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Abstract

The European Spallation Source (ESS) has launched a project called HighNESS, with the task of
investigating the potential of adding a second moderator system to the facility, with ortho-deuterium
(o-D2) being the main material of interest. Another moderator material which could be of interest is
hydrogen deuteride (HD). The purpose of this second moderator system would be to provide a high
intensity source of neutrons, compared to the high brightness of the first moderator system, as well
as providing a colder neutron spectrum.

In order to accurately simulate the low-energy neutron production from moderators, the thermal
scattering law (TSL) of the materials in question is needed, typically in the form of scattering libraries.
Previous scattering libraries for ortho-deuterium were created based on input derived from experi-
mental data and early theoretical models, and no scattering library exists for hydrogen deuteride.
This work used a type of quantum molecular dynamics (QMD), namely ring polymer molecular dy-
namics (RPMD) to obtain inputs for the NJOY software wherein the scattering libraries and the
cross-section were calculated for ortho-deuterium and hydrogen deuteride. Since NJOY was not de-
veloped for heterogeneous molecules such as hydrogen deuteride, it had to be extended to include
models for such molecules. The quantities from the molecular dynamics simulations and the cross
section of both materials were benchmarked against experimental data and simulated data from other
research groups. Possible improvements and continuations beyond this work are also discussed and
presented in this report.
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1 Introduction

1.1 The European Spallation Source, ESS

The European Spallation Source (ESS) is an international research laboratory which is currently under
construction in Lund, Sweden [1]. Once completed, the ESS will provide the brightest pulsed neutron
source in the world for neutron scattering studies, which will be equipped with a compact para-hydrogen
moderator that is designed to generate a high-brightness source of neutrons [2]. The neutron source
presented at ESS will serve a wide range of research fields using neutron scattering experiments [3]. A
long standing limiting factor of neutron scattering is the intensity of neutrons, due to the low portion of
produced neutrons which reach the experiment stations. This is due in part to the neutral charge of the
neutron, which makes it challenging to direct the neutrons to the experimental stations. For this reason,
optimization of the moderator system and beam guides are critical to the performance of the facility. It
is for this purpose that ESS has employed the previously mentioned compact para-hydrogen moderator,
in order to maximize the number of available neutrons for experiments which can be performed at ESS.

1.2 Future cold moderator upgrade

While the high brightness beam, obtained with the current para-hydrogen moderator employed at ESS,
will satisfy a wide range of experiments, there are other fields which would benefit greatly from adding an
additional moderator with the purpose of providing a higher total intensity of neutrons with emphasis on
the generation of cold and very cold neutrons. A material which is currently under consideration for such
an upgrade is ortho-deuterium, which has been estimated in early studies to increase the total intensity
of neutrons 3-4 times the amount of the primary moderator [4], while also providing a colder neutron
spectrum. Having such a high intensity neutron source would be of great interest for instruments which
employ the neutron spin-echo (NSE) technique, small angle neutron scattering (SANS), and neutron
imaging [5]. Furthermore, it could be used for fundamental physics experiments such as searches for
neutron-antineutron oscillations, a fifth force, and more [5]. For the above mentioned reasons, a project
called HighNESS [5] was recently launched to study such a high-intensity neutron source at the ESS.
Another material of interest would be hydrogen deuteride, as it can either show up as a contaminant
when using a moderator that contains both H2 and D2, or as a moderator on its own. The scattering
data of a material is typically gathered in a thermal scattering library, and since no thermal scattering
library exists for hydrogen deuteride, it is of interest to create one in order to investigate the moderator
properties of hydrogen deuteride.

1.3 Thermal Scattering Law

The neutron cross section can be calculated using the thermal scattering law (TSL), S(α, β), where α
is the dimensionless momentum transfer and β is the dimensionless energy transfer. The neutron cross
section is typically stored in scattering libraries as tabulated values of S(α, β) for a range of α and β.
Over the past 60 years, a number of computer codes have been developed to calculate the thermal scat-
tering law, with the primary one being the LEAPR module in the NJOY code [6]. In order to account
for the low energy coherent inelastic scattering in liquid hydrogen, a modification of the LEAPR module
has been developed by Márquez Damián et al. based on the work by Granada and Gillete [7][8][9]. This
modification is freely available online and referred to as NJOY-H2D2 [10].

