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Abstract

The purpose of the thesis is to get a better understanding of computer algebra in gen-
eral, and polynomial computer algebra in particular. This is done by implementing
a library for a polynomials and methods that are needed to be able to perform oper-
ations on the polynomials. Then this library is used to implement Wilf-Zeilberger’s
method, which is a method that can be used to prove certain combinatorial identities
involving summation. The thesis consists mostly of three parts; theory, implemen-
tation and examples. In the theory section, all the theoretical results used in the
project are presented. The implementation section then treats the difficulties arising
when turning theory into practice, and focuses in particular on when theoretically
easy methods and concepts become much more challenging in implementation. The
program that is developed seems to work well, both on examples that were used
throughout the project as testing and on validation examples that were found after
all the implementation was done. This means that the program can solve and pro-
duce a paper proving that identities indeed are true. Therefore the thesis shows one
example of how automated proofs can be generated, but mostly the thesis highlights
the difficulties arising in computer algebra while implementing the specific example
of Wilf-Zeilberger’s method.
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Abstrakt

Syftet med uppsatsen är att få en djupare och bättre förståelse för datoralgebra i
allmänhet, och polynomisk datoralgebra i synnerhet. Detta görs genom att imple-
mentera ett bibliotek för polynom och metoder som behövs för att kunna utföra
operationer på polynom. Därefter kommer detta bibliotek att användas för att im-
plementera Wilf-Zeilbergers metod, som är en metod som kan användas för att be-
visa vissa kombinatoriska identiteter som involverar summation. Uppsatsen består
i huvudsak av tre delar; teori, implementation och exempel. I teoriavsnittet pre-
senteras alla teoretiska resultat som används i projektet. Implementationsavsnittet
behandlar därefter svårigheter som uppstår när teorin ska omvandlas till praktik och
fokuserar framför allt på när teoretiskt enkla metoder och koncept blir mycket mer
komplicerade och utmanande vid implementering. Programmet som har tagits fram
verkar fungera väl, både på exempel som har använts genom hela projektet som
testning och på valideringsexempel som hittades först efter att implementering var
klar. Detta innebär att programmet löser problemen och producerar ett bevis för att
identiteterna som ges faktiskt gäller. Därför visar uppsatsen ett exempel på hur au-
tomatiserade bevis kan genereras, men framför allt belyser uppsatsen svårigheterna
som uppstår inom datoralgebra medan implementationen av det specifika exemplet
Wilf-Zeilbergers metod görs.
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1
Introduction

In the thesis computer algebra is investigated and a library for manipulating and
working with polynomials is produced. Then this package is used to implement
Wilf-Zeilberger’s method, which is a method to prove certain combinatorial identi-
ties involving (infinite) summation. Although there already are toolboxes available
in several different software languages that handles polynomials we will develope
a new system, in order to experience implementation pitfalls and difficulties first
hand.

Computer algebra started to be developed during the second half of the 20th cen-
tury. Martinus Veltman won the Nobel prize in physics 1999 due to his work with
developing a computer algebraic software for particle physics. The first working
version dates back to the 1960s (see [1]). This is one example of an early computer
algebraic system.

Computer algebraic systems are used to automize manipulation of mathematical ex-
pressions that are similar to traditional pen and paper calculations. The advantage
of computer algebra is that the power of a computer is used, meaning that computa-
tions can be performed extremely fast and as computational power keeps improving
the possibilities are neverending. This is the reason computer algebra is growing as
a field, and why it is both important and interesting to investigate.

Before starting this thesis I did not know much about computer algebra. Although
it is a big part of almost all tools that have been used during courses in my pro-
gram at LTH (such as MATLAB and Maple), I have never given the details of how
implementation is done much thought. Therefore this thesis has given me the oppor-
tunity to investigate the basics of computer algebra, while providing an open source
implementation of Wilf-Zeilberger’s method.

The goal of the thesis is to, by implementing a library for polynomial computer
algebra, implement an automatic solver which can prove identities using Wilf-
Zeilberger’s method. Furthermore the goal is to get a deeper understanding of
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Chapter 1. Introduction

implementation difficulties in computer algebra by implementing everything from
scratch, and the implementation should rather be simple and easy to understand than
complicated but more efficient computationally.
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2
Background

Computer algebra, also called symbolic computation or algebraic computation, is
the study of algorithms and software for simplifying and manipulating mathematical
expressions. Computer algebra has many applications, is a part of many different
mathematical languages, such as Maple and Mathematica, and is used widely in
many mathematical and engineering applications, such as physics and cryptography
(see [2] and [3]).

In combinatorics binomial coefficients are constantly used for counting different
things. Also the sum of binomial coefficients are often of interest in solving the
theoretical questions in combinatorics and similar fields. Some combinatorial iden-
tities have beautiful and simple proofs using combinatorial arguments while others
require long and complicated proofs. Therefore Wilf-Zeilberger’s method comes in
handy, to automize the proof procedure.

In the thesis Wilf-Zeilberger’s method will be used and implemented, which is a
method to prove the correctness of an (infinite) sum. One example where it can be
used is to prove

n

∑
k=0

(−1)k
(

n
k

)(
2k
k

)
4n−k =

(
2n
n

)
. (2.1)

Here we see that we have a finite sum, but it can also be seen as an infinite sum from
−∞ to ∞ too, if we define

(n
a

)
= 0, when a < 0 or a > n.

The steps of the method will of course be shown in chapter 3, but the general idea
is to change our addends in the sum to something that telescopes. After this is done,
proving the identity gets reduced to prove the identity for a single n. As we see in
equation (2.1) this is quite easy to prove for some n, for instance n = 0. Although it
is not always easy to prove the identity for some n, it is usually the case.

Wilf-Zeilberger’s method itself is not a very new method, it dates back to 1990
(see [4]). Even implementations of the method in computer algebraic softwares is
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Chapter 2. Background

not very new, for instance an implementation of the method in Mathematica was
published in 1994 (see [5]). The contribution of this thesis is therefore not an imple-
mentation of something that has not been implemented before, but rather an open
source version of it. Furthermore, as stated in chapter 1, a large part of the goal is to
get a better understanding of computer algebra.
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3
Theory

One main goal of the thesis is to end up with an implementation of Wilf-Zeilberger’s
method. In the process of this method polynomials are used in all the steps. There-
fore a big part of the thesis is to understand the computer algebraic difficulties in-
volved when implementing for instance polynomials. Therefore a large library with
polynomial functions is implemented. The goal for this library is not to be efficient
– rather keeping functions simple – as this is not needed for the implementation
of Wilf-Zeilberger’s method, and since that would be out of scope for the thesis.
Furthermore, there are already existing libraries that are highly efficient for poly-
nomic computer algebra. Still, implementing a library of polynomial functions from
scratch is relevant in order to see and experience the difficulties first hand. Since this
is also a goal of the implementation, we will try to throughout the theory and im-
plementation chapters to point out difficulties in the implementations that occurred
on the way. This might however give the impression that the implementation is very
naïve, but this is since the problems that are considered in this thesis are not very
demanding computationally and simple and understandable implementation is pre-
ferred.

In order to implement Wilf-Zeilberger’s method we actually only need polynomials
of two variables (and possibly some constant parameters). Even though this is the
case we will implement a more general polynomial structure, in order to see what
extra requirements that gives. Furthermore in order to ease how we show polyno-
mials we will associate each polynomial with a variable, which means that for a
polynomial we do not only store the coefficients but also a variable. This is not
necessary and a bit inefficient, still we do this in order to ease the understanding.

3.1 Polynomials

In the thesis we are continuously discussing polynomials. We are always using poly-
nomials with integer coefficients – which in some sense is generalized to include ra-
tional coefficients by looking at fractions of polynomials with integer coefficients.
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Chapter 3. Theory

Therefore, from now on whenever we talk about polynomials they are assumed to
have integer coefficients as long as otherwise is not stated.

We will now have a discussion on what operations we want to be able to perform on
the polynomials both theoreticly and partly implementation wise. Therefore there
will not be a specific subchapter regarding polynomials later on in chapter 4. The
structure of this section is that first, in subsection 3.1.1, we describe how a poly-
nomial can be implemented and stored in the code – and this is how it was im-
plemented in this thesis. Then in subsection 3.1.2 the simplest and most straight
forward operations performed on polynomials are defined, while the most compli-
cated operations – division and greatest common divisor – are left for subsection
3.1.3

3.1.1 Polynomial structure and definitions
A polynomial, say p(n), can be seen as a list of coefficients [a0,a1, . . . ,ad ]. This
represents the polynomial

p(n) = a0 +a1n+ . . .+adnd . (3.1)

This is fairly simple if the polynomial only has one variable. As soon as we intro-
duce polynomials with more than one variable – which is the case in all examples
where Wilf-Zeilberger’s method is used – it gets a bit more complicated. The way
we will visualize polynomials of more than one variable is to try to keep the very
same structure as in (3.1), namely we store a polynomial p(n) as a list of coef-
ficients [a0,a1, . . . ,ad ], but instead of having ai just representing integers they are
instead polynomials. In order to show how this can be done, we consider the fol-
lowing example.

EXAMPLE 3.1 Lets look at the polynomial

p(k,m,n) =1+3n+2n2−m−2mn−2mn2 +3m2 +3m2n+3m2n2+

3k−3kn+2kn2 + km−2kmn− km2 +2k2− k2n− k2n2+

3k2m−3k2mn−2k2mn2−3k2m2− k2m2n−3k2m2n2.

This will be stored as

p(k,m,n) =− ((3k2−3)m2 +(2k2 +2)m+(k2−2k−2))n2−
((k2−3)m2 +(3k2 +2k+2)m+(k2 +3k−3))n−
((3k2 + k−3)m2− (3k2 + k−1)m− (2k2 +3k+1))

Note that this can be written as

p(k,m,n) = p2(k,m)n2 + p1(k,m)n+ p0(k,m),
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3.1 Polynomials

where

p0(k,m) =−(3k2−3)m2− (2k2 +2)m− (k2−2k−2)

p1(k,m) =−(k2−3)m2− (3k2 +2k+2)m− (k2 +3k−3)

p2(k,m) =−(3k2 + k−3)m2 +(3k2 + k−1)m+(2k2 +3k+1).

