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Abstract

Describing many-body quantum systems has been an analytically and computation-
ally challenging task since the advent of quantum mechanics. However, in the past
50 years as a result of our technological advancement and the emergence of meth-
ods such as density-functional theory (DFT), we have taken crucial steps forward
regarding our ability to study and understand large quantum systems. In this work,
we have studied the extended Hubbard model using a mean-field approximation
where we have tested an approach to the long-ranged electronic interaction that
is not entirely local. We have developed a near-local approximation (NLA) for the
model under study, where the exact non-local electronic interaction at site ¢ is ap-
proximated using the densities at a pair of sites neighbouring ¢ in addition to the
density at 7. As preliminary to a discussion of NLA, we showed results for the density
of states of systems with a three-site supercell, thus providing a simple character-
ization of the mean-field treatment (in the case of local interactions only). When
it comes to the main results of our work, i.e. a derivation and the testing of the
NLA, our findings can be summarised as follows: we have found three NLA variants,
namely a left site approximation (LSA), a right site approximation (RSA) and a cen-
ter site approximation (CSA). Furthermore, we have found that CSA performs better
than a local approximation both under the effect of a parabolic external potential
and a distorted one. We have also found that the performance of LSA and RSA are
scarce in general. Albeit this work (being based on the extended Hubbard model un-
der a mean-field approximation) does not address exchange and correlation effects
directly, it provides a first step towards future work where a near-local treatment is
carried out on more accurate grounds.
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Chapter 1

Introduction

1.1 Motivation

Following the mathematical formulation of quantum mechanics (1925-1930), physicists have been
relentlessly on the search for a practical framework in which the theory can be used to study many-
body systems. Although quantum mechanics is an exact theory for non-relativistic systems, the lack
of computational means and the complexity of realistic systems made an application of the theory
to large ensembles of particles a daunting task. One of the most prominent methods introduced
during those years is the Hartree-Fock (HF) method. Strictly speaking, D. Hartree introduced the
Hartree method in 1927 as a way of providing a mean-field approximation to describe electrons in
atoms that fits into the picture of the emerging wave mechanics formalism [14]. A significant flaw
in Hartree’s initial formulation is that the method neglects the fermionic nature of electrons. The
proposed equation by Hartree does not take into account the Pauli exclusion principle which was
later corrected following the contributions of J. C. Slater, J. A. Gaunt and V. A. Fock [16-18]. By
the year 1935, we had what is known as the Hartree-Fock (HF) method which takes into account
the anti-symmetry of the wave-function of a fermionic system and can be viewed as a correction
to the preceding Hartree method [15]. The HF method will act as a basis for the work presented
in this thesis.

The Hartree-Fock method is a wave-function based approximative treatment of many-body quan-
tum mechanical systems, which depends explicitly on the many-body wave-function of the system
in question. In its simplest form, the HF method is a ground state (GS) stationary theory. The GS
wave-function of a fermionic quantum mechanical system is approximated by a Slater determinant
and the GS energy is calculated by invoking the variational principle, i.e. optimizing the expecta-
tion value of the energy with respect to the wave-function. Therefore, we have the following?:

1
\I/(] ~ CI)SD = ﬁ det{Nl(Xl)Ng(Xg) cee NN(XN)} (11)
Ny (%i) = dr(ri)o(si) (1.2)
Ey ~ Eyr = Igin E[®gp)] (1.3)

where N is the number of electrons in the system, {X; }é\le are spin orbitals consisting of a spatial
part ¢ and a spin part o € {1,]} and the energy functional E[®gp| will be specified in the next
chapter. The HF method approximates the ground state energy E, by finding the optimal Slater
determinant that minimizes the energy functional E[®gp].

!The notation adapted throughout this thesis is explained in Appendix A.
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The HF method takes into account the quantum mechanical nature of the problem by invoking
appropriate symmetry constraints on the approximated wave-function (Slater determinants being
anti-symmetric abides by the Pauli exclusion principle for fermions). An immediate consequence
of such constraint is a non-local energy term in the full solution called the exchange energy. That
is, the solution can be written as:

Euyp=Fuyr—E,+E,= E, + E, (1.4)
— =~

local  non-local

where E, is the exchange energy. The non-locality of E, makes an exact calculation, more often
than not, not achievable. An approximation for E, can be obtained in the spirit of a local density
approximation (LDA) or equivalently, by the Hartree-Fock-Slater method where the exchange hole
is assumed to be spherically symmetric and centered around the electron. Formally, the exchange
hole is defined as the difference between the conditional probability of finding an electron with spin
o at ry given that a reference electron with the same spin is at r;, and the completely uncorrelated
probability of finding an electron with spin o at ro. It can be pictured as the reference electron
digging a hole around it that results in repelling other electrons of the same spin due to the anti-
symmetry of the total wave-function. Slater’s approximation, which is in agreement with that of
LDA, is given by [24]:

9/3 1/3
E,[p] ~ ESlter|p] = ~3 () ag/p(r)4/3dr (1.5)

m

where «ag is a semi-empirical factor between 2/3 and 1 and p is the electronic density. This ap-
proximation only requires the knowledge of the electronic density distribution of the system under
study. Furthermore, equation (1.5) is local and significantly easier to employ than a non-local ex-
pression. In the same sense, the work presented in this thesis combines density-functional theory
(DFT) and the HF method in order to obtain an approximation for non-local interactions (anal-
ogous to F,) that is not entirely local, and compares it to a local one. However, this is targeted
towards a different class of systems, namely lattice models. In particular, we focus on the Hubbard
model [13].

1.2 Density-functional theory

An inevitable consequence of a pure HF treatment, which is in fact an approximation method, is a
deviation away from the actual ground state energy in question. That is, the real problem can not
be described by a single Slater determinant. This simplification leads to an error in estimating Fy. A
single Slater determinant description often leads to “electrons getting too close to each other” [5, Ch.
1]. This is evident in the Hartree-Fock equations where the Coulomb repulsion part of the HF
potential is taken into account only in average as we shall see in the next chapter. The difference
between the HF energy and the exact ground state energy is what was initially granted the term
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correlation energy, that is:
Ecorr = Eo — Enr (1.6)

which indicates that there is still plenty of room for improvement. Many approaches were taken to
rectify this error with some being an extension to the original HF method, e.g. one can have a lin-
ear mixing of a very large number of Slater determinants called configuration interaction [19, Ch.
4]. However, one of the most effective and astonishingly easy to grasp approaches has its genesis
in 1964, from the hands of P. Hohenberg and W. Kohn (HK).

In the 1950s, by the time digital electronic computers became available, the HF method was put
to practice and this area of research became increasingly popular in numerical applications. The
emergence of post-HF methods and DFT followed (and continues to) by the end of 1964. DFT
has its roots in the HK seminal paper in 1964 where they provided the proof for two landmark
theorems [1]. The first HK theorem states that: the external potential Ve (r) is a unique functional
of the ground state density py(r) up to a constant. It follows that the GS wave-function ¥ is also

a functional of py(r) up to a multiplication by an arbitrary phase. For a Hamiltonian on the form:
H:T+0+‘7(ext (1.7)

where 7" and U are the operators for the kinetic energy and the inter-particle interaction respec-
tively, we can define the universal functional given by:

Flpo(r)] = (Wo|T + U|Wy). (1.8)

The GS energy functional is then defined as:

Bulpo(®)) = Flpn(t)] + [ Ve®)po(w)ie (1.9)

where the density can be expressed as the variational derivative of the energy with respect to the
external potential. The second HK theorem states that: the total energy is minimized at the exact
ground state density po(r). The problem is then reduced to an optimization problem with respect
to the density p(r), that is:

o = Bvalpn(®)] = min (P + [ Ves(olptesar). (1.10)

However, this does not provide us with any means of solving the problem or lower its complexity,
albeit it does reformulate the problem in terms of the density p(r) instead of the wave-function
U (r), which is often easier to obtain. This is evident by the fact that p depends only on three spa-
tial coordinates, whereas ¥ depends on 3NV spatial coordinates where N is the number of electrons
in the system.
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Thanks to the work of W. Kohn and L. J. Sham (KS) in 1965 [3], DFT was set and ready to provide a
practical framework to employ the electronic density as the primary variable, as first envisioned by
L. Thomas, E. Fermi and P. Dirac [5, Ch. 3]. Replacing the wave-function of a many-body quantum
system by the density not only made the problem simpler to work with analytically, but also made
it more computationally efficient to achieve a higher level of accuracy. KS provided a framework in
which the HK theorems become applicable; they introduced a fictitious system of non-interacting
fermions where the exact wave-function for said system is a Slater determinant ®xs with orbitals
{6;}, in analogy to HF. Furthermore, they divided the universal functional F|[p(r)] into three
parts as follows:

Flp] = Tolp] + J|p] + Ezclp] (1.11)

where Tj|p] is the kinetic energy of the non-interacting system, J[p] = % [ [ p(r1)p(re)drdrs is the
classical Coulomb repulsion, E..[p] = Tyc[p] + Jzc|p] is the so called exchange-correlation energy
functional which contains kinetic and interaction energy parts due to the real system consisting of
interacting fermions. F,. can be thought of as the complicated portion of the energy of the system.
KS also required that the non-interacting system must have the same density as the GS density of
the system under study, that is:

N
ps(1) = 323 16:(e 9)]? = polr) (1.12)
s =1
where N here denotes the number of occupied orbitals and s € {1, ]}. To abide by the restriction
on the density profile in (1.12), one must solve the KS equations given by:

1
|:—2V2 + VKs(l‘):| 0; = p;0; (1.13)

where Vks is defined as:

oJ[p] | 0Euc[p]
op(r) ~ dp(r)

Since Vks depends on the density p, the KS equations given by (1.13) must be solved self-consistently

Vks (1) = Vexe(r) + V(1) + Vae(r) = Vexe(r) + (1.19)

analogous to the HF equations which we shall introduce in the next chapter. Once self-consistency
has been reached in the solution, the ground state density po(r) can be calculated using (1.12) fol-
lowed by all properties such as Ey. However, things practically are not as sound as on paper; the
possibility of representing an arbitrary ground state density by a system of non-interacting fermions
hinges on the existence of V,.; otherwise, the problem can not be solved using this scheme [20].
This is due to the fact that Vey and V;; are relatively easy to calculate. V; is explicitly known and
Vext depends on the system, so this leaves the kinetic energy part of the non-interacting system and
Ve (which is the most problematic).

While exact in principle, to be made practical DFT requires the use of approximations. The most
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notorious quantity in a DFT calculation, as mentioned above, is the exchange-correlation potential
Ve which is non-local in principle. The non-locality of V.. makes an exact calculation rather
tedious and unachievable in cases of large systems, analogous to F, in the HF scheme. The main
problem is therefore to find a suitable approximation for the exchange-correlation potential that
is computationally applicable, whilst quantitative results regarding the system under study remain
accessible. Such approximation can be obtained by extracting the exchange-correlation potential
from an infinite reference system where V' is not necessarily non-local, i.e. V'¢f[p] = V'¢f(p). An
example is that of LDA where the reference system used is the homogenous electron gas (Jellium)
which is solvable in an exact numerical manner [25]. The LDA for V,. is given by:

§ ELDA e
Viph = S (o) + ) 22 (1.15)
where €,.(p) is the exchange-correlation energy per particle of a uniform electron gas of density

p [4].

It has been shown by K. Schonhammer, O. Gunnarsson and R. M. Noack in 1995 that the concept
of DFT applies not only to functionals of the density p in the continuous case, but to any functional
of a function that is non-interacting v-representable in what they called “{ A}-functional theory” [6].
This is for example the case of the Hubbard model, which describes lattice systems where electrons
can hop to neighboring sites (tight-binding part) and interact with other electrons localized at the
same site (local interaction part) [2]. One generalized-DFT-like theory for lattice systems is site-
occupation-functional theory (SOFT) where the site occupation number? () (which we call density)
assumes the role of the density p(r) in the continuous case® [7]. In one dimension, the reference
system for LDA, i.e. the one-dimensional homogenous Hubbard model, is exactly solvable. The
solution uses the Bethe-ansatz and the details are not relevant for our work [8]. However, this
made it possible to construct an exact LDA for the discrete case, i.e. the Bethe-ansatz local density
approximation (BALDA) for one-dimensional lattice systems. V. is approximated using®:

VEALDA((7) < 1) = —2cos <”<”>> -+ 9e0s <7f<n> ) Ud)

BU) 2 2 (1.16)
. (72— (") (T2=(")) , U2- (") '
VBALDA((7) > 1) = 42 cos <BU)> — 2cos < 5 ) + 5

where U is the local interaction strength (see section 2.2) and 5(U) is given by the solution to the
transcendental equation:

W) x N, [* @)
—— sin (W) —2/0 x(1+eUf”/2)d , (1.17)

2Defined as the expectation value of the number operator # to be defined in the next chapter.

3See also the work by Gunnarsson and Schonhammer [21].

Strictly speaking, the approximation given by (1.16) is not exact since Capelle’s interpolation is an approximation
itself, however, it is believed to be a good one (see [9] or [10]).
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where Jy(z) and J; () are Bessel functions of the first kind [10]. The graph of VBALPA at different
values of the parameter U is shown in Figure 1.1. The discontinuity around half-filling (n) = 1
is a characteristic of V. when U > 0 that manifests the Mott metal-insulator transition for the

one-dimensional Hubbard model [9].

3 —U=0
—U=3
2t —U=6
U=9
i §
<
9
= 0
gy

v,

—

2+

3 . . .
0 0.5 1 1.5 2
(i)
Figure 1.1: VBALDA a5 a function of the density (7) according to (1.16) and (1.17) at different values of U.
Note the discontinuity at (i) = 1. This figure is a reproduction of [10, Fig. 2].

We end this section by presenting results of applying BALDA to N = 14 electrons in the spin
compensated case (Ny = N, = 7) on a one-dimensional lattice of L = 21 sites trapped in a

parabolic potential on the form:
Vp(i) = p(i — [L/2]) (1.18)

where i denotes the site index and p is a real number. A comparison between the density profiles
obtained in the cases of employing BALDA and without V.. for p = 0.5 and two different values of
U is shown in Figure 1.2. The hopping parameter ¢ (see section 2.2) is set to 1 in all cases presented
in this thesis. Note that the correction to the density profile offered by BALDA is pronounced when
the interaction strength U dominates over the effect of the external potential p. It is also clear in
the U = 6 case the effect of the discontinuity in V2APA around half-filling on the density profile.

U=6 U=3
2 : : 2
— V=0
——V,, = VBALDA
15+ 15
S 1 s 1
05" 05
0 : : ‘ 0
5 10 15 20 5 10 15 20

Site (i) Site (i)

Figure 1.2: A figure that shows a comparison between employing BALDA for V.. and the case of neglecting
exchange-correlation effects all together. The density (7;) is plotted as a function of the site
index i for two different systems. The left panel shows U = 6 while the right panel shows
U=3.
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1.3 Scope of this work

The work presented by this thesis, as mentioned previously, aims to compare an approximation
for long-ranged electronic interaction that is not entirely local to a local approximation for the
same interaction. Ideally, said interactions would be the exchange and correlation and an ap-
proximation would be formulated in the spirit of BALDA. Furthermore, BALDA would be the local
approximation to compare with. However, BALDA is built from a reference system that is analyti-
cally solvable, i.e. the homogenous Hubbard model [8]. To expand such approximation to include
non-local effects, say nearest neighbors, we would like to get an expression on the form:

Viel()] ~ Vet = Vie ((ima), (i), (i), (1.19)

where (72;_1), (n;) and (n;+1) can be different. However, no analytical solution is known for the
reference system we would want to extract V¢ from; a not-entirely-homogenous Hubbard model.
Albeit it is not possible to construct an approximation in the same way as BALDA, this approach
can still be tested at another level to gain an intuition and set the stage for a more thorough
treatment. We will refrain from discussing V.. any further in this thesis and we will focus on a
simpler approach to the problem that is analytically solvable, i.e. the HF approximation for the
extended Hubbard model. In this context, HF will act as an exact solution and the long-ranged
interaction potential in the extended Hubbard model will be the approximated potential. We will
also offer a characterization of the HF solution in the case of local interaction only and how to
extend this work in the future. The work presented will only address the case of one dimension
and the case of higher dimensions is left to future work. We only considered local interaction in
characterizing the HF solution via numerical results due to lack of time to include long-ranged
interaction as the problem is non-trivial. The restriction to the HF approximation is also a result of
the limited time assigned to the project.



