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Abstract

The detections of over 4000 exoplanets as of today has shown that they exist in a wide range
of different configurations, otherwise known as architectures. Recently, studies have been
made trying to link the environment of host stars to the architectures of their planetary
systems and have found that the architectures of planetary systems may not necessarily be
uniform in the Milky Way. Since effects such as photoevaporation may truncate or dissipate
protoplanetary discs and thus affect the formation and evolution of planetary systems, we
aim to investigate how planetary system architectures are affected by the galactocentric ra-
dius at which their host stars were formed. By determining the ages of stars using a precise
Bayesian fitting algorithm and combining these with their metallicities and models of the
evolution of the radial metallicity gradient in the Milky Way, the formation radii of stars
are determined. By binning the stars in formation radius and estimating the occurrence
rates in each bin through Markov Chain Monte Carlo simulations of a Poisson process
likelihood model which separates different orders of detection, individual multiplicities of
planetary systems can be linked with the birth environment of their stars.

Six-planet systems were found to be the most common multiplicity for all formation radii
and was also the highest multiplicity considered although due to very large uncertain-
ties and the expectation that high multiplicities are common, these results will need to
be further investigated. No statistically significant trend between the occurrence rate of
planetary systems and the formation radius of their host stars was found for any of the
multiplicities considered but the large uncertainties make the results still inconclusive.

KS tests were performed on the orbital period and planet radii distributions of planets
around host stars formed inside and outside a given Galactocentric radius. After debi-
asing for stellar ages, the null hypothesis that the two subsamples of orbital periods and
planet radii were drawn from the same, underlying distribution, could not be rejected for
any formation radius. These results hints towards the formation process and evolution of
planetary systems being independent of the galactocentric radius at which the system was
formed although further investigations are needed.





Popular Science Abstract

Our Solar System is not the only planetary system in the universe. Since the first detected
planet orbiting a star other than the Sun, over 4000 exoplanets have been detected. These
exoplanets live in systems with an incredible diversity. The systems can include single,
giant planets orbiting very close to the star, or they can have multiple planets packed
tightly together. What is causing these different architectures to arise is still unknown to
us. What is known is the fact that planets are formed from a disc of gas which orbits
around a newly formed star, a protoplanetary disc, and the properties of these discs shape
the architectures of the system. The properties of the disc is in turn shaped by the prop-
erties of its host star. The environment in which stars are formed are therefore incredibly
important in shaping the structure of the protoplanetary discs and thus the architectures
of planetary systems. For example, stars formed in very chaotic environments with lots of
stars surrounding them may experience stellar fly-bys which is when two stars fly very close
to each other. The gravity from each star can then cause the planetary systems to become
so unstable that planets get ejected from the systems. This means that it is expected that
planetary system should look different throughout the galaxy since the environment in
our galaxy changes whether or not someone is for example close to the center of it, where
there are plenty of stars, or if someone is in the outskirts, where there are much fewer
stars. Naively then, one might think that it is possible to observe where in the galaxy
planetary systems are, and see if they change. The problem with that method is the fact
that stars move from their birthplace. If a star is formed, orbiting at some radius R1 from
the center of the galaxy, it can, during its lifetime, move to another orbit at radius R2.
This means that the environments in which stars are observed in today are probably not
the environments in which they were born.

All stars are formed from the Interstellar medium or ISM, gas floating around between
each star system in the Galaxy. The metal contents of the ISM, its metallicity, at the
specific time and place in which a star is formed is then kept within that star. The ISM is
not homogeneous, instead its metallicity is changing throughout the galaxy and evolving
over time as stars explode in supernovae, expelling all their formed elements into the gas.
This means that the metallicity in the ISM is unique for a specific time and place in the
galaxy meaning that the metallicity of a star can be seen as a sort of fingerprint from its
birthplace. If both the age and the metallicity of a star is known, it will be possible to
estimate where it was formed, its formation radius.

In this project, the aim is to estimate where in the galaxy stars which are hosting planets
are formed. Then, it will be possible to say something about how the planetary systems
look like depending on where they were formed. However, it is important to note that
it is not possible to detect all planets which are orbiting around any given star. Most
planets today have been detected using the so-called transit method where light from a
star is recorded and if a planet is passing in front of the star from our point of view, the
light dims. By observing how much the light dims, it is possible to determine how large



a planet is. However, since the sizes of planets are incredibly small compared to that of
stars, only large planets orbiting very close to their stars are able to be detected. This
means that the planets we have detected right now are probably not representative of all
of the planets which exists out there in the whole wide universe. To combat this in this
project, a statistical model is set up. It is possible to calculate the probabilities for us to
detect a planet around any given star and by comparing the number of planets we would
expect to detect compared to the number of planets we have detected, it is possible to
estimate the occurrence rates of planets which is the fraction of stars that are expected
to host planets. By comparing the calculated occurrence rates with the formation radii of
their host stars, it is finally possible to understand how planetary system change depending
on where in the galaxy their host stars were formed which might bring useful insight in
what different environmental aspects which might affect the formation and evolution of
planetary systems.
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Chapter 1

Introduction

Ever since the first planet companion around a main-sequence star was detected (Mayor &
Queloz, 1995) more and more detections have followed in its wake. As of writing this thesis,
there are about 4000 confirmed exoplanets in the NASA exoplanet archive (Akeson et al.,
2013) with most of these being discovered by the Kepler telescope (Borucki et al., 2010).
These planets orbit around their host stars in a wide variety of configurations otherwise
known as architectures. Planets have been found to orbit with orbital periods as short as a
few hours (Barragán et al., 2018) while in our own Solar System, Neptune has the longest
orbital period of all known planets with an orbital period of about 165 years. Furthermore,
planets have been observed to have a wide range of physical radii with detected planets
having radii well below and above that of Earth. Planets are thought to have formed from
a protoplanetary disc of gas which orbits around newly formed stars and the structure,
mass, and lifetime of the disc play a key role in shaping the planetary system as a whole
(Raymond & Morbidelli, 2020). Considering that the properties of protoplanetary discs
(e.g. mass) are dependent on the properties of their host stars (Ansdell et al., 2017), it
is easy to assume that the initial architectures of planetary systems are affected by the
properties of the host star. While the properties of the star can set the initial architectures,
it is important to note that planetary systems undergo further evolution after their for-
mation. Effects such as tides from the star on close in planets, atmospheric stripping, and
dynamical evolution causing scattering or changes in the planetary orbits all contribute
to the evolution of architectures. Due to the evolution of planetary systems, it will be
incredibly difficult to be able to predict the architectures of planetary systems formed at
a certain location in the galaxy, however, by understanding how architectures are affected
by formation radius, it will be possible to gain useful knowledge in how impactful the birth
environment is for the formation and evolution of planetary systems.

The metallicities of stars have been shown to have a large effect on the presence of gi-
ant planets with these being more common around metal rich stars (Johnson et al., 2010)
due to the fact that more metal-rich discs causes a more efficient giant planet formation.
There have been made similar investigations on smaller planets and hints towards smaller
planets being slightly more common around more metal-rich stars have been found (Lu
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CHAPTER 1. INTRODUCTION

et al., 2020). Due to the difficulties in detecting smaller planets, these results are however,
still under investigation. Yang et al. (2020) looked at how stellar properties affect the
occurrence of planets and found that hot stars (Teff ą 6500 K) had an occurrence rate
of about 0.35 compared to colder stars (Teff ă 5000 K) which had an occurrence rate of
approximately 0.75. The occurrence rate is an important quantity because it can help us
answer the question of how common planetary systems are throughout the galaxy. There
are generally two different definitions of occurrence rates: the average number of planets
orbiting around a star and the fraction of stars hosting planets. As Yang et al. (2020)
mentions, considering the fraction of stars hosting planets allows one to investigate more
in detail how stellar properties affect planetary systems and so that is the definition of
occurrence rate that will be used throughout this thesis. Santos et al. (2017) found stellar
abundances for different elements in solar neighbourhood stars and used these to infer the
planet building blocks in thin disc, thick disc, and halo stars1 and found that these varied
significantly between the different types of stars meaning that the planetary systems or-
biting around these are expected to vary significantly.

The environment in which a star is formed is not only important for the formation of
the system but also its evolution. Stars are generally formed in giant molecular clouds
meaning that they are often formed in regions with a high density of stars (Lada & Lada,
2003) and thus stellar flybys could be fairly common for these stars. Muñoz et al. (2015)
investigated the effects of stellar flybys on protoplanetary discs and found that close en-
counters could truncate the discs and cause the disc to lose mass, results that are supported
by previous studies by for example Breslau et al. (2014). Li et al. (2020) investigated how
stellar flybys affected already formed planetary systems and found that while close in plan-
ets are resistant to stellar flybys, planets on wider orbits are at risk of being ejected or, if
the outer planets are more massive, cause an interplanetary instability which might eject
planets. Although close in planets, which are the ones that we would be able to observe,
are resistant to stellar flybys, the scattering of planets orbiting far out in the system can
cause instability further in in the system and thus affect the observable planets as well.
A planetary system orbiting around a star in an environment with a high number density
of stars can therefore be at risk of becoming unstable due to the higher probability of
stellar flybys. Further, Rodet et al. (2021) showed that a large fraction of the Hot Jupiter
population2 can be explained through the effect of stellar flybys which can happen in dense
stellar clusters.

Another important consequence of being formed in high stellar density environments is
the effect of photoevaporation which is the result of FUV3 or EUV4 photons from nearby

1For a good review on the structure of the Milky Way, including the the thin disc, thick disc, and halo,
see Bland-Hawthorn & Gerhard (2016)

2Giant planets on short orbits are termed Hot Jupiters although the mass and period ranges vary
throughout the literature

3Far UltraViolet, « 6-10 eV
4Extreme UltraViolet, « 10-127 eV
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CHAPTER 1. INTRODUCTION

young and hot stars (OB stars) transferring energy to the disc, causing it to heat up sig-
nificantly. This temperature increase can then be enough to create a large enough thermal
pressure which causes gas loss, usually in the outer regions of the disc where the gas is more
loosely bound (Guarcello et al., 2016). Photoevaporation can cause significant mass loss
of the disc and has been shown to be a dominating effect of disc truncation and mass loss
compared to stellar encounters (Winter et al., 2018). Winter et al. (2020) used the current
phase space density of stars in the local neighbourhood to separate stars in high density and
low density regions. They then investigated the architectures of planetary systems between
these two regions and found that systems around host stars found in high density phase
space vary significantly compared to stars in low density phase space. While these results
might be mostly caused by an age bias due to younger stars being more likely to host Hot
Jupiters (Adibekyan et al., 2021; Mustill et al., 2021), Longmore et al. (2021) performed a
similar investigation where they investigated how common planets around stars in higher
phase space densities versus low phase space density stars are and found that single planet
systems are much more common around stars in clusters despite not having a significant
amount of Hot Jupiters in their sample. These results show that stellar clustering does
have some effect on the architectures of planetary systems although but the details would
have to be further investigated.

The interstellar medium from which stars are formed is not uniform which means that
the formation of stars does not happen uniformly throughout the galaxy. This can be
seen in e.g. the stellar number density in the Milky Way which can be fit by two expo-
nential functions decreasing with Galactocentric radius (Jurić et al., 2008). Due to the
production of heavier and heavier elements in stars which then get ejected into the ISM
due to supernovae, the metallicity in the ISM also increases over time compared to the
original primordial composition from big bang nucleosynthesis. This means that stars can
be formed and evolve in vastly different environments depending on where in the galaxy
the star is formed. The metallicity of the ISM (and thus the stars formed from it) has also
been shown to vary throughout the galaxy with a reported metallicity gradient of -0.076
dex kpc´1 (Spina et al., 2021).

Naively, one might think that it would be possible to assume that star’s orbits have re-
mained the same throughout their lifetime. It could then be possible to try to relate their
current Galactocentric radius with the architectures of their planetary systems. However,
as shown by Sellwood & Binney (2002), stars tend to radially migrate in the galaxy mean-
ing that the Galactocentric radius at which stars are observed may not necessarily be the
one it was formed on. There are two main processes which cause radial migration. The
first has been dubbed “churning” and is caused by a density wave structure, typically the
bar or a spiral arm, scattering stars near their co-rotation across their co-rotation radius.
This effectively causes a change in angular momentum and thus a change in guiding radius
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CHAPTER 1. INTRODUCTION

of the orbit without changing the eccentricity of the orbit.5 The other effect has been
dubbed “blurring” which is caused by the scattering with a molecular cloud away from
co-rotation with the cloud (Schönrich & Binney, 2009) and leads to an increased eccentric-
ity while the angular momentum, and thus the guiding radius, remains the same. Radial
migration has been estimated to be happening over Gyr timescales (Anders et al., 2020)
which means that the birth environment should affect the planetary systems significantly
as the formation of planetary systems generally happens on Myr timescales (Raymond &
Morbidelli, 2020) and thus planetary systems are formed before the host stars has had any
time to migrate away from the birth environment. Radial migration of stars means that in
order to fully understand the effects the birth environment of a host star has on planetary
systems, it is necessary to in some way estimate the formation radius of the star i.e. the
Galactocentric radius at which the star was formed instead of the Galactocentric radius
at which it is observed. The method we use to estimate the formation radii of the stars
is based on that of Minchev et al. (2018). Therefore, in order to estimate the formation
radii of stars, it will be necessary to not only have accurate abundance measurements of
the star, but also accurate age estimations of it.