Now since our definition of polynomials is recursive, each of p0(k,m), p1(k,m), p2(k,m)
is written as q2(k)m2 + q1(k)m+ q0(k) for polynomials q0,q1,q2. For instance p1
has

p1(k,m) = q2(k)m2 +q1(k)m+q0(k),

where

q0(k) =−k2−3k+3

q1(k) =−3k2−2k−2

q2(k) =−k2 +3

Lastly we have the polynomials q0,q1,q2 which have integers as coefficients. 2

As we saw in example 3.1 we define all polynomials as in equation (3.1) where the
coefficients ai are polynomials or integers, where it is only integers in the base case.

Note that in this case we wrote the polynomial with n ”outmost” in the representa-
tion of p. There was no specific reason for this, and the choice is not very important
when only looking at one polynomial at a time. When we are using several polyno-
mials at the same time, for instance if we want to add two polynomials, the structure
is crucial. Therefore we will define some concepts regarding the representation of a
polynomial.

DEFINITION 3.2 A polynomial p is said to have the variable setup x =
(x1,x2, . . . ,xm) if it is stored as

p(x) =
d1

∑
i1=0

(
d2

∑
i2=0

( d3

∑
i3=0

. . .
( dm

∑
im=0

cixim
m
)
. . .
)

xi2
2

)
xi1

1 , (3.2)

where ci is the coefficient of xi1
1 xi2

2 . . .xim
m and i = (i1, . . . , im).

Note that the same polynomial can be expressed in various different ways, and we
say that two variable setups, x and y, are different if |x| 6= |y| (where |z| denotes the
length of the vector z) or there exist an integer i such that xi 6= yi. 2

REMARK If the polynomial p has variable setup x = (x1,x2, . . . ,xm), then the coef-
ficients of p have variable setup x′ = (x2, . . . ,xm). 2
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Chapter 3. Theory

REMARK Note that if the polynomial p has variable setup x such that |x|= 1, then
the coefficients of p are integers. 2

Here we can note that di is the degree of p with respect to xi. Furthermore we note
that we can express a polynomial p with the variable setup x = (x1, . . . ,xm) even
though p does not have all the variables x j in its expression. If p does not depend on
x j that will be seen in that d j = 0. A polynomial p cannot, however, be expressed
with the variable setup x if not all its variables are in x. A last note is that we can
convert a polynomial p with variable setup x to any variable setup y as long as
xi ∈ y ∀ xi ∈ x.

There are of course many operations that are needed when operating with polyno-
mials; addition, negate, subtraction, multiplication, division, modulo, gcd (greatest
common divisor), checking for equality, finding roots and evaluating at a point. In
the implementation all of them are defined recursively. We will show how this is
done for all the most straight forward operations here, while the more complicated
operations – division, modulo and gcd – are described later in section 3.1.3.

First we define how we write that a polynomial is constructed:

DEFINITION 3.3 When we construct a polynomial p of a variable x then we write
this as

p = polynomial(a,”x”), (3.3)

where a = (a0,a1, . . . ,ad). This means that

p(x) = a0 +a1x+ . . .+adxd . (3.4)

Note that we have not specified what ai are; they can be either integers or polyno-
mials – but if they are polynomials they have to have the same variable setup. Also
note that once we have the polynomial p we will use the notation p[i] to reference
the i-th variable, namely ai. If we reference p[ j] where j > d, then this is defined as
p[ j] = 0 ∀ j > d. 2

We also define the degree of a polynomial:

DEFINITION 3.4 Let the polynomial p have variable setup x = (x1, . . . ,xm). Then
we define the degree of p, denoted deg(p), as the largest exponent of x1 in the
expression for p. Furthermore we define deg(0) = −∞, where the polynomial 0 is
the constant polynomial identically equal to zero. 2

Using this definition of degree we see that the degree upon addition and multiplica-
tion behaves as described in the following example.
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3.1 Polynomials

EXAMPLE 3.5 Let f and g be polynomials with degree d f ,dg. Then we have that
deg( f +g)≤ max(d f ,dg) and deg( f ·g) = d f +dg. 2

3.1.2 Simple operations
For all the operations we will use two polynomials f and g. These are polynomi-
als with the variable setup x. We will now provide procedures that show how all
operations that are needed. In this subsection we define the simplest ones, which
division and GCD are left for subsection 3.1.3. Note that the procedures are assum-
ing that the polynomials have the same variable setup, if this is not the case then the
polynomials first are converted into a common variable setup.

All the procedures try to follow the same structure, which is quite recursive. All
procedures have a base case, usually when the variable setup x has |x| = 1. In all
other cases recursive calls are made. A note to be made here is that recursive calls
are not computationally heavy in theory but might take time if many are made,
especially if the depth is large, in practice. In this thesis however, the depth is very
small – usually less than 5 – since the depth comes from the number of variables
in the polynomials. Therefore the recursion is not expected to cause any problems
computationally.

Addition is as it often is a foundation for all other methods. As we will see later on
it is called from most other methods at one point or another.

Algorithm 3.1 Addition
Input: Polynomials f and g, with variable setup x
Output: Polynomial h such that h = f +g

1: procedure ADD( f ,g)
2: a← [ ]
3: for i← 0, . . . ,max(deg( f ),deg(g)) do
4: if |x|= 1 then
5: a[i]← f [i]+g[i]
6: else
7: a[i]← ADD( f [i],g[i])
8: end if
9: end for

10: return polynomial(a,x[0])
11: end procedure

REMARK Note that in all procedures we return a polynomial. We denote this as
returnpolynomial(a,x[0]). Here a are the coefficients and x[0] is the variable that
is associated with the polynomial that is returned. 2
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Chapter 3. Theory

Negation is sometimes needed itself, but mostly this procedure is used when sub-
tracting two polynomials. That means that this procedure is quite long, but on the
other hand that makes subtract really short. One can choose to make subtract long
and negate short instead, but we chose to do it this way.

Algorithm 3.2 Negatation
Input: Polynomial f with variable setup x
Output: Polynomial h such that h =− f

1: procedure NEGATE( f )
2: a← [ ]
3: for i← 0, . . . ,deg( f ) do
4: if |x|= 1 then
5: a[i]←− f [i]
6: else
7: a[i]← NEGATE( f [i])
8: end if
9: end for

10: return polynomial(a,x[0])
11: end procedure

Algorithm 3.3 Subtraction
Input: Polynomials f and g, with variable setup x
Output: Polynomial h such that h = f −g

1: procedure SUBTRACT( f ,g)
2: g′← NEGATE(g)
3: return ADD( f ,g′)
4: end procedure

The multiplication procedure that is implemented is the most simple and naïve ver-
sion, which multiply polynomials in time complexity O(d f · dg), where d f ,dg are
the degrees of f and g, respectively. Time complexity indicates that as polynomials
change in degree the running time of performing multiplication is proportional to
d f · dg. There are much more efficient implementations of polynomial multiplica-
tion – for instance Fast Fourier Transform can give a time complexity of O(n logn),
where n = max(d f ,dg). As we in the application of polynomials in this thesis only
treat polynomials of small degrees and in order to keep the implementation simple
and understandable more efficient multiplication algorithms have not been imple-
mented.
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3.1 Polynomials

Algorithm 3.4 Multiplication
Input: Polynomials f and g, with variable setup x
Output: Polynomial h such that h = f ·g

1: procedure MULTIPLY( f ,g)
2: a← [ ]
3: for i← 0, . . . ,deg( f )+deg(g) do
4: a[i]← 0
5: end for
6: for i← 0, . . . ,deg( f ) do
7: for j← 0, . . . ,deg(g) do
8: if |x|= 1 then
9: a[i+ j]← a[i+ j]+ f [i] ·g[ j]

10: else
11: yi, j← MULTIPLY( f [i],g[ j])
12: a[i+ j]← ADD(a[i+ j],yi, j)
13: end if
14: end for
15: end for
16: return polynomial(a,x[0])
17: end procedure

Algorithm 3.5 Equality
Input: Polynomials f and g, with variable setup x
Output: True if f and g are equal, otherwise False

1: procedure EQUALS( f ,g)
2: if deg( f ) 6= deg(g) then
3: return False
4: end if
5: for i← 0, . . . ,deg( f ) do
6: if |x|= 1 AND f [i] 6= g[i] then
7: return False
8: else if |x|> 1 AND not EQUALS( f [i],g[i]) then
9: return False

10: end if
11: end for
12: return True
13: end procedure
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Chapter 3. Theory

Quite often polynomials are compared and we are interested in whether they are
equal or not, hence an equality method was implemented. The reason this is needed
is that polynomials are implemented as a class, thus using the normal ”==” operator
will not work.

Algorithm 3.6 Evaluating at a point
Input: Polynomials f , with variable setup x, variable v ∈ x and value y
Output: Polynomial h that is f evaluated at v = y

1: procedure EVALUATE( f ,v,y)
2: if x[0] = v then
3: g← f [0]
4: for i← 1, . . . ,deg( f ) do
5: h← MULTIPLY( f [i],yi)
6: g← ADD(g,h)
7: end for
8: return g
9: else

10: a← [ ]
11: for i← 0, . . . ,deg( f ) do
12: a[i]← EVALUATE( f [i],v,y)
13: end for
14: return polynomial(a,x[0])
15: end if
16: end procedure

The next procedure is used to find roots of a polynomial. Here if the polynomial
is only dependent on one variable, meaning |x| = 1, then we solve this equation
(we call this function SolveEquation). In the implementation of the program only
solving equations completely is implemented up to degree 2, but the program also
tries to insert values in the range (−100,100) and sees if any of these are roots. Here
we note that this weak implementation to find roots might cause problems later on
since maybe there are roots that just are not found, which we will come back to
and discuss in more detail in section 4.2.1. We do not include the procedure for
SolveEquation in the report, since it is just solving a second degree equation and
additionally trying a bunch of different small values.
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3.1 Polynomials

Algorithm 3.7 Finding roots
Input: Polynomial f , with variable setup x = (x1, . . . ,xm)
Output: Integers x′ such that xm = x′ =⇒ f = 0

1: procedure ROOTS( f )
2: if |x|= 1 then
3: return SOLVEEQUATION( f )
4: else
5: a← ROOTS( f [0])
6: for i← 1, . . . ,deg( f ) do
7: b← [ ]
8: for all a′ ∈ a do
9: if EVALUATE( f [i],xm,a′)=0 then

10: b[size(b)]← a′

11: end if
12: end for
13: a← b
14: end for
15: return a
16: end if
17: end procedure

3.1.3 Complicated operations – division and GCD
Now we come to the slightly more complicated operations that we need to perform
on polynomials. First we define GCD for polynomials a bit more carefully, which
we do in a few steps.

