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Abstract

Quantum teleportation is a way to transfer a quantum state between two locations, by
utilizing a shared entangled state, measurements and the ability to communicate measure-
ment outcomes between the two locations. This thesis consists of a theoretical investiga-
tion of an experiment that would implement quantum teleportation using single-electron
states in mesoscopic architectures. First, we studied an idealized version, where it is
assumed that single-electron states can be detected, which is yet to be demonstrated
for certain types of implementations. There we find a teleportation efficiency of 25% or
12.5%, depending on whether a conditional unitary operation can be applied to the tele-
ported state. We also show how to verify successful teleportation, by describing a way to
perform state tomography on the teleported state. Next, we considered a more realistic
setup where single-electron states called levitons are periodically injected. We show that
at T' = 0 it is possible to perform state tomography using measurements of low-frequency
current correlators up to order three. This opens the possibility to perform teleportation
experiments that do not rely on single-electron detection. The correlators were calculated
within the framework of Floquet scattering theory. Strictly speaking, the simple picture
of single-electron state teleportation breaks down at finite temperatures. However, we
find that the generalized observables can be interpreted in terms of noisy teleportation.
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Chapter 1

Introduction

Teleportation, transferring objects between different locations without physically trans-
porting them, has long been a feature of science fiction stories. The idea does have a
science fiction feel to it, so it might seem a little surprising that in 1993 it was realized
by Bennett et al. that something analogous can take place in the realm of quantum me-
chanics [I]. They showed that it is possible to transfer the quantum state of a particle
from one location to another, by utilizing the correlations that exist between entangled
particles. The first step is to perform specific measurements on the original state and
one half of an entangled state. By sending classical information about the measurement
outcome to where the other half of the entangled state is located, the original state can be
recovered there by performing a unitary transformation that is determined by the mea-
surement outcome. In this context, classical information means something that can be
represented using standard bits on a computer. The states that were considered in [I] are
known as qubits, and are built from superpositions of two basis states. Qubits serve as
the fundamental building blocks of quantum computers, and teleportation could therefore
be used to transfer qubit states between different quantum computers.

There are a number of different applications of quantum teleportation within the
field of quantum information. One example is to use teleportation to transfer quantum
information between quantum computers, as suggested above. Quantum teleportation
cannot lead to faster than light communication between the involved parties, since the
protocol relies on transferring classical information between two locations, and classical
signals are limited by the speed of light. By a slight modification to the teleportation
scheme, it is possible to perform entanglement swapping which enables the generation
of entanglement between physically separated locations with no direct link between the
locations |2, B]. Entanglement swapping is a crucial part of a quantum repeater, a protocol
that can generate entanglement over long distances by using ancillary entanlged pairs and
repeated entanglement swapping [4]. This could be used to extend the range of existing
teleportation protocols, by increasing the distance over which entalged states can be
shared [3]. Tt has also been demonstrated that it is possible to build a quantum computer
where the qubit operations are performed using teleportation [5] [6].

Quantum teleportation is not only interesting for its technological applications, but
when viewed from a quantum information theory perspective it shows that entanglement
should be thought of as a useful resource. It also shows that there can exist a relation-
ship between classical information, in this case the measurement outcomes, and quantum
information, i.e. the state of a qubit. Specifically, teleportation demonstrates that two
parties having a two-bit classical information channel together with a shared entangled
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state can be equivalent to them having a quantum information channel, i.e. a way of
directly transferring the original state between the parties [I} [7].

Successful teleportation of the polarization states of photons was reported in 1997 [§].
Since then, quantum teleportation has been performed using a variety of systems. Some
examples are photonic qubits [9, 0], trapped ions [I], nuclear spins [12] and solid state
qubits [I3]. The distance over which states can be teleported varies greatly for the different
techniques, with nuclear magnetic resonance (NMR) teleportation working on a typical
distance on the order of 1A [3], while photon polarizations were teleported between a
ground station and an orbiting satellite in 2017 [T4].

Although distance is one of the parameters that is interesting to consider when com-
paring different teleportation schemes, it is also important to consider the efficiency of
the different alternatives. The efficiency quantifies the success probability of a telepor-
tation scheme. According to the original teleportation proposal an efficiency of 100% is
possible [I], but different implementations have different efficiencies. If we again compare
NMR teleportation with the teleportation of polarization qubits, we find that NMR can in
principle have a success rate of 100% [12], while for photonic polarization qubits the max-
imum efficiency is 50%, due to restrictions in the measurement [3]. Therefore, depending
on how one wishes to apply quantum teleportation, it will be necessary to consider if
a high efficiency or a long range is a more important feature. This suggests a need to
study different approaches to quantum teleportation in order to find their advantages and
disadvantages.

This thesis aims to investigate a teleportation approach that uses spatial modes of
single electrons as the qubits we wish to teleport and as the entanglement resource. The
focus will be on a theoretical demonstration of teleportation using single-electron states, a
determination of the efficiency, and suggestions for experimental verification. The motiva-
tion behind this approach to teleportation is that on the mesoscopic and nanometer scales
there are electronic analogs to optical components such as beamsplitters, phase shifters
and waveguides that can be used to manipulate single electrons. Phase shifting can be
performed with magnetic fields and the role of beamsplitters is taken by quantum point
contacts (QPC), which act as tunnel barriers for the electrons. The chiral edge states of
the integer quantum Hall effect (QHE) function as one-dimensional and backscattering-
free electronic waveguides. This field is called electron quantum optics [I5]. There have
been recent advances in single-electron sources that have fueled an interest in this field as
a means to perform quantum information processing tasks [I6]. In this thesis the focus
will be on a type of source that uses Lorentzian voltage pulses applied to metallic contacts
to create single-electron states called levitons. Teleportation requires a way to generate
entangled states on demand and this can be achieved using electron quantum optics [17].
It was shown in |I§] that if an electron in a chiral edge state scatters on a QPC the
resulting superposition should be viewed as an entangled state. This will be the method
used for entanglement generation in this thesis.

As we will see in Secs. and [3.1} quantum teleportation experiments require the
ability to prepare qubits in specific states, generate entangled states, perform accurate
measurements in specific bases and manipulating qubits based on measurement outcomes.
These operations are fundamental ingredients of quantum information and quantum com-
puting [7]. Performing a quantum teleportation experiment using electron quantum optics
can therefore serve as an indicator for how well suited electron quantum optics is for use
in quantum information applications, or more generally how well such systems can be
controlled. Such an experiment can also give insight into how enviromental effects impact



the performance of electron quantum optics systems in quantum information processing
tasks.

The rest of this thesis is structured as follows. After the theoretical tools used in this
work have been discussed, the teleportation setup that will be considered is presented
and it will be demonstrated that teleportation can take place in that system. The system
will be analyzed by a scattering matrix formalism [19], neglecting Coulomb interactions.
Then, a positive operator-valued measure (POVM) describing an idealized electron mode
detection used in the teleportation scheme will be defined. With the help of the POVM
it will be possible to calculate both the probability for teleportation to succeed and the
post-measurement states at the receiving location.

Next we will discuss an experiment that can verify that teleportation has taken place.
The scheme is based on performing state tomography on the state at the receiving location,
after the original measurement has taken place. This is done by performing measurements
that probe the density matrix of the received state. First, we will discuss an idealized
experiment that requires reliable single-electron detection. While there has been progress
towards such detectors, they do not currently exist for the experimental architecture
based on QHE edge states and levitons considered here [16]. Instead, it will be shown
that using a periodic driving voltage and measuring zero frequency average currents and
current correlators of second and third order it is possible to experimentally verify that
teleportation takes place in the system. This line of thinking follows closely the scheme
presented in [I8)] for detection of single-electron entanglement. It should be noted that
an architecture where both single-electron sources and detectors are available does exist.
In this approach, where an electron surfs on a surface acoustic wave (SAW), sufficient
coherence times have not yet been reported and the approach is not considered here.

Because of the periodicity of the driving voltages, the relevant quantities can be calcu-
lated within the framework of Floquet scattering theory [I9]. The calculations that deal
with observable quantities will be carried out in two steps. First, we will consider the sys-
tem at zero temperature where a rigorous correspondence between observable quantities
in the single-shot regime and the periodically driven case can be found. This correspon-
dence will be considered in the light of the leviton quasiparticle that is created by periodic
voltage pulses.

Afterwards, the periodically driven case will be considered at non-zero temperatures.
While finite temperatures spoil the ideal picture of teleporting isolated single-particle
states, observables are still expected to show signatures of teleportation. More precisely,
we can interpret the results as describing a noisy teleportation process, although it should
be pointed out that the connection to teleportation is not completely rigorous. The cal-
culations at non-zero temperature will also be performed using Floquet scattering theory.



Chapter 2

Background

This chapter contains the background material that is necessary to understand telepor-
tation and how it has been treated in this thesis. It also contains the different theoretical
tools that are needed to analyze the systems considered in the thesis, as well as the tools
needed to perform calculations of states and relevant quantities. Section will give a
more quantitative look at teleportation than the one presented in Chapter [I That will
be followed by some background information about qubits in Section and a descrip-
tion of generalized measurements in quantum mechanics in Section Then we will
discuss electron quantum optics, which is a framework that relies on electronic analogs
of optical components, in Section Section provides a description of the scattering
theory formalism that was used to analyze the teleportation setup. Section intro-
duces second quantization and the concept of a scattering matrix, while Section [2.5.2]
introduces the Floquet scattering theory formalism that was used to perform calculations
when we consider a system driven by periodic voltages both at zero and non-zero temper-
atures. Lastly, Section presents the quasiparticles called levitons which are created by
Lorentzian voltage pulses. The levitons will be useful for the interpretation of the results
that are obtained for the periodically driven teleportation setup, since the driving voltage
will be a train of Lorentzian pulses.

2.1 Quantum Teleportation

The basic idea of how to teleport a quantum state was introduced in Chapter (Il The aim

of this section is to provide a more in depth description of what teleportation is and how

it can be achieved. The original idea is due to Bennett et al. [I] and the version presented

here is based on [20]. Figure provides a schematic view of the teleporation protocol.
Assume that Alice has been given some unknown qubit state as an input

|¢>AO =« ‘0>A0 + 5 ’1>A0 ) (2.1)

where Ay labels the subsystem. Suppose also that Alice and Bob are each in possession

of one half of the state
1
|2F) s = 7 (100) + 111)) o, » (2.2)

where A; is the subsystem belonging to Alice and B is the subsystem belonging to Bob.
This is an entangled state, which means that it cannot be written as a product of two

4
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Figure 2.1: Alice and Bob are each given one half of an entangled state. Alice also receives
an unknown qubit state. She performs a measurement on the combined state of the qubit
and her part of the entangled state. After the measurement, she sends the result to Bob.
Based on the measurement outcome, he can perform a unitary operation on his part of
the entangled state and recover the unknown qubit.

single-particle states. The combined state of the three subsystems can be expressed as

6 = [)ay [®F), 5 = % (a 1000) + a [011) + B |100) + 3 |111>). (2.3)

Alice then makes a measurement on the combined AgA; system in the basis
1
|\Iji>A - E (101) + ’10>>A0A1 )

| (2.4)
%), = 75 (100) £[11))5,, -

To see what the outcomes of the measurement will be, the combined state can be expressed
in this basis

= 5 (10, (@100 + B11) + 87, (@ l0)y = B11)5) +
(2.5)
—|—|\I/+>A (B10)g +a|l)p —|—|\If >A 5|0>B+a|1>B)).

The possibilities for Bob’s post-measurement state are

al0)g +41)
al0)g —F11)
B10)g + a[1)
—B10)g +all)g.