Chapter 2

Theory

2.1 The Hartree-Fock approximation: A closer look

Given that we set HF to be our focus, this section is aimed towards presenting some details of the
theory as well as fill any gaps left by the Introduction. The following part is based on [4, Sec. 1.3]
and [5, Sec. 1.3]. Let us now look at the HF solution for a many-body system described by the
Hamiltonian given by equation (1.7). Furthermore, suppose that the operator Ve has a spatial

representation which can be written as:

N

Vext = »_v(ry) @2.1)

=1

where v(r;) is the external potential felt by the ith electron (for example, Vext can be the operator
of the total energy of the interaction between the electrons of the system and stationary nuclei in
the Born-Oppenheimer limit). The HF energy (equation (1.4)) is then given by:

N N
1
Eyr = Z hi + B Z(Jij — Kjj) (2.2)
i ij

Ey+ Eext FEee

where Ej is the kinetic energy, Fex: is the energy due to the external potential and E.. is the
electron-electron interaction energy. h;, J;; and K;; are given by1:

hy _/ RY (x )(—7V2+v( £))R (x)dx
Z] _// X1 X1 ‘ 1i 2|N;<(X2)Nj(X2)dX1dX2 (23)
Ky = [ [ 00008 0o et e,

and the orbitals {¥;(x)}}¥, are defined as in (1.2). J;; and K;; are called the Coulomb and ex-
change integrals respectively. In order to find the set of orbitals {¥;(x)}Y, that minimizes the
energy according to equation (1.3), one must solve the HF equations (analogous to the KS equa-
tions (1.13)) given by?:

1 2.4
f= —§v2 + v(r) + Vir(x)

!For notation, see Appendix A.
2Under the constraint that the orbitals {X;(x)}X; are normalized.
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where the eigenvalues {¢;} | are the orbital energies, f is the Fock operator and Vi is the HF
potential which reads:

N
Vi = Z.}z — ks, (2.5)
i=1
here j and k are the Coulomb and exchange operators respectively, given by:

1
ji(xl) = /}Nl(XQ)lz adXQ (26)

ki(xl)N]‘(Xl) = Ni(Xl)/Nf(Xz) Nj(Xg)dXQ. (27)

1 — 129
Needless to say, the HF potential depends on the orbitals {¥;(x)}; and (2.4) should be solved
self-consistently (analogous to the KS equations (1.13)) which is what granted the method the
name: The self-consistent field. We will encounter a correspondence in the self-consistency require-
ment when we turn to a DFT (or rather SOFT) treatment of HF in the next section. However,
the solution then would depend on the density and not the orbitals which are equivalent when
discussing the GS.

We end this section with some remarks to link it to what we presented in the first part of the
Introduction. The HF potential Vjr(x) when acting on the spin orbital X; represents the average
Coulomb repulsion (j part) felt by the i electron due to the remaining electrons, and in addition a
non-local exchange contribution (k part) imposed by the anti-symmetry of the total wave-function.
Accounting for the classical Coulomb repulsion only in average is what gave rise to equation (1.6).
What is meant by the non-locality of the exchange part in Viyp(x) can be readily seen in equation
(2.7). Note that when the operator k; acts on the orbital N;(x;), the result does not depend
only on the value of ®; at x;, but on all points in space in contrary to the operator j;, which is
local. Furthermore, the expectation values of j; and k; are nothing but the Coulomb and exchange
integrals given by (2.3) and the non-locality in E; (—1/23 ., Kij) follows®. Finally, the results
presented in this thesis are for an even number of electrons in the spin-compensated case, i.e.
the restricted HF (RHF). However, we will not discuss more than the general attributes of the HF
method in the continuous case presented in this section. In the next section, we will consider the
HF approximation for a one-dimensional lattice system and change our basic variable from being
an orbital to an occupation number.

2.2 Density-functionalising Hartree-Fock: The Hartree-Fock approxi-
mation for the extended Hubbard model

This section is aimed at looking at the Hubbard model under the HF approximation. In this regime,
our system will be a one-dimensional lattice and our basic variable will be the site-occupation

®Here we use i # j to avoid the non-physical self-interaction term which is canceled in the full expression by virtue
of Jii = K.
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number (n;) (i is the site index) as appropriate for DFT calculations performed on a lattice, i.e.
SOFT [7]. The Hubbard Hamiltonian, first introduced by John Hubbard in 1963, is a lattice model
used to describe localized electrons around stationary nuclei (under the Born-Oppenheimer ap-
proximation) where a lattice description is appropriate [2]. The electrons interact only with other
electrons localized at the same nucleus (site) and the model was successfully employed to describe
electron correlations in narrow energy bands [13]. The one-dimensional Hubbard Hamiltonian H,

in its simplest form in second quantization formalism is given by:

Hy=— " tijel cjo+ U iy (2.8)
(i.d)o i

where the notation (4, j) denotes ordered pairs of nearest neighbors, o € {1, l}, t;; are the hopping
matrix elements, éja and ¢;, denote creation and annihilation operators of an electron with spin o
at sites ¢ and j respectively, U is the on-site interaction strength and n;; = ézTTéiT and n;] = é}iéi 1
are number operators. ¢t and U set the energy scale and determine the relative strength of the two
sums that contribute to the Hamiltonian. In this thesis it will be assumed that the hopping matrix
elements are given by ¢;; = t between nearest neighbors and t;; = 0 otherwise.

For arbitrary sites ¢ and j, consider the following representation of the spin dependent density
operators n;, and 7,3 where o, 3 € {1, |}:

ﬁicr: ﬁia +ﬁia_ ﬁia = ﬁia +6ﬁia
(i) + i (o) = {ti) .

A~

fijg = (Rjp) + fjg — (Rjg) = (Rjg) + 0Ma.
Multiplying 7;, and 7,3, we find:
RicTjg = (Rig)Tjp + (Njg) Nie — (Rio)(jp) + ONicOMLjp. (2.10)

By setting the product of fluctuations §7;,07;3 to zero, we apply a mean-field approximation to
equation (2.10). Furthermore, the quantity (n;,)(n;5) will only contribute to the total energy of
the system which has no relevance to our calculations and can be safely neglected. Under said
assumptions, equation (2.10) reads:

ﬁl’gﬁjﬂ ~ <ﬁig>ﬁj5 + <ﬁj5>ﬁio. (2.11D)
If we now combine equations (2.8) and (2.11) we get the Hamiltonian:
HF =t 3" el tjo + U (i —o)itio. (2.12)

The above equation is what some people call the Hubbard Hamiltonian under the Hartree-Fock
approximation (for example John Hubbard) [2]. However, some people will reserve the name
Hartree-Fock for a mean-field treatment that preserves the spin rotational invariance of the origi-
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nal Hubbard model given by (2.8), which would explicitly contain a spin dependent term for the
exchange part (for example Frank Lechermann) [12, Ch. 3]. Therefore, the above treatment ne-
glects the Fock part and the resulting Hamiltonian only contains the Hartree approximation, or
simply, a mean-field. To avoid ambiguity, such treatment will always have the name Hartree-Fock
in this thesis since it preserves the property of having a linear potential for electronic interaction
analogous to RHF.

In order to be able to test different approximations for electronic interactions, we need to include
a long-ranged interaction term in the Hamiltonian. This can be applied by adding a non-local term
to the original Hubbard Hamiltonian. The extended Hubbard Hamiltonian H; then reads:

N N 1 .
Hy = Hy+ 5 ; Uijnmj (2.13)
1F]

where U;; denotes the interaction strength between the sites i and j, 7; = n + ;) and n; =
njt + ;. Note that, unlike the local interaction term, interaction between electrons of the same
spin is permitted (in the local case it would be a non-physical self-interaction).

One can easily find by combining equation (2.13) and the approximation (2.11), and using the
fact that U;; = Uj; that the HF approximation for H, is given by:

W= HET + Ui (). (2.14)
i#]

If the system under study is subject to an external potential or an additional perturbation, we add
it to the Hamiltonian H; via:

I‘i’HF = ﬁHF —|—Z’U¢ﬁi

=—t Z cwcja—i—UZ (o, — ”20+ZU1] — 0i5)(nj) nz—f—vaZ

(i,4)o

(2.15)

where v; denotes the additional potential. In general, an additional perturbation might be spin
dependent. However, we restrict the focus to spin independent modifications in the present work.
Equation (2.15) is the general form of the HF Hamiltonian we will work with in this thesis. Note
that if one wishes to diagonalize Hyr, the solution should be self-consistent since the interaction
terms in (2.15) depend explicitly on the density profile, which is what we called “the self-consistency
correspondence” in the previous section. In the next section, we will show how to obtain a local
approximation for the long-ranged interaction term in HF,
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2.3 Long-ranged interaction: A local approximation within Hartree-
Fock

In analogy to BALDA, where the reference system is the one-dimensional homogenous Hubbard
model which is, as mentioned in the Introduction, analytically solvable using the Bethe-ansatz [8],
we aim to find a local (density) approximation (for which we will use the acronym LHFA to avoid
confusion with the acronym LDA) that fits into the Hartree-Fock picture. BALDA provides us with
an LDA to the exchange-correlation potential extracted from an infinite model of the system under
study where all sites have the same density [10]. In our case, we want to find an LHFA to the
potential given by:

V= Ui(1 = 6;)(ny). (2.16)

j

Assuming a corresponding infinite homogenous reference system (Figure 2.1 up) where (7;) =
(;) = (7™ for all 4 and j and U;; = U(|i — j|), we get:

VIR — (35) S Ui = (1~ bi). 2.17)
J

Since the system is infinite, the site ¢ will have an infinite number of sites to the left and right of it,
thus the summation in the above equation can be written as:

ZU(\@ - =46;)=UAQ)+UR2)+UB)+..)0+ UML) +U2)+UB3)+...)
J

left of 4 right of 4
(2.18)

=2UM)+UQR)+U®B) +...) = zi U
k=1

where U, = U(k) = U(|i — j| = k). Finally, by combining equations (2.18) and (2.17), we arrive
at the following result:

A 1. The local approximation VHIFA = VIHFA((7.)) for the long-ranged interaction potential (2.16)
is given by:

VHIFA = 2(;) Z Uk, (2.19)
k=1

here A 1 denotes Approximation 1. In the next section, we will present a near-local approximation
(NLA) for V; based on a system that is not entirely homogenous.

