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Abstract

Majorana bound states can be created at the ends of semiconducting nanowires using a com-
bination of proximity-induced superconductivity, spin-orbit coupling and a magnetic field. By
adding a Josephson junction to this nanowire, four Majorana bound states can exist at the
same time in the system. In this thesis I aim to examine the impact that the barrier in
Josephson junctions has on the energy states in multi-band nanowires. This is done through
simulations using a tight-binding model. The thesis will focus on how Majorana bound states
in the system will be influenced by different widths and heights of the Josephson junction bar-
rier through calculations of the Majorana coupling energy and the energy gap to the nearest
excited state. By choosing a larger barrier width the system will require a smaller voltage to
achieve four Majorana bound states, but be more susceptible to changes in the excited states.
This result will only appear in multi-band models. The study indicates that Majorana bound
states will behave differently in different energy bands and that the choice of barrier width is
non-trivial in order to avoid influences from excited states.
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I. INTRODUCTION

A. Majorana Theory

Majorana bound states in topological superconductors
are a rapidly growing research field with possible uses in
the field of quantum computing [1]. In particle physics, a
Majorana fermion is defined as a fermionic particle that
is its own anti-particle [2].

Majorana fermions are neutral half-integer-spin parti-
cles with only real components to their wavefunctions.
This is what defines it as its own anti-particle, as an
anti-particle’s wavefunction is the complex conjugate of
the particle’s [3]. It is in contrast to Dirac fermions, such
as electrons or protons, that have both a real and an
imaginary part to their wavefunctions.

It is unclear if there exist any elementary particles
that are Majorana fermions, however in condensed mat-
ter physics they can exist as quasiparticle excitations
in superconductors and form Majorana bound states
at the middle of the superconducting gap at zero en-
ergy [2]. Majorana bound states will form at the ends of
nanowires, see Fig. 1.

FIG. 1: A schematic sketch of the Majorana bound
states in a nanowire. The X’s are Majorana bound

states at the ends of the wire.

In condensed matter physics, Majorana bound states
are an interesting field of research because of their exotic
exchange statistics. They are non-Abelian anyons [4],
meaning that multiple exchanges of different Majorana
bound states will change the state of the total system in
a way that depends on the order that the exchanges were
done in. In other words, exchanges of particles will lead
to a linear, non-commuting transformation of the system.
This means that in a degenerate state, exchanges can
transform the system from one state into another one [5].

Majorana operators (here written as γ) are Hermitian
γ† = γ, meaning that a Majorana bound state is equal to
its own hole. This also means that Majorana operators
are both creation and annihilation operators at the same
time, another quality unique to Majoranas. The anti-
commutation relations of Majorana operators are given
by [2]

{γi, γj} = 2δij , (1)

where δij is a Krönicker-delta. From (1), we see that
γ2
i = 1, which does not follow the Pauli principle for

Dirac fermions. In fact there is no Pauli principle for Ma-
joranas, because a Majorana mode cannot be occupied in
a traditional way. Because Majorana creation operators
are also annihilation operators, Majorana modes are al-
ways filled and always empty at the same time [2].

A fermionic state can be created by a superposition of
two Majorana bound states

f† =
γ1 − iγ2√

2
, (2)

where f† is a fermionic creation operator and γ1 and
γ2 are Majorana field operators. Another reason to in-
vestigate Majorana bound states is the nature of this
superposition. A property of this superposition is that
the Majorana bound states can be spatially separated.
This can lead to a quantum state where the Majorana
bound states that define the fermionic state are sepa-
rated enough to be protected from local perturbations.
The specific details of this protection will be explained
later in Section II D. Perturbations are changes to the
system, which can lead to decoherence. Decoherence can
be explained as a loss of quantum information to the sys-
tem’s environment, eventually effectively destroying the
quantum coherence of the state. This is usually undesir-
able, especially for quantum computing systems as the
purpose of the states in those systems is to store infor-
mation.
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B. Quantum Computing

Nanowires with Majorana bound states at the ends can
be used to create qubits, a key component in quantum
computers. A bit is what computers use to store informa-
tion, it can be either 1 or 0. In ordinary computers, the
distinction between a 1 and a 0 is given by voltage, high
voltage is a 1, low voltage is a 0. In quantum computers
using Majorana bound states, this distinction is instead
made by the occupation of different fermionic states. The
fermionic state created by the two Majorana bound states
at the ends of the wire γ1 and γN can either be occupied
or not, leading to quantum states defined as |0〉 meaning
non-occupied and |1〉 meaning occupied. The problem
with using these definitions to define a qubit is that |0〉
corresponds to a system with an even number of fermions
and |1〉 corresponds to a system with an odd number of
fermions. This makes it impossible to change between
the different states in a closed system, so a different def-
inition is used.

By adding two more Majorana bound states to the
system, another fermionic state can be created and four
possible combinations of states can be formed: |00〉, |01〉,
|10〉 and |11〉. By choosing to define a qubit 0 represen-
tation as |00〉 and a qubit 1 representation as |11〉 corre-
sponding to either none or both of the fermionic states
being occupied, the fermion number parity of the sys-
tem is conserved when changing between these states as
both will correspond to a system with an even number of
fermions [6]. In order to add two more Majorana bound
states to the system, a Josephson junction is used.

C. Purpose of Thesis

In this thesis I will look at models for nanowire Joseph-
son junction systems that are currently being manufac-
tured and simulate them with respect to different pa-
rameter choices [7, 8]. I will first use a single-band tight-
binding model with a solid piece of superconductor. A
Josephson junction will then be introduced in order to
investigate how Majorana bound states in these systems
can be manipulated by using gate electrodes to control
the wavefunction overlap in Josephson junctions. Next,
the model will be extended by making a more realis-
tic nanowire with several energy band levels. Both a
two- and a three-band model will be simulated. Finally
an investigation is done on how the size and shape of
the Josephson junction will affect the Majorana bound
states’ overlap in this extended model.

The Josephson junction system is an interesting exper-
imental set-up for Majorana research and more analysis
of different parameters’ influence on the Majorana bound
states, such as the width of the gap between the super-
conducting sections as well as the gate voltage, can prove
useful for future experiments. In that interest, I have
used material parameters for InAs, a material commonly
used in reseach.

II. THEORY

A. Superconductivity

In order to create Majorana bound states, a super-
conductor is required. A superconductor is a material
that electrons can move through without resistance. This
is because electrons in superconductors are superfluids,
meaning that they can flow without energy dissipation.
This superfluid is made up of Cooper pairs, two electrons
that have an attractive interaction with each other and
have therefore paired up. In conventional superconduc-
tors, this attractive force is due to electron-phonon inter-
actions. This interaction can be qualitatively illustrated
by the following example [9]. As a negatively charged
electron moves through a lattice of positively charged
ions that comes from the superconducting material, the
ions are attracted to the electron and are shifted towards
it. This will cause a second electron to be attracted to-
wards this cluster of ions, leading to an effective attrac-
tion between the electrons. At a low enough temperature,
this attractive force will overcome the repulsive Coulomb
interactions between the electrons and they will become
paired as Cooper pairs. These pairs will then form a con-
densate where all pairs have the same phase, creating a
superconductor.

This coupling of electrons leads to some important ef-
fects, one of them being the superconducting gap. In
order to excite a single electron and split a Cooper pair,
energy is required to overcome the electrons’ attractive
force. This leads to an energy gap for single-particle ex-
citation called the superconducting gap. This supercon-
ducting gap is an important characteristic of supercon-
ductors.

There are different types of superconductors depending
on the angular momentum l of the Cooper pair wavefunc-
tion. An s-wave superconductor will have l = 0, has an
isotropic superconducting gap and spin-singlet pairing,
which means that Cooper pairs will form with electrons
with opposite spin [10]. This is the most common type
of superconductor. A p-wave superconductor will have
l = 1 and a spin-triplet pairing, meaning that Cooper
pairs will form with electrons with same spin [11]. The
specific p-wave superconductor that is relevant for Majo-
rana physics is the px + ipy superconductor which has a
superconducting gap given by

∆ ∝ (px + ipy), (3)

where ∆ is the superconducting gap, and px and py are
the momentum in x- and y-direction, respectively [12].

Majorana bound states are by definition spinless [13].
In order to have a spinless superconductor the Cooper
pairs must have antisymmetric wavefunctions. This is
not possible in an s-wave superconductor, so therefore a
p-wave superconductor is required in order to have Ma-
jorana bound states. However, p-wave superconductors
are very rare, so it would be helpful to in some way make



3

s-wave superconductors behave like a px + ipy supercon-
ductor. Luckily, this is possible as shown in [14] by using
proximity-induced superconductivity from a s-wave su-
perconductor.

Proximity-induced superconductivity can happen
when a superconductor (S) comes into electrical contact
with a normal material (N). The Cooper pairs in the su-
perconductor will not simply disappear at the S-N inter-
face, but instead leak into the normal material, creating
Cooper pairs from N’s unpaired electrons. This will make
N behave as a superconductor [15, 16].

