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A very common type of problem within mathematics and numerical anal-
ysis are fixed-point problems, which can arise as sub-problems of optimization
methods, differential equations solvers and much more. The most basic iterative
approach for fixed-point problems is fixed-point iteration, special cases of which
actually date back as far as the Babylonians, where it was used to to find the
square roots of positive numbers. An issue with fixed-point iteration is that it
can be very slow, as a consequence, acceleration methods have been developed,
which are, not surprisingly, methods for speeding up fixed-point iteration. One
of these methods are called Anderson acceleration, which has a very strong re-
lationship with GMRES, an algorithm for solving systems of linear equations,
which at first glance, seems completely unrelated. The purpose of this thesis is

to investigate the theory behind this relationship and to test it numerically.
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Chapter 1

Introduction

Firstly, this thesis is a review of [3] and unless specified otherwise, all sections
up until the numerical implementation are heavily, if not completely, based on
[3].

A very common type of problem within mathematics and numerical anal-
ysis are fixed-point problems, which can arise as sub-problems of optimization
methods, differential equations solvers and much more. We define a fixed-point

problem by the following.

Problem 1.1.
Assume we have g : R™ — R™, then finding x € R™ such that

r = g(a) (1.1)
s a fized-point problem.

In some cases it is possible to solve this directly using analytical methods, but
in other cases this can be extremely difficult or even impossible, therefore it is
natural to look for alternative approximation methods. A way of reformulating
the fixed-point problem is to define f(x) = g(x) — x and instead formulating
it on the equivalent root form; 0 = f(xz) = g(z) — x. This relation allows
us to measure how good an approximation is by seeing how close the fixed-

point residual; | f(x)|,, is to zero, and iterative methods aim to get better
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2 CHAPTER 1. INTRODUCTION

approximations by successively making the fixed-point residual smaller for each
iteration. The most basic iterative approach to solving Problem 1.1 is fixed-
point iteration, special cases of which actually date date back as far as the

Babylonians, where it was used to find the square roots of positive numbers [1].

Algorithm FPI (Fixed-Point Iteration).

Given xq

for k =0,1,... do;

Set x+1 = g(xk)

An issue with Algorithm FPI is that it does not always converge, and even
in the cases where it does converge, it might do so very slowly. A way of dealing
with these problems is to use acceleration methods, which can potentially speed
up the convergence process and in some cases even decrease the likelihood for
divergence. There are many different acceleration methods, but we will put our
focus on an algorithm which we refer to as Anderson Acceleration, which we

formulate as in [3];

Algorithm AA (Anderson Acceleration).

Given g and m > 1

Set x1 = g(xo)
fork=1,2,...
Set my, = min{m, k}
Set F, = (fi—my» - fr), where f; = g(x;) — ;

Determine o(*) = (aék), ...,aS,’fl)T that solves

my
a(k‘):(oglvlf.l,amk)"f [ Fkally such that ;ai =1 (1.2)

X k
Set Tpy1 =y i Oéz(' )g(ffkfmkﬂ')

Note that Algorithm AA can be run without truncation by replacing the first

line of the for loop by my = k.



Now we shift our focus to another very common problem within linear alge-

bra known as a system of linear equations.

Problem 1.2.

Assume we have a non-singular matric A € R™*™ and a vector b € R™. Then,
Ax = b, (1.3)
1s known as a system of linear equations.

Once again there are many ways of directly solving Problem 1.2, with the
most straight-forward approach being to apply Gaussian elimination. But in
the case where the m in Problem 1.2 is extremely large, this direct approach
might be impossible to execute within a given time frame, in which case one
might use an approximation method instead. GMRES is an example of such a
method, the details of which are discussed in section 2.1.

What is interesting is that Anderson Acceleration, an algorithm for solving
fixed-point problems, and GMRES, an algorithm solving large systems of linear
equations, have a very strong relation. To summarize this relation shortly, in
the case where g is linear, the algorithms are equivalent in the sense that, under
a few additional assumptions, the iterates of either algorithm can be obtained
directly from the iterates of the other algorithm. In this thesis we will show this

relation theoretically and test it numerically.
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Chapter 2

Theory

2.1 GMRES

This entire section is based on the description of GMRES given by [2] and to
not litter the text with references it is implied that the information is taken

from [2].

2.1.1 Characterization

A non-symmetric system of linear equations is a problem of the type (1.3),
where A is non-symmetric, and it is something which can arise from many
different problems. In the case where m is extremely large, the system might
be impossible to solve within a given time frame by using Gaussian elimination,
since it simply takes too many computations.

Instead one might look for iterative methods which approximate the solu-
tion and converge to it. If we then perform enough iterations we will get an
approximation so close to the exact solution that it is the best approximation
given our computer accuracy and its floating point arithmetic. If this is achieved
then the approximation will be just as good as finding the exact solution, since
the exact solution within floating point arithmetic would then be equal to the

approximation.
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One way one often goes about this approximation process is to use Krylov
subspace methods, one of which is called Generalized Minimized Residual, or
GMRES for short, which is described below. Since the main issue of the problem
above is that the dimension m of the solution space is too large, finding a way of
looking for a solution in a subspace of R™ with significantly smaller dimension
would be very convenient. Krylov subspace methods are a way of doing exactly

this.

Definition 2.1.
Assume we have the linear system of equations Ax = b with A € R™*™ p e R™

and an initial guess for a solution xo. Then we denote the initial residual by ro =

b — Axy and define the kth Krylov subspace as Ky, = span{rg, Arg, ..., AF=1ry}

Given Ky, we can approximate the solution to Az = b by instead looking for
a solution in the restricted solution space zg + Ky := {& = zo + |2k € Ky}
What characterizes the kth iterate xy of GMRES is that the norm of the residual
rp = b — Axy, is minimized, that is, zj solves

= i —A 2.1
Il =, min b= sl 1)

and at every iteration the GMRES algorithm efficiently finds the solution to
(2.1). As long as stagnation is not reached, in the sense that A¥~! = I, the
dimension of the solution space xg + Ky will grow, and therefore we hope to
get increasingly better solutions. The algorithm terminates when the residual
|b — Az, is lower than a prespecified tolerance, when stagnation is reached,
or when a prespecified maximum number of iterations have been reached. Note
that in an implementation the number of iterations k < m, since if the number
of dimensions of the solution space xg + K of the sub-problem is on the same
order as m, the method would just be extremely ineffective.