Each of these states is related to W}AO by a unitary transformation, although in the
first case the transformation would just be the identity since it is identical to the input
state. Since the form of the unitary transformation depends on the outcome of Alice’s
measurement, Bob can recover [¢) at his location if Alice communicates the outcome of her
measurement, and he is able to apply the correct transformation to his post-measurement
state. Alice has then been able to transfer the input state to Bob using only entanglement
and classical communication. There are four possible messages that Alice needs to send
to Bob, which can be accomplished by two classical bits.

?

B
B (2.6)
B

Y
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As has been pointed out in ref. [20], successful teleportation of 1)) depends on whether
Alice can gain any knowledge of |¢)) when she carries out her measurement. If we consider
the example that has been described here, we see that the probabilities of Alice’s measure-
ment outcomes are all equal to 1/4 and thus independent of [¢)). Her post-measurement
state does therefore not contain any information about [¢). However, if Alice had chosen
to perform her measurement in the original basis, then an outcome of say |00) means that
she can infer o # 0. If such a basis is used, then the only possible post-measurement
states for Bob is |0) and |1), and this cannot be transformed into |¢) with only knowledge
of Alice’s measurement result, unless |1) is one of those two states. When the results of
single-electron teleportation are presented later, we will see that teleportation will not be
successful when Alice gains information about [¢) in the course of her measurement.

The results of this section shows that a shared entangled state and a classical channel
can be considered equivalent to a communications channel that directly transfers quantum
information [7]. In other words, two classical bits, which is enough to communicate
the measurement outcome, and one shared entangled state is equivalent to one qubit of
quantum information. Since Alice and Bob share an entangled state, they are in a sense
already linked by a quantum channel, but one does not require that this channel can send
arbitrary qubit states, as one would of a proper quantum channel. The entangled state
does not have to be generated by either Alice or Bob, but it can instead be created by a
third party which sends them their halves of the state.

Another important thing to note is that we cannot teleport arbitrary states if the state
that is shared between Alice and Bob is not entangled, since if that were the case one
would have for the total state of all three systems

) = [)a 1¥)g (2.7)

and Bob’s post-measurement state would be independent of Alice’s measurement outcome.
It turns out that it is only possible to achieve 100% efficiency if the shared state is of the

form
1

75 (@), 16he + ), 1)) (2.8)

where {|a),|b)} and {|c),|d)} are pairs of mutually orthonormal states [I].

2.2  Qubits

It is often very convenient to represent the state of a qubit by its density matrix p. One
can show that any qubit density matrix can be written in the form [7]

147G

S (2.9)

P

where I is the 2 x 2 identity matrix, ¢ = (04, 0y, 0,) are the Pauli matrices and 7 is a
vector in R? with ||7|| < 1. The components of 7 are given by

ri = Tr (o;p) = (03). (2.10)

7 can be used to visualize the state of the qubit by drawing it in R®. The surface |7 || =1
is called the Bloch sphere and 7 is called the Bloch vector. Figure[2.2]shows an illustration
of how omne represents qubit states on the Bloch sphere.
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Figure 2.2: This figure shows how a pure qubit state can be represented on the Bloch
sphere. The vector in the figure represents a state with Bloch vector ¥ = \%(O, -1,1).

A density matrix that is given as the outer product of a single state is called pure,
since the state is known with complete certainty. If no such representation exists, then
the state is said to be mixed. An important quantity that relates to this concept is the
purity v of a quantum state. ~ is defined as

=T (). (.11)

and one can show that 0 <~ < 1, with v = 1 if and only if p represents a pure state [7].
A direct calculation using the representation in Eq. (2.9) shows that the purity of a qubit
state is given by

LR

5 (2.12)

p therefore represents a pure state precisely when ||7|| = 1. This means that the Bloch
sphere contains all possible pure states of a qubit.

When discussing how well a specific implementation of quantum teleportation per-
forms, it seems reasonable to ask how much Bob’s state resembles the original state. A
quantity that can be used to represent how close two quantum states p;, po are to each
other is the fidelity F. For two qubits p;, po with Bloch vectors 7, 75 the fidelity takes
the form

Feg (U remes (=17 ) =17 7)] 7). (2.13)

as shown in ref. [2I]. The fidelity is bounded between 0 and 1, and is equal to 1 precisely
when p; = po [21]. What is often considered for quantum teleportation experiments is the
teleportation fidelity JFi, which is the fidelity of the input and output states averaged
over all possible input states [3]. A classical version of teleportation could be that Alice
directly measures the input state in the regular |0), |1) basis and sends the result to Bob
for him to prepare as the output state. One can show that the teleportation fidelity will
be 2/3 and it turns out that this is the best one can do classically. That value is therefore
used as a benchmark value for Fi. since a value over this limit indicates that quantum
resources are utilized [3].
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2.3 Generalized measurements

In standard quantum mechanics courses, measurements are usually discussed in terms of
projective measurements. In a projective measurement of an observable X, the possible
measurement outcomes are the eigenvalues of X and the state of the system after the mea-
surement has taken place, the post-measurement state, is the corresponding eigenstate.
However, not every imaginable measurement that can be performed on a quantum system
can be described as a projective measurement on only that system. Consider for instance
the case of counting the number of photons of a certain energy. One way this could be
done is by absorbing the photons, but this means that the number of photons before
and after the measurement has changed. This in turn means that the measurement has
moved the state between two different eigenspaces of the photon number operator and
the measurement is therefore not projective. A more general theory for measurements
in quantum mechanics is formulated in terms of Kraus operators and positive operator-
valued measures (POVM). Projective measurements can then be seen as a special case
of the general theory. The usefulness of the POVM formalism, is partly due to the fact
that it is possible to discuss non-projective measurements and partly due to making it
possible to make statements about measurement outcomes without specifying exactly how
the measurement is performed.

A general measurement in quantum mechanics is described by a set of measurement
outcomes {z} and associated Kraus operators { M, } [7]. If the state prior to the measure-
ment is 1), then the outcome z occurs with probability

p(x) = (| MIM, (), (2.14)
and the post-measurement state is given by
M,
|¥) . (2.15)
p(z)

For p(x) to be a probability distribution we require
> p(x) =1, (2.16)

for all states |¢) in the Hilbert space. This requirement is equivalent to

> MM, =1 (2.17)

If one is working with density matrices instead of state vectors then the probabilities are

calculated as
p(a) = Tr (MypM]) = Tr (M M,p) , (2.18)
while the post-measurement state for outcome x is
1 T
@) 2P M. (2.19)

A POVM is defined as a set of positive operators {E,} satisfying the completeness

relation
Y E.=1 (2.20)
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A linear operator A is positive if ()| A [¢) > 0 for all [¢). It can be shown that all positive
operators are Hermitian and that ATA is positive for any A. With these definitions we see
that the operators {M;Mx} defined above satisfy the definition of a POVM. Note that
for a set of unitary operators {U,} the set {MIM,} with M, = U,M, defines the same
POVM as {MIM,}. From the definition of a POVM we can see that

p(x) = (Y] Bz [¢), (2.21)

and
p(z) =Tr (Ewp) (2.22)

should be considered probability distributions, i.e. they are positive and sum to one. In
general, having only knowledge of the POVM describing a measurement will not provide
enough information to determine the post-measurement state of the system. However,
for our purposes it will suffice to define a POVM for mode detection of electrons in order
to determine Bob’s state following Alice’s measurement. Let {M(X)} be a set of Kraus
operators describing Alice’s measurement. Since this measurement is only performed at
Alice’s location, the action of M (X) on the combined state of Alice and Bob is given by
M (X)®Ig. Bob’s post-measurement state is written in terms of a reduced density matrix

p(X) = ]%X) Tea (M(X) @ In) p (M}(X) @ I1)) (2.23)

Here we have introduced the partial trace Try over the states in Alice’s subsystem, which
is defined by

Tra (|A) (A"l @ [B) (B']) = Tr (JA) (A]) [B) (B, (2.24)

with |A), (A’| arbitrary states in the A space and |B), (B’| arbitrary states in the B

space [7]. Tt is extended to other operators by linearity. By expanding p in a basis for the

operators acting on the combined Hilbert spaces of Alice and Bob one can show that Eq.

(2.23) reduces to
1
pe(X) = Tra (E(X)® Ig)p). 2.25
(X) oY) (E(X)®Ig)p) (2.25)
This shows that it suffices to work with the POVM describing Alice’s measurement if only
Bob’s post-measurement state is important.
Another property of the partial trace that will be useful is that if M is an observable

on Bob’s system, then

Tr (M Tra(p)) = Tr ((Ia ® M)p) . (2.26)

This implies that we can compute expectation values for observables on a subsystem by
considering either Try (p) or the full density matrix p [7].

2.4 Electron quantum optics

The teleportation setup that will be treated in this thesis has natural analogies with
optical systems. This is because the components that make up the system can be seen
as electronic analogs of optical components. There are single-electron sources that emit
single-electron states that we wish to control. It is also possible to treat the chiral edge
states of the integer quantum Hall effect as one-dimensional waveguides for electrons.
Quantum point contacts can be treated as beamsplitters, and magnetic fluxes can be
used to manipulate phase differences for different electron paths. We would also like to
detect the presence of single electrons with some kind of single-electron detector. This
section will provide a short review of these components.
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2.4.1 Single-electron sources

One important component of electron quantum optics experiments is the single-electron
source. Four important single-electron sources are the mesoscopic capacitor, the single-
electron pump, leviton sources and surface acoustic wave (SAW) sources [16].

Leviton sources generate a single electron excitation above the Fermi sea. This is done
by applying short Lorentzian voltage pulses to metallic contacts. The resulting excitation
is known as a leviton. This single-electron source will play a large role in this thesis and
is discussed in more detail in Section 2.6l

The mesoscopic capacitor is a quantum dot which is tunnel coupled to a conductor. It
is operated by raising the highest occupied level of the dot above the Fermi energy of the
conductor so that an electron is emitted. The levels of the dot are then returned to their
original heights, causing an electron to be captured by the dot and creating a hole state
in the conductor. Continuous operation thus results in a stream of alternating electrons
and holes.

A single-electron pump consists of a quantum dot where the height of one potential
barrier can be dynamically controlled, while the other remains static. The controllable
barrier is first set to a low height so that electrons can enter the dot. It is then raised so
that electrons are captured in the dot, but some of them will tunnel out. The goal is to
only have one electron left in the dot after this stage. The barrier is then raised further
and eventually the potential at the edges of the barrier will be so large that the remaining
electrons tunnel through the static barrier. Electrons generated by this source typically
have high energies and it is not clear to what extent relaxation processes will negatively
impact the distance over which they can be considered to be coherent [16] 22].

The SAW single-electron source uses the piezo-electric properties of for instance gal-
lium arsenide to create an electric field moving along the surface of the GaAs substrate.
The first step is to have a single-electron located in a quantum dot. Then, a pulse of
soundwaves is directed towards the quantum dot, generating a traveling electric field due
to the piezo-electric effect. If the pulse has sufficient amplitude, it can remove the electron
from the dot and trap the electron in a minimum of the wave, essentially forming a moving
quantum dot. The electron will follow along with the wave, thus enabling single-electron
transport, if one can control the propagation of the wave.

