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We construct and analyze Dirichlet-Neumann iterations for the 1D Poisson equation.
Specifically, we wish to gain insight into how the convergence depends on material co-
efficients when solving coupled linear heat equations on three non-overlapping domains.
We first consider the two-domain case and then extend the method to three domains. A
finite element method is used to discretize the Laplacian. Exact formulae are provided
for the spectral radii of the iteration matrices for all methods considered. Their validity
as predictors for the convergence rates is verified through numerical tests. We show that
the different methods for the three-field case have distinct and complementary conver-
gence properties and give an overview of problems, specifying which method is the most

suitable.
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Chapter 1

Introduction and motivation

1.1 Introduction

Numerical methods have, since their inception, been applied in support of development
and design of numerous productive industries. The ability to simulate and predict
behavior and properties without the expense of physical prototypes and tests offers a
huge advantage with benefits in cost, time and quality of the end product. The exact
area of application may vary, examples include structural stress, aerodynamic drag and

distribution of heat.

1.2 Motivation

This work will deal specifically with algorithms intended for use in simulating heat
distribution of materials with different heat properties while being in contact with each
other. The specific problem that initiated this search for efficient algorithms was one
raised by the introduction of reusable launch vehicles, in particular the first stage of
the Falcon 9 developed by SpaceX [1]. The demands placed by reusability require a
good understanding of the structural and heat properties of the rocket engine and also
pose fundamental questions such as “for how many launches can the engine nozzle be

expected to retain structural integrity before it would require replacement or repair?”
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FIGURE 1.1: Engine test of a Merlin rocket engine, used by the company SpaceX [F1]

In this example, the engine nozzle is subject to massive forces and the heat distribution
will depend on the interaction of several materials with different thermal properties. To
name some: the composite engine nozzle is cooled by a cooling fluid led through pipes
in its interior while the same composite will be subject to the fuel being ignited in the
combustion chamber and then blasted out through the nozzle. The nozzle itself will be

interacting with the surrounding air before it leaves the atmosphere.

While this was the motivating problem for this work, it is not hard to imagine other
possible applications. One could be the brake system on a high-performance car. Here
friction caused by a hard brake will cause immense heat which will distribute among the

different components of the brake system and adjoining parts such as the wheels [2].

d

FIGURE 1.2: Disc brake of a high-performance car [F2]
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Another possible application would be in simulating a refrigerator (or a heat pump) as

this can also be modeled as a three-field problem.

M — —: -
COOLING FLUID
1‘fc:m\ fluid EVAPORATOR
| | ‘[0/\ Expansion
Evaporator L valve
"
5 T Jwarm fluid
AIR
Lty igsivice l |+ Radiator fins
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| High pressure
1 >~ vapor
J/
(Or] | Compressor pump

FIGURE 1.3: Refrigerator schematic [F3] and a simple three-field model.

Essentially, we wish to create algorithms that take advantage of the various thermal

properties of different materials interacting with each other.

1.3 Method

The first decision when creating an algorithm to simulate the heat of a combination of
materials is whether to use a monolithic approach in which the code is tailored to the
problem specifically. The alternative is a partitioned approach in which the heat equation
is solved independently for each material. Here the different solvers are being coordinated
by a mother program and communicating by selected data transfers that are sending
boundary temperature and gradients between the solvers. The partitioned method offers
modular advantages allowing the solver to be quickly adapted for new problems as well
as in coupling different materials such as in the numerical simulation of fluid-structure
interaction [3]. A partitioned approach also offers the attractive advantage of reusing

existing solvers for new problems. This work will study a partitioned approach.

Another decision must be whether the algorithm is to be a direct solver, solving the
problem directly to machine accuracy or if an iterative method is to be used. In high
dimensional systems the computational cost of a direct solver may become very high
while an iterative method can deliver an approximate solution given a set tolerance but
also offers challenges in predicting and guaranteeing the speed of convergence. In this
work we will primarily study iterative methods. One of the basic methods of managing
the coupling is the Dirichlet-Neumann iteration [3]. To satisfy the coupling conditions
at the interface, Dirichlet- and Neumann data are sent between the sub-solvers in each

iteration in a sequential manner. There have been several studies examining convergence
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behavior of different implementations of the Dirichlet-Neumann iteration [4][5][6][7][8].
The author, however, is not aware of any study which presents an explicit analysis for
the three field case. Our hope is that by focusing on the one-dimensional case, we will
be able to gain explicit analytical predictions for the convergence behavior that will give

us some predictive power in higher dimensions as well.

1.4 Overview

This work studies the convergence properties of variants of an iterative partitioned
Dirichlet-Neumann iteration derived from the heat equation. We will be using a finite

element method to discretize all sub-domains.

We begin by looking at the two-domain problem to confirm results from an earlier work
and then move on to construct three different three-domain solvers. For all algorithms
considered, we perform a convergence analysis by analytically reducing the full solver
into a fixed-point iteration acting on the interfaces alone. This gives us an iteration
matrix whose spectral radius determines the speed of convergence. This allows us to

predict convergence rates given material coefficients.

It is worth noting that while we only consider the steady-state case, earlier analysis [3]
shows that the convergence behavior with a time discretization added is dominated by
the convergence rate predicted by material properties. The methods presented in this
thesis are thus likely not limited to the steady state case but extend directly to the
time-dependent case. Furthermore it has been shown [3] that in the two-field case, the
asymptotic convergence rates of the 2D case are consistent with the 1D case. There are

therefore grounds for hope that the same will hold true in the three-field case.

1.4.1 Organization

Chapter 2 introduces the mathematical background followed by the finite element dis-
cretization. In Chapter 3, the two field case is presented together with a convergence
analysis of the iterative solver. In Chapter 4 we construct three iterative solvers for the
three field case and present a convergence analysis for each. In Chapter 5 the predic-
tions made in Chapters 3 and 4 are tested in numerical experiments and we give some
examples of real-world applications. In Chapter 6 we present the conclusions of the work

together with some recommendations for further study.



Chapter 2

Theoretical background

2.1 Linear fixed point iteration

The analysis in this work will be based on extracting a fixed point iteration from the
Dirichlet-Neumann iteration. Specifically, we will formulate a Dirichlet-Neumann iter-
ation that aims to solve a problem on two or three sub-domains. From this we will
extract a linear fixed point iteration acting only on the boundary points separating the
domains. This will allow us to use basic properties of linear fixed point iterations to

predict the convergence of the underlying Dirichlet-Neumann iteration.

Given a (finite dimensional) linear system Ax = b where A € R™*" and «,b € R", we
may rewrite it in fixed point form as @ = Bx + b, where B = I — A, is the iteration

matrix. The fixed point iteration then becomes, starting with some initial guess xg;
Tni1 = Bx, +b. (2.1)

Here x,, is the nth approximation of the unique fixed point x, satisfying ¢, = Bx, + b.

Then we have the following theorem [9] :

Theorem 2.1. For the (linear, finite dimensional) fized point iteration (2.1) the follow-
ing holds
Ty — Ty, Vg < p(B) <1

where p(B) = maz{ |o| : o is eigenvalue of B } is the spectral radius.

Furthermore, we have the following theorem about the rate of convergence [9] :

Theorem 2.2. If p(B) < 1 then, for any xq, the iterates of the linear fized point
iteration (2.1) satisfy
limsup [z, — @.|[% < p(B)

n—oo

5
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so, if 0 < p(B) < 1, the linear fized point iteration converges linearly with a root-

convergence factor of at most p(B).

2.2 Boundary conditions

When solving differential equations on well-defined regions, one needs to specify the
boundary conditions that are valid along the boundaries of those regions. In this work we
will be dealing with two different boundary conditions, the Dirichlet boundary condition
and the Neumann boundary condition. The Dirichlet condition gives the value of the
function in a certain point. The Neumann condition gives the value of the normal

derivative [10].

2.3 Dirichlet-Neumann iteration

The Dirichlet-Neumann iteration is a basic method in both domain decomposition and
fluid-structure interaction [3|. Its working principle is dividing a domain into sub-
domains and then solving a differential equation in each separately with alternating
boundary conditions. A simple example is as follows: consider that we wish to solve
some differential equation in 2 C R with given Dirichlet boundary conditions. €2 is
divided into two sub-domains 21 Uy = 2. We denote the interface I' = 1 Ny, Given
an initial guess for the solution value on the interface u%, we construct the iteration in

Fig. 2.1:

1 ]
I I 1
u start u (; u end
1 | |
U u’
2. i
u:Il_ u end

FIGURE 2.1: Example of one step of a Dirichlet-Neumann iteration Here each bar
denotes a Dirichlet condition and the star denotes a Neumann condition.

Each phase of this iteration has two steps. First we solve the equation in € with

Dirichlet boundary conditions on both sides. Then, using the values obtained when
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solving €21, we construct a Neumann condition on the left side in Q5. With this we find

a new value for the solution on the boundary u% as we solve the equation in (s.

For an increasing number of domains, successively more variations become possible in
how the Dirichlet and Neumann conditions can be ordered. In this work, we will begin
with the two field case as presented in Fig. 2.1 and then move on to construct and

investigate methods for the three field case.

2.4 Why the 1D Poisson’s equation?

We wish to examine the convergence behavior for an algorithm designed to solve the heat
equation for materials with different material properties. We begin by looking at the
general form of the unsteady transmission problem [3]. We consider a domain Q c R?
which is divided into two sub-domains €2 Uy = Q, with transmission conditions at the

interface I' = Q1 N s,

tn 22mZ G (N Vit (1)) = 05 € € [tstarts tend)s ® € Qn C R m = 1,2
um(il,', t) =0 ;te [tstarta tend]p um(m, t) S 8Qm\r

ui(x,t) = ug(x,t) ; x €T

Ouy(z,t) Oua (x,t)
)\1 on1 = A onz

;e el

U (2,0) = vl (x) ; © € Uy
(2.2)

where n,, is the outward normal to €,,. The constants A\; and Ay denote the thermal
conductivities of the materials of €2y and Q9. The constants a1 and ao are given by
am = pmCp where py, is the density and C), the heat capacity of the materials in €y
and o. This transmission problem corresponds to solving two coupled heat equations,

where u(x,t) denotes the temperature.