B. Spin-Orbit Coupling

Spin–orbit coupling is the interaction of a particle’s
spin with its orbital environment. In a semiconductor
there is inversion asymmetry, which leads to a specific
kind of spin-orbit coupling called Rashba spin-orbit cou-
pling. This will lead to a spin-splitting effect, which splits
the energy bands with momentum-dependent spin direc-
tions [17]. The spin-orbit will enter the Hamiltonian as
spin-orbit coupling strength α given by [18]

α = αR/2a, (4)

where a is the lattice spacing and αR is the Rashba cou-
pling which is determined experimentally. αR was sup-
posed to be αR = 8 peV m [19, 20] but due to a coding
mistake was instead set to αR = 16 peV m. This is how-
ever still within the experimental range.

C. Practical Implementation

As mentioned previously, Majorana bound states can
be created using proximity-induced superconductivity in
semiconductors with spin-orbit coupling [21]. This can
be achieved by placing a semiconductor nanowire in close
contact with a superconductor. By applying a magnetic
field to this structure, Majorana bound states can be
found at the ends of the nanowire, see Fig. 1 in Sec-
tion I A. In order to find Majorana bound states in the
system, the chemical potential of the system has to be
within a specific energy range. In an experimental set-
up, it is therefore necessary to include a gate electrode
in order to be able to tune the chemical potential of the
system. A sketch of an experimental set-up can be seen
in Fig. 2.

FIG. 2: A top-down view of an experimental set-up.

An intuitive picture of why Majorana bound states are
formed at the ends of the wire is given by the Kitaev
model [22] which is illustrated in Fig. 3. The nanowire
can be modeled as a chain of fermions with fixed spin,
each corresponding to two Majorana bound states as
in (2), see Fig. 3a. By adding superconducting pairing
and the ability for electrons to hop between sites to this
nanowire, as well as having specific parameter choices,
these fermions will instead be formed by combining one
Majorana bound state from each original fermion, see
Fig. 3b for an illustration and [22] for a full explanation.
This will leave a Majorana bound state at each end un-
paired, thereby creating Majorana bound states that will
be separated by the length of the nanowire.

(a) Before: A chain of fermions, each formed by two
Majorana bound states.

(b) After: By adding superconducting pairing and the
ability to hop between sites to the system, the Majorana

bound states can be induced to pair with their neighbors in
a way that leaves the states at the ends unpaired.

FIG. 3: A schematic of the Kitaev model. The green
X’s are paired Majorana bound states that together

create a fermion.

In order to achieve Majorana bound states, a magnetic
field and spin-orbit coupling is required. In order to illus-
trate the impact that these factors will have on the energy
band structure, a model was created for an infinitely long
nanowire. This model has taken the Hamiltonian in (15)
and made the ansatz that in an infinitely long wire the
solution to the Schrödinger equation will be given by a
plane wave

ψ = e−ikx, (5)

where k is a wave vector. This is equivalent to mathemat-
ically performing a Fourier transform of (15). By doing
the same matrix transformation as in (18), the follow-
ing matrix was constructed. More information regarding
(15) and how (6) was calculated can be found in Sec-
tion III A.


−µ+ ~2k2

2m∗ hx + iαRk ∆ 0

hx − iαRk −µ+ ~2k2

2m∗ 0 ∆

∆ 0 µ− ~2k2

2m∗ hx + iαRk

0 ∆ hx − iαRk µ− ~2k2

2m∗

 (6)
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(a) hx = 0, αR = 0, ∆ = 0. Only the electron energy
bands are plotted here.

(b) hx = 2 meV, αR = 0, ∆ = 0. Only the electron
energy bands are plotted here.

(c) hx = 2 meV, αR = 0, ∆ = 0. Here the hole energy
bands are plotted as well.

(d) hx = 2 meV, αR = 8 neV m, ∆ = 0. Here the hole
energy bands are plotted as well.

(e) hx = 2 meV, αR = 8 neV m, ∆ = 150 meV. Here
the hole energy bands are plotted as well.

FIG. 4: Energy bands depending on different
parameters. These plots have been calculated by
diagonalizing (6) with µ = 0 and m∗ = 0.023me.

Starting from a quasi free-electron model, the disper-
sion relation is given by

H =
~2k2

2m∗
, (7)

where ~ is Planck’s reduced constant and m∗ is the ef-
fective electron mass. This relation is what gives the
parabola in Fig. 4a. Majorana bound states cannot exist
in a spin-degenerate energy band because then two Ma-
jorana bound states can form in each degenerate state
and then combine to form a fermion according to (2).
Therefore the energy bands will need to separate using a
magnetic field to introduce Zeeman splitting. The Zee-
man energy gap seen at k = 0 is given by

hx = gµBB/2, (8)

where hx is the Zeeman energy gap, g is the Landé g-
factor, µB is the Bohr magneton and B is the applied
magnetic field strength. The energy bands with and
without Zeeman splitting can be seen in Fig. 4a and
Fig. 4b. This generates a non-spin-degenerate energy
band. In order to see the other effects, the hole energy
bands are included in Fig. 4c. Adding in the spin-orbit
term and looking at the hole bands as well as the electron
bands, a Zeeman energy gap will still appear at k = 0,
see Fig. 4d.

As s-wave superconductivity is added to this system
Cooper pairs will form within the same energy band.
These Cooper pairs will need to pair electrons with dif-
ferent spins, however these will not be available with-
out spin-orbit coupling. Adding both spin-orbit coupling
and superconductivity allows for each state in the energy
band to be a superposition of different spins, thereby al-
lowing Cooper pairs to be formed from electrons with
different spin in the same non-spin-degenerate energy
band. This is how an effective p-wave superconductor
can be created with proximity-induced s-wave supercon-
ductivity. The superconductivity will lead to a two new
energy gaps in the system at k = ±2 · 107m−1, see
Fig. 4e [23]. These energy gaps are called the topological
energy gap. As the magnetic field is increased, the gap
at k = ±2 · 107m−1 will close and a topological phase
transition will happen at

hx =
√

∆2 + µ2, (9)

where ∆ is the induced superconducting gap and µ is the
chemical potential [2].

By creating this energy band structure Cooper pairs
of same spin electrons will form, the same kind found in
p-wave superconductors. This allows Majorana bound
states to be able to exist in the system, as long as only
one of the Zeeman split energy subbands are occupied.
As soon as the chemical potential allows for electrons in
the second split energy subband spin-degeneracy will be
introduced to the system, thereby breaking the Majorana
bound states.
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D. Finite Wire

If the wire has finite length, the Majorana bound states
at the ends of the wire will have weak interaction pro-
portional to w given by [22, 24]

w ∝ e−L/l0 cos kFL, (10)

where w is the cost in energy to occupy the result-
ing fermionic state that the interacting Majorana bound
states will create, L is the length of the wire, l0 is the
length scale over which the Majorana bound state’s wave-
function decays and kF is an effective Fermi wave vector.
w can be minimized by making the wire as long as pos-
sible, however as this term will oscillate as a function
of kF (hx, µ), there is a way to make this term zero. The
magnetic field in the system will influence kF , causing in-
terference which at certain values of hx will lead to zero
overlap.

A Hamiltonian for these edge Majorana bound states
is given by [25, 26]

H = E0σz, (11)

where E0 is an energy proportional to w and therefore
also proportional to the overlap of the edge states (γ1

and γN ) and σz is a Pauli matrix. The basis for the
Pauli matrix are the states |00〉 and |11〉 mentioned in
Section I B.

Changes in the environment, for example fluctuations
in µ or the magnetic field, will cause the system to evolve
differently in time depending on E0. This means that a
measurement of the state can give different results de-
pending on the time of the measurements. If E0 fluc-
tuates, this will mean that the system will evolve in an
unpredicable way and it will lose coherence as it evolves
in time. For example, if one prepares a system in the
state |00〉 + |11〉 and let it evolve in time with a fluctu-
ating E0, the phase between |00〉 and |11〉 is no longer
well defined and it becomes impossible to say what state
the system was in originally. However, if E0 = 0 this
means that a measurement will always yield the same
result, thereby creating a system that is protected from
decoherence [27]. As E0 is proportional to the overlap
of the Majorana bound states, this means that it is very
important to keep the overlap as low as possible when
trying to store quantum information. Zero overlap is not
possible in a finite system according to (10) except for
certain values of hx. This means that it is hard to main-
tain E0 = 0 as a small change to the system will cause
E0 to be finite again.

Since each nanowire in the above example can host two
Majorana bound states, a qubit that needs four Majorana
bound states can be constructed using two nanowires.
However in order for that qubit to be useful for quantum
computations, one needs to be able to manipulate the
qubit and couple it to other qubits. That means that
one needs to combine two nanowires in a way that allows
for the different Majorana bound states to interact with

each other. An interaction can for example be to allow
for two Majorana bound states’ wavefunctions to overlap
in a controlled manner, this will change E0. This change
can be detected and used for a qubit operation.