DEFINITION 3.6 A polynomial g is said to divide another polynomial a if there
exists a polynomial q such that a = g ·q. We will use the notation g|a to denote that
g divides a. 2

DEFINITION 3.7 A polynomial g is called a common divisor to two polynomials a
and b if g|a and g|b. 2

DEFINITION 3.8 We say that a polynomial pk = a0 + a1k+ . . .+ amkm is positive
if am is positive. 2

REMARK Note that this definition is highly recursive with base case when the co-
efficients are integers. 2

DEFINITION 3.9 We say that a polynomial g is the greatest common divisor (GCD)
of two polynomials if

25



Chapter 3. Theory

1. g is a common divisor to a and b

2. For all common divisors g′ to a and b we have that g′|g

3. g is a positive polynomial.

REMARK Condition 3 is only introduced to get a unique greatest common divisor.
Otherwise −g would also be a greatest common divisor if g is a greatest common
divisor. 2

REMARK Note that we have not yet shown that gcd exists of two polynomials. This
comes from that gcd exists for polynomials with rational coefficients, and then to get
gcd of polynomials with integer coefficients by multiplying by the denominators.2

REMARK With this definition of gcd we get that gcd(4x,6x) = 2x. This is dif-
ferent from how it usually is when gcd is defined on rational polynomials, where
gcd(4x,6x) = x since one is only interested in the gcd as a primitive polynomial
(which is a polynomial whose coefficients do not share any divisors). The reason
we still choose this definition is that the implementation will be a bit easier. 2

In general performing division, modulo and gcd is fairly straight forward even on
polynomials. Usually one might have the following structure on the implementa-
tion:

DIV IDE(a,b)→ (q,r) such that a = b ·q+ r,deg(r)< deg(b), (3.5)

MODULO(a,b)→ r where DIV IDE(a,b) = (q,r), (3.6)

GCD(a,b)→ a if b = 0 otherwise GCD(b,MODULO(a,b)), (3.7)

where→ indicates what the function returns.

This implementation scheme is fairly straight forward, even though the divide func-
tion might be a bit messy. The problem we encounter in this thesis though, is that
we cannot necessarily find polynomials q,r such that (3.5) is satisfied. The reason
for this is that we are working with integer coefficients and not in a field. There are
several ways to address the problem with integer coefficients. One way is to instead
use rational coefficients. Then we get a field, and division will be much easier. In
this thesis we choose another way which we will now show, in order to keep the
implementation with integer coefficients without any intermediary steps.

In order to show the problems we encounter we will use a common example
throughout this section to show what the problem is and how we resolve it.
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EXAMPLE 3.10 Consider dividing a(x) = x2 + 2x+ 1 by b(x) = 2x. Assume we
have q,r that fulfill (3.5). Then we need to have deg(r) < deg(b) = deg(2x) = 1.
This means that r(x) = c, where c is an integer constant. This gives us

x2 +2x+1 = (2x)q(x)+ c. (3.8)

Furthermore we have that deg(Left hand side) = 2, hence deg(q) = 1. Let q(x) =
c0 + c1x, then (3.8) becomes

x2 +2x+1 = (2x)(c1x+ c0)+ c = 2c1x2 +2c0x+ c. (3.9)

By looking at degree 2 we get 2c1 = 1, which of course does not have any solutions
for integers c1. 2

The way we solve this is to instead of giving two polynomials q,r when we divide
a by b we also give a third parameter, f , which is a factor of the same variable setup
as the coefficients in a and b. The condition that needs to be fulfilled is

DIV IDE(a,b)→ (q,r, f ) such that f ·a = b ·q+ r,deg(r)< deg(b). (3.10)

Now we will show that it actually is possible to find q,r, f such that (3.10) holds.

THEOREM 3.11 Let a(x1),b(x1) be polynomials of the same variable setup x =
(x1, . . . ,xm). Then it is possible to find polynomials q,r, f , where q,r have variable
setup x and f has variable setup x′ = (x2, . . . ,xm), such that

f ·a(x1) = q(x1)b(x1)+ r(x1), (3.11)

and deg(r)< deg(b). 2

Proof Let a = a0 +a1x1 + . . .+acxc
1 and b = b0 +b1x1 + . . .+bdxd

1 , where c,d are
the degrees of a and b, respectively. If c < d then we can use q = 0,r = a, f = 1 and
we have that (3.11) is fulfilled.

Now assume that c≥ d. We will now show that we can find a′,q0, f0 such that

f0a(x1) = q0(x1)b(x1)+a′(x1), (3.12)

and deg(a′)< deg(a).

This is obtained by choosing f0 = bd ,q0 = acxc−d
1 and a′(x1) = bda(x1) −

acxc−d
1 b(x1). This gives us

a′(x1) = bda(x1)−acxc−d
1 b(x1) = bd(a0 + . . .+acxc

1)−acxc−d
1 (b0 + . . .+bdxd

1)

= bd(a0 + . . .+ac−1xc−1
1 )−acxc−d

1 (b0 + . . .+bd−1xd−1
1 )

(3.13)
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Now we can clearly see that deg(a′)< c, which means we have reduced the problem
by (at least) 1 in the degree of a. We continue to do this until the degree of a is less
than the degree of b, and then we collect the results. If we have that

DIV IDE(a′,b)→ (q′,r′, f ′), (3.14)

then since a′ is given by (3.13) we get

f ′ ·a′ = q′ ·b+ r′ =⇒
f ′(bda−acxc−d

1 b) = q′ ·b+ r′ =⇒
( f ′bd)a = (q′+acxc−d

1 )b+ r′, (3.15)

and thus we get

DIV IDE(a,b)→ (q,r, f ) = (q′+acxc−d
1 ,r′, f ′bd). (3.16)

Now we have shown the theorem, and provided the method for dividing polynomials
at once. 2

DEFINITION 3.12 When we divide polynomial a by polynomial b (both having
variable setup x = (x1, . . . ,xm)) we are given three things:

• q, a polynomial with variable setup x, which is called the ”quotient”,

• r, a polynomial with variable setup x, which is called the ”remainder”,

• f , a polynomial with variable setup (x2, . . . ,xm), which is called the ”factor”.

These polynomials fulfill equation (3.10). 2

REMARK One important thing to note is that the definition of how we divide is not
unique, if q,r, f are all multiplied by a polynomial s with variable setup (x2, . . . ,xm)
then equation (3.10) will still be fulfilled. 2

Now we have defined division and will soon move over to calculating the greatest
common divisor, but first we have a look at what happens to our example.

EXAMPLE 3.13 Consider dividing a(x) = x2 + 2x+ 1 by b(x) = 2x. Now we see
that q = x+2,r = 2, f = 2 gives us a solution where 0 = deg(r)< deg(b) = 1. 2

We will show a theorem which states how the greatest common divisor is computed,
but first we need a little bit of notation.

28



3.1 Polynomials

DEFINITION 3.14 Let p be a polynomial with variable setup x = (x1, . . . ,xm). If
we write p as p(x1) = p0 + p1x1 + . . . pdxd

1 , then we denote the greatest common
divisor of all the coefficients pi,0≤ i≤ d by gcdc(p). 2

THEOREM 3.15 Let g denote the greatest common divisor of polynomials a and b.
Then we can compute this by the following:

1. If b = 0, then g = a,

2. Otherwise g is given by

g =
g′

gcdc(g′)
·gcd(gcdc(a),gcdc(b)), (3.17)

where g′ is the greatest common divisor of b and r, where r is the remainder
when a is divided by b, which means

DIV IDE(a,b)→ (q,r, f ). (3.18)
2

Before we prove theorem 3.15 we show the reasoning behind why we get this more
complicated version of gcd in (3.17) instead of the much easier version in (3.7). We
start by showing the example and see what happens if we naïvely using the new
division combined with (3.7).

EXAMPLE 3.16 Consider computing the greatest common divisor of a(x) = x2 +
2x+1 and b(x) = 2x using (3.7).

gcd(x2 +2x+1,2x) = gcd(2x,2) = gcd(2,0) = 2, (3.19)

since

DIV IDE(x2 +2x+1,2x)→ (q,r, f ) = (x+2,2,2)
DIV IDE(2x,2)→ (q,r, f ) = (x,0,1). (3.20)

But now we see that we have the greatest common divisor being 2, but 2 does not
divide a(x). This highlights a problem with using (3.7) for gcd.

Now let us consider using (3.17) instead. This gives us (working backwards in steps)

gcd(2,0) = 2

gcd(2x,2) =
gcd(2,0)

gcdc(gcd(2,0))
·gcd(gcdc(2x),gcdc(2)) =

2
2
·gcd(2,2) = 2

gcd(x2 +2x+1,2x) =
gcd(2x,2)

gcdc(gcd(2x,2))
·gcd(gcdc(x2 +2x+1),gcdc(2x)) =

=
2
2
·gcd(1,2) = 1.

(3.21)
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Using (3.17) seems to work on this example. We need, however to prove it in general
and to prove it regardless of which q,r, f are used for DIV IDE(a,b). 2

As we saw in example 3.16 if we try to naïvely use (3.7) to compute the gcd, but
with the new definition of how we divide, then that results in a too large divisor
since the factor f allows the divisor to be larger. This can be seen by looking at the
formula for dividing a by b. We have that

f ·a(x1) = b(x1) ·q(x1)+ r(x1). (3.22)

Now the greatest common divisor of b and r will divide the left hand side of equation
(3.22), f · a(x1), but not necessarily a(x1). With this insight in mind, we will now
prove theorem 3.15, but first we need a few lemmas.