Another equivalent formulation of the GMRES minimization problem which
is more convenient for implementation is finding Z such that

& = argmin [|b — A(xo + )|, = argmin |[rg — AZy||,, (2.2)
e €K
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or, if we have a that {z1,..., 2, } is a basis for K, then we can use the reformu-

lation &), = Zle agk)zi and state the problem as finding a(*) = (agk), sy algk))
such that i
al®) = arg min 7o — A Z 0% (2.3)
a=(a1,...,a)ERF i—1 9
The GMRES iterate is then characterized by
k
Tk :xo—f—.f?k :xo—l—Zagk)zi. (24)

i=1

2.1.2 The GMRES Algorithm

Below we have further details of how GMRES is executed which can be skipped
without loss of continuity, the explanation closely follows that of [2].

GMRES is an algorithm which at every iteration efficiently finds the 5 which
solves the least square problem (2.2). Since Ky, is a k-dimensional subspace of
R, the solution space will be of significantly lower dimension for any reasonable
number of iterations, but Zj is still a [m x 1] vector. With the intention of
representing &) as a [k x 1] vector, we set up an orthogonal basis for K using
the Arnoldi iteration'. In the k’th step of the Arnoldi iteration we have the
relation

AQy = Qr1Hy, (2.5)

where the columns of @ form an orthonormal basis of K, with respect to the
Euclidean norm. Thus we can represent any element T € Ky as T = Qryk
with g, € R¥ and we have successfully reduced the dimension of the problem

since we can rewrite (2.2) into
min |lro — AQryx|l, = min |70 — Qr+1Hryx|l5 (2.6)
yr ERF yr ERF

where the second equality follows from (2.5).
Since o/ ||rol|, is the first column in Q441 we have that ry € img(Qp+1) and

the second term is in img(Qg+1) by definition, furthermore we have that Qg1 is

1[2] provides details of the Arnoldi iteration for the interested reader.
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an orthogonal matrix. Thus, multiplying the argument of the norm with QE 41

from the left will not change the value of the norm and we can rewrite (2.6) into
. T
min ro—H . 2.7
i, [QFyaro — Hian 2.7

But since rq is orthogonal to all but the first column, by construction, we have
that Q10 = |rol|ye1 where e; is the first column of the [k + 1] x [k + 1]

identity matrix. So if we define the function J : R¥ — R as

5= | (1rolles = 20 | (23
2
we can rewrite (2.7) into
in J 2.9
nin, (Wk) (2.9)
and if we recall that I = Q,yx, we can conclude that
o MRS = 20 + Qry, (2.10)

where y;, minimizes J(y). We can formulate the above process as an algorithm

[2]:

Algorithm GMRES.
Given xg

Set ro = b — Azg and g1 =70/ ||ro]|5
2. Iterate:
for 5 =1,2,..., k, ..., until satisfied do;

Set h; ; = (Agj,q5),i=1,2,...., 7,
Qi1 = Ay = 221 hiji
hjt1,5 = ldj+1ll5, and
Gi+1 = Gi1/hjra;
Find y,, which minimizes min,, cgx J(yx)

GMRES
k

Form the approximate solution: x =20 + QrYk

where (., .) denotes the dot product and ¢; denotes the ith column of Q.
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2.2 Anderson Acceleration and GMRES

In this section we explore some very strong relations between Algorithm AA
and GMRES. To begin with we assume throughout this section that Anderson
Acceleration is applied to a linear function the form g(z) := Az + b with A €
R™*™ and b € R™. The logic supporting Algorithm AA can easily be made

clear in this case. At iteration k we have that

M mg
k k
Th4+1 = ZOZE )g(:rk—m,k—i-i) = g(z O‘E )xk—Mk+i) = g(zmin)v (211)
=0 =0

with Zmin = Z:’;’“O agk)xk,mkﬂ». Furthermore, the fixed-point residual of i,
is

me mg mg
k ! k
9(5 oy )xk—mwi) - E A ap i = E Mg, (2.12)
=0 1=0 i=0

and if we take the norm of this we get precisely what «(*) minimizes in (1.2).
Hence, @iy is the weighted average of {zx_m,, ..., Tx} with minimal fixed-point
residual, and to obtain the next iterate we plug this into g.

Now that we understand how Algorithm AA works in the linear case, one
might ask how this relates to GMRES, which is applied to a system of linear
equations, not a fixed-point problem. In Algorithm AA we are looking for a
fixed-point x such that

Az +b—z=0 (2.13)

and by rearranging this equation we get
b+(A—DNx=0& (I —A)x=hb. (2.14)

Thus, finding a fixed-point of a linear function g(z) = Az + b and solving the
linear system of equations (I — A)x = b are equivalent formulations of the same
problem.

What we are going to show, is that if GMRES is applied to the system (I —
A)x = band Algorithm AA is applied to g(x) = Axz+Db, then these are equivalent
in the sense that the iterates of each algorithm can be obtained directly from the

iterates of the other algorithm. This is true under some assumptions, firstly we
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assume that we do not apply truncation in Algorithm AA; that is; my = k. We
also assume both algorithms start at the same initial point, denoted xé‘A =y
for AA and GMRES respectively. Since GMRES is applied to (I — A)x = b,
we denote, for each j, the jth iterate of GMRES as x]GMRES and the residual
is defined as TJC;MRES =b— (- A)x?MRES. The Krylov subspace generated

by (I — A) and r§$MBES will be K= span{r§{MRES ([ — A)pGMRES (1 —

A)I—LpSMRESY - We summarize all the assumptions below, as formulated in [3]:
Assumption 2.2 ([3], Assumption 2.1).