A practical way to create a system that behaves as two
separate nanowires is to split a nanowire into two parts
using a Josephson junction. A Josephson junction is de-
fined by two superconductors separated by a thin layer
of non-superconducting material. Since the wire that is
used is ordinarily a semiconductor and is only supercon-
ducting due to proximity-induced effects, one can create
a Josephson junction by simply making two ends of the
wire superconducting and leaving the middle as a semi-
conductor, see Fig. 5. This means that a single nanowire
is split into two separate parts, each with two Majorana
bound states.

Applying a voltage in the middle of the wire effectively
creates an energy barrier or energy well. A barrier al-
lows a separation of the two parts of the wire which can
be manipulated and the overlap of the Majorana bound
state’s wavefunction can be controlled. This can be used
as a qubit operation, using voltage to control whether the
Majorana bound states can interact or not. This is an ad-
vantage of using a semiconductor instead of an insulator
as a separator in the Josephson junction, as a semicon-
ductor can be more easily manipulated. The Majorana
bound states at the edge of the Josephson junction will
slightly overlap depending on the shape of the Josephson
junction, creating a new Hamiltonian [25, 26]

H = E0σz + EMσx, (12)

where σz and σx are Pauli matrices like the one in (11).
EM is the Majorana coupling energy proportional to the
overlap between the Majorana bound states closest to
the Josephson junction (γj1 and γj2). By manipulating
the Josephson junction it is possible to adjust EM , con-
trolling whether the Majorana bound states can interact
or not. Once again if one wishes to avoid loss of infor-
mation it is important to make this overlap as small as
possible in order to minimize EM for the non-interacting
(off) case.

FIG. 5: A schematic of the Majorana bound states
when the system has a Josephson junction. The red

block in the middle represents the part of the wire that
is not superconducting.

This is of course only one way to define a qubit oper-
ation on this system. As explained above, allowing the
wavefunctions of Majorana bound states to overlap, even
in a controlled manner, can cause decoherence. A more
robust method is to define a qubit operation as the physi-
cal exchange of the two Majorana bound states. Because
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of their non-Abelian exchange statistics, this will change
the system in a way that can be detected. This is beyond
the scope of this thesis, but more details can be found
in [26].

III. TIGHT-BINDING MODEL

In order to study Majorana bound states in a nanowire,
a tight-binding model coded in Matlab was developed.
This discretizes the nanowire into finite lattice points
and approximates the Hamiltonian as a finite size ma-
trix. The wavefunctions are found by diagonalizing the
Hamiltonian matrix and solving the standard eigenvalue
problem of

Hij
~Ψ = E~Ψ, (13)

where the Hamiltonian matrix Hij has eigenvectors cor-
responding to the wavefunctions Ψ and eigenstates corre-
sponding to the energies E. A Nambu spinor was chosen
to describe the wavefunction in order to include both
electrons and holes explicitly. This is a standard spinor
for superconducting systems since there is electron-hole
symmetry in these systems;

~Ψ = (Ψ↑,Ψ↓,Ψ
†
↓,−Ψ†↑)

T (14)

where every Ψ is a vector with length N , ↑/↓ denotes
different spins and † denotes hole states.

If the nanowire is discretized into N lattice points, the
wavefunction will be represented by a 4N -dimensional
vector where each lattice point has 4 corresponding val-
ues of the wavefunction, one for each term in the Nambu
spinor inserted sequentially as written in (14). Similarly,
the Hamiltonian matrix will be a 4N×4N matrix where
each lattice point is represented by a 4×4 matrix on the
diagonal that describes the different electron/hole spins’
interaction with each other.

A. Simple Nanowire

FIG. 6: A schematic of the nanowire system. Note that
the superconductor covers the entire wire and induces

superconductivity in the whole system.

The first system looked at was a simple one-
dimensional spin-orbit coupled nanowire with proximity-
induced superconductivity and a magnetic field along the

wire. A schematic of the system can be seen in Fig. 6.
The Hamiltonian of the system can be expressed as [28]

H =
∑
λλ′

∫ L

−L
dx

[
c†λ

(
−~2∂2

x

2m∗
− µ+ hxσx + iασy∂x

)
cλ′

]

+

∫ L

−L
dx

(
∆c↑c↓ + h.c

)
,

(15)

where λ is each Nambu term for each lattice site, re-
sulting in 4N different values, m∗ is the effective mass
of an electron, µ is the chemical potential, c†/c are cre-
ation/annihilation operators, σx and σy are Pauli ma-
trices acting in spin space, ∆ is the proximity-induced
superconducting pairing potential and hx is the Zeeman
energy gap proportional to the magnetic field. α is the
spin-orbit coupling strength given by (4).

The tight-binding Hamiltonian can be written as [29]

H =

N∑
k=1

[
−µ

2
(c†k↑ck↑ + c†k↓ck↓) + ∆(c†k↑c

†
k↓ − c

†
k↓c
†
k↑)

+
hx
2

(c†k↑ck↓ + c†k↓ck↑)− t(c
†
k↑ck+1↑ + c†k↓ck+1↓)

+α(c†k↑ck+1↓ − c†k↓ck+1↑)

]
+ h.c,

(16)

where c†k/ck are creation/annihilation operators with k
as the lattice index and t is the hopping integral for the
nearest neighbor site on the nanowire. The hopping in-
tegral is given by

t =
~2

2m∗a2
. (17)

The Hamiltonian in (16) was written as a matrix Hij

using the relationship H = 1
2
~Ψ†Hij

~Ψ.

−µ hx ∆ 0 −t α
hx −µ 0 ∆ −α −t 0
∆ 0 µ hx 0 0 t −α

0 ∆ hx µ 0 0 α t
. . .

−t −α 0 0 −µ hx ∆ 0
.. .

α −t 0 0 hx −µ 0 ∆
.. .

0 t α ∆ 0 µ hx
. . .

−α t 0 ∆ hx µ
. . .

. . .
. . .

. . .
. . .

. . .
. . .



(18)

The block off-diagonal terms come from the k + 1 in-
dices in the t and α terms of the Hamiltonian. These
describe the effect that neighboring sites have on each
other.

After solving the Schrödinger equation as an eigenvalue
problem, the absolute values of the four terms that make
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up the Nambu spinor were calculated for each site and
then squared in order to receive the probability associ-
ated with the wavefunction. The probability for each
term to be occupied by the associated particle (elec-
tron/hole) was then summed in order to find the occupa-
tional probability Pk, the probability for each site in the
lattice to be occupied

Pk = |Ψ↑k|2 + |Ψ↓k|2 + |Ψ†↑k|
2 + |Ψ†↓k|

2. (19)

This was then plotted in Fig. 8 and the eigenenergies
closest to zero were plotted in Fig. 7.

FIG. 7: The eigenenergies in the system. Only the
energies closest to zero are included in this plot.

Parameter values in Table I.

The topological energy gap can be clearly seen in Fig. 7
as well as the Majorana bound states in the middle of
the gap. The topological energy gap is the energy gap
between eigenenergies number 799 and 802. The states
in the middle of the gap have eigenenergy numbers 800
and 801.

TABLE I: Parameters used in the simple nanowire
system

N µ/t ∆/µeV hx/µeV t/meV m∗/me αR/peV a/nm L/µm
400 -2 200 300 66.3 0.023 16 5 2

FIG. 8: The occupational probability Pk of the two
states closest to zero energy plotted along the lattice

sites. Parameter values in Table I.

Fig. 8 shows that the Pk of the Majorana bound states
are highly localized at the edges of the wire which is
characteristic for Majorana bound states as explained in
Section II C. There is also no appreciable overlap of the
different states at this scale, which is ideal for low deco-
herence.

For these plots the parameter values in Table I were
used. In order to further study the system, the magnetic
field was varied and the eigenenergies were plotted as a
function of the magnetic field strength as seen in Fig. 9.
The requirement for a topological phase transition (9) as
discussed in Section II C is slightly shifted due to defining
zero energy as the bottom of the energy band, this will
lead to the following change [30]

hx =
√

∆2 + (µ+ 2t)2 = 200µeV. (20)

It is worth mentioning that a topological phase transition
is not possible in a finite system and what is discussed
here is merely the closest analogy in a finite system de-
fined as the point where the eigenenergies of the Majo-
rana bound states are closest to zero. Since the eigenen-
ergies will oscillate as a function of hx, they will reach a
minimum several times. The minimum chosen to repre-
sent the topological phase transition in a finite system is
the one with the lowest value of hx.

(a) Zoomed out.

(b) Zoomed in, the topological phase transition is marked.

FIG. 9: The eigenenergies closest to zero as a function
of magnetic field strength. Parameter values in Table I.