The purpose of this thesis has therefore been to investigate how the architectures of plane-
tary systems are affected by the formation radius of the star. Due to the chaotic evolution of
planetary systems, it is difficult to directly infer the effect birth environment has on plane-
tary systems without directly observing young planetary systems. However, understanding
how occurrence rates change with formation radius can help provide further insight into
what different galactic and stellar properties might affect the formation and evolution of
planetary systems. The overall process for this thesis work followed these steps:

1. Find a relevant data set of stars with known abundances where a subset hosts plan-
etary systems

2. Determine the ages of the stars

3. Find relevant models for the evolution of the radial metallicity gradient in the Milky
Way

4. Combine the ages and abundances with metallicity gradient models to estimate the
formation radii of the stars

5. Set up a statistical model to handle detection biases such that occurrence rates and
multiplicities can be estimated for any given population of stars

6. Split up the data set of stars into different formation radius bins and estimate the
occurrence rate on each formation radius bin

5While we use the term eccentricity here, it is not eccentricity in the sense that the star is on a closed
orbit. The eccentricity is in reality the epicycle amplitude and an increase simply causes a star to orbit
over a wider range of radii.
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CHAPTER 1. INTRODUCTION

The thesis is structured as follows: chapter 2 goes over how formation radii of stars are
determined, chapter 3 talks about how the detection bias when detecting exoplanets are
handled, chapter 2 shows and discusses the results of the formation radii distributions
while chapter 5 shows and discusses the occurrence rate results. The thesis is concluded
with future prospects in chapter 6.
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Chapter 2

Determining formation radii

In this chapter, the different components necessary for finding the formation radius
of stars are described. The chapter is structured as follows. First, the method for
determining the formation radii of stars is described as well as the different components
required to do so. Then the origin of the data sets of both the stars and planets used is
described as well as the different cuts that were made on them. Following is the method
used to determine the ages of stars and descriptions of the different metallicity gradients
of the Milky Way that are used since as mentioned, these two components are essential
in order to determine the formation radii of stars.

As mentioned, radial migration processes such as churning can cause the angular momen-
tum of a star to change over time. This ultimately leads to a change in guiding radius of
the star without leaving a dynamical trace (Sellwood & Binney, 2002) meaning that it is
difficult, if not impossible to infer a formation radius kinematically. The method that will
be used to determine the formation radii is the same as that of Minchev et al. (2018) which
is based on the fact that a star’s photosphere retain the elemental abundances of the star’s
original birthplace for a long enough period of its lifetime. A necessary assumption is that
the ISM is sufficiently mixed meaning that stars born at a given Galactocentric radius at
a given time will all have the same metallicity. This assumptions seem to be true for the
present day Milky Way (Nieva & Przybilla, 2012) but is not necessarily true for higher
redshifts where scatter in for example the oxygen abundance has been found (Sánchez-
Menguiano et al., 2018). As discussed by Minchev et al. (2018), this effect is assumed to
symmetric around the mean meaning that while it will affect individual formation radii
of stars, it will not necessarily affect the total distributions significantly. Consequences of
this assumption is further discussed in section 4.3.1. The mixing assumption means that
it is possible to consider the abundances of a star as a fingerprint from the ISM at the
time and place where the star was formed meaning that the abundances that are observed
in the star today will be the same as in the ISM at the place and time of a star’s birth.
Therefore, if it is possible to know how the abundances of the ISM evolved over time and
throughout the galaxy (if it has done so), it is possible to match the abundances of a star
of a certain age to that of the ISM at the time of birth of the star and thus infer the
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formation radius of the star. Critical to this method is also the assumption that there are
no internal processes in the star which would alter the abundance and thus remove the
fingerprint. This is true for iron (Fe) and is in fact true for most elements in both dwarfs
and giants. Therefore, it is [Fe/H] that will be used to infer the formation radius. Here
[Fe/H] is the ratio of the number of Fe and H (hydrogen) atoms in the star on a log scale
relative to the same ratio in the Sun. In theory, it would be possible to use other elements
as well, but there exist fewer models describing the evolution of elements other than Fe
over time and position in the galaxy.

The method also hinges on the existence of models describing the evolution of the metal-
licity in the ISM over both position and time. The models that are used in this project
are described in detail in sections 2.3.1-2.3.4. The metallicity distribution in all models
are assumed to be axisymmetric at any given time meaning that only two coordinates are
needed: Galactocentric radius and time. In order to be applicable it is necessary for the
metallicity to be strictly decreasing (or increasing) over radius for any given time and that
the metallicity is strictly increasing (or decreasing) over time for any given radius. These
constraints are necessary in order to avoid any degeneracies and to allow the models to be
unambiguous. The second constraint is well known, has been shown observationally, and
can be explained by an enrichment process.

During the lifetime of a star, it fuses elements in the core. Late in the lifetime of the
star, due to convective flows within the star, elements formed in the core experience a
“dredge-up” where they get homogeneously mixed in most of the star. The more mass
a star has, the higher temperature and pressure its core can reach, enabling the star to
fuse heavier and heavier elements. The most massive stars (ą 8 Md) are massive enough
for their cores to reach temperatures and pressure high enough such that they are able
to fuse elements up to iron. At the point of their death, they explode into Type II Su-
pernova, leaving only the core. Due to the mixing process, this means that all the fused
elements get expelled into the ISM again, enriching it (Prialnik, 2000). This leads to an
enrichment over time where the metallicity of the ISM increases over time for a given radius.

The first constraint has also been shown observationally. For example, the present day
metallicity gradient is shown to be strictly negative (Anders et al., 2017; Nandakumar
et al., 2020) in the galactic plane.1 Further, Anders et al. (2017) showed, using the Coro-
Gee sample of red giant stars, that the metallicity gradient is negative for any given time.
The cause of this is not yet fully understood but is probably best explained by inside-out
formation of the Milky Way where the inner part of a galaxy gets enriched earlier while
the outer parts, which are formed later, experiences a delayed enrichment process. Further
constraints on the models are that for each metallicity gradient, the resulting formation ra-

1It should be noted that in the innermost radial bin in Nandakumar et al. (2020), the gradient is
positive but the authors note that this bin is plagued by low number statistics which might influence the
results.
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2.1. THE DATA CHAPTER 2. DETERMINING FORMATION RADII

dius distribution needs to have the following characteristics: 1) the youngest age bin needs
to have the same median formation radius as the current median galactocentric radius and
2) the formation radius distribution need to peak at subsequently smaller formation radii
for older populations. The former requirement stems from the fact that it is not expected
for young stars („ 1 Gyr) to have experienced much migration (Minchev et al., 2018). As
seen in figure 2.1, most stars in our sample are situated around the solar neighbourhood
and it is expected then that the youngest of these stars have formed near the solar neigh-
bourhood. The latter requirement stems from the assumed inside-out formation of the
Milky Way (see Minchev et al. (2014) or Bird et al. (2013), for example).

2.1 The Data

2.1.1 Stellar Population

In order to determine anything about a planet population, it is necessary to not only have
accurate data on the planetary systems themselves but also on the stellar properties of
the host stars. While there are plenty of different planet detection missions which have
discovered plenty of planets, none has been as successful in finding as many planets as the
Kepler mission (Borucki et al., 2010), a planet detection mission using the transit method
for detecting planets. The transit mission utilises the fact that when a planet passes in
front of a star from the point of view of the observer, the light from the star dims allowing
an observer to calculate the radius of the planet. By timing each transit, it is also possible
to estimate the orbital period of the planet. The Kepler telescope, launched in 2009 per-
formed a deep sky survey on a single patch of sky during its entire mission lifetime. This
mission set-up means that not only is it uncontested in the number of exoplanets confirmed
so far, it is also very easy2 to perform statistical analysis on the entire sample while taking
into account detection biases.

First, we select the stars in the Kepler stellar table which have completeness products
provided by Mathur et al. (2017). The completeness products of interest are the obser-
vation time Tobs, the duty cycle fduty, and the combined differential photometric precision
for a specific transit duration t (in hours), CDPPt. The duty cycle is the fraction of the
light curve which contains valid data and the CDPP is an estimate of the stellar noise.
We then cross match this stellar table with the catalogue by Berger et al. (2020) which is a
follow-up work from Berger et al. (2018). This stellar catalogue is the results of isochrone
fitting of data from broadband photometry together with Gaia parallaxes and spectro-
scopic metallicities (if possible). The reason for using this specific catalogue is because a)
it uses only known stars in the Kepler field and thus will include a subset of stars known
to host planets b) it has very precise and homogeneous measurements on both stellar mass
and stellar radius which are important parameters when investigating exoplanet systems,
with stellar radii being a key parameter for finding the planet radii. In order to remove

2At least compared to other surveys.
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stars which may have poorly constrained parameters, we remove stars with a Berger et al.
(2020) goodness of fit (iso gof) ă 0.99. Further, stars with a re-normalised unit weight
error (RUWE) ą 1.2 were also removed. The iso gof measures the quality of the Berger
et al. (2020) fit, while the RUWE is a metric which combined several Gaia goodness-of-fit
metrics. The cut in RUWE also helps with removing potentially unresolved binaries that
might pollute the data. These cuts were made following the instructions by Berger et al.
(2020). Finally, we only used stars with surface gravity log g ą 4 following Zink et al.
(2019). The reason for only using stars with log g ą 4 is because the expression for the
limb darkening coefficients used by the Kepler pipeline found by Zink et al. (2019) (equa-
tion (A.6)) are only valid for these stars. Since the goal is to estimate occurrence rates for
stars using the model as described by Zink et al. (2019), it is therefore necessary to remove
these stars. This cut also makes it so that any giants in the stellar sample are removed,
as can be seen in figure 2.2. Then, we remove any star that didn’t contain any value for
the parameters needed for the age determination ([Fe/H], Teff , parallax, Ks-magnitude).
Finally, we remove stars with Tobs ă 2yr, CDPP7.5 ą 1000 ppm, and fduty ă 0.6 to remove
any possible instrumentation noise as well as to ensure that a large enough portion of the
light curve was filled for each star. It should also be noted that it may not be possible
to determine the age of all stars, and since age is a crucial component in determining the
formation radius, all stars for which no age can be determined was also be removed. The
final data set used contained 62,613 stars.
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Figure 2.1: Current galactocentric radius versus metallicity as found by Berger et al.
(2020). Above of and aside to the 2D histogram are the marginal histograms for each
respective quantity. This is the entire stellar population i.e. including stars for which no
age could be determined. The median metallicity and median galactocentric radius is -0.002
dex and 8.142 kpc respectively.

Figure 2.1 shows the distribution of the full data (i.e. without considering the age of the
stars) with respect their current galactocentric radius and metallicity as found by Berger
et al. (2020). Due to the nature of the Kepler mission, most stars lie in the Solar neigh-
bourhood, and have around solar metallicity. Indeed, the median galactocentric radius of
the entire sample is 8.142 kpc while the median metallicity of the entire sample is -0.002.
Figure 2.2 shows the effective temperature and luminosity in an HR-diagram for the full
data and it is clear that most of stars are on the main sequence as expected from the goals
of the mission which was to observe Earth-like planets around Solar like stars.

13
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Figure 2.2: HR-diagram showing the effective temperature versus luminosity for the full
population. Similar to figure 2.1, this includes those stars for which no age could be deter-
mined. Stars with a log g ă 4 are shown in grey and are faded out in order to show clearly
that the giants are the ones removed by this constraint.

2.1.2 Planet Population

The planet catalogue is taken from the Q1-Q17 DR25 Kepler (Thompson et al., 2018) KOI
table at exoplanet archive, using only planets flagged as confirmed or candidates. Due to
the nature of the transit method, a signal could be a binary star grazing the target star or
simply be caused by variability in the light curve. This means that some signals might be
false positives and not a planet orbiting around the star. False positives are identified by
for example the shape and depth of the light curve. The false positive probability in Kepler
is fairly low (up to 10%, see Morton & Johnson, 2011) but in reality it would still necessary
to consider and account for false positives in the data (Bryson et al., 2020), however that
is outside the scope of this thesis. Including candidates will affect the end result in some
way which can be seen in figure 2.3 which shows the detection order distribution for only
confirmed planets as well as confirmed planets together with candidates both populations
have been cleaned using the cuts as described below. While including candidates does in-
crease the number of systems with planets of higher detection orders by a small margin, the
population in the first detection order is increased significantly. This will most likely lead
to an increase in occurrence rate estimates for single planets when including candidates.
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Figure 2.3: The multiplicity distribution of confirmed planets detected by Kepler and con-
firmed planets together with planet candidates separated by detection order. Including planet
candidates does increase the number of higher order systems by a bit but mostly increases
the population in lower detection orders.

The planet catalogue was cross-matched with the stellar catalogue to make sure that there
existed stellar parameters for all stars with observed planets. Further, we only considered
planets with radius R and period P in the ranges 0.5 ă R{RC ă 16, 0.5 ă P {day ă 500 due
to the fact that the bias correction model used is only valid in these ranges (see section 3 for
more details). We also removed single planet systems with a planet with R ą 6.7RC due to
the fact that these systems are most likely a separate population of planets where a giant
planet has migrated inwards and scattered the rest of the planets, making it impossible to
know which multiplicity these stars were formed with. For details on this population see,
for example, Johansen et al. (2012), Steffen et al. (2012), or Mustill et al. (2015). The final
planet population can be seen in figure 2.4 with their semi major axes plotted versus their
radii together with the Solar System planets. In the planet catalogue, some planets may
have no semi major axis given. Therefore, these semi major axes were calculated using
Kepler’s third law

a “

ˆ

P 2GM˚

4π2

˙1{3

. (2.1)

2.2 Determining the Ages

The two main components needed in order to infer the formation radius of a star are
metallicity and age. Ages of stars are notoriously difficult to determine, mainly due to the
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Figure 2.4: Semi major axes and radius of the observed planets in the full planet catalogue.
The Solar System planets are also shown to indicate a sense of scale.

fact that the age of a star cannot be determined directly, but rather only through models
or empirical methods. There are several methods to determine the ages of stars such as
placing the stars on isochrones, gyrochronology, asteroseismology, and others. For a good
review, see Soderblom (2010). While the data from Berger et al. (2020) includes ages
from their isochrone fitting, for this project, we have determined the ages separately. This
is in order to be able to fully capture the probability distribution functions (pdf) of the
formation radii. Berger et al. (2020) only report upper and lower uncertainties whereas a
separate age determination will produce a full pdf of the age which can then be drawn from.

