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Abstract

There is a shortage of models and analysis methods of fourth generation district
heating networks, which are capable of both extracting and depositing heat energy
to some thermal network grid. This thesis fills that gap by combining mathematical
models of components into a network that is capable of sending heat energy between
its nodes. Questions regarding good heating strategies for controlling the nodes were
posed, and based on these, some simplifications were made to produce simpler sys-
tems to work with. Near-optimal distributed control strategies were produced and
tested on simulations of the full mathematical models. For comparison, tuned P- and
PI-controllers were also simulated on the full system. The results showed that the
optimal controllers induce less oscillations and had less stationary error, however
this caused larger control signals and more grid-wise interaction, causing neighbor-
ing users to feel more of the impact when a single node changed its operating point.
This effect can be suppressed if a heating battery is connected to the system.
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1
Introduction

In 2015, the Swedish Government announced its Fossil Free Sweden initiative, with
the specific goal of becoming a country free of fossil fuels before 2045. The initia-
tive provides a direct link of discussions between industry and the government on
how to provide legislation not only to ease this transition, but also to make sure that
it is driven by economic growth. Currently, no scalable infrastructure replacement
for fossil fuels exists in the market, due to the high fluctuations of ideal operating
conditions that renewable sources need to have to be able to supply energy for the
large demand. This is especially true in the Nordic countries, where direct sunlight
or wind might be absent for often large, unknown periods of time.

1.1 Fourth Generation District Heating

In [Lund et al., 2014], the concept of a fourth generation district heating system is
defined, where the renewables are not only optimally combined to provide energy
for heating a district, but also cooling is integrated in the thermal grid (along with
other necessary things, such as improved insulation). Here, a historical review is
shown of the previous three generations of district heating, where the network heat
is ever decreasing as progress is being made. A projection is made for the supply
and return temperatures in the next generation heating system, lowering it to around
65 0C on the supply and roughly 20-50 0C on the return side.

Even if one were to successfully integrate renewable energy sources for the
purpose of heating and cooling buildings, there is another development lurking just
beyond the horizon. Following the large foothold Tesla has gained in the vehicle
market, especially in Norway, several key people in the field are worried of how the
massive load increase of the power networks will affect power stability. There are
a few articles treating this for small, local scale systems, see [Clement-Nyns et al.,
2010]. Due to this massive new energy demand, it is clear that changes solely on the
producer side will not come close to solving the issue. Because of this, large efforts
have been put to make the consumer change its behavior as well. For quite some
time now, there have been incentives put forward on researchers and developers to
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Chapter 1. Introduction

lower the energy either by increase of energy efficiency of products or by urging
consumers to use less and to save more.

This way of approaching the problem looks towards decreasing the energy de-
mands proactively and in some cases, especially in district heating situations, re-
quires full knowledge of future consumer behavior to be effective, which quite often
is impossible to determine. On top of that, it might also lead to a trade-off between
energy efficiency and comfort in the sense that people might be required to lower
their indoor temperatures during some periods of time, most likely right after they
arrive to a room and right before they leave it. One may instead look towards acting
retroactively and try to recapture residual heat of a space that is no longer used,
which is seen as a major source of energy spillage to the environment.

A calculation put forth by EON shows that there might be an energy reduc-
tion of up to 70 percent in densely populated urban environments by recapturing
residual heat and reusing it in other parts of a heating network [E.ON, 2018]. This
changes the consumers role to become a quasi-prosumer, where they do not fully
generate or buy their own heat energy, but rather resell all bought energy that has
not been utilized, which would otherwise be lost to the environment if left in a room
for quite some time. In addition, one may also connect cooling equipment to this
exchange market, which often generates large thermal flows. This creates a space
for exchanging heating energy and the lack of it (in the form of very cold water),
so that refrigerators do not need to use all of their electricity to inefficiently cool
down its interior. Instead, it can purchase cold medium from this exchange market
in order to use it to partly cool down its interior.

This is, in essence, what EON aspires towards with their new ectogrid tech-
nology. By combining heating pumps and cooling machines to work in an inte-
grated network of heating flows, where each building works as one of these quasi-
prosumers, it is possible to send energy between different actors in the network.
One may think of the network being one giant thermal battery, although one may
also add components that more specifically work as batteries. Only when there is no
more surplus energy, does additional energy become bought or generated from an-
other local ectogrid network or centralized power plant. Furthermore, EON claims
that the grid operates at a very low temperature, the same as the surrounding envi-
ronment which not only implies that there are extremely low energy losses in due to
heat dissipation, but also that it is possible to use cheaper, less insulating material
in the pipes.

1.2 Purpose

Even though this idea of sending packets of heating energy is in itself a large boost
for minimizing energy generation, one could greatly improve upon the efficiency of
transfer between the different prosumers, minimizing losses and the electrical bill.
While a small grid might be easy to control through information exchange with a
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1.3 Problem Formulation

central plant that uses this information to dictate control signals, the true reduction
in energy comes from the ability of having lots of prosumers in the same grid, in
order to, for the most time, be able to have someone to send the energy to.

For large networks that communicate through some cloud service, reliability
and bandwidth of that communication line becomes of vital importance. However,
this also implies that there are a number of security risks that come with using such
a service. Will the heating network still work in case of a power outage? What
happens when the internet connection is lost? This could potentially leave several
people stranded without any means of heating.

Finally, it is of interest to discuss some privacy concerns through the use of a
central controller. In theory, the cloud could be used for spying on its users, creating
profiles that could tell them things ranging from the desired temperature of a room,
where in the building they currently are, to how many are there in the building and
when the users leave their homes.

1.3 Problem Formulation

This thesis aims to look at fourth generation district heating networks, of which
ectogrid is an example, in order to analyze the entire network dynamics and control
the behavior, preferably with optimal controllers that only use local information.
District heating networks, along with all of its components and use of liquid or
gas as an energy transportation medium, are inherently nonlinear systems coupled
with several delays of variable lengths. It is a key element of this thesis to find and
motivate simplifications both to the model and to the control strategy.
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2
Methods

Due to the fact that fourth generation district heating systems is a relatively new
concept, where the main idea is that there should be a way to store thermal energy
for later use, there is a lot of research effort that has yet to be put into this area.
For example, there does not exist any publicly known model for a system of this
type. In order to be able to analyze control schemes of a fourth generation district
heating system, such a model needs to be created. It is on the basis of that model,
that different control schemes will be created.

2.1 Modeling

The modeling of the network will take on a bottom-up approach, by creating math-
ematical models for various components that will be a part of the network. The
mathematical description of the components will start from a physical description,
where relevant effects will be incorporated into the model. This will lead to a model
that is highly nonlinear with time-delays. Therefore, it is of interest to find ways
to simplify the model. For some simplification, this means ordinary linearization
around some operating point in order to synthesize a local controller. Other types
of approximations will require that the signals in the system are limited in the fre-
quency domain.

2.2 Benchmarking of Control Laws

Several types of control will be created in this thesis, depending on what behavior
is desirable. For the most part, focus will lie on optimal controllers whose main
job is to minimize certain non-desirable effects, such as energy loss. These control
schemes will be synthesized from Pontryagin’s maximum principle using various
simplifications of the model. It is of major interest to generate decentralized con-
trollers that only use local information to create a feedback controller, so this feature
will also be emphasized.
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2.3 Simulations

For comparison, they will also be tested against local P- and PI-controllers that
will be tuned so that the gain removes as much stationary error as possible and the
integrator has a low gain while still managing to remove the stationary error within
a reasonable time scale. It will be shown that if a these PI controllers are used as the
primary control method, it is possible to minimize the energy usage by the proper
choice of temperature in the medium flowing in the pipes of the thermal grid.

2.3 Simulations

The derived control schemes will then be tested in the full, non-simplified mathe-
matical model. The various model components will be created in block functions
using Simulink, a modeling and simulation environment tightly integrated with the
MATLAB platform. The components will be put together as described in Section
3.4, and the control modules will be implemented in their own blocks.

Simulations will mostly focus around a set of operating points. For example, the
environment temperature will always be set to 288K, and the goal of the prosumers
will be to successfully control energy flows so that the two rooms will have a tem-
perature of 293K and 283K, respectively. The mass flows in the network will be
fixed and have the same values throughout all the simulations. The control laws that
are derived will be created in their own separate blocks, so that it is easy to swap
out only the controller part, minimizing the risk of benchmarking against entirely
different mathematical models.
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3
Modeling an Energy Flow
Network

Current district heating networks operate from a central heating plant that not only
has to make sure that the hot water needed to heat the buildings has the correct
temperature (around 95 0C), but that the pressure across the network is maintained
so that the water can flow with sufficient velocity even for the consumer that is the
farthest away from them. As shown in Section 3.3, a fast mass flow implies better
heating for all members in the grid. Additionally, the closer one is to the power
plant, the better the heating due to larger pressure differences and temperatures.
Another thing that has to be dealt with in the current heating network models is
that Reynolds number is subject to change, as the enthalpy of the medium drops
across the network, leading to a different mixture of gas bubbles and consequently,
different mass flows and convex transfer coefficients. In this thermal heating system,
these effects will be ignored, due to the lower temperatures of the water in the pipes
and due to much lower mass flows.