LEMMA 3.17 Let a,b,d be polynomials such that d|(a · b). Then we can factor d
into two polynomials da,db such that

1. d = da ·db

2. da|a,db|b 2

Proof Let da = gcd(a,d). Then we get that da|a,da|d ⇐⇒ ∃ a′,d′ : d = dad′,a =
daa′ and gcd(a′,d′) = 1 (if gcd(a′,d′) 6= 1 then da is not gcd(a,d)). We know that
d|(a ·b) ⇐⇒ ∃ x : a ·b = d · x. Now we replace a and d by daa′,d = dad′ which
gives us a′ ·b = d′ ·x, where gcd(a′,d′) = 1. Therefore d′|b, and thus we can choose
db = d′. 2

LEMMA 3.18 Let p be a polynomial p(x1) = p0 + . . .+ pdxd
1 with variable setup

x = (x1, . . . ,xm) and f be a polynomial with variable setup (x2, . . . ,xm) such that
f |p. Then we have that f |pi ∀ 0≤ i≤ d. 2

Proof We know that f |p, which is equivalent to p = f p′ for some polynomial p′.
Let p′ = p′0 + . . .+ p′cxc

1. Now first of all, since f does not depend on x1 we have
that deg(p) = deg(p′) = d. Furthermore we have that

p0 + p1x1 + . . .+ pdxd
1 = p = f p′ = f (p′0 + p′1x1 + . . .+ p′dxd

1) =

= ( f p′0)+( f p′1)x1 + . . .+( f p′d)x
d
1 (3.23)

Now by looking at the terms for each degree of x1 in (3.23) we see that

pi = f p′i ⇐⇒ f |pi, ∀ 0≤ i≤ d. (3.24)
2
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LEMMA 3.19 Let p and d be polynomials with variable setup x = (x1, . . . ,xm),
gcdc(d) = 1 and f be a polynomial with variable setup (x2, . . . ,xm) such that d|p
and f |p. Then we have that (d · f )|p. 2

Proof We know that f |p, hence we can write p as p = f p′. We know that d|p = f p′

and thus we can due to lemma 3.17 factor g into d f ,dp′ such that d = d f · dp′ and
d f | f ,dp′ |p. But since f has variable setup (x2, . . . ,xm) then d f cannot depend on x1
and thus can be expressed with variable setup (x2, . . . ,xm). Furthermore d f |d, which
together with lemma 3.18 gives us that d f |di for all coefficients di of d. Therefore
d f |gcdc(d) = 1 =⇒ d f = 1. Thus d = dp′ |p′ and therefore (d · f )|p 2

Now we are ready to finish this section with the proof of theorem 3.15.

Proof Theorem 3.15 Recall that gcd(b,r) is denoted by g′. We will show this the-
orem in two steps. First of all we want to prove that

g =
g′

gcdc(g′)
·gcd(gcdc(a),gcdc(b)), (3.25)

in fact is a divisor of a and b. After that we will show that

d|a,d|b =⇒ d
∣∣∣( g′

gcdc(g′)
·gcd(gcdc(a),gcdc(b))

)
. (3.26)

We start with the first part. Since g′|b and g′|r, g′ divides the right hand side of
(3.22). But the left hand side is equal to the left hand side, thus we know that g′| f a.
This in turns implies that we (due to lemma 3.17) can factor g into two parts, g f ,ga,
such that g′ = gag f , ga|a and g f | f . But now since f has variable setup (x2, . . . ,xm)
then g f cannot depend on x1.

We will now show that g′
gcdc(g′)

|a. We know that since g f is of variable setup
(x2, . . . ,xm) and g f |g′, then by lemma 3.18 we get that g f |g′i for all coefficients
g′i in g′. This means that g f |gcdc(g′). We also know that

g′

gcdc(g′)
·gcdc(g′) = g′ = g f ·ga, (3.27)

therefore we get that g′
gcdc(g′)

|ga, and thus g′
gcdc(g′)

|a. Furthermore

gcdc

( g′

gcdc(g′)

)
= 1. (3.28)
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We also clearly see that gcd(gcdc(a),gcdc(b))|gcdc(a) and gcdc(a)|a. Therefore
gcd(gcdc(a),gcdc(b)) divides a. Now we use lemma 3.19 and conclude that with

p = a,

d =
g′

gcdc(g′)
,

f = gcd(gcdc(a),gcdc(b)) (3.29)

plugged into lemma 3.19 we get that

g′

gcdc(g′)
·gcd(gcdc(a),gcdc(b))|a (3.30)

Furthermore we see that

g′

gcdc(g′)

∣∣∣g′,g′|b =⇒ g′

gcdc(g′)

∣∣∣b. (3.31)

Therefore, again according to lemma 3.19 we get that

g′

gcdc(g′)
·gcd(gcdc(a),gcdc(b))|b. (3.32)

This finished the first part of the proof. Now we need to show that

d|a,d|b =⇒ d
∣∣∣( g′

gcdc(g′)
·gcd(gcdc(a),gcdc(b))

)
, (3.33)

where d is a polynomial with variable setup x = (x1, . . . ,xm).

First we note that any polynomial that divides a and b also divide r, which is clear
by looking at equation (3.22). We now factor d into d1 ·d2, where d1 =

d
gcdc(d)

,d2 =

gcdc(d). We will now show that d1| g′
gcdc(g′)

and d2|gcd(gcdc(a),gcdc(b)).

We have that d1|d,d|g′ =⇒ d1

∣∣∣ g′
gcdc(g′)

·gcdc(g′). Now lemma 3.17 gives us that d1

can be factored into d11,d12 such that d11

∣∣∣ g′
gcdc(g′)

and d12|gcdc(g′). But d12|gcdc(g′)

means that d12 has variable setup (x2, . . . ,xm) But this gives us that d12 = 1 since
d1 =

d
gcdc(d)

(otherwise we would have a larger common divisor for the coefficients

of d than gcdc(d)). Hence d1 = d11

∣∣∣ g′
gcdc(g′)

.

Next we show that d2|gcd(gcdc(a),gcdc(b)). We know that d2|d,d|a,d|b =⇒
d2|a,d2|b. Furthermore d2 has variable setup (x2, . . . ,xm), therefore lemma 3.18
gives us that d2|ai for all coefficients ai in a, and d2|bi for all coefficients bi in
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b. This gives us that d2|gcdc(a),d2|gcdc(b), therefore d2 is a common divisor of
gcdc(a),gcdc(b), hence d2|gcd(gcdc(a),gcdc(b)).

This finished the proof for that the greatest common divisor of polynomials a,b is

g =
g′

gcdc(g′)
·gcd(gcdc(a),gcdc(b)), (3.34)

where g′ = gcd(b,r),DIV IDE(a,b)→ (q,r, f ). 2

Although the procedures of division and gcd are partly already described in the
theorems and proofs in this section we will finish this section by formalize the
procedures of division, gcd and gcdc, by providing the pseudocode.

Algorithm 3.8 Division
Input: Polynomial a and b, with variable setup x = (x1, . . . ,xm)
Output: Polynomials q,r with variable setup x = (x1, . . . ,xm) and polynomial

f with variable setup x = (x2, . . . ,xm) such that f ·a = q ·b+ r and deg(r)< deg(b)

1: procedure DIVIDE(a,b)
2: if deg(a)< deg(b) then
3: return (0,a,1)
4: end if
5: f0← b[0]
6: c← [ ]
7: c[deg(a)−deg(b)]← a[deg(a)]
8: q0← polynomial(c,x[0])
9: r0← SUBTRACT(MULTIPLY( f0,a),MULTIPLY(q0,b))

10: q1,r1, f1← DIVIDE(r0,b)
11: q← ADD(MULTIPLY( f1,q0) ,q1)
12: r← r1
13: f ← MULTIPLY( f0, f1)
14: return (q,r, f )
15: end procedure

REMARK In the actual implementation of division a small extra step is added. In
this step all coefficients in q,r as well as the polynomial f are divided by g where

g = gcd(gcdc(q),gcdc(r), f ). (3.35)

This step is not necessary, but ensures that q,r, f do not have unnecessarily large
coefficients. The reason it is not included is that adding this step most likely adds
more confusion than value. 2
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Now we have gcd and gcdc left to write pseudocode for. Since all the code is very
recursive here, it seems to be the case that we get infinite recursive calls. This will
not be the case, however, since every time GCD is called either

1. the degree of some polynomial, or

2. the size of the variable setup

decreases. The fact that one of these are true is easily checked in all the procedures.

Algorithm 3.9 Greatest common divisor
Input: Polynomial a and b, with variable setup x = (x1, . . . ,xm)
Output: Polynomial g with variable setup x = (x1, . . . ,xm) such that g is the

greatest common divisor of a and b

1: procedure GCD(a,b)
2: if b = 0 then
3: return a
4: end if
5: q0,r0, f0← DIVIDE(a,b)
6: g′← GCD(b,r0)
7: q′,r′, f ′← DIVIDE(g′,GCDC(g′))
8: return MULTIPLY(q′,GCD(GCDC(a),GCDC(b)))
9: end procedure

Algorithm 3.10 Greatest common coefficient divisor
Input: Polynomial a with variable setup x = (x1, . . . ,xm)
Output: Polynomial g with variable setup x = (x2, . . . ,xm) such that g is the

greatest common divisor of all coefficients ai in a

1: procedure GCDC(a)
2: g← a[0]
3: for i← 1, . . . ,deg(a) do
4: g← GCD(g,a[i])
5: end for
6: return g
7: end procedure
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These procedure descriptions conclude a quite theory heavy section about polyno-
mials. Next will follow Wilf-Zeilberger’s method, and will decribe how the method
works.