1. g(x) = Az + b for A€ R™*™ and b € R™

2. Anderson acceleration is not truncated, i.e., my = k for each k

3. (I — A) is non-singular

4. GMRES is applied to (I — A)x = b with initial point zg = z{4
We now move on to the main theorem, as formulated in [3].

Theorem 2.3 ([3], Theorem 2.2).
Suppose that Assumption 2.2 holds, and that, for some k > 0, r,?iVIIRES #0
and also ||7"J(»;_IV{RESH2 > Hrjc’l\/IRESH2 for each j such that 0 < j < k. Then

Zk (k) AA _ 2 GMRES
=Ty

GMRES
i=0 @ T

and xp = g(a}, ).

Before we move on to the proof of the theorem, there are some additional
assumptions specified in the theorem that have some implications. Firstly, we
see that we do not allow for stagnation in the GMRES algorithm before iteration
k, or in other words, the norm of the residual is decreasing with each iterate. At
iteration k, we do allow for r,S’_N{RES = TEMRES # 0, a case which is investigated
in Proposition 2.8.

GMRES
k

Moreover, the theorem allows for the case r = 0, which is discussed

and investigated in remarks 2.5 and 2.7 and Proposition 2.6.

Proof. Firstly, for i« = 1,...,k we define z; := x?A — x9. Now we prove the

theorem in two steps, by proving the two claims below, from which the theorem

directly follows.
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Claim 1. For 1 < j < k, if {z1,..., z;} is a basis of K;, then Zf:o agk)fo =

kaMRES GMRES)_

AA _
and 33 = g(x);

Claim 2. For 1 < j <k, {#1,...,2;} is a basis of ;.

We begin with proving Claim 1. Firstly, as defined in Algorithm AA, we have
fo= g(l‘o)—l‘o = Arg+b—x9 = b—|—(A—I).Z‘0 = b—(I—A)JZO = ’I"S}MRES, (215)

where everything follows from definitions. For ¢ = 1, ..., kK we have that

fi= g(x?A) —

= A:C?A —I—b—x?A

(2.16)
:b+AIJCO*.T0+AZi*Zi

:b—(I—A)l‘o—(I—A)Zz
:T'(?MRES—(I—A)Zi,

A — 2, + 2o from the definition of

where in the third equality we substitute xf‘
z; and the rest is simply rearranging. From (2.15) and (2.16) we get that, for
the Fj of Algorithm AA and any a = (g, ..., ax)T, we have
J J
Fia=> aifi=aofo+ Y oif;

=0 i=1

J
_ Ozo?”OGMRES + Zai(,rg}MRES _ (I _ A)ZZ)

i=1

j j (2.17)
_ Z Ozi?“(();MRES _ Z ai([ — A)Zi
i=0 i=1
i j
_ TS}MRES(Z @) —(I—A) Z 0%,
i=0 =1

where we use (2.15) and (2.16) in the third equality.
From this we will be able to show that a/) = (oz(()j)7 . a§j))T with aéj) =
1- 2]1 agj) solves

J
min%)T |Fjall, such that » ;=1 (2.18)

a=(ag,.--,0 P
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if and only if (agj), . a§-j)) solves

J
TS}MRES (I—-A4) Z ;2 (2.19)

2
The logic behind the equivalence is as follows, from (2.17), we see that (2.18)

is equivalent to the problem

J
GMRES E :Oéz [ A § :azzz
=0

J
such that Zai =1,
2 =0

min
a:(a07"'aaj)

(2.20)

which is the same as

min
O‘:(ao""’o‘j)T

J
such that Z a; = 1. (2.21)
2 =0

GMRES [ A Z ;7

In the above argument, we can see that oy does not affect the norm, so we can
use this degree of freedom to remove the constraint by setting ag = 1— Zgzl ;.
From this we get the equivalence of the solution of (2.18) and (2.19).

We now use the assumption of Claim 1 that {z1, .., z;} is a basis for ;. From
this we see that (2.19) is in fact a GMRES minimization problem on the form
(2.3), where (o, ..., ) are the coefficients of the basis elements of the Krylov
subspace. A consequence of this is that the solution o) = (a(()j), s ag-j))T to

(2.18), also satisfies the the following relation
J ) ) J _
3ol =l 3l

(J AA+ZaJ) (o + 2)
i— (2.22)

ol - o) + Sl
2 2

=0+ i,GMRES J(}MRES,

where the last equality follows from (agk), cey ag-k))T being the solution to (2.19).
This proves the first part of Claim 1.
Now we apply ¢ on both sides of (2.22) to show the second statement of
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Claim 1
J
g(a$ GMRES) (Za xAA) = Z%(-J)g(xfm) = x?—lj}lv (2.23)
i=0

where the second equality follows from the linearity of g and the third follows
from the definition of the next iterate in Algorithm AA. From this, Claim 1 has
been proven and we move on to proving Claim 2.
We prove Claim 2 by induction over j and thus begin with the basic case of
z1 being a basis for £y = span{r(?MRES}. It follows from the definition of z;
that
z = xf‘A — 2o = g(zg) — 20 = rg’MRES (2.24)

and what is left to show is that r§MRES

of the theorem we have that ri™MRFS 2 0 and ||[r$MRES|| > ||rFMRES|| - for

is non-zero. From the assumption

j=1,..,k — 1, thus, we have

GMRESH2 > HT?MRESHQ

TER > ||rMEES|, > 0. (2.25)

Therefore z; = {r§MRES} is a basis for K3 and for the basic case k = 1 the
theorem is proven.