As we wish to study in particular the dependence on the material coefficients A and to
find explicit predictions for the rate of convergence, we keep things simple and look at
the 1D steady-state case. Thus we consider the case where d = 1 and 8”’”87(;”@ = 0. The
first equation of (2.2) then becomes

—AnAup () =0; 2€Q, CR; m=1,2. (2.3)

These are Laplace equations. The fact that we will concentrate on the dependence of
the material properties represented by A, makes the study of the Laplace equation alone

somewhat troublesome. This is because, in (2.3), we can divide both sides with A,, thus
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eliminating it from this equation. In order to force a dependence we move onto the
Poisson equation. The right-hand-side f can physically be interpreted as a heat source

or sink within the material. We then wish to solve

“AnAup () =fim; 2€Q, CR; m=1,2

um () =05 up(z) € 0, \I' (2.4)
up(x) =ug(xz) ; z €T

M =0T w e

Here the first equation is the governing equation, the second and third gives us Dirichlet
conditions and the fourth gives us a Neumann condition. Numerically, for a non-zero f,

this will correspond to solving the general heat equation for a non-zero % term.

2.5 Theoretical derivation

We use a finite element method for the discretization. Suppose we have a domain 2 € R
that is divided into two sub-domains = Q1 U Q5. The sub-domains 1 and 9 are
joined at an interface I' = ©; N Q2. We use the equations from (2.4), futhermore we

restrict ourselves to the case where f ’F =0.
Given a uniform grid {x1, z2, ..., 2, }, define test functions:
T—Th—1,
At x € (Th—1, k)
i x —T
Pp(w) = § L0 0 € (2, Tpsn]

0 ; else.

2.5.1 Interior points
We approximate the solution by a sum of test functions;
ur Yo (2.5)
i
Then we insert this expression into the governing equation from (2.4), Au = —f, and

multiply both sides with a test function ¢;, and then integrate both sides. Here we set

A =1 as this constant has no bearing on the derivation:

/Iumqudl” = /Ifsbjdx- (2.6)
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We now apply partial integration:

[ @hestyin = wets| = [ et 2.7

and note that the first term disappears as all test functions have compact support. We

need thus only consider the integral. Inserting the sum;

/I () (6)ad = /I @ 511 (5)ad = Z % /I (60)(6)ad. (2.8)

We look closer at the last integral: by construction of the test functions it follows that

when ¢, j differ by more than one, the resulting integral is zero. When i=j:
/I (¢1)a(9i)ade = 5 /0 ldo = = (2.9)

when i and J differ by one:
. i)x\@Qj ) QT ) A X z .

2.5.2 Boundary

Inserting the sum we get, for the left hand side (LHS):

/Iua:xgbjdx = /I'(; al¢z)zx¢]dx = ;ﬂl /I(¢z)mz¢]dx (2'11)

We now rewrite the last integral using partial integration.

Here we take note of the coupling condition from (2.4):

8U1 OUQ
AMl=—| = —Xdo—| . 2.12
13’01 I 20722 r ( )

Next, we note that the active test functions along the boundary will be ¢, ¢r and ¢3.
In respective cells QF, Q) we thus have:
In QF:, uy = a4te? + areér In Qi) ug = drer + ¢l

First we note that, if ¢; is a nodal basis function for a node on I' we can rewrite the

fourth equation of (2.4) using Green’s formula [3]
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FIGURE 2.2: Boundary point with surrounding test functions

Oui pids = / (Auiqﬁj + Vquﬁj)dm = / (—f¢j + Vqujj)dx. (2.13)

Now if we consider the second part of the last expression in particular, the right hand
side (RHS) of the coupling condition in (2.12) becomes:

n [ Gmass=x [ (~popiren [ (FuVoydr=: o [ (uvs)

oap Om p P or
(2.14)
and with analog notation the left hand side becomes:
aUQ T
A2 67(]51'(18 =: fg + Ao (VU2V¢J) (2.15)
aql oM Q

We approximate further by assuming flF = f2F = 0. This lets us ignore the fzr—terms
which simplifies the analysis and for our intended applications these terms will be very
small and thus should not affect the convergence analysis. Next we insert the expressions

for u; and ug where they are expressed with their basis functions.

RHS:
A / (VurVé;) = Ay / (V(@5 67 +ardr)Ve;) = M / (@ x (—1) + - x (+1))Vd;.
o Qr Qn
(2.16)
LHS:

—AQ/ (VusVe;) = —Ag/ (V(irdr+ibgh) Vo) = —AQ/ (irx (—1) +ibx (+1)) V.
ol Q3 >

(2.17)
We then get:

(ir x (=1) + i3 x (+1)) Vor (2.18)

-
Am/? (a} x (=1) +ar x (+1))Ver = A;/ﬂ

which, after taking into account that the sign of V¢r changes:

A1

)\2 ~1
Ax? (

i —ay) = m(% — ar). (2.19)
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Here 47 denotes the last entry in the vector @1 containing the interior points in the first

domain. It can equivalently be expressed the dot product of vectors egﬁl, analogosly

~1 T
Uy = ej Uo.



Chapter 3
Two-field case

Here we consider the case where the domain €2 is split into two domains of equal length
and identical discretization, the sole difference being that the interface between them
is adjoined to the second domain 2. Q = Q7 U Q9, Q1 N Qg = I'. For the purpose of
this work, n will denote the number of interior points of £2; and €2 respectively. 2 as a
whole will thus have 2n + 3 points, the two domains, start, end and boundary. We will
use the same iteration as described in Fig. 2.1. That is we first solve €21 with Dirichlet
conditions on both sides, and then solve 2o with a Dirichlet condition on the right side

and a Neumann condition on the left side, updating the boundary value.

Q, Q,

u start u r u end

F1GURE 3.1: Division into two domains of equal length

We use the approximation for Au as derived in (2.9) & (2.10). This discretization gives

us the following system for €2;:

Alw = bl (3.1)

where

12
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2 -1 0 0
-1 2 -1
1
A= — _ - R™<" 3.2
1=x2|0 -1 2 . 0[€ (3.2)
~1
L0 0 -1 2|
and o _
R+
i
A1
by = : e R (3.3)
i
A1

Here the first and last entries in (3.3) contain the terms from the Dirichlet conditions.
The solution obtained from solving this side will be denoted uy = (ul,u?,...,u?)T. For
9, the system matrix is identical in structure but it has one more unknown, as solving

this side also gives us a new value for ur.

X A O ... 0
1 2 -1
1 . n+1 n+1
A=2510 -1 2 0 ¢ R (n+) (3.4)
1
0 0 -1 2

the corresponding vector is then:

by e R, (3.5)

fén Uend

Ao dx?

The top entry of by combined with the first row of As enforce the Neumann condition.
The solution obtained by this system is denoted ug = (up,ud,u3, ..., ug)T The first

row of this system corresponds to the equation (2.19).

Below is a pseudo-code of the iteration used.
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Algorithm 1 Iteration given intial guess u% and endpoints Ugtgrt, Uend

: flag=True
ur = u%
Construct A;, As as in (3.2) and (3.4)
for flag=True do
Construct by as in (3.3)
Obtain uy by solving A1z = by
Construct by as in (3.5)
Obtain ug by solving Asx = b
u%ld = up
Extract new ur from us
If [u? — up| < tol set flag=False
: end for

: return (Usgart, U1, U2, Ueng) as solution.

_ = = =

3.1 Two-field case analysis

We rewrite the system presented by reordering the unknowns. The combined matrix for

the two-field case can then be expressed as Au = f where:

1 1
Ao
A=|o0 A2 AR (3.6)
Ap} AF] Arr

and
u§1) I
u=[u?| i f= | (37)
ur Ir

Here uy) denote the interior points of €2; and ur denotes the boundary between €2; and

Q. This notation allows us to separate the components as follows.

Interface to interface

L _ . _
Interior points
(2 -1 0 0] (2 -1 0 0]
-1 2 -1 -1 2 -1
L _ M . @ A : .
Al = A2 |0 -1 2 0 VA = A2 |0 —1 2 o0 (3.9)

-1 -1

0 0 -1 2| K 0 -1 2|
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points to interface

1 _)\1 2 _)\2
A([F) = 71.2 eN ; A([F) = 71.2 €q; (3.10)
and
1 )\1 2 )\2
AI‘(I) = 7261\[T N AF(I) = ) elT. (3.11)

Here e; denotes the vector containing 1 at the ¢-th position and zeros everywhere else.
We now extract the relevant sub-systems. We begin by looking at the first step of the
method where €2 is solved with Dirichlet boundary conditions on both sides. This gives

us the following equation:

1) (1)k+D) 1
AU 4 A = £

Inserting the values and rearranging:

AW e ALk

1Yy = 1+7AJ;2€NUF7
we thus have
1)(k+1) 1)t A
A A e e (312

We move on to the second step of the iteration where we solve 9 with Neumann

condition on the left side and Dirichlet condition on the right side.

( ~
A2 A ] T a0
Ay ) Lo | = (7] |
Which in our case is:
(2 -1 0 ... 0 -1 [ua™] | 1 ]
12 -1 . 0 o] [a"" 2
X O . el el el : :
20 | = ’ . (3.14)
S N R T : :
0 ... 0 -1 2 o] " 7
1 0 ...o0 0 1| [ut] |2 —up)]




Chapter 3. Two-field case 16

From this we get two equations:

2) (2)k+D)  Ag
AR P - Al uftt = fo (3.15)
and
Ao 2)(k+1) A9 Al 1)(k+1)
ALl elTug ) + A2 uffl = A2 (enTug ) — ulli) (3.16)
Rewriting (3.15) we get
(k+1) 1 A
uPT = AR (o AQ eyl (3.17)

Rewriting (3.16):

)\2 (k+1) )\1 T (1)(k+l) )\1 k /\2 T (2)(k+1)

A2'T TR U T Rt T R (3.18)
. . . A
multiplying both sides by 5~
A k+1) A (k1)
u%kfl) = ienTugl) — Lk 4 elTu?) . (3.19)

A2 A2

Inserting the expressions for the interior points (3.12) and (3.17) into (3.19):

A -1 A A A2
upt! = Tren” (A (f L penut)) - Sub + e (AR (f2 + Cperut™).
>\2 Ax )\2

k+1

As we are searching for a relation between uF and up", we simplify the expression and

collect all terms not dependent on either into ¢:

A3 A1 A2 2
]13“ " Ale nTAgl) enuﬁ )\QUIE + 7Ax TASI) e ulkiﬂ + .
Rearranging:
A2 @7t k+1 AT AT 1t ALy g
(1- N AEU) erup’ = ()\ Al 2 A(H) €n — g)“r + o
Finally, dividing both sides with (1 — %elTA?I)ilel):
A T 47" A
S — /\zAla:?e” Al en—3% 4 2

k uf 4 6. (3.20)

2)—1
L= AZEQ elTAS'I) €1

This is a fixed point iteration of the form seen in (2.1). As the iteration matrix is of

dimension 1 x 1, it is a scalar and the spectral radius is given by its absolute value. We
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thus have:
A (- A 1
p(B) = wazen A en— 3| ]| RzeaAl) en—1 (3.21)
1 1 . .
- 2eTAf) e | [Rf[1- 2meital) e

We now consider that the Agif)’s are tridiagonal Toeplitz matrices, that is to say they are
of the form Agll) = Tridiagonal(a, b, ¢). This is a well studied structure and in particular
the general form of the eigendecomposition of symmetric tridiagonal Toeplitz-matrices

is known [11]. Given:

=Xi 2N =\
Az?’ Az?’ Az 2)

Ay[) = Tridiag( =VD 'V (3.22)
where D; is the diagonal consisting of the eigenvalues. The matrix V is common for all

symmetric, tridiagonal Toeplitz-matrices. It is given by [11]:

. y
Vi = sin(nz‘:_ ”1). (3.23)
\/Zk 1 sin? n+1)

Further, if A = tridiag(c, b, a) its eigenvalues and eigenvectors are given by [11]

oj=b+ 2a\/§cos(n]: 1) (3.24)

Cy .
Tij = sm(n n 1). (3.25)
Looking at Agif)j specifically we have:
m m)~1 m _)\m m)~t— )\m m — _)\m
AFPAT AR = Thel Al Che= CRe VDV Che = (+). (3.26)

Now we denote the diagonal matrix containing the inverse eigenvalues D,.} = diag(as, ..., an),

further we have symmetry in V' as v; ; = vj;:

" " sin? (-t

— )\m 2 . — n 1)
(*) = (m) Zazvii_ (Aﬂs2> Z (> lsm (n+1))(2)\—;+)‘ cos( +1)). (3.27)

i=1 i=1 Ax?