For the purpose of this thesis, one can divide the modelling of neutron scattering into roughly two
parts: the high-energy range, above a few eV, and the low-energy range, below a few eV. High-energy
neutron scattering is not dependent on the chemical structure of the scattering material. However, for
low-energy scattering, these structures become more significant and have to be accounted for to produce
accurate results. Therefore it is important to obtain knowledge of the structure and dynamics of the
scattering material on a molecular level. The early stages of the thermal scattering law relied on a series
of approximations in order to account for these effects. With recent advancements in simulation tech-
niques, such as molecular dynamics, and the increased computing power of modern computers, it has
become possible to study the molecular effects in greater detail [11]. As such, new methods to calculate
the thermal scattering law have been developed using data obtained from molecular simulations. One
of these methods uses classical molecular dynamics to simulate the scattering molecules and calculates
atomic correlation functions which are then used as an input, for the NJOY program, in order to compute
the thermal scattering law [12]. While this method can be applied to water, it does not account for all the

1



dynamics in quantum liquids such as the molecular hydrogens. A couple of research groups have shown
that by using quantum molecular dynamics, it is possible to successfully compute the atomic correlations
for liquid hydrogen [13][14]. These methods have only been used so far to generate neutron scattering
libraries for liquid hydrogen [15][16], but not for deuterium and hydrogen-deuteride.

1.4 Objectives

A new scattering library for liquid hydrogen was created with the path-integral molecular techniques
in a previous study [15]. The aim of this work is to build upon the previous work and extend the
methods to new materials. Previous scattering libraries for ortho-deuterium were created based on input
derived from experimental data and early theoretical models [6][10]. This work intends to generate a new
scattering library for ortho-deuterium, accounting for quantum mechanical effects through path integral
molecular dynamics simulations, as well as generating a temperature dependent static structure factor of
the molecular dynamics system. Furthermore, the goal of the project was to generate a scattering kernel
for hydrogen deuteride using the same molecular dynamics simulations and by combining existing models
in the literature, which to our knowledge has not been done before.

2 Thermal neutron scattering

The neutrons produced by spallation targets can have energies above the MeV range. These high-energy
neutrons have too short of a wavelength to be used in neutron scattering experiments, and as such have
to be slowed down before they become useful. The processes by which these high-energy neutrons lose
their energy can be described by the simple well-established theory of elastic and inelastic collisions in
the center of mass frame [17]. Once the neutrons have slowed down to thermal energies, below a few
eV, the neutron energies become comparable to the kinetic energies of the scattering nuclei. Since the
thermal neutron wavelength is comparable to interatomic distances, one has to take into consideration
any effects arising from molecular and crystal structures of the scattering nuclei. Such effects include
potential interference due to the de Broglie wavelength of the neutron being comparable to intramolecular
distances along with recoil of the molecular structures.

Thermal scattering consists of elastic and inelastic scattering which is in turn divided into coherent
and incoherent scattering. Inelastic scattering consists of scattering events in which the kinetic energy
of the incident particle changes in the lab frame. Elastic scattering, in the lab frame, on the other hand
describes the scattering events in which the kinetic energy of the incident particle is conserved. Ther-
mal neutrons do not have the energy required to excite individual atoms. However, the vibrational and
rotational states of the molecular structure as well as the vibrational states of crystal structures, can be
low enough such that a thermal neutron may cause a transition between these states. Furthermore, for
neutron scattering in a liquid and a gas, excitation may also occur in the form of recoil of the scatter-
ing nuclei, commonly referred to as translational excitation. For liquids and gases, it has been shown
that, due to translational excitation, no thermal elastic scattering will occur [18] and will thus not be
considered in this report.

2.1 Thermal scattering law

The double differential cross section, δ2σ
δE′δµ , with the final state energy, E′, and cosine of the scattering

angle, µ, can be obtained using the thermal scattering law (TSL), S(α, β), from the following equation,

δ2σ

δE′δµ
=

σb
2kbT

√
E′

E
S(α, β), (2.1)

where σb is the bound scattering cross section, kb is Boltzmann’s constant, T is the temperature, E is the
incident neutron energy, E′ is the outgoing neutron energy, α is the dimensionless momentum transfer,
and β is the dimensionless energy transfer. α and β can be described as the following,

α =
E′ + E − 2

√
EE′µ

m/mnkbT
; β =

E′ − E
kbT

, (2.2)

where m is the mass of the scattering atom, and mn is is the mass of the neutron. Another way of
expressing the thermal scattering law is as a change in wavenumber, Q, and the energy transfer, ~ω,
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where ~ is the reduced Planck’s constant, and

ω =
E′ − E

~
, (2.3)

and

Q =

∣∣∣∣∣~k′ − ~k~

∣∣∣∣∣ , (2.4)

where ~k′ is the final state wavevector, and ~k is the initial state wavevector. The two forms of the TSL
mentioned above can be related by the following,

S(α, β) =
kbT

~
S(Q,ω). (2.5)

In a similar fashion, the dimensionless quantities α and β can be related to Q and ω as the following,

α =
~2Q2

2mkbT
, β =

~ω
kbT

. (2.6)