Now we assume k > 1 and use that, for some 0 < j < k, {z1,...,2;} is a
basis for IC; as an induction hypothesis to prove that {2, ..., zj41} is a basis for
Kj+1. We do this by first proving that z;41 € KC;11 and then that z;11 ¢ ;.
Firstly, we have that

GMRES)

AA
Zj+1=$+—339( To =

= AgGMRES 4 j _ g 4 pGMRES _ jGMRES
=b—(I - A)acJGMRES xo + xGMRES (2.26)

:TJGMRES w0 + 25

GMRES

_ T,JC}MRES i iJC}MRES7
where the second equality follows from Claim 1. Moreover, by the induction

~GMRES

hypothesis, &} can be represented by the basis {z1, ..., z;}, so we get

J
Zjq1 = TJGMRES + ZO&Z(])Zj, (227)
=1
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for the (a(j), o a§-j))T which minimize (2.19), since 2FMRES — 5:1 al(j)zj for

this ag-j ) by the characterization in (2.3). From the definition we have that

pOMRES _ ) (1 A)OMBES — § (] — A)(zy + 3GMRES)
=b— (I - A)zo — (I — A)gFMRES (2.28)
— pGMRES _ (1 _ 4)3GMRES,

Moreover, we have that r§MRFS € ;1 and (I — A)2§MRES € ICj1, which

implies r§MRES e [C;,,. By the induction hypothesis the second term of
(2.27) is also in Kj41, thus, we conclude that zj4q1 € Kj;41. Furthermore,
: GMRES GMRES GMRES :

since Hrj_l H2 > Hrj H2 > Hrk_l H2 > 0, it follows from Lemma 2.4
that 7{MRES ¢ K05 From this and (2.27) we can conclude that z;;, cannot de-
pend linearly on {z1, ..., 2; }, which implies that {z1, ..., zj41} is a basis for IC; 1.

Thus, the induction proof of Claim 2 is done and the theorem is proven. O

To complete the proof of Theorem 2.3, we also need to prove the following

supportive lemma.

Lemma 2.4 ([3], Lemma 2.4).
Suppose that GMRES is applied to Mx = b with M non-singular. If ||TﬁAfRES||2 >

Her]V”wSH2 > 0 for some j > 0, then rfMRES ¢K;.

Proof. For the sake of simplifying the proof, we define Ky = {0}. For ¢ > 0,

— rGMRES = gGMRES

denote 7y : and xp :

(M’Cg)l by Ty

and the orthogonal projection onto

To begin with, we prove that 7;r;_; = r; by induction over £ =1, ...,j. We
have that

= i b — M T = i — MA
Irell, = min | (o +&¢)ll, = min flro — M|,

(2.29)
— minflro el

from which it follows by the minimizing property that; y, = Mz, is the orthog-

onal projection of ry on MK, and r; is the orthogonal projection of ry on the

orthogonal complement (M/C,)*, or in other words

TeTo = Tp. (2.30)
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The base case £ = 1 follows directly from this, so we make the induction hy-
pothesis that; for some k such that 1 < k < j, we have that 7yry,_1 = ry for all
1 < ¢ < k and we need to show that this implies wgrx_1 = . We begin by

observing that the induction hypothesis implies that
TETk—1 = TkT—1Tk—2 — ... = Tk...TQTQ. (231)

Since M is nonsingular, we have M/, 1 C MK, and consequently (MK,)* C
(MKy_1)*t, for £ = 1,...,5. Therefore, we are dealing with orthogonal projec-

tions to successively smaller nested subspaces and it follows that
T...TOT9 = TETQ- (2.32)

As a consequence of (2.30), (2.31) and (2.32), we have that mpr_1 = mro = 7%,
which completes the induction and proves that m;r;_; = r;.

With this property proven we go on to finish the proof by contradiction.
From the assumptions of the Lemma we have that r; # 0 for some j > 0. Then if
we assume r; € K;, we get that r; € K;N(MK;)*+ C K;N(MK,;-1)*. Moreover,
we have that KC; = span{ro, Mro, ..., M7~ 'ro} and MK;_; = span{Mrq, ..., M7~ rg}.
If we let {q1,...,q;} and {go, ..., ¢;} be orthogonal bases for K; and MC,;_; re-
spectively, so that ¢; is the additional dimension of KC;, then we see that ¢; is the
only dimension shared by K; and (MK;_1)*. Consequently, K; N (MK;_1)*
is a one-dimensional subspace, which contains both 7;_; and r;, which implies
that r; = Ar;_; for some A € R. But then r; = m;r; = Am;rj_1 = Ar; by the

relation proved above. Since r; # 0 we have that A = 1, which implies r; = r;_;

and [|r;[|, = |[rj—1|l,, which contradicts an assumption of the Lemma and we
can conclude that r; ¢ KC,. O
Remark 2.5.

If in addition to the assumptions of Theorem 2.3 we have that r,?MRES =0,

that is, the GMRES algorithm finds an exact solution after k iterations, then

TSMRES — b _ (I _ A)kaMRES — 0
& b+ AzGMRES _ [ GMRES (2.33)

pGMRES) _ , GMRES

S
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Moreover, by Theorem 2.3, we have that in this case x?ﬁl = g(zCMRES) —

J:SMRES, which is a fixed-point, and thus the AA algorithm would find an exact

solution and terminate after k + 1 steps.

We now derive the following proposition which shows us some further impli-

cations in the case where TI?MRES =0.

Proposition 2.6 ([3], Proposition 2.6).
Suppose that the assumptions of Theorem 2.3 hold. Then rank Fy, > k, and rank

F,. =k if and only if rkGMRES =0.