Chapter 3. Two-field case 18

Pulling out A,

sin?(

ni1) S (3.28)
S (ke s () (az + cos(377))

In our case we have:

Mo T AW At M Ty -l AL
)\AZ‘QnA en—g_men V_D2 Ven—g

TAD e, 11— R%eTVD; Ve

B = (3.29)

1_A2el

here (neglecting the normalization term in (3.23))

2 . 17m . 2 . nmw
e’V = ”n—l— 1(s1n(n+ 1),sm(n+ 1),...,sm (n—|- 1)) (3.30)

thus:

Tl Az [ 2 ( 81n(n+1) sm(n%’:l) sin(n”T’_’l) )
e VD 22X Vn+1 cos( "1 — cos(%)?m’l cos(””) - (3:31)

n+1) +1 n+1

Further we have:

2 . 1 . 2 . nmw
Vep =4/ -y 1(sm (n—l— 1),sm (n—l— 1)""’Sm(n+ 1))T (3.32)

thus

- A o () AR s ()
TAD e — e, Ty D! = A Ty
ei’ d;p er=e1’ VD; Ve Aj(n+1) Zz; 1 — cos ( +1) Aj ;1—005 (nlfl)

(3.33)

We write out the other combinations as well:

2 . nmw . 2nmw . n2n T
Ven—\/n+1(sm(n+1),sm(n+1),...,sm(n+1)) (3.34)
T 2 . nmw . 2nm . n2n
en V_1/n+1(sm(n+1),8111(n+1),...,sm(n+1)) (3.35)
oryp1 A 2 ( o (fy) | _sin(G5) | _sin (o) )
202 Vn+1 1—cos( Jr1) 1 cos(nj_“l) 1-— cos( +1)

Finally

AR s & (D) A s ()
VD Wey - _ L (336)
2Aj n+14=1~cos (n—l—l) Aj o1 —cos(nH)
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Inserting:
¥ agt (s () s
A T 47! Ap N > L —
— L Ao Az2 A 1=1 i A
B— A2Az2? €En AI €En A 20T 1 1—cos (n+1) 2 (3 37)
o 2)-1 - 02 i '
1-— AA;Q elTAgl) ey X2 Axd Z?} s (n+1)
Ax2 Ay =11 g (nijrrl)

inm

n sin? (n+1) B B n sin? (fl’_ﬂ)
AL A$<Zi1 (zz )> 1 _)\11 Ard i i)

B 1—cos | 95 o 1—cos | 755
1—- Az Zi:l 1—cos (Tllj:l) 1-Asz Zi:l 1—cos (lebilrl)

inT

We wish to simplify this further, for this we look at the term sin? (n—ﬂ) and use the
relation Az = 1/(n+ 1). We then have:
mnm

— 1) =sin® ((1 — Ax)in). (3.38)

sin? (
We now separate the two cases were ¢ is either odd or even:

—sin (Al’iﬂ');i even

sin (1 — Az)im) = sin (it — Azin) = (3.39)
sin (Al’iﬂ');i odd.
We can now rewrite B as:
n sin? (Amiw)
. —A1 L-aw Zi:l (1—cos (iﬂAac)) . -\
B = = . (3.40)
A2 | AzST sin? (Auwir ) Ao
T 2= (1—cos (i?TAJJ))
We thus have: \
p(B) = Yl (3.41)
2

By theorem 2.1. the necessary and sufficient condition for convergence is thus % < 1.
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3.2 Whole domain solver

For the purpose of comparison we construct a separate solver which solves (2.4) on the

whole domain directly as opposed to by iteration. The system is given by:

201 -\ 0 0
-1 2\ =X\
0
—A1 2\ -1
A:ﬁ : TSN M A X : 6R(2n+1)><(2n+1)
-2 2\ =)\
0
—A2 2\ —Xo
| 0 0 —Az 2Xg |
(3.42)
and
b1=[ff+%, fhoooo fE fos fd o A4 f;w;;ngeR?”“ (3.43)

with A € RGB+2)xGBn+2) 4nd p € R3+2. Here ugarr and ueng denote the start- and

end-point values, respectively.
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Three-field case

We now extend the method to a three-field domain. We extend the two field problem

FIGURE 4.1: Division into three domains of equal length

from (2.4), we have Q = Q1 U Qs U Q3 and interfaces I'y = Q3 N Q9 and 'y = Qo N Q3.

“AnAup ()= fr; 2€Qy CR; m=1,2,3
Um () =05 um(z) € 00, \{I'1, T2}

ui(z) =ug(z) ; zely

ug(z) = us(z) ; x €'y

A Oui(z) _ /\28152(96) S r el

on1 mn2
0 0
M2l = )y 2uls) ey,

The previous derivations still hold true, what is new is that we now have two section

boundary points in ur, and ur,. The general idea for the iteration will be to start with

an initial guess for (ur,,ur,), then to solve the sections, starting by using the initial

guesses as end-points. There are several ways one could go about constructing such an

algorithm, in this work three variants are studied in detail.

21
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The first method solves the equation (4.1) on €y using Dirichlet boundary conditions
on both sides and then sequentially solving the equation on 9 and €23 with Dirichlet
condition on the right hand side and with Neumann conditions on the left hand side,

each updating the value at the boundary.

The second method solves the equation on section ; and 23 with the initial guesses
as endpoint and startpoint respectively, then solving the equation on €2 and using the
boundary condition derived above to obtain new values for both section boundary points.

The models are explained in detail below.

The third method is analogous in structure to the second method but it begins by solving

the equation on €.

4.1 Three-section split - Method 1

One iteration step of Method 1 is presented in Fig. 4.2:

u start u T, u r, u end
1 L F
—_ T 1

u start u T,

N
=4
-

|
<4

u r u end

FIGURE 4.2: Division into three domains of equal length, star denotes Neumann con-
dition being enforced, bar denotes Dirichlet

We write the combined matrix:
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A 0 0 AN o T[] (AT
oA oA ALl |
o o AP o AR || =1s (4.2)
A(Fll)l A(F21)I 0 Apr, 0 ur, Iry
| 0 A(r22)1 A@I 0 Ar,r,| |ur, /T |

Here ugi) denotes the solution values in the interior points of {; and ur, denotes the
solution values on the boundaries. We now wish to extract subsystems, and begin by
step 2 of the algorithm, that is solving the equation on 29 with Neumann conditions on
the left hand side and Dirichlet boundary condition on the right hand side. When we
extract sub-systems, we have to rearrange the system as we no longer have access to all
the solution values. For example, in the second step of the iteration, the value of ur,
is treated as a Dirichlet boundary condition and is thus moved into the term f;l The

second step can thus be expressed:

2) (2 2)(k+1) 2l
A7 AR [“g) ] — [f2] (4.3)
2 ~(2 k+1) | — | & .
Al(“1)1 A%1)F1 ui“l ) I,
which in our case is:
(2 1 0 0 —1] [u®*™] 1 |
12 -1 0o o ug" 5
X2 |0
A = (4.4)
-1 2 -1 :
(kD) " Agu?z
0 0 —1 2 0 uz(k+1) f2 j—?
k+1
-1 0 0 1 LY Rz (T — g
From this we get two equations:
(2), (2)k+1/2) (2)  (k+1) _ 4(2) (2)*k+1/2) A2 (k+1) _ A2 k
Ajfug Ajpur, = Ajfug T A2t T f2 + A2 Enlrs (4.5)
and
)\2 2)(k+1) )\2 k+1 )\1 1)(k+1)
~AL? elTug ) A2 %1 ) = A2 (enTug ) - ullil) (4.6)
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Rewriting (4.5) we get

A2 k1 2) (2)k+1) A2
e, = AP~ fo - enuf,. (4.7)
Rewriting (4.6):
A2 (k41 A1 e g A2 2)(k+1)

Now we do the same thing for step 3; this system is analogous to step two in (4.4),
here we solve the equation on 23 with Neumann conditions on the left hand side and

Dirichlet boundary condition on the right hand side. The system is:

SR
2 -1 0 ... 0 —1f [u"" fi
12 -1 . 0 o] |u"™” 3
A3 |0 : :
A = (4.9)
-1 2 -1 :
0 ... 0 -1 2 o] [u"" 5
1 0 ... o0 o 1] eV |2 - )
From this we get two equations:
3) (3)(R+D) 3)  (k+1 3) (3)FEHD A3 k41
B T . W L SO
and
)\3 T (3)(k+1) )\3 (k+1) )\2 T (2)(k+1) )\2 k
- @el Uy mur‘z = men Uy — T‘I.QUFQ. (411)

We now rewrite equations (4.8) and (4.11) that we have obtained from the two systems

and divide both sides with the respective A)‘;Q:

A (k+1) A (k+1)
B = enlul = Tl e (112
2 2
A A
(k+1) _ A2 Tu(Z)(kH) - *QUII% + 61TU§3)(1€+U- (4.13)

T'o )\3 n 1 /\3
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Writing out the formulas for the interior points, the first equation is simply solving on
Qy with Dirichlet conditions on both sides, the other two follow from (4.5) and (4.10).