In Fig. 9b, the topological phase transition happens at
hx =282 µeV, which is larger than the theoretical value
of 200µeV. This is because the theoretical value is based
on an infinitely long wire, which is not simulated here.
The finite wire will lead to a bending of the line inter-
secting at 0, seen in Fig. 9a, which in turn leads to a
higher value of hx at the intersection. After the topolog-
ical phase transition, the energy gap can be seen growing
as a function of hx, which is expected due to (8) discussed
in Section II C. It will reach a limit however, because
eventually the topological energy gap seen in Fig. 4e will
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TABLE II: Parameters used in the Josephson junction system

N µ/t ∆/µeV hx/µeV t/meV m∗/me αR/peV a/nm L/µm Vg/meV W/Lattice point
750 -2 200 300 66.3 0.023 16 5 3.75 3 20

be the smallest energy gap again, and the energy gap will
remain relatively constant as a function of hx after that.
At high values of hx oscillations of the eigenenergies can
be seen in Fig. 9a which comes from (10) as discussed in
Section II C.

It is interesting to note that the well separated proba-
bility peaks of Fig. 8 were not achieved with wires smaller
than roughly 1µm with the chosen parameters, so wire
segments larger than that limit will be used in the up-
coming simulations.

B. Nanowire With Josephson Junction

The second system investigated is similar to the first
system, except that the superconductor has been re-
moved in the middle of the wire and a potential barrier
has been added in its place. This creates a Josephson
junction in the middle of the wire and ideally creates a
system where four Majorana bound states can exist, as it
theoretically creates two adjacent copies of the previous
system if the barrier is large enough to eliminate the over-

lap of the Majorana bound states’ wavefunctions closest
to the Josephson junction. A schematic of the system is
shown in Fig. 10.

FIG. 10: A schematic of the Josephson junction system.
Note that the superconductor no longer covers the

entire wire, but is instead split into two separate parts
separated by the voltage barrier.

In order to model the system, the Hamiltonian matrix
was modified to remove the ∆ term in lattice sites that
no longer have induced superconductivity and a Vg term
was added to the µ terms in lattice sites corresponding to
the potential barrier. The Vg term corresponds to the en-
ergy shift from the chemical potential that the electrons
experience from the potential barrier. The Hamiltonian
matrix at these indices is given by (21).



. . .
. . .

. . .
. . .

. . .
. . .

. . . −(µ+ Vg) hx 0 0 −t α

. . . hx −(µ+ Vg) 0 0 −α −t 0

. . . 0 0 (µ+ Vg) hx 0 0 t −α

. . . 0 0 hx (µ+ Vg) 0 0 α t
. . .

. . . −t −α 0 0 −(µ+ Vg) hx 0 0
. . .

α −t 0 0 hx −(µ+ Vg) 0 0
. . .

0 t α 0 0 (µ+ Vg) hx
. . .

−α t 0 0 hx (µ+ Vg)
. . .

. . .
. . .

. . .
. . .

. . .
. . .



(21)
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In the same way as in the previous section, the
Schrödinger equation was solved and the eigenenergies
closest to zero were plotted in Fig. 11 and the occu-
pational probability along the nanowire was plotted in
Fig. 12. The values used for the parameters in the plots
can be found in Table II where W is the width of the
barrier.

FIG. 11: The eigenenergies in the Josephson junction
system. Only the energies closest to zero are included in

this plot. Parameter values in Table II.

In Fig. 11 the topological energy gap can once again
be clearly seen, however this time there are four bound
states in the middle of the gap. These correspond to the
four Majorana bound states expected in this system.

FIG. 12: The occupational probability Pk of the four
states closest to zero energy in the Josephson junction

system plotted along the lattice sites. Parameter values
in Table II.

In Fig. 12 the Pk of the Majorana bound states are once
again located at the edges, but in this system there are
additional spikes at the edges of the Josephson barrier.
These correspond to the added Majorana bound states
in this system.

(a) Height.

(b) Width.

FIG. 13: The eigenenergies closest to zero as a function
of the barrier height and width. The height plot has

negative values included, which corresponds to
replacing the potential barrier with a potential well.

Parameter values in Table II.

To further investigate the impact of the potential bar-
rier, the eigenenergies closest to zero were plotted as a
function of the barrier’s height and width in Fig. 13. As
the height and/or width increases, it changes the topo-
logical energy gap from the original two Majorana state
system into a four Majorana state system by binding two
more energy states to zero energy.
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(a) Zoomed out.

(b) Zoomed in, the topological phase transition is marked.

FIG. 14: The eigenenergies closest to zero in the
Josephson junction system as a function of magnetic

field strength. Parameter values in Table II.

In the same way as with the previous system, the mag-
netic field’s impact on the eigenenergies was investigated
and can be seen in Fig. 14. Once again there are os-
cillations of the eigenenergies at higher values of hx in
Fig. 14a. The topological phase transition is marked in
Fig. 14b as the two eigenenergies closest to zero intersect
at zero energy.

In Section II D the terms E0 and EM were introduced
in (11) and (12). The values of these are results of the
diagonalization and can be seen in Fig. 14b as the sepa-
ration of the states from zero energy. The two Majorana
bound states closest to the Josephson junction will never
fully reach zero energy because of the existence of the EM
term. It is the EM term that pushes the energy of the
two states from zero and not the E0 term because there
are still two states near zero energy. If E0 was larger
than EM , alla of the states would be pushed from zero
energy as E0 affects both the edge states and the states
near the Josephson junction.

The topological phase transition can be seen at hx =
271 µeV. Adding a barrier will not affect the requirement
for the topological phase transition in any significant way
as it is a bulk effect and the barrier is not part of the bulk.
However, the total wire is longer in this case compared
to the previous case, which means that if the barrier does
not adequately divide the system into two topologically
separate parts, a value closer to the infinite case is ex-
pected which could be what is seen here.
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IV. MULTI-BAND MODEL

In order to more realistically model the nanowire, a
two- and three-band model was created. This models a
wire with width Ly, where Lx � Ly � Lz. The differ-
ent energy bands will be separated by the band splitting
energy Esb and they will interact with each other due to
the band mixing energy Ebm and multi-band proximity-
induced superconductivity ∆ij where i, j denote the dif-

ferent bands. Esb comes from a confinement effect due
to the finite width of the wire. Ebm comes from a first
order perturbation of the spin-orbit term.

As mentioned in Section II C, Majorana bound states
are only possible when an odd number of Zeeman-split
energy subbands are occupied. This will limit the range
of possible values of µ in order to find Majorana bound
states in the system and Esb will separate the possible
ranges, see Fig. 15.



−µ+ ~2k2

2m∗ hx + iαRk ∆11 0 0 iEbm ∆12 0

hx − iαRk −µ+ ~2k2

2m∗ 0 ∆11 iEbm 0 0 ∆12

∆11 0 µ− ~2k2

2m∗ hx + iαRk ∆12 0 0 iEbm
0 ∆11 hx − iαRk µ− ~2k2

2m∗ 0 ∆12 iEbm 0

0 −iEbm ∆12 0 −µ+ 3Esb + ~2k2

2m∗ hx + iαRk ∆22 0

−iEbm 0 0 ∆12 hx − iαRk −µ+ 3Esb + ~2k2

2m∗ 0 ∆22

∆12 0 0 −iEbm ∆22 0 µ− 3Esb − ~2k2

2m∗ hx + iαRk

0 ∆12 −iEbm 0 0 ∆22 hx − iαRk µ− 3Esb − ~2k2

2m∗


(22)

A. Two-Band Model

FIG. 15: Calculated energy bands of the two-band
model. Esb is marked in the plot as well as the range of
µ where only one Zeeman split subband is occupied.
This plot has been calculated by diagonalizing (22).

Parameter values in Table III except
µ = ∆11 = ∆12 = ∆22 = αR = 0.

The energy bands of the two-band model are shown in
Fig. 15. This was calculated using a Fourier transform of
(23) to get (22) in order to calculate the band structure
in the case of an infinitely long wire in the same way as
in Section II C. The Hamiltonian describing the system
can be expressed as [28, 30]

H =
∑
λλ′

∫ L

−L
dx

[
c†λ

(
−~2∂2

x

2m∗
− µ+ hxσx + iασy∂x

)
cλ′

+ d†λ

(
−~2∂2

x

2m∗
− µ+ 3Esb + hxσx + iασy∂x

)
dλ′

+ Ebm

(
c†λ(iσx)dλ′ − d†λ(iσx)cλ′

)]
+

∫ L

−L
dx

[
∆11c

†
↑c
†
↓ + ∆22d

†
↑d
†
↓

+ ∆12

(
d†↑c
†
↓ + c†↑d

†
↓

)
+ h.c,

]
(23)

where d†/d are creation/annihilation operators for the
second band, Esb is the band splitting energy given by

Esb =
~2π2

2m∗L2
y

, (24)

the factor 3 before Esb is given by 22−12 and Ebm is the
band mixing energy given by

Ebm =

∫ Ly

0

dy
2αR
Ly

sin
nyπy

Ly
∂y sin

n′yπy

Ly
=

[
ny = 1, n′y = 2

]
=

8αR
3Ly

.