2.4.2 Chiral edge states

Chiral edge states appear in the integer quantum Hall effect. The integer quantum Hall
effect is observed for two-dimensional electron gases (2DEG), such as gallium arsenide
heterostructures, when they are subjected to strong magnetic fields perpendicular to the
sample. This will essentially cause the electrons in the bulk of the sample to perform
localized circular orbits, while the confining potential at the edge of the sample will allow
electrons close to the edge to travel over longer distances [23]. As the name suggests,
the edge states are localized at the edges of a sample and this localization means that
the states can effectively be treated as one-dimensional. The word chiral is referring to
the fact that the edge states travel only along one direction for each edge of the sample.
States on opposite edges travel in opposite directions. This makes edge states particularly
interesting since backscattering would require them to scatter to the opposite edge of the
sample. If the sample is sufficiently wide, scattering across the sample will be strongly
suppressed and this process can be neglected [24]. Due to the presence of the magnetic
field, the electrons in the bulk of the material will form flat energy bands called Landau
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levels and the edge states arise when the confining potential change the energy of states
close to the edge [23]. There will also be a splitting of these bands due to the Zeeman
effect which means that, we can treat the edge states as spin polarized if we only consider
the edge states belonging to a single Landau level [23].

2.4.3 Quantum point contacts

Quantum point contacts (QPC) are objects that can act as beamsplitters for chiral edge
states. A QPC is a pair of contacts that have been deposited onto the surface of the
sample, with a typical separation on the order of a few hundred nanometers. Applying a
negative voltage to the contacts will create a repulsion barrier. If an electron is passed
through a 50/50 beamsplitter the resulting state is entangled [18], which will be one of
the purposes for QPCs in the teleportation setup. The entangled state will be of the form

1
|©) = E(Z 1), 10), +10),. [1),), (2.27)

where r and ¢ denote the reflected and transmitted modes, respectively. The i factor of
the first term comes from the scattering matirx of the QPC, which will be introduced in
Ch. 3l |®) is an entangled state of a single particle, where the entanglement is between
two subspaces of a single-particle Hilbert space [25]. It is not an entangled state of two
particles, which is perhaps a more familiar notion, where the entanglement is between the
Hilbert spaces of two different particles. Demonstrating that a state of the form above
should be viewed as entangled is done in ref. [18], where it is shown that such states can
be used to violate a Bell-type inequality. Another purpose for a QPC is to help generate
the input state for teleportation by creating superpositions of transmitted and reflected
electron modes.

2.4.4 Single-electron detectors

Since it is possible to generate single-electron states, a natural question to ask is whether
it is possible to then detect their presence. Since teleportation relies on Alice to perform
measurements on her states, this question is important when one considers the idealized
teleportation experiment that will be presented in Chapter 3] Levitons in an edge channel
have to be distinguished from the underlying Fermi sea, which is not trivial to do. Elec-
trons generated by the SAW technique travel in depleted channels, and the effect of the
Fermi sea is removed, making it possible to detect these electrons. It has been suggested
that electrons traveling in edge channels could be detected by having them interact with
a nearby double quantum dot, although single-shot detection has not been achived yet
|16, 26].

2.5 Scattering theory

Scattering theory is an important topic in physics. It has been used to study topics rang-
ing from how celestial objects scatter in gravitational fields to how elementary particles
interact with each other, and can be formulated both in terms of classical mechanics,
relativity, and quantum mechanics |27, 28]. The idea is that you shoot particles into a
region where they are subject to some type of interaction and study how their properties
have changed as they leave the interaction region. In experiments, this might be done to
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T,

Figure 2.3: Illustration of a setup for a scattering experiment. Metallic contacts are
connected to the scattering region S by one-dimensional leads. It is assumed that the
temperature of the contacts are fixed and that we can control the voltage biases between
them.

gain more knowledge of the scattering region itself, i.e. how a certain potential looks. An
illustration of how a scattering experiment could look is shown in Figure 2.3] The per-
spective that will be used in this thesis is that scattering theory is useful in the calculation
of transport properties of mesoscopic and nanoscale samples. If it is known how a single
electron scatters, this should give a fairly good picture of how an electric current flows
through the sample [29], provided electron-electron interactions are not too strong. One
of the primary tools in the study of scattering in quantum mechanics is the scattering
matrix, which relates the incoming states to the outgoing states.

2.5.1 Scattering matrix

This approach to scattering theory is built on using a scattering matrix to connect in-
coming and outgoing electron states. This is conveniently formulated within the second
quantization framework, where the relevant objects are single-particle creation and anni-
hilation operators defined by their action on states in the occupation number basis, i.e.
where we represent a many-particle state by the number of particles that occupy each
available mode. The annihilation operator a; acting in the subspace corresponding to
mode ¢ annihilates the state where the mode is unoccupied

a; |0), =0, (2.28)
while the creation operator az acting on the same state will add a particle to that mode
al 0y, = 1), . (2.29)

The creation and annihilation operators for electron states satisfy the fermionic anticom-

mutation relations
{ai,a;} =0;;, {a;,a;} = {aj,a}} = 0. (2.30)
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These anticommutation relations imply that each mode can only support one particle,
since azal = 0, which is the Pauli exclusion principle. The scattering matrix relates the
creation operators for incoming electrons a; to the annihilation operators b; for electrons

leaving the scattering region by

J

A more formal discussion of this relation is provided in Section [2.5.2] The scattering
matrix is required to be unitary since the scattering process should conserve probability.
From Eq. (2.31) the creation operators of incoming and outgoing electrons are related by

bl = Z Sgal. (2.32)
J

The formalism presented so far will be enough for the calculations for teleportation per-
formed under the assumption that single-electron detection is possible, since that calcu-
lation will simply rely on creating one electron at each of the source contacts and letting
them scatter through the beamsplitters to the detector regions. When the periodic driv-
ing voltage is added, the picture changes since the Hamiltonian of the system will be time
dependent and the sources are not creating just a single free electron but an electron
wavepacket known as a leviton, which will be discussed in Section

2.5.2 Floquet scattering theory

Floquet scattering theory is a way to treat scattering problems where the Hamiltonian
is periodic in time. The general idea is that for such a system the single-particle wave
functions can be written as [19, 30]

Bt

U(t,7) = e 0 o(t, 7), (2.33)

with energy F and ¢ a function periodic in ¢ with the same period, 7, as the Hamiltonian.
Expanding ¢ in a Fourier series gives

Ut F)=e ' n Y e 1My (), (2.34)

g=—00

with Q = 27/7. If the time dependence of the Hamiltonian is due to the presence
of a scattering potential of limited range, then far away from the scattering region the
wavefunctions should look like plane waves, or Bloch waves if we are considering a crystal.

From Eq. we can see that E is not well-defined, since one can make the trans-
formation £ — E + nhf) and still recover the original ¥ by a simultaneous relabeling of
the functions v, by ¥, = Y44n [19, B0]. This will be given the interpretation that an
electron with energy E entering the region of a scatterer with periodically time varying
properties, can scatter into an outgoing state with energy E + nh{) where n is an inte-
ger. The scattering matrix that connects such states will be called the Floquet scattering
matrix Sp(E,, E)as-

The system will be modeled as set of metallic contacts «, with temperature T, and
voltage V,,, connected to the scattering region by leads. The wavefunctions for electrons
in the lead connected to contact « going into (out of) the scattering region are found
by solving the Schrédinger equation. Close to the scatter, these functions may have
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complicated shapes, but far away from the scatterer, they will look like sums of plane
(Bloch) waves [31]. We choose boundary conditions such that the part of the wavefunction
that looks like a plane wave or a Bloch wave entering (leaving) the scattering region from
contact v has unit flux [19]. It is assumed that there is no backscattering at the interface
between the contact and the lead, or in other words that scattering only takes place in
the region marked S in Figure The resulting wavefunctions will be the sum of the
incoming (outgoing) parts, specified by the boundary conditions, and outgoing (incoming)
parts that are a result of the presence of the scatterer. The Floquet scattering matrix will
connect the incoming and outgoing states through the relation [32]

UOM(E) = Sp(E, En)agVi(Ey),  UNE) = Si(En, E)sa V" (E,),  (2.35)
Bn B.n

where UI'(E) and WO (FE) are the incoming and outgoing states described above. Let
the operators that annihilate these states be a,(F), for the incoming, and b, (F), for the
outgoing. These operators also satisfy the relations in Eq. (2.35))

bo(E) =Y Sp(E, Ey)apta(Ey), 0o(E) =Y Si(En, E)paba(E,). (2.36)
Bin Byn

The system that will be considered in this thesis will have no time dependence in
the beamsplitters and phases, instead the time dependence is fully in the source contacts
where the driving voltage is applied. This leads to a simplification in the form of the
Floquet scattering matrix in that the individual elements can be written as the product
of the Fourier coefficient of the phase that is picked up by the electrons leaving the contact
and an element of the regular scattering matrix that describes the system when the time
dependent voltages are removed. This factorization turns out to be very useful when
computing the observables of interest since it allows one to separately deal with the sums
over the Fourier indices and the channel indices.

Under the assumption that the potential in the contact is uniform, the electron wave
functions in contact o pick up a time dependent phase factor e**«® with

$at) = —% / dt’eVa(t'), (2.37)

—0o0
where V,(t) is the voltage applied to contact a [19]. We then assume that there is
no voltage in the leads that connect the contacts to the scattering region. With this
assumption we can write the operators annihilating electron states leaving the contact
with energy F in terms of the annihilation operators in the contacts as

a,(E) =) Sa(n)aa(E — nhe), (2.38)
where
1 [T
Suln) = /0 ¢inQ i) (2.39)

are the Fourier coefficients of the phase that the electrons pick up in the contact [19).

Since the beamsplitters and phase differences are not time dependent, it is possible to
connect the state leaving the scattering region towards contact «, b, (E), to those entering
the region, aj3(E), with a stationary scattering matrix as in the previous section

ba(E) = Sapds(E), (2.40)
B
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where it has also been assumed that the scattering is energy independent. In principle
the beamsplitter transmission and reflection probabilities will depend on energy [33], but
here we assume that this variation is small over the span of energies we are interested in,
which are close to the Fermi energy. Using Eq. in the previous equation gives

ba(E) = Y SapSs(n)ag(E—nhQ) => " Y Sp(E,E_,)apap(E_n). (2.41)

B n=—o0 B n=—o0

In the last equality the Floquet scattering matrix has been introduced. It connects states
with energy F_, = E' — nhf) in contact  to outgoing states with energy E in lead o and
in this case it takes the form

SF(E, E_n)ag = Sa555(n). (242)

Next we want to study how to compute observable quantities using Floquet theory,
and we will start with the current operator in lead a. Under the assumption that only
states close to the Fermi energy contribute significantly to the current, which is where
there can be appreciable differences in two Fermi distributions, it can be reduced to [19]

) =* / / ABAE'e "% bl (E)bo(E') — al(E)aa(E)] | (2.43)

where e represents the electron charge and a hat is used for the current operator to
distinguish it from the average current. The expression for the current operator has a
very intuitive form, since it says that the current in each lead is proportional to the
difference between the number of states leaving and entering the scattering region. The

Fourier transform of Eq. (2.43)) gives

I(w)=¢e /_OO dE [b(E)bo(E + hw) — a (E)aq(E + hw)] . (2.44)

o0

For the purposes of this thesis, the current operator itself is not what is important
but rather its quantum statistical average [,(w) = <fa (w)> Under the assumption that

the electrons in each contact are in thermal equilibrium and that electrons from different
contacts are uncorrelated it is possible to calculate I,(w) from the quantum statistical
averages

(2.45)

Here
1

Jo(B) = =
e #T +1

is the Fermi distribution in contact o and d(F) is the Dirac delta distribution. For the
case that we are interested in, ., = 0 for all @ which means that there is no constant bias
between any of the contacts. With the help of Egs. and the average current
can be expressed in terms of the Floquet scattering matrix and the Fermi distribution.
The end result is

(2.46)

I(w) = i 216(1Q2 — w) oy, (2.47)

l=—00
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with

Z Z S}(E, En)CtﬂsF(El’ En)aﬂf<En) - 5lof<E) . (2-48)

B n=—oco

e o0
Loy = E/_ dE

o0

Computing the inverse Fourier transform of [, (w) reveals that
I(t) = <fa(t)> =Y e, (2.49)
l=—00

i.e. the I,; should be regarded as the Fourier components of I,(¢), which will be periodic
with period 7. Here we will only concern ourselves with the direct current I, = I,
which corresponds to the average value of I(t) over one period,

1 T
I= /O AtI(t). (2.50)

In addition to computing currents I, (¢) and current spectra I,(w), Floquet scattering
theory can be used to calculate correlation functions of different combinations of current
operators, with the prototypical example being

Pas(ti,ts) = <Afa(t1)Af5(t2)>. (2.51)

Here the current fluctuation operators AI(t) = I(t) — <f(t)> have been introduced.