1) (k1) -t A1 1)-1
u =AY (ot ggenit) = Ay b (114)
@*+D @) A2 (k) A2 g
uy =A;; (f2+ A2eur T A3 enup,) (4.15)
3)(k+1) 3)-1 A3 k41
u? =AY (Fa g e, (4.16)

Inserting into (4.12):

k+1) A1 1)1 A1 A 2)-1 A2 k+1) A2
UE—\IJF ) = EenTAgf) (f1+@enu1131)—)\—2u§1+61TA§) (f2+melu§xl+ )—i-menuﬁ)

Rewriting and collecting all terms not dependent on the boundary values into ®;:

—1
(I) enu’f2—|—¢>1.

2 - ~
(k+1) A enTA(l) N S . T4 1 (Ij+1)+A>\;261TAI2

u = ei1u
T )\QA(L’Q I r

epur, ——up, + e
I o Ao Tt A2

. k41 k+1 .
As we wish to find u% * )(u{i ,uk ), we move all u% ) terms to one side:
1 1 2 1

A2 2)-1 k41 A Dl ok AL g A2 291 g
(1*@61TA§) el)u%l ):)\2A1:L»26nTA§I) enul—‘17>\72u1—‘1+A7a7261TA§[) enup2+<1>1.
Dividing:

A Tk Mok Ao, T A7k
(k+1) Az en A enup, — 3pur, + xme1 Ajf enup, + @
up; = O L 41
1-— Amgel AI e

As we later wish to represent this as a linear fixed point iteration, we separate the up’s;

all terms not dependent on the boundary values merge into 3.

A T 47! A Ao T 4271
(k+1) _ (mazen A en—1351) 4 D er’ Aj; en 4 4.18)
ul‘l - Ao T (2)-1 uF1 Mo T (2)-1 uFQ 1- ( .
—aeer A e 1= i e

We now do the same for u2, inserting (4.15) and (4.16) into (4.13).

U =
T
2 )\3

Ax? “1tr, Ax? entir,

A —1 A A A —1 A
5 = e A o Senlt 4 Menth) e A (ot enli )

—up, +eq
A3 12

Rewriting and collecting all terms not dependent on the boundary values into ®,:

A3
)\3Aw2

-1 By A -1
enTA(IQI) enuk —Qulf’lz—i——gelTAg) eluifzﬂ)—i—fbg.

2
(k+1) _ A3 T 4@ (k+1)
€ 4 FQ_)\g Al‘g

= e1u
T2 AsAz2 " I

_l’_
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(k +1)

terms to one side:

As before, we wish to find u(kﬂ)( ko uk

uf. , up, ), we move all up.

1 A3 0T A®) 161)u(k+1) A . TA® NN A3 e T A o Lk A2 uF2+<I>2

II 1Up,

= enlu
Lz )\3A$2 )\3AJ}2 én 11 noTe /\3

To integrate this into the linear fixed point iteration, we separate the ur’s; all terms not

dependent on the boundary values merge into &)2.

)\2 —1 )\2 1
(k+1) ﬁix?enTA?I) €1 (Gaze nTAgl) en— %) | =
Up, = 3 /\ B Upk+1 + =2 : (3) I ur, + ®s. (4.19)
— A—%elTAH e; 1 — en TAY e
We may write (4.18) and (4.19) as:
u = auf, + bl + (4.20)
u(rk;rl) as (kH) + b2uF2 + <I>2 = ag(alup + blur2 + Cbl) + bgur2 + CDQ (4.21)
where: x2 - N
oy = RAEEn Airen =5, (4.22)

1
1- sz elTAgl) €1

A T 4271
izer Aj en

by = - (4.23)

L= 2me’Af e

22 -1

o )\3A2x2 e"TA(IQI) €1
ay = AT _— (4.24)

1—he" A er

A o T A7 A
by = Joharon Al _en — 55 (4.25)

1— A)‘dge TA(3) 161

We get the following fixed point iteration (as defined in (2.1)):
k+1 F
%1 ) | @ by u]f‘l n 03] (4.26)
u(r";“) atay (agby +b2)| |uf, az®; + P9

As we wish to find max;(|o;|), we would want to have the explicit forms of the eigen-
values. To calculate these, we have to recall some of the basic properties of the inverses
of tridiagonal Toeplitz matrices. Recall that as we saw in (3.22),(3.23) and (3.24), the

matrix:
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2 -1 0 0
-1 2 -1
)\ . . . nxn
-1 2 -1
0 0 -1 2]

has eigenvalues

o2 2 jm
95T A2 Ax2cos n+1

with corresponding eigenvectors:

(4.27)

(4.28)

(4.29)

As M is a real valued positive definite symmetric matrix, we can decompose it as:

M=VvVDVT

(4.30)

where V are orthogonal matrices composed of the eigenvectors. Further we have sym-

metry such that V = V7. The inverse then becomes:

Mt =VvD'V
and we have
M=VDV

where:

[sin (nl—_:l) sin (nz—_:l) . sin (n"—_:l)

5 sin (n%rl) sin (r:%l) )
=y s ) c RXn.
| s (2008 i (1)
()l () |

Note that V is identical for all matrices of the form Tridiag(;i‘;, i—;g, ;—;‘;

differs.

(4.31)

(4.32)

(4.33)

), only D
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And D is the diagonal matrix with

2\ 2\ T
Ax? — AgZ €08 <n+l>

2\ 2\ 27
AcZ  AgZ COS <n+1>

c Rnxn

2 2\ nm
AcZ  AgZ COS <n+1>

©(4.34)

and D~ is the diagonal matrix containing the corresponding inverses.

Now we look at the terms used in the iteration matrix in (4.26). The first thing to note
is that a; in (4.22) is identical to B in (3.40). We thus have:

AQ 1 —1
- )\2A1x2 enTAg) €n — % B -1
a)p = X T (2)_1 = b\ . (4.35)
- ize1’ A e 2

As we move on to the other terms, we will need to use (3.33) and (3.36). We also write

out the other relevant combinations eiTVDZ-_ 1Vej, due to the symmetry of V' we have:

Ax’ (= sin (57) sin ()

Ai P 1 — cos (nlfrrl)

e1’ VD 'WWe, =€, VD; 'Wey = (4.36)

We can now begin with b; from (4.23):

: i : inm
Ao Ag? o sin (GF7) sin (327

Ao, T 427" AzZ A i=1 -
b — Bt Al en 7T % 1—cos (G55
A2 TA(Q)_l 3 sin2 ( in )
1-— mel 171 €1 _ )\22 Ax Zn n+1
B T )

Ax Zn sin (HZ—L) sin (;"—ﬂ) Au Zn sin (iTFAI) (=1)*+1sin (i?TAJ?)

_ =1 1—cos (iﬂ'AQE) _ i=1 1—cos (nl_tl)
1— Az Z?:l sin? (nzlrl) 1 Az 2?21 sin2 (iwAm)

1—cos (iﬂ'Ax) 1—cos (iwAm)
n (=1)"t1sin? (iﬂAx)
ATt T A, Ae Y () cos(imAa) + 1)

n  sin? (irAx 11— Ax Z?: (cos(imAz) + 1)
1= Ar Ei:l l—cos((iwAz) 1

Here we used (3.39) and the Pythagorean identity. Before we go on simplifying, let us
first consider ag from (4.24), using the symmetry from (4.36) and the fact that all \; in

the divisor cancel out as seen in (3.37):
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1 2
da 22,747 e _ 220,740 e, o, (4.37)
1 1 ‘ *
)\2 1 - A/\£2elTA§I) er 1-— 5\52 elTAgl) €1

As ao and by only differ by a scalar multiplication, finding the value of one will give us the
value of both. Numerical tests were carried out for different discretizations, suggesting

that:

Az Z?:l sin (;—L) sin (::—frl)

b = %az - — E”M) = 1. (4.38)
T 1-MeXL llsfos((lfii

We now wish to analytically show that this is true for all n. Using this assumption will

be helpful as it allows us to simplify the problem into a single sum. Rewriting;:

sm n+1 sin ( inm ) sin?

n+1 o n+1)
Ax Z 1-— cos mAx) . sz 1 — cos MrAﬂ:)

n sm Sln(grj:;) —|—sm( Jr1)sm(n+1)
1— cos (iT('AJZ)

=n+1
=1

using the identities from (3.39) and splitting the sums into even and odd parts:

_ Z n+1) sin (n+1) +sin (n+1) sin (n+1)Jr Zn: —sin (n+1) sin (n+1) +sin (n+1) sin (n+1)‘

1 — cos (mAw) 1 — cos (mAx)

i,0dd i,even

The even part is zero, we are left with the odd part:

2 sin? ) n 1—0082( ”r) n i
= : =trig.identit 2 ntll 2( cos( )+1).
3 e iy e 32 (T = e

= n+ 1. (4.39)

—22—1—22005

i,0dd i,0dd

We now consider the cases where n is even and odd separately’.

!The author thanks D. Svensson Seth for his help in completing this proof.
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n even

We then have:
> 2=n (4.40)

i,0dd

It remains to show that

Z 2 cos( = 1. (4.41)
i,0dd
We re-index the sum
n/2—1 n/2
(25 + 1) (2k — 1)
QZCOS< o QZCOS
7=0
and note ) )
n/2 n/2
2k — 1) 2l
2 R 2 =
;cos< 1 + ;COS ]

n/2 n/2

2Zcos< ) 22c0s<"+n2+_12k) >_0

where we reversed the order of summation in the second sum. Since [12]

= 2cos G <(221?ﬂ L +n2+—12k:)7r>> o <; ((21;1)7 (n +n2+_12k)7r>>

where ( ) ( )
1 2k — )7 n+2-—2k)w T
COS<2< nr1l n+1 >>COS(2>0'

Hence it is sufficient to show

We apply the formula for the Dirichlet kernel [13]

1+2 Z cos(lx) = Sm((zzrzg://;))x)
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With m =n/2 and z = f—fl the right hand side becomes

sin (0/2 4 12025)  sin(m)

so the desired formula (4.38) follows, i.e., that when n is even, we have b; = 1.

n odd

We then have:

zn:Q:n—i—l. (4.43)

i,0dd

It remains to show that (re-indexing the sum again);

n . (n—1)/2 . (n—1)/2+1
Z 2 cos( i ) =2 Z COS <(2-7+1)7T> -9 Z COS <(2/~c—1)7r> = 0.
- n+1 = n+1 P n+1

(4.44)