Proof. We use the relation (2.17) developed in the proof of Theorem 2.3, with

j =k, and we see that Fya = 0 with o = (a, ..., ax) T if and only if

k k
(I—A)Zaizi = rg’MRES(Zai), (2.34)
i=1 i=0
from which it follows that
k k k
(I-A)) iz =06 S (Y a) =06 > a; =0, (2.35)
i=1 =0 =0

where the last equivalence follows from r{™MBES o£ 0. Furthermore, since (I — A)
is of full rank and {z1, ..., 2z} are linearly independent, we have that

k
(I-4)) eizi=0sa=0. (2.36)
i=1
Therefore, when considering non-trivial solutions to Fra = 0, that is, solutions
where a # 0, it follows from (2.35) and (2.36) that Zf:o a; = A for some
A € R\{0}. Now suppose we have two non-trivial solutions o = (ap, ..., ax) T
and & = (&g, ..., )T to Fra = 0 such that

k k

Zai = A and Z@i =\ (2.37)

i=0 i=0
Then from (2.34) and (2.37) we have
(I—-A) Zle aiz; = ArgMRES

(2.38)
(I —A)YF @z = Ar§MRES
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which is equivalent to

k
_A)
GMRES =
3 ;az
(I - A
)Zaizi:O

=t (2.39)

_:4) S\Zalzl — /\Z@iZZ) =0

>
~/~

=

(]
k
ZZ’ i — Aa;) = 0.

Consequently, from the same argument as before that (I — A) is full rank and

>/

{#1, ..., 2.} is linearly independent, we have
Aa—da=0sa=(ANa, (2.40)

which means any two nontrivial solutions depend linearly on each other and
therefore Dim(Ker(Fy)) is at most 1. From the definition of Fj we have that it
has k + 1 columns, which implies rank Fy > k.

What is left to prove is that rank Fj = k if and only if TSMRES =0. We
have that rank F), = k if and only if there exists an o = (ap, ..., ;)T such that
Zf:o @ = X > 0 and Fra = 0. If we define a®) = (a(k) oz,(f)) = (1/MNa
then Zf:o az(-k) = 1 and if we plug this into (2.34) we get

k
(I—A) Zagk)zl _ TS}MRES

. (2.41)

& rgMRES (1 - 4)Y a2 =0,
i=1
which is the GMRES minimization problem in (2.19). Thus, it follows by defi-

GMRES GMRES _

nition that r;;

0 < rank Fj, = k. O

= 0 if and only if (2.41) holds and consequently, 7

Remark 2.7.
According to Proposition 2.6, when TSMRES = 0 we get that Fj, € Rm*(k+1)

is not of full rank. But since (2.19) is a least square problem with a unique
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solution, which is equivalent to (2.18) under the assumptions of Theorem 2.3,
we have that (2.18) has a unique solution, which implies that .Z';?_fl can still be

determined uniquely.

As previously mentioned, the assumptions of Theorem 2.3 allow for stagna-
tion of GMRES in the kth step, that is; r,?_l\/{RES = TSMRES # 0 and in the
following proposition we investigate what implications this has on Algorithm

AA.

Proposition 2.8 ([3], Proposition 2.8).
Suppose that the assumptions of Theorem 2.3 hold and that r$MEES = y GMRES o
0, then zpf, =zt

Proof. For j = k — 1 we know that (2.19) has a unique solution a*~1) =
(a%kil), ...,a,(f:ll))T. Furthermore, since rGMRES = pGMRES e have that the
unique solution of (2.19) for j = k is a® = (¥ a,(f:ll), 0)T since for this

a®) we have

Kk
GMRES GMRES (k)
Ty =ry - -4 E ziy;
=1

1 (2.42)
= TSMRES - -4 Z ziagk_l) = TS_MlRES.
=1
With this a®) and Theorem 2.3 we get
k
o, = g@PIS) — (3" o)
i=0
1 (2.43)
k—1
=Y o Vgt = et
i=0
O

From Proposition 2.8 we see that stagnation of GMRES in the kth step
implies that z{#, = 24, meaning stagnation of Algorithm AA in the (k+1)th
step. This in itself does not seem too bad since GMRES does not break down
upon stagnation and can continue making progress, but we will see that this is

not the case for Algorithm AA.
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It follows by definition that fr.1 = g(x‘,?_fl) — x‘,?_fl = g(zihA) —ap? = fi,
meaning the last two columns of Fj 1 are the same. This means that the least
square problem (1.2) is rank deficient for Fj; and lacks a unique solution. An
approach to deal with this problem could be to add further specification of how
to pick a**1) so that x’,:fg can be uniquely determined, but we will see that

this would be pointless.

In iteration k, the unique solution to (1.2) is a(®) = (ozék), ...,aék))T. In
iteration k + 1, the argument of the norm in (1.2) can be rewritten into
Fk+104(k+1) = a(()k+1)fo + ...+ az(ckﬂ)fk + Oélgf:rll)fkﬂ (2.44)

=™ fo+ ot (@ 1ol fi

Therefore, any solution to (1.2) in iteration k+1 satisfies a+1) = (o ..., oz,(ck_)l, (1—
A)a,ik), Aa,(ck))T for some A € R. From this and the fact that zj® = 2p* we get

the next iterate

k+1
AA _ (k+1) AA
T2 = Z% g(@i?)
i=0

k—1
=" aM @) + (1 - Nafg(ap™) + Aafg(apy)
. (2.45)
=" aPMg(a) + (1 - ) + Nglap™)af
1=0

k
= Z agk)g(mfm) = xﬁfl VA eR,

1=0

or in other words, no matter how we specify the solution of (1.2) for iterate k+1,

we have that zp4 = x?ﬁ‘l = xﬁ‘fQ. From this we see that frie2 = fit1 = f&
and repeating this process shows that x?A = zfﬁl = xﬁf2 = ..., meaning that

if stagnation occurs, Algorithm AA can make no further progress.

