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0.1 Abstract

In this thesis we will examine how to solve linear systems using the s-step bi-
conjugate gradient algorithm, which is an iterative method based on the Krylov
subspaces. It is useful especially when we have a large and sparse matrix. We
begin looking over the biconjugate gradient algorithm (BiCG), in order to un-
derstand how to construct the s-step BiCG algorithm. We will go through some
numerical examples to see which method can give a better numerical solution
and which one is able to converge. At the end we will talk about finite precision
arithmetic and study roundoff errors of the s-step BiICG method.

0.2 Popular scientific abstract

Iterative algorithms are important methods to make of solutions for systems of
linear equations. They do it by creating a succession of approximate solutions
which can drive the user to a solution that can be closer to the exact one. These
methods are valuable in different fields of science, for instance materials science
and statistics. One of the most known iterative techniques are the Krylov sub-
space methods (KSMs). This thesis focuses on an algorithm based on the KSMs,
named s-step biconjugate method, which is very useful especially for decreas-
ing the communication costs caused by exchanging information among different
levels of computer storage and among different devices. But this comes with
a price: as we increment the s number for minimizing the price of transferring
information, we can experience side effects like the decrease of precision of the
solution computed by the algorithm, or the increase of the number of iterations
for arriving at a solution. In this thesis we will explore these side effects and
compare our results to another iterative technique named biconjugate gradient
method, which is the technique used for building the s-step method.

0.3 Keywords

biconjugate gradient methods, s-step biconjugate gradient methods, nonsym-
metric linear systems, sparse matrices.
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Chapter 1

Introduction

Linear systems with large matrices are solved making use of iterative methods.
These methods start with an initial guess solution named zy and improve it
until some conditions given by the user are reached [2]. One iterative method
which is also one of the “Top 10 Algorithms” of the 20th century is the Krylov
subspaces method [6]. Consider a matrix A and a vector v, it is possible to
define the Krylov subspace as:

Kqy1 = span(v, Av, ..., A®v). (1.1)

Here s € Z* [9]. Krylov subspaces methods (KSMs) generate bases for Krylov
subspaces through the multiplications between the matrix and the vector [9].
The KSMs can have communication costs, i.e. costs of “the movement of data
between levels of memory hierarchy or between processors over a network” [2].
In order to decrease them, it is possible to divide the loop of the KSMs and create
two loops: an inside loop and an outside loop. In the inside loop the algorithm
will perform s iterations at once, while the outside loop moves from s iterations
to other s iterations until some conditions are met [2]. These algorithms are
called either “s-step KSMs”, or “communication-avoiding KSMs” [2]. At first,
only the Krylov (monomial) bases were used, but as s becomes a large value,
it was noticed that it was possible that the methods could not converge [2]. In
order to find a solution to that problem, Joubert and Carey, with the use of the
Chebyshev polynomials, constructed a basis that it was possible to utilize also
for larger s [10], [2]. One iterative algorithm built on the KSMs is the bicojugate
gradient (BiCG) method, it was first discovered by Lanczos in 1952 and after
more than 20 years, in 1976, it was utilized again by Fletcher [14]. Starting
from the BiCG algorithm, it is possible to create the s-step BiCG algorithm,
which is an iterative algorithm to make of solutions for “nonsymmetric linear
systems” [2], based on the s-step KSMs. As the user increment the value of s, for
decreasing the cost of transferring information, it is possible to experience some
side effects of the s-step technique, as for instance the increase of the number of
iterations for reaching convergence or the decrease of precision of the results [2].
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6 CHAPTER 1. INTRODUCTION

We will investigate these side effects and look over if the biconjugate gradient
algorithm can give better results.