In order to determine the ages, the method of placing the stars on isochrones will be used.
More specifically, a method, which uses a Bayesian fitting algorithm, and was developed
by Howes et al. (2019) will be used. This involves calculating the so-called Gpτ, [Fe/H]q-
function which is the joint relative likelihood function of both the age and metallicity of a
star. G can be written as

Gpτ, ζ, α|xq9
ż

A

ż

µ

ż

M˚

ξpM˚qφpµ,AqLpM˚, τ, ζ, α, µ,A|xqdµdAdM˚, (2.2)

where φ is prior density of the extinction A and distance modulus µ, ξ is the mass prior
which is the initial mass function of the stellar mass M˚ (we use a Salpeter initial mass
function), and L is the likelihood function for a multivariate normal distribution of all the
parameters. ζ is the theoretical metallicity parameter in the model while α is the theoret-
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ical alpha enhancement factor3 and is usually assumed to be 0. The model parameters are
thus: initial stellar mass M˚, age τ , extinction A and metallicity ζ. As Ks magnitudes,
which are less affected by extinction, it is be assumed to be negligible. We then marginalise
over µ, and M˚ assuming a flat prior on µ. The observable stellar data used are magnitudes
found using 2MASS Ks photometry, effective temperature Teff , and metallicity [Fe/H] as
reported by Berger et al. (2020). Further, due to the inclusion of µ, parallax from Gaia
DR2 (Gaia Collaboration et al., 2018) as reported by Berger et al. (2020) is included in
the calculations. The G- function can be calculated for both the age and metallicity but
for this project, the metallicity will be marginalised over and only the age calculation will
be used. For the full description of the G-function, see Howes et al. (2019). The isochrones
used for the age determination are the MIST isochrones (Dotter, 2016; Choi et al., 2016).4

When calculating the G function, it is important to note that it is not a posterior probability
density on its own. Instead the posterior density f for the age can be given as

fpτ |xq “ Gpτ |xqψpτq
ş8

0
Gpτ 1|xqψpτ 1qdτ 1

, (2.3)

as shown in Appendix A of Howes et al. (2019).
Here ψpτq is the prior density on the age. A
flat prior on the age will be used meaning
that the posterior density is proportional to
G and can be found through a normalisation
of G. An example of the posterior distribu-
tion for the star can be seen in figure 2.5.

Figure 2.5: Example of the posterior distribu-
tion for a star in the sample

Finally, it is important to note that there
exist a possibility that the posterior den-
sity of the age of a given star does not be-
have nicely i.e. there is no clear peak in the
posterior density and a single age cannot
be estimated. This is due to the fact that
main sequence stars evolve slowly and thus
have less distinct isochrone tracks, mak-
ing isochrone placement a less than ideal
method of determining the ages for individual main sequence stars (Soderblom, 2010).
This can be seen clearly in figure 2.6 which shows the isochrones for four different metal-
licities and three different ages for each metallicity.

3The observable counterpart to α is the alpha enhancement [α/Fe]
4It should be noted that there are other isochrones sets that could have been used to compare with but

since testing different isochrone sets is not the purpose of the project, only MIST was used.
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Figure 2.6: Isochrone tracks showing the luminosity versus the effective temperature for
four different metallicities. The blue, red, and black tracks for each metallicity represent
an age of 1, 3, and 6 Gyr respectively.

In order to test the effect of poor age determination, we estimated the ages of stars which
have confirmed planets found by WASP, HAT-P, and HARPS (Pollacco et al., 2006; Hart-
man et al., 2004; Pepe et al., 2004). The stellar parameters for the WASP and HAT-P stars
were extracted from the SweetCat catalogue (Santos et al., 2013) and the V-band magni-
tude was used instead of the SDSS Ks-band magnitude. Through manual inspection, we
found stars which showed a clear peak in the posterior density of the age. The formation
radii of stars with distinct ages and the full samples of stars were then compared and the
difference between the two samples were found to be very negligible. This means that it is
possible to include stars where the pdf does not have clear peaks (some stars may have a
completely uniform age pdf for example) without affecting the results significantly.

After determining the ages of all the stars in the final stellar catalogue, we removed those
where no values of the G-function could be determined at all. In practice, this meant that
the values for the G-function for all age values in the grid was zero. This can happen in
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the case when a star lies outside of the isochrones and it is not possible to place the star
on any isochrone. This has a minor effect on the final result as can be seen in figure 2.7
which show the same as figures 2.2 and 2.1 but with those stars where no age could be
determined was removed. In total, the number of stars removed was 2,349. As can be seen
by comparison, there are very minor differences which are not expected to affect the end
result.
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Figure 2.7: Figures similar to figures 2.2 and 2.1 but stars where no age could be determined
at all are removed.

It is also useful to compare the ages we found in this project with that of Berger et al.
(2020) to check if the results are somewhat similar. Figure 2.8 show histograms of the
median ages of the full final stellar sample found in this project as well as the ages of the
same stars found by Berger et al. (2020). While the median ages of the sample are similar
it is clear that there is a pile-up of very young and very old ages in this project. The
pile-up at the old end could simply be caused by the fact that the grid used in this project
only extends to 16 Gyr while the grid used by Berger et al. (2020) extends even further.
The fractional uncertainty on the ages can be calculated by dividing the maximum of the
lower and upper uncertainty (in this case the 32nd and 68th percentile, respectively) with
the median.5 The fractional uncertainty on the ages found in this project is found to be
33% while the fractional uncertainty on the ages found in Berger et al. (2020) is found to
be 51%.6

5This is the same method that is used in Berger et al. (2020)
6A slightly lower value than the median fractional uncertainty of their full stellar population which is

56%
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Figure 2.8: Histograms of the median ages of the full final stellar sample calculated in this
project and those found by Berger et al. (2020). The median ages found in this project is
4.8 Gyr while the median of the ages found in Berger et al. (2020) is 5.13 Gyr.

2.3 Metallicity gradient models

The radial metallicity gradient models that will be used are the ones developed by Kubryk
et al. (2015), Frankel et al. (2018), Sharma et al. (2020), and Minchev et al. (2018). The
Minchev, Frankel, and Sharma models have a parameterised description of the metallicity
evolution over time while the Kubryk model is based on an N-body+SPH (Smooth Particle
Hydrodynamics) simulation of a Milky Way-like galaxy. The Minchev model describes the
metallicity as a function of age at the Sun’s position in the galaxy as well as the metallicity
gradient with respect to the radius as a function of time (figure 2.10). These functions
were found using a trial and error method where the two functions were varied until the
results matched observations in the solar neighbourhood. The Sharma and Frankel models
are a bit more detailed and includes a few more ingredients where the parameters were
found using Markov Chain Monte-Carlo (MCMC) simulations.

Figure 2.9 shows the how the metallicity changes with radius for some given ages. As
can be seen, they fulfill the requirements that given one of the parameters, the metallicity
is either strictly decreasing or increasing with respect to the other parameter. It should be
noted that the model by Sharma et al. (2020) has a very rapid metallicity evolution with
time for the first few billion years but that there is little to no change in later years. The
Minchev, Sharma, and Kubryk models all show a flattening radial metallicity gradient with
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time while the Frankel model has the same slope for all times. The validity of a flattening
of the metallicity gradient is still debated. As discussed by Anders et al. (2017), it could
be possible that the Milky Way formed as a disc with some pre-enriched metallicity where
the innermost part evolves faster (due to a higher number density of stars) thus causing
a steepening of the metallicity gradient. However, the Milky Way could also have been
formed with a initial, steep metallicity gradient and gradually formed more and more stars
in the outer parts, flattening the gradient with time. Radial migration of the gas would
also be expected to cause a flattening of the gradient with time. This means that a flat-
tening of a gradient would be the more likely alternative meaning that either the Minchev
or Kubryk model are the most physically correct models.
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Figure 2.9: The four different metallicity gradient models used. All the models have the
assumptions that the metallicity is strictly decreasing with radius for a given age and that
for a given radius, the metallicity is increasing with age. The grey dashed line show the
median metallicity of the stellar population used.
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2.3.1 Minchev et al. 2018

Minchev et al. (2018) developed a model of the metallicity gradient using observational
data from a local sample of stars from HARPS-GTO (Delgado Mena et al., 2017) and
AMBRE:HARPS (de Laverny et al., 2013). They argue that the youngest stars should be
peaked around the solar radii while older stars should successively have formation radii
closer to the center of the galaxy as a consequence of inside out galaxy formation. They
also argued that the ISM is well mixed at a given radius (i.e. stars are born with the same
metallicity at a fixed radius and time) and that the oldest star in the population should
be have a formation radius of about 4 kpc to prevent negative formation radii. Through
an iterative process, they then apply a metallicity gradient to their observational data in
order to produce the desired formation radii distribution. Throughout each iteration, they
assumed the present day metallicity gradient to be 0.07 dex kpc´1 and strictly decreasing.
This is slightly steeper than that of Genovali et al. (2014) who found the present day
gradient to be 0.06 dex kpc´1. The final results are shown in figure 2.10 which shows the
metallicity [Fe/H](Rd) as a function of age τ at the Sun’s position in the galaxy and the

metallicity gradient d[Fe/H]
dR

with respect to the galactocentric radius as a function of τ .
Using these two functions it is possible to determine the formation radius of a star given
its metallicity [Fe/H] and age τ by linearly interpolating between the metallicity of the
ISM in the galactic centre [Fe/H]0 and at the edge of the galaxy [Fe/H]max where

[Fe/H]0 “ [Fe/H]pτq ´
d[Fe/H]

dR
pτq ¨Rd

[Fe/H]max “
d[Fe/H]

dR
pτq ¨Rmax ` [Fe/H]0.

(2.4)

Of course, the need for interpolation makes it necessary to make assumptions about Rmax,
something Minchev et al. (2018) did not have to do. For the purpose of this project this
is chosen to be 18.5 kpc which is in between the ranges reported for the HI disc found by
Nakanishi & Sofue (2016). The distance from the Sun to the galactic center is set to be
8.3 kpc (Gillessen et al., 2017).7.

7In fact, a newer value has been found to be 8.18 kpc (Gravity Collaboration et al., 2019) However, the
formation radii were calculated before this was realised. This small change would not lead to a significant
enough change in the formation radii so 8.3 kpc is the value used.
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Figure 2.10: Left: The metallicity as a function of age at the Sun’s position in the galaxy.
Right: The rate of change of the metallicity with radius as a function of age. These are
both according to the Minchev model. Combining these two allows for the determination of
the metallicity gradient as a function of time and galactocentric radius.

2.3.2 Frankel et al. 2018

The Frankel et al. (2018) model was developed from an attempt to quantify radial migration
in the galaxy through a parameterised model. The only assumptions they made are that the
metallicity is strictly decreasing with increasing radius for a given age and the metallicity is
increasing with time for a given radius but at a decreased rate. They then find an expression
for the metallicity as a function of time and galactocentric radius. It is straightforward to
invert this expression so that we can get the formation radius as a function of metallicity
and age. The expression is then given as

R “
[Fe/H]´ Fm ` pFm `∇[Fe/H]Rnowq

´

1´ τ
τm

¯γ

∇[Fe/H]
, (2.5)

where the description of each parameter and their found values can be seen in table 2.1.
They fit the values for the parameters using MCMC maximum likelihood estimation on
data of red clump giants taken from APOGEE, a red giant survey measuring detailed
abundances and radial velocities of stars in the infrared throughout the galaxy (Majewski
et al., 2017).
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Table 2.1: Descriptions and values for each parameter found by Frankel et al. (2018) in
their model

Parameter Value Description
Fm -1 dex Metallicity of the ISM

at the center of the
disc at a lookback
time of 12 Gyr

τm 12 Gyr Maximum disc age
Rnow 8.79 kpc Radius at which the

current birth metallic-
ity is solar

γ 0.36 Enrichment factor for
the time evolution of
the metallicity

∇[Fe/H] -0.075 dex/kpc Present day metallic-
ity gradient

2.3.3 Kubryk et al. 2015

In the Kubryk et al. (2015) model, instead of parameterising the metallicity gradient
explicitly through observational data, they instead developed a generic model for how a
given isotope in their simulated galaxy chemically evolved, which depended on the star
formation rate (SFR), isotopic mass release, net infall of the isotope from outside of the
galaxy, and net infall of the isotope from adjacent regions within the galaxy. Radial
migration was then implemented by considering the probability of a certain stellar mass
(of stars that are still alive) migrating to a different zone within the timestep. They then
report the metallicity in their galaxy as a function of radius for three different times, 4, 8,
and 12 Gyr in simulation time (or 0,4, and 8 Gyr in lookback time which is shown in figure
D.3). This requires an interpolation scheme between the lines in order to get a formation
radius. Throughout the interpolation, it is assumed that the evolution in time is linear
(i.e. fairly similar to that of Frankel et al. (2018)). The interpolation is done by following
the conditions

R “

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

L0 if τ “ 0

L0 ` pL4 ´ L0q
τ
4

if τ ď 4

L4 if τ “ 4

L4 ` pL8 ´ L4q
τ´4

4
if 4 ă τ ă 8

L8 if τ “ 8

L8 ´ L8
τ´8

8
if τ ě 8.