We can pair the k:th term with the ((n + 3)/2 — k):th term, for any 1 <k < (n+1)/2.
Summing these terms gives the same expression as in (4.42) so the terms in the sum
cancel pairwise this way. However, there is one exceptional case if (n+1)/2 is odd. This
means that we have an odd number of terms in the sum so naturally we get one term
which we cannot pair with another term in this way. However it is the ((n —1)/4+1):th

term with j = (n — 1)/4 so we can evaluate this term separately and get

cos (= DEEIT) o (7) =0,

n+1

Thus (4.38) also holds true when n is odd, and we have:

by = i =1. (4.45)

Finally we go onto by from (4.25):
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T P I i Tl ) I
b2 _ )\3Ax2en A[I en — )\7; B A3Az2 Ao =1 1— Cos(nﬂl) A3
1- AA;;’Q 61TA§?_161 _ As_Aazd S sin” (nl+1)
Ax? )\3 leCOS(”r)
We can rewire this in the same way we did for B in (3.37):
02 [ inm
| Aps ()
S il A € R
a A in2 (X N A3
3 1—Axd " 175 ("fl) 3
1— COS( 1}:1>
We thus have: x2 0
A
_ )\QAzz nTA]] €n — )T; o -\
ay = @ )_1 = b\ (4.46)
Aac2 e’ Al el 2
T (2)
ei’ A;} e
by = AZ’QA () o= (4.47)
1-3ZHeiTAl] e
AQ 1
Y% 2 enTAgl) e1 AAxQQ nTA(Q) e A s)
9 = = — .
1-— A)‘?’Qe TA(S) e1 Y 1-— ’\3 se1 TA( )~ e1 M
)\2 2 -1
B )\3A2w2 enTA( ) en — /\i B _)\2
by = ; R . (4.49)
1 - heTA ex A3
Inserting the values into the matrix in (4.26) we have:
=ML 1 [)\1 1]
A2 = | N (4.50)
A1 A=A Y
L;ﬁ b ral B R ral
with eigenvalues:
1A 1A2 A
Olg=——t 4 [22L 2L (4.51)

2% \4X2 g

A1

Note: This result shows us that as % —0 the spectral radius of the iteration matrix

|0 |maz — i—;, which is the convergence speed of the two field case considered earlier.

Below is the pseudo-code for Method 1.
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Algorithm 2 Method 1: Iteration given intial guess (u

0

0

T uFQ) and endpoints Usiart, Uend

1: flag=True

2: (UFUUFQ) = (u10“17u1QQ)
3: Construct Ay, Ag, Az asin (3.9), (4.4) and (4.9)
4: while flag=True do

10:
11:
12:
13:
14:
15:

Construct by as in (4.14)
Obtain uy by solving Ajz = by
Construct by as in (4.4)
Obtain ug by solving Asx = by
u%lld =ur,

Extract new ur from us
Construct b3 as in (4.9)
Obtain ug by solving Asx = b3
uféd = ur,

Extract new ur, from us

If ||(u§lfl, u%lj) — (up,,ur,)|| < tol set flag=False
16: end while
17: return (Usart, U1, Uz, Ug, Uenq) as solution.

4.2 Three-section split - Method 2

One iteration step of Method 2 is presented in Fig. 4.3:

Q,

Q,

u start u r, u r, u end
L P |
r 1
u start u r
F |
1
u. u,
L F |
r 1
u r u end
| 4
r
u. u.

FIGURE 4.3: Division into three domains of equal length, star denotes Neumann con-

dition being enforced, bar denotes Dirichlet

We write the combined matrix:
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AY o o AR o 1[«"T [h]

o a7 o A Al s

0o o AP o AR | WP =8 (4.52)
A(Fll)l A(F21)I 0 Apr, 0 ur, Jr
| 0 A(r22)1 A@I 0  Ar,r,| [ur, | /T |

We now wish to extract subsystems, we apply the same procedure as we did in (4.3).
We begin by step 2 of the algorithm, that is solving (2o with a Neumann condition on

the left hand side and a Dirichlet boundary condition on the right hand side.

(2) (2) 2)(k+1/2) 7
Arr Ay [“(I ) ] - [f 2] (4.53)
@ 7@ k+1 I el I :
AFlf AF1F1 U’%l ) fFl
Which in our case is:
2 -1 0 ... 0 —1| " 3
1 2 -1 0 o] [ud" 3
Ao | O :
: -1 2 -1 : :
A k
0 ... 0 -1 2 of [u"" 15+ St
10 ...o0 0 1) |t ] [ R —uk)]
From this we get two equations:
(k+1/2) (k+1/2) A
AP A2 0 A X g
1 Az 1 Az
and
Ao o(2)®H/2) A (k1) A 7 (1)E+D) i
~ A2l U + A2l = m(en ug ) —ur, ). (4.56)
Rewriting (4.55) we get
A2 (kD) _ 4(2) ()42 A2 g
Ag2 1T = Appuy —J2 =y aenlry (4.57)
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Rewriting (4.56):

A2 (k+1) AL (kD AL A2 (2)k+1/2)

Tﬁufl = A2 W - AxQUF1+Ax261 uy (4.58)

Now we do the same thing for step 4 where we solve the equation on 2o with a Neumann
condition on the right hand side, updating ur,, and a Dirichlet condition on the left hand

side.

AR AR [ [P (4.59)
Ay ) L |7 7] |
In our case this corresponds to:
I 1oaen] T AoulfTD
2 -1 0 ... 0 O ud A+ QAF;Q
1 2 -1 . 0 of[u"" 72
Y e : :
T22 0 ‘ | = ' . (4.60)
Tl -1 2 <1 o : :
0 -1 2 -1 [ug""” I
(k+1) (k+1)
L 0 0 -1 1 | _uF2 | _ﬁ( il’, _ulf‘g)_
Again this gives us two equations:
2) (2)(k+D) 2)? (k+1 2) (2)k+D A2 (k+1 A2 (k+1
A§1)U(I) +A§F)1u(r2 ):Agl)ug) —enmu%2 ):f2+81@“(rl ) (4.61)
and
A@2,@0 3@ k) o1 A2 @E) | A2 k) A3 3D g
VAL, +Ar,r,ur, © = —€n A2 A2 U _Ax2( 1 Up —ur,)-
(4.62)
Rewriting (4.61):
(k+1)
A2 (k+1 2) (2)k+D) Agup
enA—xQu%; ) = Agl)ug) — f2 — elTxl?' (4.63)
Rewriting (4.62):
A2 (k+1) A3 (3)kED A3 g T A2 (2)(+D)
Ag2'T2 A2 M T A2 T2 T En Ao (4.64)
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We now rewrite equations (4.58) and (4.64) that we have obtained from the two systems

and divide both sides with the respective A)‘;Q'

k+1 A1 1)(k+1) )\1 (k+1/2)

) - M Mg o o9
k+1 >\3 3)(k+1) /\3 9)(k+1)
§‘2+ )= )\2 Tu(l ) /\2 F2 + nTug ) . (4.66)

We now write out the formulas for the interior points, (4.67) and (4.69) come from
solving the system on 27 and {23 with Dirichlet conditions on both sides, (4.68) and
(4.70) follow from (4.57) and (4.63).

(k+1) -1 A
ugl) = Agll) (f1+ A—;zenu{il) (4.67)
9y (k+1/2) 9)—1 Ao (k+1 Ao
w A e gpen” - et (468)
3)(k+1) 3)-1 A3 3)~1

u = A (et g ernty) = A7 s (4.69)

) (k+1) 9 A2 k1 A2 k+1
ug ) = Agl) (.f2 + Te %+ ) + menul(ﬂ;r )) (470)

Inserting into (4.65):

k+1) A1 1)1 A1 A 2)-1 A2 k+1) A2
U%f = Ao enTAgf) (f1+ e"uﬁ) )\72“1’21+61TA§1) ('f2+Ax2 61u§‘1+ )+Ax2 enulk*z)

A A -
:JenTAgl) f1+ TAgl) enul@l —1u1’31+e1TAg) Sfot+

o Ao A 2én o
A2 2)- k1 A2 2)-1
melTAgl) e U%\l ) + F TA( ) enUF2

Moving the ul(ﬂlirl) to one side and collecting terms not depending on earlier iterations

into ®:

A2 2 k1 A 1)1 /\1 A2 2)-1
(1- —Aaj TA( )" el)u(Fl ) — )\2Al 5 nTA( )" enur1 /\2 L+ —A TA(H) enulfi2 + ®y
where \

—1 -1
P, = )\f;enTAgll) fi+ elTAg) fo.
Dividing:
A T 47! k A T 4(2)71 k
u(Fle) 2 nazen A enup, — % “r1 + A fel Ajl enup, + @1 (4.71)

)\zeTA() e1

1-X5%
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here Agll)_l and A?I)_l are inverses of tridiagonal Toeplitz matrices as seen in (3.22).

As we later wish to represent the relation between ui‘i“ and ullil as a matrix, we separate

those terms. The terms that do not depend on the boundary points are collected into

D;.

M T A A 27!
LD _ (Tllﬂf?e" A en - T;)uk Aa? elTAgl) Cr b+ 3 (4.72)
Iy e TA(Q) e T 1— 22 ¢ TA(Q)_le t ' '
A Azel 1 AgZC1 A “1
(k+1)

We now wish to find the analogous equation for up, ", for this we use equation (4.66):

A (k+1) A (k+1)
up, = Peui? T - b, en (4.73)
2 2

(k+1) (k+1)
Inserting the formulae for u(13) o (4.69) and u?) h (4.70):

k+1) A3 1 (3)7! A3 Ky A3 T A2 1), A2
“%2 )= )\*261 ASI) (f3+7Ax231UF2) E“Fﬁ" n Aﬁf) (f2+761 1(~ )+A enty, )
_ﬁeTA() fa + TA() euk _&uk +6TA(2)_1f+
—)\21 II 3 A21 II 1Ur, )\21“2 n 27 2
>\2 T2 1 k+1 A2 @)t k41
A:c A() e 5“1 )+ T Agl) enu§2 ),
We collect all terms not dependent on the boundary values into ®5:
2 1 A )y 1 A —1
= )\2A3 5 TA(?’) e1up2 Aguﬁ + A22 nTA(Q) ey %kl“) + T;Z enTAg) enu%k;l) + o,
where:
A -1 -1
0= e AR fs tenl AT fa (4.74)
Dividing:
- Y 2)~1 k+1
(k+1) _ X2 AxQelTAgl) € “1122 5o “F2 + AIQ enTAEU) elu(Fl )+ AT
Py A (2~ (4.75)
1 - Le AL en

Separating, all terms not dependent on the boundary values are collected into &)22

M T 4(3)~ A A 2)-1
ki) (Gagzer A er— Tz)uk Aa2:2 en” A7) ex (k+1) +dy.  (4.76)
T - —1 T 1 :
2 1— —A)‘;Q enTA?I) en - A 2z enTA(Q) en

(k+1)
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Now note: on the right hand side we have dependance on ugjﬂ). For simpler further

calculations we introduce the following notation for (4.72) and (4.76):

u(Fle) = alullil + blu{iQ + dy (4.77)

%’?1) agul(qklﬂ) + bzu{i2 + &, (4.78)
We now insert the formula for u(F 1 into the second equation:

u(Flir ) = alullil + blu{iQ + Cf’l (4.79)
ufjﬂ;rl) g(alurl + bluF2 + <I>1) + bzur2 + <I>2 = (IlQZUFl + agblup2 + bgup2 + a2<I>1 + CIDQ

(4.80)

This allows us to write the system as a fixed point iteration of the form seen in (2.1):

ugglﬂ) al b1 u{ﬁl
kt1)| = -
ur, a1a9 ((Igbl + bg) ’LLF
where two coefficients can be directly read off those calculated for Method 1. From

(4.46) we have:

b

o (4.81)
ax®; + &9

1

)‘2 TA(I)_ AL

oL T Y (482
! 1— AzeTA(z)l A9 '
A2€1 A €1
and from (4.47):
A2 . T ()
e A e
b= —BE— =1 (4.83)
L= 35alA)) e

The others are also obtained directly from earlier results, but require some additional

rewriting.