3.1 Models of Fourth Generation District Heating
Networks

According to the ectogrid website, in EONs version of the fourth generation heating
system, users can tap into the grid in any way they want [E.ON, 2018]. Should they
only want to extract heat from the grid or use it to keep the temperature low in a cold
storage or both, they will be able to do so. Essentially this means that there needs
to be different models for the different ways the consumer extracts or deposits heat
into the network. On top of that, there are also several different economic options,
such as the consumer directly pays for the net heating energy that they use, similar
to contemporary practices, or they could become prosumers, where they own their
own equipment and not only use it to extract heat from the grid, but also to generate
their own heat from other sources, and then sell this excess heat when it is no longer
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3.2 Network Restrictions

needed. The third option is to own a part of the grid itself, allowing for, for example,
free energy transfer within the grid before interacting with the “outside world”.
This last option is more viable for organizations or cooperations owning multiple
buildings in the same vicinity.

Another complication is that there are a couple of different ways to store the
intermittent energy. One could store it directly in the network, by letting the entire
network temperature rise during times of excess heat depositing into the network
and cool during times of high heating demands, or one could dedicate components
that in effect work as thermal batteries for the system, such as a large water storage
somewhere in the network that mathematically works as an integrator, keeping the
network temperature at a desired level. The former is a short term approach since it
quite likely will move the average temperature of the grid away from the surround-
ing environment temperature, creating unnecessary losses to the environment. An
example is that during the winter, there will be a surplus of heat demand and with
all those buildings continuously extracting heat from the grid, its average tempera-
ture will become much lower than the environment, creating losses due to the large
heat gradient. The large heat gradient between the grid and the spaces that are being
heated will also cause the heat pumps to work extra hard, due to the fact that their
efficiency is inversely proportional to the temperature difference, see Section 3.3.
By introducing a thermal storage, it has the potential to bring the grid temperature
back to an environment average, removing much of the losses.

3.2 Network Restrictions

This thesis focused on the quasi-prosumers case, where the user was assumed to be
a consumer buying the energy required to heat its premises and then selling it back
to the company that is controlling the grid, allowing them to move the very same
energy to another part of the grid. In other words, the consumer was not explicitly
able to generate its own heat and sell it to the company. Another simplification was
that every user has precisely one space to heat or cool and that the heating/cooling
happens everywhere in the room at the same time. An extension to the model where
one for example splits up the air closest to the radiator and the room average is not
difficult to do, but it was not considered here for simplicity.

The assumed network topology was that of a straight line, see Figure 3.1, where
each user had access to two pipes, one flowing away from the heat storage and
production facility and the other flowing towards it. This was done because most
of the worlds current district heating systems have this topology, and that they are
easy to combine into larger systems. However, one should keep in mind that other
topologies are also possible and could, in principle, be better. Another simplification
of the topology was that every building was assumed to be on the same height
above sea level, in other words, the pressure would not change due to the different
elevations of the various users.
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Chapter 3. Modeling an Energy Flow Network

Figure 3.1 An example of how the fourth generation heating networks could look
like. It is this topology of the network that this thesis will work with.

3.3 Components

As was briefly touched upon in the beginning of this chapter, the network was com-
posed of several different components, which together made up the network. Some
simplifications have already been made on the network side, but there were a few
more whose purpose also was to simplify the network model, although they may
not be completely obvious on the individual component level. Naturally, these sim-
plifications imposed some restrictions on the operating procedure, often leading to
some sub-optimal behavior or the loss of some effects.

Pipe Model
The most important component was the pipes, since they are the backbone of the
network which connect the different users to each other. On the construction level,
there are several degrees of freedom that are possible to choose from, which greatly
impact network dynamics, efficiency and cost. This includes a choice of pipe mate-
rial, pipe dimensions and the medium used as the heat transport vessel.

This model assumed that the temperature of the medium propagated throughout
the pipe as if the flow was laminar, in other words, the cross-section temperature
profile that entered a section of the pipe remained the same upon exit. Also, it was
assumed that the fluid in the pipes was incompressible, such that the mass that
entered a pipe had to immediately exit it on the other side. Considering Bernoulli’s
principle, the mass velocity, V , is governed by the pressure difference, ∆p= p1− p2,
the inlet and outlet,

V 2
1
2

ρ +ρgh1 + p1 =
V 2

2
2

ρ +ρgh2 + p2 (3.1)

where ρ is the fluid density, g is the gravitational constant and h is the elevation
above a reference plane.
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3.3 Components

Bernoulli’s principle imposes that the pressure drops linearly across the pipe,
and in extension, throughout the network. A large part of this pressure drop is due
to the friction occurring between the walls of the pipe and the fluid. By assum-
ing that the fluid density is constant throughout the pipe and using the continuity
equation, it became easy to show that this interaction could be represented as heat
generation of the fluid in the pipe. Initially, if one starts by considering the linear
thermal expansion of a fluid, ∆V = β∆T , then by simply taking the reciprocal of
these relations, it was possible to obtain the density increase,

ρ1 =
m
V1

=
m

V0(1+β (T1−T0))
=

ρ0

(1+β (T1−T0))
(3.2)

where β is the volumetric temperature coefficient of the fluid.
Similarly, one may consider the volumetric expansion due to a change in pres-

sure and arrive at a similar result. In order to consider both the effects at the same
time, one could just multiply the factors to each other, giving the relation,

ρ1 = ρ0
1

(1+β (T1−T0))

1
(1− p1−p0

E )
(3.3)

where E is the bulk modulus of the fluid. By setting the density to be roughly the
same and applying the Darcy-Weishbach equation for the major head loss, ∆P =

Ff ṁ2

2ρA2di
x, gave the final form of the temperature increment in a infinitesimal section

of the pipe,

d(T1−T0) =
E
β

1

(E +∆P)2
dP
dx

dx≈ 1
Eβ

Ff ṁ2

2ρA2di
dx (3.4)

where Ff is the friction factor that is extracted from a Moody chart, ṁ is the mass
flow in the pipe, A is the cross-sectional area of the pipe and di is the internal diam-
eter of the pipe.

Finally, convective heat transfer that occurred between the fluid and the outside
environment through the pipe walls was considered. [Spakovszky, 2018] states that
the heat transfer is in an infinitesimal section of a pipe is given by,

d(T1−T0) =
hπdi

ṁcp
(Te−T1)dx (3.5)

where h is the convective heat transfer coefficient through the pipe and cp is the
specific heat capacity of the fluid. Te is the temperature outside the pipe.

By combining this with equation (3.4), it was possible to derive a relation be-
tween the inlet temperature and the outlet temperature,

d(T1−T0) =

(
hπdi

ṁcp
(Te−T1)+

1
Eβ

Ff ṁ2

2ρA2di

)
dx⇒ T ∗e −T1

T ∗e −T2
= e−

hπdi
ṁcp x (3.6)
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Chapter 3. Modeling an Energy Flow Network

where the second term in equation (3.6), which arose from the Darcy-Weishbach
pressure drop, has been embedded in T ∗e . If the mass flow is very small, which is
common for the pipes entering and exiting the buildings in current heating systems,
the Darcy-Weisbach pressure-drop may be ignored, prompting T ∗e ≈ Te. However,
for large networks, it is an effect that one needs to take into consideration, since
the plant has to generate a massive mass flow in order to provide heating for all its
customers.

A final assumption of the pipe model was that it is completely a one-phase flow,
meaning that there are was no gaseous flows within the pipes, which is particu-
larly valid due to the low operating temperature and the assumption that the pumps
generate a small pressure difference with respect to the atmosphere.

A major effect that pipes bring with them are time delays. This effect in the
Laplace domain, could easily be represented as an exponential function multiplied
with the gain of the pipe that was derived in equation (3.6). By, using the signals as
temperature differences with T ∗e ,

y(t) = e−
hπdi
ṁcp xu(t− t0)⇒ Y (s) = e−

hπdi
ṁcp xe−st0U(s) (3.7)

The exponential function, is however very difficult to work with, especially with
a networked system with several delays present in different places throughout the
network. To accurately describe a single time delay block, one would need an infi-
nite amount of states. However, one could try to limit the amount of these states by
the use of some approximation on the transfer function, however some additional
constraints need to be imposed in order to maintain physical validity. Consider for
example the following Padé approximation of the time delay

e−st0 ≈ 2− st0
2+ st0

=
4

2+ st0
−1 (3.8)

One sees that the approximation is composed of a simple first order system
and a direct term. However, the direct term implies that what happens at the outlet
is instantaneously affected by the inlet temperature, which is not a valid physical
property. A comparison of the Bode diagram of these two expressions can be seen
in Figure 3.2. One might then instead resort to a Taylor expansion of the form,

e−st0 ≈ 1
1+ st0

(3.9)

This approximation is valid under the condition that the input temperature spec-
tral density is st0 < 1, where the time it takes to traverse the pipe is directly propor-
tional to the mass flow and the length of the pipe. This limitation can be eased by
splitting the pipe up into multiple segments, allowing the traversal time to be low-
ered and increasing the model validity for higher frequencies of the input signal.
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3.3 Components

Figure 3.2 Bode diagram of two approximations to time delay, together with the
pure delay.

e−st0 ≈

(
1

1+ s t0
k

)k

(3.10)

which is valid under the frequency range s t0
k < 1.