2.2 Neutron scattering for Molecular Hydrogens

The nucleus of the hydrogen atom consists of a single proton, with a nuclear spin s = 1
2 , whereas the

deuterium nucleus consists of a proton and a neutron, giving it a nuclear spin of s = 1. With these
two isotopes, one can form three diatomic molecules: H2, D2, and HD. The H2 and D2 molecules form
states with total spin S = 0, 1 for H2, and total spin S = 0, 2 for D2. If the spins are anti-parallel,
S = 0, the state is given the prefix para- to the molecule, for example para-hydrogen. If the spins are
parallel, in which the spins are added up, it gives the prefix ortho- to the molecule, for example ortho-
deuterium. For the heterogeneous case of hydrogen deuteride (HD), the spin is uncorrelated and does not
align as the homogeneous D2 and H2 do. In this report, we will focus on the ortho-deuterium and the
hydrogen deuteride molecules. In the case of ortho-deuterium, the spin correlation has to be accounted
for when evaluating the total double differential cross section, which is done using the Young and Koppel
model [19]. Guarini et al. [20] has provided explicit formulas for the double differential cross section for
molecular hydrogens, which are expressed in terms of the self and distinct components and based on the
Young-Koppel model. In this work, it is assumed that the molecules are rigid rotors, and the formula for
the double differential cross-section can be written as

δ2σ

δE′δµ
=

√
E

E′

u(Q)Sd,c.m(Q,ω) +
∑
J0,J1

F (Q, J0, J1)Ss,c.m(Q,ω − ωJ0J1)

 (2.7)

where Sd,c.m(Q,ω) is the distinct scattering function in the molecule’s center of mass frame, Ss,c.m(Q,ω)
is the self scattering function in the molecule’s center of mass frame, and u(Q) and F (Q, J0, J1) are
weight functions including the bound scattering cross section, σb. See Equations 2.8, 2.9, 2.19, and 2.22
for more detail. The bound scattering cross section is given by

σb = σc + σi = 4π
(
a2c + a2i

)
(2.8)

where σc is the bound coherent scattering cross section, σi is the bound incoherent scattering cross
section, ac is the coherent scattering length, and ai is the incoherent scattering length. For H2 and D2

u(Q) is
u(Q) = 4a2cj

2
0(QReq) (2.9)

where j0 is the spherical Bessel function of the zeroth order, and Req is the equilibrium internuclear
distance.

Sd,c.m(Q,ω) is difficult to obtain since current quantum simulation methods are unable to provide reliable
estimates for the total dynamic structure factor, along with the fact that there is no analytical model
for Sc.m(Q,ω) for liquids other than specific cases [13]. However, Sd,c.m(Q,ω) can be obtained explicitly
by using the Sköld approximation [21], which uses the static structure factor, S(Q), and Ss,c.m(Q,ω)
to approximate Sc.m(Q,ω). The Sköld approximation, as shown in Equation 2.10, has been shown to
accurately reproduce the total cross section for both H2 and D2 [22][13]. which uses a modification of
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the self part of the scattering function, along with the static structure factor S(Q), in order to model the
thermal scattering law.

Sc.m(Q,ω) = S(Q)Ss,c.m

(
Q√
S(Q)

, ω

)
(2.10)

Using the Sköld approximation shown above, one can rewrite the distinct part of the scattering function
in terms of the self part, see Equation 2.11.

Sd,c.m = S(Q)Ss,c.m(
Q√
S(Q)

, ω)− Ss,c.m(Q,ω) (2.11)

The static structure factor, used in the approximation above, can be obtained either by experimental
data as well as through molecular dynamics calculations. Details on calculating the static structure factor
through molecular dynamics are given in Chapter 3.

2.3 Dynamic structure factor

In NJOY, the dynamic structure factor is decomposed into several different components. This includes
the solid (phonon), diffusion, and vibrational components. The translational motion is described as the
convolution of the solid-like and diffusion components and is given by

St,c.m(Q,ω) = Ssolid,c.m(Q,ω) ~ Sdiff,c.m(Q,ω). (2.12)

The total dynamic structure factor, to be used in Equation 2.7, is the convolution of each component
given as

Sc.m(Q,ω) = Ssolid,c.m(Q,ω) ~ Sdiff,c.m(Q,ω) ~ Svib,c.m(Q,ω) (2.13)

2.3.1 Solid component

The solid component of the dynamic structure factor is calculated using the phonon distribution of the
system, also referred to as fsolid(ω), which in this work is obtained through path integral molecular
dynamics simulations, see Chapter 3.6 for more details. The phonon distribution is used in the Gaussian
approximation [23][24], which is given by

I(Q, t) = e−γ(t)Q
2

, (2.14)

where I(Q, t) is the intermediate scattering function, and γ(t) is the width function given by

γ(t) =
~
m

∫ ∞
0

dω
fsolid(ω)

ω

[
coth

(
~ω

2kBT

)
(1− cosωt)− i sinωt

]
. (2.15)

The dynamic structure factor for the solid component can then by calculated by

Ssolid,c.m(Q,ω) =
1

2π

∫ ∞
0

dte−iωtI(Q, t). (2.16)

2.3.2 Diffusion component

The diffusion component, as shown in Equation 2.17, is calculated in the LEAPR module of NJOY using
the Egelstaff-Schofield model [25].