. A:CZZ lsin(ybi_;_'l)sm(‘ "'1)

ay = e enTAY)” il (3.36)(4.36) —cos (2;)
1= A/\22 enTA?I) €En 1— Az Z? ) sin? (n ::lr)
( ) . ( ) 1—cos ) (4.84)
sin n—H sin :ﬁ_’rl
(3.39) Ax ZZ 1 1—cos (nlj:l) (4.45)
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Finally;
1 —1
)\ZAEQ elTA( )" €1 — % —)\3 1-— AIQ elTA(3) ex —AS
by = e ) = N 7A@ T (449 T (4.85)
1— R%en” A} en 21— e Ay 2

The eigenvalues, denoted o;, of the iteration matrix in (4.81) can then be expressed as:

by +b by + bo)\ 2
o122 = a (a22 1+b) + \/<a1 + (a22 1+ 2)> —ai(agby + ba) + aragb;.  (4.86)

We now insert the values into our system matrix:

[‘ﬁl 1
2 (4.87)
— —
e TR
and we have eigenvalues:
prahubiute e G e bt vo RENPYDY 188
T2 =y > N (4.38)

Below is the pseudo-code for Method 2.

Algorithm 3 Method 2: ITteration given intial guess (u%1 , ulQQ) and endpoints Ustart, Uend

1: flag=True

2: (ury,ur,) = (u(lll ) u%g)
3: Construct Ay, As, as in (3.9) Ad, A2 as in (4.54) and (4.60).
4: while flag=True do

Construct by as in Method 1

Obtain uy by solving A1z = by

Construct b} as in (4.54)

Obtain u} by solving Alz = b}

ul‘llld =ur,

10: Extract new ur from us

11: Construct b3 as in (4.69)

12: Obtain ug by solving Asx = b3

13 Construct b3 as in (4.60)

14: Obtain u2 by solving A2z = b3
15: u%lj = ur,

16: Extract new ur, from u3

17: If H(uffld uféd) (ur,,ur,)|| < tol set flag=False

18: end while
19: return (usmrt,ul,ug,ug,,uend) as solution.
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4.3 Three-section split - Method 3

Finally we introduce a third algorithm, this method is built with the same ”building
blocks” we used in Method 2, the only difference being the location of the respective

Dirichlet/Neumann conditions. One iteration step of Method 3 is presented in Fig. 4.4:

Q. 0 o

u start u ry u r, u end
1. ' i
u u,
2 d
L) !
u N u end
3 L Fl
—_— r 1
u, u,

a. | +

u start u My

FIGURE 4.4: Method 3 - here we start by solving the middle part, using the initial
guess as Dirichlet conditions. As before, star denotes Neumann condition, bar denotes
Dirichlet condition

For example, step 1 in Method 3 is structurally step 1 in Method 2 but it is moved from
Q1 to o, step 2 in Method 3 is structurally step 2 in Method 2 but it is moved from
Q9 to Q3 and so on. Thus, for the sake of brevity we leave out the explicit construction
as it is analogous to Method 2. We can further exploit this to significantly shorten our
analysis of Method 3, as we already know the form of the needed equations from Method

2. We write out the formulas for the interior points:

2)(k+1/2) 9)—1 A A
“g : = A(n) (f2 + A2 T T @enurz) (4.89)

1 A
= A(I?}) (fa+ %elugﬂ)) (4.90)
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9)(k+1) 9)—1 Ao A2 k41
u(I ) — Agl) (fo + A2 elullil + A2 enu&‘i' )) (4.91)
1)(k+D) 1)1 A1 k+1
A et asm

For the boundaries we then have, analogous to (4.64) and (4.58):

)\3 T (3)(k+1) )\3 k41 )\2 T (2)(F+1/2) L
- @el g ) @U§12 ) = @( n Ug ) — UFQ) (493)
and
)\1 1)(k+1) )\1 k+1 )\2 2)(k+1)
— @enTu(I ) + A—xzu(rl ) = = A2 (e1 Tug ) —uf). (4.94)
Rewriting and inserting the formulas for the interior points:
)\3 3)(k+1) /\3 k41 Ao 2)(k+1/2)
- @61TU§ ) + mul(ﬂ; ) = @(G"T“g ) - ulliQ) (4.95)
A (k+1/ (
ulgzﬂ) = )\—i(enTU?) Ry ry) + e1’ u} (3)(F+ (4.96)
Ao 2)-1 Ao A9 Ao 3)(k+1)
Collecting the terms not dependent on the boundary points into ®s:
e A2 A3 3)~1 k+1
)\SA$2 nTAgl) elu{il + " A 5 nTAgl) enu{iQ )\3 , T T TAgl) elul(ﬂ;r ) + Os.
Moving all u( 1 terms to one side:
(1) _ A3 7 43! N e )t A 2" A2 g
T'a (1 N A;L'Qel AII 81) )\3A 26n A elurl A3 Ax? en A enur YSUFQ P

Dividing and collecting all terms not dependent on boundary values into Dy

A3 T 427! A3 T A7 A2
(k+1) )\3Ax2 en' Aj] €1 k 4 (mamen Al en— Tg,)uk 43
2 ™ T (3) ! Lz T2
1-— A 261 A €1 1—

A3 e1 TA(3) L

N €1

Using the values of Method 1, specifically (4.48) and (4.46), we get:

k+1) A2 A2 g
u<F2 ) = =%, uk — /\—3up2 + By. (4.97)
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Moving on to the I'y boundary, inserting (4.91) and (4.92) into (4.94):

)\1 1)(k+1) )\ k41 )\2 2)(k+1)
@enT’ug ) TU( ) _ = m(elT’ug ) - Ulk;l) (498)
k+1) Ao T 2)(k+1) )\2 T (1)(k+1
u(Fl = )\—161 ug )\1 , T én

_ A2 TA(2)_1

A2 k A2 (k+1), A2
)\7161 I (f2 + melurl + TxQenuF? ) -

1)1 A
7u1'31 + enTAgl) (f1 + 2ot

Collecting all terms not dependent on the boundary values into ®q:

A3 T ! A @7 (k) A2 o A1 T 400 ket
- )\1A2x2 A( )~ e]_U1"1 + )\1A2:c2 el Agl) enu%2 ) _ )\— r, + A 2en Agl) enug )
Moving all u( 1 terms to one side:
(k+1) M A @) K NS @7t (k)
up, (1 - A2 Ann en) = /\*I(Aixgel App e —lur, + A2 Apr enup,

Dividing, collecting all terms not dependent on the boundary values into o,

(2! ) @~
(k+1) A9 ( A2 elTA[[ e; — 1) k Ao A;Q elTA €n ugz+1) T (AI;:[.

P — up
DV AlzenTA(H) 1en Y AlzenTA(H) 1en

Again, using the formula from Method 2, specifically (4.85) and (4.84) where we use the
symmetry property (4.36) for the second term:

k+1 A2 A2 (kt1) =
uf ) — A—lullil . AR (4.99)

Inserting (4.97) into (4.99):

(k+1) _ A2 k A2, X2 o Ay

up By —up N (/\3u — A—guFQ + Oy) + By. (4.100)
We thus have:

2 2

(kt1) _ A2 p Ay g A
UF1 = _)\71“1—‘1 + )\1)\3 uF1 )\ )\ + (PQ + @1 (4101)

k+1) A2 A2 g

uff ) — " Zuf — AT),“H + By (4.102)

which gives us the fixed point iteration:

(k+1)
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(k+1) A A3 A3 k 5 LD
[u? >] = | TR _Mi?’] [u“] | (4.103)
ur, +>f _ﬁ u{iQ P
where the matrix has the eigenvalues:
A
012 = %33 (A1 + X2 — Az = /(A1 — Ao+ Ag)% — 4A1 h). (4.104)

Below is the pseudo-code for Method 3. Note that the equations referenced give the
structure of the matrices and vectors, while the values have to be changed to account

for the changed positioning.

Algorithm 4 Method 3: Iteration given intial guess (u%1 , u(llz) and endpoints Ustart, Uend

1: flag=True

2: (uF17uF2) - (ulq17ulqg)
3: Construct Ay analogously to (3.9), Az and A; analogously to (4.54) and (4.60).
4: while flag=True do

5: Construct b} analogously to b; in Method 1
6: Obtain uj by solving Aoz = bl

7: Construct bs analogously to b3 in (4.54)

8: Obtain ug by solving Aszx = b3

9: u%lj = ur,

10: Extract new ur, from us

11: Construct b3 analogously to b; in Method 1
12: Obtain u2 by solving Asz = b3

13: Construct by analogously to b3 as in (4.60)
14: Obtain uy by solving A1z = by

15: u%ﬁd = ur,

16: Extract new up, from u;

17: If ||(u1‘illd, uffzd) — (up,,ur,)|| < tol set flag=False

18: end while
19: return (Usgart, U1, U3, U3, Ueng) as solution.
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4.4 Summary - comparing the three methods

We now have explicit formulae for the spectral radii of the fixed point iterations of all

three methods. The spectral radius associated with Method 1 is given by (4.51):

IV 1A N
max|o{\§1| = max| — e Z/\—é Nl (4.105)
The spectral radius associated with Method 2 is given by (4.88):
-\ —)3 —>\1 —/\3
==L 414 22 +1+ ALA
max\o{\’/éﬂ = max % + \/( 5 ) ;%3 , (4.106)
finally, spectral radius associated with Method 3 is given by (4.104):
A
max|o15| = max o QA (A1 + A2 — A3t/ (A — Ao+ A3)2 —4Mh3)|. (4.107)
1A3

We now wish to examine closer where the respective methods are convergent. To this

end, we consider some limit cases of the formulae for the spectral radii.