3.2 Wilf-Zeilberger’s method

Wilf-Zeilberger’s method is a method to show an equality by using a certifying pair,
or a proof certificate. The method can just be used to show an identity that is given,
and cannot itself come up with a guess for what a sum would be (see [6]). This
means that the method can be used to solve problems like

EXAMPLE 3.20 Show that
n

∑
k=0

(−1)k
(

n
k

)(
2k
k

)
4n−k =

(
2n
n

)

but not problems like

EXAMPLE 3.21 Find a general formula for

n

∑
k=0

k
(

n
k

)
.

Hence in order to use the method we need to have an equality to verify.

We will now give a general outline of how a proof using Wilf-Zeilberger’s method
works. The steps in the proof[6] are that assume we want to prove

∞

∑
k=−∞

A(n,k) = B(n). (3.36)

Then we let

F(n,k) =
A(n,k)
B(n)

(3.37)

Now equation (3.36) becomes

∞

∑
k=−∞

F(n,k) = 1 (3.38)

The way we want to prove this is by first proving

∞

∑
k=−∞

F(n+1,k)−F(n,k) = 0 (3.39)
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and then calculate the left hand side of (3.38) for one n, usually but not always
n = 0. Then we get that

∞

∑
k=−∞

F(n+1,k) =
∞

∑
k=−∞

F(n,k) (3.40)

which in turns gives us that
∞

∑
k=−∞

F(n,k) = c, (3.41)

where c is a constant, for all values of n and thus equal to the result of our previous
calculations. The trick we use to prove equation (3.39) is to find another function
G(n,k) which satisfies:

i)
F(n+1,k)−F(n,k) = G(n,k+1)−G(n,k) (3.42)

ii)
lim

k→±∞
G(n,k) = 0, ∀ n (3.43)

If these two conditions are fulfilled, then equation (3.39) is fulfilled since by replac-
ing F(n+1,k)−F(n,k) with G(n,k+1)−G(n,k) we get a telescopic sum:

∞

∑
k=−∞

F(n+1,k)−F(n,k) =
∞

∑
k=−∞

G(n,k+1)−G(n,k) =

= lim
M→∞

M

∑
k=−M

G(n,k+1)−G(n,k) =

= lim
M→∞

[
G(n,M+1)−G(n,−M)

]
= 0.

Sometimes the method looks slightly different, for instance if the identity only holds
for some n.

If we summarize the method we have the following steps:

1. Start with equation on the form

∞

∑
k=−∞

A(n,k) = B(n).

2. Let

F(n,k) =
A(n,k)
B(n)

.

36



3.2 Wilf-Zeilberger’s method

3. Find G(n,k) such that equations (3.42) and (3.43) are fulfilled.

4. Show that ∑
∞
k=−∞

F(n′,k) = 1 for some n′.

The crucial step here is how to find G(n,k), where Gosper’s algorithm is used.
This means that an identity can only be proved by Wilf-Zeilberger’s method if the
conditions in Gosper’s algorithm are fulfilled, which we will come back to in section
3.3.

We can formalize the concepts in the method like this (see [6]).

DEFINITION 3.22 A pair of functions (F,G) that satisfy equations (3.42) and
(3.43) is said to ”certify” an identity like (3.38) (or is simply called a ”certifying
pair”). We can also speak of a ”proof certificate” R(n,k) of an identity. That is a
function such that G(n,k) = R(n,k)F(n,k−1) gives that (F,G) is a certifying pair
to the identity. 2

Let us show an short example of how the method can work.

EXAMPLE 3.23 Show that
n

∑
k=0

(
n
k

)
= 2n.

SOLUTION We will use the method and do all the steps mentioned above.

1. We have A(n,k) =
(n

k

)
and B(n) = 2n.

2. Let

F(n,k) =
A(n,k)
B(n)

=

(n
k

)
2n .

3. With

G(n,k) =−
( n

k−1

)
2n+1 ,
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we have that

F(n+1,k)−F(n,k) =

(n+1
k

)
2n+1 −

(n
k

)
2n =

=
1

2n+1

(
n
k

)(
n+1

n+1− k
−2

)
=

=
1

2n+1

(
n
k

)(
k

n+1− k
−1

)
=

=
1

2n+1

((
n

k−1

)
−
(

n
k

))
=

= G(n,k+1)−G(n,k)

Furthermore, we have that G(n,k) = 0 when k < 1 and k > n+1, hence con-
dition (3.43) is fulfilled.

4. Lastly we need to show that

n

∑
k=0

(n
k

)
2n = 1

for some n. If we choose n = 0 we see that this equality holds. Therefore the
equality holds for all n. 2

Now that we have seen an example, hopefully the methodology is clear. What still
is not clear is how to find the function G(n,k). In general this is a hard task to do by
hand, but is certainly managable by using a computer since there are algorithms –
for instance Gosper’s algorithm – that can derive G(n,k) in certain cases.

3.3 Gosper’s algorithm

Gosper’s algorithm is an algorithm that can be used to find a sum when certain
conditions are fulfilled for the sum, and was presented by Gosper in 1978 (see [7]).
The setting of the problem that is solved using the algorithm is that we want to find
Sk where

n

∑
k=1

ak = Sn−S0. (3.44)

This is the same thing as finding Sn such that

ak = Sk−Sk−1. (3.45)
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The algorithm provides those Sk such that

Sk

Sk−1
= rational function of k. (3.46)

This is the same thing as that

ak

ak−1
= rational function of k. (3.47)

Therefore Wilf-Zeilberger’s method only works if

ak

ak−1
=

F(n+1,k)−F(n,k)
F(n+1,k−1)−F(n,k−1)

= rational function of k. (3.48)

Note that all the time when we write xa in this section, this denotes a polynomial
x evaluated in a, or x(a). For instance Sk denotes that the polynomial S(k). We are
only using this notation to make it easier to read. Note that this means that x is a
function of the variable a, but does not mean that it is a one variable function of a
– it can be a function of several variables but we are just interested in the variable
a while the others are viewed as constants. This will actually be the case amost all
the time, since ak = F(n+ 1,k)−F(n,k) (where F comes from Wilf-Zeilberger’s
method) will be used most of the time. Also here, note that F(n,k) only denotes that
F is a function of n and k, but it might be of more variables as well.

In order to make the thesis more easily readable and for completeness, we will
provide a quite thorough derivation of the algorithm – even though it is perfectly
described in the original paper by Gosper from 1978 (see [7]). This will mostly
focus on the steps of the algorithm, but also include the proofs of claims that are
made during the steps. Firstly we will describe the main steps and thereafter we will
provide the proofs.

First of all we need to show the connection between the formulation of Wilf-
Zeilberger’s method and how Gosper’s algorithm takes part in it. Gosper’s algo-
rithm will solve the third step in Wilf-Zeilberger’s method, namely to find a G(n,k)
such that conditions (3.42) and (3.43) will be fulfilled. The first condition is that

F(n+1,k)−F(n,k) = G(n,k+1)−G(n,k). (3.49)

By looking at n as a constant we define ak = F(n+ 1,k)−F(n,k). Thereafter we
use Gosper’s algorithm to find a Sk such that

ak = Sk−Sk−1. (3.50)

Once we have that, we let G(n,k) = Sk−1 and we have obtained our function G(n,k).

The steps of Gosper’s algorithm are:
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1. Finding polynomials pk,qk,rk such that

ak

ak−1
=

pk

pk−1

qk

rk
(3.51)

and gcd(qk,rk+ j) = 1, ∀ j ≥ 0.

2. Finding polynomial fk such that

pk = qk+1 fk− rk fk−1. (3.52)

3. Let
Sk =

qk+1

pk
fkak. (3.53)

The reason this algorithm will provide a solution is that with Sk given by (3.53) we
have

Sk−Sk−1 =
qk+1

pk
fkak−

qk

pk−1
fk−1ak−1. (3.54)

By factoring out ak
pk

in (3.54), and using (3.51) followed by (3.52) gives us:

Sk−Sk−1 =
ak

pk

(
qk+1 fk−

qk

pk−1
fk−1 pk

ak−1

ak

)
=

=
ak

pk

(
qk+1 fk−

qk

pk−1
fk−1 pk

pk−1

pk

rk

qk

)
=

=
ak

pk

(
qk+1 fk− rk fk−1

)
=

ak

pk
pk = ak, (3.55)

which is exactly what we wanted to be true for Sk.

Now, we have quite a few details to derive in each step – both how the step is per-
formed more precisely and furthermore explaining why all the polynomials actually
need to be polynomials and not quotients of polynomials instead.

3.3.1 How to get polynomials p,q,r in equation (3.51)
First of all, we need to prove that it is possible to find polynomials p,q,r such that
(3.51) is fulfilled. Since Sk

Sk−1
is a rational function of k, then

ak

ak−1
=

Sk−Sk−1

Sk−1−Sk−2
=

Sk
Sk−1
−1

1− Sk−2
Sk−1

(3.56)

is a rational function of k as well. Therefore we will be able to find polynomi-
als such that (3.51) is fulfilled. Left is to show how to find polynomials such that
gcd(qk,rk+ j) = 1 ∀ j ≥ 1 as well.
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We do this in a series of steps. First we let pk = 1 and qk,rk be the numerator and
denominator of ak

ak−1 , respectively. Then if gcd(qk,rk+ j) = 1, ∀ j≥ 0 we are done.
Otherwise we replace the polynomials by

q′k←
qk

gk
,

r′k←
rk

gk− j
,

p′k← pkgkgk−1 . . .gk− j+1, (3.57)

where gk = gcd(qk,rk+ j) for the smallest j ≥ 0 such that gcd(qk,rk+ j) 6= 1. Then
we can see that we still have that

ak

ak−1
=

p′k
p′k−1

q′k
r′k

(3.58)

and the degrees of the polynomials qk,rk are smaller. We then iterate this procedure
as long as there exists a j ≥ 0 such that gcd(qk,rk+ j) > 1. When this procedure
finishes, we have obtained qk,rk, pk such that (3.51) is fulfilled and gcd(qk,rk+ j) =
1 ∀ j ≥ 0.

3.3.2 How to get polynomial f in equation (3.52)
The proof provided here is just due to Gosper’s paper (see [7]) and mostly very
similar. First of all, we need to prove that f is a polynomial and not a quotient of
polynomials.

