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Abstract

October 8, 2021

We simulate the velocities of formed Black Holes to determine the fraction

of retained Black Holes in 152 Globular Clusters. The model we used for the

escape velocity is from Plummer. The scenarios of the natal kick are Neutron-

star like kicks and momentum conserving kicks. We also consider the binary

fraction which affect the retention of Black Holes. A typical Globular Cluster

retains 0 or 102 Black Hole with NS-like kicks or momentum conserving kicks

respectively in the simulation which only consider Black Holes as single stars. If

the binary fraction fb is three quarters, a typical Globular Cluster retains 102.5

Black Holes with two scenarios.
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Popular summary

Wuxueman Liu

September 2021

The Black Hole are popular objects in astronomy, a lot of scientists want to

study their formation and evolution. Most astronomers agree with that there

is a super massive black hole in the center of our galaxy. Also, some previous

observations show that at least some clusters have black holes. As we all known,

a typical black hole is formed by a core-collapse supernova of a massive star.

The core-collapse supernova is a explosion that blow out material surrounding

the core, so the star always looses the majority of its mass and only leave one

core. The mass of this massive stars has a upper limit, extremely massive stars

will not become black hole but disappear during their evolution. Here comes

a conclusion that the mass of a typical black hole is smaller than stellar black

holes in some clusters or the super massive black hole in the center of our galaxy.

This means, those massive black holes may be produced by the merger of some

smaller black holes.

One possible pathway of formation of the surrounding material of super

massive black holes is the merger of globular clusters that spiralled into the

center. If we want to produced such super massive black holes, the globular

cluster must have some black holes. The core-collapse supernova is a asymmetric

explosion, the force from different directions are not the same. The black hole

may get a natal kick from this explosion. Because of the natal kick, the velocity

of black holes may be enough to escape from the host cluster. The magnitude

of the black hole natal kick is very unclear, unlike neutron stars, which emit

pulses of radio waves as they rotate, black holes can not be observed directly. In

this project, I simulate two kinds of kick in 152 globular clusters(from Harris’
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database). If the natal kicks of black holes are exactly the same as neutron

stars, only a handful of black holes can be retained in the cluster. If the natal

kicks of black holes are reduced by the mass relations of BH-NS, hundreds to

thousands of black holes remain.

However, most of massive stars are in binary systems. The companion of

the black holes in binaries also affects the retention of the black hole. The

companion may slow down the black hole after the explosion. If the massive

star interact with the companion before become a black hole, the merger and

common-envelope evolution of binary will affect the velocity of the black hole. I

simulate those globular clusters with three quarters of massive stars in binaries.

Both kinds of kick could let a typical globular cluster retain hundreds of black

holes.

In conclusion, a typical globular cluster can retain hundreds of black holes

in this simulation. The case of the kick is the same as neutron stars should be

ruled out if most massive stars are not in binaries.
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1 Introduction

In this project, I study the retention of Black Holes (BHs) in Globular Clusters

(GCs). ’Retention’ means the fraction of BHs that remain in the GC after the

supernovae in which they form. From this study, I want to understand how

the cluster properties like mass and metallicity affect the retention of BHs and

measure the uncertainty of this prediction.

Some previous studies (Kormendy and Richstone, 1995) show that there is a

super massive black hole (SMBH) in our galactic center. The formation pathway

of SMBHs is still uncertain, one possible scenario being related to binaries. The

BH can exchange with one star of a binary in a gravitational interaction, this

process is more likely in stellar areas with high density of stars (like the GC).

One observation is the radio and X-ray emission from X-ray binary 47 Tuc X9

in the GC 47 Tuc (NGC104) shows that a stellar-mass BH is accreting mass

from the companion carbon-oxygen WD (Church et al., 2017). This system

may be formed by the collision of a stellar-mass black hole with a giant star.

When one X-ray binary with a main-sequence star (also can be a red giant star

or a neutron star) and a BH collide with a single BH, the main-sequence star
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will be ejected and leave one BH-BH binary. Two BHs in the BH-BH binary

then will merge and produce a more massive black hole which can be the ’seed’

of the SMBH in the Galactic Center (Askar et al., 2021). This is because one

possible pathway of formation of the surrounding Nuclear Stellar Cluster (NSC)

of SMBH is the merger of GCs that spiralled into the Galactic Center (Antonini

et al., 2012, Renaud et al., 2017). In this case, BHs are brought by the clusters

which hold enough BHs to form more massive BHs(intermediate BH (IMBH)

with mass over 100M�), therefore studying the retention of BHs in clusters

could help us to understand our galaxy.

GCs have several features. Most GCs are older than open clusters (OCs),

they have the age around 12.8 Gyr (Forbes and Bridges, 2010). Hundreds of

BHs formed during the first 10 Myr after formation (Larson, 1984), making it

impossible to directly observe the evolution of massive stars in GCs. The GCs

are massive, so they can live longer than OCs and the gravitational potential

of stars are deeper than other stellar clusters (Sanchez-Lavega, 2011). These

deeper potential makes the BHs more likely to be retained. Also, GCs are used

as laboratory to study stellar physics (stellar evolution and dynamics) because

the larger density of stars in GCs lead to more frequent stellar interaction

(Binney et al., 2009).

In this work, the reasons I choose GCs are: (a) The larger density of stars

lead to frequent stellar interactions, there are more interacting (X-ray) binaries

which are formed by retained BHs in these clusters (Larson, 1984, Kundu et al.,

2002, Arca Sedda et al., 2018) ; (b) Because the initial mass function is universal

(Kroupa, 2001), massive clusters like GCs contain more massive stars, BHs

progenitors, than others. (c) The deeper potential makes the BHs more likely

to be retained. (d) Only GCs have enough BHs and binaries to form IMBH.

(e) Denser clusters like GCs do not get tidal disruption like OCs during the

in-falling to the Galactic Center.

BHs are formed after the supernovae that occur at the end of the life of

massive stars. The BH or Neutron star (NS) is expected to receive a natal

kick when it forms. This natal kick comes from the asymmetric explosion of
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supernovae (Helfand and Huang, 1987), giving a kick velocity to the BH or NS.