The thesis concentrates on the s-step biconjugate gradient algorithm. Chap-
ter 2 starts with a review of the biconjugate gradient method and after that
it focuses on how to construct the s-step BiCG algorithm starting from the
BiCG one and using the Krylov subspaces. In the s-step BiCG method it is
possible to use different bases, which are based on the Krylov subspaces. The
ones that we will analyse are the monomial basis and the Chebyshev basis. We
will study how to construct the Chebyshev basis using Chebyshev polynomials
and through the help of the spectrum of a matrix A of a linear system and an
ellipse. Chapter 3 is focused on numerical experiments. Its are presented two
examples, where both bases are used for the s-step BiCG method. We will use
sparse matrices, which are matrices that have the majority of values equal to
zero [17]. What we will discover is that the monomial basis is a good option
when s is small value, but as s becomes bigger the Chebyshev basis seems to
be a better choice. To compare the results of the BiCG and the s-step BiCG
methods we will look at how many iterations are needed to meet the conditions
given by the user. The number of iterations is affected by the “round-off error
in finite precision” [2], these errors are the difference between the exact value
of a number and the value computed by the computer [11]. Because of that in
the last chapter we will look over “the s-step biconjugate gradient algorithm in
finite precision arithmetic” [4] and see that the computation of the Krylov bases
can generate roundoff errors.

This thesis is based on the technical report written by Erin Carson and James
Demmel: “Analysis of the finite precision s-step biconjugate gradient method”
[4], on the research paper “Avoiding Communication In Nonsymmetric Lanczos
- Based Krylov Subspace methods” [5] written by Erin Carson, Nicholas Knight,
James Demmel, and on chapters 1,2,3,4,5 of the PhD thesis: “Communication-
Avoiding Krylov Subspace Methods in Theory and Practice” [2], written by
Erin Carson.



Chapter 2

BiCG and s-step BiCG
algorithms

Let A € R™*"™ be a sparse, nonsymmetric matrix and b a n-dimensional vector.
We want to solve a nonsymmetric linear system of equations Ax = b making
use of iterative methods. In this chapter we will study the BiCG and the s-step
BiCG algorithms, with the use of the Krylov basis and the Chebyshev basis.

2.1 BiCG algorithm

This section is based on the research paper written by Charles H. Tong and
Qiang Ye [13] and on lecture 38 of the book [14]. Consider a nonsymmetric
matrix A € R™*" and a vector b of length n. The biconjugate gradient method
(BiCG) is an iterative technique to construct solutions for “nonsymmetric linear
systems” Ax = b [9]. It starts by initializing a vector xg, which is our initial
guess solution, then we define the vectors rg, 7o which are named residuals and
Po, Po which are called search directions. We create a loop, with index m € Z,
m > 0, which constructs a succession of vectors {x., }, {rm}, {Fm}s {Pm}, {Pm}-
The m loop works until the conditions given by the user are met.

The following algorithm is taken from the work by Tong and Ye [13], it is
nearly the same, we change just some notation and the for loop becomes a while
loop for us.

BiCG Algorithm

Our inputs are xg, A, b
Ty = [0,,0] , M = 1
"o =Po = 7o =po = b— Axg
Po=To To
while m until convergence
Om—1 = ]57Tnf1Apm71
Ampm—1 = pmfl/amfl
Tm = Tm—-1 — O4’rn—114p1’n—1

NS G oo~
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8 Tm = Tm—1+ Am—1Pm—1

9. Fm = 'Fm—l - O‘m—lATﬁm—l

10. pp = 7L,

11. Bm = pm/pmfl

12. pm = Tm + BmPm—1

13. ﬁm =Tm+ ﬁmﬁm—l

1. m=m+1

18. end while

The residuals are biorthogonals, which means that satisfy the following prop-
erty, for n # m:

Ly, =0. (2.1)

The search directions are A-biconjugates, that means that satisfy the following
property, for n # m:

From (2.1) it follows that r,, is perpendicular to the following Krylov subspace:
K (AT ro) = span{ry, ATrq, ..., (A" 1) r}.

The method introduced in this section will experience a collapse if one of the
two following situations happens [13]:

(1)om =0, “pivotal breakdown”,

(2)pm = 0, “breakdown in the underlying Lanczos process”.

2.2 From BiCG method to s-step BiCG method

This section is based on the research paper written by Carson, Knight and
Demmel [5] and on [2].