(25)

∆11 is the proximity-induced superconducting pairing
potential in band 1, ∆22 is the equivalent in band 2
and ∆12 is the induced superconductivity between the
different bands. When calculating Ebm the value of
αR = 8 peV was used.
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TABLE III: Parameters used in the two-band model

N µ/t ∆11/µeV ∆22/µeV ∆12/µeV hx/µeV m∗/me αR/peV a/nm Lx/µm Ly/nm t/meV Esb/µeV
400 -2 200 200 100 300 0.023 16 5 2 130 66.3 967

The Hamiltonian was discretized in the same way as in
earlier sections, except that the additional band meant
that each lattice point was represented by an 8×8 matrix
(26) instead of a 4×4 matrix. The first quadrant is the
same as earlier, which now represents the first band, the
two off-diagonal quadrants have the inter-band terms and
the last quadrant has the band 2 terms. The off-diagonal
terms that stem from the t and α terms of the Hamil-
tonian will remain just as in earlier cases and look the
same for band 2, but are not shown explicitly in (26).

The same eigenvalue problem was solved as in earlier
sections, however this time the calculated eigenenergies
and Pk-functions were allocated to the two different en-
ergy bands. The separation was done by allocating a
weight to each band corresponding to the sum of the oc-
cupational probability in each lattice site for that band.
The states were then sorted into the band where it had
the largest weight. The states will always have some
weight in both bands, but this separation was made to
more clearly illustrate some important properties of the
system.



−µ hx ∆11 0 0 iEbm ∆12 0
hx −µ 0 ∆11 iEbm 0 0 ∆12

∆11 0 µ hx ∆12 0 0 iEbm
0 ∆11 hx µ 0 ∆12 iEbm 0
0 −iEbm ∆12 0 −µ+ 3Esb hx ∆22 0

−iEbm 0 0 ∆12 hx −µ+ 3Esb 0 ∆22

∆12 0 0 −iEbm ∆22 0 µ− 3Esb hx
0 ∆12 −iEbm 0 0 ∆22 hx µ− 3Esb


(26)

In the following plots, the system was investigated both
with and without any band interaction terms, Ebm = 0
and ∆12 = 0. Unless otherwise specified, all the param-
eters used are given by Table III, which means that the
chemical potential is set to the bottom of band 1.

The eigenenergies for both bands were plotted with the
interaction terms in Fig. 16. Half of the eigenenergies
will be weighted to band 1 and half to band 2. The topo-
logical energy gap can be clearly seen in Fig. 16a with
Majorana bound states in the middle, while in Fig. 16b
there are no Majorana bound states, leading to a topo-
logical energy gap in band 2 without any states in the
middle. This means that the Majorana bound states are
located in band 1, which is expected since the chemical
potential has been set to the bottom of band 1.

(a) Band 1.

(b) Band 2.

FIG. 16: The eigenenergies closest to zero in the
different bands with band interaction terms. Parameter

values in Table III.
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FIG. 17: The difference between the eigenenergies
closest to zero with and without band interaction terms.

Parameter values in Table III.

In Fig. 17 the difference between the eigenenergies clos-
est to zero with (Eig) and without (Eig0) band interac-
tion terms (Eig − Eig0) is plotted. In this plot all of
the eigenenergies are considered, however, only the ones
closest to zero are plotted. The shifts in energy are one
order of magnitude smaller than the energies in Fig. 16a
and are anti-symmetric around the middle eigenenergy
number.

(a) Band 1 Pk-functions.

(b) Band 2 Pk-functions.

FIG. 18: The occupational probability Pk of the six
states closest to zero energy in the different bands with

band interaction. Parameter values in Table III.

There is a clear difference in the occupational prob-
ability Pk along the nanowire with and without band
interaction, which can be seen in Fig. 18 and Fig. 19,
respectively. In each band plot, the Pk-functions corre-
sponding to the six eigenenergies closest to zero for that
band were plotted, one plot for their representation in
each band. This means that e.g. Fig. 18a has the six
Pk-functions that have energies closest to zero in band 1,

the top plot shows the part of these functions that cor-
responds to band 1 and the bottom plot shows the part
of these functions that corresponds to band 2. Fig 18b is
structured the same way, this is why the top plot has the
highest amplitude in Fig. 18a while the bottom plot has
the highest amplitude for Fig 18b, as the Pk-functions
plotted are the ones with highest probability to be occu-
pied in those bands. The bottom plot in Fig. 18a looks
similar to the top plot, but has a lower amplitude. The
same behavior is observed in Fig. 18b but here the bot-
tom plot has a higher amplitude. The Pk-functions in the
top plot in Fig. 18b oscillate due to a high momentum in
band 1, but retains the envelope function from band 2.
This is a result of having to maintain the same energy in
band 1 as in band 2, corresponding to a horizontal shift
in Fig. 15.

(a) Band 1 Pk-functions.

(b) Band 2 Pk-functions.

FIG. 19: The occupational probability Pk of the six
states closest to zero energy in the different bands
without band interaction, Ebm = 0 and ∆12 = 0.

Parameter values in Table III.

The occupational probability Pk without band interac-
tion terms is plotted in Fig. 19. In the band with lower
amplitude in Fig. 19, the amplitude is so low that Pk
can be approximated to zero for all lattice sites and the
results are simply numerical errors. This is expected as
without band interaction, the Pk-functions will not be
able to span across both bands.
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(a) Zoomed out.

(b) Zoomed in, the topological phase
transition is marked.

FIG. 20: The eigenenergies closest to zero as a function
of magnetic field strength with band interaction.

Parameter values in Table III.

(a) Zoomed out.

(b) Zoomed in, the topological phase transition is marked.

FIG. 21: The eigenenergies closest to zero as a function
of magnetic field strength without band interaction,
Ebm = 0 and ∆12 = 0. Parameter values in Table III.

The eigenenergies closest to zero as a function of hx are
shown in Fig. 20 and Fig. 21. There is no noticeable dif-
ference in the general shape of the eigenenergies as a func-
tion of hx with and without band interaction for these
values of Ebm and ∆12. However the topological phase
transition occurs at hx = 276µeV and hx = 282µeV with
and without band interaction, respectively. This means
that band interaction will lower the transition point.

In order to determine how much impact each of the
band interaction terms have on the topological phase
transition, the value of hx at the topological phase tran-
sition was plotted as a function of ∆12 for two different
values of Ebm in Fig. 22. A clear, non-linear dependence
on ∆12 can be seen in both Fig. 22a & Fig. 22b and
it also behaves slightly differently with and without the
Ebm term. From these results it appears that the param-
eter choices of ∆12 = 0 and Ebm 6= 0 would minimize the
value of hx where the topological phase transition occurs.

(a) With band interaction, Ebm 6= 0.

(b) Without band interaction, Ebm = 0.

FIG. 22: hx where the topological phase transition
occurs as a function of ∆12. Parameter values in

Table III.
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Next I study how Ly affects the eigenenergies. This
has been plotted for each separate band in Fig. 23. Band
1 is not affected much by Ly as seen in Fig. 23a except
for a minimum at Ly = 350 nm seen in Fig. 23b, however,
the energy shift for the states in band 2 from zero energy
is getting smaller as Ly is increased, as seen in Fig. 23c.
This is due to the inverse quadratic dependence of Ly
for Esb, see (24), meaning that as Ly is increased, the
eigenenergies closest to zero in band 2 will decrease in
energy until they reach a minimum defined by the topo-
logical energy gap. The excited states in Fig. 23a sharply
change energy at higher values of Ly, however this could
be due to numerical errors as there were not enough data
points simulated for Ly as can be seen in the jagged curve
in Fig. 23c. It can also be due to the fact that for large
values of Ly the system is no longer well modelled as 1D.

(a) Band 1.

(b) Band 1, zoomed in.

(c) Band 2.

FIG. 23: The eigenenergies closest to zero as a function
of Ly for each band with band interaction. Parameter

values in Table III.

As the two energy bands will lead to Majorana bound
states being able to exist at the bottom of two differ-
ent bands depending on µ, it is valuable to see how the

eigenenergies are affected as µ is changed, this is therefore
plotted for each band in Fig. 24. As µ is increased, even-
tually the second Zeeman split subband will be reached
and a split in energy will happen, see Fig. 24a. Once µ
reaches the second band at around −0.1324 eV, the low-
est Zeeman split subband will be reached leading to a
zero energy state seen in Fig. 24b. As µ is increased fur-
ther, once again the second Zeeman split subband will be
reached and the Majorana bound states will disappear.

(a) Band 1.

(b) Band 2.

FIG. 24: The lowest eigenenergies as a function of µ for
each different band with band interaction. Note that
the scales on the y-axes are different for the different

subfigures. Parameter values in Table III.

In order to understand the topological transformation
that happens when the first Zeeman split subband in
band 2 is reached, the eigenenergies and Pk-function were
plotted for µ the bottom of band 2, µ = −2t+ 3Esb.
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(a) Band 1.

(b) Band 2.

FIG. 25: The eigenenergies closest to zero in the
different bands with band interaction terms when

µ = −2t+ 3Esb. Other parameter values in Table III.

In Fig. 25 it can be seen that the Majorana bound
states have moved to band 2 for this value of µ.

(a) Band 1 Pk-functions.

(b) Band 2 Pk-functions.