The evidence of BH natal kick is that the BHs are found in large distance from

galactic plane today Repetto et al. (2012). The magnitude of BHs natal kicks

is very unclear, unlike NSs, which emit pulses of radio waves as they rotate,

BHs cannot be observed directly, so the BH kick velocity should be inferred

indirectly. As the formation of NS and BH are similar, we can get the BH kick

velocity using the relationship between natal kicks of NSs. Three scenarios are

discussed in the astronomical literature. The first one is that the kick velocity of

the BH is expected to be reduced by the mass ratio of the NS and BH in many

pictures (Repetto et al., 2012) because they receive the same momentum. The

second one is that the black hole in short-period low mass X-ray binary systems

could receive either no natal kick or high natal kick in the formation (Repetto

and Nelemans, 2015). The other simulation suggest BHs received similar natal

kicks as NSs in the formation can suit the observed data (Repetto et al., 2017).

The detail will be discussed in section.3. In this work, I consider the NS-like

kick, reduced kick and zero-velocity kick both for single BHs and BHs in binaries

under three different metallicities. The metallicity of GC affect the initial-final

mass relation of star, then the final mass of BH may affect the kick velocity.

Another important parameter for calculating the retention fraction of BHs in

GCs is the variation of escape velocity of BH from the cluster as a function of the

BH’s birth position. In this work, the model I use for the mass distribution of

GC is Plummer’s model (Plummer, 1911), which I fit to the observed properties

of the GCs.

The retention fraction of single BHs can be simply calculated by a Monte-

Carlo simulation of escape velocities and kick velocities. For each BH in the

simulation, if the escape velocity is larger than the kick velocity then the BH

is retained. These results are not sufficient, however, if GCs contain binary

systems. Most of the massive stars which form BH are in binaries (Sana et al.,

2012) and the companion of the BH progenitor then affects the velocity of BH

after the supernova.

The companion of the BH in a binaries affects the retention of the BH
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both by giving it an orbital velocity and by exerting gravitational force. The

BH has an orbital velocity around the companion before the supernova, which

depends on the distance between two stars and the masses of stars. When the

supernovae happens, the kick velocity given by the natal kick and the orbital

velocity combine to determine the final velocity of the formed BH. After the

supernova, two stars will either remain bound or unbound. The retention of the

bound binary can be describe by the relationship between the total velocity of

the binary centre of mass and the escape velocity of this system. The unbound

binary is not a single system but one star and one single BH, the retention

of this BH depends on the relationship between the final velocity, the escape

velocity of BH itself and the gravitational force from the previous companion.

In this paper, I will describe the project with 3 sections. In the section of

GCs (sec.2), I will introduce the catalogue of GCs, calculate the total masses

of GCs at birth and derive the function of escape velocities of BHs with the

enclosed mass. Section 3 and 4 are about the BHs. In the Sec.3, I will discuss

the value of BH kick velocity and calculate the numbers of retained BHs in

GCs with the assumption that all the BHs progenitors are not in binaries. In

the sec.4, I introduce the binary system, calculate the effect of natal kicks in

binaries and discuss the retention of BHs in GCs with several assumptions of

the fraction of binaries BHs in GCs.

2 Globular clusters

BHs receive a natal kick when they form, so they may be able to escape from

GCs at birth. To investigate their retention we need to obtain the escape

velocity at each position of our model globular clusters. The model I use is

Plummer (1911) and the clusters’ parameters are from Harris (1996) 1, including

Rsun for the distance from the Sun, X, Y, Z for the location with (0, 0, 0) for

1The paper is published in 1996 but the catalogue I use in the project is 2010 edition.
The catalogue include 157 GCs but only 147 of them with the all data we want(the position,
[Fe/H], integral magnitude, radius, etc.). We used 152 GCs in this project. 5 GCs do not
have [Fe/H], so I used [Fe/H]=-5 for them.
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Figure 1: The figure of all GCs in our galaxy. The R,z positions are measured
from the galactic center. The blue points are for the clusters with [Fe/H] lower
than -1, and the red points are for clusters with [Fe/H] higher than -1.

galactic center, [Fe/H] for metallicity, the integrated magnitude Mv,t and half-

light radius rh in arcmin. The unit of Rsun and X, Y, Z is kpc.

2.1 Location

For the location of clusters, I plot Fig.1, where galactocentric cylindrical radius,

R =
√
X2 + Y 2 (1)
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Figure 2: The histogram of GCs metalicities. Most of GCs have metalicities
around -1.3, 5 GCs do not have [Fe/H], so I used [Fe/H]=-5 for them.
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In the figure, the blue points are for the clusters with [Fe/H] lower than -1, and

the red points are for clusters with [Fe/H] higher than -1. From the figure, we

can divide these clusters into two groups. The ’disc-like’ group, which are close

to the galactic center in R are only a few kpc from the z = 0 disc. Almost all

of the clusters with higher metallicity (red points) are in the ’disc-like’ group.

The ’halo-like’ group have larger straight-line distances from the galactic center.

Most clusters in this group have lower metallicity(blue points in Fig.1).

Mackey and Gilmore (2004) try to understand the origin of GCs observed in

the galactic halo. They used high-quality photometry to analyze the morphol-

ogy, structural and metallicities of external clusters and compare with other

clusters. They found that all the young halo clusters and 15–17 percent of the

old halo clusters are of external origin. This means the halo-like GCs may have

not formed in Milky Way.

Renaud et al. (2017) want to figure out the formation and evolution of

clusters. The reason for the colour and metallicities of GCs. They set the

simulation with a flat-cold-dark-matter cosmology model of a Milky Way mass

galaxy using the adaptive mesh refinement (AMR) code RAMSES (Teyssier,

2002) and considered the high-redshift and tidal field in the simulation of cluster

formation. They get the result that the origin of low-metalicity clusters are

external low-mass galaxies. The major of high-metalicity clusters are formed in

Milky Way. This explain why most of halo-like clusters are low-metalicity.

The properties of ‘disc-like’ clusters is important for this project. BHs re-

tained in ‘disc-like’ clusters are more likely to contribute to the central SMBH

of the milky way because most stars in the NSC around SMBH have [Fe/H]

higher than −0.5 (Thorsbro et al., 2020).

2.2 Mass

We do not have the clusters’ mass in the catalogue, so we need to calculate it

with the integrated absolute magnitude Mv,t (t for total) and mass to light ratio.

From the integrated absolute magnitude Mv,t, we can get the total luminosity
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of the cluster as
Lt
L�

= 100
Mv,�−Mv,t

5 (2)

Where Mv,� = +4.83 is the absolute solar magnitude and L� = 3.828× 1026W

is the solar luminosity (NASA, 2010).

