
assured by presenting the uncertainties and procedures associated with the experiments in this
experimental study.
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