Method 1 (4.51) is efficient when A\; < Ay and A\j < Ag;

2
ML 1\ 1A N
max|oy’y | = max| — -~

2 Ao ISYEEDY

A A
—0; when =2 — 0 and =% — 0. (4.108)
A2 A3

Method 2 (4.88) is efficient when A\ &~ Ay and A3 < A2 but equally so when Ay ~ A3

and A\ < Ao;
2 2 DY

max|a{\7/[22\ = max —0;

(4.109)
A1 A3 A A1
when either </\2 —>1and)\2—>0> <)\Z’ —>1and/\2—>0>
Method 3 (4.104) is efficient when Ay < A1 and Ay < A3;
max|o{\§3\ = max 2;\)\ (=M + A= A3 £ \/ Al — A2+ A3)2 —4MA3)| — 0
1

(4.110)

Ao A9
when <2>\1 — 0) and <2>\3 — 0)
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4.5 Whole domain solver

As in the two field case, we construct a direct solver so that we may compare the results

to that of the iterations. It solves (4.1) directly and the system is given by:

201 —)\ 0 0
—A1 2\ =)\ :
0
A1 2\ -\
A A+ A A
1 —/\2 2/\2 —)\2
A= —
Ax?
—Aa 2X\ —Ag
—A2 A+ A3 —A3
-3 203 =Xz O
0 0 —X3 2\3]
and
1 2 1 1 -1 U T
bl: f1+ufltza27‘t7 fl? f{Lv fF17 f27 fgLa fFQ? f37 ;L 9 f§+ﬁn2d

with 4 € RGB2)xGBn+2) 4nd p € R32. Here ugirs and ueng denote the start- and

end-point values, respectively.



Chapter 5

Numerical results

The aim of the first part of this chapter is to confirm that the formulas found analytically
for the spectral radii do indeed predict the rate of convergence for each of the three
algorithms discussed. To this end we will present four sets of examples for each of the
three algorithms. Our measure of success will be if the behavior of the error is parallel
to a power-function of the spectral radius (see Theorem 2.2). Specifically we want to
see:

C’J|ite7”ation be parallel to Hudirect - uiteration| ’2- (51)

Where C'is an arbitrary constant, |o| is the spectral radius, ©gjrec: denotes the solution
obtained by the whole domain solver and w;ierqtion 1S the solution given at the current

iteration.

To illustrate the behavior of the different solvers we will also plot the solutions obtained
from the Dirichlet-Neumann iterations (denoted: Iterative) together with the analytical
solutions as in 5.1.1 and 5.2.1 below (Analytical), and the solutions obtained from the

full system solvers in 3.2 and 4.5 (Direct).

5.1 Two field domain

We wish to numerically test if the spectral radius given in (3.41) provides an accurate
estimator for the convergence rates. Toward this purpose we define a test problem and

find its solution analytically.

46
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5.1.1 Test problem and analytical solution
We consider a system as depicted in Fig. 2.1, with @y = [0,1], Q2 = [1,2],T = Q1 N Qa:

— Aty (x) = j\risin(mv) ;i €Qm CR; m=1,2

m

Um () =05 up(z) € 0, \T

(5.2)
ui(z) =uz(z) ; vl
)\laualz(x) _ )\28u822(:m) crxeT.
The equation —Au(z) = “72 sin(mz) has the general solution:
sin(mzx)
u(zx) = 3 + Cox + C (5.3)
with:
o (z) = 7rcoi\(7m:) + Co. (5.4)

With different values for A, we have to fulfill boundary conditions as well as continuity

in ur and the coupling condition for the first derivate in ur.

u1(0) =0 (5.5)
ul(l) :u2(1) (5 6)
A (1) = Aguy(1) (5.7)
UQ(Q) =0. (5 8)

Solving the resulting linear system gives us the general solution

_ sin(7mx)

ui(x) = N (5.9)
us(z) = Sin;;m) . (5.10)

This gives us an exact form which we can compare against numerical results for different

values of \; and \s.
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5.1.2 Numerical results

In the tests below the following values are held constant: wgsqrt = Ueng = 0 and u% = 0.5.
We begin by looking at the case where Ay = Ao = 1, i.e., we predict a spectral radius of

1, and thus we expect to see no convergence.

n=60 - Two field case, A\, =1,)\, =1 n=60 - Two field case - convergence, A\, =1\, =1

10
« lterative o et

- s,

., — Analytical O Ay erion
+ + Direct

10° b

Error / Predicted behavior

_15 H H H 107 H H H H H H
0.0 0.5 1.0 15 2.0 10 20 30 40 50 60 70

X Iteration

FIGURE 5.1: Two-field case — Ay = 1, Ay =1

Indeed, in Fig. 5.1 (left) we that the iterative solution has not converged onto the direct
solution. We also see a flat behavior of the error on the convergence plot on the right.
We now look at the case where \; = 2,y = 4, here we expect convergence as the

spectral radius is now 0.5: Fig. 5.2

n=60 - Two field case, \, =2,\, =4 n=60 - Two field case - convergence, \; =2,\, =4

0.5

* etaiec—tine

s O /M)

« lterative
0.4 — Analytical
+ + Direct

0.3

0.2

0.0

Error / Predicted behavior

0.0 0.5 1.0 15 2.0 0 10 20 30 40 50 60 70
X Iteration

FIGURE 5.2: Two-field case — A1 =2, s =4

As expected, we see a solution which matches the complete domain solver and the con-
vergence behavior is as predicted. We also note that the error reaches its numerical
lower limit around iteration 49 after which it levels out. We now look at an example
where we predict convergence but change the relation between \; and Ay as well as the
discretization Ax to convince us that the prediction still holds true. Different discretiza-
tions, both larger and smaller were tried, without influencing the rate of convergence,

an example for n = 20 is pictured in Fig. 5.3, where A\; = 3 and A3 = 8.
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04 n=20 - Two field case, A\, =3,\, =8 n=20 - Two field case - convergence, )\, =
. : T
- lterative 10° ]
) 4
0.3 2N . gl.qalyncal i w0 | * L O/N)
- + + Direct L.
10 el
5 -
0.2 S e
% 10° Fpdy
: “
S 10®
>~ 01 g 1w B
5 4t
[ .
£ 107 Fata
0.0 S .o Lt
210 “
IS
+
101 .
-0.1 T
\*/ 10—16 +
"
"
02 018 +
0.0 0.5 1.0 1.5 2.0 0 5 10 15 20 25 30 35 40 45
X Iteration

FIGURE 5.3: Two-field case — Ay =3,y = 8

As in the previous case, all solutions and predictions match. We see that the error
reaches its numerical lower limit, this time around iteration 34. Finally we consider a

case where we do not predict convergence at all, namely A\; = 1.1, Ao = 1, Fig. 5.4:

n=60 - Two field case - convergence, \, =1.1,\, =1
T T

150 n=60 - Two flelf case, A\, =11\, ‘:1 10t
- « « lterative
- )
- — Analytical
100 o ! H
- + + Direct 10°
."‘..
50 5
- 2
e 2
2
okt g 10
= K et
> - £ e
K "
-50 . $ oo o
- = ¥
- E ++++++
-100 - w o
o o 4
.r"r 10°
-150 -
-20Q 10°
0.0 0.5 1.0 1.5 2.0 0 10 20 30 40 50 60 70
X Iteration

FIGURE 5.4: Two-field case — A1 = 1.1, =1

In the left frame we see that the solution has ”exploded”. We also note that the rate by

which the error grows is accurately predicted by the spectral radius.

5.2 Three field domain

Similar to the two field case, we test if the spectral radii given by (4.51), (4.88) and

(4.104) provide accurate estimators for the convergence rates.

5.2.1 Test problem and analytical solution

As before we consider: )

—Au = % sin(mz). (5.11)
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This has the general solution:

u(z) = Sm&”) + Coz + O (5.12)
with:
u'(x) = 7rcoi\(7ra:) + Cs. (5.13)

We now extend the function from two to three domains (as depicted in Fig.4.1), Q; =
[0,1),Q9 = [1,2],Q3 = (2,3] with different values for A, we have to fulfill boundary
conditions as well as continuity in ur and the coupling condition of the first derivate in

ur, and ur,.

u(0) = 0
u1 (1) = ua(1)
Ay (1) = Agus(1)
s (2) = ug(2)
Aauy(2) = Agusz(2)
us(3) = 0.

Solving the resulting linear system gives us the general solution

wn(z) = Sinifx) (5.14)
us(z) = Sini:x) (5.15)
us(z) = Sini;“”). (5.16)

This gives us an exact form which we can compare against numerical results for different

values of A1, Ay and Ag.
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5.2.2 Method 1

The initial guess is constant across all examples with (“10“1au10“2) = (1,2). We begin by
looking at the case where all A = 1, where we predict neither convergence nor divergence,

Fig. 5.5:

s n=40 - Three field case - M1, A, =1\, =1, =1 10 n=40 - Three field case - M1 convergence, A\, =1\, =1,\; =1
+ Iterative e, ot e
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FIGURE 5.5: Three-field case, Method 1 — A1 = 1,2 = 1, A3 = 1, |0pmaz| = 1

On the left side we see that the iterative solution does not align with the direct solution.
On the right side we see a flat behavior of the error, consistent with a spectral radius of

one. We now move on to a case where we expect convergence.

n=40 - Three field case - M1, \; =1\, =2,\; =3 n=40 - Three field case - M1 convergence, A\, =1,\, =2,A; =3
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FIGURE 5.6: Three-field case, Method 1 — A1 = 1, \a = 2, A3 = 3, |0naa| = 0.5771

On the left side of Fig. 5.6 (where \y = 1,\y = 2, and A3 = 3) we see a complete
solution matching the direct solver. On the right we see that the error follows the
predicted behavior until iteration 64 were it levels out at around 10~'*. We now look

at another example where we predict convergence but at a significantly faster rate.
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FIGURE 5.7: Three-field case, Method 1 — A; = 1, A2 = 8, A3 = 300, |0 nqz| = 0.0864

Fig. 5.7 (where \; = 1,\2 = 8, and A3 = 300) we see a complete solution matching
the whole domain solver with the iteration reaching numerical limit around iteration
16. The behavior of the error is accurately predicted by the spectral radius. Finally we

consider a case where we predict divergence.
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FIGURE 5.8: Three-field case, Method 1 — A\; = 3, A2 = 1, A3 = 3, |0 maz| = 2.6180