In this project, the mass to light ratio of all clusters I use is 2 (Binney et al.,

2009). This is because the overwhelming majority of stars are less massive and

less luminous than the Sun (mass-to-light ratio is greater than 1), and usually

these stars contribute most of the mass of a system without accounting for very

much light. So the total mass today of GC is

M = 2
Lt
L�

M� = 2× 100
Mv,�−Mv,t

5 M� (3)

where M the total mass of cluster and M� the solar mass.

To investigate the retention of black holes, we cannot use these masses di-

rectly. As the clusters are evolving over time, the total mass of these clusters we

have here are not the initial masses when the clusters formed. To estimate the

initial mass, we can use the initial mass function of stars from Kroupa (2001).

The initial mass function,

dN

dm
= km−α (4)

From Kroupa(2001), α = 2.3 for stars over 0.5 solar mass, α = 1.8 for stars

under 0.5 solar mass.

The function should be continuous at 0.5M�,

k′(0.5M�)−1.8 = k(0.5M�)−2.3 (5)

k′ = k(0.5M�)−0.5 (6)

The initial mass function under 0.5 solar mass is,

dN

dm
= k(0.5M�)−0.5m−1.8 (7)
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The initial mass,

M(t = 0) =

∫ mmax

mmin

dN

dm
mdm =

∫ mmax

mmin

km−αmdm (8)

The mmin and mmax are 0.08M� and 100M� (Kroupa, 2001).

Assuming the number of stars in each cluster do not change from the begin-

ning and the age of cluster is 14 Gyrs. From this age, stars have initial mass

over mtoday = 0.8M� are white dwarf now. From the mass distribution of WD

in De Gennaro et al. (2008), the average white dwarf mass is 0.55M�.

The mass today,

M(t = 14Gyr) =

∫ mtoday

mmin

km−αmdm+MWD

∫ 10M�

mtoday

km−αdm (9)

So we have,

M(t = 14Gyr) =

∫ 0.5M�

0.08M�

k(0.5M�)−0.5m−1.8mdm (10)

+

∫ 0.8M�

0.5M�

km−2.3mdm (11)

+ 0.55M�

∫ 10M�

0.8M�

km−2.3dm (12)

M(t = 14Gyr) = 1.88892kM−0.3
� + 0.539699kM−0.3

� + 0.544257kM−0.3
� (13)

= 2.972876kM−0.3
� (14)

k =
M(t = 14Gyr)

2.972876M−0.3
�

(15)

The initial mass,

M(t = 0) =

∫ 0.5M�

0.08M�

k(0.5M�)−0.5m−1.8mdm+

∫ 100M�

0.5M�

km−2.3mdm (16)

= 4.32211kM−0.3
� (17)
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Figure 3: The histogram of GCs’ initial mass. The x-axis is the log-scale of
mass in solar mass. The y-axis is the numbers of clusters (152 in total).

M(t = 0) = 4.32211M−0.3
�

M(t = 14Gyr)

2.972876kM−0.3
�

= 1.453848M(t = 14Gyr) (18)

The Fig.3 shows the distribution of GCs’ mass at birth. Most clusters have

a mass between 105 to 106 solar masses. The largest mass is about 106.5 solar

mass and the smallest mass is about 102.5 solar mass.

2.3 Plummer’s model

The model I use to describe the mass distribution of GCs for this project is

Plummer’s model (Plummer, 1911), including the mass with radius r (projected
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radius d), the specific potential and the half-mass radius. It is is a density law

that was first used by Plummer (1911) to fit observations of globular clusters.

This model has simplest and useful definition of enclosed mass, potential and

escape velocity.

In this model, the specific potential (potential per unit mass) is defined as

φ(r) = −GM
a

(
1 +

r2

a2

)−1/2
(19)

where a is the length scale parameter and r is the position of the star (radius

from the cluster center).

The length scale parameter a sets the radial scale of the cluster model. It sets

the spatial distribution of mass and hence the central escape velocity. To get

the a from Harris’ catalogue (Harris, 1996) , another equation from Plummer’s

model we need is the mass with projected radius,

M(d) = M

(
1 +

a2

d2

)−1
(20)

where d is the projected distance from center of cluster to the star. As we have

half-light radius rh in arcmin and Rsun, The projected half-light radius dh is

dh = Rsunsin(rh) (21)

Assuming the mass to light ratio of one cluster is a constant, the half-light

radius is also the half-mass radius. So we have

M

2
= M(dh) = M

(
1 +

a2

d2h

)−1
(22)

from this we have the length scale parameter,

a = dh = Rsunsin(rh) (23)

The Fig.4 shows the distribution of a. The most of clusters have the length
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Figure 4: The scatter figure of length parameter a of plummer’s model and
clusters’ mass. The x-axis is the log scale of a. The y-axis is the log scale of
masses of clusters. The contour lines are central escape speed in km/s.
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scale parameter a of few parsec and the total mass around 105 to 106 solar mass.

The extended clusters with a < 5pc have lower mass than others. The range

of a is one parameter of the range of central escape velocities, which will be

discussed in sec 2.5.

2.4 Escape velocity

The Escape velocity is a important part for studying the retention of black

holes. For one star, we have the energy

potential energy +
1

2
mv2 = total energy (24)

for escape velocity,

potential energy +
1

2
mv2esc = 0 (25)

The potential Φ we have in Plummer’s model is a specific potential (potential

per unit mass), so

vesc =
√
−2Φ =

√
2GM

a

(
1 +

r2

a2

)−1/2
(26)

2.5 Enclosed mass and central escape velocity

From Plummer’s model (Plummer, 1911), we have the mass with position

m(r) = M

(
1 +

a2

r2

)−3/2
(27)

where m(r) is the enclosed mass of the cluster and M for total mass of the

cluster.

We can rewrite the escape velocity in the radius of r like

vesc =

(
2GM

a

)1/2(
1 +

r2

a2

)−1/4
(28)
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From eq.27 and eq.28, we can get

vesc =

(
2GM

a

)1/2

1 +
1(

M
m(r)

)2/3
− 1


−1/4

(29)

Also we have the central escape velocity where r = 0

vesc,c =

(
2GM

a

)1/2

(30)

So we have

vesc = vesc,c

1 +
1(

m(r)
M

)−2/3
− 1


−1/4

(31)

The Fig.5.a shows vesc/vesc,c as a function of enclosed mass fraction m(r)/M .

This figure should be same for all clusters. The Fig.5.b is the histogram of vesc,c

of all globular clusters.