P.s(t1,t2) is often defined in a symmetrized form, see e.g. ref. [19]. However, only correla-
tors with o # 3 will be considered in this thesis. In that case I, (t1) and Ig(t,) commute,
which can be checked using Egs. and , and the two definitions agree. The
Fourier transform of Eq. is

Pag(wr, ws) = <Afa(w1)Afﬁ(w2)>. (2.52)

Equation (2.52)) will contain averages of products of four creation and annihilation oper-
ators, and each such product can be written as a sum of products of pairs of averages by
an application of Wick’s theorem, which also generalizes to larger products [34]. After

applying Wick’s theorem, Eqgs. (2.41)) and (2.45)) can be used to show that

Pag(wi,ws) = Y 2w6(1Q — wy — wa)Paga(wr, wa), (2.53)

l=—00

where the P,g,(wq,w2) are known as spectral noise powers. Again, the higher order [
terms in the sum will not be of interest, and the relevant quantities will be the zero
frequency correlators

T dt 0

Pag = Papo(0,0) = /0 7 | drlas(tt+7), (2.54)

where the last equality can be proved by writing P,s(t,t + 7) as the Fourier transform of

P, s(wy,ws) and using Eq. (2.53).
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The P,p is interpreted as the noise in the current due to fluctuations and can be
written as the sum of two contributions, the thermal noise, 73&5, and the shot noise, 73;%
Assuming that the Fermi distributions are the same in each contact, which will be true
in the teleportation setup, the thermal noise takes the form

2

P =5 [ amse a- s [WQ+§j§ijmJuﬁ)

- n=—00

- (2.55)
= 3 (15 Bl +[56(Bns Bl .
and the shot noise
2
e *
Ph=5 [ Y > (F(B) = F(E) SHE B Se(Ep By,
v¥6 m,m,p=—00 :

X Sp(E, Ep)asSi(Ey, Em)ps

P will vanish at zero temperature due to the f(E)(1 — f(E)) factor, and is therefore
interpreted as arising from thermal fluctuations in the energy of the electrons, which are
not present when 7' = 0. 7755 on the other hand can be nonzero also when 7' = 0, but it
will vanish if the scattering process is energy conserving, since then Sp(E, Ey,)as X Ono,
although this is a particular feature of assuming equal Fermi distributions in all contacts
and it will be present if there are temperature or voltage differences between the contacts.
The shot noise is usually interpreted as a consequence of the discrete nature of the electrons
causing instantaneous current fluctuations in each contact [19]. Since the scattering is
probabilistic, it will sometimes happen that more electrons end up at one contact and
fewer at another which will cause a shift in the instantaneous values of the currents.
Below, we will also need to consider the third order correlator

Qusn (b1, 12, t5) = (AL (b)) A1) AL (1) ) (2.57)
and its Fourier transform
Qam(wl,wg,wg) <A[ (W1>A[5(WQ)A[ (UJ3)> (258)

The argument that follows Eq. (2.51)) concerning symmetrization also applies here. The
same reasoning that lead to Eq. (2.53)) can also be used to write Qug, (w1, w2, ws) as

Qapy (W1, wo,ws) = Z 218(1Q2 — w1 — wo — w3) Qupyi(Wi, wa, ws). (2.59)

l=—00

Again, we will only consider the zero frequency component

Qupgy = Qapr,0(0,0,0) / dt/ dTﬁ/ A7y Qapy(t, t + T8, t + 7). (2.60)

2.6 Levitons

It has been shown that applying voltage pulses of Lorentzian shape in time to metallic
contacts creates a quasiparticle excitation above the Fermi sea that consists of one electron
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and no holes [35],36]. These quasiparticles are called levitons. In this thesis levitons will be
important when we consider the periodically driven teleportation setup, since the voltage
pulses that are used are Lorentzian and will create levitons. It will be possible to interpret
the measurement results as due to teleportation of leviton states. Levitons are named in
the pioneering experimental work [37], after L. S. Levitov, who was one of people who
theorized their existence |35, 36].

The voltage pulses that are used to create Levitons have the form

evit)= Y (t—j277})1;+r2’ (2.61)

j=—o0

where 7T is the period of the pulse train and I' is the width of each pulse. If such a voltage
is applied to a contact in a scattering setup, then S, (n) can be shown to take the form [I§]

—2e " inh(QI) n >0
Sa(n) =8S(n) = e ™ n=20 (2.62)
n < 0.

So an electron leaving the contact can keep its original energy or increase it by nhf2,
n > 0, but never decrease it since S(n) = 0 for n < 0. This has the interpretation that
the voltage pulses create only electronic excitations and that no holes will be present.
Note that for smaller I', higher energies will be involved.

The excitations that are created by the voltage pulses are called levitons and can be
described by the following annihilation operator [36]

Ao = V20 el DB (B), (2.63)

E>0

where t, is the time at which the leviton is created. At zero temperature, the voltage
pulses will create a leviton each period. At finite temperature the created state will be
a mixed one, and the simple interpretation of our results will no longer apply due to the
presence of thermal excitations [38]. The energy distribution of the leviton wavepacket
has an exponential shape above the Fermi energy, which means that the levitons can be
thought of as having energy very close to the Fermi energy for large ['Q2. Since there are
no holes accompanying the leviton, there will be no unoccupied states in the Fermi sea
and the leviton is therefore very robust against energy relaxtion processes, meaning that
relatively long coherence lengths should be possible when compared to other sources [16].
The spatial shape of the modulus squared of the leviton wavepacket will be a Lorentzian
of width T" [36] and this parameter is referred to when the width of levitons are discussed
throughout the text.



Chapter 3

The teleportation setup

In this chapter the teleportation setup that has been studied in this thesis is presented
and described. The first step is an abstract picture of the setup that can in principle be
used to describe any implementation that uses backscattering free states. This will be
followed by a more concrete realization of the setup, which is based on the Corbino disk
geometry which is a 2DEG in the shape of an annulus. The Corbino geometry presented
here can be used to realize the experiments that have been discussed in this thesis.

3.1 Teleporting a single electron

Electron detection

B,
B
A;
QPC1
S G
N ApC2 Entanglement generation
L Gs State preparation S, Ga
J/

Figure 3.1: Schematic view of the teleportation setup. The S; are single-electron sources,
the G; are grounded contacts, the QPCs act as beamsplitters. The A and A’ modes go
to Alice while the B modes go to Bob. Electrons are detected at two detectors at A; and
two detectors at As. The aim of the experiment is to transfer a superposition of A" modes
to a superposition of B modes.

The experiment that we want to describe is presented in Figure [3.1], which shows how
the different components of the experimental setup are arranged. The architecture uses
dual-rail qubits, where there are two spatial modes that an electron can occupy. We use
as basis for our qubit space the states where one of the modes is occupied and the other
is empty.

19
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The first step is to prepare both the state that is going to be teleported, call it [¢)),
and the shared entangled states. First, each of the three electron sources S; generates an
electron, which will travel towards the first set of beamsplitters, QPC1-QPC3. This can
be described by the state

|¢> = agggagla"'s.z |O> . (3]‘)
The electron sources can for instance be one of the ones mentioned in Section and

since we will later work specifically with levitions, it can be useful to think of the sources
as leviton sources. The scattering through QPC1 and QPC2 is described by the scattering

matrix .
11

while for QPC3 the scattering matrix is

g — [i\/ﬁ \/ﬁ}

VD iVR|’ (33)

where R is the reflection probability and D the transmission probability, with R+ D = 1.
After QPC3 we also introduce a phase difference ¢ between the mode going to A; and
the mode going to A,. By using the scattering matrices for the QPC’s and including ¢,
|¢) can be expressed in terms of the A%, A; and B; modes as

1 )
5 (iVRe%al, + VDal, ) (il +dl, ) (iah, +ab, ) [0). (3.4)

The A; and A, modes represent electrons traveling from the S; and S, sources, respec-
tively, to Alice’s detector regions. A} and A}, modes instead represent electrons created
at S3 and heading to Alice. The B; and By modes corresponds to electrons traveling to
Bob. Each mode is labeled in Figure |3.1}

Equation (3.4) can be written as

[9) [®)119),, (3-5)

with

) = (z'\/ﬁe-%;,l +VDal, ) 10) (3.6)
and

@), = \% (mjgj + a;j) 0) . (3.7)

If R, D and ¢ can be controlled then |¢)) can be any qubit state, and it is this superposition
that we wish to teleport. |(I>)j is an entangled state since it has the form

% (i1, 10}, + 100, 11)5,) (35)

These are entangled single-particle states, as was mentioned in Section It has been
suggested that one can use entangled particle-hole pairs to teleport electrons [39], and
there the entanglement is instead between two particles. We have so far prepared the
state |¢) that is going to be teleported, and we have generated entangled states that are
shared between Alice and Bob.

Next, Alice performs her measurement. The first step of this procedure is to let
the electron traveling to Alice pass through another set of Beamsplitters, QPCA; and
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QPCA,, that are also described by the scattering matrix S, defined in Eq. (3.2)). Alice
then measures the number of electrons in each mode Aj[. The state prior to Alice’s
measurement is

1/1 e 1 R
= (—OLjﬁaT <Z\/§e waTBl + \/EaL2> + §aL;aL; <Z\/Ee ‘pa]gl + \/Ba]gQ) +

2\2 AT A7
1 , 1 .
+ = aA+aL <\/ Re‘“’oag1 + 1V Da];) —Zdl _al (\/ Re™*%al, +ivDal, ) +
2 2 Al A2 1 2
ivVRe % /. v D
— T (zalral A+ + aA+aTA aLQ_ + W (zal+al+aA_ + aA TM“L > — (3.9

_ —ip T T 4 T
Re CLATGA;CLBZ szaA;aAgaBl%—

+ %(i\/ﬁe_w (aj§1+ +ia2;> + \/_< L+ za >>a}r3 aBQ) |0) = |¢) .

In terms of the By and By modes, the first four terms of |¢) have a similar structure
to ). If one mode at each of A; and A, is occupied, then Bob’s part of the state
will be a superposition of his two modes. The rest of the terms in |¢) do not have this
structure. Some terms correspond to having all particles at Alice’s location, which defeats
the purpose of trying to send a state to Bob. Others have two particles at the same A,
which means that Bob can not have a superposition of his two modes. In the remaining
cases Bob ends up with two of the particles, which means that both of Bob’s modes will
be occupied, and he can therefore not have a superposition state. If Bob ends up with
two particles, he has also lost his entanglement link to Alice. From this discussion we can
conclude that our focus should be on outcomes where Alice finds one particle at A; and
one at A,, if we want to be able to teleport [¢)) to Bob. Analysis of the measurement
outcomes and Bob’s post-measurement state is performed in Section

Electron detection B2
- Al Bl
QPCA;
- A2+
, B’
A1 A1 !
v
\ , PC1 State tomography
(P Az Az Q 2
SS G
Qpc3 | Entang! t ti
\ S; bpc2 ntanglement generation
s State preparation S, G2
A p

Figure 3.2: It is possible to compare Bob’s state to the input state by estimating the
components of the Bloch vector. For single-electron teleporation this can be done by
measuring the difference in occupation number between Bob’s two modes. Which com-
ponent of the Bloch vector that is being measured can be selected by changing 6 and the
transparency of the beamsplitter QPCB.