FIG. 26: The occupational probability Pk of the six
states closest to zero energy in the different bands with

band interaction when µ = −2t+ 3Esb. Other
parameter values in Table III.

As can be seen in Fig. 26, the Majorana bound states
will have the largest weight in band 2 instead of band 1
for this value of µ.

B. Three-Band Model

A third band was added to the model in order to verify
that the observations found in the 2-band system, such as
a lower occupational probability for higher energy bands,
were not specific to that system and were in fact indica-
tive of a general multi-band system.

The Hamiltonian describing the system can be ex-
pressed as

H =
∑
λλ′

∫ L

−L
dx

[
c†λ

(
−~2∂2

x

2m∗
− µ+ hxσx + iασy∂x

)
cλ′

+ d†λ

(
−~2∂2

x

2m∗
− µ+ 3Esb + hxσx + iασy∂x

)
dλ′

+ e†λ

(
−~2∂2

x

2m∗
− µ+ 8Esb + hxσx + iασy∂x

)
eλ′

+ Ebm12

(
c†λ(iσx)dλ′ − d†λ(iσx)cλ′

)
+ Ebm23

(
d†λ(iσx)eλ′ − e†λ(iσx)dλ′

)]
+

∫ L

−L
dx

[
∆11c

†
↑c
†
↓ + ∆22d

†
↑d
†
↓ + ∆33e

†
↑e
†
↓

+ ∆12

(
d†↑c
†
↓ + c†↑d

†
↓

)
+ ∆23

(
e†↑d
†
↓ + d†↑e

†
↓

)
+ ∆13

(
e†↑c
†
↓ + c†↑e

†
↓

)
+ h.c,

]
(27)

where e†/e are creation/annihilation operators for the
third band, Ebm12 = 8αR

3Ly
is the band mixing energy be-

tween the first and second band, as seen in (25) and
Ebm23 = 24αR

5Ly
is the band mixing energy between the

second and third band. When calculating both Ebm12

and Ebm23 the value of αR = 8 peV was used.
The Hamiltonian was discretized in the same way as

in earlier sections, however the third band gives rise to a
12×12 matrix for each lattice point.
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TABLE IV: Parameters used in the three-band model

N µ/t ∆11/µeV ∆22/µeV ∆33/µeV ∆12/µeV ∆23/µeV ∆13/µeV hx/µeV m∗/me αR/peV a/nm Lx/µm Ly/nm t/meV Esb/µeV
400 -2 200 200 200 100 100 100 300 0.023 16 5 2 130 66.3 967



−µ hx ∆11 0 0 iEbm12 ∆12 0 0 0 ∆13 0
hx −µ 0 ∆11 iEbm12 0 0 ∆12 0 0 0 ∆13

∆11 0 µ hx ∆12 0 0 iEbm12 ∆13 0 0 0
0 ∆11 hx µ 0 ∆12 iEbm12 0 0 ∆13 0 0
0 −iEbm12 ∆12 0 −µ+ 3Esb hx ∆22 0 0 iEbm23 ∆23 0

−iEbm12 0 0 ∆12 hx −µ+ 3Esb 0 ∆22 iEbm23 0 0 ∆23

∆12 0 0 −iEbm12 ∆22 0 µ− 3Esb hx ∆23 0 0 iEbm23

0 ∆12 −iEbm12 0 0 ∆22 hx µ− 3Esb 0 ∆23 iEbm23 0
0 0 ∆13 0 0 −iEbm23 ∆23 0 −µ+ 8Esb hx ∆33 0
0 0 0 ∆13 −iEbm23 0 0 ∆23 hx −µ+ 8Esb 0 ∆33

∆13 0 0 0 ∆23 0 0 −iEbm23 ∆33 0 µ− 8Esb hx
0 ∆13 0 0 0 ∆23 −iEbm23 0 0 ∆33 hx µ− 8Esb


(28)

(a) Band 1.

(b) Band 2.

(c) Band 3.

FIG. 27: The eigenenergies closest to zero in the
different bands. Parameter values in Table IV.

The parameters used are given by Table IV. In the
same way as earlier, the eigenenergies were plotted in
Fig. 27. The topological energy gap can be clearly seen in

Fig. 27a with Majorana bound states in the middle, while
Fig. 27b and Fig. 27c do not have any Majorana bound
states, which is expected since the chemical potential has
been set to the bottom of band 1. As expected, there are
still an equal number of eigenenergies in all of the bands
and only band 1 has zero-energy states.

FIG. 28: The difference between the eigenenergies
closest to zero with and without band interaction terms.

Parameter values in Table IV.

In Fig. 28 the difference between the eigenenergies clos-
est to zero with (Eig) and without (Eig0) band interac-
tion terms (Eig − Eig0) is plotted. In this plot all of
the eigenenergies are considered, however, only the ones
closest to zero are plotted. The shifts in energy are one
order of magnitude smaller than the energies in Fig. 27a
and are anti-symmetric around the middle eigenenergy
number. With the band interaction terms, the eigenen-
ergies are no longer equally distributed in each energy
band.
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(a) Band 1 Pk-functions.

(b) Band 2 Pk-functions.

(c) Band 3 Pk-functions.

FIG. 29: The occupational probability Pk of the six
states closest to zero energy in the different bands with

band interaction. Parameter values in Table IV.

The occupational probability was also plotted with and
without band interaction terms in Fig. 29 and Fig. 30, re-
spectively. The bottom plots in Fig. 29a are similar to
the top plot, but with lower amplitude. The same behav-
ior is present in Fig. 29b and Fig. 29c, but with different
plots having higher amplitude as the Pk-function plotted
are sorted by which band they have the highest probabil-
ity to be occupied in. The Pk-functions in the top plot
in Fig. 29b and the middle plot in Fig. 29c oscillate due
to these states having a large momentum. As mentioned
in Section IV A, this increase in momentum comes from
having to maintain the same energy along the different
energy bands.
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(a) Band 1 Pk-functions.

(b) Band 2 Pk-functions.

(c) Band 3 Pk-functions.

FIG. 30: The occupational probability Pk of the six
states closest to zero energy in the different bands

without band interaction, Ebm = 0 and
∆12 = ∆23 = ∆13 = 0. Parameter values in Table IV.

The occupational probability Pk without band inter-
action terms (Ebm = 0 and ∆12 = ∆23 = ∆13 = 0) is
plotted in Fig. 30. Once again, Pk has a non-zero value
in one band at a time, due to the removal of the band
interaction. The band 1 and 2 Pk-functions are very sim-
ilar to the ones in the 2-band case, so the addition of the
third band does not seem to noticeably change the sys-
tem in regards to these elementary investigations, when
only looking at the eigenenergies and Pk and when µ is
at the bottom of band 1.

Next the topological phase transition’s dependence on
the band interaction terms was investigated in Fig. 31.
For Fig. 31a, the topological transition happens at hx =
284 µeV and for Fig. 31b, the transition happens at
hx = 283 µeV. This is a negligible difference, unlike the
one observed in the two-band model. The reason for this
difference is unknown for the author of this thesis, how-
ever the definition for a topological phase transition in a
finite wire explained in Section III A may not truly re-
spect the actual physics.

(a) With interaction.

(b) Without interaction, Ebm = 0 and
∆12 = ∆23 = ∆13 = 0.

FIG. 31: The eigenenergies closest to zero as a function
of magnetic field strength, zoomed in. Parameter values

in Table IV.
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The last thing that needs to be checked is if the be-
havior of the eigenenergies as a function of µ hinted at
in Section IV A is repeated in the three-band system.
Therefore the eigenenergies as a function of µ is plotted
in Fig. 32. The zero energy states appearing in different
bands for different values of mu that was seen in the 2
band case is shown here, leading to the conclusion that
this behavior will happen independently of the number
of energy bands. In a real system there will be an infinite
number of bands, leading to a state that will continuously
move between allowing Majorana bound states and not
as a function of µ.

(a) Band 1.

(b) Band 2.

(c) Band 3.

FIG. 32: The eigenenergies closest to zero as a function
of µ for each band. Note that the scales on the y-axes

are different for the different subfigures. Parameter
values in Table IV.
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Finally, the eigenenergies and Pk-functions of the
three-band model when µ = −2t+ 8Esb, i.e. at the bot-
tom of band 3, were plotted in Fig. 33 and Fig. 34. From
both figures it is clear that the Majorana bound states
have been shifted to band 3.

(a) Band 1.

(b) Band 2.

(c) Band 3.

FIG. 33: The eigenenergies closest to zero in the
different bands with band interaction terms when

µ = −2t+ 8Esb. Other parameter values in Table IV.

(a) Band 1 Pk-functions.

(b) Band 2 Pk-functions.

(c) Band 3 Pk-functions.