3 Black holes

3.1 Black hole kicks

The Black hole may get a natal kick when it formed because the force is not

isotropic. This natal kick gives a kick velocity vkick. I use the distribution of

kick velocities from the paper by Hobbs et al. (2005). The distribution of vkick

is a Maxwellian distribution with σ = 265km/s, (Fig.6). This distribution is for

NSs. The relationship between vkick,NS and vkick,BH is still uncertain. BHs and

NSs experience the asymmetric explosion caused by the ejection of material of

their progenitors at birth. If a BH and a NS experience the same asymmetric

explosion, they will receive the same momentum but vkick,BH is smaller than

vkick,NS because the mass of the BH is larger. In this case,the vkick,BH should

be reduced by the ratio of BH mass to NS mass. As the asymmetric explosion

depends on the mass-loss of the BHs progenitors, if the BH do not eject material

in the explosion, it will not get a kick velocity.
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Figure 5: (a) The figure of vesc/vesc,c and enclosed mass fraction m(r)/M . The
x-axis is enclosed mass fraction, which means the ratio of mass inside the surface
of radius to the total mass. This relationship is universal in Plummer’s model.
(b) The histogram of central escape velocity vesc,c for all gobular clusters. The
x-axis is the vesc,c in km/s.
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Repetto et al. (2012) tried to explain the distribution of low mass X-ray

binaries with black holes in our galaxy by the natal kicks received by black

holes. They simulated those binaries with several types of kicks from supernova

mass-loss and natal kicks. The types of natal kicks that they simulated are zero

km/s kick, NS kicks distribution from the Hansen and Phinney (1997), the

bimodal distribution of Arzoumanian et al. (2002), reduced kicks (multiply by

MNS/MBH) of Hansen and Phinney (1997) and reduced kicks of Arzoumanian

et al. (2002). They found that the black holes should receive natal kicks because

they are found at large vertical distances from the galactic plane today. The

natal kicks of black holes have a similar distribution to the neutron stars, but it

is expected to be reduced by the mass ratio of the neutron star and black hole

in many other pictures. From this, we can estimate the distribution of black

hole natal kicks directly from a natal kick distribution of neutron stars in our

work.

Repetto and Nelemans (2015) consider the uncertainty of the magnitude of

natal kick in the formation of black holes. They find seven short-period low

mass X-ray binary systems with orbiting period shorter than one day. They

traced the evolution of these binaries backward to the formation and added

other kinematic information for binaries. The result is that the black hole

in these binaries could receive either no natal kick or high natal kick in the

formation process. We should consider the zero kick velocity case in our work.

Repetto et al. (2017) wanted to figure out which model of black hole and

neutron star natal kick could explain the galactic distribution of X-ray binaries.

They simulate the whole evolution of neutron star and black hole X-ray binaries

in several models. They compared the simulation to the observed data of galac-

tic distribution and used KS-test for comparison. They found that the neutron

stars will have a larger scale-height above the galactic plane than black holes as

observed data if they received similar natal kick in the formation process. This

paper also tell us that we can use the natal kick distribution of neutron stars

for black holes in our work.
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Mandel (2016) wanted to find the highest estimated black hole natal kick

velocity from observations of black hole low-mass X-ray binaries. They consider

a binary found in position a of the galactic plane and remove to the position

b. The natal kick velocity can be estimated from the difference in the Galactic

potential between position a and b. They showed that the observation do not

require large black hole natal kick at the order of 400 km/s, the maximum

require of natal kick velocity is 80 km/s. These results are compatible either

with a full NS-like kick or a reduced kick.

These articles present three scenario of BH natal kick:(a) The momentum

conserving kick: The BH receive the same momentum as NS, so the vkick,BH

should be reduced by the ratio of BH mass to NS mass.(b) The NS kick: The

distribution of vkick,BH is exactly the same as this of vkick,NS.(c) The zero kick

velocity: The BH do not receive natal kick because it did not lose mass during

the supernova. I will consider these three conditions in my simulation.

3.2 Numbers of BHs retained in GCs

3.2.1 Numbers of formed BHs in GCs

To calculate the numbers of BHs retained in these GCs, we need the numbers

of formed BHs in GCs at first.

The initial mass function,

dN

dm
= km−α (32)

From Kroupa (2001), α = 2.3 for stars over 0.5 solar mass, α = 1.8 for stars

under 0.5 solar mass.

The function should be continuous at 0.5M�,

k′(0.5M�)−1.8 = k(0.5M�)−2.3 (33)

k′ = k(0.5M�)−0.5 (34)
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Figure 6: The Maxwellian distribution of vkick with δ = 265km/s from Hobbs
et al. (2005)
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The initial mass function under 0.5 solar mass is,

dN

dm
= k(0.5M�)−0.5m−1.8 (35)

From the initial mass function, we can get the fraction of massive stars which

can be the BHs progenitors. The lower limit I set for BHs progenitors is 20 M�

(Davies and Beasor, 2020), the star under this mass will produce a White Dwarf

or a Neutron Star. The upper limit I set is 70 M� (Woosley, 2017), the star

over this mass undergo an instability during Oxygen burning which makes the

temperature of the core high enough to create free electron positron pair and

blows the star apart by a pair-instability supernova (Fraley, 1968). So, the star

with initial mass larger than 70 M� will not become a BH. As I said in the

introduction, massive BHs in our galaxy may be produced by the merger of

smaller BHs. Using the same of Eq.8 for the total number and masses of stars,

the relationship between the number of BHs (NBH) and the total number of

stars (N) is

NBH

N
=

∫ 70M�
20M�

km−2.3dm∫ 0.5M�
0.08M�

k(0.5M�)−0.5m−1.8dm+
∫ 100M�
0.5M�

km−2.3dm
(36)

=
0.0125853

12.148
(37)

= 0.001036 (38)

Also the total number of stars,

N =

∫ 0.5M�

0.08M�

k(0.5M�)−0.5m−1.8dm+

∫ 100M�

0.5M�

km−2.3dm = 12.148kM−1.3
� (39)

As we already calculate the k and the total initial mass of cluster in Eq.15

and Eq.17,

k =
M

4.32211M−0.3
�

(40)
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N = 12.148kM−1.3
� × M

4.32211M−0.3
�

= 2.81066MM−1
� (41)

So the number of formed BHs is

NBH = 0.001036N = 0.001036× 2.81066MM−1
� = 0.002912MM−1

� (42)

The histogram of formed BHs in GCs is the ’a’ part of Fig.7.a, most of GCs

can form 103 BHs.