In order to verify that the teleportation protocol is working, Bob can perform quantum
state tomography on his part of the combined state. Quantum state tomography is a
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way to estimate the state of a quantum system and it is based on the Bloch sphere
representation of qubits presented in Section [2.2] From the results presented there, we
know that by measuring the expectation value of o, 0, and o, on his state after Alice’s
measurement, Bob can estimate the Bloch vector ' of the state he received. Measuring
(0,) for a qubit corresponds to a measurement of (Ng, — Np,) in this case. (o,) and
(o,) can also be expressed as (Np, — Np,), provided the state has been transformed
appropriately prior to the measurement. To do this it suffices to apply a phase shift 6 to
one of the electron modes, and then let them pass through another beamsplitter, which
we will call QPCB. The phase and the beamsplitter will implement the transformation

a%l B D' iR

al, ] [iVRe?® VD
where D' and R’ are the transmission and reflection probabilities of the beamsplitter. A
sketch of the tomography setup can be seen in Figure 3.2l The B’ modes are the modes
going from the entanglement generation region to the state tomography region in Figure

B.2l The derivation of the correct settings for # and QPCB is provided in Appendix [A]
and the results are presented in Table

T
Any
?1] : (3.10)

a
B,

Table 3.1: The phase and beamsplitter settings required for the different state tomography
measurements.

Measurement D’ ]

: 1/2 72
v 1/2 0
/ 10

The total scattering matrix for the entire system is found by combining the effect of
scattering matrices for the individual QPCs. The result for our system is

@t ] 7 % 00 R VDem | g

- \/Li % 0 0 —vVRe™ % i\/De ac,

aps| _ L 0 0 v vD VR | |as,

ay-| V2 0 0 5 5 WD —VR | |ac.

ag, Dle=™® i\/De7® —iv/R R 0 0 ase

| as, | ~ivVRe ™ JRe® VD WD 0 0 [ 4Gs ]
(3.11)

3.2 Periodically driven teleportation setup

Here we will consider what happens in the teleportation setup above when the sources are
periodically injecting levitons into the experiment. This is a useful case to consider since
the version presented above assumes that single-electron detection is possible, which is
vet to be demonstrated for e.g. electrons in an edge channel, see Section [2.4.4, However,
measurements of average currents and current cross correlators are possible to perform.
Such quantities can be calculated using the machinery of Floquet scattering theory, which
is presented in Section [2.5.2] One of the main results of this thesis is that it is possible
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to relate the direct current, as well as second and third order cross correlators, to the
quantities that are measured in the quantum state tomography part of the single-electron
teleportation setup. There has been previous suggestions that state tomography can be
performed on electrons by measuring current correlators [40]. The approach presented
here uses the assumption that the leviton sources are configured so that the temporal
width of each leviton is sufficiently small, meaning that levitons emitted during different
periods are uncorrelated. If the period of the voltage is sufficiently long, we can say that
only levitons emitted during the same period are passing through the setup at any one
time, which recreates the picture of teleportation given in the previous section. We can
interpret this as repeating the teleportation experiment very many times. Typical leviton
sources operate at GHz frequencies [37].

3.3 Corbino disk experimental geometry

Before the situations that have been discussed so far are analyzed further, a more concrete
experimental implementation of the experiment is presented. The setup is based on the
Corbino disk geometry for the quantum Hall effect. A Corbino disk is an annular sample of
a material that supports a 2DEG, and is brought into the integer QHE through the use of
strong magnetic fields. The edge states propagate along the bounding circles. A Corbino
disk can be thought of as a regular Hall bar that has been joined along the short edges.
Figure [3.3] shows how the experiments described above can be mapped onto a Corbino
setup. Similar setups have been studied before [41] [42], and it can be shown that currents
and second order correlators do not depend on the phases, while third order correlators
will depend on the sum of the phases, which can be tuned by altering a magnetic lux ®
that that is threaded through the center of the disk. The Corbino disk is named after O.
M. Corbino, who studied magnetoresistance using an annular geometry [43] [44].

Figure 3.3: An illustration of a possible experimental setup, based on a Corbino disk.
Electrons are generated at the sources (red) and travel along the boundaries of the disk,
with the possible trajectories indicated by the lines. The two arrows indicate the direcetion
of travel for the corresponding edge states. The QPCs (blue) act as beamsplitters and
facilitate scattering between the two edges, with scattering matrices defined in Section
.1} Phase differences ¢ and 6 are introduced along two of the paths and their sum, which
is what the observables of interest depend on, can be tuned by altering a magnetic flux
®. Current measurements are performed at six different detectors (purple).



Chapter 4

Results

This chapter presents the results of the calculations that have been performed in this
thesis. To start with, the focus will be on the single-electron picture of teleportation
where it is assumed that single-electron detection is possible. After that the focus will
be shifted to the results for the periodically driven teleportation setup, starting with
what happens at zero temperature and then what changes when finite temperatures are
introduced.

4.1 Single-electron picture

Here an analysis of Alice’s measurement and Bob’s post-measurement state is presented.
First a POVM describing ideal single-electron detection will be defined. This will be
followed by the results for the teleportation efficiency and the post-measurement states.
Lastly, we will discuss the state tomography procedure in light of these results.

4.1.1 Basic picture and measurement

From the discussion following Eq. (3.9), we know that the measurement outcomes that
are interesting for teleportation are those where two particles are detected at A with one
at A; and the other at A,. These leave one particle at B, and it can be in a superposition
of the two B modes. If two particles are detected at A; for instance, then the third is
found with complete certainty in the B, mode. If one takes the point of view that was
presented in Section then the useful outcomes are those where Alice cannot tell where
the electron created at S3 was detected, and that means she does not learn anything about
the state [¢) that we want to teleport. The useful outcomes can be labeled by j; € {+, —},
depending on which of the modes at A; is occupied. Appendix [B]contains the definition of
the full POVM for Alice’s measurement. There it is also verified that the POVM fulfills
the conditions specified in Section The POVM elements E(j1,72) for the relevant
outcomes are

E(+,+) = Nat Npyy (I = Ny-)(I = Ny ),
E(+, =) = Na+ Nps (I = Ny-)(I = Npy ), (4.1)
E(—=,4) = Na- Nag (I = Ny )(I = Ny ),
E(——)= NA;NAg(I - NAT)([ - NA;)-
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N = azak is the number operator for mode k. These operators project the state onto the
subspace where the j; and j, modes are occupied. The probability for Alice to find each
of the desired outcomes is 1/16, as can be seen by calculating p(+, +)

Pl ) = (0] B+, ) 6) = (6] Nyx Na (I = Ny )(I = Ny2) [6) =
_ i (6]d/,.al,, (ivRah, +VDab, ) [0) = -

The calculations for the three other cases follow the exact same steps.

Since the interesting part of the post-measurement state is the state at B, it makes
sense to study the partial trace over states at A of the post-measurement density matrix.
As was shown in Section it is not necessary to define Kraus operators for this mea-
surement to find Bob’s post-measurement state, since when calculating the partial trace
it suffices to know the POVM elements. Calculating the post-measurement states for the
four relevant measurement outcomes results in

pe(+,+) = (i\/ﬁe_wa]gl + \/BCLTB ) 10) (0 (—i Reag, + \/Ba32> = |¢

(4.2)

pp(—,—) = ( vV Re™ “‘)aB + \/_aB ) |0) (0] ( iV Reag, + \/_a132> = |¢) (¥],
pp(+.—) = (VRe™aly, +iv/Dal, ) 10) (0] (VRe'ap, — ivDas,) = U ) (| U,
pi(—,+) = (ﬁze—waB +@\/_aB2> 10) <0|( P a, —NEQBQ) — U |o) (| U,

where U is the unitary transformation
—1 0
oof7 »

on the space spanned by algl |0) and a]T32 |0). The first two states are the same as the
state we wished to teleport, and they are found with a total probability of 1/8. The two
following states can be transformed into the original state by applying UT, and they are
also found with a total probability of 1/8. This means that teleportation is successful 1/8
or 1/4 of the time, depending on whether it is possible to apply U' to the state at B.

Compared to the original teleportation protocol [I], which in principle has a 100%
success rate, our approach can only be successful 25% of the time. However, the original
protocol has four different outcomes at B, whereas here there are only two outcomes at B
when teleportation is successful. If the unitary transformation at B is not implemented
in both of the protocols then the standard protocol is successful 25% of the time while
our approach would be successful 12,5% of the time. We have now showed that it is
in principle possible to perform (probabilistic) quantum teleportation using an electron
quantum optics approach. Improving the efficiency figures, if possible, would require a
change in architecture, presumably one that minimizes the number of outcomes that do
not contribute to teleportation. Trying to scale probabilistic protocols to perform more
complex quantum information processing tasks requires care, so that run time is not
wasted by unwanted outcomes.

4.1.2 State tomography

For teleportation, the only interesting cases to perform state tomography on Bob’s state
are those where teleportation should have succeeded. This means that we should only
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perform the tomography measurement when Alice has obtained an outcome where tele-
portation is possible. Assuming Alice got outcome X for her measurement, then Bob’s
post measurement state pg is given by Eq. . Combining this with Eq. tells us
that the Bloch vector components of Bob’s state, given that Alice gets outcome X, are

ri = Tr(oipB) = %Tr (12 ® oM (X) pMT (X)) = P(lx) Tr (E(X)oip) =
(4.5)
1
= m(E(X)Uz'),

where {M(X)} is any set of Kraus operators that gives rise to the POVM defined in Eq.
. Since our tomography setup always ensures that a measurement of (o;) corresponds
to a measurement of (Ng, — Np,) we can write

1
= ——(E(X)(Ng, — N, 4.6
7t = By (B (N, = Vs,), (16)
with the appropriate values of D’ and 6 so that this corresponds to measuring the i
component of the Bloch vector of Bob’s state. Computing r; for the state we wish to
teleport gives

Ty, =2V RDsin g,
ry = —2V RD cos @, (4.7)
r,=R—D.

This is also what one finds by computing 7} for the teleported state with the method
described above, if Alice measures +-+. This case is sufficient to consider in order to
demonstrate that teleportation works, since we are not implementing the conditional
unitary transformation that would mean that also the +— and —+ outcomes could be
used for teleportation. Equation for the outcome +-+ becomes

,  {B(1,0,1,0)(Ng, — Ng,))  (NayNaj (N, — Ng,)) i
TETELOLY)  WNaNg( - Nyt Ny 48

where in the last expression we have dropped terms that involve more than three electrons,
since there are only three electrons in the system.

4.2 Periodic driving and levitons

We now present the results of having the teleportation setup driven by the voltage pulses
that create levitons. The first step is to show how we can relate the state tomography
measurements that were performed in the previous section to observables that can be
calculated using Floquet scattering theory. These involve correlators up to order three.
The final step will be to present the temperature dependence of the involved quantities,
with special attention given to the case T' = 0 where we can make a clear interpretation
of the results as being due to quantum teleportation of levitons. When we go to finite
temperatures, an interpretation in terms of single-particle teleportation becomes difficult
due to the presence of other excitations, but we will see that the results can still be given
the interpretation of average quantities describing noisy teleportation of a leviton.
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4.2.1 Current correlators and the single-shot picture

In order to perform the state tomography described in Section in the setup where
we periodically inject levitons, we need to find observables that can be connected to Eq.
. The goal of this section is to show that at zero temperature it is possible to find a
correspondence between leviton number operators and current correlators. One example
of such a correspondence is

T 7
<N Nﬁ > Qaﬂv 3 (Iocpﬁv + ]/37304”/ + vaaﬂ) + ?Zajﬁjv' (4~9)

This is important because Eq. (4.8)) implies that the Bloch vector of the teleported state,
and the success probability, can be expressed in terms of different combinations of number
operators. With this correspondence we will be able to express these quantities in terms
of correlators, and therefore have another way to measure them.