(2.6)

In equation (2.6), Li is the line given by Kubryk et al. (2015) (and shown in figure D.3) for
a lookback time i and τ is the age of the star in Gyr. This will allow for the evaluation of a
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formation radius of a star between two lines by considering a linear interpolation between
the formation radii on the lines. A drawback with this interpolation is that it is only
possible to consider stars which have metallicity within the range of the upper and lower
line i.e. it is not possible to evaluate the formation radius of a star with age between 4 and
8 Gyr and a metallicity above « 0.35 dex as the 4 Gyr line is not defined there. This is
why the yellow and turquoise seem to have a ceiling in the bottom left figure in figure 2.9.
For stars with age τ ą 8 Gyr, the lower formation radius limit was set to 0 Gyr as there
is not a line to help set a lower limit here.

2.3.4 Sharma et al. 2020

Finally, the Sharma et al. (2020) model was developed in a similar fashion to the one by
Frankel et al. (2018) in that it is a parameterised model of the evolution of the metallicity
as a function of time and space. In fact, it is mainly an updated version of the model
constructed by Sanders & Binney (2015) which provided a lot of the arguments used by
Frankel et al. (2018). However, instead of performing a maximum likelihood estimation
of observational data, Sanders & Binney (2015) fit a metallicity function to a galaxy
simulation performed by Schönrich & Binney (2009) which aimed to match the Milky
Way. Sharma et al. (2020) then updated the prescription by adding new prescriptions for
the distribution of α-elements and the velocity dispersion of the stars. This then allowed
for the formation radius to be expressed as

R “
Fmin

∇[Fe/H]
ln

¨

˝´

¨

˝

2Fmin tanh
´

τmax´τ
τF

¯

[Fe/H]´ Fmin
` 1

˛

‚

˛

‚, (2.7)

where the different parameters are described together with their found values in table 2.2.
As can be seen in figure 2.9, the Sharma et al. (2020) model has a much weaker time
evolution of the gradient at later stages of the galaxy evolution. The radial evolution also
isn’t a linear relation allowing for a steeper radial profile further into galaxy which might
be more physically accurate due to the presence of the bulge in the center of the Milky
Way.
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Table 2.2: Parameters describing the Sharma et al. (2020) model with their description
and values as found by Sharma et al. (2020)

Parameter Value Description
Fmin -0.85 dex Birth Metallicity at

time τ “ 0a

τF 3.2 ISM metallicity en-
richment scale

τmax 13 Gyr Disc Age today
∇[Fe/H] -0.08 dex/kpc Current day metallic-

ity gradient

aIn Sharma et al. (2020) this parameter is only described as “minimum metallicity” or “birth metallic-
ity”. From context, it is assumed to be the ISM metallicity at the time of birth of the galaxy
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Chapter 3

Accounting for detection bias in
detecting exoplanets

This chapter describes how we account for detection bias using data from the Kepler
mission, and thus are able to estimate the occurrence of specific multiplicities. Zink
et al. (2019) found that after detecting the first planet in a system, the probability
of detection decreases for subsequent planets. Therefore, it is necessary to debias the
different multiplicities separately which in turn will have the positive consequence of
being able to tell us something about how different multiplicities are affected by the
formation radii of their hosts. The statistical method for debiasing as well as all the
components required is described in this chapter. The chapter ends with a description
of the likelihood function that is calculated in order to estimate the fraction of stars
which are hosting planets, given a stellar population.

When aiming to study anything about the exoplanet population as a whole, it is important
to take into account completeness or detection bias. It is impossible to draw any useful
conclusion without doing so simply due to the fact that any indirect method of detecting
planets is heavily favoured towards a certain kind of planet. The radial velocity method
requires a large enough pull on the star from the planet which means that more massive
planets are more likely to be detected due to them having a stronger signal. Similarly
for the transit method, larger planets are more likely to be detected since they have a
greater transit depth. Further, planets on shorter orbital periods are also more likely to be
detected in a survey because their transit or radial velocity signal occurs more frequently,
and for the transit method, planets on smaller orbits are more likely to transit and have
larger signals. Indeed, this can be seen in figure 1 of Burke et al. (2015) which shows the
completeness model of Kepler for a single star and shows that massive planets closer to
the star are much more likely to be observed by Kepler.

With this in mind, it is necessary to develop a statistical model which takes into account
the different probabilities for the detection of a planet with certain characteristics. The
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model used in this project is based heavily on that of Zink et al. (2019) which is a modified
Poisson process likelihood model and an extension of that of Youdin (2011) which is a
detection bias model for the Kepler mission. Youdin (2011) developed their model assum-
ing that detections of multiple planets around a given star are independent of each other.
Zink et al. (2019) instead included the order of detection in their model and showed that
after detecting the first planet, the detection probability decreased significantly enough to
affect the occurrence estimate. In the following sections, only the actual quantities which
are necessary for the final likelihood function will be written out. For a full explanation of
each quantity, see appendix A

3.1 Detection Probability

The full detection probability of a planet with radius R and orbital period P can be written
as the product between three different probabilities: the probability Prec that the Kepler
pipeline recovers the transit signal, the window probability Pwin that the planet performs
at least three transit during the observation time of Kepler, and the probability Ptr that a
transit actually occurs from our point of view

Pdet,m “ Ptr,mpP qPwinpP qPrec,mpR,P q. (3.1)

The recovery probability is ultimately dependent on the Multiple Event Statistic (MES)
which is an internal metric within the Kepler pipeline and is analogous to a signal-to-noise
ratio. The MES is in turn dependent on the transit depth and the number of transits where
the main contributions are from the stellar radius, stellar noise, planet period, and planet
radius. Christiansen (2017) found that the recovery probability is well fitted by a gamma
function. Zink et al. (2019) expanded upon this and found that the fitted parameters for
the gamma function varies significantly with detection order m.

The window probability takes into the account the probability that enough transits can
occur within the observation time and is thus only dependent on the period of the planet,
the duty cycle, and the observation time. The reason for expanding the window probability
to account for three transits is due to the Kepler pipeline detection requirement of at least
three transits.

Finally, the geometric transit probability is found through a Monte-Carlo simulation per-
formed by Zink et al. (2019) which looked at 106 different lines of sight and calculated the
probability for all planets transiting given a detection order. The transit probabilities can
be seen in A.1.

3.2 Exoplanet distribution

As well as the detection probability, it is also necessary to model the exoplanet population.
Previous studies have done extensive work in characterising this population (see Youdin
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(2011), Burke et al. (2015), for example) and it is also included in the Zink et al. (2019)
model. It is therefore reasonable to adopt the model as found by Zink et al. (2019) since
their model is the one used for the project. The total population of exoplanets are described
by two separated functions of orbital period and planetary radii

d2N

dRdP
“ fgpRqqpP q, (3.2)

where f is an entangled occurrence factor which will be described more in detail later on
while g and q are the power laws describing the exoplanet population with respect to planet
radius and orbital period respectively.

3.3 Sorting Order

When the Kepler pipeline searches the light curves for planet candidates, it finds them in
order of decreasing MES. The MES is the Multiple Event Statistic and is measured for
each transit. It is analogous to a S/N for a planet transit. As can be seen from equation
(A.3) in appendix A.1, the MES scales 9R2{P 1{3 meaning that large planets on short
period orbits are usually found earlier. The planet distribution over all orders will then be
skewed such that for m “ 1, most of the planets found will be large planets closer to the
star. Zink et al. (2019) accounted for this skew by implementing a joint distribution model
with the skew being described by a function OmpR,P q which in turn is dependent on the
CDF of gpRq and qpP q. This function was found through sorting a uniform distribution
of orbital periods and planetary radii using a similar sorting as the Kepler pipeline and
then fitting the resulting distribution to a beta distribution. Should the detection with
respect to different orders be independent of each other, the resulting distribution would
be uniform as well i.e. the parameters in the beta distribution are both equal to 1. For a
full description of the function and found parameters, see appendix A.3.

3.4 Likelihood Function

With all the necessary components set up it is now possible to set up the full likelihood
function. Handling the detection of each order m as a Poisson process, the likelihood
function can be written as

L “
mmax
ź

m“1

«

Ndet,m
ź

i“1

fmPdet,mpPi, RiqgpPiqqpRiq

ff

e´Nexp,m , (3.3)

where Ndet,m is the number of detected planets and Nexp,m is the expected number of
detected planets of the order m. mmax is the maximum detection order considered. Nexp,m

is defined as

Nexp,m “ N˚fm

ż Pmax

Pmin

ż Rmax

Rmin

Pdet,mpP,RqgpP qqpRqOmpR,P qdPdR, (3.4)
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where Pmin, Pmax, Rmin, and Rmax are the limits of each quantity. Following Zink et al.
(2019) these limits are set to 0.5 days, 500 days, 0.5 RC, and 16 RC respectively. Taking
the logarithm of the likelihood, we can then get

lnL “
mmax
ÿ

m“1

˜

Ndet,m
ÿ

i“1

lnrfmPdet,mpPi, RiqgpPiqqpRiqs ´Nexp,m

¸

. (3.5)

The occurrence factor fm is independent of the detected planets, and for a given m, Nexp,m

is simply proportional to fm, which means that the expression can be simplified further

lnL “
mmax
ÿ

m“1

Ndet,m ln fm `K1,m ´ fmK2,m, (3.6)

where K1,m is the sum over all detected planets given order m and K2,m “ Nexp,m{fm.
This can only be done because the parameters describing O, g, and q that were found by
Zink et al. (2019) are taken to be true. It should be noted that Zink et al. (2019) had
a maximum order of seven while the highest order in the full planet population used in
this project is six as can be seen in figure 3.1. As the likelihood function is based on a
Poisson process, it can be shown that the likelihood of a certain value of fm being true
given zero detections (P pfm|Ndet “ 0q) is proportional to expp´Nexpq.

1 This holds true in
this modified Poisson process by Zink et al. (2019) as well, since for Ndet,m “ 0, K1,m “ 0
meaning that the only contributing factor for these orders is ´fmK2,m “ ´Nexp,m.

1The derivation of this is shown in appendix B
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Figure 3.1: Multiplicity distribution of the planet population used in this project overlapping
that of Zink et al. (2019) (i.e. the bottom of the bar for both populations is zero). Due to
the log-scale on the y-axis, it is clear to see that the differences between the systems with
lower multiplicities is significant.

The double integral in equation (3.4) should also be normalised which can be done by
considering the case of a detection probability of unity for all orders. Then, the number of
expected detected exoplanets at order m should be equal to N˚fm which means that it is
possible to introduce a normalisation factor Cnorm,m which ensures

Cnorm,m

ż Pmax

Pmin

ż Rmax

Rmin

gpP qqpRqOmpR,P qdPdR “ 1. (3.7)

Through the separability of this expression, this can be found to be

Cnorm,m “

ˆ

Γpam,rqΓpbm,rq

Γpam,r ` bm,rq

Γpam,pqΓpbm,pq

Γpam,p ` bm,pq

˙´1

, (3.8)

Where Γ is the gamma function. The full derivation can be seen in Appendix C. The
quantity fm is an occurrence factor and not the true occurrence rate. In order to get the true
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occurrence rate, these need to be disentangled. The reason for this is because a multi-planet
system might only have one or two transiting planets observed, meaning that f -values for
lower m will get a larger contribution than the underlying, true occurrence. Instead, it is
necessary to consider Fm which instead is the true occurrence rate and describe the fraction
of stars with at least m planets. Using the same simulation as for the transit probability,
Zink et al. (2019) found the following expression for disentangling the occurrence rates

fm “ Fm `
7
ÿ

n“m`1

Fn
P pn|pm : n´ 1qq

P pmq
, (3.9)

where P pn|pm : n´ 1qq describes the probability that planet n is detected given that plan-
ets (m : n´ 1) are not detected and P pmq is the probability of detecting planet m. Should
all mutual inclinations be completely isotropic and the detection of each planet is inde-
pendent of each other, the ratio in the sum would be equal to one. The found values for
these mixture probabilities can be seen in table 3.1. Finally, it might be useful to instead
of considering the fraction of stars with at least m planets, to consider the fraction of stars
Gm with exactly m planets which can be defined as

Gm “ Fm ´ Fm`1. (3.10)

Here, it is important to consider the fact that the maximum possible number of planets in
a system in this model is seven. It could be possible to assume that the maximum number
of planets in any system is not higher than this limit which would mean that G7 “ F7,
however this would not be accurate as at least one eight planet system has been found to
exist (Shallue & Vanderburg, 2018). Therefore, F7 will only be used to find the value for
G6 meaning that the range of orders considered for G is between zero and six where G0

can be found from the fact that F0 ” 1.

Table 3.1: The mixture probabilities as found by Zink et al. (2019).