3.2.2 Scenario of NS-like kick

To calculate the retention fraction of BHs in one GC, I generate random kick ve-

locities from the Maxwellian distribution of Harris (1996) and random positions

for 105 BHs and their progenitors. For each BH, I compare the kick velocity

vkick with escape velocity vesc which is calculated from the position of BH and

the central escape speed of GC using Eq.27. If the black hole is retained after

the supernova, it should have vkick smaller than vesc. The retention fraction of

this GC can be describe like Nretained,BHs/Nformed,BHs.

3.2.3 Scenario of momentum conserving kick

For reduced kick, we should consider the final mass of the BH after the su-

pernova because the momentum of the BH and the NS kick are the same. To

calculate this, we use the Initial-Final Mass Relation which was calculated using

the stellar evolution routines of Hurley (2000) and the core mass - remnant mass

relation of Belczynski et al. (2002). The IFMR is the relationship between the

mass of the BH progenitor and the BH under given metallicity. For example,

one 20M� star will become a 2.332M� BH after supernova in a solar metal-

licity ([Fe/H]=0) cluster. Because we do not have data of IFMR with every

metallicities, I used solar metallicity([Fe/H]=0), [Fe/H]=-2 and [Fe/H]=-1.3 in

this project. The [Fe/H]=-1.3 is a common metallicity for GCs, the Fig.2 shows

this. We assume that the metallicities of GCs today (Harris, 1996) is equal to

the metallicities of GCs at birth. Fig.8, Fig.9 and Fig.10 show the tendency of
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Figure 7: (a) The histogram of formed BHs in GCs, most of GCs can form 103

BHs. (b) The histogram of retained BHs in GCs with NS-like kick, most of GCs
can not retain BHs.
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Figure 8: The figure of IFMR data and fitted line with solar metallicity
([Fe/H]=0). The method I use is linear interpolation. The x-axis is the ini-
tial mass of the BH progenitor and the y-axis is the final mass of the BH in
solar mass units.

IFMR and the fitted line I used for following calculations. For a star has the

same initial mass, the final mass of it is smaller in higher [Fe/H] than lower

[Fe/H]. This is because the cluster with higher metallicity has stronger winds.

For each GC, I generate 105 stars with initial mass between 20M� and 70M�

from IMF (Kroupa, 2001) and calculate the final mass of BHs from the initial

mass and IFMR. The reduced kick velocity is

vkick,reduced = vkick,NS
1.4M�
MBH

(43)

where 1.4M� is the typical mass of NS (Seeds and Backman, 2009).

I compare the vkick,reduced with vesc of each BH using the same procedure as
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Figure 9: The figure of IFMR data and fitted line with [Fe/H] = −1.3. The
method I use is linear interpolation. The x-axis is the initial mass of the BH
progenitor and the y-axis is the final mass of the BH in solar mass units. The
strange peak between 20 and 40 solar mass is the maximum mass of a Neutron
star because the IFMRs of the NS and the BH are different.
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Figure 10: The figure of IFMR data and fitted line with [Fe/H] = −2. The
method I use is linear interpolation. The x-axis is the initial mass of the BH
progenitor and the y-axis is the final mass of the BH in solar mass units. The
strange peak between 20 and 40 solar mass is the maximum mass of a Neutron
star because the IFMRs of the NS and the BH are different.
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Figure 11: The histogram of retained BHs in GCs with reduced kick under
[Fe/H]=0. Most of GCs retain about 102 BHs. The x-axis are the log scale of
BHs numbers and y-axis are GCs numbers.

for NS-like kick and get the retention fraction of each GC. The Fig.14.a shows

the distribution of NS-kick, reduced kick with [Fe/H] equal 0 and -1.3. Most of

BHs can have kick velocity around 30 km/s or 50 km/s with [Fe/H]=0 or -1.3

respectively.

Fig.11, Fig.12 and Fig.13 show the histogram of retained BHs in GCs with

reduced kick under [Fe/H]=0,-1.3 and -2. Most of GCs retain about 102 BHs.

3.2.4 NGC104

For globular cluster NGC 104:

1. The number of formed BHs is 4243.

2. The number of retained BHs with NS-like kick is 4243 × 1.27 × 10−3 =

5(5.389).

3. The number of retained BHs with reduced kick([Fe/H]=-1.3) is 4243 ×
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Figure 12: The histogram of retained BHs in GCs with reduced kick under
[Fe/H]=-1.3. Most of GCs retain about 102 BHs. The x-axis are the log scale
of BHs numbers and y-axis are GCs numbers.
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Figure 13: The histogram of retained BHs in GCs with reduced kick under
[Fe/H]=-2. Most of GCs retain about 102 BHs. The x-axis are the log scale of
BHs numbers and y-axis are GCs numbers.
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0.552 = 2342(2342.88).

The Fig.14.b shows the BHs in NGC104 with reduced kick(with [Fe/H]=-

1.3) velocity, there are 105 BHs but not the number of formed BHs, the central

escape speed is the data of NGC104. Massive BHs are easier to be retained in

NGC104.

3.3 Results

Under the assumption that all BHs progenitors in GCs are not in binary system,

the results:

1. For the NS-like kick, parameters are total mass and ’a’ scale of GCs. The

distribution of kick velocities is the Fig.6. The Fig.7.b shows the retained

BHs in GCs with NS-like kick. There are only a few BHs are retained in

a typical GCs if BHs receive NS-like kicks.

2. For the reduced kick, another parameter is the metallicities of GCs which

are relative to the magnitude of kick reduction. The Fig.11, Fig.12 and

Fig.13 shows the retained BHs in GCs with [Fe/H] equal 0, -1.3 and -2

respectively. Compare to the NS-like kick, most of GCs retained more

BHs with reduced kick. As we only have the data of IFMR with [Fe/H]

equal 0 ,-2 and -1.3, I suggest that most of GCs could use [Fe/H]=-1.3.

For GCs with [Fe/H] under -0.5 and over -2, we use [Fe/H]=0 and -2

respectively. Most of GCs have [Fe/H] around -1.3, gives a broad range of

numbers of retained BHs. But from the Fig.15, results mostly depending

on the masses of the clusters.