THEOREM 3.24 There exists a polynomial fk such that equation (3.52) is ful-
filled. 2

Proof Assume that fk =
ck
dk

where gcd(ck,dk) = 1 and dk 6= 1. Note that here ck,dk

are polynomials which means that gcd(ck,dk) = 1 =⇒ gcd(ck−1,dk−1) = 1. Then
by plugging this into (3.52) and multiplying by dkdk−1 gives us:

dkdk−1 pk = ckdk−1qk+1−dkck−1rk. (3.59)

Let j be the largest integer such that

gcd(dk,dk+ j) = gk 6= 1, ∀ k. (3.60)

Note that j ≥ 0, since gcd(dk,dk) = dk 6= 1. Furthermore the largest such j exists
since dk is a polynomial.

Since gk|dk+ j we get that

gcd(dk−1,dk+ j) = 1 = gcd(dk−1,gk+ j). (3.61)
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By just shifting k by − j−1 in (3.60) we get that

gcd(dk− j−1,dk−1) = gk− j−1 6= 1. (3.62)

By shifting k by j in (3.61) we get that

gcd(dk− j−1,dk) = 1 = gcd(gk− j−1,dk), (3.63)

again since gk− j−1|dk− j−1.

Now we consider equation (3.59) upon dividing by first gk and then gk− j−1. Clearly
gk|dkdk−1 pk, since gk|dk. This means that gk divides the right hand side of equation
(3.59) as well:

gk|ckdk−1qk+1−dkck−1rk. (3.64)

Furthermore gk|dkck−1rk since gk|dk, which gives us that

gk|ckdk−1qk+1. (3.65)

By equation (3.61) we get gcd(dk−1,gk) = 1 and since gk|dk and gcd(ck,dk) = 1 we
get gcd(ck,gk) = 1. This means that

gk|qk+1 =⇒ gk−1|qk. (3.66)

Similarly gk− j−1|dkdk−1 pk, since gk− j−1|dk−1. This means that

gk− j−1|ckdk−1qk+1−dkck−1rk. (3.67)

Furthermore gk− j−1|ckdk−1qk+1 since gk− j−1|dk−1, which gives us that

gk|dkck−1rk. (3.68)

By equation (3.63) we get gcd(dk,gk− j−1) = 1 and by gcd(ck−1,dk−1) = 1 together
with gk− j−1|dk−1 we get gcd(ck−1,gk− j−1) = 1. This means that

gk− j−1|rk =⇒ gk−1|rk+ j. (3.69)

But now we have gk−1 divides both rk+ j where j ≥ 0 and qk. From the first step of
Gosper’s algorithm we know that gcd(rk+ j,qk) = 1, ∀ j ≥ 0 meaning that gk = 1.
This means that for all j ≥ 0 we have that

gcd(dk,dk+ j) = 1. (3.70)

By putting j = 0 we get that

dk = gcd(dk,dk) = 1. (3.71)

Hence dk = 1 for all k and thus fk is a polynomial. 2
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Now, let us derive how to get the polynomial fk such that (3.52) is fulfilled. It is
possible to get a bound for the degree of fk with respect to k. This is derived in the
paper by Gosper (1978) and for the interested reader the details can be found there.
The results is that

deg( fk)≤ deg(pk)−max
(
deg(qk+1 + rk),deg(qk+1− rk)

)
+1. (3.72)

In some cases the degree can be further limited (without the extra +1) but we are
mostly interested in that we have a bound – not the extra added (small) constant.

We will now firstly show that there is a way to get the polynomial fk given that the
degree of fk is less than N for all variables in fk. This is done by assigning

fk = ∑
i∈(0,1,...,N)m−1

i1∈(0,1,...,N)

(
ai,i1ki1

m

∏
j=2

v
i j
j

)
, (3.73)

where m is the number of variables in fk, the variables of fk are named v j for 1 ≤
j ≤ m where v1 = k, ai are the coefficients and i = (i2, i3, . . . , im) goes through all
combinations of degrees in the range 0 ≤ deg(v j) = i j ≤ N for all the different
variables. The number i1 is the exponent of k and also goes through all the values
for in the range 0≤ i1 ≤ N. This exponent is treaded slightly different just because
it is the exponent of k.

Then from this we can derive what the polynomial fk−1 is. First we write the poly-
nomial fk−1 on the same form as in (3.73) but with other coefficients:

fk−1 = ∑
i∈(0,1,...,N)m

(
bi,i1ki1

m

∏
j=2

v
i j
j

)
. (3.74)

Now we will derive the expression for bi,i1 in terms of ai,i1 . If we replace k by k−1
in (3.73) we get

fk−1 = ∑
i∈(0,1,...,N)m−1

i1∈(0,1,...,N)

(
ai,i1(k−1)i1

m

∏
j=2

v
i j
j

)
=

= ∑
i∈(0,1,...,N)m−1

i1∈(0,1,...,N)

(
ai,i1

(
i1

∑
u=0

(
i1
u

)
ku(−1)i1−u

)
m

∏
j=2

v
i j
j

)
=

= ∑
i∈(0,1,...,N)m−1

i1∈(0,1,...,N)

(
i1

∑
u=0

ai,i1

(
i1
u

)
(−1)i1−uku

)
m

∏
j=2

v
i j
j (3.75)
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Now we can see that the term ki′1 ∏
m
j=2 v

i j
j from (3.74) (i′1 denotes a specific i1)

appears in (3.75) in several places – namely when i1 ∈{i′1, i′1+1, . . . ,N}. This means
that we get

bi,i1 =
N

∑
s=i1

ai,s

(
s
i1

)
(−1)s−i1 (3.76)

Now we have all the background we need in order to set up the system of equations
and then solve for ai,i1 . This is done by noticing that the coefficients of the left and
right hand sides of the equation

pk = qk+1 fk− rk fk−1 (3.77)

have to be equal. In order to ease the formulation of the equation system, let î =
(i, i1), let� denote that a vector is pointwise smaller than or equal to e.g. (1,2,3)�
(2,3,3) and let i− j denote the pointwise difference between i and j, e.g. (2,3,3)−
(1,2,3) = (1,1,0). Finally we also denote the coefficients in front of ki1 ∏

N
j=2 v

i j
j in

the polynomials pk,qk+1,rk by rî,qî,rî, respectively. This gives us that

pî = ∑
ĵ

ĵ�î
ĵ′=î−ĵ

aĵqĵ′ − ∑
ĵ

ĵ�î
ĵ′=î−ĵ

bĵrĵ′ , (3.78)

where bĵ is given by (3.76). Note that at this point in the algorithm all the num-
bers pî,qî,rî are simply constants. This means that we can formulate a system of
equations

Ma = P, (3.79)

where M is the matrix that is given by the right hand side of (3.78), a consists of all
coefficients aĵ and P is the left hand side of (3.78). Note that each row in this system

of equations corresponds to a different î. Here we go through all î that are relevant –
meaning all î with degree smaller than what either of the sides of equation (3.78) can
have. This means that we have an overdetermined system of equations. Furthermore
we demand that all the coefficients of fk have to be integers. This means that it is
not certain that we will get a solution, but in case we do, then we have found fk. If
we do not get a solution that can be because of two different reasons:

i) We chose a too small maximal degree N for the polynomial fk.

ii) There does not exist a solution, hence the identity cannot be shown by Wilf-
Zeilberger’s method.

In the paper by Gosper (1978) the first reason for not finding a fk does not exists,
since the paper proves an upper limit on the degree of fk with respect to k. This can-
not be done for other variables, for instance with pk = qk+1 = rk = 1 any polynomial
fk on the form fk = nc + k satisfies (3.77).
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3.3 Gosper’s algorithm

In the system (3.79), M can be constructed to have dimension L× (Nm), where
L = max(deg(pk)+ 1,max(deg(qk+1),deg(rk))+N + 1). Here deg(g) denotes the
largest degree in any variable of the polynomial g. The reason for this limit is that
the row with highest degree for any variable can be chosen to be L, since the degree
of either side of the equation (3.78) is at most L.

The time complexity for this system of equations is O(L ·N2m), since we perform
the following algorithm:
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Algorithm 3.11 Gaussian Elimination
Input: Matrix M, vector P
Output: Vector x such that Mx = P

1: procedure GAUSSIANELIMINATION(M,P)
2: r← Number of rows in M
3: c← Number of columns in M
4: for row← 1, . . . ,c do
5: i← first row with row number ≥ row and M[i][row] 6= 0
6: if No such i exists then
7: Continue loop
8: end if
9: swap(M[row],M[i])

10: swap(P[row],P[i])
11: for row2← row+1, . . . ,L do
12: g← gcd(M[row][c],M[row2][c])
13: M[row2]←M[row2] · (M[row][c]/g)−M[row] · (M[row2][c]/g)
14: P[row2]← P[row2] · (M[row][c]/g)−P[row] · (M[row2][c]/g)
15: end for
16: end for
17: for row← c+1, . . . ,r do
18: if P[row] 6= 0 then
19: return None
20: end if
21: end for
22: x← [P[c]/M[c][c]]
23: for row← c−1, . . . ,1 do
24: s← 0
25: for row2← row+1, . . . ,c do
26: s← s+M[row][row2] ·P[row2]
27: end for
28: if M[row][row] = 0 then
29: if s = P[row] then
30: x← [0]+ x
31: else
32: return 0
33: end if
34: else
35: x← [(P[row]− s)/M[row][row]]+ x
36: end if
37: end for
38: return x
39: end procedure
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REMARK In the code we multiply a row vector by an integer. This means that we
perform elementwise multiplication with this integer. 2

REMARK Each time we divide in the algorithm we need to make sure that the
resulting integer is the exact division, otherwise we have gotten an error and return
None. 2

Here we can clearly see that we have two loops, which are of size c = Nm and r = L,
respectively. The reason for the last Nm-factor is that when we perform rows 9–14
we do this elementwise, hence once for each column.