As was discussed in Section [2.5.2] the quantities I, Pns and Qqs, can be expressed
in the following way

|
h:?AdWN» (4.10a)
T 0
‘%B:%/“M/‘dﬂAQ@A@@+ﬂ% (4.10b)
0 —0o0
T 00 [e9) . R R
Qupy = 71_/0 dt/_ dTg/_ dr (AL (1) Alg(t + 13) AL(t + 7). (4.10c)

Since our system is periodic in time with period 7, we define the operator for the
number of electrons detected in contact o during one period of the external voltage as

I
zuz-/‘a@@. (4.11)
€Jo
Using Eq. (4.10a), the expectation value for N, is seen to be
(No) = 7—i]a. (4.12)
e
With AN, = N, — (N,) we find
T- t
(ANLAN,) = é/‘&/<hAIUA@ _&T/‘&/ AL ()AL (t),

(4.13)

We now assume that Al (t) and Alg(t') are uncorrelated when ¢ and ' lie in different

periods, i.e. (AL, () Al4(t")) = 0 for [t/T | # |t'/T |, where |z] is the floor function. This

assumption is expected to be valid if the Lorentzian voltage pulses have small widths,
such that subsequent pulses do not overlap significantly. From this we can show that

T—- t
aﬁ_7i/(ﬂAiJ+ HALOAL(t+7)) 7:/(ﬁ/ AL AL(tr),
= (4.14)

From Eqs. (4.13) and (4.14) it follows that

@MAMgzgmﬂ (4.15)
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For (AN,ANzAN.,) we get

(ANLAN,AN,) / dt / dr / dr (AL (AT ()AL (7)) =
(4.16)

T—t T—t
= €3T/ dt/ dT/j/ d7',y A[ ( )A[ﬁ(t+T5)A] (t+7’7)>

Under the assumption that (AL, (t)AIs(t)AL(t")) vanishes unless ¢, # and ¢ all lie
in the same period, Q,g, becomes

Qupy = 7./ dt/ dTﬁ/ A7 (AL ()AL (t + ) AL(t + 7)) =

S (4.17)
T/ dt/ dm/ dr (AL ()ALt + )AL (1 + 7).
We therefore have -
(AN,ANBAN,) = gQaﬂw (4.18)
From the relation
(VN3N = (o) (NG) (85 (BNANG) () + (ANANN N3

+ (ANSAN,)(N,) + (ANsAN,AN,),

we can establish Eq. (4.9). Similar relations for e.g. (N,Ng) can be established analo-
gously. The procedure used to find the correspondences could in principle be extended to
higher order correlators. However, for the purposes of demonstrating teleportation with
levitons, it suffices to consider correlators up to order three, since Eq. does not
contain higher orders.

4.2.2 Expressions for the Correlators

We will now turn to computing the relevant currents and current correlators. For the
currents we use Eq. (2.44)). Since our scattering matrix is of the form Eq. (2.42)), we can
write the current as

Zwam Z 1S5(—n)]? /OodE(f(En)—f(E))Z

Z Sl Z S(n Z Susl?,

where the notation Zﬁ:Si means that the sum runs only over source contacts. The
second equality in Eq. follows from the result ffooo dE(f(E,) — f(F)) = —nhSQ,
which can be seen by a straightforward computation, and the last equality is due to
S n|S(n)]> = 1, which corresponds to the number of electrons emitted from each of
the sources every period [45]. From Eq. we can see that the direct currents in the
teleportation setup are temperature independent. It also has a rather intuitive form, since
it is the sum of the currents emitted by each source, weighted by the probability that an
electron from source S; will end up at contact «. (Each source emits one electron per
period on average.)

(4.20)
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Next we compute P,s. This means evaluating the expressions (2.55)) and (2.56) for
the thermal and shot noise. The first term of the thermal noise can be seen to be zero
for @ #  and the second term vanishes in chiral systems when both « and [ refer to
detector contacts, since there are no scattering elements that connect them. Since these
are exactly the types of correlators we are interested in for teleportation, we can disregard
the thermal noise. We can then insert the expression for the scattering matrix into Eq.
(2.56) which gives,

2 o0
€ * * * *
Pas= 53 D0 X(n = m)Si S5, 8usS3S; (1) S, (p — 0)Ss(~m)Si(p — m).

¥§ n,m,p=—00

(4.21)

The function x(n —m) is defined as

o — m)h§2

x(n —m) = / AE(f(E,) — f(Em))? = (n — m)iQ coth (”%—mT) — 2kpT.  (4.22)
—00 B

This expression can be simplified somewhat by evaluating the sums over n, m and p for

the different combinations of v and §. A result that is helpful is a convolution theorem

for Fourier coefficients of two periodic functions f and h, stated in ref. [19] as

> fo) (hn+9) = TR (—q). (4.23)

n=—0oo

where f(n) is the n-th Fourier coefficient of f etc. The sum in Eq. contains many
factors of the form 2 S(n)S*(n + ¢) that reduce to §, since S(n) are the Fourier
coefficients of a phase. If f = h = €', then fh* = 1, which has §,0 as its Fourier
coefficients. The final result is

= B (X 34 5 5 i - PO

v=S; 6=G;  v=G; 6=S;

, (4.24)

T=0

where the sums run over source contacts S; or grounded contacts G;. The function F(T)
is defined as

w nhs) kpT )
F(T)=) n (coth T 2nhQ) |S(n)[*. (4.25)

n=1
Equation says that the noise is the product of two factors. One factor corresponds
to the noise at zero temperature, and depends only on the details of the settings of the
teleportation setup, which is encoded in the S,3. The other factor, F/(T'), depends on the
temperature and the settings of the leviton sources.

An expression for the third order correlator is derived in Appendix [C] With the Floquet
scattering matrix that describes our system it takes the form

Quin =72 D Si(=n)Sslk— v —n)Su(=8)S: (k — u = 5)Sc(—u);(~v)

6e¢ k,n,s,u,v=—00
(M&(G(n —k,s—k)— Mg Gk —n,k— s)),
(4.26)
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with
Msec = S,

«

591650555505 . (4.27)

The function G(n — k,s — k), which is an energy integral over Fermi distributions, is
defined in Appendix [C] G(n — k, s — k) can be evaluated analytically, with the result

Q
A (n— s)e(k_n)’“?? + (k — n)e(s_n)’“%; +s—k

8 . (n—k)RQY . (n—s)hQY . (s—k)hQ2
sinh TnT sinh T sinh nT

G(n—k,s—k) (4.28)

The five infinite sums in Eq. can be reduced to single infinite sums by making
use of Eq. . Calculating this for the possible combinations of detectors for the cross
correlators shows that we will end up in a similar situation to that of the noise, in that
we can separate Q. into one factor that depends only on the beamsplitter and phase
settings, and one that depends on the temperature and the source settings, i.e

QQB"/ = A(T) Qaﬂ’y T:O‘ (429)

It also turns out that the temperature dependent factor A(T') takes the same form for
every detector combination, namely

(4.30)

1 nhQ kT nhQ S0P

= Q
A(T) = Z n <(:01;h2 nh + = csch? -3
n=1

From the definitions of r; in terms of POVM elements discussed in Section and
from the correspondence derived in the previous section, we see that the currents and
correlators that are relevant for demonstrating teleportation are those listed in Table [4.1]
The table contains their values at zero temperature and their temperature dependence.
Like in Section we focus on the case when Alice measures .

Table 4.1: Expressions for the currents and correlators that are needed to demonstrate
teleportation. The expressions are given for the three different tomography measurements
needed to determine the state at B, and those expressions are valid at 7" = 0. The last
column gives the temperature dependent factors of each quantity.

Quantity D'=1/2,0==n/2 D' =1/2,0=0 D' =1,0=0 T dep.

e (1 R e (1 R e (1 R
Ings Ia- ?(%Jrg) ?(§+g) ?(FFE) 1
(& € e
Ings Iy (i +7%) At (3 +%) 1
Iy, I = = = 1
19 2 2 2 2
Pt _eg]—?D _eg;%D __e“RD F(T)
AfA AT 4T aT
P ' 7)2 _ e _ _e F(T)
ATB1 7ATBy , 16T , 16T , ST
e 1 RD e 1 RD e 1 RD
Parass Paza;  —5 (56 - L) % (5 - ) -5 (% —-17) F@)
€ €
Patgy Pags, ~ 16T ~ 16T 0 F(T)
e3 VRDsinp _e3VRDcosyp
QAjAgBl T 16 T 16 0 A(T)
QA*A*B _ €3 VRDsing e3 VRD cos o 0 A(T)
189 B2 T 16 T 16
3 RD(R—D) ¢3 RD(R—D) 3 RD(R—D)
QA+A*A+ o — = A(T)
0 i éRD(/SD—R) gRD(Jgj—R) ému%_m A(T)
ATALA; T AR e B0
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The functions F' and A that determine the temperature dependence of the second
and third order correlators can be evaluated numerically, and are shown in Figure
for different values of I'). From those plots we see that both the second and third order
correlators will approach zero as temperature increases, although Q,s, will go to zero
more rapidly than P,g. The plots also indicate that if we keep (2 fixed, then decreasing I"
will keep the correlators closer to their zero temperature values for a larger temperature
span, although at zero temperature the values are independent of I'.

1 1.0 1 1.0
1no0 ] 0.8 1001 0.8
0.6 0.6

] 04 ° 0.4
. 0.2 . 0.2
10—3 0.0 10—3 0.0

kBT [hQ kBT [hQ

1.0 1.0

0.8 0.8
—06 — ar=oo —0.6
& Or =01 &~ — Q=001
~ 0.4 —_—ar=1 < 04 Qr =0.1

—_r=1
0.2 0.2
0.0 - T ; 0.0 - y T T
0 2 4 6 8 10 0 2 4 6 8 10
ksT [hQ)] ksT [hQ)]

Figure 4.1: Temperature dependence of the second and third order correlators.

4.2.3 Zero temperature results

As can be seen from Figure F(T) and A(T) approach 1 as T — 0 Mathematically
this can be seen either by taklng the limit kgT/hQ — 0 in Eqgs. ) and ( , or by
replacing f(F) with the step function 6(—E) when calculating the 1ntegrals X(n m) and
G(n—k,s—k). From Table and Alice and Bob’s combined pre-measurement state, Eq.
, we can verify that the correspondence that was derived in Section holds. This
means that it is possible to perform a teleportation experiment with levitons that relies
on measurements of /,, Pog and Q,p instead of relying on single-electron detection. It
should be noted that we need to assume that the settings of the leviton sources, width and
period, are such that only levitons from the same period are traveling in the leads at the
same time. Then it becomes possible to interpret the periodic application of the pulses
as repeatedly teleporting single leviton states. To make the correspondence between the
Floquet correlators and tomography observables concrete, we can write out Bob’s Bloch
vector corresponding to when Alice measures ++, in terms of the correlators

(4.31)
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where we have defined

T T?
J =3 (QAjAgBl - QATA;BQ) T3 (PAjA;(IBl —I,) + In; (Parg, — Pays,)+
7'3
1+ (Pags, — PA;BQ)) + ?IATIAJ ([B1 - 1132),
T? T T?
K :e_QIAfIA; (1 - E<IA1’ + ]AQ)) T (IAT(,PAIASF + Pagaz )t

T
Tzt (Ppsa- + ,PATAQ)) s <QA1+A;A1 + QA]LA;AQ)'

(4.32)

J and K are found by applying the correspondence derived in Section [4.2.1] to the numer-
ator and denominator, respectively, of Eq. . This means that K corresponds to the
probability that the outcome +- is found by Alice. If the T' = 0 values from Table
are plugged in to the above expressions we find 7} = ;. We now have enough to be able
to verify that teleportation is possible to perform using levtions in QHE edge modes.