2.4 Long-ranged interaction: A near-local approximation within Hartree-
Fock

If we want to find an approximation for V; based on a reference system that is not entirely ho-
mogenous, the task gets more complicated than that of the previous section. In this thesis, the
reference system we used has a degree of homogeneity up to three consecutive sites. That is, the
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system can be divided into unit cells where each unit cell contains three different sites. Each site
is identical to its counterpart in other unit cells. A comparison between said reference system and
the homogenous reference system used in the previous section is shown in Figure 2.1.

Local approximation reference system

------------------------------------------------------------------------

J-1

Figure 2.1: A sketch that shows a comparison between the homogenous reference system used in the pre-
vious section for LHFA and the reference system we aim to use in the NLA case. The number of
sites chosen in the sketch is only intended to show the general characteristics of each system.
The unit cell index for the homogenous model is 7 and the lattice constant is a, while for the
reference system used in this section, the unit cell index is j and the lattice constant is b.

It is rather natural to introduce the degree of freedom « € {l, ¢, r} where [ denotes left, ¢ denotes
center and r denotes right. For the reference system in question, each unit cell will contain three
sites with corresponding densities (7;), (7.) and (7n,) from left to right. This is true for all unit cells
since the system has a degree of homogeneity up to three consecutive sites. In this notation, the

long-ranged interaction part of the Hamiltonian Hig = > oy Uij(nj)n; as in (2.15) reads:

IA{I_ITII%A = Z Ujaj’o/(l - 6jj’6aa’)<ﬁj’a’>ﬁjo¢ (220)

jaj/al

where the subscript LR denotes the long-ranged interaction part of the Hamiltonian, j and j’ here
denote unit cell indices and « and o’ denote the left, center or right sites within the unit cells
with indices j and ;' respectively. The above equation does not add or take anything from the
expression given by equation (2.15) for Hig, rather, it is merely a reformulation for our reference
system. From equation (2.20) we can immediately see that the potential V"4 (now Vi) is given
by:

Vet =Y Ujagrar (1= 8j580ar) (jrar). (2.21)

o

The above expression suggests 3 different possible values for VN2, This is the starting point to
arrive at the final expression for VN4, We end this section by presenting the approximation A 2
which offers us three variants (one for each value of «) of the near-local approximation, namely the
left site approximation (LSA), the center site approximation (CSA) and the right site approximation
(RSA). The details behind arriving at A 2 are given in Appendix B.
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NLA _
Vi

A 2. The near-local approximation VNLA((fien)) for the long-ranged interaction potential

(2.16) can be obtained in three distinct ways given by:

VA = (e Z Ur(1 = Somod(h3)) + (i) >_(3Us — Uy)
k=1 k=1
(i) + (Riv1) + (Riy2) LSA (2.22)

(Aeer) = { (R5) + (Rip1) + (Ri—1) CSA .
(i) + (ni—1) + (ni—2) RSA

000200000 LsA

rrrrrrrrrrrrrrrrrrrrrrrr

000250000 osA

rrrrrrrrrrrrrrrrrrrrrrrr

00020000 RsA

Unit cell

Figure 2.2: A sketch that shows the different ways to approximate the long-ranged interaction potential at
site ¢ of any inhomogeneous system under consideration according to NLA. Each approximation
defines a different unit cell, hence, a different reference system.

This non-uniqueness in the approximation presented by NLA is the price we pay for the « degree
of freedom as explained in the derivation. The two equations given by (2.22) offer three different
ways to approximate V; from a reference system that is homogenous up to three consecutive sites,
namely, LSA, CSA and RSA. To construct the total density of one unit cell, LSA considers the
value of the density at a given reference site 7 and the density at a pair of sites succeeding 7, CSA
considers the density at i and the density of the two sites nearest to ¢ and RSA considers the density
at 7 and the density at a pair of sites preceding 7. If an answer to the question: which one is the
best approximation? did exist, it is definitely not intuitive. There is no clear reason why one would
perform better than the other, however, they are definitely different approximations in general.
This leaves the preferred protocol to be determined via assessment over different systems under
study. We need to emphasize however, that the approximations LSA, CSA and RSA only differ
from each other in the choice of (7). Formally, this choice is arbitrary since left, center and right
are a matter of convention. Therefore, in principle the approximations are not different, rather,
our choice of the unit cell is the only factor that determines the value of the potential. Regardless
of which value of (i) is used to calculate VN4, we can make a comparison between the local
approximation and an approximation that takes into account neighboring sites using all variants
given by (2.22). However, to make an accurate statement, we need to take all of them into account.



CHAPTER 2. THEORY 15

2.5 A characterization of the Hartree-Fock solution via the density of
states

In this section, we will provide a characterization of the HF solution for the reference system
discussed in the previous section in the case of local interaction only (U). We will consider the
spinless case only in this section since extending our discussion to include spin in the RHF scheme
(spin-compensated case) would only require a multiplication by 2. That is, from (2.15), we will be

looking at the Hamiltonian given by:

Hiff =t Y &olyar+ ) caja+U Y (ja)ja
Gz o jo (2.23)
~—

~~ ~ ~
Frref re
At Are e

where we dispose of the spin degree of freedom by omitting the summation over o and adapt the
notation from the previous section otherwise. Note the term H'f which gives rise to the o degree
of freedom, here {¢, },, are real numbers which represent the different energy shifts within one unit

4

cell. The main attributes of ﬁ{&f will be given on the form of analytical expressions®, namely, the

energy dispersion with respect to the wave-vector which we call k£ and the density of states (DoS) f.

First, let us look at an example to make clear what we mean by the energy dispersion. Consider

the spinless tight-binding Hamiltonian given by:

Hig=—ty éle (2.24)
(i.4)

where 7 and j here are site indices. For a system described by Hrp, with lattice constant a = 1 and
under periodic boundary conditions®, the following relation holds:

B, = —2tcosk (2.25)

where k = (27/\) € [—m, ) is the wave-vector in the first Brillouin zone and A is the wavelength.
Equation (2.25) is called the energy dispersion formula for Hrp and coincides with [11, Exercise
1.3]. A derivation is provided in Appendix B since it is analogous to that of the next statement,

which provides us with the energy dispersion formula for our last reference system.

Statement 1. For a system described by the Hamiltonian (2.23), under periodic boundary conditions
and with the lattice constant b = 1, the allowed energy values for a given wave-vector k in the first
Brillouin zone are given by:

{Epm 2,1 = eig(Ay) (2.26)

“The derivations are given as appendices for the sake of readability.
>Born-von Karman, 1912.
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where A, is 3x3 and reads:

D. —t —t
A, =] —t Dl *te_ik
—t —te’* D,

(2.27)
D, = €.+ Ulhc)

Dy=¢+ U(ﬁl>
Dr = €p + U<ﬁr>

where D;, D. and D, are different energy shifts at the left, center and right sites of any given unit
cell in the system. A derivation of Statement 1 can be found in Appendix B. Statement 1 gives rise
to an immediate result, namely the following:

Statement 2. The energy eigenstates for the Hamiltonian given in (2.23) are the eigenvectors of
{As, }p denoted by {|kym)}pm where m € {1,2,3}. Furthermore, given an arbitrary, yet allowed,
k, = k in the first Brillouin zone, the energy eigenstates {|km,)},, corresponding to the energies
{Ekm}m as given in Statement 1, are given by:

km) = CFka), o€ {clr} (2.28)

«

where C¥™, CF™ and C*™ denote the first, second and third entry of the 3-dimensional vector
|km), respectively. The importance of the above statements will become more clear after combining
them with the following result; they will provide us with means to calculate the density of states,
and hence, the density profile for the system.

Statement 3. For the system described by the Hamiltonian given in (2.23) in the ground state, the

center, left, and right densities {(7, )}« Within one unit cell are given by:

() = /_M fo(E)dE = z/u Z)cﬁpmfa <E . Ekpm> dE (2.29)
oo e

where f,(F) is the density of states at site o normalized to 1, y is the chemical potential and the
coefficients {C’ﬁpm}pm and the energy values { Ey ., },m, are given in accordance with Statement 2
and Statement 1, respectively. A derivation of Statement 3 is given in Appendix B.