Sdiff,c.m(Q,ω) =
~

kBT

DQ2

π
e

MD2Q2

wtkBT −
~ω

2kBT ×

√
c2 + 1

4√
ω2 + (DQ2)2

K1

(
~

kBT

√
c2 +

1

4

√
ω2 + (DQ2)2

)
(2.17)

where D is the diffusion constant, wt is the weight of the diffusion component, and K1(x) is the modified
Bessel function of the second kind.
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2.3.3 Vibrational component

In order to account for the intramolecular vibrations, a discrete harmonic oscillator is employed in NJOY.
The energy of an harmonic oscillator is given as,

En =

(
n+

1

2

)
~ωv =

(
n+

1

2

)
Ev, (2.18)

where En is the energy of level n, n is the vibrational quantum number, ωv is the angular frequency of
the oscillator, and Ev is the vibrational energy constant. We find that for ortho-deuterium Ev = 0.386
eV [26], and for hydrogen deuteride Ev = 0.446 eV [27], which are the amounts of energy needed in
order for a vibrational transition to occur for the two molecules. While the average molecular energies at
low temperatures are far lower than the amounts required for excitation, if an incident neutron has high
enough energy it can cause transitions between the vibrational states and is thus important to include
this component in our model. The weight of the vibrational movement was chosen according to the
Sachs-Teller mass [28], which is discussed in more detail by Granada and Gillette [8].

2.4 Rotational models

2.4.1 Ortho-deuterium

As mentioned in Chapter 2.2, ortho-deuterium has a spin correlation which is accounted for by using the
Young and Koppel model [19]. The rotational component is given by Guarini [29] and implemented in
NJOY [6]. The F (Q, J0, J1) term in Equation 2.7 is given by

F (Q, J0, J1) = s(J0J1)PJ0(2J1 + 1)
∑
l

j2l (QReq)(CJ1J0l000 )2, (2.19)

where s(J0J1) contains spin correlation information, PJ is the statistical weight factor, jl is the spherical

Bessel function of order l, Req is the equilibrium internuclear distance, and CJ1J0l000 is a Clebsch-Gordan
coefficient. For ortho-deuterium, J0 sums over the odds numbers, which means that s(J0J1) will only have

two cases, when J1 is odd, s(J0J1) = a2c +
5a2i
8 , and even, s(J0J1) =

3a2i
8 . The statistical weight is given by

PJ =
(2J + 1)exp(−EJ/kBT )∑
J(2J + 1)exp(−EJ/kBT )

(2.20)

where EJ is the rotational energy described in Equation 2.21.

EJ = BJ(J + 1) (2.21)

where B is the rotational constant.

2.4.2 Hydrogen deuteride

In the case of hydrogen deuteride, there are two atoms with different masses which means that a different
model is required. The model by Lurie describes rigid rotor molecules whose atoms have different masses
[30]. However, this notation does not include the distinct part of the TSL, see Equation 2.7, and so
this model will only include the self part contributions. There has been recent work done by Guarini
[20] which includes hydrogen deuteride with the distinct part of the dynamic structure factor included
in the model. This work here follows the model of Lurie without the distinct part and uses the notation
of Guarini for consistency. The rotational component for hydrogen deuteride can be separated into two
parts: the self term, Fs(Q, J0, J1), and the overlap term, Fo(Q, J0, J1), and is given by

F (Q, J0, J1) = Fs(Q, J0, J1) + Fo(Q, J0, J1). (2.22)

The self term describes the direct contributions of the two atoms, while the overlap term describes the
contribution caused by the interference of different atoms. The self term is given by

Fs(Q, J0, J1) = PJ0(2J1 + 1)
∑
l

[
(a2cX + a2iX)j2l (QReqX ) + (a2cY + a2iY )j2l (QReqY )

]
(CJ1J0l000 )2 (2.23)
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where the subindices X and Y denote the two different atoms in the molecule. The overlap term is given
by

Fo(Q, J0, J1) = PJ0(2J1 + 1)2acXacY
∑
l

(−1)ljl(QR
eq
X )jl(QR

eq
Y )(CJ1J0l000 )2 (2.24)

The model proposed by Lurie is based on a free-gas model for the translational motion. In this work,
we have followed the approach previously done for H2 and D2, where the translational component is the
convolution of the solid and diffusive motion. Since NJOY was not developed for heterogeneous molecules
such as hydrogen deuteride, the above mentioned model for HD had to be implemented in a new branch
of the NJOY-H2D2 code [10].

3 Path-Integral Molecular Dynamics

Molecular dynamics is a method used to model materials and obtain information about their structure
and dynamics on an atomic and molecular level. In order to start a molecular dynamics simulation, one
sets up an initial configuration of atoms, each with an individual initial position and velocity. Further-
more, one has to define the potential field by which the atoms interact with each other. Once the initial
settings have been defined, the sample runs over a series of time steps, in which the movement of each
atom is determined by calculating the forces upon the atoms and solving Newton’s equations of motion.