On

has

predicted by the spectral radius.

the left side of Fig. 5.8 (where A\; = 3,A2 = 1, and A3 = 3) we see that solution
”exploded” and on the right that the rate by which the error grows is accurately
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5.2.3 Method 2

The initial guess is constant across all examples with (uorl,ugz) = (1,—1). We begin by

looking at the case where all A = 1 and we have a spectral radius of 1, Fig. 5.9:

20 n=40 - Three field case - M2, A\, =1,\, =1,\; =1 10 n=40 - Three field case - M2 convergence, A, =1,\, =1,\; =1
A « lterative | direct=Uiterationl 12
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FIGURE 5.9: Three-field case, Method 2 — A\; = 1, s = 1, A3 = 1, |0nae| = 1

We see that the iterative solution does not match that of the direct solver and that the
error behavior is flat. We do observe a ”sawtooth” pattern consisting of three repeating
points but the trend is accurately predicted by the spectral radius. We now look at a
case where we predict convergence. Fig. 5.10 illustrates the case where A\; = 1, Ay = 2

and )\3 = 3.
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FIGURE 5.10: Three-field case, Method 2 — Ay = 1, Ay = 2, A3 = 3, |0/naz| = 0.8660

We see that the solution matches the whole domain solver and that the error behavior is
accurately predicted by the spectral radius. We also note that we still see a ”sawtooth”
pattern in the error. Next we look at another case where convergence is predicted but

at a faster rate. Fig. 5.11 shows the case with A1 = 1, A5 = 50 and A3 = 60.
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FIGURE 5.11: Three-field case, Method 2 — A\ = 1, Ay = 50, A3 = 60, |0sn42| ~ 0.1549

Again we see that the iteration solution matches the whole domain solver and that the
error follows the power function of the spectral radius. We still see some ”sawtooth”

behavior of the error function but the trend follows the prediction. Finally we look at a

case where we predict divergence; Fig. 5.12 (A} =2, \y = 3, \3 = 10):
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FIGURE 5.12: Three-field case, Method 2 — A\ = 2, Ay = 3, A3 = 10, |0snaz| =~ 1.6667

We that the solution has ”exploded” and that the growth of the error is accurately

predicted by the spectral radius.
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5.2.4 Method 3

The initial guess is constant across all examples with (u%l,u%Q) = (1,-1). Again we

begin by looking at the case where all A = 1 and the spectral radius equals 1, Fig. 5.13:
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FIGURE 5.13: Three-field case, Method 3 — A1 = 1, Ay = 1, A3 = 1, |ojnae| = 1

As predicted, we see a flat behavior of the error and non-matching iterative and direct
solutions. We also note that while this behavior is identical to that observed in the first
example of Method 2, the plot is not. That is to say, we can see that the methods are
different by how they approach the initial guess.
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FIGURE 5.14: Three-field case, Method 3 — Ay = 2, Ay = 1, A3 = 3, |ounaa| =~ 0.4082

Fig. 5.14 illustrates the case where \{ = 2, A\ = 1 and A3 = 3. We see the predicted
convergence with a saw-tooth behavior similar to that seen in Method 2. The solution

matches the direct solver as expected.
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Next we consider another case where we predict convergence; Fig. 5.14 (A\; = 50, Ao =

1, A3 = 50):
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FIGURE 5.15: Three-field case, Method 3 — Ay = 50, Ay = 1, A3 = 50, |0na2| = 0.02

Indeed we see convergence up to machine limits after 10 iterations. Again the spectral
radius accurately predicts the rate of convergence. Finally we look at a case where we
predict divergence; Fig. 5.16 (A =1, A2 = 3, A3 = 2):
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FIGURE 5.16: Three-field case, Method 3 — Ay = 1, A3 = 3, A3 = 2, |osnaa| =~ 2.1213

As predicted we see divergence and the solution has ”exploded”. The error grows at the

rate predicted by the spectral radius.

5.2.5 Final overview

Building on the analysis in 4.4, we can gain a better understanding of the convergence
properties of the three methods by visualizing their respective spectral radii using a heat
map. As A1 and Az are interchangeable in the three field case as they only determine

from which direction the problem is solved, we hold Ay constant.

Note that the y-axis on the two plots represent different values as taking smaller values

for A3 in Method 1 quickly results in spectral radii far larger than 1 .
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FIGURE 5.17: Visualization of spectral radius of selected values for Method 1 and
Method 2, holding A\s = 50 constant.

But if we consider that A; and A3 are interchangeable in applications of Method 1, then
a fair comparison between Methods 1 and 2 could be done by assuming that we always
choose the order such that A; and A3 are placed optimally. Doing this allows us to
compare the Methods with the same axes without Method 1 ”exploding”. Method 3
can’t be represented in the same area without its spectral radius becoming extremely

large and thus it is shown for a different set of A-values.
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F1cURE 5.18: Visualization of spectral radius of selected values for Method 1, Method
2 and Method 3, holding A2 = 100 constant.
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Now we see the same diagonal symmetry axis emerge for Method 1 as is also seen for
Methods 2 and 3.

We see that the three methods have distinctly different and to a large extent complemen-
tary areas of fast convergence. The final step in assessing the strength of our combined
toolbox is of course to choose the optimal method in addition to checking the optimal

directional order for Method 1.

One way to do this is to begin with Method 1 and then gradually add the other methods
in areas where they perform better. We begin by combining the optimal implementation
of Method 1 with Method 2.

Combined Methods optimal choice - A, =100

200

2 100

1 1
1 100 200

A

FIGURE 5.19: Combined Method 1 and Method 2 — Visualization of the smallest
spectral radius for selected values, holding Ao = 100 constant.

We see that Method 2 offers benefits in convergence when both A\; < A and A3 < Ao
in that it does offer more efficient solutions within parts of this area when compared to
Method 1. Even inside the square where this holds true Method 1, is better along the

axes close to the origin. We now add Method 3 to our visualization.
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Combined Methods optimal choice - A\, =100

200

1 100 200

F1GURE 5.20: Combined Method 1, Method 2 and Method 3 — Visualization of the
smallest spectral radius for selected values, holding Ao = 100 constant.

We see that Method 3 significantly improves the performance where both A2 < A1 and
A2 < A1. Now that we have all three methods combined we can consider much wider

intervals for Ay and A3 without ever exceeding a spectral radius of one.
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This gives us our grand overview:
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F1GURE 5.21: Visualization of the smallest spectral radius for selected values, holding
A2 = 100 constant.

What we see is a collection of methods that thrive on differences. In this example
Ao = 100 and we see that along the axes where either Ay = 100 or A3 = 100, we
have larger spectral radii, at some points approaching one. Yet by combining our three
methods we readily reach the areas where the coefficients are different, in many cases

with a very quick convergence.
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5.2.6 Real world examples

Until now we have treated the \’s as arbitrarily chosen numbers for the purpose of
convergence analysis. The ) in the equation (2.2) represents the thermal conductivity
of a material. We now introduce some examples on how the algorithms would perform
for some possible real world applications [14][15]*. All units are W/(mK). The spectral

radius of the method best suited for a particular combination is written in bold.

A1 A2 A3 Ml|omaz| | M2|omaz| | M3|omaz]
Steel(54) Coolant (0.063) Copper(401) 857 6364 0.0012
Water(0.58) |  Glass(1.05) Water(0.58) 1 0.5524 1.81
Steel(54) Iron(80) Copper(401) 0.3669 3.79 1.12
Oak (0.17) Air(0.024) Steel(54) 7.01 9249 0.1411
Air(0.024) | Copper(401) | Coolant (0.063) | 0.6172 | 0.9998 | 106326793
Air(0.024) Water(0.58) Steel(54) 0.0211 92 24
Brass(109) Copper(401) Brass(109) 1 0.2718 3.68
Steel(54) | Engine 0il(0.15) Steel(54) 360 360 0.0028
Air(0.024) Copper(401) Air(0.024) 1 0.9999 | 279134985

These examples illustrate how the three methods complement each other. For each
example we get at the very least a mathematically convergent method and in several
cases we get very fast convergence. The last example is useful to illustrate that while the
best method gives a nominally convergent algorithm with M2|0,4.| = 0.9999, it would

be unacceptably slow for practical applications.

Summarizing; this collection of methods provides a potentially very strong tool for itera-

tive solutions of the three field case but it is highly sensitive to the problem parameters.

!Coolant values are specifically Fluorinert FC-77



Chapter 6

Conclusions and comments

We have confirmed earlier results on the convergence behavior of the two-field case.
Further we have created three algorithms for solving the 1D three-field case and analyzed
their convergence by rewriting them as fixed-point iterations acting on the boundary
points. The spectral radii of these fixed-point iteration-matrices depend only on material
properties and they have been shown to give reliable estimates for the convergence of

the whole iterative solution.

We have also shown that different choices of sequencing the Dirichlet-Neumann iteration
can result in quantitatively different and in many cases complementary convergence

properties. Summing up:

e The spectral radii of the fixed-point iterations acting on the boundaries are accu-

rate predictors of the total solution error in all cases considered.

e The rate of convergence in the 1D three-field case depends only on the material

properties, not on the discretization.

e By choosing where to impose either Neumann or Dirichlet boundary conditions
and by what sequence they are carried out, we can construct algorithms with

different convergence properties.

e Choosing the method based on problem parameters is crucial to be able to achieve

the fastest convergence rates.

e The choice of best method does not guarantee fast convergence, i.e., there are

combinations where neither of the three methods delivers fast convergence.

62
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6.1 Recommendations for further study

We have shown for the 1D three field case, that by choosing different order and different
combinations of Dirichlet-Neumann conditions, we can create algorithms with quantita-
tively different convergence properties. The dream would of course be having a suitable
algorithm for any combination of values. We improve our toolbox incrementally every
time we develop a new method which better reaches some areas when compared to the
methods we had before. A natural continuation of the work would thus be examining

what other combinations, if any, are possible.

As noted in the beginning of this work, there is reason to believe that the 1D convergence
rates could match the asymptotic convergence behavior of the 2D case. It would be
highly desirable if we could use the results of this work to predict convergence behavior

in higher dimensions, studying if this is indeed the case is another natural continuation.

Our algorithms were constructed specifically for the three field case. Their method
of construction could be extended to any n-field case. It could be of interest to see
what behavior we see as we add fields, perhaps one could even find systematic changes
and thus gain a general formula for generating the best possible method for any n-field

problem.

A final project with an end-user in mind, provided this approach proves its extended
usefulness as speculated above, would be to collect all known algorithms into a mother
program. It would take material constants as its input and generate the most suit-
able program for the specific problem given, together with an estimator for the rate of

convergence.
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