The above results allow us to study the reference system for NLA from a different perspective.
Although only local interactions were taken into account, qualitative results can still be obtained
for the DoS. The solution would be a characteristic of the reference system with the energy shifts
{€a}o- When applying (2.22) to a system under study, we determine the densities {(74)}q, and
thus {e, }, of the corresponding reference system according to the system under study. In this sec-
tion, we facilitated the ability to alter the values {¢, }, and investigate the corresponding densities
{{(Na) }o from the resulting DoS functions { f,(F)},. Note that since the energy shifts {D,}, de-
pend on the densities { (7, }«, equations (2.26), (2.28) and (2.29) must be solved self-consistently.
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Results

3.1 Local density of states

In this section, we will present results for the DoS functions { f,(E)}, for one system in accordance
with Equation (2.29). Other systems were considered and the results can be found in Appendix
C. In all cases presented in this thesis, the systems considered consist of L = 500 unit cells (1500
sites) with lattice constant b = 1. The chemical potential y is set to zero by convention and the

Dirac delta function is approximated using a Lorentzian according to:

r 1

EFCENE G-

o(z) ~

where we set I' = 0.01 in the present work. Figure 3.1 shows the resulting DoS functions { f,(E)}a

for a system with energy shifts . = 0, ¢, = —1 and ¢, = 1, for different values of U.
U =0,n, = 0.4994,n; = 0.7199, n, = 0.2791 U =1,n, = 0.3897,n; = 0.6227,n, = 0.2334
2.5 : ‘ : ‘ : 2.5 : ‘ : ‘ :
——a = ¢ (center)
—a =1 (left)
oL —a =r (right) i ot
— 151 4 . 15+
B -
= 4l < 4l
051 b i 1 057
0 ‘ ‘ ‘ 0 ‘ ‘
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
E E
U= 3,n.=0.3157,n; = 0.5069,n, = 0.1770 U=5n,=0.2700,n; = 0.3923,n, = 0.1745
2 : ‘ : ‘ : 2 : ‘ : ‘ :
15¢ 1 15¢
2 SR
= 2
0.5 ] 0.5}
0 ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘
-2 -1 0 1 2 3 4 -2 -1 0 1 2 3 4
E FE
Figure 3.1: Comparison between the density of states functions {f,(E)}, at four different values of the
interaction parameter U, for ¢, = 0, ¢, = —1 and ¢, = 1. Left upper panel: U = 0, Right upper

panel: U = 1, Left lower panel: U = 3, Right lower panel: U = 5. The densities {(7,)}, are
also displayed for each case.

17
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If we start by looking at the case of no interaction in Figure 3.1 (Left upper panel), we notice that
fe(F) and the collective graph of {f,(FE)}, are both symmetric around £ = ¢, = 0. This is a
consequence of the symmetry in the unit cell of the system by construction (¢, = —1, ¢, = 0 and
¢, = 1). Physically, the symmetry of f.(F) around 0 indicates that the total number of center states
for £ < ¢, = 0 is the same as the total number of center states for ¥ > ¢. = 0 since the absolute
difference in energy between €. and either of ¢, and ¢; is 1. The total symmetry of { f,(F)}, around
0 indicates that the total number of states for F < ¢, = 0 is the same as the total number of states
for E > ¢. = 0 which also reflects the symmetry of the unit cell of the system under study. Keeping
in mind that the total number of states at one site in the spinless case is 1, these remarks can be
confirmed from the values of {(n,)}, indicated in Figure 3.1 since we have chosen ¢, = u = 0.

If we now look at the cases in Figure 3.1 where we have introduced a non-zero interaction
parameter U, we notice that in all said cases the collective graph of {f,(E)} is shifted to the
right (higher energy). This is due to the fact that the interaction introduced is repulsive (U > 0)
and the resulting energy of said interaction is larger than zero. Therefore, all available energy
states are shifted to the right with respect to the case of no interaction. More formally, the local
interaction term in the total Hamiltonian of the system adds a diagonal shift to the Hamiltonian of
the system without interaction. That is, the system with local interaction can be in first instance
be approximately seen as a system without interaction and energy shifts given by: €., = e¢. + U(n.),
¢, = ¢ +U(ny) and €, = ¢, + U(n,). However, as a consequence of the non-zero interaction
parameter U, we also notice a slight asymmetry around €, in the cases displayed in Figure 3.1.

The effect of local interaction in Figure 3.1 does not appear to be only a simple shift in

7l e.g. the

{fa(E)}4; in some energy ranges, the shifted graphs become “wider” and “shorter
case of U = 1 (Right upper panel) in the energy range E € [—0.5,1.5] compared to the case of
U = 0 (Left upper panel) in the energy range F € [—1, 1]. Mathematically, this is nothing but abid-
ing by the normalization condition, namely, the area under any of the graphs { f,(F)}, must be 1.
Finally, according to Figure 3.1, it is tempting to deduce that the density (n,) becomes smaller as
U becomes larger. This would be the natural conclusion since if we start adding electrons to the
system, we will reach the chemical potential value in energy faster in the case of strongly interact-
ing electrons than not. However, a generalization can not be made, which is evident by the more

general case considered in Figure C.1.

1By “shorter” we mean that the height of the DoS profile adjusts (being generally reduced) to keep into account
normalization requirements.
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3.2 Performance of NLA

In this section, we will show the result of employing NLA. We will present a comparison between
the performances of LHFA, LSA, CSA and RSA with respect to the exact HF solution for two dif-
ferent systems. The differences between the systems under study will be in the number of sites L,
number of electrons N and external perturbation Vgxr = v; in accordance with equation (2.15).
Both systems are studied within the RHF regime (Nt = N|). The first external potential we used
is the parabolic potential V}, as described by equation (1.18), and the second external potential is
a mixed potential Vj,ixeq Which contains more distortion than V), and reads:

Vmixed(i) = VP(Z) + Vdistortion(i) = p(i - {L/Q—I)Q + (Z - (L/ﬂ )87)\1|@'7 IL/21] COSO‘Q(i - fL/QW )) (3.2)

where \; and ), are real numbers. For all results presented in this work, we set: p = 0.1, A\ =
0.0001 and Ay = 0.3. The graphs of V,, and Vj,jxeq are shown in Figure 3.2.

200

‘ ‘
VEXT = Vinixed
Vixtr =V,

150 1

50 -

O |-
-40 30 -20 -10 0 10 20 30 40
Site (i)
Figure 3.2: Corresponding V,, and Vpyixq to the set of parameters: p = 0.1, A; = 0.0001 and A, = 0.3. Note
that in this figure, we have used the notation: [L/2] — 0, positive count for sites to the right of
0 and negative count for sites to the left of 0.

For the long-ranged interaction parameter U;; = U(|i — j|) = Uy, the expression used reads as:

U ef)\gk

Ur=35"%

ke {1,2,3,---} (3.3)

where we set A3 = 1 for all cases presented in this thesis. Note that in the following, the higher the
local interaction parameter U is, the bigger the effect of the long-ranged interaction in the system
considered. First, we present results for a system subjected to the external parabolic potential V,,.
Figure 3.3 shows a comparison between all different approximations discussed previously.
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Figure 3.3:

Performance of LHFA, LSA, CSA and RSA at different values of the local interaction parameter
U, for L = 80 sites with N = 22 electrons trapped in a parabolic potential V,. Left panels:
density profiles at each value of U, Right panels: performance of each approximation. The
quantity used to measure the performance of each approximation is the absolute difference

between the exact and approximated densities.
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If we start by looking at the case of weak interaction (U = 1), Figure 3.3a suggests that all
approximations provide a fair description which is more clear in Figure 3.3b where the differences
in |A(n;)| between all approximations are small (note that the highest value on the y-axis is 0.04).
The most interesting aspect in this case is that it is the only case where all variants of NLA per-
form better than LHFA. However, the center site approximation appears to dominate at this point.
Looking at the case with medium interaction (U = 3), we notice that LSA and RSA fall behind
while CSA preserves its superiority over LHFA as shown in Figure 3.3c and Figure 3.3d. Finally, the
case of strong interaction (U = 7) corroborates its predecessor and concludes that CSA is the best
approximation whilst RSA and LSA do not offer any correction over LHFA, rather, they make things
worse. This is shown in Figure 3.3e and Figure 3.3f. We notice that the graphs of |A(n;)| are even
for LHFA and CSA as shown in figures 3.3b, 3.3d and 3.3f which is a result of the symmetry in the
external potential, as well as the symmetry of the approximations. However, it is not the case for
LSA and RSA, rather, they appear to have a common parity property which will be addressed at
the end of this section.