When deciding the method of modelling liquid hydrogens, it is beneficial to go for a method that in-
corporates quantum effects of the constituants as this has been shown to yield better agreement with
experimental data [31][32]. One such method is path-integral molecular dynamics (PIMD) in which the
particle moves from an initial state to a final state with an unobserved path. The formalism of PIMD
is based on the Feynman path integral method and is included in molecular dynamics simulations to
account for quantum effects [33]. The probability of finding the particle in the final state is calculated
by integrating over all the potential paths originating from the initial state. There are two variants
of PIMD which are commonly used. These include centroid molecular dynamics (CMD) [34] and ring
polymer molecular dynamics (RPMD) [35]. These methods replace atoms with a number of beads which
are connected through springs. RPMD was chosen for this work as an implementation of it has been
made available in the open source code i-Pi [36] while resulting in nearly as good results as CMD when
it comes to the quantities relevant to this work [37].

3.1 Interatomic potential

The choice of interatomic potential used for ortho-deuterium and hydrogen deuteride is the Silvera-
Goldman potential [38], in which the molecules are treated at spherical particles. The Silver-Goldman
potential assumes that the isotopic hydrogen molecules remain in the rotational ground state, which
is satisfied at the temperatures, 17 K and 20 K, used in this report. The Silvera-Goldman potential,
as shown in Equation 3.1, is commonly used for both H2 and D2 [39][22]. While the Silvera-Goldman
potential has been used to calculate static properties of hydrogen deuteride [40], it has not been used, to
our knowledge, for calculating the velocity auto-correlation function of hydrogen deuteride. The potential
is given by

V (r) = eαc−βcr−γcr2 −
(
C6

r6
+
C8

r8
− C9

r9
+
C10

r10

)
fc(r), (3.1)

where r is the distance between atoms, and

fc(r) =

{
e−(rc/r−1)

2

, if r ≤ rc
1, otherwise.

(3.2)

The parameters for Equations 3.1 and 3.2 are listed in Table 1.

ac 1.713 C6 12.14
βc 1.5671 C8 215.2
γc 0.00993 C9 143.1
rc 8.32 C10 4812.9

Table 1: Parameters used for the Silvera-Goldman potential, given in atomic units [38][41].
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3.2 Initial configuration

In order to begin the molecular dynamics simulation, a set of initial properties are defined. Such properties
include the number of particles, the density of the system, as well as the initial positions and velocities of
the molecules. While liquids do not take the shape of a crystal lattice, the option of randomly distributed
molecules is not preferable as multiple molecules can be initiated on top of each other, which would add
additional potential energy to the system. For this reason, the systems used in this work were initiated
with a cubic lattice. The boundaries of the system were set to periodic, which allows a particle reaching
the boundaries to appear on the opposite side with the same velocity. This allows smaller systems to
behave approximately as a part of a larger system without the increased computational requirements.
The initial velocity of the molecules were taken from a Maxwell-Boltzmann distribution at the desired
initial temperature [42].

3.3 Equilibrium run

The initial configuration of the system is unlikely to be in equilibrium and has to be run through an
equilibrium simulation in which the system is progressed through time and average quantities such as
kinetic energy, pressure, potential energy, and temperature progress towards an equilibrium. It is not
uncommon to carry out molecular dynamics simulations in an NVE ensemble in which the number of
particles, N, the volume, V, and the total energy, E, are conserved in each time step. However this can
be problematic in our case since we are interested in a particular temperature rather than a particular
total energy. Since the initial configuration of the system is not in equilibrium, the temperature is likely
to drift away from the desired value. In order to preserve the temperature of interest, the system uses
an NVT ensemble in which the temperature, T, is conserved in each time step rather than the energy.
Such an ensemble can be seen as a smaller system exchanging energy with a larger system. A common
choice for the NVT setup is to use the Langevin thermostat [42] in which the system moves through
a continuum of smaller particles which creates a damping force on the system particles. The smaller
particles also have thermal motion which allows them to occasionally transfer part of their energy to the
system particles. This occasional energy deposit, along with the damping force keeps the system in a
NVT ensemble.

3.4 Static structure factor

The static structure factor, S(Q), used for the Sköld approximation in the NJOY-H2D2 version of LEAPR
module, is calculated using the pair distribution function, g(r). The static structure factor is given by

S(Q) = 1 +
4πρ

Q

∫ ∞
0

rsin(Qr)h(r)dr, (3.3)

where ρ is the density, and h(r) = g(r)− 1 [43]. The pair distribution function can be obtained by using
the TRAVIS software [44][45]. This is done by inputting the trajectory run file(s) obtained from the
equilibrium run. Depending on the amount of time available and the accuracy needed, one can either
obtain the pair distribution function using the trajectory of the centroids of the molecules, or by using the
trajectory of each bead used to approximate the molecules and taking an average of all of them. These
methods will be referred to as the ’centroids’ and ’beads’ methods in this paper. The ’beads’ method
has shown better agreement with experimental data [31][32]. Since the size of the system simulated in
molecular dynamics is somewhat limited, the pair distribution function has to be extrapolated to longer
distances in order to accurately represent a larger system. The extrapolation is done using an oscillating
dampened function [43],

h(r) =
A0

r
e

r
r0 sin

(
r

r1

)
(3.4)

where the parameters A0, r0, and r1 are obtained by fitting the function to the pair distribution function
between a few zero crossings.