Fraction m “ 1 m “ 2 m “ 3 m “ 4 m “ 5 m “ 6
P p2|pm:1qq
P pmq

0.67 - - - - -
P p3|pm:2qq
P pmq

0.68 0.5 - - - -
P p4|pm:3qq
P pmq

0.53 1.05 0.50 - - -
P p5|pm:4qq
P pmq

0.53 1.12 1.52 0.46 - -
P p6|pm:5qq
P pmq

0.37 1.07 1.85 1.69 1.22 -
P p7|pm:6qq
P pmq

0.33 0.71 1.64 1.90 1.25 1.22

To calculate the maximum likelihood estimate for the occurrence rates emcee (Foreman-
Mackey et al., 2013), an affine-invariant ensemble sampler (Goodman & Weare, 2010) was
used. The walkers in the MCMC were thus allowed to explore the full range of distribution
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for all the parameters Fm which is the output given by emcee. A uniform prior is used
for each of the parameters Fm. F1 is allowed to range between 0 and 1 while, in order to
maintain the order of the occurrence rates Fm is allowed to range between 0 and Fm´1.
The physical motivation of this is due to the fact that Fm is the fraction of stars hosting at
least m planets meaning that it should be impossible for e.g F2 to be larger than F1 as a
star can’t host at least two planets without hosting at least one. After experimenting with
different step numbers, a total of 10000 steps with 200 walkers per MCMC was deemed
appropriate to allow the MCMC to converge2. After the run, 8000 steps were discarded and
the chain for each dimension was thinned by the half of the mean of the auto correlation
times calculated using the built in function in emcee.

2An example of the convergence of the walkers can be seen in figure D.4
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Chapter 4

Formation radius distributions

In this chapter, the formation radius distributions of the data are shown. In particular
the distributions are shown when binned by stellar age, stellar mass, stellar radius,
and effective stellar temperature. The formation radius distributions are all shown to
behave as expected. When binning by age, we see that young stars have not had time to
migrate very far while older stars are formed further in in the galaxy. The results reflect
an inside out formation of the galaxy which is expected. When binning by stellar radius
and stellar mass, no difference are found due to the connection between radius and mass
for main sequence stars. Cool, less massive, smaller stars are seen to be formed further
in in the galaxy due to the fact that older stars are generally smaller, less massive and
thus cooler.

In order to fully capture the details of the posterior densities of the age, and thus the
formation radius, all stars in the sample were iterated over and 10000 values were drawn
from their posterior densities of the age and metallicity where the uncertainty in metallicity
is assumed to behave as a Gaussian distribution. Berger et al. (2020) report an upper and
lower uncertainty in all their stellar parameters so the mean between these were taken to be
the uncertainty. The relative values of the upper and lower uncertainties were determined
to not be significantly different so this approximation should not affect the end results in
any major way.

4.1 Binning by age

The full formation radius distribution for the four models can be seen in figure 4.1 which
show the density for the formation radius. The distributions were smoothed through
a kernel density estimation. The three colours represent three different age intervals:
0 ă τ{Gyr ă 4, 4 ă τ{Gyr ă 8, and 8 ă τ{Gyr ă 12 and as can be seen, all models
satisfy the two criteria previously laid out: the youngest age bin should peak near the
median current galactocentric radius in the entire sample and older age bins should peak
at subsequently lower formation radii. Not all models are constructed in a way that does
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not yield any negative formation radii which is why there exists negative formation radii in
some of the models. Interestingly, the Kubryk et al. (2015) model shows a slight bump for
all age bins with a second, small peak at around 1 kpc. By observing the Kubryk model
in detail, we can see that in order for young stars to be formed close to the center of the
galaxy, they have to be very metal rich and for very old stars they have to be at around solar
metallicity. Most stars in the population considered are around solar metallicity meaning
that the peak in the oldest bin could be explained by the pile up of older ages that exists
in the population as a lot of those stars would be expected to be of solar metallicity. The
origins of this bump are discussed more in detail in chapter 4.3.
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Figure 4.1: Found formation radii distributions for the entire stellar population. The
distributions were divided into three age bins in order to check for signs of inside-out
galaxy formation. Some models do not restrict the formation radius found to be negative
which means that during the interpolation process, some negative formation radii might be
found.
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Figure 4.2 is the same plot as figure 4.1 but with only stars which are hosts to planetary
systems detected by the Kepler mission. Comparing the two figures, we note that it
has the same characteristics as the full stellar sample. The host star sample has peaks
around similar formation radii as the full sample and show the same inside out galaxy
formation. These similarities hold for all four models. This means that those stars which
have detected planets are representative of the sample as a whole and are not biased towards
a certain formation radius in the galaxy. This result becomes incredibly important when
investigating the dependency of formation radius on the occurrence rate. Should most
stars with detected planets be formed at a very specific location in the galaxy, then the
occurrence rates would be biased towards that location. This result shows that this is not
the case.
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Figure 4.2: Found formation radii distribution for only stars which are hosts to planetary
systems.
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4.2 Binning by other parameters

Figure 4.3, similarly as figure 4.1 show the formation radius distributions of the full stellar
population but with the stars binned by stellar radius, effective temperature, and mass
respectively instead of age. Looking at the stellar radius bins, we see that the smaller
stars are formed further in in the galaxy compared to larger stars. Similarly, less massive
stars are formed further in in the galaxy compared to more massive stars. This effect
is most clearly seen in the Frankel and Minchev models but is generally present in all
four models. As stars with different radii are roughly similarly distributed throughout the
galaxy with the exception of the smallest stars, the detection probability can be thought of
as being approximately similar for all formation radii as the stellar parameter considering
that the largest effect on the detection probability is stellar radius. Binning stars by stellar
temperature shows that the hottest stars (ą 7000 K) have not migrated significantly while
cooler stars have have been formed further in in the galaxy and migrated outwards. This
is due to the significantly shorter lifetimes of hot and massive stars which means that they
do not live long enough to migrate far. When using the Kubryk model we can see that the
difference between the coolest temperature bin and the rest are much greater compared
to when we are using the other three models. Yang et al. (2020) investigated the effect
stellar temperature had on occurrence rate and found that the occurrence rate decreased
significantly around stars with an effective temperature ą 5500K. Therefore, when using
the Kubryk model, this will have to be taken into account as the occurrence rates for low
formation radii might be higher simply due to the temperatures of these stars. This effect
is not expected to be as large when using the three other models as the difference between
the coolest bin and the rest is significantly smaller.
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Figure 4.3: Same as figure 4.1 but binned by different stellar parameters. Top left shows
the distribution when binned by stellar radius, top right shows effective stellar temperature
and bottom shows stellar mass.
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4.3 Discussion

4.3.1 Perfect mixing assumption

When estimating the formation radii, we made the assumption that ISM is sufficiently
mixed and thus all stars formed at specific radius at a specific time share the same metal-
licity. While this seem to be true for the present day Milky Way (Nieva & Przybilla, 2012),
it might not necessarily be true for higher redshifts, where scatter in the abundance of
oxygen has been observed (Sánchez-Menguiano et al., 2018). This scatter means that stars
formed on an orbit with the same radius may not share metallicities. This can happen
due to the gas not being homogeneous and is instead clumpy which is expected for old,
high redshift galaxies (Elmegreen et al., 2009). As discussed by Minchev et al. (2018),
this effect seem to be symmetric around the mean meaning that i) the formation radius
distributions should be significantly affected and ii) the different populations of stars in
the different formation radius bins should not be significantly affected by this assumption.
Further, the uncertainty in formation radius due to the mixing assumption is estimated to
be less significant than the uncertainty in age which is estimated to be much larger.

4.3.2 Binning by age

The trends in formation radius with age that are seen are important to consider as it is
expected that the galaxy has experienced an inside out formation and the youngest stars
are not expected to have had time to migrate yet. The distribution of the age bins are
well separated, with the exception of the Sharma model, as in this model, the evolution of
the metallicity with age has effectively stopped and flattened out after 6-8 Gyr according
their model. The idea that the metallicity enrichment of the ISM slows down over time
is not unheard of and has been implemented in earlier models as well (e.g., Schönrich &
Binney (2009)). The reasoning behind this is the fact that while Fe is produced by type II
supernovae all the time and a delayed enrichment from type Ia supernovae (due to them
happening on a longer timescale), the star formation rate in the Milky Way has decreased
(Snaith et al., 2015), thus causing a decreased pollution rate. Therefore there is an initial
increase in metallicity from type II supernovae, and a second enrichment from type Ia
supernovae, after which the metallicity in the ISM is thought to only be related to the star
formation rate and thus enrichment declines. All of the models show this saturation of
the metallicity enrichment to some degree with Sharma being the most extreme case and
Frankel being the other extreme with almost no saturation.

The bump in the formation radius distribution according to the Kubryk model at around
0-3 kpc is not seen in any of the other models. This could probably be explained by the
apparent pile-up of both very old stars in the stellar population that is used and the fact
that Kubryk model has a slower enrichment of the metallicity with age at all times at
smaller formation radii meaning that the metallicity does not increase significantly with
age at small formation radii. This means that in other models, older stars with solar or
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super-solar metallicities, but slightly different ages, will be expected to be formed at very
different galactocentric radii while in the Kubryk model small changes in age won’t change
formation radii much. Since there is a pile up of older stars in the population, it is therefore
natural that there is a bump at low formation radii. The distance between the innermost
part of the galaxy and the solar neighbourhood is large, meaning that might be unlikely
for any given star in the centre of the galaxy to migrate far enough to be observed in the
local neighbourhood. However as previously mentioned, the number density of stars in
the innermost part of the galaxy is very high, and could be high enough for a non-zero
probability of stars migrating to the solar neighbourhood.

As the formation radii distributions for host stars are almost identical to that of the full
stellar population, there is no need to worry about host stars being formed at a specific
location in the galaxy and skewing the occurrence rate towards there. This result is not
as surprising knowing that the formation distributions for different stellar radii (top left
in figure 4.3) are almost identical. The stellar parameter with the largest effect on the de-
tection probability of any given planet is stellar radii meaning that if the formation radius
distributions of stars of different sizes are identical then planet detections around stars
should be approximately equal no matter where the star was formed.

4.3.3 Binning by Stellar Mass and Radius

Less massive stars burn their hydrogen at a much slower rate than massive stars meaning
that they are expected to live much longer on the main sequence meaning that older stars
are generally less massive. As it is expected for older stars to be formed further in in the
galaxy, due to inside out formation, it is therefore natural to see more of the less massive
stars we observe being formed further in in the galaxy. Further, due to stars not moving
much on the main sequence, low mass stars generally have more uncertain ages which
means that the resulting formation radius distribution becomes broader. This effect is
seen most clearly in the Frankel model in the bottom of figure 4.3 where the distributions
for the least massive stars are broader compared to the distributions for more massive stars.

Binning instead by stellar radius showed almost exactly the same distribution as for stellar
mass. This is due to the fact that most of the giant stars have been removed as a result of
the log g cuts that were made on the population. The mass and radius of main sequence
stars are correlated Prialnik (2000) where larger stars are expected to be more massive so
the final formation radius distribution for different radial bins should also be correlated.

4.3.4 Binning by Stellar Effective Temperature

Binning by effective temperature resulted in the formation radius distributions being sim-
ilar for the different bins except for the coolest bin, meaning that stars with an effective
temperature ą 5500 K are not formed at a specific galactocentric radius. Cooler stars are
seen to have been formed very slightly further in in the galaxy than the hottest stars with
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the Kubryk model resulting in the greatest difference out of all four models. This is not
unexpected as hot stars are generally very massive and are thus expected to be younger
than cooler stars since more massive stars have shorter lifetimes. Cooler stars would then
have a larger spread in ages meaning that some are expected to have migrated due to
either inside out migration or simply due to their longer lifetimes. When using the Kubryk
model, it will be important to note that the stars in the coolest temperature bin are formed
significantly further in in the galaxy. Stars with these temperatures have been shown to
have a higher occurrence rate of planets as shown by Yang et al. (2020) meaning that the
occurrence rates might be biased towards these formation radii when using the Kubryk
model specifically.
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Chapter 5

Exoplanet Occurrence

In this chapter, the occurrence rates found for the entire data set as well as for different
formation radius bins are shown as well as the practicalities of the MCMC procedure.
We also look for differences in the orbital period and planet radius distributions of stellar
samples of hosts with different formation radii using KS tests.

The KS tests showed that, after debiasing for the ages of stars, no difference between
subsamples of stars formed inside or outside any of the tested Galactocentric radii was
found. The occurrence rates for all multiplicities showed no statistically significant cor-
relation with formation radius but due to large uncertainties, they remain inconclusive.
Further, due to an apparent correlation with the number of stars in each formation
radius bin, the final results may be unreliable.