Figure 3.4 shows the same comparison for a different system, however, the external potential
used is Vpixeq- Taking a general look, we immediately notice that no symmetry is observed in
figures 3.4b, 3.4d and 3.4f which is a consequence of the distorted potential. Looking at Figure
3.4b, we notice that almost at all sites, RSA and LSA no longer perform better than LHFA as in
Figure 3.3b. Although LSA approaches the exact solution at : = 30 and predicts the value of (n;)
closest-to-exact at i = 35, the number of sites where LSA and RSA perform well are too few for
them to be reliable approximations. In a similar fashion to the previous system, CSA appears to
dominate over LHFA according to Figure 3.4b as the number of sites where LHFA performs better
than CSA is only one. This is also the case in Figure 3.4d and Figure 3.4f where the number of
sites where LHFA outperforms CSA are 4 and 3 respectively (the range of interest is 22 sites).
The figures also show a deteriorating performance (especially on the boundaries of the electronic
density distribution) of LSA and RSA which confirms our initial conclusion in accordance with
Figure 3.4b. Finally, in both systems considered previously, the restriction of the electronic density
towards the middle of the lattice is a result of the external potentials, which both exhibits minimas
towards the middle of the lattice. This results in electrons being drawn to states with lower energy
towards the minimas of the potentials. The effect of interaction is the opposite of this behavior
where electrons in the middle of the lattice repel each other and the density profile in the case of
interaction has a wider range of sites where the density is non-zero than the case of no interaction.

Looking at the symmetry of the LSA and RSA behavior?, it is tempting to consider mixing
schemes for the densities and/or the potentials. What prevents us from attempting this is that
there is no general and conceptually robust guidance of how to choose the mixing, and if doing this
on a tentative basis would bring us away from a generic DFT way of thinking. Further elaboration
of this point is left for future work.

2The density profile produced by LSA is that of RSA with a reflection around the y-axis and vice versa.
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Figure 3.4: Performance of LHFA, LSA, CSA and RSA at different values of the local interaction parameter
U, for L = 64 sites with N = 20 electrons trapped in a mixed potential Veq. Left panels:
density profiles at each value of U, Right panels: performance of each approximation. The
quantity used to measure the performance of each approximation is the absolute difference
between the exact and approximated densities.
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Conclusions and Outlook

In this thesis, we have developed and tested a near-local approximation for long-ranged electronic
interactions in one-dimensional lattice systems. The model we have used is the extended Hubbard
model under the Hartree-Fock approximation that accommodates an exponentially decaying long-
ranged interaction effect in the presence of an external potential. NLA provided us with three
different ways to achieve an approximation based on a reference system that is homogenous up
to three consecutive sites, namely LSA, CSA and RSA. All approximations were compared, along
with an LDA variant tailored to fit in the HF scheme which we called LHFA, to the exact HF
method solution. We have also offered a numerical characterization of the solution for an arbitrary
reference system that is homogenous up to three consecutive sites in the case of local interaction
only by studying the DoS in a unit cell of the reference system.

In the case of an external parabolic potential, we have found that at low interaction all variants
of NLA outperform LHFA, however, at any case of stronger interaction the performances of LSA
and RSA are lacking. Albeit LSA and RSA fall behind dramatically (specifically on the boundaries),
our results suggest that CSA always performs better than LHFA. For an external potential with a
degree of disorder, we have found that the situation is not changed greatly compared to that of
its predecessor. The results we have presented indicate a deteriorating performance of LSA and
RSA with increased interaction. Furthermore, LHFA outperforms CSA at a few number of sites,
nevertheless, CSA remains the best approximation. This leads us to conclude that a near-local
treatment can in fact produce better results than a local one which opens the door for a more
thorough and accurate implementation of NLA in the future.

In this respect, the next step would be to explicitly consider correlation effects in a 1D reference
system with a 3-site supercell, where the densities inside the cell are varied independently to
produce an exchange-correlation term E,.({rn;), (n.), (n,)). Differently from the fully homogenous
1D Hubbard model, there is no exact analytical solution for this case, and numerical methods as
e.g. density matrix renormalization group (DMRG) [22] should thus be considered. Alternatively,
correlation effects could be introduced in a perturbative way. Through many-body perturbation
theory, it is possible to consider approximations of increasing complexity and with them to compute
the total energy, from which F,. (and thus V,..) would be extracted. In this case, already a simple
1D system with on-site-only interaction, and correlations treated in a low-level description such as
second Born [23], would be enough to further test and qualitatively validate the effectiveness of
our proposal of a near-local approximation.
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Appendix A

Notation

The following notations are used throughout this thesis unless stated otherwise. Boldface upper-
case denote matrices (e.g. A), boldface lowercase denote vectors (e.g. a) and standard letters
denote scalars (e.g. a). By x we will always mean a four-dimensional vector that consists of the
3-dimensional spatial vector r and a spin coordinate s € {1,/}. 1 denotes spin-up and | denotes

spin-down. 5f5(q:) denotes the variational derivative with respect to f(z). eig(A) denotes the set
of eigenvalues of the matrix A and diag(ai, as,as, - - ,a,) denotes a diagonal matrix (with dimen-
sions made clear from the context) with diagonal entries {a;, as,as, - ,a,}. ()* denotes complex
conjugation. (*) denotes an operator and 1 denotes the identity operator. ()7 and ((*)) denote the
conjugate transpose (Hermitian conjugate) and the expectation value of an operator respectively.
d;; denotes the Kronecker delta and J(z) denotes the Dirac delta function centered at z = 0. By
the symbol L we will always mean the number of unit cells or number of sites depending on the
context whether finite or infinite. Summations or counts taken over non-specified indices should

have an upper limit of L where appropriate. Finally, we shall adapt the following abbreviation:

Nl(Xl) Ng(Xl) C NN(Xl)
det{Nl(Xl)Ng(Xg) s NN(XN)} = Nl(:XQ) N2(:XZ) NNSX2) . (Al)
Nl(XN> NZ(XN) . NN(XN)
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Appendix B

Derivations

A derivation of Approximation 2: Additional details

We start from equation (2.21). After expanding the summation over o’ and replacing (7;,/) by
(fiy) since it is independent of the unit cell index j’ by construction, we get:

Vi = " [Ujaju(1 = 65000 () + Ujagre(1 = 8jj0ac) (e) + Ujajin(1 = 8j50ar)(Ry)] . (B.1)

5/

J

If we now choose a=l, i.e. we want to find the potential felt at the left site of an arbitrary unit cell

7, we get:

V'JIZILA = Z [Ujlj’l(]- — 5jj’6ll)<ﬁl> + Ujlj’c(l - 6jj/5lc)<ﬁc> + Ujlj’?"(l - 6jj/5l7")<ﬁ’7‘>]

a (B.2)
- Z [Ujlj’l(l - 6jj’)<ﬁl> + Ujlj’0<ﬁ0> + Ujlj’r<ﬁr>]-
j/

Since the reference system is infinite, there are infinite unit cells to the left and right of j. If we
start the summation in equation (B.2) from j’ = j and expand to the left and right of j in a similar
fashion to what we did in the case of LHFA, we get:

VM = [Ujii(1 = 655) (7u) + Ujtjelive) + Ujijr ()
+ Ujig+(L = 85101 {7u) + Ujigir1ye(fie) + Usgiryr (i)
+ Ujig+2)1 (1 = 8542)) () + Usiga)e(e) + Usigjrayr (o) (B.3)
+ Uji—1u(1 = 85-10) () + Uji—1)e{fe) + Uji—1)r (f2r)
+ Uji(j—2u(1 = 85-2)) () + Ujigj—2)e(fe) + Ujigj—2)r (f2r)
+ ..

If we further assume, as in the case of LHFA, that Uj,;w = U(k) = U, where k denotes the
distance between the sites ja and j'a’ (k=1 for consecutive sites), the above equation reads:

VI = [Ur (i) + Ua (i) + Us(fu) + Uslie) + Us(fr) + Us (i) + Ur(fic) + Us(ity) + ...]
right of j
+ [U3<7All> + Ua(ne) + Ui () + Us () + Us(fic) + Us(ny) + } .

left of j

(B.4)

27
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Figure B.1 shows an illustration of equation (B.4), which after rearrangement reads:

VIth = Ui({c) + (i) + Uz ({fic) + () + 2Us{fz)
+ U4(< c> + <ﬁr>) + U5(<ﬁc> + <ﬁr>> + 2U6<ﬁl>
+ Ur(fe) + Uslin) + .. (B.5)

= Z Uk ({fic) + (for)) (1 — Somod(r,3)) + 2 Z Uk (1) Oomod(k,3)
k=1

where mod(k, 3) = 0if k£/3 is an integer and non-zero otherwise which is known as the modulus (or
modulo) arithmetic operation. Further rearrangement after adding and subtracting the quantity
> rey Un{fu) (1 = Gomod(,3)) would yield the final result for V}i4 given by:

Mg

Vit = (ficen ZUk — Somod(k,3)) + () ) _(BUsk — Ug) (B.6)

b
Il
—

where (Ncen) = (R + e + 1) = (1) + (ne) + (). Equation (B.6) holds in general, that is, whether
we chose the left, center or right site the expression remains analogous to that of VJI;"*A It can be
shown by direct calculation that for o € {l, ¢, r}, we have:

Mg

VA = (Acen Z Ug(1 = domod(k,3)) + (M) ) (3Usk — Ug). (B.7)

£
Il

1

Infinite reference system: Long-ranged
interaction potential at the /eft site of the unit
cellj

Figure B.1: A sketch that shows the contribution of neighboring sites to the long-ranged interaction poten-
tial at the left site of the unit cell j. Note that the lattice is infinite and the figure only shows
the nearest and second nearest neighboring unit cells to the unit cell j.