3.5 Velocity auto-correlation function

When the equilibrium run is completed, the average quantities are assessed to ensure that the system
reached equilibrium. Once that is done, the system is moved over to the NVE ensemble and the particle
trajectories are recorded and later used to calculate the velocity auto-correlation function. In order to
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reach a statistical certainty, the particle trajectory is sampled over 100 runs and an average of those runs
is calculated.

The velocity auto-correlation function (VACF), u(t), describes the correlation of a particle’s velocity
at time t0 + t compared to its velocity at time t0. The VACF is calculated over a number of atoms, N ,
and is given by

u(t) = 〈~vi(t+ t0) · ~vi(t0)〉 =
∑
t0

N−1∑
i=0

~vi(t+ t0) · ~vi(t0), (3.5)

where ~vi is the velocity of the i-th atom. However to be more precise, the output obtained through PIMD
is the canonical (or kubo-transformed) VACF which is a real and even function with regards to time,
unlike the VACF which is a complex function [13]. The canonical VACF is given by

uc(t) =
1

β

∫ β

0

dλ
〈
eλH~vc.m(0) · e−λH~vc.m(t)

〉
, (3.6)

where ~vc.m denotes the center of mass velocity vector, H is the Hamiltonian operator of the system and
β = (kBT )−1. The frequency distribution of the canonical VACF, ρc(ω), can then be used to obtain the
frequency distribution of the VACF, ρ(ω), and is given by

ρc(ω) =
1

2π

∫ ∞
−∞

uc(t)e
−iωtdt, (3.7)

and

ρ(ω) = ρc(ω)
βT~ω

1− e−βT ~ω . (3.8)

Not only can the canonical frequency distribution of the VACF be used to validate the RPMD results, it
is also used in order to obtain the frequency spectrum, f(ω), as given by

f(ω) =
2mβT

3
ρc(ω) =

mβT

3π

∫ ∞
−∞

uc(t)e
−iωtdt. (3.9)

It can be noted that in literature, different frequency spectra can be presented. For example, ρ(ω) could
be shown instead of ρc(ω).

3.6 Diffusion component

In order to calculate the translational part of the dynamic structure factor, see Section 2.3, it is separated
into two parts, a solid-like (phonon) component and a diffusion component. Both of these components
require their corresponding frequency spectrum. This is done by dividing the frequency spectrum obtained
through RPMD into a solid-like component (phonon distribution), fsolid(ω) and a diffusion component,
fdiff (ω), and is given by

f(ω) = fsolid(ω) + fdiff (ω). (3.10)

The diffusion component of the frequency spectrum is obtained by using the diffusion model by Egelstaff
and Schofield [25], which has a frequency spectrum given by

fdiff (ω) =
4pωt
π

√
p2 +

1

4
sinh

(
β

2

)
K1

(
β

√
p2 +

1

4

)
, (3.11)

where wt is the weight of the diffusion component, K1(x) is the modified Bessel function of the second
kind, and p is the dimensionless diffusion coefficient given by

p =
mD

wt~
, (3.12)

where D is the diffusion constant and is given by

D =
1

3

∫ ∞
0

uc(t)dt. (3.13)
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4 Results and Discussion

All of the RPMD simulations were done using a cubic box with periodic boundary conditions. The
system was initiated using a cubic crystal structure and the velocities were spread out according to a
Boltzmann distribution. The system was first run in an NVT setting until it reached an equilibrium
state. The system was then run through an NVE setting and the trajectories were recorded for a series of
simulations. Afterwards, the canonical VACF was calculated as an average over the trajectories obtained
in the NVE simulations. The static structure function was then calculated with the pair correlation
function obtained using the TRAVIS code with the trajectories from the NVE simulations [44][45].

4.1 Ortho-deuterium

The RPMD simulations done for ortho-deuterium were run at a temperature of 20 K.