5.1 Full population

Since the stellar population used in this project is similar to that of Zink et al. (2019), it is
useful to calculate the occurrence rates of the full sample and compare with that of Zink
et al. (2019). The number of stars in their stellar population is 86,605 compared to my
population which includes 62,613. This difference most likely comes from the fact that we
remove stars where we can’t find an age and the data set we use to get stellar parameters
is that of Berger et al. (2020) while Zink et al. (2019) use the data set from Berger et al.
(2018). Further, the fraction of stars hosting planets for both this study and that of Zink
et al. (2019) can be seen in table 5.1. As can be seen it is clear that the population of Zink
et al. (2019) host a larger fraction planets for each detection order which means that it is
expected that their occurrence rates is slightly larger than mine.
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Table 5.1: Fraction of planetary systems for each detection order in this project compared
to that of Zink et al. (2019)

Order Me Zink et al. (2019)
1 1.79 ¨ 10´2 2.50 ¨ 10´2

2 4.25 ¨ 10´3 6.05 ¨ 10´3

3 1.45 ¨ 10´3 2.06 ¨ 10´3

4 4.31 ¨ 10´4 6.81 ¨ 10´4

5 1.43 ¨ 10´4 1.85 ¨ 10´4

6 1.60 ¨ 10´5 3.46 ¨ 10´5

7 0 1.15 ¨ 10´5

The resulting occurrence rates can be seen in figure 5.1 which shows a corner plot of the
distributions for all the parameters. The median values for each parameter and their re-
spective uncertainties can be seen in table 5.2 together with the values reported by Zink
et al. (2019). The uncertainties reported are given by the 16th and 84th percentile respec-
tively. The general trend from F1 to F7 is slightly flatter than that of Zink et al. (2019)
but more importantly, there is a striking systematic difference that the occurrence rates
found in this project are significantly lower than that of Zink et al. (2019). This is not
unexpected as the planet populations used are different and the way the detection proba-
bility was handled is slightly different as well. This is discussed in detail in section 5.4.1.
Another interesting point is the fact that for all cases except for F1, Fm`1 is distributed
very close to its upper limit (namely Fm). This effect is slightly weaker for F7. There
are two explanations for this effect. The prior that is imposed might be too strong and
could affect the accuracy of the result meaning that Fmě1 should be larger than presented
here. The other explanation is that most stars are expected to have high multiplicities and
thus it is expected that Fm « Fm`1 for low m. Based on the fact that this effect seem to
be slightly weaker for F7 and the fact that Zink et al. (2019) fitted a survival function to
these results and found the average multiplicity to be 8.4˘0.31 most stars are expected to
have high multiplicities, meaning that the prior should not impose too strong constraints
on the results. It would be nice to then try to fit values for even higher orders to confirm
this theory but this would require fitting the entire parameter space i.e. all individual
parameters in the likelihood model as well as running Monte-Carlo simulations to estimate
the transit probabilities for higher orders and mixture probabilities. This is unfortunately
outside the scope of this project.
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Figure 5.1: Corner plot showing the fractions of stars with at least m planets for the entire
stellar population. The plot was made using corner.py (Foreman-Mackey, 2016)
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Table 5.2: Occurrence rate estimates for the full stellar population used in this project and
that of Zink et al. (2019). The uncertainties shown are the 16th and 84th percentile, the
same as reported in Zink et al. (2019).

Occurrence Rate m Me Zink et al. (2019)
F1 0.56`0.03

´0.02 0.72`0.04
´0.03

F2 0.54`0.02
´0.02 0.68`0.03

´0.03

F3 0.52`0.02
´0.02 0.66`0.03

´0.03

F4 0.51`0.02
´0.02 0.63`0.03

´0.03

F5 0.50`0.02
´0.02 0.60`0.04

´0.04

F6 0.48`0.02
´0.02 0.54`0.04

´0.05

F7 0.44`0.03
´0.04 0.40`0.07

´0.09

5.2 Varying formation radius

Due to the inherent uncertainty in the age determination and thus the formation radius
estimation it is not reasonable to assign a single formation radius value to each star. Thus,
in order to capture the shapes of the formation radii posterior probability distribution for
each star, a formation radius value was drawn from the distribution for each star. These
values were then put in bins between 0 and 20 kpc with the bin width set to be 2 kpc,
except for radii larger than 10 kpc where the bin width was set to be 5 kpc to prevent
low number statistics. An MCMC simulation was then run, generating a set of walkers
corresponding to the probability density of Fm for that bin. The positions of these walkers
were then saved and the process was repeated 50 times for each bin. The full walker set was
then used to estimate the posterior distribution of the occurrence rates. The same priors
and MCMC procedure as for the full stellar population as described in the beginning of
the chapter was used. The occurrence rate results for all four models can be seen in figure
5.2 where the occurrence rates (Gm-values, i.e. the fraction of stars hosting exactly m
planets, this time) are shown for each model and each formation radius bin. The errorbars
show the 1σ (i.e. the 16th and 84th percentiles) confidence interval for the full walker set.
Due to the low number of stars formed between 15 and 20 kpc (on the order of 100 stars,
about 2-3 orders of magnitude less than the other bins), the results for that bin might be
inaccurate and are therefore not as important.

Most notable is the fact that there is no statistically significant trend with formation radius
for any multiplicity. Out of all multiplicities, the median values for G6 has consistently the
largest occurrence rate but the large uncertainties make it difficult to say anything con-
cretely about the results. It does show however that high multiplicity system are common
throughout the galaxy with a median occurrence rate of « 10% for all formation radii in
all models. Instead, it might be of interest to look at G0 since it is the fraction of stars
hosting no planets. Here, the different models predict different results. The Frankel model
show that the fraction of stars hosting no planets is largest for the smallest formation ra-
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dius bin with a roughly linear decrease with formation radius meaning that the fraction of
stars hosting planets increases with formation radius. In the Minchev model G0 does not
have any statistically significant change with formation radius so the same can be said for
the fraction of stars with planets. In both the Kubryk model and the Sharma model, G0

increases initially and then either decreases (Sharma) or stays roughly constant (Kubryk).
In both the Sharma and Kubryk model G0 reaches a maximum between 6-8 kpc meaning
that the fraction of stars hosting no planets is at their maximum here.
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Figure 5.2: Occurrence rates versus formation radii for all four models. As a reminder,
Gm is the fraction of stars hosting exactly m planets. The orders are all spread out in each
bin for clarification, the grey lines show the different bins used. While G7 “ F7 is included
in the calculations, it is not shown as it might cause confusion since it is not a G-value. It
is required that the sum of all Gm would be equal to unity which is the case when including
G7.
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Despite accounting for detection bias, it is very possible that other relations are being
picked up on due to some other biases. As mentioned in the introduction, giant planet
occurrence has been shown to be dependent on the stellar metallicity, particularly on short
period orbits (Petigura et al., 2018). Further, the occurrence of Hot Jupiters are thought to
be highly dependent on the age of their host stars due to their orbital decay caused by tidal
effects from the star (Winn, 2019). Young systems would therefore still retain their Hot
Jupiters while in older systems, the orbits of these planets might have decayed far enough
to collide with the star. In an attempt to remove this metallicity dependence (which is
degenerate with formation radius), as well as the age dependence for Hot Jupiters, plan-
ets larger than 5.6 RC « 0.5Rjup were removed from the sample and the maximum limit
considered in the likelihood calculation were lowered to this value. Further, as M dwarfs
are thought to host higher multiplicity planetary systems than other stars (Yang et al.,
2020) it is possible that they contribute to the high occurrence rates at low formation radii,
especially in the Kubryk model as mentioned earlier, considering that there are a larger
fraction of M dwarfs being formed here according to all models, as seen in the bottom of
figure 4.3.

In order to remove this possible bias, stars with effective temperatures outside the range
4200K ă Teff ă 6100K i.e. all stars which are not solar-like GK dwarfs were also removed.
As can be seen in the top right of figure 4.3, most temperature bins overlap meaning that
there is little to no chance of introducing further bias by removing stars based on their
temperatures i.e. it is not expected that stars with a certain formation radius are over-
abundant after performing this temperature cut. The results after removing giant planets
and only including solar like GK dwarfs is seen in figure 5.3. However, comparing this with
previous results makes it clear that removing these planets and stars had no statistically
significant effect on the occurrence rates for any order. Finally, an important parameter
to consider is the number of stars in each bin. Figure 5.4 shows the mean number of stars
in each formation radius bin over all draws. As can be seen, there seem to be a trend
where more stars in a bin equals a larger fraction of stars hosting no planets. This could
imply that the G0 results are only a reflection of the number of stars in each bin. The
consequences of this is discussed in section 5.4.2.
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Figure 5.3: same as figure 5.2 but with giant planets and stars with a temperature outside
of 4200K ă Teff ă 6100K removed. Despite removing these planets and stars, the trend
remain almost unchanged.
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Figure 5.4: Left: The mean number of stars in each formation radius bin for each model.
The standard deviation is also shown as an errorbar but the standard deviation is signifi-
cantly smaller than the mean meaning that the number of stars in each bin does not change
significantly between draws. Right: Same as the left figure but with the number of host
stars shown. The different colours represent the different detection orders which are stacked
on top of each other.

5.3 Architectural analysis

Since the full formation radius pdf’s are known, it is possible to create different subsamples
of the stars hosting planets based on where they were formed. For a given critical formation
radius Rcrit, the planet host sample was split up into two subsamples: stars with at least
68% probability (Pin) of being formed inside Rcrit, and stars with at least 68% probability
(Pout) of being formed outside Rcrit. Pin was found simply by integrating the formation
radius pdf’s between 0 and Rcrit and Pout can then be found as Pout “ 1 ´ Pin. KS-tests
between the subsamples on the cdf’s of orbital period and planet radii was then performed
for the following values of Rcrit: 2, 4, 6, 8, 10, 15, and 20 kpc. A KS-test tests the null
hypothesis that two samples could be drawn from the same distribution. The result of
a KS-test can be summarised by a p-value which when below a certain significance level,
allows for the possible rejection of the null hypothesis. The p-values resulting from the KS
tests for planet radii and orbital period can be seen in the left and right panels respectively
in figure 5.5. Each point has two numbers showing the number of stars in each subsample
with the upper value showing the number of stars formed outside of Rcrit and the lower
value showing the number of stars formed inside Rcrit. Values for Rcrit which are missing
points did not have any stars in one of the subsamples. A dashed line showing a p-value
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of 0.05, which a commonly used significance level, is also shown in the figures and will be
the significance value used for the hypothesis testing. A significance level of 0.05 indicates
either that the probability of rejecting the null hypothesis given that it is assumed to be
true or vice versa.. For planetary radii, in both the Kubryk and Sharma model, p-values
for all Rcrit are above 0.05 meaning that it is not possible to reject the null hypothesis
i.e. that the subsamples are drawn from the same, underlying distribution. In the Frankel
model, the p-value for Rcrit “ 6 kpc is below 0.05 which could mean that it would be
possible to reject the null hypothesis while in the Minchev model, the same can be said for
an Rcrit of 10 kpc and 15 kpc.

In the Frankel model, both with a critical radius of 6 kpc and 8 kpc, the KS-test re-
sulted in a p-value well below the threshold with a significant enough sample size in both
cases. As most of the stars observed by Kepler are currently in the solar neighbourhood
(R « 8 kpc), an Rcrit of 8 kpc separates the entire sample into stars who have migrated
inwards and stars who have migrated outwards. Stars formed further in are thought to
be older meaning that it might be possible that these two samples are biased due to the
presence of Hot Jupiters. Hot Jupiter would be more abundant in the stars formed further
in as they are younger and could thus bias the KS-testing. However, even when removing
all planets with radius larger than 0.5 Jupiter radii, the same results as in the right planel
of figure 5.5 are found. In fact, removing the giant planets did not affect the results of the
KS tests for the planet radii either.
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Figure 5.5: p-values for different values of Rcrit. Rcrit is the formation radius which sep-
arates the two different distributions tested. Stars with an 68% probability of being formed
inside of Rcrit were compared with stars with an 68% probability of being formed outside
of Rcrit through a KS-test. The annotations on each point show the number of stars in the
outer and inner distribution respectively. The dashed line shows a p-value of 0.05. The
left panel show the p-values for the distributions of planet radii while the right panel show
those for the distributions of orbital period

The difference between the two samples in the Frankel model can be best understood
through the median ages of all stars in the two subsamples which is shown in figure 5.6.
In this model, stars formed inside of 8 kpc (or 6 kpc) are most likely very old stars or
very young stars while stars formed outside of 8 kpc (or 6 kpc) have more intermediate
ages.1 Due to the fact that the planetary system is forming together with the star, it
may be possible that the orbital periods of planets around younger stars are different than
that of older stars, meaning that the difference observed between these two samples may
just be caused by an age bias. Figure 5.7 shows the results from the same KS-testing as
figures 5.5 but with all stars with a median age less than 2.5 Gyr removed. As seen, the
p-values are well above 0.05 meaning that the previously perceived difference was most
likely simple caused by an age difference in the stars. This means that the differences in
the samples that have been seen are simply caused by the ages of the stars and no other
intrinsic property. Interestingly, removing young stars also increased all low p-values for
planet radii to be above 0.05 as well. All of these results are further discussed in section
5.4.3.

1A similar trend can be seen in the ages for the Minchev model and an Rcrit of 10 kpc which have the
other low p-value for planet radii and the explanation for these results are thus the same no matter which
model is discussed
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Figure 5.6: Left: Density histograms of the ages in the two subsamples formed inside and
outside of 6 kpc according to the Frankel model. Right: Same as the left figure but with
an Rcrit of 8 kpc instead.
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Figure 5.7: Left: KS tests for distribution orbital periods after splitting up planet hosts by
Rcrit but with all stars with a median age of ă 2.5 Gyr removed. Right: Same as the left
figure but for planet radii instead.
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5.4 Discussion

5.4.1 Comparisons with previous work

As mentioned, there is a systematic difference between the occurrence rate values found
in this project and those of Zink et al. (2019). This difference in occurrence rates can
best be explained by the multiplicity distribution of the two planet populations used in
each project (see figure 3.1 and table 5.1). It is clear that Zink et al. (2019) include more
planets in their population across all multiplicities and that this difference is larger for
lower multiplicities i.e. for 1- or 2-planet systems. We suspect that this difference in the
number of planets comes from the fact that Zink et al. (2019) seem to include planets
which have host stars that we have removed as a result of the cuts described in section
2.1.1. By investigating equation (3.6) it is clear that increasing the number of planets in
lower multiplicity systems while keeping the number of stars constant would increase the
estimated value for these occurrence rates. Due to the cascading nature of the occurrence
rates it is therefore possible that the occurrence rates for higher orders could be allowed
to increase as well. This would also explain the flatter distribution from lower to higher
orders as low multiplicity systems are the most affected. Further, as Zink et al. (2019)
average their detection probabilities over the entire stellar population it is possible that
they overestimate the detection probabilities compared to the values that would have been
achieved if individual detection probabilities would have been taken into account. He et al.
(2021) investigated the occurrence rates around stars of different spectral types and found
that the fraction of solar type (G2V) dwarfs with planets2 is approximately 0.57 which is
comparable to F1 found in this project using the full data as seen in table 5.2. While it is
not possible for a one-to-one comparison due to the fact that the stellar population consid-
ered here is a mix of different spectral types, a large fraction of the stars considered are G
dwarfs meaning that their contribution is the most significant to the overall occurrence rate.