Our goal is to construct the s-step BiCG method beginning from the BiCG
method. In order to create the s-step BiCG algorithm we need two loops: an
outside loop, for which we will use the index k, and an inside loop, which goes
from j =1 to j = s. We will utilize the index m for indicating m = sk + j [3].

Lemma 1. Assume that A € R™*" is a matrix and assume that 7., Pm, T, Tms P
are the vectors in the BiCG algorithm. Then, they can be written as a linear
combination of the Krylov basis [5]:

Pm € Kj11(A,psk) + Kj (A, 7s1),
Tm € Kj11(A,psk) + Kj(A,7sk),
P € Kjp1 (AT por) + K; (AT, Far), (2.2)
P € K1 (AT, Bor) + Kj(AT, 7or),
T — Tsk € Kj(A, ) + Kj—1(A, 7s1).
This can be proven by induction on rows {7, 8,9, 12, 13} of the BiCG algorithm.
We will show the proof for p,,, it is very similar for the other vectors.
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Proof. Basis step. For m = 1, (m = sk + j, sk = 0 and j = 1), line (12),
p1 =71 + P1po should satisfy:

p1 € K2(A,po) + K1(A, o). (2.3)
Using line (12) and (7) of the BiCG algorithm we see:
p1 =71+ Sipo

= (ro — anApo) + B1po
= Bipo — g Apo + 1.

Following the definition of Krylov subspaces, we can write p; in this way:
p1 € K2(A,po) + K1(A, 7o)
= appo + a1Apo + boTo-

Here ag,a1,bp € R. So for a9 = B1, a1 = —ag and bg = 1, we can affirm that
line (12) satisfies (2.3).

Hypothesis step. We assume that it is true for sk =n—1, j =1, so m = n,
and p, = 7, + Bnprn_1 should satisfy:

Pn € KQ(Aapn—l) + KI(A7T71—1)~ (24)
Considering line (12) and (7), it follows that it possible to write p,, as:
Pn = Tn + Bnpn—1

= (Tn—l - an—lApn—l) + Bnpn—l
= Bnpnfl - Oén—lApn—l + Trn—1-

Using the definition of Krylov subspaces, we can write p,, as:
Pn € KQ(Aapn—l) + KI(A7T71—1)
= UoPn—1 + U1 APp_1 + VoTr—1-

Here ug,u1,v9 € R. For ug = B, u1 = —a,—1 and vy = 1, we assume that
line (12), with m=n, satisfies (2.4).

Inductive Step. For sk =n, j =1, so m = n + 1, it follows that: p,4+1 =
Tnt1 + Bnr1Pn should satisfy:

Pn+1 € KQ(A7pn) + Kl(A7rn)' (25)
Using line (12) and (7) and by the hypothesis step, we can write p,11 as:

Pn+1 = Tn+1 + ﬁn+1pn
= (Tn - O‘nApn) + 5n+1pn
= 6n+1pn - anApn + rn.
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By the definition of Krylov subspaces, we can write p,1 also as:

Prnt1 € Ko(A,pn) + K1(A,10)
= wopn + w1 Apy, + 2o

Here wg,w1,29 € R. For wg = Pp41, w1 = —ay, 20 = 1 and using the
hypothesis step, line (12) satisfies (2.5).
O

Lemma 2. Assume that A € R™*" is a matrix and that p.,, 7m, Tm, P, Tm
are the vectors given in the BiCG algorithm. Assume s > 0 and j < s. Then
the vectors satisty [5]:

Dsk+j,Tsk+j € Ks-l—l(Aapsk) + Ks(Avrsk)a

ﬁsk+j77zsk+j S Kerl(ATJ;sk:) + KS(ATy'rsk)
Tsk+j — Tsk S Ks(Aypsk) + Ks—l(Ayrsk)~

We present the proof by induction, using (2.2) and using the propriety of the
Krylov subspaces: K1(A,v) C Ka(A,v) C ... C Kqy1(A,v), where v is a vector.
We will prove it for psi; as the proof for the other vectors is very similar.