FIG. 34: The occupational probability Pk of the six
states closest to zero energy in the different bands with

band interaction when µ = −2t+ 8Esb. Other
parameter values in Table IV.
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TABLE V: Parameters used in the three-band Josephson junction model

N ∆11/µeV ∆22/µeV ∆33/µeV ∆12/µeV ∆23/µeV ∆13/µeV hx/µeV m∗/me αR/peV a/nm Lx/µm Ly/nm t/meV Esb/µeV
600 200 200 200 100 100 100 320 0.023 16 5 3 130 66.3 967

V. MULTI-BAND JOSEPHSON JUNCTION

The last system that was simulated was a nanowire
with three energy bands and a Josephson junction. This
combines the three-band model from Section IV B with
the Josephson junction system from Section III B, mean-
ing that the Hamiltonian matrix was given by (28) with
removed ∆-terms and added Vg for the middle lattice
sites like in (21).

The analysis for this system was focused on the energy
barrier. By varying the size of the barrier separating
the Majorana bound states closest to the junction, the
barrier’s impact on the eigenenergies of the Majorana
bound states as well as the first excited states beyond
those were investigated.

A. Barrier Data

In the plots below, simulations were done in the
same way as in previous sections, however this time the
eigenenergies were plotted against the barrier height Vg
and width W at the same time, resulting in 3D-plots.
Previously in Fig. 13 in Section III B, the impact of the
barrier height and width were only plotted separately. In
order to more easily draw a parallel between these earlier
plots and the 3D ones, 2D line plots along certain lines
of the 3D plots are included in Fig. 38.

Beyond simply varying the voltage barrier, the chemi-
cal potential was also changed between simulations. The
chemical potential was set to µ = −2t, µ = −2t + 3Esb
and µ = −2t + 8Esb, meaning that all simulations were
done at the bottom of all three of the energy bands in
this model. Majorana bound states should appear in all
of these bands, but as can be seen below the barrier’s im-
pact will differ depending on which value of µ was used.

For all of the simulations below the parameters were
given by Table V. The (a)-plots will show E0 on the y-
axis and the (b)-plots will show EM on the y-axis. The
figures are also plotted with different scales on the z-
axes, another important factor to keep in mind when
comparing different plots.

The edge states in Fig. 35a have zero energy even with-
out the barrier since even then there are Majorana bound
states at the edges of the wire. However as the barrier
grows, their energy is increased. This is because as the
barrier is increased, Majorana bound states will form in
the middle of the wire whose wavefunctions will overlap
with the states at the ends of the wire, thereby increas-
ing their energy. The occupational probability of the
four Majorana bound states were plotted in Fig. 12 in

(a) States at the ends of the wire.

(b) States forming at the Josephson junction. Note that the
figure has been rotated in order to achieve the best view of

the plot.

(c) First excited states.

FIG. 35: The eigenenergy of the three positive energy
states closest to zero energy with µ at the bottom of
band 1 (µ = −2t) as a function of barrier width and

barrier height. Parameters found in Table V.

Section III B.
The Majorana bound states near the Josephson junc-

tion that start to form in Fig. 35b do not exist without
a barrier, so the eigenenergies will therefore have a high
energy when the barrier is low or thin and move towards
a lower energy as the barrier grows.

The excited state seen in Fig. 35c has a relatively con-
stant energy. As soon as a barrier is introduced, its en-
ergy is raised and kept unchanged with further manipu-
lation of the barrier.
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(a) States at the ends of the wire.

(b) States forming at the Josephson junction. Note that the
figure has been rotated in order to achieve the best view of

the plot.

(c) First excited states.

FIG. 36: The eigenenergy of the three positive energy
states closest to zero energy with µ at the bottom of

band 2 (µ = −2t+ 3Esb) as a function of barrier width
and barrier height. Parameters found in Table V.

As µ moves from the bottom of band 1 to the bottom
of band 2 in Fig. 36, some differences are apparent. For
the edge states in Fig. 36a, a small increase in energy
will happen at around W = 10 − 20 lattice sites. The
states near the Josephson junction seen in Fig. 36b are
very similar to the ones with µ at the bottom of band 1
found in Fig. 35. For the first excited states in Fig. 36c,
a dip in energy can be seen at high W between Vg =
2 − 3 meV. This will make the energy gap between the
Majorana bound states and the excited states smaller at
these values.

(a) States at the ends of the wire.

(b) States forming at the Josephson junction. Note that the
figure has been rotated in order to achieve the best view of

the plot.

(c) First excited states.

FIG. 37: The eigenenergy of the three positive energy
states closest to zero energy with µ at the bottom of

band 3 (µ = −2t+ 8Esb) as a function of barrier width
and barrier height. Parameters found in Table V.

In Fig. 37 µ is changed to be at the bottom of band
3. In Fig. 37a there is a slight dip in energy at high
values of W and Vg, around W = 30 and Vg = 4 meV.
The eigenenergies of the states forming near the Joseph-
son junction in Fig. 37b once again seem unchanged. In
Fig. 37c there is a dip in energy for large W between
Vg = 4− 5 meV.
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In the interest of clarity, line plots have been done be-
low in Fig. 38 for µ at the bottom of bands 1, 2 and 3
(Fig. 35, 36 and 37) and for W = 20 and W = 30. It
is clear from these plots that the Majorana bound states
that form by the Josepson junction will reach zero en-
ergy faster for a wider barrier. This is because the wave-
functions will decay exponentially within the barrier and
a wider barrier will mean that the overlap between the
Josephson junction states will go to zero quicker.

Other shapes of barriers were also simulated, this is
shown in Appendix A. The shapes are trapezoidal and
triangular and the results are qualitatively the same as
with the rectangular barrier shown here.

B. Discussion

The most important thing when looking at the figures
above is to see when the states that have the possibility of
becoming Majorana bound states can do so, which means
that they need to be close to zero energy. It is desireable
for EM to have a clear distiction between zero and finite
energy and it is also important to keep E0 at zero energy.
It is therefore wise to choose a W where it would be
possible to manipulate the energy states that form the
Majorana bound states near the Josephson junction to
go between zero and finite energy with a small difference
in Vg and without disrupting the Majorana bound states
at the edges of the wire.

Another factor to look at are the excited states. For
reasons that will be explained in the next section, the
excited states need to have as large of an energy gap as
possible to the Majorana states. It is therefore a cause
for concern that some excited states have dips in energy
for certain barrier parameters. Fig. 38 does show that
there are parameter choices that can be made to limit the
impact of these dips in energy. For example in Fig. 38f
the energy dip is at a high enough value of Vg that it
can be easily avoided. It is worth noting that these dips
in energy only exist in higher bands, which is why they
were not visible in Fig. 13a before the multi-band model
was introduced.

From the plots above it is clear that the states will
behave differently when µ is in a different energy band.
The clearest examples are the excited states; with µ at
the bottom of band 1 they are relatively constant while
for other values of µ they will have dips in energy for
certain parameter values. The edge states with µ at the
bottom of band 3 seen in Fig. 37a gain in energy faster
and reach a higher maximum compared to the other val-
ues of µ, the energy at W = 30 and Vg = 5 meV for
Fig. 37a with µ at the bottom of band 3 is over twice as
high as for Fig. 36a with µ at the bottom of band 2.

The impact that the shape of the barrier has on the
results can be seen in Appendix A. While there are clear
differences that can primarily be seen for the triangular
barrier, they all share the same general shape and a lot
of the differences are merely due to the limit in which

(a) Band 1, W = 20.

(b) Band 1, W = 30.

(c) Band 2, W = 20.

(d) Band 2, W = 30.

(e) Band 3, W = 20.

(f) Band 3, W = 30.

FIG. 38: Line plot of the energy of the ten eigenenergies
closest to zero with µ at the bottom of all of the three

bands as a function of barrier height with a fixed width.
Parameters found in Table V.
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the simulations have been done. The result that can be
seen here is that while the shape of the barrier does not
completely change the behavior of the states, it will tune
the impact of the different barrier parameters.

VI. OUTLOOK AND CONCLUSIONS

In this thesis I have used single- and multi-band mod-
els to simulate systems with and without a Josephson
junction with a semiconducting nanowire with proximity-
induced superconductivity and strong spin-orbit cou-
pling. This has been used to track the presence of Ma-
jorana bound states in these systems. The thesis started
with a simple model and gradually increased in complex-
ity, all the while showing how the eigenenergies, occupa-
tional probability along the nanowire and magnetic field
dependence will change in each model. For the multi-
band model it was also shown how the band interaction
terms will influence the Majorana bound states.

After introducing the different models that the system
is built upon, the final system with both a Josephson
junction and a three-band model was analyzed specifi-
cally in regards to the impact that the Josephson junc-
tion has on the Majorana bound states closest to the
junction. This is relevant because by analyzing both the
Majorana coupling energy EM and the excited states in
the system, it is possible to optimize a barrier that will
allow for good control and fast operations.

To this end, consider a system where the width of the
barrier is fixed at manufacturing and the height of the
barrier will be switched between zero and a maximum
height. This switch represents a voltage applied to the
system.

The ideal case in this investigated system is one where
the only significantly affected states are the Majorana
bound states at the Josephson junction, and where these
states change very quickly as a function of Vg. This would
allow a clear signal of when the system is turned off and
on as well as allow for quick computations. It is therefore
wise to choose a width of the barrier that leads to a large
difference in EM for a small difference in Vg. From the
plots in Fig. 38 all values of EM between the topological
energy gap to essentially zero are achievable, it is just a
matter of parameter choices.