4 Binary systems

Another important part of this investigation into the retention of black holes

are binary systems. Most of the black hole progenitors are found in binary

systems. Black holes that form in binary system are more likely to be retained
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Figure 14: (a) The distribution of NS-kick(black), reduced kick with [Fe/H]
equal 0(red) and -1.3(blue). Most of BHs can have kick velocity around 30
km/s or 50 km/s with [Fe/H]=0 or -1.3 respectively. (b) The BHs in NGC104
with reduced kick(with [Fe/H]=-1.3) velocity. Massive BHs are easier to be
retained.
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Figure 15: The scatter plot of retained BHs in GCs with NS-like kick and initial
masses of GCs. More massive GCs could retain more BHs.
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Figure 16: The two possible conditions after the supernova and their relation-
ship to the direction of natal kick, the m2 star is the black hole progenitor and
m1 star is the companion, v1 and v2 are the orbital velocities of the m1 and m2

stars before the supernova respectively. The vkick is the kick velocity gave by
natal kick. The condition (a) is more likely to be bound and (b) more likely to
be unbound.

because the companions may slow them down. The Fig.16 shows the pre-

supernova arrangement of massive star (m2 star is the black hole progenitor)

and its companion (m1 star). There are two condition of the binary system

after the supernova:(a) The two stars remain bound and have a vcom,new; (b)

The massive star escape from the binary system and has a v2,new. These two

velocity(vcom,new and v2,new) depend on the natal kick(vkick) and mass-loss(∆M).

Whether the black hole remain in the globular cluster or not depends on the

relationship between vcom,new(or v2,new) and escape velocity.

In this section, I introduce distribution for binary properties, explain the

energy fraction and calculate the retention of black holes in NGC104.

4.1 Binary properties

The distance a between two stars in one binary systems is related to their orbital

period P . From the Kepler’s Third law, we have

P 2G(m1 +m2) = 4π2a3 (44)
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Where G = 39.478AU3 · yr−2 ·M−1
� .

From the paper of Sana et al. (2012), the observed cumulative distributions

for systems with known log of periods (34 in total) and mass-ratios (31 in total)

are intrinsic distributions with power law exponents with π = −0.55± 0.22 and

κ = −0.10 ± 0.58. The m2 stars are O-type stars, I set the mass range of 20

to 70 solar mass. The distributions are from nearby open clusters because the

massive stars (i.e. O-type stars) which can form black holes are today only

found in open clusters. I assume here that the same distribution applies to

globular clusters. The Fig.17 shows the distributions.

4.2 Bound or unbound

To investigate whether the binary system remains bound or not after the su-

pernova, we can obtain the total energy (potential energy(U) plus kinetic en-

ergy(T)) after the supernovae. If this energy is smaller than zero, the two stars

remain bound. In the simulation, I use the energy fraction which means the

fraction of energy before and after supernova(Eafter/Ebefore), a positive energy

fraction means a bound binary system.

4.2.1 Energy fraction

Define Vzmf as the velocity of the Zero momentum frame (zmf), Rzmf as the

location of Zero momentum frame. For the binary before supernovae, we have

Vzmf =
dRzmf

dt
=

d

dt
(
m1r1 +m2r2
m1 +m2

) =
m1v1 +m2v2
m1 +m2

(45)

Define u1 and u2 as the velocity relative to the zero momentum,

u1 = v1 − Vzmf , u2 = v2 − Vzmf (46)

In Zero-momentum frame, p for momenta, we have the total momentum

p1 + p2 = m1u1 +m2u2 = 0 (47)
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Figure 17: The cumulative distribution function of (a)log of periods in days and
(b)mass-ratios taken from Sana et al. (2012). They are power law distribution
with π = −0.55 and κ = −0.10.
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So,

p1 = m1u1 = m1(v1 − Vzmf ) =
m1m2

m1 +m2

(v1 − v2) = −m2u2 = −p2 (48)

where µ = m1m2

m1+m2
is the reduced mass and vrel = v1− v2 is the relative velocity.

At last, the total kinetic energy before supernovae is

T =
1

2
m1(

m2

m1 +m2

)2(v1 − v2)2 +
1

2
m2(

m1

m1 +m2

)2(v1 − v2)2

=
1

2

m1m
2
2 +m2m

2
1

(m1 +m2)2
(v1 − v2)2

=
1

2

(m1 +m2)m1m2

(m1 +m2)2
(v1 − v2)2

=
1

2

m1m2

m1 +m2

(v1 − v2)2

=
1

2
µv2rel

(49)

The potential energy,

U =

∫ a

∞
FGda =

∫ r

∞

Gm1m2

a2
dr = −Gm1m2

a
(50)

In a circular orbit, the relative velocity

vrel = v1 − v2 =

√
G(m1 +m2)

a
(51)

So, the relation between kinetic energy and potential energy,

T =
1

2
µv2rel = −1

2
U (52)

The total energy before the supernova is

Ebefore = T + U = −1

2
U + U =

1

2
U (53)

For the binary system after supernova, we have

Tnew =
1

2
µnewv

2
rel,new (54)
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and

Unew = −Gm1m2,new

a
(55)

Where Tnew and Unew are total kinetic energy and total potential energy after

supernovae.

Define the change of m2 as δm and the kick velocity vkick is a kick with

random direction,

Tnew =
1

2
µnewv

2
rel =

1

2

m1(m2 − δm)

m1 +m2 − δm
(v1 − v2 + vkick)

2 (56)

and

Unew = −Gm1(m2 − δm)

a
(57)

Unew = U +
Gm1δm

a
(58)

The total energy after supernova is

Eafter = Tnew + Unew (59)

=
1

2

m1(m2 − δm)

m1 +m2 − δm
(v1 − v2 + vkick)

2 + U +
Gm1δm

a
(60)

For a bound binary system, total energy should smaller than zero.

At first, we can think about the zero mass-loss case and kick velocity of two

special direction.

For the same direction of v2, we have

Eafter = T + U (61)

=
1

2
µ(vrel + vkick)

2 − µv2rel (62)

=
1

2
µ(v2rel + 2vrelvkick + v2kick)− µv2rel (63)

=
1

2
µ(−v2rel + 2vrelvkick + v2kick) (64)
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Set energy equal zero for bound, the kick velocity is

v2kick + 2vrelvkick − v2rel = 0 (65)

vkick =
−2vrel +

√
4v2rel + 4v2rel
2

(66)

vkick = (
√

2− 1)vrel (67)

(68)

Similar for the opposite direction,

Eafter = T + U (69)

=
1

2
µ(vrel − vkick)2 − µv2rel (70)

=
1

2
µ(−v2rel − 2vrelvkick + v2kick) (71)

v2kick − 2vrelvkick − v2rel = 0 (72)

vkick =
2vrel +

√
4v2rel + 4v2rel
2

(73)

vkick = (
√

2 + 1)vrel (74)

(75)

Fig.18 shows the relationship between energy fraction(Eafter/Ebefore) and

kick velocity. The kick velocity are generated from a Maxwellian distribution

with σ = 265km/s. From this figure, we can see most of the binaries are

unbound after the supernova. The kick from the opposite direction of v2 increase

the chance of remaining bound. There are no binary remaining bound with a

kick in the same direction as v2 in our simulation.