4.2.4 Finite temperature results

At finite temperatures the simple picture of teleportation that has been presented so
far becomes problematic, since our system will contain thermal excitations in addition
to the levitons. This means that the POVM that was defined in Eq. is no longer
appropriate to describe the situation, since it only accounts for the presence of levitons. If
there are additional excitations present, it is not guaranteed that (N;) is bounded between
zero and one, which in turn would mean that the POVM elements can become negative.
If the operators defined in Eq. are no longer positive, then they do not define a
POVM. Furthermore, we can no longer rigorously justify Eq. since it was derived
under the assumption that there are only three electrons in the system. However, we can
still calculate the quantity on the right-hand side of Eq. at finite temperatures.
This can be used to define a new Bloch vector with components 7;,

r, = — y (433)

T>0

which at 7" = 0 will correspond to the Bloch vector of Bob’s state if Alice measures +-+.
At low temperatures, where the number of additional excitations is small, one might still
expect Eq. to be a good approximation to the correct picture, but showing that
requires a more careful argument. These additional excitations also mean that we strictly
speaking no longer have a qubit system, since the excitations makes our state a more
complicated many-body state. .

Nevertheless, we can still discuss how 7 behaves at nonzero temperature, to investigate
the deviations of the zero temperature scenario. Computing r; gives

r= |q(T)ry,|, (4.34)

where ¢(T') = A(T)/F(T). q(T) is plotted in Figure and those plots suggest that ¢
behaves similarly to A and F, although it does not decrease as rapidly with temperature
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Figure 4.2: Temperature dependence of ¢(7") for different values of I'2.

as A and F. The x and y components of the Bloch vector will shrink towards the center
of the Bloch sphere since they are multiplied by ¢(7), but the z-component is unaffected.
The prepared states satisfy the equation r2 + r2 + 72 = 1, because they are pure states,
but teleported states instead describe the surface

T+
=1 (4.35)

which for ¢(T) < 1 is a prolate spheroid. Some examples of transformed Bloch spheres
for a few different values of I'QQ and kgT'/hS) are presented in Figure . Included in each
figure is the Bloch vector (0, —1/4/2,1/+/2) and the corresponding 7 Bloch vector. From
these figures we see that the regions around the north and south poles of the Bloch sphere
contain the states that are least affected when the temperature is increased. These are
the states that are almost fully in one of the two modes. A prolate spheroid possesses
a cylindrical symmetry along the z-axis, in that each slice orthogonal to the z-axis, i.e.
where R and D are constant, will be described by a circle. This suggests that some
interesting quantities such as purity and fidelity might not have a ¢ dependence. If we also
assume that K is a low temperature approximation of the probability for ++ outcomes in
Alice’s measurement, then we see that the probability will be F/(7')/16, which decreases
as temperature increases. In terms of teleportation, this suggests that the probability
for successful teleportation is negatively affected by an increase in temperature, but a
rigorous argument requires a proper POVM.

I'Q = 0.5, kT = 0.5hQ I'Q = 1.13, ksT = 0.17hQ I'Q = 0.57, kpT = 0.14hQ
1 1 1
PARY (( -~
&0 T =—=0 &0 I &0 I
N . .
] : 0 g o 1 0 !
L a4 A 0 A - 0 a4 -
r!/ Tz r‘i/ Tz T‘y Tz

Figure 4.3: Here we can see how the Bloch sphere transforms as we move to finite tem-
peratures. 7 and r are represented by the red and blue vectors, respectively. In the last
two pictures, the parameters were taken from an experiment that was performed with
levitons [37].
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A transformation of the Bloch vector like the one in Eq. can be viewed as if a
random change in the phase difference of a superposition state has occured. This type
of noise can be described by a proccess called a phase flip, where the phase factor of one
of the basis states changes sign with some probability p [7]. Since the north and south
poles of the Bloch sphere are not superpositions of modes, they are unaffected by this
type of noise. On the other hand, states on the equator are equal superpositions of two
modes and information about the superposition is lost when the phase is altered, which
leads to a less pure state. Since only the x and y components of the Bloch vector are
affected, this type of noise will transform the Bloch sphere into ellipsoids, as is shown
in Figure 4.3 So 7 seems to describe a teleported version of the state described by 7
having been disturbed by some phase noise. Again, we should be careful about drawing
too many conclusions from these calculations, since our identification of 7 with a Bloch
vector is not rigorous, but should rather be seen as a way to investigate deviations from
the ideal, zero temperature behavior.

Taking this analogy to noisy teleportation further, we can use the results of Section
to calculate the purity of the teleported state, as well as the teleportation fidelity. The
purity of the teleported qubit will be

2 2

Y- 1+¢q(T)*(4RD) + (R — D) | (4.36)
2

and is shown as a function of temperature for a few different values of R and I'Q) in
Figure The plots tell us that as the temperature increases the purity will decrease
until it reaches a constant value. Equation suggests that what value the purity
will approach depends on R. If R is close to 0 or 1, then v will be closer to 1, but if R
is close to 1/2, v will instead approach values close to 1/2. If 4y = 1/2, then the state
is completely mixed. This point is well illustrated in the left panel of Figure [£.4] On
the other hand, the right-hand panel shows that the leviton width is very important in
determining the purity of the output state, since there is a very large difference between
the three different cases. This is not surprising when one considers that ¢(7") also depends
very strongly on QI', as shown in Figure The reason that we get better values for the
purity when I'Q) is small is that the energy distribution for the leviton is broader, see e.g.
Egs. (2.62) and (2.63)), which means that the levitons stand out more from the Fermi sea,
which will have thermal excitations with energies of order kg7 around the Fermi energy.

Q' =05 R=0.75
- R=09
R=05

—— R=10.25

o 0.8 — QI =0.01
ar=0.1
0.7 — o=t

p - 0.6 p -
0 2 4 6 8 10 0 2 4 6 8 10

kT [hQ)] EsT [hQ)]

Figure 4.4: These plots show the purity v of the teleported state as a function of temper-
ature. On the left we have chosen a specific width of the levitons and the different lines
correspond to the purity of the teleported state for different values of R for the original
state. On the right we have instead chosen a specific value of R and varied the width of
the levitons.
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The fidelity between the states described by the 7 and 7 Bloch vectors is

Fiop)— L 4q(T)Rl; +(R-D)* (437

One thing to notice here is that neither the purity nor the fidelity depends on the relative
phase between the two modes that make up the qubit, since the expressions for both v and
F do not contain . This is a manifestation of the cylindrical symmetry that is present in
the Bloch sphere transformations that the finite temperature introduces. Therefore, we
do not have to consider ¢ when calculating the teleportation fidelity. Averaging F over
R, and using D =1 — R, leads to a teleportation fidelity of the form

Frel == + @ (4.38)

Wl N

From this we see that the teleporation fidelity approaches the classical limit of 2/3 as
the temperature is increased, as Figure illustrates. However, Fio always lies above
the classical limit. This is perhaps not so surprising considering that according to Eq.
the fidelity should be perfect for the classical states, i.e. those with no superpositions.
The classical strategy for teleportation mentioned in Section [2.2)is unaffected by the phase
noise discussed above since the probability of finding one of the basis states is independent
of the relative phase.

Q' =05 Averaged Fidelity

Fel

0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
kT [h$] kT [AS)] kpT [hQ)]

Figure 4.5: These plots show the fidelity between the input state and the output state
as a function of the temperature. In the left panel we consider a fixed leviton width for
different input states. In the middle panel, we consider a fixed input state for different
leviton widths. The right panel shows Fi., i.e. the fidelity of the input and output states
averaged over all possible input states. This is plotted for different leviton widths and is
compared to the best possible fidelity of a classical teleportation scheme (horizontal line).

To get some feeling for what values of QI' and at what temperatures it is currently
realistic to operate at, we can consider the experiment [37] which generated and studied
levitons. One part of the experiment was performed at T'= 39 mK and used two pairs of
values for Q and I', Q = 27-4.8 GHz, I' = 37.5ps, QI' = 1.13 and 2 = 27-6 GHz, I' = 15 ps,
Q' = 0.57. Table contains the Fi. values that we find using these parameters, along
with the remaining parameter pair used in Figure [4.3] The results in Table say that
with realistic operating parameters we could measure a fidelity close to 1, having neglected
of course other sources of noise such as electron-electron interactions. Such interactions
might for instance occur between levitons from adjacent pulses, or between the levitons
and the rest of the 2DEG.
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Table 4.2: Values of the teleportation fidelity for the same parameters used in Figure [4.3
kgT/hQY Q' Fia
0.5 0.5 0.88

0.17 1.13 0.93
0.14 0.57 0.96

To see if the assumption of well separated pulses is satisfied for the values of I'(2 that
have been used in this section, we can look at the corresponding pulse trains to see how
much the individual pulses overlap. As Figure [4.6] shows, for QI' = 0.01 and 0.1 the
individual pulses are well separated, while for QI' = 1 the pulses overlap to a greater
extent. Since the values of QI' that were taken from experiment are in the latter range,
it would be good if the leviton width in experiments could be decreased further, in order

for the assumption of well separated levitons to be valid.

QI = 0.01

ar=1 ar =0.1
| J; AL 41\ 3 | ‘
2 -1 0 1 2 ' 0 1 2

-2 —1 0 1 2 —9 1
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o

o

(5]
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V [arb. units]
V [arl

V' [arb. units|

Figure 4.6: Examples of Lorentizan pulse trains showing the mount of overlap between
individual pulses. As the width of the indivudal pulses are increased, the assumption that

the pulses are well separated becomes less justified.



Chapter 5

Summary and outlook

The results of this thesis project show that it is possible to perform quantum teleportation
using single-electron states. This was done by working within the framework of electron
quantum optics. We demonstrated two possible experiments that realize quantum tele-
portation. The first one requires reliable single-electron detection for flying qubits, which
have not yet been demonstrated for systems based on edges states in the QHE. A scheme
to perform quantum state tomography on the teleported state was also described. The sec-
ond experiment where we periodically create levitons and do not perform single-electron
detection but instead measure average currents and zero frequency current cross corre-
lators, is currently the more realistic approach if one wants to work with architectures
based on edge states for guiding the electrons. In the periodically driven case we also
studied how the situation changes when non-zero temperatures are considered. The work
performed during this thesis is intended to be a part of a future journal publication.

In the single-shot experiment, teleportation is successful 25% of the time, provided
a conditional unitary transformation based on the outcome of Alice’s measurement is
implemented by Bob. If the transformation is not included, the efficiency is instead
12,5%. The protocol we have presented is probabilistic even in the best case scenario,
and a challenge for other quantum information protocols that are constructed similarly
to our experiment, if the aim is to create a useful system, is to minimize the probability
of ending up with an unwanted outcome.

The usefulness of the second experiment, lies in the fact that we can perform state
tomography and find success probabilities with measurements of direct currents and zero
frequency current cross correlators instead of single-electron detection. For a levtion and
QHE architecture, single-electron detection is not yet available, and this experiment is
therefore more feasible to perform than the idealized version. Still, the experiment is
not completely straightforward to perform since it requires 20 different quantities to be
measured, see Table [4.I] The periodic injection experiment serves as a proof of concept
for single-electron teleportation and possible applications of periodic leviton teleportation
have not been considered.