The separability of the orbital period and planet radii distributions is a major assumption
when estimating both the sorting order but also the detection probability itself. Weiss
et al. (2018) argue that neighbouring planets are of similar sizes, and that orbital period
ratios of adjacent pairs are correlated. Should this be true it is possible to argue that
during the formation of planets, they are aware of each other and the probability distri-
butions the radius and period of one planet is a function of the orbital periods and radii
of the other planets (Murchikova & Tremaine, 2020) meaning that the distribution func-
tions are not necessarily separable. However, as demonstrated by Murchikova & Tremaine
(2020), the same apparent correlations as found by Weiss et al. (2018) can be found even
with a universal, intrinsic radius distribution in which the planets do not care about each
other when forming. Further, Zhu (2020) also investigated these results and found that
the findings of Weiss et al. (2018) can be explained by selection effects due to the specific
S/N cuts made. For low detection probabilities (e.g. large stellar radii or short transit

2denoted fswpa in He et al. (2021)
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duration), only planets with a large radii survive the S/N cuts while with high detection
probabilities, both small and large planets survive the cuts. However due to the shape
of the radius distribution, most planets in a multiplanet system are expected to be small
meaning that in either case, using the specific S/N cuts of Weiss et al. (2018), correlations
arise. Despite all this, it is still likely that the sizes of the planets are correlated in some
way as shown by Murchikova & Tremaine (2020) who set up four distinct distributions in
planetary radii and was able to reproduce the observed distributions and size correlation
together with the Pearson/Spearman correlations as a function of minimum radius. This
strongly hints that the planetary radii distributions are aware of which system they are in
and varies from system to system, but not necessarily that the planets are aware of each
other. In such a case, the radius and period distributions are still separable which means
that the assumption of separability can be justified.

5.4.2 Occurrence rate dependence on formation radius

When analysing the results of how the occurrence rate changes with formation radius it is
important to think about what types of stars correspond to a certain formation radius. As
shown in figure 5.8, large formation radii generally correspond to metal poor, young stars
while small formation radii are generally either old, solar metallicity stars or metal rich
stars with any given age. The Kubryk model generally yields smaller formation radii for a
wider range of ages and metallicities compared to the other three while the opposite is true
for the Frankel model. Figure 5.8 show the resulting formation radii for a range of different
ages and metallicities. The colorbar limits were set to 0 and 20 kpc respectively in order
to capture the full range considered. In some areas of the phase space shown however, the
formation radius values would exceed these values meaning that the colors are saturated
at these points. In practice, this means that some black regions in figure 5.8 have values
below 0 kpc and some white regions have values above 20 kpc.
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Figure 5.8: The formation radii the four different models output for some metallicities and
ages. Both the Kubryk and Sharma models have some regions where a formation radius
cannot be inferred. In the Sharma model, the lower metallicity limit comes from the fact
that they have set the minimum possible metallicity to -0.85 meaning that no stars have a
metallicity below this. In the Kubryk model this corresponds to the upper left region in the
bottom left panel of figure 2.9 where the lines as reported by Kubryk et al. (2015) doesn’t
extend further.

For all multiplicities, there is no statistically significant change with formation radius. It is
possible that this result is simply due to the large uncertainties in Gm and that they hide
any underlying differences. It would be natural to assume that the fraction of stars hosting
no planets would decrease with formation radius as an increased number density of stars
would increase the risk for star-star interactions such as fly-bys which might destabilise
planetary systems. Further, a larger number density of stars also increases the potential
risk of photoevaporation of planetary discs which could cause truncation and thus de-
creased planet formation efficiency. This is seen when we use the Frankel model while the
opposite is seen when using the Kubryk and Sharma models where the fraction of stars
with no planets increases up until « 6-8 kpc where it reaches a maximum. In the Minchev
model, this fraction stays roughly constant for all formation radii up until « 8 ´ 10 kpc
after which it decreases.

No matter which model is used, the fraction of stars hosting no planets is very low at
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high formation radii which correspond to very young, metal-poor stars in all models (high
formation radii). When we use the Minchev, Kubryk, and Sharma models, G0 peak be-
tween 6 and 8 kpc while when we use the Frankel model, G0 peak in the smallest formation
radius bin. These peaks do not correspond to the same ages and metallicity combinations
which could otherwise explain the differences. This means that the ages and metallicities
alone cannot explain the differences between each model. Instead, the more important
contribution to the results could be the number of stars in each bin.

Throughout the project, the parameters for the exoplanet distributions as well as the
order distribution as found by Zink et al. (2019) have been assumed to be true. This is
not expected to affect the results for the full, non-binned case as roughly the same stellar
selections as Zink et al. (2019) are used. However, it might be argued that the orbital
period and exoplanet radii distributions could be different for different formation radii for
the same reasons that occurrence might be expected to be different for different formation
radii. Modelling the exoplanet distributions as power laws was generalised for Kepler by
Youdin (2011) and the work by Zink et al. (2019) is based on this work. The parame-
ters of interest for the exoplanet distributions are the break values where the power law
slope breaks and the slopes for the two different regimes (i.e. α1, α2, β1, β2, Rbr, and Pbr
in equation (A.9)). These parameters have been found empirically by modelling planet
occurrence rates after taking into account different selection effects such as detection prob-
abilities (Burke et al., 2015; Youdin, 2011, for example). While the parameters have been
found empirically and might be found to be different by only considering certain types of
stars or stars formed in very specific environments, they are expected to have arisen from
intrinsic properties in the formation of the planets. The KS testing in section 5.3 shows
that, after debiasing for the ages of stars, the period and radius distributions for all the
detected planets seem to be drawn from the same underlying distribution no matter at
which galactocentric radius the star was formed. It is still possible that the underlying
distributions in orbital period and planet radii, which would be affected by any planets
that are not detected yet, is different from the distribution that have been assumed. In
fact, fixing the radius and period distributions means that in equation (3.6), K1,m becomes
a constant and does not affect the likelihood estimate. Further, when drawing a number of
randomly selected stars, the double integral in equation (3.4) changes very little no matter
how many stars are drawn or which stars are drawn. Thus, the main parameters which
affects the likelihood estimate is the number of detected planets of a certain order Ndet,m

and the number of stars considered. Since N˚ " Ndet, varying N˚ will have a very large
effect on the final result compared to the number of planets detected in each order. By
allowing for variations in the orbital period and planet radii distributions as well as the
sorting order distribution, the detection of individual planets would also affect the likeli-
hood as K1,m would not be constant and the double integral in equation (3.4) would vary
more between each bin, thus reducing the effect the number of stars have on the final results.

When comparing figure 5.3 and the left panel in figure 5.4, G0 follows then number of
stars in each bin very closely where a large number of stars corresponds to a larger G0.
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An explanation for this could be the age uncertainties. The median fractional uncertainty
in the age of host stars is approximately 50% compared to the entire data set where the
median fractional uncertainty is 33 %. This means that the uncertainty in formation ra-
dius is generally larger for host stars than for most other stars. Thus, when redrawing
formation radii, the mean number of planets could be the same in each bin which would
mean that the number of stars in each bin is the only significant factor when estimating
the occurrence rate. However, as seen from the right panel in figure 5.4, the mean number
of host stars follow the total number of stars meaning that the larger age uncertainties
should not affect the final results.

5.4.3 Architectural analysis

When we performed the KS-tests, a significance level was set to α “ 0.05 in order to
assist the analysis which means that, given that the null hypothesis is true, it is expected
that 1 in 20 hypothesis tests rejects the null hypothesis, leading to an incorrect rejection.
Our KS-testing involves 28 hypothesis tests for both the case for the full data set and the
case when very young host stars are removed, meaning that with a significance level of
0.05, it is expected that around one test in each case should reject the null hypothesis,
which we see. It is possible that this rejection is simply due to the fact that multiple tests
are made instead of the null hypothesis actually being false in these cases. When testing
multiple hypotheses, a more appropriate significance level could be found by a Bonferroni
correction where the tests would be made at a significance level of α{Ntests where Ntests

are the number of tests made. In reality, a Bonferroni correction would most likely yield a
too conservative significance level as the different tests made are not made on independent
data sets, meaning that the true significance level most likely lies between the chosen one
and the Bonferroni corrected one. Nevertheless, a significance level of 0.05 is still used in
the analysis and as we will show later, will not affect the final conclusion.

The KS-testing of the orbital periods distributions showed that when using the Frankel
model, it might be possible to reject the null hypothesis that the subsamples of stars born
inside and outside of 6 and 8 kpc respectively are drawn from the same distribution. The
same can be said of planet radii at an Rcrit of 6 kpc. However, removing stars with a
median age of less than 2.5 Gyr increased the p-values for both orbital periods and planet
radii to the point where the null hypothesis could not be rejected anymore. Figure D.1
show cumulative distributions functions of the orbital period of all the planets considered
split by stars younger than 2.5 Gyr and stars older than 2.5 Gyr. Here it can be seen, albeit
with difficulty, that the distribution of the younger stars host a larger fraction of planets
on very short orbital periods which is most likely the cause of the difference in the CDF’s.
As has been mentioned earlier, planets on short period orbits are expected to experience
orbital decay due to tidal effects from the star.3 This means that it is most likely the tidal
decay which is causing the difference between the samples.

3Although this effect is stronger for more massive planets.
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Regarding the planet radii, the difference cannot be explained as simply. In fact, de-
spite the p-value increasing when removing stars with a median age of less than 2.5 Gyr,
the CDF’s of the planet radii are not different between stars younger than 2.5 Gyr and stars
older than 2.5 Gyr. Figure D.2 show the CDF’s of the planet radii for the two sub-samples
split by an Rcrit of 6 kpc according to the Frankel model. As can be seen, the difference
lies mainly around 1-2 R‘ where the planet radii distributions around stars formed further
in in the galaxy are skewed towards these sizes whereas the planet radii distributions for
host stars formed further out are skewed towards larger planets. It could be so that this
result is a consequence of the Fulton gap, which is an underdensity of planets with sizes
of less than 2R‘ (Fulton et al., 2017). This gap is thought to arise due to the photoe-
vaporation of atmospheres around planet cores on short period orbits. Planets larger than
a certain size are massive enough to retain their atmospheres with their surface gravity
while smaller planets gets their atmosphere evaporated such that only the bare core is left
meaning that a valley in the radius distribution is created. It could be that younger stars
are more efficient at stripping planetary atmospheres, meaning that they are less likely to
host planets of sizes of about 1-2 R‘. Younger stars typically have a higher chromospheric
activity (Zhang et al., 2019) which could also cause the star to be more noisy in Kepler
observations which in turn causes the MES of a potential planet to decrease. Therefore
it might be possible for the detection probability to be larger for younger stars. However,
upon inspection, we found that there is no direct correlation between noise and median
stellar age meaning that the noise should not affect the final result.
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Chapter 6

Conclusions & Future work

The aim of this project was to i) estimate the formation radii of stars and ii) find if there
are any connections between occurrence rates of planets and formation radius. The for-
mation radii of stars were determined by utilising the method explained by Minchev et al.
(2018) where stars with a certain age and metallicity were assigned a formation radius by
modelling the time dependence of the radial metallicity gradient of the Milky Way. By
using precise stellar parameters from Berger et al. (2020), the ages of stars observed by the
Kepler telescope were determined. The determined ages, combined with the metallicities of
the stars, allowed for precise estimations of their formation radii with four different metal-
licity gradient models. Using the detection bias model set up by Zink et al. (2019), which
takes into account mutual inclinations in multiple planetary systems for both geometric
transit probabilities and recovery probabilities within the Kepler pipeline, it was possible
to estimate the debiased occurrence rates of stars for individual multiplicities formed at
different formation radii. It was found that in all four metallicity gradient models, for any
of the multiplicities considered, the fraction of stars hosting planets did not show a statisti-
cally significant change with formation radii although, due to the large uncertainties, these
results are inconclusive. The fraction of stars hosting no planets at all was also considered
and while there were variations between each model and formation radius bin, these are
most likely explained by the number of stars in each formation radius bin.

KS-testing of the observed population of planets was also performed. In particular, the
orbital period and planet radii distributions for stars formed inside or outside a given
formation radius was considered. It was found that after debiasing for ages, the null hy-
pothesis for both orbital periods and planet radii (i.e. that the subsamples are drawn from
different distributions) could not be rejected for any formation radius or any model. Host
star properties, e.g. metallicity, affect the architecture of planetary systems, meaning that
the planets know about the system they are in. However, in the case that the orbital
period and planet radius distributions are independent of formation radius, the formation
and evolution process of planetary systems could be independent of where in the galaxy
the host star is formed. This means that the planets are in general not aware of the envi-
ronment in which the host star was formed. This could seem contradictory to the findings
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that photoevaporation from nearby massive stars cause significant mass-loss of protoplan-
etary discs but Parker et al. (2021) found no correlation between decreased disc-mass and
distance from ionising stars. Instead discs are rapidly uniformly destroyed by photoevap-
oration suggesting an all or nothing effect. This could mean that, while photoevaporation
will destroy discs, it might be rare and thus not affect the occurrence rates significantly.