4.1.1 Static structure factor

In order to calculate the static structure factor, S(Q), Equation 3.3 was used and the pair distribution
function, g(r), was obtained through analysis using TRAVIS in conjunction with trajectory outputs
from molecular dynamics simulations [44][45]. In order to obtain high statistical certainty, the molecular
dynamics simulations were run with a system of 4096 molecules. The number of beads used to simulate
the molecules was chosen to be 64, and while this increased the simulation time, it was done to get a
more accurate pair distribution function, and in turn a more accurate static structure function. The pair
distribution function was fitted between 500 pm and 1300 pm as shown in Figure 1a, and extended to 70
nm, using an exponentially decaying sine function in order to prevent a sudden edge to zero, as shown in
Figure 1b. The smoothing function used in Figure 1b is the following, y = yd(a−x)/a+ yfx/a, where yd
is the data, yf is fitted function and a is the number of data points being smoothed. The static structure
function is shown in Figure 2 along with experimental data from Zoppi et al[46]. The static structure
function was calculated in two ways, using the pair distribution function calculated with the centroids
of the molecules, and using the mean of the pair distribution calculated for each individual bead. The
’beads’ method shows strong agreement to the experimental values of Zoppi [46], and was thus used to
calculate the neutron cross section.
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(a)
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Figure 1: a) The pair distribution function of ortho-deuterium calculated using the ’beads’ method, along
with a fitted exponentially decaying sine function between 500 pm and 1300 pm. b) The extended pair
distribution function of ortho-deuterium calculated using the ’beads’ method. The function uses the
raw data up until 500 pm, upon which a smoothing function is used for 10 data points, after which the
exponentially decaying sinus function, seen in Figure 1a, is used to extend the pair distribution function
to 70 nm.
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Figure 2: Static structure factor of ortho-deuterium at 20 K, n=25.6 nm−3, calculated using the centroids
and ’beads’ method, compared to experimental data points from Zoppi [46].

4.1.2 Velocity auto-correlation function

The canonical VACF was computed as an average of 64 trajectory runs of 16 ps with a system size of 343
molecules. The canonical VACF was compared to simulations done by Guarini et al. using CMD [22], as
shown in Figure 3. There are no notable differences between these results and those of Guarini et al.
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Figure 3: Canonical VACF of ortho-deuterium at 20 K and ρ = 25.6 nm−3, obtained through RPMD
compared to results by Guarini et al. (CMD) [22].

4.1.3 Frequency distribution

The frequency distribution, ρ(ω), was calculated using the VACF using Equations 3.8-3.7. The frequency
spectrum, f(ω), was then calculated using Equation 3.9. These results were then compared to previous
experiments and simulations. Figure 4 shows the calculated frequency distribution along with CMD
simulation results by Hone and Voth [39], obtained at 20.7 K. While there are minor disagreements
in Figure 4 at tails of the function, the overall deviations remain small despite the slight temperature
difference. The frequency spectrum was compared to experimental data by Colognesi et al. [47] and is
shown in Figure 5. The calculations by Colognesi et al. were also carried out using the method of CMD,
which could be a possible reason for the differences. The diffusion component of the frequency spectrum
was calculated using Equation 3.11, and then subtracted from the frequency spectrum, as shown in Figure
6, in order to obtain the solid-like phonon distribution, ρsolid(ω), which is used as an input for LEAPR.
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Figure 4: Frequency distribution of the VACF, for ortho-deuterium at 20 K, calculated using Equation
3.8, and compared to results by Hone and Voth, at 20.7 K [39].
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Figure 5: Frequency spectrum of ortho-deuterium calculated using Equation 3.9, and compared to ex-
perimental data points by Colognesi et al. [47].
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Figure 6: Frequency spectrum of ortho-deuterium, at 20 K, along with the diffusion component calculated
using Equation 3.11, and the resulting phonon distribution.

4.1.4 Total inelastic cross-section

The total inelastic cross section was calculated with NJOY using the phonon distribution, static structure
factor, and the diffusion constant, all obtained through molecular dynamics simulations.The NJOY-H2D2
code [10] was used for the calculations.

The total inelastic cross section was then compared to simulation results from Jeff 3.3 [9], Guarini et al.
[22], and experimental data from Seiffert [48], and plotted in Figure 7. When comparing to the previous
simulations and experimental data, it is clear that the new method can be used in order to produce an
accurate total inelastic cross-section, for ortho-deuterium, using quantum molecular dynamics. While
there is a slight difference in the low energy tail, the overall curve agrees well with both experimental
data and simulations. While the experimental data was obtained for 19 K, and the current simulation in
Figure 7 is for 20 K, it can be seen that the only notable difference between the 19 K and 20 K simula-
tions is the low energy tail, with the 20 K tail rising faster than the 19 K one. Although the simulation
overestimates the cross-section in the intermediate energy region, the same behaviour can be seen for the
other simulations presented in the plot.
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Figure 7: The total inelastic cross-section of ortho-deuterium calculated through NJOY with inputs from
RPMD, and compared to both experimental and simulated results [48][22].

4.2 Hydrogen deuteride

The RPMD simulations done for hydrogen deuteride were run at a temperature of 17 K.