In the finite temperature case it is still possible to write down a Bloch vector, %j’, in
terms of the correlators that are used at zero temperature. 7 will look like the Bloch
vector of the original state affected by noise. As was stated in the text, precisely how
one should interpret the state represented by 7 is not fully understood, since the addition
of thermal excitations means that the POVM that was defined for the ideal case can fail
at nonzero temperatures, because the POVM elements are no longer guaranteed to be
positive. This means that 7 might not represent a quantity of the same form as Eq. (4.8)).
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One could hope that the expression for 7 can be derived as a low temperature limit from a
description of the teleportation setup that properly deals with the additional excitations.
In other words, since Eq. is exact at T = 0, one can perhaps show that Eq.
should be a good description at low temperatures, where the effects of thermal excitations
should be small. Showing such a result would require additional work and has not been
done in this thesis.

There are several ways to connect the results of this thesis to a bigger picture. First,
we have demonstrated a new system in which we can perform quantum teleportation.
One can argue that it is not perhaps an extremely useful approach since the efficiency
is not as high as others and the distances over which teleporation can be performed are
not very large, a few pm, compared to some of the alternatives presented in Chapter
However, quantum information experiments with single electrons is a fairly new topic and
studying basic systems can be thought of as proof of principle experiments, with the aim
of trying to determine if there are applications where a single-electron approach can be
appropriate. As a part of this, one has to also consider which of the physical systems
that have been discussed here are most suitable for these kinds of tasks. This thesis has
focused mostly on levitons traveling in edge channels, but SAW based approaches has the
advantage that there single-electron detection is more straightforward. One also has to
consider other parameters such as the electron coherence length and how easy the systems
are to fabricate.

Another way is to think of this as a stepping stone to other technologies that utilize
electron quantum optics. Teleportation is one of the simpler protocols within quantum
information processing, and we can try to build upon it to perform more complex tasks.
For instance one could study the entanglement swapping protocol mentioned in Chapter [T}
or perhaps investigate architectures that have been proposed for optical quantum com-
putation. More broadly one can study how to utilize control over single-electron states in
other types of technologies. From a theorists point of view, this would involve analyzing
experiments that can be performed with the tools available to experimentalists.
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Appendix A

Checking beamsplitter and phase
settings for state tomography

We represent the qubit

[4) = (aal, + Bal,)|0) (A1)
by the vector
B A2
Gl ‘
The expectation values for o, , are given by
re = (W0, 9) = [o* 8] [‘f (ﬂ m Bt af (A3)
and _
ry = (W0, [¥) = [a* §7] {S BZ} m = —ia*B + iaf". (A.4)

In the B; and By basis, the state is represented by the vector

D'e™®  —iv/R'] [a B D’e*iea—i\/ﬁﬁ
—ivVRe ™ D' ||| |—ivVRe a4+ VDB’

The expectation value of ¢/, is

(A.5)

, . . ; 1 0 D'e %aq — iv/R'j3
1,10 - * / Q% / 10 % 1 Q% —
[(VD'ePa* +ivVRB*) (iVRePa* +/D'3")] {O _J Li Te-io + T?’ﬁ}
= D'|af* —iVR D a3+ ivVR D e ®ap* + R|B]* — R|a]* — i VR D'a* 3+

+ie VR D'ap* — D'|B|.
(A.6)

If the expression after the last equality sign is evaluated for R = D’ = 1/2 it reduces to
i(e“ap* —e’a*p) . (A.7)

With 6 = 7/2 this expression is equal to r, and with § = 0 it is equal to 7.
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Appendix B
Veritying the POVM

A general POVM element describing the detection of the particle number of each mode
at A is given by

K (jAijAl_’jA;'?jA;) - H Nz] (I - Ni)(l_ji) ) (B.1)

(3

where j; € {0, 1} is the number of electrons detected in mode i, with i € {Af, A7, AT A}
N; = ala; is the particle number operator for mode i. The factor N7* (I — N;) ™ in the

POVM will project states onto the subspace with j; particles in mode i. For the POVM
elements used in the main text we have E(+,+) = F(1,0,1,0) etc. That the operators
defined by Eq. are positive follows from the fact that they are products of operators
with eigenvalues 0 and 1 on the occupation number basis. Explicit examples of elements
with four, three, two, one and zero particles detected are

+ Nap Nag + Nag Nag + Nag N — NA;NA;*NA;)’

£(0,0,0,0) = (1— NAT) (1— NAI_> (1— NA;) (1— NAQ_) — (J—JvAl+ — Ny = Ny
— Nag + Nagp Nap o+ Ny Nag + Ny N+ Nap N + Nap Ny + Ny N —
= Nap Nar Nag = Nag Nap Nag = Nagp Nag Nag = Nap Nag Ny o+ NATNA;NAJNA;>'

The remaining elements will simply be index permutations of one of these five. When the
elements are written out in the form above, a straightforward calculation shows that

Y EX)=1,

with X € {(ja+:JasJaz:Ja;)} We have now demonstrated that this set of operators
are positive and sum to the identity and can therefore conclude that they form a POVM.
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Appendix C

Derivation of the third order correlator

Since the relation between the Bloch vector components of the teleported state and the
current correlators involve a third order current cross correlator between currents at A
and B, we need to find an expression for Q,3, that can be evaluated. This expression is
valid under the assumptions that «, § and ~ are not equal and that the system is chiral
in the sense that electrons are created at the sources and travel towards the outputs.

To start with we need to define Q.s, and find an expression for it in terms of
Floquet scattering matrix elements. This can be done by calculating the correlator
(Io(w)I3(ws) I, (ws)), where the I,(w;) are current operators in frequency space. The
correlator can be expressed in terms of average currents and fluctuation operators, Al, =
I, — (1), as

~

(La(wi)Ig(wa) I (w3)) = (L)) L) + (T N(AIAL) + (I} (ALLAL)+

. A AU (C.1)

+ (L) (ALAL) + (AL, AIRAL),
by using (AI,) = 0. The left-hand side of Eq. (C.I) can also be expressed in terms
of creation and annihilation operators by using the frequency space expression for the
current in lead «

I(w)=e /_Oo dE (b (E)bo(E + hw) — al (E)aa(E + hw)) . (C.2)

o0

This will lead to an expression that involves calculating averages of products of six creation
and annihilation operators and there are eight such terms. Wick’s theorem says that we
can compute the average of a product of creation and annihilation operators, by computing
the sum of products of expaction values of paired operators [34]. For example Wick’s
theorem says that

(ahaaabagala) = (alaa)(afas)(ala,) + (alaa) {aha, ) (agal )+

The sign of each term above is determined by the number of operator swaps needed to
go from the original product to the new one. Wick’s theorem can be applied to express
Eq. in terms of these sums. It is then possible to identify terms that make up the
first four terms of the right-hand side of Eq. and the remaining terms make up
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(ALLAIZAL). The result is

(ALLAIGAL) = ¢° h / h dEldEQdEg<—(bgbﬁ><bab2><b2b7>+
+ (bhby) (ba b*><b/ab*> (bLb ,3>< aab) (bhay) — (blay) (babl) (bgal)+
+ (bag) (babl ) (aliby) — (bby) (baah)(asbl) — (blag)(baal)(aha,)+
: : ol b o (C-3)
+ (bhay) (baal) (agal) + (afbs)(aabl) (bsby) — (alby)(aabh) (bsbl)—
— (albg)(anal) (bhay) + (afa,) (aabl) (bsal) — (alas)(asbl)(alb,)+

+ (alb,) (aaah) (asbh) + (af,as) (aaal) (afa,) - <aLaV><aaag><aﬁaL>).

Here FE is the energy associated with the o operators, Fy with the g operators and Fj
with the v operators.

We can now use Egs. and to calculate each of the terms above. Fortu-
nately most of the terms will vanish for the system we are considering. First the Kronecker
deltas in Eq. removes any term containing an average over incoming electrons from
different leads, this will be true for any system where incoming electrons from different
reservoirs are assumed to be uncorrelated. The fact that we are using chiral edge states
to implement the scheme then removes any term containing averages of the form (blag)
and <baa2) with o and /3 both detectors, since by Egs. and they will be pro-
portional to Sg(E,,, Ey,)as, Or its complex conjugate, and such matrix elements are zero
when both a and 3 are detectors. This is a result of the absence of backscattering which
is a feature of the chiral edge states. The result of this is that only the first two terms in
Eq. are non-zero, and so the amount of calculation needed is reduced greatly.

The first term in Eq. written in terms of matrix elements and distribution
functions and with two of the delta functions integrated away is

Z Z 276 (1Q) — wy —wg—wg)%s/_oo dEf(E,) (1 — f(Es + hwr))

4,6, k,ln,s,u,v=—00 o0

f(Ek —+ h(w1 + w;;))S;(E, En)aésF(Ek—u —+ h(w1 + wqg + wg), E,_;+ h(wl + wg + wg))g(;

SF<E + hwl; Es + hwl)aSS;(Ek’fv + hwl; Es + hwl)va

S};(Ek_u + h(wl + a)g), Ek + h(wl + WS))BCSF(Ek—U + h(w1 + C,Ug), Ek + h(wl + W3))7<.
(C.4)

Doing the same for the second term gives

Z Z 27T6(ZQ—W1—LLJ2—W3)%/OO dEf(En) (1_.f<Es+m‘-)1))

6,,¢ kyl,n,s,u,v=—00 —©

(1 — f(Ek; + h(wl + CUQ))) S}(E, En)agsp(Ek_v + h(wl -+ W9 + wg), En—l + h(wl + W9 + w;:,)),yg

SF(E + hédl, ES -+ hwl)QES}(Ek_u —+ hédl, ES + hwl)gs

SF(E]{,U + h(w1 + U.)g), Ek + h(w1 + (,UQ))gCS;(Ek,v + h(w1 + WQ), Ek + h(w1 + U.)g)),yc
(C.5)

What we are interested in is the zero frequency part of the two expressions above,
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which corresponds to w; = 0 and [ = 0. This is given by

3 o0
oy = %Z Z (—h(n, s, k)SE(E, En)asSe(Ek—u, En)ps

6,e,¢ kyn,s,u,y=—00
X Sp(E, Es)aeSp(Ek—v, Eg)ye St (Ek—us Ex) acSr(Er—y, Ei)~c+ (C.6)
+ g(na S, k:)S;‘(E7 En)a(SSF(Ek;—va En)'y(SSF(Ea ES)OLES;‘(EK‘—’IM Es),@a

X Sp(Ek—u, Er) s¢ Sp(E—v, Ek)vC) :
where h and ¢ are defined by

h(n, s, k) = / T AES(B) (1= [(E) F(B).

o (C.7)
gns.) = [ AEF(E) (1= 1(E)) (1L F(E).
Using some simple algebra, one can show h(s,n,k) = g(—n,—s,—k). The function

g(n,s, k) is also clearly invariant under a simultaneous translation of all three vari-
ables i.e. g(n,s,k) = g(n + a,s + a,k + a) with @ € R. This means that we can write
g(n,s, k) = G(n—k,s—k), that is g only depends on the differences n — k and s — k. So
the final result is

3 oo
Qaﬁ’y = % Z Z (_G(k —n, k — S)S;‘(Ea En)a(SSF(Ekfua En)ﬁé

0,e,¢ k,n,s,u,v=—00
X Sp(E, Es)aeSt(Er—v, Es)ve St (Er—us Er) s¢SF(Br—v, i )rc+ (C.8)
+ G(TZ - ka s — k)S;(Ea En)oc(SSF(Ek—vy En)v(SSF(Ey ES)OCES;‘<EI€—U7 Es)ﬁa

X Sp(Eg—u, Ex)pc St (Ek—v, Ek)w) -
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