Heat Exchangers
There are many different types of heat exchanger constructions differing by their
directionality (counter- or parallel flow) and interaction area. See Figure 3.3 for
an example of the type of heat exchanger that was used here, called the counter-
flow heat exchanger. These heat exchangers are useful from a theoretical point of
view, since the temperature relations between the two inlet and two outlet flows can
be derived without any assumptions made on how it is constructed. Following the
derivations found in [Spakovszky, 2018], it is possible to eliminate two tempera-
tures flowing through the heat exchanger. In this thesis, they will almost exclusively
be the outlet temperatures on both sides of the exchanger. So, given that the inlet
flows are known, one of the outlet flows is given by the relationship

T in
1 −T out

1 = µ(T in
1 −T in

2 ) (3.11)
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Chapter 3. Modeling an Energy Flow Network

Figure 3.3 A schematic of a counter-flow heat exchanger that exchanges energy
with an external pipe. The heated medium is then cooled down by interacting with
the room through a radiator which also makes it a heat exchanger.

where µ is an efficiency factor that was assumed to be constant for a relatively high
mass flow. It is governed by the following relation assuming that the same medium
is used in both sides,

µ =
1− e−α

1− ṁin
ṁout

e−α
(3.12)

α = hπDL
(

1
ṁin
− 1

ṁout

)
1
cp

(3.13)

where D and L are the diameter and the length of the interaction pipes
For rough values of the other physical constants, one can see that this expression

is approximately constant for a range of mass flows that was used here, namely that
the internal mass flow of each heat pump was smaller than the one out in the heating
grid pipes, see Figure 3.4.

The equation for the second outlet temperature is similar, with only a change in
the µ factor,

T out
2 −T in

2 = µ
′(T in

1 −T in
2 ) (3.14)

µ
′ =

ṁin

ṁout
µ (3.15)
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3.3 Components

Figure 3.4 The graph shows in what ranges the approximation of µ being a con-
stant is valid using some representative values of the heat physical parameters.

The heat exchanger was assumed to have no temporal delays when the medium
flowed through it, since the system was relatively small in comparison with the time
it took to change the temperature of the entire grid in comparison to the pipes, which
were in lengths of tens of meters.

In third generation district heating, the radiators utilize the pressure difference
between the hot and cold pipes to force the medium to run through the radiator,
heating the room. This requires, however, that the temperature is very high on the
hot side, unless some local pressure mechanism compresses the flow going through
the radiator, increasing its temperature (which would imply that this is no longer
a heat exchanger, but a heat pump). The outlet temperature, on the other hand, be-
comes very high (about 55-60 0C) which is not only not suitable to use for cooling
machines, but also susceptible of heat loss to the environment.

The idea was to instead, say during heating operation, only draw heat from the
hot side of the ectogrid and not touch the cold side. A way to model this was by
having a heat exchanger extract heat from the hot side, and use this to heat up the
room, see Figure 3.1, where the top pipe is the hotter one. By varying the mass flow
of this internal heat exchanger, one also gained control of the degree of heating of
the room, namely one could set the equilibrium exchange of heat energy. However,
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Chapter 3. Modeling an Energy Flow Network

it ass not possible to heat the room to any temperature higher than the temperature
in the pipes.

Thus, only using this mechanism ass not scalable indefinitely, especially when it
was claimed that the grid should be able to operate with the same low temperatures
as the surrounding environment. The temperature of the hot side could very well
drop to exactly the environment temperature, making all subsequent users connected
to the hot side unable to further extract heat. One could make the same argument
for the cooling mechanism by extracting cold water from the cooler pipes.

Heat Pump
The discussion in Section 3.3 showed that there is a need of being able to transport
heat energy in the opposite direction of the temperature gradient, which is precisely
what a heat pump does. Essentially, by running a Carnot engine in reverse, investing
work instead of harvesting it, one is able to cause the heat to flow in the opposite
direction. The property of the theoretical framework for how much heat is being
extracted in the Carnot engine, and in particular the heat pump, does not depend
on the precise construction, making it very easy to use for calculations. The central
term in a heat pump is the Coefficient of Performance (COP), defined as the useful
work W divided by the power input, P,

COP =
W
P

(3.16)

According to the second law law of thermodynamics, total entropy can never be
reduced in an isolated system. Using this, one is able to extract the largest possible
COP,

COP≤ Th

Th−Tc
(3.17)

where subscript h denotes the hotter side and c denotes the cooler.
However, this maximum COP is only reached when the process is run very

slowly, too slow for any practical uses. Because of this, in normal operating proce-
dures, the physicist approximates any losses to the system by an efficiency factor,
ν ,

COP = ν
Th

Th−Tc
(3.18)

In general however, this factor is not only also dependent on the temperatures
on both sides, but also of the frequency the pump engine is currently working
with, which is why on most heat pumps, the manufacturers give a polynomial fit
of the COP as a function of these three parameters. A simplification was made here,
namely that the frequency ass eliminated as done in [Verhelst et al., 2012], keeping
the definition of COP to be the ratio between extracted heat and the power input
solely dependent on the temperatures on each side.

COP = a0 +a1Th +a2Tc +a3T 2
h +a4T 2

c +a5ThTc (3.19)
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3.3 Components

Figure 3.5 The diagram shows how the Carnot COP depends on the temperature
of either side of its heat baths.

A side by side comparison of these two COP can be seen in Figures 3.5 and
3.6, where a ν of 0.3 has been used and the coefficients for (3.19) have been taken
from [Verhelst et al., 2012]. One can see that there are some differences between
these two images mainly due to the efficiency difference as the total temperature
of both sides is raised, but the overall shape is roughly the same. According to
[Verhelst et al., 2012], the largest error in the area of (3.19) is a few percent due to
the elimination of the frequency terms. In this model, equation (3.18) was used as
the COP, with the efficiency factor chosen so that it matches the size of equation
(3.19) as closely as possible in the operating range.

If one were to blindly connect the heat pump to a radiator and a pipe in the
thermal grid, some natural questions would arise. Such as what is the exact tem-
perature of the pipe needed to calculate the COP. A simple answer such as using
the inlet temperature or calculating the COP as some average between the inlet and
outlet temperature, however, this does not truly capture the dynamics of the system.
Instead, it was modelled as small fluid storage tank with continuous in- and out-
flows. The in- and outflows were connected to a heat exchanger, which extracted
or deposited energy into the grid in a manner that was proportional to the surface
area of interaction. Under the assumption that the temperature in this tank is raised
(lowered) everywhere simultaneously due to the hotter (colder) medium constantly
flowing in, it became easier to calculate the temperature in the tank, while at the
same time providing a good approximation of the continuous temperature drop in
the pipe that was part of the thermal grid. The heat pump then extracted (deposited)
the heat energy to (from) the room. See Figure 3.7 for a overview of how this system
model looks like.
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Figure 3.6 The diagram shows how a least squared polynomial fit of the COP
depends on the temperature of either side of its heat baths.

Figure 3.7 The schematic shows the connection between the heat pump, radia-
tor and the internal state, which in turn interacts through a heat exchanger with the
heating grid pipes.
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3.4 Creating the States - a Simple Network

Battery and Production Plant
A dynamical model of this component mash-up was not used explicitly in this thesis.
However, due to the assumption that the plant was very large and could control large
amounts of flows and heat them to very high temperatures, the plant was assumed
to simply have some gain that increased the temperatures. This was used in the
dynamical derivations of controllers. For the P- and PI-controllers, it was assumed
that the plant could set any temperature of the water that is sent into the grid. It could
do this perhaps by preheating vast amounts of energy and storing it in a battery or
by simply collecting all the residual energy created by the heating grid, storing it
and then using it when needed. A similar model is used in [Scholten et al., 2017].

3.4 Creating the States - a Simple Network

Now that the components have been modelled, it was time to combine them into a
grid. Since the components had been modelled separately from each other, and from
the ground up, it was possible to combine them into a general network. In this case,
the network topology was assumed to be linear, with each building having a pipe
to both the hot and the cold side. Each user that connected to the thermal grid was
assumed to precisely have one space they wished to control the temperature of, be it
a room, boiler or freezer. The state equations of the space temperature also assumed
that there were some heat losses with the ambient environment, proportional to the
surface area separating the two. This, together with the increase in temperature due
to a heat exchanger or heat pump, was governed by the following equation with
Xk = Tk−Te, for some label k,

Ẋr =−aXr +g(Tr,Ti,Te)P (3.20)

where P is the input power variable, g is a nonlinear function describing the heat
transport between the space with temperature Tr and the internal state, Ti and a is a
collection of a number of physical constants.

The second term, g, increased the temperature due to a heat pump or a heat ex-
changer as it transported energy between the internal state to the space. What g that
was used depended on the temperatures of the room, environment and the internal
tank state. This was due to the way the different machines alter the temperature in
the state after energy was supplied to them. A heat pump pushes the temperatures
in opposite directions, causing the heat to flow in opposite directions while the heat
exchanger pushed them closer to each other as more power was supplied to it. Under
the assumption that heat loss to the environment was very minimal, it was possible
to reach almost any state with the proper combination of heat machine, power and
grid temperature. An example of a situation where a specific desired temperature
was not possible to reach is shown in Figure 3.8. Here it was not possible to drive
the space temperature to the same temperature as the grid pipe, since an infinite
flow (infinite input to the machine pumping the water), was required to achieve it.
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Chapter 3. Modeling an Energy Flow Network

Figure 3.8 A special example of what could go wrong when a room changes it
desired setpoint to be on the "other side" of the grid temperature. In this case, the
room temperature will only ever be between the environment temperature and the
thermal grid temperature. In order to make the room temperature cross to the other
side of the thermal temperature, a different cooling machine than the ones mentioned
here would need to be used - one that is not as efficient as a heat pump or heat
exchanger. This thesis will ignore this case, since a simple solution could be to get
as close as possible, before temporarily switching to a less efficient way of removing
the final heat before the heat pump kicks in.

Therefore, a way to get around this problem could be by changing the grid temper-
ature. The different machines worked, in some sense, only effectively under their
operating conditions.