For the random mass-loss case, we get Fig.19. Compare to Fig.18, the results

spread around the zero line. We can find the mass-loss fraction is less significant

than kick velocity for the energy fraction.
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Figure 18: The Figure shows the kick velocity vs the energy
fraction(Eafter/Ebefore) in the zero mass loss case. The red cross for the
natal kick is the same direction as the progenitor star’s orbital velocity (v2) and

blue point for the opposite direction. The solar velocity unit means
√

GM�
AU

.

The theoretical values of kick velocities in the second plot are (
√

2 − 1)vrel
for v2 direction and (

√
2 + 1)vrel for opposite direction. The relative velocity

vrel = 2
√

GM�
AU

. The value I choose for m1, m2 and a are 5M�, 15M� and 5AU .

The second plot is the zoom of the area that the energy fraction from -10 to
the 10 of the first plot. We can clearly see the theoretical values at the line of
zero energy fraction in the second plot. This prove that the simulation we did
is logical.
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Figure 19: The Figure shows the kick velocity and energy
fraction(Eafter/Ebefore) with random mass lost (in [0 : m2)) . The red
cross for the natal kick is the same direction as the progenitor star’s orbital
velocity (v2) and blue point for the opposite direction. The solar unit means√

GM�
AU

.The value I choose for m1, m2 and a are 5M�, 15M� and 5AU . The

second plot is the zoom of the area that the energy fraction from -10 to the 10
of the first plot. Compare to the Fig.18, under the same energy fraction, the
value of kick velocity with mass lost is larger than the value of kick velocity
with zero mass lost.
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4.2.2 Bound binaries

For binary systems which remain bound, the retention of this system depend

on the velocity of central mass vcom.

For a binary system after supernova, the momentum

−→p = m1
−→v1 + (m2 − δm)(−→v2 +−−→vkick) (76)

so the velocity of central mass

−−→vcom =
−→p

m1 +m2 − δm
=
m1
−→v1 + (m2 − δm)(−→v2 +−−→vkick)

m1 +m2 − δm
(77)

4.2.3 Unbound binaries

For binary systems which are unbound, the m2 star is also affected by the

gravitational force from the m1 star.

For the binary system after supernova,

Eafter = T + U (78)

=
1

2

m1(m2 − δm)

m1 +m2 − δm
(v1 − v2 − vkick)2 −

Gm1(m2 − δm)

a
(79)

=
1

2
µnewv

2
rel,new −

Gm1(m2 − δm)

a
(80)

From the central of mass frame, we have

v2 =
m1

m1 +m2 − δm
vrel (81)

when the binary is unbound, v2 effect by the gravitational force from m1 star.

At infinity, the gravitational potential energy equals zero

E∞ =
1

2

m1(m2 − δm)

m1 +m2 − δm
v2∞,rel =

1

2
µnewv

2
rel,new −

Gm1(m2 − δm)

a
(82)

v∞,rel = vrel,new

√
1− 2G(m1 +m2 − δm)

av2rel,new
(83)

40



v∞,2 =
m1

m1 +m2 − δm
vrel,new

√
1− 2G(m1 +m2 − δm)

av2rel,new
(84)

Switch this to original frame, we have

v2,new = v∞,2 + vcom =
m1

m1 +m2 − δm
vrel,new

√
1− 2G(m1 +m2 − δm)

av2rel,new
+ vcom

(85)

For each binary, the possibility of retention in cluster after the supernova

depends on the final velocity of the m2 star, vcom for bound binaries and v2,new

for unbound binaries. This is only the situation that binaries will not interact

before BHs form. The next section will explain how can we know they interact

or not.

4.3 Interaction

In a binary system, the radius of two stars will increase during their evolution.

If the radius exceed the Roche-lobe radius, two stars will interact. (Eggleton,

1983,Paczynski, 1971) The Roche-lobe is potential surface of a rotating reference

frame surrounding both stars, the mass transfer will happen if one of two stars

fills the Roche-lobe. For the binary population I generated in this project, the

mass of the m2 star is larger than the mass of the m1 star. The m2 star has a

larger radius and evolve faster than the m1 star. So, it is always the m2 star

fills the Roche-lobe first and cause the interaction.

The equation of Roche lobe radius (Eggleton, 1983) is

RRL(t) =
0.49q(t)2/3

0.6q(t)2/3 + ln(1 + q(t)1/3)
ad(t) (86)

where q is the mass-ratio for the star we calculate, ad is the distance.

The equation of ad is

ad(t) = ad,0
m1,0 +m2,0

m1(t) +m2(t)
(87)

where ad,0 is the initial distance we calculated from the period.
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So the Roche-lobe radius of m2 star is

RRL(t) =
0.49

(
m2(t)
m1(t)

)2/3
0.6
(
m2(t)
m1(t)

)2/3
+ ln(1 +

(
m2(t)
m1(t)

)1/3
)

ad,0
m1,0 +m2,0

m1(t) +m2(t)
(88)

and the Roche-lobe radius of m1 star is

RRL(t) =
0.49

(
m1(t)
m2(t)

)2/3
0.6
(
m1(t)
m2(t)

)2/3
+ ln(1 +

(
m1(t)
m2(t)

)1/3
)

ad,0
m1,0 +m2,0

m1(t) +m2(t)
(89)

The same as the IFMR of massive stars, the change of stellar mass through

the time I use is from the stellar evolution routines of Hurley (2000). The data

also include the radius and core mass of 1 to 100M� star in solar metallic-

ity([Fe/H]=0), [Fe/H]=-2 and [Fe/H]=-1.3.