This means that the time complexity is exponential in the number of variables. In
general exponential time complexities are not desired at all – since they grow very
fast. In this thesis however we are working with identities that just involve a few
(less than 5) different variables. Therefore this time complexity is acceptable. This
means that given that given the limit on m we have a polynomial time complexity
for obtaining fk.
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4
Implementation

The implementation of the project was done in python. In general classes containing
logic for different objects were implemented, for instance classes for polynomials,
factorials, powers and so on were implemented. All classes were implemented from
scratch and we want to stress that this makes some of the code redundant – surely it
is implemented by others before – and inefficient – no highly efficient methods are
used, but only the most simple versions. The reason the classes were implemented
from scratch anyways was to more deeply understand the problems arising within
computer algebra, and during the process it became clear that even methods that are
very simple in theory can cause several hours of implementation and many lines of
code.

The implementation of Wilf-Zeilberger’s method can be divided into mainly three
parts: parsing, testing and methods. Parsing is when we read a string and convert this
into classes or logic that is used in the rest of the code. This is mainly to ease testing
of the methods that are implemented but also for running the main program. Testing
is when we test the methods and see that they behave as intended. Methods is the
”real” code for the thesis, which is when we implement the logic that is described
in chapter 3. In total the code produced in the thesis consists of about 2200 lines of
code out of which about 50% are the methods and classes used to implement the
theory from chapter 3, 20% is parsing and 30% is testing. The testing is of course
not necessary to keep for the sake of having functioning code, but is kept anyways
in order to show that the code has been tested.

The code consists of eight files that do different parts of the method. These are:
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File name What does the file include?

Polynomial A class for polynomials with all methods that are
needed.

Factor Classes for factorials and powers (integer to the power of
polynomials)

Expressions Classes for storing expressions of factors, addends and
fractional expressions

Main

Main function that takes a parser and an input string as
input and produces a LATEX-file with a part proof where

the user only needs to do a few steps (which are
indicated in the LATEX-file)

Gosper Functions for running all steps of Gosper’s algorithm
and returning the solution

Get f Function for solving step 2 of Gosper’s algorithm

Gaussian elimination Function for solving a system of linear equations by
using Gaussian elimination, which is used by Get f

Parsers Parser from a LATEXequation to the format that is used in
the rest of the program

The dependencies of the files can be drawn as follows where an arrow from A to B
means that B depends on A:

Figure 4.1 Dependency graph of code. Expr and Poly is short for Expressions and Polyno-
mial, respectively.
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Now that we have shown the general structure of the program, we will describe
each of the important and interesting parts of the implementation. Firstly we will
describe the structure used for parsing, thereafter we will discuss implementation of
the methods needed for Wilf-Zeilberger’s method. After that we will describe how
a proof is written automatically and lastly we will describe how testing has been
done.

4.1 Parsing

In the project several parsers are used. The parsers that have been implemented are
shift-reduce parsers, which are a type of bottom-up parsers. In this type of parser a
stack is used and a string is parsed character by character. When a character is read
first the stack is reduced and then the character is pushed to the stack. That the stack
is reduced means that if we read for instance a ”+”, then first all multiplications on
the top of the stack are evaluated and after that we push the ”+”. For more details
and further explanation of a shift-reduce parser, see [8].

In the code there are four parsers, which all read a string of a specific format and
return either an object that the string represents or a string on another format. We
are now going to describe the parsers with what they have as input and output, but
first we need to describe an internal format that is used in the program to represent
binomial coefficients, factorials and powers of integers. This format will in the rest
of the report be referred to as the internal format These three will be represented as
follows:

What? Represented as: Example:

Factorial F [x], where x is a
polynomial

(m+n)! is written as
F [n+m]

Binomial coefficient B[n,k] where n,k are
polynomials

(n+1
k−1

)
is written as

B[n+1,k−1]

Power of integer P[a,n] where a is an integer
and n is a polynomial

2n+m is written as
P[2,n+m]

The parsers are described by the following table:
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Parser Input format Output format

Polynomial parser String with a polynomial,
for instance ”nˆ2+3km”

Polynomial that the input
string represents

Expression parser

String with an expression
on the internal format, for

instance
”(n!+k*m)/(nˆ2+B[n,k])”

Expression that the input
string represents

LATEXparser

String in LATEXformat of an
identity, for instance

”\sum_{k=0}ˆn
\binom{n}{k}=2ˆn”

F,ak and the numerator and
denominator of ak

ak−1
as the

first step in the method after
which Gosper’s algorithm

can be run

Internal format to
LATEXparser String on the internal format

String on LATEXformat,
which is used when

generating the proof file

4.2 Gosper’s algorithm

Although the whole algorithm is described in section 3.3, we will again go through
the algorithm but from the perspective of implementation, and trying to point out
difficulties along the way. There are some parts where the theory is straight forward,
but the details in the implementation are quite difficult. In this section we try to
describe the choices that were made during the work of the thesis, and also point
out advantages and disadvantages with these choices.

4.2.1 Finding p,q,r
In section 3.3.1 an algorithm is described for how to find polynomials p,q,r such
that

ak

ak−1
=

pk

pk−1

qk

rk
, (4.1)

such that gcd(qk,rk+ j) = 1 ∀ j ≥ 0. The algorithm can be described as follows:
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Algorithm 4.1 Get p,q,r

Input: Quotient of polynomials b = bn
bd

= ak
ak−1

Output: Polynomials p,q,r such that (4.1) holds and gcd(qk,rk+ j) = 1 ∀ j≥ 0

1: procedure GETPQR(bn,bd)
2: rk← bd
3: qk← bn
4: pk← 1
5: while ∃ j ≥ 0 : gcd(qk,rk+ j) 6= 1 do
6: j← j such that gcd(qk,rk+ j) 6= 1
7: gk← gcd(qk,rk+ j)
8: qk← qk

gk

9: rk← rk
gk− j

10: pk← pkgkgk−1 . . .gk− j+1
11: end while
12: return pk,qk,rk
13: end procedure

This algorithm is in theory fairly simple – find a common factor and get rid of it –
but finding gcd(qk,rk+ j) for all j and see if this can be a common factor is tricky
implementationwise. In the thesis this is implemented in the following fashion:

Algorithm 4.2 Find GCD(qk,rk+ j) ∀ j ≥ 0
Input: Polynomials qk,rk
Output: Integer j′ ≥ 0 such that gk = gcd(qk,rk+ j′) 6= 1.

1: procedure GCDWITHSHIFT(qk,rk)
2: g j,0← rk evaluated at k = k+ j
3: g j,1← GCD(qk,g j,0)
4: i← 1
5: while g j,i 6= 1 do
6: if ∃ j′ ≥ 0 : g j,i( j′) = 0 then
7: return j′

8: end if
9: i← i+1

10: g j,i← GCD(g j,i−2,g j,i−1)
11: end while
12: return None
13: end procedure
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REMARK Note that the procedure cannot always find a j′ such that gk =
GCD(qk,rk+ j) 6= 1 for some integer j′ ≥ 0. If it cannot find such j′ then the
procedure returns None, which can be seen as an error in finding the gcd. 2

Here we perform the check in the if-statement on line 6 by calling procedure 3.7 and
then checking if there is any root that is positive. Since this is the crucial step of this
algorithm both the advantages and disadvantages come from the Roots-algorithm.
In the implementation of Roots, only up to second degree polynomials are solved
completely and after that values in the interval (−100,100) are tested. This means
that we cannot be sure that we find the roots. In general when we can use Wilf-
Zeilberger’s method, however, all roots are fairly small – almost always less than
100. Therefore even though the implementation in theory is limiting it is very likely
not to cause any problems in practice.

4.2.2 Finding f
The implementation in order to find the polynomial f in Gosper’s algorithm is per-
formed just as described in section 3.3.2. The goal of that is to find f such that

pk = qk+1 fk− rk fk−1. (4.2)

First the matrix M and the vector P are constructed. M comes from the right hand
side of (4.2) after assigning f as stated in equation (3.73). P is the vector that rep-
resent the coefficients on the left hand side. After the construction, Gaussian elimi-
nation is performed and then hopefully an answer will be given.

In case no answer has been found one can try to increase the maximal degree of f . It
is not certain however that a solution can be given by this method since possibly the
degree of the smallest degree solution for f can be arbitrarily large with respect to
the variables that are not k. If a solution is given, however, then we have performed
the whole Gosper’s algorithm.

4.3 Proof generation

The proof generation is a method which needs an input string and a parser. Then
the method produces a proof, written in LATEXcode, for that the input string in fact
is true. Right now the parser that has been developed in the thesis can only handle a
few different types of operators in the input string – binomial coefficients, factorials,
integer powers and polynomials can be handled, but no other operators. The reason
for this is that the parser mostly is an example of how Wilf-Zeilberger’s method
can be used, and is not meant to be a full solution. Instead users can write their
own parsers and input strings which convert the string into four things: F,ak and the
numerator and denominator of the fraction ak

ak−1
. When the user has provided this
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parser and input string, then the main-function does the rest of the job in producing
the proof in LATEXformat, which proves the identity.

The reasons for this design choice (to only provide a simple parser as an example)
are a few: firstly this gives a flexibility for a user and works well in an open source
setting, secondly it would be at least as time demanding as writing the rest of the
method to write a more general parser for more kinds of identity parsing – and still
some applications would probably be left out anyways.

The general methodology used in the proof generation is the following:

i) Get a parser and an input string as inputs.

ii) Parse the string, which gives us F,ak and the polynomials that are the numerator
and denominator of ak

ak−1
.

iii) Call Gosper’s algorithm which gives a G(n,k) such that G(n,k+1)−G(n,k) =
ak = F(n+1,k)−F(n,k). This step is the main contribution from the program,
and is usually the by far hardest part of the proof.

iv) Write the proof in LATEXformat.

v) Highlight parts of the proof that need to be verified or partly proved by the user.
This includes proving that limk→±∞ G(n,k) = 0 ∀ n and may include verifying
that G(n,k+1)−G(n,k) = F(n+1,k)−F(n,k). This should be guaranteed by
the solver, but might be worth verifying.