The excited states will affect the time scale of the op-
erations that are performed on the system. Energy is
related to time according to ∆E = ~

∆T . If an operation
is performed on the system with a time scale faster than
the corresponding energy of the energy gap to the first
excited states, these states can be occupied which will
cause computational errors. To get a better idea of the
time scale that the dips in energy of the excited states
have, let us look closer at Fig. 38d. The energy gap to
the excited states for Vg = 1.9 meV and Vg = 2.5 meV
is 125 µeV and 30µeV, respectively. This corresponds

to 5.27 ps and 21.9 ps. These time scales are very small
and it could therefore be difficult to operate a practical
system at a speed where this dip in energy would be rel-
evant. This means that the energy dips seen are not of
relevant concern for today’s technology. It is worth men-
tioning that if these high speeds were to be reached, a
difference in efficiency of 4 times is a very big change.

After analyzing the different line plots in Fig. 38, it is
clear that there exists a W where good control over the
states near the Josephson junction is possible. One can
see that by choosing a larger barrier width of W = 30,
the system will react faster, however the excited states
can be a lot more troublesome. By choosing a slightly
smaller width of W = 20, the system will become more
stable with regards to the excited states, however larger
voltage range would also be required in order to get a
strong on/off signal.

It is clear from the plots in the above section that the
excited states were more stable when µ is at the bottom
of band 1, µ = −2t. While it would be very beneficial, it
could be difficult to achieve a practical system where the
chemical potential stays at the bottom of band 1. At this
µ there are fewer electrons that can screen disturbances.
This leads to sharp changes in µ that are difficult to keep
within the range that allows for Majorana bound states.

This analysis has only been done for one specific sys-
tem, so it is therefore unclear if these results will appear
in a more general case. In addition, the models used are
simple approximations of a very complex system, includ-
ing the tight binding model that this entire study is based
upon. The models used can be improved by for example
including more precise electrostatics and adding random
disorder and more energy bands. The dips in energy for
the excited states seen for example in Fig. 36c happen
only for the multi-band system. Further analysis of why
it only happens in higher energy bands is not done in
this thesis and could be an interesting subject for further
research.

In this thesis I have shown that the choice of barrier
parameters for a Josephson junction to adequately sepa-
rate the nearest Majorana bound states is non-trivial. I
have also shown that it is possible to choose them in a
way that improves control over the system depending on
the operational requirements. The results point to a gen-
eral length scale for the barrier width (between 50 and
200 nm) and height (between 2 and 5 meV) of Josephson
junctions in order to have good control. Finally they pre-
dict a general trend that the excited states vary less with
changes in W and Vg when µ is at the bottom of band 1.
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Appendix A: Barrier Shapes

Three different shapes of barriers were simulated. This
is because in a real system the shape of the barrier could
be different depending on various experimental factors
and different cases are studied in order to verify that the
conclusions reached in Section VI are not only valid for
a specific barrier shape. The one shown in Section V A
was a simple, rectangular shape where the height of the
barrier was Vg for the entire width of the barrier, see
Fig. 39a. The first other shape that was simulated was
a trapezoidal shape where only 1/3 of the barrier was
the height of Vg and the other two thirds were linear
slopes from 0 to Vg, see Fig. 39b. Finally the third shape
that was simulated was a triangular shape where only
the middle lattice site, if it existed, was Vg and the entire
rest of the barrier was a slope from 0 to Vg, see Fig. 39c.
Note that no matter the shape of the barrier, there is
no induced superconductivity for the entire width of the
barrier.

(a) Rectangular. (b) Trapezoidal. (c) Triangular.

FIG. 39: Shapes of barriers.

1. Trapezoidal Barrier

(a) States at the ends of the wire.

(b) States forming at the Josephson junction. Note that the
figure has been rotated in order to achieve the best view of

the plot.

(c) First excited state.

FIG. 40: The eigenenergy of the three positive energy
states closest to zero energy with µ at the bottom of

band 1 (µ = −2t) for a trapezoidal barrier. Parameters
found in Table V.

As we look at the differences between the rectangular
and the trapezoidal barrier with µ at the bottom of band
1, it is clear that band 1 is not significantly affected.
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(a) States at the ends of the wire.

(b) States forming at the Josephson junction. Note that the
figure has been rotated in order to achieve the best view of

the plot.

(c) First excited state.

FIG. 41: The eigenenergy of the three positive energy
states closest to zero energy with µ at the bottom of
band 2 (µ = −2t+ 3Esb) for a trapezoidal barrier.

Parameters found in Table V.

The differences between the barrier shapes become
more apparent when looking at Fig. 41. The same gen-
eral features are there, such as the large dip in energy in
Fig. 41c for certain values of Vg. It is apparent though
that these features are distorted when compared to the
same irregularities in Fig. 36.

(a) States at the ends of the wire.

(b) States forming at the Josephson junction. Note that the
figure has been rotated in order to achieve the best view of

the plot.

(c) First excited state.

FIG. 42: The eigenenergy of the three positive energy
states closest to zero energy with µ at the bottom of
band 3 (µ = −2t+ 8Esb) for a trapezoidal barrier.

Parameters found in Table V.

In Fig. 42c, we now see a new irregularity. For high
W > 10, there is a range of Vg = 1 − 4 meV values
where the excited state is at high energy and stable, but
for large and small Vg the energy drops. This drop is
not as big of a drop as with the rectangular barrier in
Section V A, however the dip seems to be cut off at Vg =
5 meV.
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Line plots have once again been done in Fig. 43, how-
ever this time only for bands 2 and 3 (Fig. 41 and 42)
and for W = 20 and W = 30.

(a) Band 2, W = 20.

(b) Band 2, W = 30.

(c) Band 3, W = 20.

(d) Band 3, W = 30.

FIG. 43: Line plot of the energy of the ten eigenenergies
closest to zero with µ at the bottom of bands 2 and 3

with a trapezoidal barrier as a function of barrier height
with a fixed width. Parameters found in Table V.

2. Triangular Barrier

(a) States at the ends of the wire.

(b) States forming at the Josephson junction. Note that the
figure has been rotated in order to achieve the best view of

the plot.

(c) First excited state.

FIG. 44: The eigenenergy of the three positive energy
states closest to zero energy with µ at the bottom of

band 1 (µ = −2t) for a triangular barrier. Parameters
found in Table V.

In Fig. 44 the triangular barrier is introduced with µ
at the bottom of band 1. In Fig. 44a the height of the
energy peak at high values of W and Vg corresponding to
an overlap with the newly formed Majorana bound states
near the Josephson junction is roughly 10 times smaller
than the corresponding peak for other barrier shapes.
This higher peak is probably a result of the effect that
different shapes of the barrier will tune the parameter im-
pact differently. This high peak can be reached with the
rectangular and trapezoidal barrier, but it would require
higher values of W and Vg.
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(a) States at the ends of the wire.

(b) States forming at the Josephson junction. Note that the
figure has been rotated in order to achieve the best view of

the plot.

(c) First excited state.

FIG. 45: The eigenenergy of the three positive energy
states closest to zero energy with µ at the bottom of

band 2 (µ = −2t+ 3Esb) for a triangular barrier.
Parameters found in Table V.

There seems to be a high energy peak missing in
Fig. 45a for high values of W and Vg, compared to
the corresponding plots for different barrier shapes in
Fig. 36a and 41a, however it would probably be seen
at values of W and Vg higher than the limit of this plot.
The increase in energy for certain values of W with µ at
the bottom of band 2 that was first seen in Fig. 36a can
be seen clearly at W = 10− 20 and Vg > 3 meV.

(a) States at the ends of the wire.

(b) States forming at the Josephson junction. Note that the
figure has been rotated in order to achieve the best view of

the plot.

(c) First excited state.

FIG. 46: The eigenenergy of the three positive energy
states closest to zero energy with µ at the bottom of

band 3 (µ = −2t+ 8Esb) for a triangular barrier.
Parameters found in Table V.

The plots in Fig. 46 are similar to the ones in Fig. 42,
which is reasonable as they both have µ at the bottom of
band 3. Similarly to Fig. 42c, there is a range of param-
eter values where the excited state is at high energy and
stable for Fig. 46c, however for the trapezoidal barrier the
range is roughly given by W > 10 and Vg = 1 − 4 meV
and for the triangular barrier the range is roughly given
by W = 10− 25 and Vg > 2.
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Line plots have once again been done in Fig. 47 for µ
at the bottom of bands 2 and 3 (Fig. 45a and 46) and for
W = 20 and W = 30.

(a) Band 2, W = 20.

(b) Band 2, W = 30.

(c) Band 3, W = 20.

(d) Band 3, W = 30.

FIG. 47: Line plot of the energy of the ten eigenenergies
closest to zero with µ at the bottom of bands 2 and 3

with a triangular barrier as a function of barrier height
with a fixed width. Parameters found in Table V.