The lingering o € {I, ¢, r} degree of freedom in is problematic for extracting an approxima-

VNLA
J
tion for V; from such reference system. For a system under study that has inherently a degree of
homogeneity similar to that of the reference system we used, the problem is avoided by dividing
the system under study to unit cells in the same manner as we have done for the reference sys-
tem. The approximation for V; can be readily used in accordance with equation (B.7). However,

most realistic systems we are interested in have not any degree of homogeneity. In fact, a simple
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parabolic potential (which is vastly used to study trapped ultra-cold atoms) would get rid of any
translational symmetry of the problem at hand.

In the most general case where (n;) # (i) when j # j’ (here j and j' are site indices) for the
system under study, we can choose to treat any arbitrary site i as either a left, center or right site in
a corresponding reference system with the corresponding approximation given by equation (B.7).
The mapping between the density at site 7 and the corresponding reference system is no longer
unique due to the approximation depending on the density at an extra pair of sites neighboring i.
In fact, by virtue of the expression given by equation (B.7) for leiLA, there are exactly three possible
approximations extracted from three possible reference systems having the degree of homogeneity
as mentioned above. The reference systems, and therefore the approximations, differ from each
other in the value of (7). If we choose the site i to be a left site, then () = (Ri) + (fi41) +
(n;+2) and so on, giving a left site approximation, a center site approximation and a right site
approximation. This is illustrated in Figure 2.2. Finally, taking all possible approximations into
account, we get A 2. O
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A derivation of Equation (2.25)

We start by writing the tight-binding Hamiltonian in the lattice-site single particle states {|j) };, we
get:

Hrp = —tZéTéj —tY (ehea+el) tz NG+ 1+ 17+ 1D G)D. (B.8)
(4,9) J

According to Bloch’s theorem, the & states {|k)}; are given by:
By =3 e)) (B.9)

where L is the number of unit cells. If we now use the above equations to calculate the matrix
elements of Hyp in the basis {Ik)};, we get:

(K'| Hrs k) =—t726_”‘/ ”|ZU 4+ 1+ 15 + 1) \er““mlm
:—t—Z[Z@"k” nlj) Z ka(j—l—l\m +Ze‘”€” nlj+1 Zelkmmm)] (B.10)

e / a1 : AV
4 —ik’j Jik(j+1) —ik (j-i-l) 1k] zk: i(k—k") —zk - i(k—k')j
= tL gj (e e +e 7 g el 7 Ej e

where we have used the fact that the states {|j)}; constitute a complete basis. Finally, using the
identity:
1 s
L Z BT = Gy (B.11)
J

(B.10) reads:

. , - —t(e* + e *) = —2tcosk k=FkF
(K'|Hrp|k) = —t0ps (e + ™) = 0 . (B.12)

which indicates that the matrix for Hrp in the basis {|k)}; is diagonal. In other words, the states
{lk)}, are eigenstates of Hrp and the energy values allowed are the eigenvalues of the matrix
representing Hrp. The eigenvalues of a diagonal matrix are simply the entries of the diagonal of
the matrix, that is, the matrix elements (k|Hyg|k) which completes the proof. O
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A derivation of Statement 1

Let the lattice-site single particle states be denoted by {|ja)};o where o € {¢,{,r} and construct
the single particle states {|k,«)},, where for a given, yet arbitrary, k, = k we have':

k1) = f Zemj\]l
|ke) = f Zembc (B.13)
|kr) = \F Ze“”\jr

This is in accordance with the periodic boundary conditions and conservation of the total particle
(states) number. Namely, the number of £ states is the same as the number of unit cells L, and
the number of single particle states is 3L, which is the number of lattice sites where each site
accommodates at most one electron in the spinless case. The Bloch states given by (B.13) are not
guaranteed to be energy eigenstates in general. This is evident by the quantum number « which
holds information about the position, therefore, the states {|ka)}, are not purely k states. The
summation in the tight-binding Hamiltonian ﬁ{%f as given in (2.23) is over ordered pairs (ja, j'a’)
and thus, unlike the one-dimensional homogenous Hubbard model, hopping inside the same unit
cell with index j (or j') is allowed. After expanding the summations over o and «’, the Hamiltonian
ﬁlﬂﬁf in (2.23) reads:

£ A A AT A R R
Hifi=—t Z Cir + C]TCJC + CT cCjt + C}lcjc + C}rc(ﬁl)l + CJ(er)ler)

(B.14)
+ Z €+ Unjc)njc + (g + Unﬂ)ﬁjl + (e + Unjr)ﬁjr] .
J
If we furthermore write S in terms of the single particle states {|jc)} ;. We get:
Hi ==ty (lie)(r] + lir) el + i)l + i) Gel + Lir){G + DI+ 16 + DL Gr)
’ (B.15)
+ > [(ec + Unge)lje) el + (e + Un) ) Gll + (er + Unyy)|jr) ] -
J
From (B.13), we have:
1 ,
k — ikm
o) =77 3 " jma)
(B.16)

1 21,/ ’
<]€,O/’ = § :e—zkm <m/a/‘.
VL~
m

'In this proof, we will adapt the notation (72) = n to make it easier to read.
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Evaluating the matrix elements (k' |FI{§§ |ka) using (B.15) and (B.16), we get:
(Ko | HEE ko) Z [Ze_lk/ ™ (m'd|jc) Zeikm@r\ma)
+ Z e~ im! o/ jr) Z e ™ (iclma)
+Ze_lkm d'lje) Zemm (jllma)
—I-Ze wm ! o |1) Zelkm (jelmar)
+ Z ek (! o | 1) Z eFM (5 4 1)1ma)
+ Z e (! o/ |G + 1)1 Ze’km jr!maﬁ
Z [(65 + Unjc) Z e im! o/ |je) Z eFm (jelma)
j m m

—i—(el + Unﬂ) Z e*ik/m/ <m/a/’jl> Z eikm<]~”ma>

_l’_

SIS

+(er + Unjy) Z e~ ikm (m/d|jr) Z eikm<jr|moz>]

m’ m

> e ol je)e™ rlja) + e ol jrye (jeljo)
J

t

L
+e*I(jo|je)e™ (jllja) + e * I (ol |l)e™ (jel jor)
eI (ol |jr) e (G + DI + 1)a)

+e WU (G4 1) |(G + 1)1)et*d <J7°|Ja>]

Z[GC+U’H e *i(jal|je)e* (jelja)
J

t~ \

+(er+ Unj)e™* (ol | 1) ¢ (jl|jar)
e + Unjp)e™ ™ ol |jrye™ (jrjo)]
= S (ol e rlja) + (o) (el ja)
J
+(jelljejillja) + (/|1 (el
+e* (! |jr{( + DG + )
e (G + 1)1+ DD rlje)
T 32 e+ Unge) ol ) il
J
+ (e + Uny) (o' |5 (jllj)

+ (er + Unjo) e ) (rlje) |
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where the completeness of the basis {|ja)} ;o was used in the second equality. According to above
calculations, the matrix elements for AL are given by:

~ 1 . o
(K'o! | HE ko) = - > tRI(P 4 Q) (B.17)
J

where P and () are defined as:

P = —t[(joje) (jrlja) + (o [jr) (jelja) + (joje) (jllja) + (ja’|51) (je|jer)
+ e (ol [ir) (G + UG + Da) + e % (G + 1)/ |(5 + 1)) (jr]ja)]
Q = (e + Unye) (jo|jc) (jeljor) + (e + Ung) (o |il) (jllja) + (& + Unjr) (G| jr) (jr|jcr).