4.4 Testing

In general the testing has tried to test each method individually and then first after
each methods works on its own it has been tested all together. The testing on each
individual method has been performed in different ways for different methods, but
the common thing for all of the methods is that the testing included many edge cases
as well as other cases. Edge cases are usually when some parameters (for instance
the degree of a polynomial or the number of variables in the polynomial) is very
small or large.

The tests that were performed on methods all together are usually from one of the
test examples provided in chapter 5. Then the implementation and testing was iter-
ated until all identities worked. This testing was also performed in steps, for instance
in order to test the methods in Gosper’s algorithm, some initial steps were done by
hand and then the relevant part was tested. Then, when all individual methods and
groups of methods worked as expected, everything was put together and the final
result was given.
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5
Results

Throughout the thesis some identities have been used for testing the code, these
will be called training examples. All identities that have been used in this thesis
have been collected from [9], and [10]. When choosing the training examples many
identities were considered and we tried to find a good variety of identities, both
well known and not as well known ones as well as using identities that look quite
different. The identities used as training examples are the following:

1. ∑
n
k=0
(n

k

)
= 2n

2. ∑
n
k=0(−1)k

(n
k

)(2k
k

)
4n−k =

(2n
n

)
3. ∑

n
k=0
(n

k

)2
=
(2n

n

)
4. ∑

n
k=0 2k

(n
k

)
= 3n

5. ∑
n
k=0 k

(n
k

)
= n2n−1

6. ∑
n
k=2

1
k(k−1) = 1− 1

n

7. ∑
n
k=0
(k

c

)
=
(n+1

c+1

)
8. ∑

n
k=0
(r+k

k

)
=
(r+n+1

n

)
9. ∑

n
k=0
(m−k

n−k

)
=
(m+1

n

)
10. ∑

∞
k=n

1
(k

n)
= n

n−1

Some of these identities are quite trivial to show with combinatorial arguments, but
others are not as easy. For instance identity 1 comes from counting in how many
ways we can choose objects out of n different objects in two different ways, while
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identity 2 is not very easy to prove by providing a combinatorial argument. When
these identities are shown, a LATEXfile is produced. The proofs of all identities are
provided in chapter 7. As we can see the identities 7 and 8 cannot be shown, the
reason for this is that the ”get f” method cannot give a solution, since f cannot be
a polynomial. This is because the degree of f depends on c and r, respectively, and
therefore Wilf-Zeilberger’s method does not work well on the problem.

After the program worked for all the training examples the program was validated
on other identities (called validation examples), in the hopes that the program works
on identities it has not been developed to work on as well. Also here we tried to use
validation identities that are different from each other, but now we also prioritized
identities that are not very simple to solve with combinatorial arguments. The tests
that were used are:

11. ∑
n
k=0 3k

(n
k

)
= 4n

12. ∑
n
k=0 4k

(n
k

)
= 5n

13. ∑
n
k=0
( n

2k

)
= 2n−1

14. ∑
∞
k=1

1
k(k+n

k )
= 1

n

15. ∑
∞
k=0 2−k

(n+k
k

)
= 2n+1

16. ∑
n
k=0

(n
k)

(2n−1
k )

= 2

17. ∑
n
k=0 k (n

k)
(2n−1

k )
= 2 n

n+1

18. ∑
2n−1
k=1 (−1)k−1 k

(2n
k )

= n
n+1

19. ∑
n
k=0
(2n+1

k

)
= 22n

20. ∑

n
2
k=0(−1)k

(n−k
k

) 22n−2k

n−k = 2n+1

n

As we can see in chapter 7 the program manages to solve most of the validation ex-
amples. The program solves identities 11, 12, 14, 15, 19 and 20 perfectly. For iden-
tities 16 and 17 the program manages to get a G which works in Wilf-Zeilberger’s
method but has not been able to verify that the first condition for a certifying pair
is fulfilled. This has been done by hand afterwards though, which means that a user
could do that. For identity 13 and 18 the program does not manage to prove the
identity, this is since it cannot find a f that works. The reason for this is that the
difference in degrees cannot be resolved on the right and left side when getting f .
Therefore Wilf-Zeilberger’s method cannot be used to solve these identities.
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6
Discussion and conclusions

In the thesis Wilf-Zeilberger’s method has been implemented with a library of poly-
nomials as a foundation. During the work on the thesis it has become more and
more obvious how even the simplest operations in theory might be quite tricky to
implement with computer algebra. Furthermore it became brutally clear how details
in program design could help or harm the rest of the dependent parts of the program.
This required more thought before implementation, and also better code in general.

The program seems to work fine but has some obvious limitations. First of all only
a very small part of all proofs can be shown by Wilf-Zeilberger’s method. Also we
saw in chapter 5 two seemingly similar identities, for instance identities 7 and 9,
can have two very different outcomes when trying to use Wilf-Zeilberger’s method
– one is solvable and one is not! This makes it harder to trust the method to solve a
problem that is given, since it seems to be quite hard to identifying if a problem can
be solved by Wilf-Zeilberger’s method or not.

Secondly the method needs to have an identity to prove. Wilf-Zeilberger’s method
itself cannot come up with a guess for what a sum is, but only prove the correctness
or incorrectness of an identity once it is already guessed.

Thirdly with the current state of the implementation it is not obvious which part
of the method that fails. Usually it is the part where we try to find polynomial f
such that pk = qk+1 fk − rk fk−1, but it can also be other problems that make the
program fail. Also when trying to find polynomial f , it is not certain what causes
the problem. It can be both that the degree of the assigned polynomial is too small,
and that the problem in fact is not solvable for some reasons.

Lastly, the Wilf-Zeilberger’s method solver that has been developed leaves a few
parts of the formal proof for the user to show. This is not optimal, however showing
these parts automatically as well would demand even more implementation and was
out of scope for this thesis.
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Still, even though there are clear problems with both the Wilf-Zeilberger’s method
itself and the implementation that was chosen, we would argue that the thesis has
value and contributes to the general knowledge about infinite sumation. If one has an
identity it can quickly be checked if it is possible for the Wilf-Zeilberger’s method
solver to prove it. If it can, then one quickly has a proof and otherwise other methods
have to be used. Even though it is not directly obvious what goes wrong when the
solver fails to prove an identity, the implementation is split up in many different
methods, which makes is fairly easy to get a sense of what goes wrong.

From the examples that were tested we can conclude that the automatic solver man-
ages to solve most examples, even on the validation examples. The automatic solver
showed eight out of ten identities, and afterwards it has been verified by hand that
the remaining two were not solvable using Wilf-Zeilberger’s method. We saw that
out of the ten validation examples eight were shown and the others turned out to
not be suited for Wilf-Zeilberger’s method, which was verified by hand afterwards.
Hence the automatic solver proves all identities that are possible to prove. It should
be noted that the sample size of both the training and validation examples is very
small. The reason for the results to still be valid is that the work in this thesis is
more theoretical and the theoretical results have been proved in chapter 3. There-
fore the examples are just used for testing the implementation, and since the results
on training and validation examples are similar we can conclude that the implemen-
tation seems to be at least somewhat robust.

The problem that Wilf-Zeilberger’s method cannot guess what a sum equals is a
problem for the whole method. Finding ways to guess what a sum equals is also a
very interesting area that would be fun to explore more, but is out of scope for this
thesis.
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7
Attachments

7.1 Code

All code is available on https://github.com/LarsAstrom/Wilf-Zeilbergers-Method/
tree/master/WZmethod.

7.2 Proofs of identities

We want to remind the reader that in Wilf-Zeilberger’s method we find a polynomial
F(n,k). Then we want to find another polynomial G such that (F,G) is a certifying
pair of polynomials, meaning that

1. F(n+1,k)−F(n,k) = G(n,k+1)−G(n,k), and

2. limk→±∞ G(n,k) = 0, ∀ n.

We can also express this by finding a proof certificate R(n,k) such that

G(n,k) = R(n,k)F(n,k−1).
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Chapter 7. Attachments

Figure 7.1 Proof of identity 1.
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7.2 Proofs of identities

Figure 7.2 Proof of identity 2.
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Figure 7.3 Proof of identity 3.
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7.2 Proofs of identities

Figure 7.4 Proof of identity 4.
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Figure 7.5 Proof of identity 5.

68



7.2 Proofs of identities

Figure 7.6 Proof of identity 6.
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Figure 7.7 Proof of identity 7.

In both proof 7 and 8 we have integer variables, c and r, respectively. These cause
problems in step 2 in Gosper’s algorithm, since the polynomial f would have a
degree dependent on c and r, respectively. This cannot be handled by the automatic
solver.

Figure 7.8 Proof of identity 8.
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7.2 Proofs of identities

Figure 7.9 Proof of identity 9.
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Figure 7.10 Proof of identity 10.
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Figure 7.11 Validation of program. Proof of identity 11.
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Figure 7.12 Validation of program. Proof of identity 12.
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7.2 Proofs of identities

Figure 7.13 Validation of program. Proof of identity 13.

The automatic prover cannot find a polynomial f in step 2 of Gosper’s algorithm.
This is since the degree (with respect to n) of the left and right hand side of the
equation

pk = qk+1 fk− rk fk−1 (7.1)

cannot be the same.
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Figure 7.14 Validation of program. Proof of identity 14.
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7.2 Proofs of identities

Figure 7.15 Validation of program. Proof of identity 15.
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Figure 7.16 Validation of program. Proof of identity 16.
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Figure 7.17 Validation of program. Proof of identity 17.
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Figure 7.18 Validation of program. Proof of identity 18.

Also in this example the automatic solver cannot prove the identity, and the problem
lies in step 2 of Gosper’s algorithm.
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7.2 Proofs of identities

Figure 7.19 Validation of program. Proof of identity 19.
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Figure 7.20 Validation of program. Proof of identity 20.

82



7.3 Popular Scientific Paper



Master’s Thesis in Mathematical Sciences 2019:E65
ISSN 1404-6342

LUTFMA-3396-2019

Mathematics
Centre for Mathematical Sciences

Lund University
Box 118, SE-221 00 Lund, Sweden

http://www.maths.lth.se/