Moreover, if two successive iterates are nearly the same so that ac,‘j_ﬁ‘l ~ rhhA

then we expect ill-conditioning of the least squares problem (1.2) in floating
point arithmetic. Therefore, a practical implementation of the algorithm should
terminate in either of these scenarios. This is a numerical weakness of Algorithm

AA not prevalent in GMRES, which does not break down upon this type of
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stagnation.
Additionally, if GMRES would stagnate in the sense that (I — A)F~1 =T
then it would follow that k), = span{r§MRES | pSMRES (1 fg)k=2 (GMRES} —

Kx_1, implying r, = rp_1 and hence Algorithm AA would also stagnate.

2.2.1 A system with a preconditioner

In this subsection we consider problem (1.3) with a preconditioner. A precon-
ditioner is commonly used to speed up the process of solving a system of linear
equations, and is typically an easily obtained approximation of the inverse of A,
multiplied from the left to improve the system while using an iterative process

such as GMRES.

Definition 2.9.
Assume we have a system of linear equation as in Problem 1.3 and that M~ €

R™*™ 4s a non-singular matriz, then
M~ YAz =M (2.46)
15 a left preconditioned system with the preconditioner M.

If we also use the the matrix splitting A = M — N with M, N € R™*™ and
M is non-singular, then we can reformulate the problem
M Az =M"'be M (M~ N)x=M""b
(2.47)
S(I-M*'*Nz=M"'ve M 'Ne+ M 'b=u2.
It is now a fixed-point problem with g(x) = (M ~1N)z+ M ~1b. In the following
corollary of Theorem 2.3, we use this to show that Anderson Acceleration ap-
plied to this g without truncation is, in the same sense as previously, equivalent
to GMRES applied to the left preconditioned system M ‘Az = M~'b. We

summarize our assumptions below.
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Assumption 2.10 ([3], Proposition 2.9).
1. A= M — N, where both A € R™*™ and M € R™*™ are non-singular.
2. g(x) = M~'Nz + M~1b for b e R"
3. Anderson acceleration is not truncated, i.e., my = k for each k

4. GMRES is applied to the left preconditioned system M ‘Az = M~'b

with initial point z¢ = z{*.

Our notation is the same as before except r§MRES = M ~1p — M~ NgGMRES,

Corollary 2.11 ([3], Corollary 2.10).
Suppose that Assumption 2.10 holds and that, for some k > 0, TSN{RES #0

and also "rf_l\/{RESHQ > “r?MRES‘Iz for each j such that 0 < j < k. Then

Zk (k) AA _ 2 GMRES
- Yk

GMRES
im0 QG T xy ).

and zp = g(

Proof. We know that A = M — N is non-singular, therefore multiplying by the
non-singular matrix M cannot reduce the dimension of the image space and we
get that M—1A = M~Y(M — N) = (I — M~!N) is non-singular. If we now
replace A and b of Theorem 2.3 with A:=M"'Nandb:=M"1b respectively,

then we see that all the assumptions are satisfied. O

Due to the numerical weakness discussed at the end of Section 2.2, Algorithm
AA is not recommended as a substitute to preconditioned GMRES, but the

option does exist.

2.2.2 AA with the Least Square Problem on Unconstrained

Form

Before moving on to testing the relation between Anderson Acceleration and
GMRES numerically, we note that there are several equivalent forms of the
least squares problem (1.2), which can have different advantages. In the imple-

mentation later, an unconstrained form is used, so that the QR algorithm can
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be used to solve the system, since this was recommended in [3]. We will use the

equivalent form of (1.2);

min 1 fi = Fivlly » (2.48)
Y=¥sers¥my—1)T

where Fr, = (Afr—my, -y Afr—1) with Af; = fiy1 — fi for each i, and where o
and v are related by

o = "0
=y —Yiep for 1 <i<mp—1 - (2.49)

Oémk =1- 'Ymk—l

It follows from the lemma below that they are indeed equivalent.

Lemma 2.12.
In iteration k of Algorithm AA, a'®) solves (1.2) if and only if v**) solves (2.48),
where a®) and %) are related by (2.49).

Proof. Firstly, we have that the argument of the norm in (2.48) can be rewritten

as follows
mkfl
fe=Fiy=Fe— Y % Afoomits) =
i=0
mk—l mk—l
Jre — ( Z Vifk—mitit1 — Z 'Vifkkari) =
=0 =0 (2.50)
my mp—1
e — <Z%‘-1fk—mk+i - Z ’Yz‘fk—mk.+¢> =
i=1 i=0

mp—1
S = Je¥mi—1 + Y0 fr—m,, + < > (- %‘—1)(fk—mk+i)> =

=1

mkfl
(1 = Yme—1)fr + Y0 fr—my + ( > (- 'Yi—l)(fk—mk—&-i))
i=1
mp
= Z ai(fk—mk-l-i) = Fka7
i=0
where we used relation (2.49) in the second to last equality. From this it follows

that v(*) solves (2.48) if and only if a®*) solves

min | Frr||, such that (2.49) holds. (2.51)

a=(ag,...,ax
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Furthermore, we have from (2.49) that for 2 < j <my — 1

v =0 +yjm1 = + (a1 +y-2) = ... = ZO&j (2.52)

and using the above relation we see that (2.49) implies ap,, = 1 — Ym—1 =
1=y " a;, from which it follows that S a; = 1. Therefore, v%) solves

(2.48) if and only if a®) solves

myg
( min ||Fka\|2 such that Zal =1, (2.53)
«Q ap i—0

which is the same as (1.2). O

Lastly, the next iterate of Algorithm AA can be obtained directly from ~(*)
by

mig— 1
Tpt1 = g(@k) Z V9@ hmmpritr) = 9@ rmmri)], (2.54)
since
mkfl
k
g@r) = > AP 9@k mitit1) = 9@y
1=0
mkfl
k
=g(zk) + Z %‘() (Th—my+i) Z% 19(Tk—my +i)
1=0
mp — 1
k k k
=g(xr) =78 9(@r) + 1 g@—m) + Y (1 =gk, 1) (2.55)
i=1
mp—1