It was quite natural that as the heat machine deposited or extracted heat from
the internal state, its temperature, Ti, should have changed accordingly. However,
not all of the heat that was delivered to the space was always extracted from the
internal state, at least not when a heat pump was used. The electric work that was
generated by the pump eventually got converted into heat and was supplied to the
hotter side. This meant that the opposite side was not cooled as much as the other
side was heated. Using the COP notation, one could mathematically write it as

COPmax
c = 1−COPmax

h ≤ Tc

Th−Tc
(3.21)

Similarly to the heating case, the efficiency of the engines was incorporated into
the expression by multiplying the COP with a factor ν ′. Here, it was assumed that
ν ′ = ν , since the same pump that was extracting the heat from the cold state, was
used for the delivering it to the hot state.

The internal state was used as an intermediate state, where it was possible to
control how much energy one would like to extract from the grid. Its connection to
the thermal grid was modelled by a counter flow heat exchanger, whose flows got
heated or cooled by extracting or depositing heat to the grid and in turn, the grid
changed its temperature based on the amount of surface area interaction. Referring
to Figure 3.7, Tin was defined as the temperature of a pipe in the thermal grid that
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3.4 Creating the States - a Simple Network

was going through the building and into the heat exchanger. On the other side of
the heat exchanger, a pipe with water flowing from the internal state entered, Ti. At
the respective end of the two sides, the two pipes have changed their temperatures,
where Th flowed into the internal state and Tout , was the temperature of the water
in the thermal grid, which flowed to the next unit that was connected to the grid.
Using the equation (3.11) given in Section 3.3 and assuming that the heat pump was
used as the heat transport between internal and space state, the time evolution of the
internal state temperature was obtained as,

Ẋi = ṁic(Xin−Xi)∓dν
Ti

Xr−Xi
P (3.22)

The first term in equation (3.22) described the thermal flow between the grid
and the internal state with Tin = Xin + Te being the temperature of the pipe in the
thermal grid. With the mass flow factor, ṁ, it was possible to determine the degree of
interaction with the grid. The second term described the energy interaction between
the space and internal state using a heat pump. Also, precisely as was before, c and
d are collections of physical constants and efficiency factors.

Referring back to equation (3.14) derived in Section 3.3, one could use it to
write the output temperature of the fluid going on the next user in the grid as,

Y = Xout = µXi +(1−µ)Xin (3.23)

It was now possible to write a good representation of the heat flows between two
states connected by a heat pump and whether one needed it for heating or cooling,
it was possible to just switch the sign of the COP dependent on what was used.

Ẋr =−aXr±bν
Tr

Xr−Xi
P (3.24)

One could also replace the heat pump for a heat exchanger in some dynamic
cases, such as when there was a of need cooling/heating a room in order to quickly
save energy without investing too much work.

With the model including how the states affect the thermal grid, it was time to
turn the attention to the grid itself. The inlet to each user could be considered to
come from an outlet of a different user, minus the effects that happened in the pipes
as discussed in Section 3.3. As shown in this section, it was possible to treat the inlet
temperature as one of the inputs to a heat exchanger, whereas the other input to the
heat exchanger was the temperature of the internal state, Ti, see Figure 3.7. Given
each subset of nodes consisting of a space to be heated and a pipe supplying the
heat to the space, it was written in the following coupled state differential equation

Ẋr =−aXr±bν
Tr

Xr−Xi
P (3.25)

Ẋi = ṁic(Xin−Xi)∓dν
Ti

Xr−Xi
P (3.26)
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Figure 3.9 A schematic layout of the prosumer (the vertical nodes above the hor-
izontal pipes). Here one can see how the states are connected with each other while
using a heat pump to extract energy from the internal state.

Xin(t) = X pp
in (t− t0)e

− hπdi
ṁcp L (3.27)

Y = µXi(t)+(1−µ)Xin(t) (3.28)

where X pp
in is the fluid temperature immediately after it has left the previous house,

µ is the heat exchanger efficiency factor, L is the pipe length and t0 is the time it
takes for the fluid to travel through the pipe. A schematic view of how the nodes
were connected to each other can be seen in Figure 3.9.

Example: Single Prosumer
Consider a single building that is connected to a fourth generation heating grid ac-
cording to our model. Assume that the building temperature initially is at a bit above
288K and the temperature in the grid is 288K, see Figure 3.10. After some time, the
people in that building find it to be too cold, so they increase the power input to the
heat pump which is extracting heat from the grid. One can then see the effect of that
change at 3.8∗104 seconds in Figure 3.10. In that Figure, it is possible to see how
the difference between the internal state and the room temperature becomes larger,
this is because the heat pump has started to extract more energy from the internal
state compared to the rate of which the internal state extracts energy from the ther-
mal grid. That more energy is extracted from the grid could be seen from the outlet
temperature Figure 3.11, where it has dropped about 0.4K.

Full Model Description
Since a linear topology was considered with a simple battery/producer being a part
of it, it was assumed that the pressure pumps were located there, creating a pressure
difference pushing the liquid to flow throughout the network. However, the actual
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3.4 Creating the States - a Simple Network

Figure 3.10 The image shows the temperature evolution of a simple house that is
connected to the thermal network.

Figure 3.11 The graph shows the outlet return temperature of a simple house. The
temperature should be lower than the inlet temperature, 288K, indicating that energy
has been extracted from the water flowing through the building.
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Chapter 3. Modeling an Energy Flow Network

purpose of these pumps was to balance flows in the subsequent net and also to
partly regulate the temperature of the water in the pipes. It was formulated as the
control input that defines the amount of energy that was added and extracted from
the outside "world". The input flow was defined from the individual flows in the
network, where by individual flows it was meant that the buildings themselves in
Figure 3.1 determined the mass flows along the vertical pipes. The job of the plant
became, more precisely, to balance the flows in the first connection nodes. Another
consequence of the network that was used is that the flow exiting the network must
be equal the flow that enters it, since a vital assumption was that the fluid used in
the pipes is incompressible.

The necessity of external energy can be explained in the following way; suppose
that the network is stationary at some operating point and that there is no external
deposition or extraction of energy thus the buildings in the network successfully
cancel out each others energy usage. Suppose now that one of the buildings wishes
to extract more and more energy from the grid, due to some change in the reference
temperature or perhaps that someone opens a couple of windows in that building to
get some fresh air. In order to maintain the room temperature, more energy will need
to be extracted from the grid, thus lowering the temperature in the grid. Difficulties
arise when the temperature becomes so low that the medium in the pipes surpasses
its own melting point. Although one could alter the pressure of the medium to lower
the melting point, however the condensation point or, at the very least, the density of
the medium is also altered, creating a more complex phenomena that would require
more complex models.

The network model that was examined in this thesis however, is that of a two-
building system, making it possible to capture certain critical aspects that could be
of interest when implementing control of a larger system. The battery/production fa-
cility was assumed to be able to immediately change the temperature of their outlet,
which physically can be implemented with a correct mixing of the medium exiting
the network and the stored medium of the battery/production facility. By setting
up the network in this way, one can draw some parallels with current literature of
battery/production plant systems, where in for example [Scholten et al., 2017], a
control scheme is synthesized to combine the battery and production facility to op-
timize over some time dependent restraints on the battery that could be linked to
operating cost or safety margins for unforeseen effects. Although that result would
have to be generalized to incorporate time delays in the system. In this model, mini-
mizing the difference between the inlet and outlet to the producer/battery block was
a part of the objective, in order to not blow of all of the stored energy immediately or
to minimize the amount of energy that was needed to be produced at the production
facility.

The first prosumer in the network, immediately to the right of the battery in
Figure 3.12, in this model was assumed to have the objective of having a temper-
ature higher than the environment temperature, it wants to heat it’s space. It was
therefore be called the heated building. In order to achieve this, it took the medium
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3.4 Creating the States - a Simple Network

Figure 3.12 A scheme of the full model used that is used in order to derive de-
centralized controllers. Notice that the building that is extracting heat, here called
the "heated building" is marked in red while the cooled building, marked in blue,
deposits heat energy into the grid.

from the hot side and extracted the heat energy from it. The cooled medium was
then deposited on the cold side of the grid to be used either by a cooling machine
or to be heated up again by the battery/producer. The second prosumer was thus
assumed to have an objective that is lower than the environment temperature, the
objective is to cool its premises and will thus be called the cooled building. It thus
took the medium on the cold side and deposited energy to it before it released it to
the hot side. Under some circumstances it was possible to completely cut of the bat-
tery/producer and let the energy flow between the two prosumers. It was, however,
not always possible to be able to cancel out each others energy needs and for the
most part, it was very costly to maintain large temperature differences between the
buildings.