Proof. Basis case. For sk =0 and j =1, p; = r1 + B1po should satisfy:
p1 € Ka(A,po) + K1 (A, 7o) (2.6)
Consider line (12) and (7) of the BiCG algorithm, so we can write p; as:

p1 =711+ Pipo
= (ro — aoApo) + B1po
= Bipo — g Apo + 70.

Using the definition of Krylov subspace we write p; as:
p1 € K2(A,po) + K1(A,70)
= agpo + a1 Apo + boro.

Here ag,a1,bp € R. For ag = B4, a1 = —ap and by = 1, we can affirm that line
(12) satisfies (2.6).
Hypothesis step. We assume that for sk =0, j = s — 1:

Ps—1 =Ts—1+ 55—1275—2

satisfies

Ps—1 € Ks(A, po) + Ks-1(A,70)
= CoPo + ClApo + C2AApO + ...+ Cs_lAsilpo + do’f‘o + dlA’r‘o + ...+ ds_2A5727‘0,
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So we can write:

Ps—1=Ts-1+ Bs—1DPs—2
=752 — a5 2Aps—2 + Bs—1ps—2
= ... =doro+ diArg + daAArg + ...ds_2 A5 2ro + copo + c1 Apo +
€ Ks(A,po) + Ks—1(A,19).

Here dy, ...,ds_2,co,...,cs_1 € R.
Inductive Step. For sk =0, j = s we have to show that

ps =7Ts+ ﬁspsfl

satisfies
ps € Koy1(A,po) + Ks(A,ro).

Using the hypothesis step, it follows that:

Ps =Ts+ Bspsfl
=Ts—1— asflApsfl + ﬂspsfl

= do’l"(] + dlATO + dQAA’I"O + ...+ ds_1A571T0 + CopPo + ClApO + ...+ CsAspo
Here dy, ...,ds—1, co, ..., ¢cs € R. So line (12) satisfies (2.7). O

To construct the vectors that iterate from sk+1 to sk+s,i.e. withj=1,...,s,
in the s-step BiCG algorithm, we create the following Krylov matrices [4],[5],]2]:

Vi =[oko vk i span(ViY) = K1 (A, pak),

Vz{ = [Ufi,c)a = ”UZ,s_l]j Span(Vk’:) = K;(A,psk), 28)
Vi = [vi,ovvﬁ,p Uk o) span(V¥) = Kj11(A, Psi),

Vi = [Uli,o’ Ulilv "'7’02,5—1]7 span(Vy) = K;(A, Far).

We start with ”Z,o = Psks Vfg = Tsks vf,o = ﬁsk,vzyo = 74, and then we use
these three-term vectors [4] for ¢ € {0,...,s — 1}:

1 )
P _ ) p _ Bi-1,p
Vk,it1 = ?(A_azj)vk,i ~i Vk,i—1
K3
1 )
r _ . T _ Bi—i,r
Vpiv1 = —(A=a vy ; o A
711 (2.9)
P _ T ) D Bi1,p
Vk,it1 = f(A _azl)vm ~ ; Vki-1
1
~ 1 . ) .
T _ T . 7 Bi—1, 7
Vg it1 = —(A —azf)vk,i - Vk,i—1>

Yi Vi

here I is the identity matrix and ~;, a;, B; € C. We will explain in section

2.4 how to calculate them. The reader should be aware of the fact that in our
numerical examples (chapter 3) only real values will be used.

11

ot 0571A3_1p0

€ Koy1(A,po) + Ks(A,10).
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Let Vi = [V, V/] and Vi = [V, V] be two matrices, and Ph.js Prjs This
Ty j» €k,j vectors of length 2s+ 1. It follows from (2.2) and (2.8) that the vectors
Py Tmy Pmy Tms, Tm — Tsk from the BiCG algorithm can be written using the
Krylov basis. The vectors pj ., Py ;s 7%, 75 j» €k, describe the vectors of the
BiCG algorithm in the following way [5],[2]:

Dskts = Vel j»
Tskai = ViTk s
Pkt = Vibh j» (2.10)
Tsktj = Vkﬂ,j,

Tsktj — Tsk = VkCh,j-

. . P P o )
When j = 0 the coefficients vector pj, ;. Py ;. 7} ;» Ty ;» €k,j are initialize as 12):

/ ~/ T / ~/ T
Pro = DPro = [1,01,25]" s 7o =740 =[01,541,1,015-1]", €x0 = 025411

(2.11)

Here 0;; indicates a zero matrix which dimension is { x 4, with 1 rows and i
columns |4]. Consider two tridiagonal matrices Cy, 511 € C5T1X5 Oy s € C¥*571:

ao  fo

Yo &1

0 m

0 0
Cr,s+1=

0 0

&3}

az

V2

0 0 0
0 0 0
B2 0 0
a3z f3 0

ﬂs—l

As




2.2. FROM BICG METHOD TO S-STEP BICG METHOD 13

ag B 0 0 0 0

Y% a B 0 0 0

0 7 a B2 0 0

0 0 v a3 f3 0

Ck,s=

Bs—2
As—1
0 0 0 0 0 Ys—1

We use Cj s+1 and Cy s to define the matrix By, [4]:

C S OS N
Bj— [Ck,s+1 Os41,1]

[Ck,s 05,1]

Here 0541,1 represents a matrix of dimension s+ 1 x 1, with s+1 rows and
1 column, and 0, ; is a matrix of dimension s x 1.
We can express By, as follows:

ag Bo 0 0 0 0 0 0 0 0 0 0
Yo a1 B 0 0O 0 0 0 0 O 0 0
0 y1 az B2 0 0 0 0 0 O 0 0
0 0 v ag B3 .. 0 0 0 0 O 0 0
e Bs—1 0 0 .. .. ..
B= R as 0 0 0 0 0 0
0 0 0 0 0 Ys 0 0 0 0 0 0
0 0 0 0 0 o o0oag Bo O 0 0
0 0 0 0 0 0 07 a1 b1 0 0
0 0 0 0 0 0 0 0 71 ap 0 0
0 0 0 0 0 0 0 0 0 7 0 0
R I R A T

It is possible to describe the product of A and AT in the rows {7, 9} of the
BiCG algorithm using the Krylov bases. We start noticing that if we use (2.9)
we can write the following [5]:

AV = Vi Crirr, AV = Vi 0k,

Ty/P _ y/P . T/ 7 _ 7 )
A V,w. kaJHCk,]H, A Vii—1=Vi ;iCr,j-
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14 r D T .
Here Vlw” Vk,j’Vk,j’Vk,j are defined as:
P _ [P P »
Vi = Wio Vi 1o - Vi i)
T _ T T T
Vii= [Uk,mvk,h ,Uk,j]’
D __[,D D D
Vs = [0k Vi1o o V55
Fo_r 7
Vil = [0k,00 Vk,15 -+ Uk 5
» p . . . . . . -
Vi; and Vo) have size 1 X j, 1 x j 4 1 respectively and V)’ ,, V,’,_; indicate

the basis matrices of size 1 x j and 1 X j — 1 respectively. It’s the same for

Z b oyF yF P _ P , .
Vieit1:Ve Vi j:Vi.j—1- We show the case AV,w. =V j+1Ck,j+1, for j = 2, as

the other ones are similar. Define V,f 3 as:
p _ [P P P
Vk,g = [Uk,07vk,1’vk,2]’

p D D .
here Uk 05 Uk,15 Uk o AT€:

P
Vg0 = Psk;
1
P _ p
Vg = —(Afagf)vho,
Yo
1
P _ D Bo ,,P
Vg2 = *(A*alf)vzm ~ 51 k0

§a!

We have that:
AV,f,Q = A[“Z,oa v£,1]

and:
ag Bo
P _ D D D _ D D D D D
Vk,gck,S = [Uk,07 ”k,pvk,z] Yo ai1| = [Uk,oao + “k,1’70,vk,050 + U2+ Uk,ﬂl]-
0 m

It follows from (2.9) that:

”Z,oao + ”2,170 = pskao + (—(A—aol)psk)v0 = Apsr,

%
1

vz 0Bo + ¢ 11 +vp o = pskBo + (%(A—aof)psk)éh + (- (A—a)op | — %Psk)’ha

after computation, we arrive at:

1

=A
(70

(A—a()f))psk.