Here I have two assumptions of interaction:(a) The binary merge: When

two stars interact during main-sequence stage, they will merge and produce a

new massive star with mass of m1+m2. (b) The common envelope evolution: If

the m2 already become a red giant before the interaction, the binary will have

a large envelope during the mass transfer. This envelope will disappear during

the common envelope evolution before the supernova of the m2 star. As the m2

star only has a core, we can assume that it will not get a natal kick after the

supernova. This is because the natal kick comes from the asymmetric explosion

which is affected by the surrounding material (envelope) of the star.

To determine the interaction of binaries, things we should consider are: (a)

When the m2 star fills the Roche-lobe: The parameters we need are Roche-lobe

radius of m2, radius of m2 and the time. (b) At which stage the m1 and m2

stars interact: We should know the core mass of m1 and m2 when they interact.

In the data of Hurley (2000), core mass equals zero means the main-sequence

stage.
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4.3.1 Binary merger

If the binaries merge, assuming the binaries do not lose mass during the merging,

the mass of new star may be too large to produce a BH. For example, a binary

system with m2 = 40M� and m1 = 20M� merge in the main-sequence stage,

the mass of new star is about 60M� which is still in BH mass range (20−70M�).

We can calculate the kick velocity as a single BH. But if we have a binary system

with m2 = 60M� and m1 = 30M� merge in the main-sequence stage, the mass

of new star is about 90M� which is larger than 70M�. The new star will not

become a BH, and we exclude it.

4.3.2 Common envelope evolution

For the common envelope evolution, there are two outcomes: (a) The m1 star

is in the main-sequence stage. After common envelope evolution, the m1 star

and the core of the m2 star are left. (b) The m1 star has already become a red

giant. After common envelope evolution, the cores of two stars are left. These

two conditions are the same for the BH progenitor. The natal kick of the BH

is caused by the asymmetric explosion of the surrounding material of the star’s

core. We can assume that there are no natal kick because there are no or a

little material surrounding the core when the supernova happens. In this case,

all BHs formed in this kind of system will remain in the GCs.

4.4 Binary fraction

In the GC, most of the black hole progenitors are found in binary systems. But

the fraction of those massive stars is still uncertain. In this project I set fb as

the fraction of binaries formed in binary system. For a GC, the numbers of

retained BHs is

NBH,retained = NBH,f ((1− fb)fBH,s + fbfBH,b) (90)

where fBH,s and fBH,b are the fractions of retained BH under the assumption

of all BH progenitors are in single and binaries respectively.
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Similar to the single BHs, I generate 105 random positions for binaries. For

non-interacted binaries and merged binaries, I consider the NS-like kick and

reduced kick. The binary fraction I choose is 3/4(0.75) because most of BHs

progenitors are in binaries.

Fig.20, Fig.21 and Fig.22 show the numbers of retained BHs in GCs with

NS-like kick and reduced kick under [Fe/H]=0, -1.3 and -2 respectively.

4.5 NGC104

For example, NGC104 is a cluster with 1.4573 × 106M� and scale parameter

a = 4.14951pc. The metallicity I used is [Fe/H]=-1.3. The number of formed

BHs and the fraction of retained single BHs have already calculated in sec.3.2.4.

From the simulation, the fBH,b of NGC104 are 0.58073 (NS-like kick) and

0.71769 (reduced kick). The Fig.23 shows the number of retained BHs related

to the fraction of binaries.

5 Conclusions and discussion

At first, assuming all BHs progenitors in GCs are single stars. For BH subsystem

as a whole, even in massive GC like NGC104, NS-like kicks would lead to only

a handful of BHs being retained in each cluster. Alternatively, reduced kicks

gives hundreds to thousands of retained BHs in each cluster. Askar et al. (2018)

showed that many GCs likely host subsystems of hundreds of BHs based on

present-day kinematic properties of GCs. So, under the assumption that all

BHs progenitors in GCs are single stars, the scenario of NS-like kicks should be

excluded.

However, the possibility of retention will greatly increase if the BH progen-

itor has a bound companion. The Fig.23 shows that the numbers of retained

BHs increase by the binary fraction in NGC104. From previous observation,

we know that massive stars are usually found in binaries. Fig.20, Fig.21 and

Fig.22 show that typical GCs retained 102.5 BHs if fb = 3/4 for both NS-like

kicks and reduced kicks. From this, the scenario of NS-like kick cannot be ruled
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Figure 20: The histogram of retained BHs in GCs with (a) NS-like kick and (b)
reduced kick under [Fe/H]=0. The binary fraction is 3/4(0.75) Most of GCs
retain about 102.5 BHs. The x-axis are the log scale of BHs numbers and y-axis
are GCs numbers.
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Figure 21: The histogram of retained BHs in GCs with (a) NS-like kick and (b)
reduced kick under [Fe/H]=-1.3. The binary fraction is 3/4(0.75) Most of GCs
retain about 102.5 BHs. The x-axis are the log scale of BHs numbers and y-axis
are GCs numbers.
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Figure 22: The histogram of retained BHs in GCs with (a) NS-like kick and (b)
reduced kick under [Fe/H]=-2. The binary fraction is 3/4(0.75) Most of GCs
retain about 102.5 BHs. The x-axis are the log scale of BHs numbers and y-axis
are GCs numbers.

47



Figure 23: The figure of the number of retained BHs related to the fraction of
binaries in NGC104. The blue points are NS-like kick and red cross are reduced
kick.
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out in a high binary fraction. This is not surprising in our simulation because

the properties of binaries we use from Sana et al. (2012) gives closed binaries.

If binaries are close, the potential energy of the companion is larger. So, more

binaries remain bound or interact. Especially, the common envelope evolution

during interaction of binaries removes the Hydrogen envelope and lead to a very

low natal kick in our assumption.

In this project, I assume that the core-collapse of stripped massive stars

gives low natal kick to the BHs. Actually, the magnitude of these kicks are still

uncertain. If the kick is large, binaries will be less important for the retention

of BHs.

Also, the binary fraction depends on metallicity and density of a given GC.

GCs have lower metallicity or larger density may have larger binary fractions

than others.

The properties of binaries from Sana et al. (2012) is for Open Clusters, it

may not be reasonable in GCs. We still need to find some way of testing whether

this applies in GCs. GCs have higher stellar density than OCs, so the fraction

of closed binaries may be larger.

In conclusion, we have three parameters for the retention of BHs in GCs:

(a) The NS-like kicks or the reduced kicks; (b) The binary fraction of cluster;

(c) Binaries are closed or not. We can exclude the scenario of NS-like kicks in

most situations except that the cluster has closed binaries.
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