Using the equations derived in sections leading up to 3.4, with reference to Fig-
ure 3.12, it was possible to build the full model. From the first input of the network,
i.e., the inlet temperature, it was possible to create a state, x1, of the temperature
that exited the pipe labeled as P1 in Figure 3.12,
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x1 = u0(t− t0)e−β1 (3.29)

Similarly, it was possible to create the states x2, x3 and x4 using the exit tem-
perature of pipes P2, P3 and P4, respectively, using their physical constants in the
equations. However, the input to these pipes were simply the outputs of other com-
ponents as seen in in Figure 3.12. For all three remaining pipes, their inputs were
defined as the exit flows of the prosumers. As seen in Section 3.4, for state x2, it was
straight forward to calculate the input using the equations there

x2 = (xc
i (t− t0)µ +(1−µ)x3(t− t0))e−β1 (3.30)

ẋc
i = ṁc

i cc(x3− xc
i )∓dc

ν
c T c

i
xc

r− xc
i

Pc (3.31)

ẋc
r =−acxc

r±bc
ν

c T c
r

xc
r− xc

i
Pc (3.32)

Special attention was given to the intersection of pipe P1 and P2, it is clear that
some sort of mixing occurs here between the medium exiting both pipes. It was
assumed that this mixing occurs quickly, and that the resulting temperature was a
weighted average of the temperatures, where the weights are the medium mass flow
in the two respective pipes. This average was then used as an input to the heated
prosumer which was governed by the equations derived in Section 3.4.

xin =
ṁ0x1 + ṁ2x2

ṁ0 + ṁ2
(3.33)

ẋh
i = ṁh

i ch(xin− xh
i )∓dh

ν
h T h

i

xh
r − xh

i
Ph (3.34)

ẋh
r =−ahxh

r ±bh
ν

h T h
r

xh
r − xh

i
Ph (3.35)

The output of this system was split into two pipes, however the temperature that
entered these pipes were the same and the only thing one had to keep track of was
that the mass flows were correct which was obtained by simple solution of coupled,
linear, continuity equations, which in the electric analog is the same as Kirchoffs
current law. That is, the final two states became

x3 = (xh
i (t− t0)µ +(1−µ)xin(t− t0))e−β4 (3.36)

x4 = (xh
i (t− t0)µ +(1−µ)xin(t− t0))e−β1 (3.37)
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3.5 Verification of the Model

Collecting all the equations (3.29)-(3.37) gave the full state space model of this
network which could be written in the following compact form,

z = Atx(t− t0)+Btu(t− t0) (3.38)
ẏ = A′x(t)+B′(y)u(t) (3.39)

where At , Bt and A′ are matrices with scalar entries. B′(y) is a matrix which depends
on y and

z =


x1
x2
x3
x4

 (3.40)

y =


xh

r
xh

i
xc

r
xc

i

 (3.41)

are vectors of the states that only depend on the time-delayed state variables and
non-time delayed state variables, respectively.

3.5 Verification of the Model

Now that the entire model had been obtained, one could ask whether the network
acts in a desirable way - such that, at least, a part of the energy was transported be-
tween the actors in the network. First, the water that was injected from the battery to
the network have a temperature that was the same as the surrounding environment,
which in this thesis will be assumed to be 288K, and then the input to the heat pump
of both buildings was set so that they reach the desired room temperature. This was
done by setting the equations (3.31), (3.32), (3.34) and (3.35) to zero, calculating
the heat pump inputs as a function of the incoming water temperature, and then us-
ing the remaining equations of (3.38) to calculate the water temperature throughout
the grid.

In Figure 3.13, one can see that the temperature of the cooled building started
of at 287K and the temperature of the heated building during the same time period
is 293K, see Figure 3.14. After some time, the desired temperature of the cooled
building changed to 277K and the appropriate control signal was applied. It was
expected that the cool building would want to deposit more heat to the grid and
consequently increase the grid temperature. This could be seen by looking at the
internal state temperature in Figure 3.14, where the temperature went up.
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Figure 3.13 The graph shows the temperatures in the cooled building. When the
cool building lowers its temperature, the heat pump transfers more energy to the
thermal grid. This can be seen through the internal temperature, which has increased
its temperature.

Figure 3.14 The graph shows the temperature in the heated building. It can be seen
that after the cooled building lowers its temperature, more heat energy is supplied to
the heated building since the internal state increases its temperature.
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3.5 Verification of the Model

Figure 3.15 The energy consumption that the heat pump in the heated building
uses to transfer energy between the internal state and the room temperature.

As a proof that some of the extra heat energy had made its way to the heated
building could be seen by looking at its energy usage, see Figure 3.15. The input
signal to the heat pump was lowered meaning that less power was required to heat it.
This new relative abundance of heat reduces the energy usage of the heated building.
One could thus say that the cooled building has in effect sold off some of its heat to
the other user in the network.
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4
Stationary Operation

In the previous chapter, it was shown that it was possible to send in signals to the
heat pumps in order to reach some desired temperature of the building. In princi-
ple, given the temperature that the battery sets for the grid, it is always possible to
calculate the control signal for the heat pumps. However, a much smarter approach
could be made.

Suppose that there is a high energy demand during a time when electricity that
drives the heat pumps is expensive. One could then use the battery to make sure that
the energy consumption of the heat pumps becomes as low as possible by setting
the correct temperature. Another scenario might be that during a time of low price
on electricity and the battery wants to restock hot or cold water in its reservoir, it
could set the temperature so that it sends in a minimal amount of thermal energy to
the grid, while it is being resupplied either by a power plant or by the prosumers in
the network. These scenarios require a very different temperature at the inlet of the
grid.

One could think of this problem as a first step towards analyzing control of
a highly delayed and nonlinear model that is this relatively simple network. By
finding the optimal temperatures throughout the grid given some objective function
with respect to minimizing some objective function under constraints, the optimal
values for the input to the heat pumps can be generated.

4.1 Finding Optimal Stationary Points

During consideration of stationarity, it was assumed that the desired room tempera-
tures had been fulfilled. This meant that the time derivatives of equation (3.38) were
set to zero. From this, stationary values of the inputs u and xi were obtained from
the last four equations, which could be used to calculate how much heat they drew
from the grid. This lowered the temperature of the pipe that was passing through
the building. Time delays in this section were skipped, since they do not have an
impact at stationarity.

Consider the following problem,
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4.1 Finding Optimal Stationary Points

minimize
T

T T QT +T TW (4.1)

subject to

g(T,P,Te)≤ 0
h(T,P,Te) = 0

with an appropriate, symmetric, positive, semidefinite Q-matrix, and under linear
constraints in T , h(T,P,Te) = A(P,Te)T −B(P,Te). This problem could be formu-
lated as, for example, minimize the heat loss due to interaction with the environ-
ment. By following ordinary stationary optimization as shown in [Böiers, 2010],
and under the assumption that there are no inequality constraints (or assuming that
all inequalities will be fulfilled), the solution of the minimization can be found as
the solution to the following matrix relation[

2Q AT

A 0

][
T
λ

]
=

[
−W T

B

]
(4.2)

where λ is an array of Lagrange multipliers.
When inequality constraints are present in the optimization, it is not difficult

to expand the problem posed in equation (4.1). For each of those inequality con-
straints, one has to add them to the Lagrangian multiplied by a Lagrange multiplier,
similarly to the equality constraints. However, additional constraints are imposed
on the problem, namely µi ≥ 0 and µigi(T,P,Te) = 0. The solution is thus evalu-
ated on every edge of the solution space, if one chooses the right combination of
non-negative and zeros on µi.

In order to find the optimal stationary operating point, one must take into consid-
eration different operating modes. This means that since each optimization is made
for one particular makeup of heat exchangers, heat pumps and cooling machines,
one has to try out all other viable combination of modes in order to find the minimal
cost. In practice, this means that both the objective functions, i.e., Q and W matrices
and the constraints are changed in order to find the best operating points.

At stationarity, all the time derivatives in equation (3.38) become zero, giving
enough constraints to make the problem formulation of (4.1) only have one degree
of freedom, i.e., one variable to optimize against, namely the input temperature at
the beginning of the network. This control strategy requires the central power plant
to obtain information about the desired reference temperature in each node. This
particular control scheme requires a lot of overhead communication between the
nodes and the central plant as well as the room specifications, such as room size or
dissipation coefficients pipe lengths needs to be known. This implies that - should a
major shift in the coefficients occur, such as installing better insulating windows, it
would have to be reported to the production plant.
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Figure 4.1 The figure shows the location of the states that are defined in (4.3).

4.2 Example: Optimal Stationary Inputs

Referring to Figure 4.1 for a definition of the state variables, let

x̂ =



x̂1
x̂2
x̂3
x̂4
x̂5
x̂6
xh

i
xc

i


, x̂k = T̂k−Te (4.3)

Suppose we want to minimize the following expression

minimize
x̂

γ x̂2
1 + γ x̂2

6 + ε(xh
i − xh

r )
2 + ε(xc

i − xc
r)

2 (4.4)

subject to
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4.2 Example: Optimal Stationary Inputs

(ṁ0 + ṁ2)x̂2 = m0e−P1 x̂1 + ṁ2e−P2 x̂3 (4.5)

x̂6 = e−P4 x̂5 (4.6)

x̂4 = e−P3 x̂5 (4.7)
x̂5 =C1x̂2− (1−C1)Te (4.8)
x̂3 =C2x̂4− (1−C2)Te (4.9)
κ1x̂4 = xc

i − (κ1−1)Te (4.10)

κ2x̂2 = xh
i − (κ2−1)Te (4.11)

(4.12)

where Ck, Pk and κk are a collection of physical constants, which were obtained by
setting equations (3.29)-(3.37) to zero.

Expression (4.4) could be equivalently written as

minimize
x̂

x̂T Qx̂+ x̂TW (4.13)

Where the cost matrices are

Q =



γ 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 γ 0 0
0 0 0 0 0 0 ε 0
0 0 0 0 0 0 0 ε



W =



0
0
0
0
0
0

−2εxh
r

−2εxc
r


where ε is the cost proportional to the input signal at the heat pumps and where
γ = ṁ2

0(cp)
2d is the cost for the plant to heat up the water. d is some discount factor

that is related to how much cheaper it is to heat up water at the plant instead of using
electricity to heat the water.
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Figure 4.2 The graph shows the evolution and the stationary values of the temper-
atures in the thermal network. The states are shown in Figure 4.1

.

By writing the relations (4.5)-(4.12) as Ax = B, it was possible to use equation
(4.2) to obtain the following temperatures throughout the grid,

T̂ =



288.2628
288.0966
287.9336
287.8571
287.8549
287.8571
288.7804
282.3632


(4.14)

for some estimated values of the physical constants used in (4.5)-(4.12).
A simulation of the grid using T̂1 as the input set by the battery and Ph and

Pc, which were calculated from the respective xi and xr, is shown in Figure 4.2.
Here, all nodes started at the environment temperature. at t = 0, they obtained a
new reference value, and applied the inputs to the grid and heat pumps. One can see
that after about three hours, the buildings had finally reached their reference values
in Figure 4.3 and Figure 4.4.