=al¥) g(xk) + af” (@ —m,) Z ot g (@ —my41)

mpg

_ (k) _

= E :O‘i I(Tk—my+i) = Tht1,
i=0

where we use (2.49) in the third equality.
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Chapter 3

Numerical Implementation

3.1 The Finite Difference Method and Implicit
Euler
In this section we consider the differential equation

Ui(x,t) = Upy(x,t) + f(z), x€]0,1], ¢t>0
U,t) =U(1,t) =0 : (3.1)

U(xz,0) = U%x)

for some given functions f and U°, where the subscripts indicate with respect
to what variable the derivative is taken. For some choices of f and U? it is
rather simple to solve this problem analytically, but for other choices it can be
extremely hard or even impossible, therefore it is natural to look for ways to
find an approximate solution. In this section we will place our focus on the
finite difference method, a way of approximating U (z,t) through discretization,
which is described below.

Firstly, we discretize the interval [0, 1] on the x-axis by only considering a
vector of function evaluations of the points {zy,...,2,}, where x; = i/n for

0 <7 < n, which we will denote with an underline. We also discretize ¢ by only

25
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considering t, = (At for £ > 0, for some time step At, where a superscript will
indicate which time step is considered. With the boundary condition U(0,t) =
U(1,t) = 0, we can simplify by disregarding the endpoints and only consider

{z1,...;xn—1}. From this we get the discretization of the first line in (3.1):
Ui =Us+f, €20, (3.2)

where Ut = (Uy (@1, t¢), oo, Up(2n—1,t0)) T, Ul s = (U (@1, t0)s ooy Unar (1, )T
and f = (f(z1), oo f(2n-1)) "

Secondly, we approximate the first derivative of U with respect to x with

the difference quotient

U(wiy1,te) — Ulziste) O<i<n-—1,

Uz (24, t0) = , , (3.3)
Ax t >0
where Az = 1/n. By applying a similar process, we can get
U(zit1,te) — 2U (i, ) + Uiz, t l<i<n-—1,
Ua:a:(xiatg) ~ (33 +1 Z) y ’2 é) + (x L 5)’
z te >0

(3.4)
Moreover, the initial condition U(0,t) = U(1,t) = 0, implies Uy (x1,t) =
U(rz,te)A—zQU(rutz) and Upg(€p_1,t) = ’2U(””"*1’Z;JQU(””"*2’“). This gives us the

following approximate discretization of Uy, in {21, ..., xn—1}

Us, ~ AU, (3.5)
where
2 1 0 0]
1 -2 1
1

A=x510 1 -2 - , AeRMDx(D, (3.6)

1

0 1 -2

and U = (U(z1,t¢), ..., U(xn_1,t¢))T. This lets us approximate (3.2) by

Ui - AU =f, ¢>0. (3.7)
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With this approximation we can apply the implicit Euler method over t,
which leads to the the following iterative process for finding approximations of
U  at time to

U™ =U" + AHAU + f), £>0, (3.8)

where U’ = (U°(z1),...,U%(x,_1))T.
On closer inspection we can see that (3.8) is a fixed-point problem and by

expanding and sorting the terms, we get the equivalent form
U™ = (AtA)U™ + (U + Atf). (3.9)

Moreover, if at time t;, we let M := AtA, b:= (U* + Atf) and g(u) = Mu + Db,
then we get the problem on the form (1.1)

Ut = g(Uh), (3.10)

where g is a linear function. Furthermore, we also get the equivalent system of
linear equations

(I - MU =b, weR™"L (3.11)

Consequently, we can not only apply Anderson acceleration to problem (3.10),

but also GMRES to the equivalent problem (3.11).

3.1.1 Implementation

Since the primary purpose of (3.8) to us was to test the relation between Algo-
rithm AA and GMRES on a common problem, we only consider the case ¢ = 0,
since all following iterates could be obtained by solving a problem of the same
form.

For problem (3.8), the three solution methods, fixed-point iteration, Ander-
son Acceleration, and GMRES, were all implemented in Python as methods of
a class called FDM. The three inputs when creating an object of the class FDM

were n, f and U°. In the initialization of FDM, the following was created as
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attributes of the class.

M = AtA
b= U"+f) (3.12)
g(z) =Mz +b

Additionally, three empty lists, called AAnormRes, fixPnormRes and GM-
RESnormRes were created as attributes, with the intention to store the relative
norm of the residual; 74|l = [|g(ur) — urlly / [|g(ur)||5, for iteration & = 1,2, ...,
where up was the iterate of the respective algorithms.

Inputs for all methods of the class were an initial guess of the fixed-point U,
and optional inputs "tol” for the tolerance, At for the size of the time step and
”it” for maximum number of iterations, with default values 10715, 10~6 and 100
respectively. An additional input unique to Anderson Acceleration was m for
truncation, with default value —1, which represented truncation being inactive.

Regarding how the three methods were implemented, GMRES was imported
from the library scipy.sparse.linalg and the method in the class simply ran GM-
RES by providing the necessary inputs. Anderson acceleration was implemented
as in Algorithm A A, except that (1.2) was replaced with the unconstrained form
(2.48) and the update of the iterates was given by (2.54). Fixed-point iteration
simply followed Algorithm FPI.

All of the algorithms checked whether ||r|l, < tol, at the end of every
iteration to determine whether or not convergence had been reached, in which
case they could declare success. Moreover, |r||, was stored in AAnormRes,
fixPnormRes and GMRESnormRes for the respective algorithm. Furthermore,
the methods for both Anderson Acceleration and GMRES returned all of the
iterates and additionally, unique to the method for Anderson acceleration, was

that it also returned the list of the solutions -, to (2.48).