(B.18)
Given the completeness of {|ja)};q, it is easy to check that the following relations hold:
Pld=a)=0
Q(O/ =a)=¢q+ Unja
—tetk o =randa =1
/ L (B.19)
P #a)=q —te ™ o =landa=r
—t otherwise
Qo #a) =0.
Using (B.17), (B.19) and (B.11) , the matrix elements for H{ﬁf can be written as:
( Un.: )l i(k—k')j _( Un. )(5 r_
€ + n]aLZje = (ea + Unja)opy o =«
o1 ; " .
. —te’t =3 el k=K)J = etk g o =randa =1
(K o | Hif ko) = Ly y
—tel_“'€ I > e b=k)J = _te= K 5,0 o =landa=r
—tf > el k=K = 454 otherwise
€a +Unjo o =«
—tetk o =randa =1
- K=k
= —tetk o =landa =1 ) (B.20)
—t otherwise
0 kK #k

The last step is to find the eigenvalues of the matrix generated by the matrix elements given by

(B.20). For a particular choice of basis ordering, the problem is simplified. Consider the following

map {|kp) }pa — {€s}3L,, where {e;}3L, is the set of ordered standard basis vectors living in a
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3L dimensional space, given by:

|k‘16> — €1
|kac) — ey

|ksc) — er

|k‘LC> — €37,—2

|k1l> — €9 ’k‘l?”> — €3

|]€2l> — €5 ’k2T> — €g

|ksl) +— eg |k3r) +— eg (B.21)
|krl) — e3r_1 |kLr) — esr

Using (B.21), the matrix HE representing the HF Hamiltonian A in the basis {|k,a)}po With

elements given by (B.20) reads:

where the matrices {Ag, , A, , - -

)

Hﬁef = diag(Ak‘laAkzy T 7Ak2L) (BZZ)
Ay, } are obtained using:
D. -t —t
A, =1 —t Dl —te_ik
—t —te’* D,
(B.23)

D, = €.+ U{n)
D;=¢ + U<ﬁ1>
Dr = €r + U<7Alr>

The task of finding the eigenvalues of the matrix HE! (allowed energy values for the Hamiltonian

H’{IeFf) is simplified (at least analytically) by virtue of H{Ieg being a block-diagonal matrix. The

eigenvalues (eigenvectors) of such matrix are simply the eigenvalues (eigenvectors) of each block-

matrix combined. That is, the allowed energy values at each allowed value of the wave-vector &

are the eigenvalues of the corresponding matrix A, given by (B.23) which completes the proof. [
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A derivation of Statement 3

We start by evaluating the quantity] (km|ja) \2 for a given k, = k, from (2.28) and (B.16), we have:

|km) = Z Chm|kg) = \F Z ™y e ng). (B.24)
By taking the complex conjugate, it follows that:

(km| = \1FL ; (C§m> " Z e~ (ng. (B.25)

n

Multiplying (B.25) by |ja) from the right, we get:

(km|ja) = 7i Z ( ) “kn B | 1jo) = \F Z (Ckm> e~ *(nblja). (B.26)

By the completeness of the basis |ja) o, the only non-vanishing summation term in (B.26) is the
n = j and « = f term, that is, (B.26) is reduced to:

N S s S
(kml|jo) = i3 (C’a ) e ", (B.27)
Multiplying both sides of (B.27) with the complex conjugate, it follows that:
1 2
|(kmlja)|* = E‘C{;m’ . (B.28)

Now we wish to calculate the DoS functions { f,(E)}, within a unit cell with sites {l,c,r}. The
value of f,(§) at E = &, denotes the number of states available per unit energy for the energy
value ¢ at site . This is independent of j (which unit cell) due to the degree of homogeneity of
the system by construction. The integral of f,(E) over all possible energy values, would result in
the total number of states available at site . That is, for the spinless case, we have:

/ " Ju(B)E = 1. (B.29)

This is nothing but the fact that the maximum number of electrons occupying one site is 1. In
the ground state, the total number of states available coincides with the total number of occupied
states. However, the total number of occupied states at site « is the same as the electronic density
(). If we instead change the upper limit of integration to u, where y is the chemical potential, we
are leaving vacancies in states. Namely, the states where £ > u, which indicates that the system is
partially filled. The value of the integration is in general less than one (given that f,(E) > 0). In
the ground state?, we start filling the system with electrons in energy states from E = —oo until

*Other than the ground state, we would have [~ fo(E)P.(E)dE, where P, (E) is the probability of occupancy.
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E = p, the density is then given by:
"
(i) = [ falB). (8.30)

Now we set to find f,(F). We need to find the expectation value of §(F — H) in the basis
{lja)};ja, that is:
fa(E) = (jal6(E — Hif)|ja). (B.31)

Note that due to the completeness of {|k,m)},m, we can make use of the closure relation given by:

> Jkpm) (kym| = 1. (B.32)
pm

From (B.31) and (B.32), we get:

fa(E) = (jald(E - Hiff)lja) = Y _(jalkym)3(E — Eg,m){kymy,|ja)

pm

=" Galkym)|* 8(E — Ei,m) (B.33)

pm

1
:EZ
pm

kpm2 .
o™ 5(E = Eyym)

where we have used (B.28) in the last equality. O
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Further Results: DoS

Figure C.1 shows a case of a system described by the energy shifts ¢. = 0, ¢ = —2 and ¢, = 3. All
other parameters of the system under study are in accordance with what we presented in Chapter
3. The non-symmetric set {¢,}, of said system reflects no symmetry on the corresponding DoS
functions { f,(F)}. Other than the special symmetry attained in the system described in Figure
3.1, the discussion is not changed. However, the system considered in Figure C.1 does shed light
on the final remark we gave regarding the relationship between U and (7).

U =0,n. = 0.4023,n; = 0.8528,n, = 0.0758 U = 2,n, = 0.2478,n; = 0.7032, n, = 0.0509

5 5
——a = ¢ (center)
—a =1 (left)
4+ —a =r (right) ] 4t
53 U ] 53
<, U U 3, |
' \1 | 1
R ‘ y . M

-4 2 0 2 4 2 0 2 4
E E
U = 4,n, = 0.3022,7; = 0.6220,n, = 0.0703 U = 6,n. = 0.2489,n; = 0.4685,n, = 0.0716
3.5 ‘ : : 3.5 ‘ ‘ ‘
3 3
25 25
g 2 g 2
<15 <15
' ] di
0.5 K JL ] 0.5 ‘
0 ! 0 : X

-2 0 2 4 6 -2 0 4 6

2
E E

Figure C.1: Comparison between the density of states functions {f.(F)}. at four different values of the
interaction parameter U, for e, = 0, ¢, = —2 and ¢, = 3. Left upper panel: U = 0, Right upper
panel: U = 2, Left lower panel: U = 4, Right lower panel: U = 6. The densities {(7,)}, are
also displayed for each case. Note the lost symmetry around €, compared to Figure 3.1.

Both systems presented in Figure 3.1 and Figure C.1 indicate that the total density within one unit
cell (fiee) decreases as U increases, which is in agreement with intuition as mentioned previously.
However, for a given site density (7,,), the statement does not hold. Figure C.1 shows an increase in
both (n.) and (n,) when U increased from 2 (Right upper panel) to 4 (Left lower panel), followed

37
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by a slight increase in (7,.) only, when U increased from 4 to 6 (Right lower panel). We notice that
this increase in the density occurred when (n,,) was relatively small and can be traced back to the
effect of the interaction on the range of energy values in which f,(FE) is non-zero. The introduced
interaction does indeed make the system accommodate less electrons, however, it does create in
some cases enough diversity in the occurring energy values that results in populating vacancies at
low density sites. In other words, for a small (7n,), if the interaction parameter U is high enough,
the effect of the diversity in the energy ranges in which the area under f,(E) is non-zero will win

over the shift to the right in f,(F) due to the repulsive interaction.

Figure C.2 shows the DoS functions for a system described by the energy shifts ¢, = 0, ¢, = —0.1
and ¢, = 0.1 at different values of the local interaction parameter U. All other parameters of the
system under study are in accordance with what we presented in Chapter 3.

U =0,n,=0.4996,n; = 0.5237,n, = 0.4754 U=2,n,=0.3759,n = 0.3955,n, = 0.3571

1.4 1.4
——a = ¢ (center)
121 —a=1(left) 1 1.2¢
—a = r (right)
1r 1
g 0.8 g 0.8
“S 06 “506
0.4 0.4
0.2 0.2
0 ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘
-2 -1 0 1 2 -1 0 1 2 3
E E
U=4,n.= 0.2968,n; = 0.3108, n,, = 0.2833 U=6,n.=0.2411,n; = 0.2503,n, = 0.2322
14— ‘ : ‘ ‘ 1.4 ‘ ‘ ‘ ‘
121 1.2
1r 1
g 0.8 g 0.8
“S 06" “20.6
0.4 0.4
0.2 0.2
0 ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘
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E E

Figure C.2: Comparison between the density of states functions {f,(E)}. at four different values of the
interaction parameter U, for ¢, = 0, ¢ = —0.1 and ¢, = 0.1. Left upper panel: U = 0, Right
upper panel: U = 2, Left lower panel: U = 4, Right lower panel: U = 6. The densities {(74) }o
are also displayed for each case.

Note that due to the energy shifts {e, }, being small in magnitude, the DoS functions are interwind
in intervals where they are non-zero as opposed to all other systems considered in this thesis where
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the shifts {e, }, are relatively large. It is also worth noting that as the local interaction parameter
U becomes bigger, the DoS functions approach the limit of ¢/, = U(n) VYo € {l, ¢, r} where () here
is uniform.