This mode of open loop control was very time consuming. If it took three hours
to heat a room, people would try to hold on to as much of that heat as possible.
A smart system, where the room is heated when you arrive there, will have to start
preheating hours before you arrive. The consequence will be that a lot of heat energy
has to be stored inside buildings all the time, similar to how it is today. It was in our
interest to try and find some better controller that could both quickly heat up a room
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Figure 4.3 Temporal evolution of the temperature in heated building after a con-
stant input temperature has been set.

Figure 4.4 Temporal evolution of the temperature in cooled building after a con-
stant input temperature has been set.
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Chapter 4. Stationary Operation

and then quickly cool it down when the heat was needed elsewhere. This type of
controller will be discussed in in the subsequent chapters.

Another issue with this method was that the control signal needs to be calculated
by using all other values of the grid. This implies that information about every state
in the network had to be sent to all the controllers, in order to be able to calculate
such an input. While a solution might be to use cloud services to connect everyone
to each other, it would also introduce some security concerns. What would happen
if connectivity to the cloud was lost due to server maintenance or power outage?
There would still be a need for being able to provide heating and cooling.

Also, when it comes to these types of open control loops, any errors or changes
in the models would produce wrong results, making it virtually impossible to guar-
antee that the temperatures would reach the correct values. It would also be impos-
sible to deal with disturbances, which is with dealt in the next chapter.
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The main advantage of having a heat sharing network could also be seen as a major
flaw. Everyone has a heating or cooling cost that is inherently dependent on every-
body else, which could be exploited by an attacker to drive up the cost. For example,
an attacker could draw out as much energy as possible from the grid during times
of high demand, making it very inefficient for the other users to extract energy. On
top of that, it might also be difficult to deduce which node in the network is an at-
tacker, since from an energy perspective, everybody increases their usage. A way
to suppress this effect could be to synthesize controllers that make better use of the
thermal grid when applying a control signal.

5.1 Disturbance Rejection with P-controllers

An important feature of large networks is that they need to be able to suppress
disturbances in any way they may enter into the system. A simple example of a
disturbance might be that your neighbor opens their window in the middle of winter,
all while his heating pumps are trying to keep the room temperature way above the
environment temperature. This implies that the grid temperature drops, and your
own controller quickly needs to change its signal to address that error, which implies
that it will need to increase its power consumption since there is less energy in the
grid to use for heating of your room. A P-controller with a large gain is a highly
reactive controller that is able to quickly address the temperature drop in your own
room. Thus, by letting the change in the control signal from the stationary input be

∆P = K(rr− xr) (5.1)

where K is the gain of the P-controller. A simulation of the heated building getting
some load error is shown in Figure 5.1. One can see that a small stationary error
appeared after the load disturbance entered. This error could be removed over time
by adding a integrator. Here however, a controller that quickly removed as much
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Figure 5.1 The figure shows how the heated building is affected by some internal
load error. Since there is a P-controller maintaining the Temperature in the room,
only the internal state changes its temperature.

stationary error as possible without integration was of interest. This was done in or-
der to avoid oscillations, which will be shown to be a consequence of the integrator
in Chapter 6.

Figure 5.2 shows the impact of the neighboring state. It can be seen that the
P-controller here also removed the impact on the room temperature fairly quickly at
the expense of increasing the power input, Figure 5.3. This high dependence on all
the other prosumers in the network posed some security concerns. In this scenario
it was possible for an attacker, who had control of one of the nodes, to fiddle with
the energy usage in order to affect your controller without you knowing about it.

Conversely, there are privacy issues that enter on the other side of the argument.
In this system, an attacker could simply observe the input signal to the heat pump
to figure out if the heating or cooling machine is on in the other building, which
could indicate whether or not someone is home. It is clear that a better controller
was needed!

5.2 Model Simplification

As mentioned at the end of Section 3.3, difficulties arose when working with time-
delayed systems. Before a good disturbance rejection controller was obtained, a few
simplifications to the model was needed. The proposal was to approximate the trans-
fer function of time delays by some Taylor expansion of the exponential function.
This created the following approximate state space model of equation (3.38),
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5.2 Model Simplification

Figure 5.2 The graph shows how the load error propagates to a neighboring build-
ing. It can be seen that the internal state temperature rises as a response to the load
disturbance.

Figure 5.3 The graph shows how the load disturbance of the heated building
changes the power consumption of the heat pump in the neighboring building to
compensate for the energy loss.
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z = Atx(t− t0)+Btu(t− t0)⇒

Z(s) = e−st0
(
AtX(s)+BtU(s)

)
≈ 1

1+ st0

(
AtX(s)+BtU(s)

)
ż =

1
t0

(
(At − I)x(t)+Btu(t)

)
which could be combined with equation 3.39 to obtain

ẋ = Ax+B(x)u (5.2)

A simple way to control a non-linear system in the dynamical domain is to lin-
earize the mathematical model around some operating point and create a controller
that can makes the system behave in desirable ways. One may use this linearized
model to either move with small increments between operating points, or to reject
disturbances and errors as long as the controllers are able to respond to them quickly
enough, so that the states do not move far away from the linearized operating point.
By linearizing the model, one opened up to the possibility of many different control
schemes that generally were difficult to synthesize for the full non-linear model. In
the future, the linearized model dynamics will be denoted as,

∆ẋ = A0
∆x+B0

∆u (5.3)

5.3 Stability

There were some natural questions that arose regarding this system, such as stability.
One could determine the stability algebraically, by looking at the poles of the A0

matrix and checking that they all had negative real parts. The problem was that this
would only be valid in some unknown local surrounding of the operating point that
the system was being linearized around. In this case, given known bounds of the
entries in the matrices, Kharitonov’s Theorem was applied to determine stability for
the range of parameter values. The theorem states the following,

THEOREM 5.3.1—KHARITONOV’S THEOREM
An interval polynomial is the family of all polynomials

p(s) = a0 +a1s+a2s2 + ...+ansn (5.4)

where each coefficient ai ∈ R can take any value in the specified intervals li ≤
ai ≤ ui.
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5.4 LQR Synthesis

An interval polynomial is stable (i.e. all members of the family are stable) if and
only if the four so-called Kharitonov polynomials

k1(s) = l0 + l1s1 +u2s2 +u3s3 + l4s4 + l5s5 + · · ·
k2(s) = u0 +u1s1 + l2s2 + l3s3 +u4s4 +u5s5 + · · ·
k3(s) = l0 +u1s1 +u2s2 + l3s3 + l4s4 +u5s5 + · · ·
k4(s) = u0 + l1s1 + l2s2 +u3s3 +u4s4 + l5s5 + · · ·

2

are stable.

A proof of this theorem may be found in [Yeung and Wang, 1987]. Application
of this theorem to the system linearization in equation (5.3), was done by finding the
bounds on every matrix element in the A0 matrix. Then the characteristic polynomi-
als was calculated from the matrices whose elements are all possible combinations
of the low and high bounds on every element in the matrix. The highest and lowest
value of each coefficient to the characteristic polynomial were stored and then used
as the bounds on the coefficients as stated by Kharitonov’s Theorem. The calcu-
lations were done with the assumption that the desired room temperatures ranged
between 270K and 310K, which gave that the network was stable.

5.4 LQR Synthesis

By using the linearized model, derived in Section 5.2, an optimal controller that
minimized some cost function was derived. For every type of operating point, a
separate controller was needed, since the linearization was different at every oper-
ating point. Considering the following cost function,

minimize
∆u

t f∫
t0

∆x(t)T Q∆x(t)+∆u(t)T P∆u(t)dt +∆x(t f )
TW∆x(t f ) (5.5)

so that
∆̇x = A0

∆x+B0
∆u

where the objective was to minimize the energy input, weighted with some fac-
tor of how large error is tolerable. This is the standard optimal control formulation.
Finding an optimal control feedback law that minimizes the expression in (5.5) is
the equivalent of finding a Linear-quadratic-regulator (LQR) controller when the dy-
namics are governed by linear differential equations, as it was this case. The solution
to equation (5.5) was found by differentiating the Lagrangian of the minimization
problem with respect to the input and then by setting it to zero,
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L = ∆xT Q∆x+∆uT P∆u+λ
T (A∆x+B∆u) (5.6)

⇒ dL
d∆u

= 2∆uT P+λ
T B = 0⇒ ∆u =−1

2
P−T BT

λ (5.7)

One can see that the optimal feedback was a function of the Lagrange multipli-
ers. By inserting this expression of the input into the Lagrangian again, one got that
the new expression became,

L = ∆xT Q∆x− 1
4

λ
T BP−T BT

λ +λ
T A∆x (5.8)

In order to find λ , the following differential equation needed to be solved,

λ̇ =−dL
dx

=−2QT
∆x− (A0)T

λ (5.9)

with the constraint
λ (t f ) = 2W∆x(t f ) (5.10)

However, here an infinite time horizon was used for the control, thus t f = ∞.
This implies that the continuous algebraic Riccati equation was needed to be solved
in order to get R, where λ = 2R∆x for symmetric R. The Riccati equation is given
by

AT R+RA+Q−RBP−1BT R = 0 (5.11)

The feedback law that minimized the cost, as defined by the expression in (5.5),
was given by

∆u =−P−T BT R∆x (5.12)

Distributed LQR
A major goal of this thesis was to generate a distributed control scheme with as lit-
tle information as possible being shared with the battery and the other nodes in the
network, making it easy to add and remove additional nodes into the system without
the need of completely reshaping the feedback loop of all the other nodes in the net-
work. It was not desirable to have the battery broadcast a feedback signal to all the
nodes since, in addition to the concerns raised in Section 4.1, there might be limited
bandwidth for systems with lots of nodes which could create time delayed input sig-
nals. Ideally, a local controller that was able to only use local information to create
a feedback law was desired. However, due to the fact that a node not only directly
affected its immediate neighbors, but it also affected their neighbors, although with
a much smaller impact, and so on, an ideal controller would need the information
of all the states to be able to act optimally, with respect to some cost function. The
controller derived in (5.12), did precisely that using global information.
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5.5 Example: Disturbance Rejection with LQR

One could think of several ways to approximate an optimal controller with only
local variables. A simple way to approximate an optimal controller with local in-
formation for feedback was to let the central plant collect all the reference levels
of every nodes desired room temperature, determine the A0-matrix, calculate the
optimal feedback law and then broadcast the feedback gains to each controller. The
local controller then set the gains of the signals that were not locally measurable to
zero, which was approximately valid, since the local measurements had a feedback
gain two orders of magnitude larger than the other measurements. This method did
not only dictate the feedback law of all the heat pumps in the network, but it also
was able to create a feedback law for the battery output. Here, this approach was
used and a comparison with the full LQR was made, see Section 5.5.