4.2.1 Static structure factor

The structure factor, S(Q), was calculated in the same way as for ortho-deuterium using Equation 3.3,
and the pair distribution function, g(r), was obtained through TRAVIS using results from molecular
dynamics simulations as input [44][45]. The molecular dynamics simulations were run for a system of
4096 molecules, and each molecule consisting of 64 beads in order to obtain more accurate results. The
pair distribution function was fitted between 500 pm and 1300 pm using an exponentially decaying sine
function, as shown in Figure 8a, and extended to 70 nm, as shown in Figure 8b, in order to prevent a
sudden edge to zero. The smoothing function used in Figure 8b is the following, y = yd(a−x)/a+yfx/a,
where yd is the data, yf is fitted function and a is the number of data points being smoothed. The static
structure function is shown in Figure 9. As the static structure factor of ortho-deuterium showed better
agreement with experimental data using the ’beads’ method, it also became the method of choice for the
NJOY input of hydrogen deuteride as well.
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Figure 8: a) The pair distribution function of hydrogen deuteride calculated using the ’beads’ method,
along with a fitted exponentially decaying sine function between 500 pm and 1300 pm. b) The extended
pair distribution function of hydrogen deuteride calculated using the ’beads’ method. The function uses
the raw data up until 500 pm, upon which a smoothing function is used for 10 data points, after which the
exponentially decaying sinus function, seen in Figure 8a, is used to extend the pair distribution function
to 70 nm.
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Figure 9: Static structure factor of hydrogen deuteride at 17 K, ρ = 24.37 nm−3, calculated using the
centroids and ’beads’ method.

4.2.2 Velocity auto-correlation function

The canonical VACF was computed as an average of 64 trajectory runs of 16 ps with a system size of
216 molecules.

15



0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75
Time, [ps]

2

0

2

4

6

8

10

12

14

VA
CF

, [
Å/

ps
]²

Simulation, HD, 17.0 K

Figure 10: Canonical VACF of hydrogen deuteride at 17 K and ρ = 24.37 nm−3, obtained through
RPMD.

4.2.3 Frequency distribution

The frequency distribution, ρ(ω), was calculated using the VACF using Equations 3.8-3.7. The frequency
spectrum, f(ω), was then calculated using Equation 3.9. Figure 11 shows the calculated frequency
distribution. The frequency spectrum is shown in Figure 12. The diffusion component of the frequency
spectrum was calculated using Equation 3.11, and then subtracted from the frequency spectrum, as shown
in Figure 13, in order to obtain the solid-like phonon distribution, ρsolid(ω), which is used as an input
for LEAPR.
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Figure 11: Frequency distribution of the VACF, for hydrogen deuteride at 17 K, calculated using Equation
3.8.
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Figure 12: Frequency spectrum of hydrogen deuteride calculated using Equation 3.9.
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Figure 13: Frequency spectrum of hydrogen deuteride, at 17 K, along with the diffusion component
calculated using Equation 3.11, and the resulting phonon distribution.

4.2.4 Total inelastic cross-section

The total inelastic cross section was calculated with NJOY using the phonon distribution, static structure
factor, and the diffusion constant, all obtained through molecular dynamics simulations. NJOY was not
developed to handle heterogeneous molecules. The NJOY-H2D2 code [10] was used and developed to
include the additional terms in Equations 2.22-2.24 for HD. Furthermore, the statistical weight function
had to be adjusted as hydrogen deuteride does not have spin correlation which is implemented in NJOY-
H2D2. In addition, the total inelastic scattering was computed using two NJOY-H2D2 input files. In
the case of D2, this is not required as the scattering is assigned to solely the D atom. For HD, the
total cross-section was computed from the sum of the partial cross-sections resulting from the scattering
contributions assigned to the H and D atoms individually. The normalization had to be adjusted as we
modified the code to run two separate files with the hydrogen and deuterium atom contributions to the
hydrogen deuteride cross section. The calculations presented here do not include the contribution from
the distinct term of the dynamic structure factor.
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Figure 14: The total inelastic cross-section of hydrogen deuteride calculated through NJOY with inputs
from RPMD, and compared to experimental data [48].

5 Summary and Outlook

In this work, path integral molecular dynamics techniques were used to simulate multiple properties
of ortho-deuterium, which include the frequency distribution, static structure factor, and cross section.
Furthermore, it has been shown that it is possible to derive these quantities for hydrogen deuteride,
using the rotational part from previous models described in literature, combined with a translational
component which represents the liquid behaviour. The results obtained for hydrogen deuteride are
promising especially since this is the first time a scattering library has been generated for hydrogen
deuteride. Future work could include investigating the impact of the distinct part for hydrogen deuteride
as well as the implementation of it in the modified version of NJOY-H2D2. Furthermore, it would be of
interest to look into solid hydrogen deuteride and solid deuterium as potential cold neutron moderators.
Another way to move forward would be to use the generated libraries in Monte-Carlo simulations and
compare the emission spectra of hydrogen deuteride, ortho-deuterium, and para-hydrogen to get a better
understanding of their moderating properties. The results obtained in this study form a basis for future
work on these materials that may be presented at conferences or in publications.
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