6.1 Outlook and future work

The core idea of this project hinges on the fact that it is possible to precisely estimate
the formation radii of stars. While efforts to reduce the statistical uncertainties have been
made, there is still a large uncertainty in the metallicity evolution of the Milky Way as
evident by the differences in each model. With the recently published third data release
of GALAH (Buder et al., 2021) as well as the upcoming 4MOST survey (de Jong et al.,
2012), precise and accurate abundances of a large number of stars will be available and
thus the evolution of the metallicity in both time and space will be much better constrained
thus reducing the potential systematic uncertainties when estimating the formation radii
of stars.

Unfortunately, the occurrence rate results presented in this thesis are largely inconclu-
sive. The number of stars has a too large effect on the final results to be able to draw any
valuable conclusions from them. One way to minimise the effects the number of stars has
on the results would be to allow more parameters in the likelihood model to vary. Through-
out this work, parameters for the period and radius distribution of planets, as well as for
the sorting order distributions were fixed in order to simplify calculations. However, these
assumptions are not necessarily true and would lessen the effect of the number of stars.
By allowing these parameters to vary, it would also be possible to expand the work of Zink
et al. (2019) to further orders since higher multiplicity systems other than the Solar System
has been observed.

Another way would be to instead use the approach of Yang et al. (2020) who performed
a similar investigation as this project: bin the stars according to some parameter of in-
terest and perform detection bias corrections in each bin through an MCMC procedure.
However, instead of including the detections of planets, they generated planetary systems
from debiased, observed distributions and estimated the probability of detection for each
planet to estimate how many planets they would expect to observe. This expected number
of observations could then be used to compare with the actual number of observed planets
in a Poisson likelihood model. As Zink et al. (2019) showed, the detection probability for
planets detected after the first one decreases significantly so these would have to still be
taken into account. Combining the careful consideration of different detection orders by
Zink et al. (2019) with the overall method of Yang et al. (2020) could be a way to prop-
erly estimate the effects formation radius has on occurrence rates. Further, with accurate
occurrence rates, it would also be possible to generate planetary systems from the found
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multiplicities and estimate the fraction of stars hosting habitable planets by making sure
that the generated planetary systems are stable, and carefully setting up certain habit-
ability requirements. An example of such work can be found in Zink & Hansen (2019). It
would then be possible to estimate how the fraction of stars hosting potentially habitable
systems change with formation radius, ultimately leading us to an answer to the question
of where in the galaxy life as we know it on Earth is most suitable.
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Appendix A

Description of individual quantities
in the model

A.1 Detection Probabilities

The window probability is estimated by Burke et al. (2015) to be

Pwin “ 1´ p1´ fdutyq
M
´Mfdutyp1´ fdutyq

M´1
´

1

2
MpM ´ 1qf 2

dutyp1´ fdutyq
M´2, (A.1)

where fduty is the duty cycle of the star i.e. the fraction of active data intake andM “ tobs{P
is the fraction between the full observation time of the Kepler telescope and the orbital
period of the planet. The window probability is independent with respect to the detection
order.

The recovery probability has been characterised by Christiansen (2017) through injecting
artificial planets into each Kepler star and then put the light curves through the Kepler
pipeline. They did not however, consider detection order and assumed that the recovery
probability uniform over all periods. Zink et al. (2019) used the same data as Christiansen
(2017) but instead split the data into m “ 1 injections and m ě 2 injections as well as
in two period ranges: 0.5 ă P {days ă 200 and 200 ă P {days ă 500 and fit the recovery
probability to a ΓCDF

PrecpMESq “
c

bapa´ 1q

ż MES

0

px´ x0q
pa´1q exp

ˆ

´px´ x0q

b

˙

dx, (A.2)

where the parameters a, b, c, x0 are fit. Their found values can be found in table A.1. The
MES is the multiple event statistic and is analogous to the S/N and is found to be

MES “ 1.003
a

Ntr
∆

σcdpp
, (A.3)

with Ntr being the number of transits, σcdpp being the combined differential photometric
precision, and ∆ being the transit depth. The σcdpp can be seen as the stellar noise. The
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number of transit is straightforwardly defined as

Ntr “
tobs
P
, (A.4)

while Zink et al. (2019) found the transit depth to be expressed as

k “
R

R˚
c0 “ 1´ pu1 ` u2q

ω “
c0

4
`
u1 ` 2u2

6
´
u2

8

∆ “ 1´
1

ω

ˆ

c0

4
`
pu1 ` 2u2qp1´ k

2q3{2

6
´
u2p1´ k

2q

8

˙

,

(A.5)

where u1, u2 are the limb darkening coefficients used to fit the transits within the Kepler
pipeline. They are found by Zink et al. (2019) to be related to the effective temperature
Teff

u1 “ ´1.93 ¨ 10´4Teff ` 1.5169

u2 “ 1.25 ¨ 10´4Teff ´ 0.4601.
(A.6)

Table A.1: Parameters for the recovery probability and their values as found by the Zink
et al. (2019) injections

Period range a b c x0

m = 1
0.5 ă P {days ă 200 29.3363 0.2856 0.9845 0.0102
200 ă P {days ă 500 18.4119 0.3959 0.9051 1.0984
m = 2
0.5 ă P {days ă 200 21.3265 0.4203 0.9276 0.093
200 ă P {days ă 500 5.5213 1.2307 0.7456 2.9774

The transit probability for a single planet system can be shown to be (Pater & Lissauer,
2015)

Ptr “
Rp `R˚
ap1´ e2q

«
R˚
a
, (A.7)

where the orbits are assumed to be circular (e “ 0). Circular orbits is a reasonable enough
assumption as the eccentricities of single planet have been found to be small enough to
not affect the period calculation significantly (Van Eylen et al., 2019). For multiple planet
systems, the transit probability becomes more complicated and it becomes necessary to
look at semi-analytical models and perform Monte-Carlo simulations to investigate the
probability of transits (Brakensiek & Ragozzine, 2016). Zink et al. (2019) did exactly this
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for planetary systems containing between 2 and 7 planets and for different values of a{R˚
(note the inversion). The first planet was found through the different values of a{R˚ and the
rest of the planets were drawn from their Kepler period sample. The mutual inclinations
were made to follow the distribution found by Fang & Margot (2012). Then, the stability
of the system was checked for by investigating the planet separations and if any separation
is less than 10 percent of its outer neighbour, the entire system is resampled. For a transit
to be observed, one of the following equations must be satisfied

cospiq cospωq ´ sinpiq sinpωq ě
R˚
a

sinpiq sinpωq ´ cospiq cospωq ď
R˚
a
,

(A.8)

where i is the inclination; uniformly sampled over sinpiq, and ω is the ascending node; also
uniformly sampled over sinpωq. The results of this sampling can be found in figure A.1 for
all different values of m. This is the same as figure 1 in Zink et al. (2019). Given a certain
semi major axis, stellar radius, and order m, the transit probability was found through
linear interpolation between these found values.
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Figure A.1: Found transit probabilities by Zink et al. (2019).

A.2 Exoplanet distribution

The exoplanet distributions for the planet radii and orbital period g and q are most com-
monly written as power laws with a break point corresponding to Rbr and Pbr

gpRq “

#

ARR
α1 if R ă Rbr

BRR
α2 if R ě Rbr

qpP q “

#

APP
β1 if P ă Pbr

BPP
β2 if P ě Pbr,

(A.9)

where α1, α2, β1, β2, Pbr, Rbr are all fit parameters. Since Zink et al. (2019) found these
parameters in their study using the same model that will be used during the project and
considering the fact that this model is supposed to be describing the exoplanet population
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as a whole, the values found by Zink et al. (2019) will be adopted in this project. The values
for the parameters can be found in table A.2. AR, BR, AP , and BP are coefficients which
are determined in order to satisfy normalisation as well as continuity at the breakpoints of
the two functions. Specifically, they are determined by solving the following set of linear
equations

ż Pbr

Pmin

APP
β1 `

ż Pmax

Pbr

BPP
β2 “ 1

APP
β1
brk “ BPP

β2
brk

ż Rbr

Rmin

ARR
α1 `

ż Rmax

Rbr

BRR
α2 “ 1

ARR
α1
brk “ BRR

α2
brk,

(A.10)

Table A.2: Parameters for the exoplanet population and their values as found by Zink et al.
(2019)

Parameter Value
α1 -1.65
α2 -4.35
β1 0.76
β2 -0.64
Pbr 7.09 days
Rbr 2.66 MC

A.3 Sorting Order

The joint distribution model is described as the following, given a quantity x

Pmpxq9P0pxqC0pxq
am´1

p1´ C0pxqq
bm´1, (A.11)

where P0 is the true probability distribution while C0 is the CDF. Due to the separability
of the exoplanet distribution with respect to radius and period, the skewed portion of the
distribution can then be written as

OmpP,Rq “ CrpRq
am,r´1

r1´ CrpRqs
bm,r´1

¨ CppP q
am,p´1

r1´ CppP qs
bm,p´1, (A.12)

where again, the parameters am,r, bm,r, am,p, and bm,p will be adopted from Zink et al.
(2019) and their values can be found in table A.3. The CDF’s can be described through
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the following expressions

CRpRq “

$

’

&

’

%

şR

Rmin
ARR

1α1dR1 if R ă Rbrk

şRbrk

Rmin
ARR

1α1dR1 `
şR

Rbrk
BRR

1α2dR1 if R ě Rbrk

CP pP q “

$

’

&

’

%

şP

Pmin
APP

1β1dP 1 if P ă Pbrk

şPbrk

Pmin
APP

1β1dP 1 `
şP

Pbrk
BPP

1β2dP 1 if P ě Pbrk.

(A.13)

Table A.3: Parameters for the sorting order skew as found by Zink et al. (2019)

Parameter m “ 1 m “ 2 m “ 3 m “ 4 m “ 5 m “ 6 m “ 7
ar 1.095 1.030 1.028 1.013 0.998 1.065 0.951
br 0.923 1.470 2.206 3.063 4.013 4.898 6.614
ap 0.957 1.152 1.172 1.184 1.183 1.166 1.234
bp 1.004 1.010 1.000 0.999 0.997 1.006 0.994
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Appendix B

Posterior distribution of the
occurrence rate given no detections

The goal is to estimate the posterior distribution of fm, given that there are no detected
m-planet systems (Ndet,m “ 0). From Bayes theorem:

P pfm|Ndetq “
P pNdet|fmqP pfmq

P pNdetq
9P pNdet|fmq, (B.1)

where the proportionality comes from the fact that we use a uniform prior for fm. Since
the detection of planets is modeled as a Poisson process,

PmpNdet|fmq „ PoispNdet;Nexpq “
NNdet
exp

Ndet!
expp´Nexpq, (B.2)

where Nexp is the expected number of detections

Nexp “ N˚fm

ż Pmax

Pmin

ż Rmax

Rmin

P pR,P qOmpR,P qqpP qgpRqdRdP. (B.3)

The probability to detect zero planets, given a certain value for fm is then

P p0|fmq “ expp´Nexpq (B.4)
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Appendix C

Normalisation of expected number of
detections

We want to calculate the value for Cnorm which can be expressed through

Cnorm

ż Pmax

Pmin

ż Rmax

Rmin

gpP qqpRqOmpR,P qdPdR “ 1. (C.1)

As

Ompp, rq “ CrpRq
am,r´1

r1´ CrpRqs
bm,r´1

¨ CppP q
am,p´1

r1´ CppP qs
bm,p´1, (C.2)

it is possible to separate the double integral into a period term and radius term

ż Pmax

Pmin

ż Rmax

Rmin

gpP qqpRqOmpR,P qdPdR “

ż Pmax

Pmin

CppP q
am,p´1

r1´ CppP qs
bm,p´1qpP qdP

ż Rmax

Rmin

CrpRq
am,r´1

r1´ CrpRqs
bm,r´1gpRqdR.

(C.3)

Through the definition of the CDF, it is possible to perform the following variable sub-
stitution dCr

dR
“ gpRq ñ dR “ 1

gpRq
dCr. The integral limits can then be changed as

CrpRmaxq “ 1, CrpRminq “ 0. These operations are equally true for the period part of the
expression. This means that

Cnorm

ż 1

0

Cpppq
am,p´1

r1´ Cpppqs
bm,p´1dCp

ż 1

0

CrpRq
am,r´1

r1´ CrpRqs
bm,r´1dCr “ 1. (C.4)

These integrals have analytical solutions expressed by the Γ-function which means that the
normalisation factor can be written as

Cnorm,m “

ˆ

Γpam,rqΓpbm,rq

Γpam,r ` bm,rq

Γpam,pqΓpbm,pq

Γpam,p ` bm,pq

˙´1

. (C.5)
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Appendix D

Additional Figures
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Figure D.1: Cumulative distribution functions of orbital periods of the planet population.
The two colors show stars older than 2.5 Gyr and those younger than 2.5 Gyr.
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Figure D.2: Cumulative distribution functions of planet radii with host stars formed inside
6 kpc compared to host stars formed outside of 6 kpc according to the Frankel model.
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Figure D.3: The reproduced metallicity gradients given by Kubryk et al. (2015). It is im-
portant to note that the ages given here is lookback time (or stellar age) and not simulation
time which is reported in Kubryk et al. (2015)
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APPENDIX D. ADDITIONAL FIGURES

Figure D.4: An example of a single walker chain. In the full procedure, these were generated
50 times for each formation radius bin and then combined in order to produce the final
distributions of Fm and Gm.
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