A different approach might be to only treat the prosumers with a local opti-
mal controller using only information nearby to calculate both the operating points
around which it is linearized. The sparsity of A0 gave only small errors if one
treated each prosumer as a independent system. The optimal feedback law still only
depended on local measurements and on local parameters. This control scheme
was incomplete however, as there was no control law governing how the battery
should have behaved. A controller for the battery in a very similar case is derived in
[Scholten et al., 2017], although it is not optimal nor distributed. A way to go around
this problem could be to use the feedback law derived in (5.12). However, instead
of actively measuring all the states it would be possible to use a state estimator to
estimate those states. By measuring states x1, x2 and x3 here, one got that the entire
system became observable. The downside was that this method could only be used
in this particular topology.

5.5 Example: Disturbance Rejection with LQR

One may use the optimal controller derived in Section 5.4 to suppress errors with
minimal energy with the help of the linearization of the model made in Section
5.2, by considering the very same situation as in Section 6.1, with the same cost
function. However, instead of minimizing the input via the state variables, one can
now minimize the actual dynamical input.

Let,

x =



x1
x2
x3
x4
xh

r
xh

i
xc

r
xc

i


(5.13)
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Using the new cost function (5.5), with the following cost matrices,

Q =



0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 γ 0 0 0 0
0 0 0 0 ε 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 ε 0
0 0 0 0 0 0 0 0


(5.14)

P =

γ ′ 0 0
0 1 0
0 0 1

 (5.15)

and following the derivation in Section 5.4 , a control law that not only min-
imized the error of the room temperature was obtained, but it also minimized the
error of the grid temperatures. This cost matrix put a cost associated with the tem-
perature in the pipe so that it minimized the change of its temperature. This makes
the other nodes in the network feel less impact of some rogue node causing distur-
bances. It is worth to mention that the approximate control law at all three nodes
in the network depended on the heavily on the x4 state. The problem was that only
the battery was able to directly measure it, which did not make this a distributed
control law. However, one could extract additional information from the mathemat-
ical models. Given that the controllers at the buildings know the pipe dimensions of
pipes P3 and P4 and the rate of mass flow, they simply measured the temperature of
their outlet (heated building) or inlet (cooled building) flow and simply calculated
the temperature at x4. Those controllers could thus make use of that state in their
feedback law as well.

Figure 5.4 shows a simulation of step disturbance that occured on the heated
building. It is clear that both its internal state temperature and the input signal were
changed. Observation of the cooled building, Figure 5.5, showed that only a small
change had taken place on its internal state. One could also see that even though
the heated building changed its energy usage just as much as for the case with
a P-controller, Section 5.1, the control signal of the cooled building was reduced
by about 30%, see Figure 5.6. It seemed as though the heated building extracted
more energy from the grid while the cooled building extracted did not change its
energy usage as much as before. The reason why this is possible was because of the
battery. It took the hit of the energy fluctuations and countered them by raising the
temperature and lowering it so that the effect on states in the pipes were minimized.

Section 5.4 discussed some privacy and safety issues that were present when
using a P-controller for this type of suppression. With this controller, the attackers
were sealed off and were no longer capable of doing any damage. An additional
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Figure 5.4 The figure shows a step disturbance on the heated building where an
LQR is used to reduce the effect on the room temperature. One can clearly see the
effect of the load disturbance on the internal state.

Figure 5.5 The figure shows a step disturbance on the cooled building where an
LQR is used to reduce the effect on the room temperature. It can be seen that the
keeps the room temperature at the desired setpoint while there is only a small bump
in the internal state temperature.
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Figure 5.6 The graph shows the energy usage of the cooled building after a load
disturbance has affected the heated building.

Figure 5.7 The graph shows the full LQR feedback law in effect in order to com-
pare the difference with the distributed LQR controller shown in Figure 5.4.

feature was that if the history of the control input to each building is saved, one
could figure out which node in the network was the malicious one, a posteriori.

For reference, a simulation with the full LQR feedback, without removing any
measurements, is shown in Figure 5.7 and Figure 5.8. It may be seen that the dif-
ference between these two figures and the distributed LQR were minimal, since the
input signals differed at the magnitude of 1% of the full input signal.
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Figure 5.8 The graph shows the full LQR feedback law in effect in order to com-
pare the difference with the distributed LQR controller shown in Figure 5.5.
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6
Distributed Control of
Changing Operating Points

The previous chapter showed an improvement of the regulation at stationarity. How-
ever due to the linearization of the model it was only valid in a small range around
the operating point. It is of interest to be able to move between operating points as
efficiently as possible with respect to the cost of power and the time it takes to do
so. Section 4.2 demonstrated a very slow way to move the stationary points using
global information. However, it was not only possible to speed this up with some
more aggressive controller, which will be shown in Section 6.1, it was also possible
to do it in a distributed way - without the need for any communication between the
battery and the nodes, shown in Section 6.2 for an optimal control law.

6.1 Setpoint Change with PI-controllers

While the stationary behavior showed some very interesting things about a fourth
generation grid as a mode of transporting energy, it was not very interesting from
an automatic control viewpoint. Instead, a better thing study would be the transient
behavior with some aggressive controller. The easiest way to obtain an aggressive
controller at the heat pumps was to apply a PI-controller. While it was a very naive
strategy, it can reach the setpoints quicker without any stationary error. A major
advantage was that it only needs a difference between the desired and the current
temperature level, which made it a distributed controller. A drawback with the PI-
controller was that it was not clear how to obtain a control law for the battery. Here
it was assumed that the battery still operated as it did in the stationary case, by
collecting the desired set points of each building and then calculating an optimal
inlet temperature to the grid.

Figure 6.1 and Figure 6.2 show the temperature evolution of the two rooms in
this simple model. In the beginning of the simulation, all the temperatures in the
grid were set to the environment temperature, 288K. At t = 0, both rooms received
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6.1 Setpoint Change with PI-controllers

Figure 6.1 The graph shows two step changes for the heated building with a PI-
controller. The first step is a step change that simultaneously changes the setpoint
of the heated and cold building. The second setpoint change is only applied to the
heated building.

a new reference point, 293K and 283K, for the heated and cooled building, respec-
tively. As they came close their reference values, one can see that both of them got
an overshoot. In order to cool off, they needed to shut of the heat pumps, as the heat
pumps were not able to drive heat in the same direction as the temperature gradient,
from the "hotter" side to the "colder". Therefore, there was no interaction here be-
tween the grid and the rooms, instead the extra heat in this scenario was dissipated
out to the environment. This non-linearity of the control signal was the reason why
both buildings started to oscillate heavily afterwards. At 3.8 ∗ 104 seconds, in Fig-
ures 6.1 and 6.2, one could also see that the oscillations were still there when only
the heated building made a step change for its setpoint temperature level.

As could be seen in Figure 6.1, the oscillations were quite large, and a LQR
would have a hard time suppressing those if there were several prosumers in the
nodes that were changing their operating setpoints. While it is possible to tune the
PI-controller to not have such oscillatory behavior, the trade-off often comes with
a less aggressive controller, making the transition times much longer. These oscil-
lations were present in the smallest step change as can be seen in Figure 6.3. Here
incremental step changes of 0.1K, 0.5K, 1K and 1.4K were made - to show that the
oscillations were present no matter how small of a change is made. This was done
in order to show that it was not the limitations of the input signal that caused these
oscillations, but rather the combination of the time-delays and the interaction with
other prosumers in the system.

After some time, when the PI-controllers had converged to a signal that brought
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Figure 6.2 The graph shows a step change for the cold building that happens si-
multaneously as the heated building.

Figure 6.3 The graph shows incremental step changes in the desired room temper-
ature of the heated building. One may see that no matter how small changes were
made, there was always an oscillation that followed.
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6.2 Nonlinear Feedback

Figure 6.4 The graph shows the temperatures throughout the thermal grid.

the temperature of the buildings to their desired levels, their inputs were in fact the
optimal ones calculated by the optimization in Section 4.1, given that the battery
input temperature was the optimal one. In Figure 6.4, one can see how the grid
temperature changed through the transition. Its final value was the same as predicted
by (4.14).