3.2. RESULTS 29

3.2 Results

Problem (3.8) at time step ¢ = 0 was solved using the methods of the class
FDM, for two different pairs of U° and f, first

f(z) = sin’(x)

U%(x) = sin(rx)

(3.13)

and then
f(x) = cos?(x)

Ul(z) =23 — %xQ + %ac

, (3.14)

where the initial guess for Ul = ug was chosen as the zero vector, note that
both functions satisfy the initial conditions. Both cases were tested with both
n = 500 and n = 1000. Anderson acceleration was implemented on these cases
both with and without truncation. For "tol”, At and ”it”, the default values
10715, 1076 and 100 were used respectively. Plots of the relative norm of the
residuals against iteration number for the methods implemented on the 4 cases
can be seen in Figures, 3.1, 3.2, 3.3, and 3.2.

Lastly, the returns from the methods for Anderson acceleration and GMRES
were stored and then v was translated to aj using relation (2.49). Theorem
2.3 could then be directly tested and for n = 500, the relations held true to an
order of about 10716 for the first 10 iterations, which is very close to machine
precision, but when iteration 20 had been reached, the relations were on the
order of 10714, likely due to round-off errors. For n = 1000, the relations held
true to an order of about 10716 for the first few iterations, but at iteration 10
the inaccuracy had already reached an order of about 1074, which is not too
surprising, since we expect worse approximation errors when dealing with larger

matrices.
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Norm of the Residuals Against Iterations, n=500

100—+—F—F— 11— Algorithm AA
ffffff Fixed-Point Iteration.
o] GMRES

""" Algorithm AA, m=3
—————— Algorithm AA, m=7

Norm of the Residual

0 10 20 30 40 50 60 70 80 90 100
Iteration

Figure 3.1: The relative norm of the residuals at each iteration for different
algorithms implemented on (3.8) for £ = 0. Here we have n = 500, and the con-
ditions (3.13). Algorithm AA can be seen three times, since it was implemented

both without truncation and with m set to 3 and 7.

Norm of the Residuals Against Iterations, n=1000

0% v Algorithm AA
------ Fixed-Point Iteration.
"""" GMRES
101 Algorithm AA, m=3
------- Algorithm AA, m=7
E -
o
w
&£ 1072
[
-
S
by
o
E10-3
o
=
1074

0O 10 20 30 40 50 60 70 80 90 100
Iteration

Figure 3.2: The relative norm of the residuals at each iteration for different
algorithms implemented on (3.8) for ¢ = 0. Here we have n = 1000, and
the conditions (3.13). Algorithm AA can be seen three times, since it was

implemented both without truncation and with m set to 3 and 7.
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Norm of the Residuals Against Iterations, n=500

10°
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Norm of the Residual
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—————— Fixed-Point Iteration.
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""" Algorithm AA, m=3
—————— Algorithm AA, m=7

0 10 20 30 40 50 60 70 80 90 100
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Figure 3.3: The relative norm of the residuals at each iteration for different

algorithms implemented on (3.8) for £ = 0. Here we have n = 500, and the con-

ditions (3.14). Algorithm AA can be seen three times, since it was implemented

both without truncation and with m set to 3 and 7.

100—+—F—F———— Algorithm AA
Hdor 0 Fixed-Point Iteration.
o GMRES
Algorithm AA, m=3
1071 I e N s Algorithm AA, m=7
E
S {
(7] H
[] H
o« |
gio7f 4
+ H
— ]
o |
£ |
o |
103§
1074 »‘«“»;:

Norm of the Residuals Against Iterations, n=1000

Iteration

0O 10 20 30 40 50 60 70 80 90 100

Figure 3.4: The relative norm of the residuals at each iteration for different

algorithms implemented on (3.8) for £ = 0. Here we have n

the conditions (3.14). Algorithm AA can be seen three times, since it was

implemented both without truncation and with m set to 3 and 7.

1000, and
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3.3 Discussion

Firstly, the theory of Section 2.2, more specifically Theorem 2.3, was supported
by the numerical implementation since the relations of the theorem held true
very close to machine precision.

Secondly, we observe Figures 3.1, 3.2, 3.3 and 3.4. We see that in all of the
examples, the algorithms terminate either because of divergence or because the
maximum number of iterations was reached, but since this is a system without a
preconditioner, GMRES is expected to converge very slowly and therefore these
graphs seem reasonable.

In all of the figures, we can observe the close relationship between the iterates
of Algorithm AA and GMRES and see that the algorithms had nearly identical
convergence rates, which was far superior to that of fixed-point iteration. This is
great since one of the main issues of fixed-point iteration is that the convergence
rate can be too slow.

An important observation is that in Figures 3.2 and 3.4, the iterations of
GMRES seem to be very close to stagnation, but surprisingly, the stopping
criterion Hac,‘jfl - xﬁAH2 < €, implemented to safeguard against the numerical
weakness mentioned at the end of Section 2.2, was never close to being reached.

In the same figures, we can see that Anderson acceleration was convergent
while fixed-point iteration was not, which shows potential to deal with the other
main weakness of fixed-point iteration. However, whether or not Anderson
Acceleration can relieve fixed-point iteration of its issues in any nonlinear cases,
is beyond the scope of this thesis.

As for truncated Anderson acceleration, we see that it converged significantly
faster than fixed-point iteration in Figures 3.1 and 3.3, even for small choices of
m. In Figures 3.2 and 3.4 we can see that it only seemed convergent for m = 7.
However, to figure whether or not it is actually convergent in these cases, one
would have to run many more iterations, since we can see that for m = 3 it

appears convergent for the first 20-50 iterations, but then diverges.
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To summarize, we have shown that in the linear case, Anderson acceleration
is, under some additional assumptions, equivalent to GMRES. Consequently,
Anderson acceleration is somewhat of a generalization of GMRES to nonlinear
cases. Moreover, we implemented Anderson acceleration numerically and were
able to obtain iterates for which the relations held true very close to machine

precision.
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