6.2 Nonlinear Feedback

The optimal controller derived in Section 5.4 gave a possibility to suppress distur-
bances locally. It was possible to solve a similar optimization problem that was not
limited to local dynamics of the system. The difference was that this controller de-
pended on the states through some non-linear function. It was derived in a similar
way as Section 5.4, using Pontryagin’s Maximum principle. Consider the same op-
timization problem as in Section 5.4, where r is the reference vector for the desired
values of the states

minimize
u

t f∫
t0

(x(t)−r)T Q(x(t)−r)+u(t)T Pu(t)dt+(x(t f )−r)TW (x(t f )−r) (6.1)

so that
ẋ = Ax+B(x)u

Just as in that Section 5.4, an infinite time horizon controller was considered.
Because of that, set t f = ∞ and as such, x(t f ) = r. First, setting up the Lagrangian
gave,
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L = (x− r)T Q(x− r)+uT Pu+λ
T (Ax+B(x)u) (6.2)

Similarly as in problem (5.5), a differentiation of the Lagrangian (6.2) with re-
spect to the input variables and setting the expression to zero gave an optimal input
as a function of the Lagrange parameters, λ .

2utP+λ
T B(x)⇒ u =−1

2
P−1B(x)T

λ

The expression for these Lagrange parameters were obtained through the rein-
sertion of the optimal input into the Lagrangian (6.2). By differentiating the ex-
pression with respect to the state variables and setting the system of equations to
zero, it was obtained that the Lagrange parameters needed to solve the following
expression,

L = (x− r)T Q(x− r)+λ
T Ax− 1

4
λ

T B(x)P−1B(x)T
λ

⇒ ∂L
∂x

= 0⇒

2QT (x− r)+AT
λ +M = 0 (6.3)

where
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(6.4)

H1(xh
r ,x

h
i ) and H2(xc

r ,x
c
i ) were symmetric matrices, whose elements depended on

some of the state variables. Although it is difficult to see it here, it turned out that
row 5 of AT λ only depended on the states xh

r and xh
i . Similarly, row 7 of AT λ only

depended on the states xc
r and xc

i . The motivation behind setting equation (6.3), or
the time derivative of the costate to zero, came from the comparison of the dynamics
between ẋ and λ̇ . The dynamics of λ̇ were approximately ten times faster than the
ones for ẋ and so, the argument is that the transients for the costate have died out,
putting the costate in a local equilibrium.

The difference between the linear approach and the non-linear was that the sys-
tem of equations that needed to be solved were no longer linear, but some were
quadratic. It was possible to cancel out the quadratic equations through a linear com-
bination of row 5 and 6, as well as a linear combination of row 7 and 8, which con-
verted the expression into six equations, linearly dependent on λ and two quadratic
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6.2 Nonlinear Feedback

equations, where one depended on λ5 and λ6, while the other one was composed
of λ7 and λ8. This implied that there were four possible solutions to this system of
equations, which were relatively easy to obtain through some elementary algebra.

Distributed Control
The optimal control law that was obtained from Section 6.2 will not be distributed,
instead, every controller at every building would require full knowledge of the entire
grid in order to optimally control the system. However, for certain cost functions,
one could come close to some local optimal controller with some approximations.
For example - given a general cost matrix of the states Q, the sparsity of A allowed
the calculation of λ1, λ2, λ3, λ4, λ6 and λ8 as a function of the cost, Qx and the final
two parameters λ5 and λ7.

From the way the B matrix was structured, the controller to the heated build-
ing would only depend on λ5 and λ6, while the controller to the cooled building
would only depend on λ7 and λ8. Similarly, the optimal controller for the battery
would only depend on λ1. Numerical evaluation of the inverse of the system ma-
trix A showed that if the elements of a diagonal cost matrix, for example the one
shown in (5.14), were roughly of the same size, then the optimal controller to both
buildings depended only on the cost of the room temperature, the room temperature
itself and the internal state temperature. In the example that was being used here for
the simulations, equation 6.3, it could be shown numerically that the almost optimal
controller for the buildings was in fact almost an ordinary P-controller. The sparsity
of the A matrix also implied that any other parameters, such as the controllers de-
pendence on pipe length and mass flows, only depended on local components. The
control law, could be formulated as,

Ph
opt ∝

T h
r

T h
i
(T h

r − rh
r ) (6.5)

for the heated building and,

Pc
opt ∝

T c
i

T c
r
(T c

r − rc
r) (6.6)

for the cooled building.
Compared to an ordinary P-controller, this one increased its power when the

ratio between the state with a higher temperature and the state with a lower temper-
ature increased. If one looks at the previous simulations, for example in Figure 6.1,
one could see that the difference between the internal state and the room tempera-
ture was at most 27K, where 270K was the lowest temperature. This implied that the
optimal controller deviated from the P-controller by a maximum of approximately

297K
270K

= 10%
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Figure 6.5 The figures show the input to the heated building for the two controllers
being compared in this section. It can be seen that there is only a small difference in
the beginning, afterwards, the two signals converge.

and so, there should not have been big differences when compared to a P-controller,
at least in the stationary case. It was thus expected that this controller also produced
a stationary error.

For the controller at the plant, the same calculations showed that it was highly
dependent on the cost of all nodes throughout the network. As such, it was not
possible to approximate an optimal local controller using this method.

6.3 Benchmarking the Non-linear Feedback

The PI-controller in Section 6.1 showed that oscillations are induced when a step
change occurred. The optimal controller derived in the previous Section will be
shown to gave better dampened these oscillations. It was be tuned so that without
an integrator, it produced a stationary error that was the same as for the proportional
part in the PI-controller obtained in Section 6.1. In the simulation of a step change
for the heated building using both a ordinary P-controller and the non-linear feed-
back, one can see that there was no major difference between the two controllers,
Figure 6.5, as predicted in the previous section. The small difference between the
controllers, went away as the internal state and the room temperature went to their
stationary values, creating essentially a P-controller with stationary error.
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Figure 6.6 The figure shows a step change for the heated building using a nonlinear
feedback law, where the gain has been swapped out for the optimal controller derived
in the previous section.

For a successful transition between two operating points one needs to intro-
duce an integrator that eliminates the stationary error. Looking at Figure 6.1 and
recalling the PI-controller from Section 6.1, one can see that the introduction of the
integrator induces oscillations in the network, due to the large overshoots and the
inability to produce a negative input signal. Similarly, as for the test that were tried
on the linearization case, this could potentially be used to harm the other nodes in
the network, by making their controller try to follow this oscillating behavior. The
difference here was that it was not a necessarily bad actor with the goal of damaging
the network, but rather it was the users themselves that could cause the oscillations,
simply by increasing the temperature a bit.

Figure 6.6 and Figure 6.7 showed the non-linear feedback together with integral
action. The tuning of the controller had been set so that the integrating part was the
same as the one as in the PI controllers, in other words, it had been tuned so that
the two controllers reach the setpoints within the same time. The feedback gain had
been set so that it had the same stationary error as the gain of the P-controller used
for the control in Figure 6.5.

One can see that the optimal controller minimized the amplitude of both the
overshoot of the room temperature and the amplitude of the oscillations of the in-
ternal state and subsequently the grid by about 30-50%.
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Figure 6.7 The figure shows a step change for the cooled building using a nonlinear
feedback law, where the gain has been swapped out for the optimal controller derived
in the previous section.
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7
Conclusions and Future
Work

As there was no clear literature regarding mathematical models of a fourth gener-
ation district heating system capable of depositing thermal energy to its neighbors,
this thesis managed create such a model. By combining mathematical models of
pipes, heat pumps and heat exchangers into a large network, where these compo-
nents interacted with each other, a resulting network was obtained. This network
was a highly nonlinear system, with several temporal delays existing throughout
nodes of the system. These effects made it very hard for the network to be controlled
in a predictable manner, especially with limited measurements. The goal to find a
distributed controller that behaved better than P- and PI-controller was achieved af-
ter some simplifications were made. In fact - these controllers turned out to be able
to partly help with some other issues regarding security and privacy, partly due to
their distributed nature.

Through an ordinary optimization formulation, it was possible to find optimal
stationary setpoints for the thermal grid. This made sure that during the vast majority
of the time, the system operated by minimizing some cost function, such as energy
usage or battery output minimization.

A simplification of the model was made in order to get close to optimal con-
trollers in the dynamic case, when the network needed to transition to its opti-
mal states. The resulting controllers behaved a bit differently from ordinary PI-
controller, mainly by being able to more closely follow reference points and dampen
oscillations which the PI-controller managed to introduce because of its overshoot.
One could thus minimize this effect by using optimal feedback laws which were
able to converge to the setpoint within the same time period as the PI-controller,
only in a more robust manner.

Finally, disturbance rejection with minimal energy usage around a stationary
setpoint was also compared to a P-controller. The optimal controller was able to
better reject disturbances when compared to the P-controller by allowing the battery
to take care of it instead. A consequence of this optimal controller was that it also
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managed to address security and privacy issues, so that the grid could not be used
to increase your energy bill nor could it be used to spy on you.

Future expansion of this work could include a deeper analysis of some other
controllers minimizing some other cost functions, or using other measurements.
One could also try to find better approximate solutions to the equations in Chapters
5 and 6, which were required for the optimal feedback. A major difficulty that arose
in this project was the feedback signal for the battery/production plant, since it
removed some of the symmetry in the problem. Finding a good controller for that
plant would be helpful in removing much of the disturbance errors and minimize
the effect nodes have on each other when changing reference points of their room
temperatures.

Finally, additional work could be done on the modeling part. A major simpli-
fication was the use of approximating time delays with first order systems. Future
works could analyze the system using a much better approximation for said delay
either through refining the pipes by splitting them up into several parts or by find-
ing some other approximations to the mathematical formulas. A different research
direction could try to investigate what possibilities open up when the mass flows in
the network are treated as input signals.
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