It follows that:
fﬂ/,fi2 = Vkp’30k73.
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Consider the basis matrices VP, V[, Vkp,Vk, which are equal to V¥, V[,
V,f , Vk but their last column is equal to a zero column, and define V}, = [Vk , Vk I,
Vi = [V7, V7], by (2.8) we can write:

AVk - A[Vk}*)g) On,la Vkr’s_p On,l]
- A[Vlcps+1’ Vkr,s] = [V]f’ szn]Bk = Vi By.
So we have: B
AVy, = Vi By.

In a similar way we have: AT‘:/k = V. B,. We show the case for AV}, = Vi B,

for s = 2: _ :
AV, = A[“Z,O’UZ,PO’U’T‘%O’O]

— P P D T r
= [Uk,O’Uk,17vk,2’vk,07vk,1]Bk'

Since:
a0 Bo 0 0 0
% a1 0 0 0
[VF 0: Vk 15 Uk 25 Vi, Ve 1) B = (V] s V% 1508 95V 0, a) [0 41 00 0 0
0 0 0 a O
0 0 0 ~ O

= [vi,oao + vi,ﬂo’ UZ,oﬁO + U£,1a1 + 05,2717 0, vy pa0 + Vg 170, 0]
= A[”z,mvz,pov”z,m 0].
Here in the last equal we use (2.9). So we have: AV = Vi By. For the other

cases is similar.
It follows that the product of A in row (7) can be written as follow:

Apskyj—1 = AVipy i1 by (2.10)
= A[Vkp,erl’ Vkr,s]p;c,j—l
= A[Vlz:g,s’ On,15 Vids—1 On,l]p;c,j—l
= A[Vlf7 Vlg-]P%,jq
= AVipl i1
= ViBrpj j_1-

(2.12)

The product of AT in row (9) of the BiCG algorithm is similar. Consider
the rows {7, 8, 9, 12, 13} of the BiCG algorithm and replace the vectors
Ty Py Ty Trm, P With (2.10) and using (2.12), we have that lines {7, 9, 12, 13,
8}, in this order, become:

r / /
Viry ; = Virk j—1 — Qm-1AVipy ;1 (2.13)
/ / :

= Vkrkd_l - am—lkakka—l)
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f/m:;w» = k%)jq — amflATVkﬁ;’jfl (2.14)
= Vil ;1 — 0m 1 Vi Bifl 1, '
Vi j = Vark j + B Vil j—15 (2.15)
Vkﬁ;¢7j = Vk%,j + /Bmvkﬁ;f,j—17 (2-16)
Vierj = Vierj—1+ Qm1ViDy ;1 (2.17)

We define Gy, = VkTVk and, using Cj s+1, Ck,s and By, the scalar products:

< Tkt Tsktj > < Dsktj—1, ADsk4j—1 >,

which were denoted as py,, and o,,—; (lines (10) and (5) respectively), in the
BiCG algorithm, can be expressed, using the Krylov bases and (2.10), in the
following way [5):

= =T
< TmsTm > =T Tm

= (Vi )T (Vi ;) (2.18)

T

Y /
= T, GRTE 4

< ﬁTTL—l) Apm—l > = ﬁﬁ—lApm—l
= (Vkﬁ;c,j—l)T(AVkp;c,j—l)
= ﬁ;cjjjflvaAVkp;c,jfla
it follows from (2.12) that (2.19)
= ﬁ;ch—lvaVkka;g,j—la
because G, = f/kTVk, we have
= B 1GrBipi j1-

If we collect the equations (2.13)-(2.19) we are able to create the inside loop
from j=1 to j=s of the s-step BiCG algorithm [2]. While if we collect the bases
from (2.8), equations (2.11) and (2.10), the matrix By, the product Gy, and
Vi, f/k we can create the outside loop with index k. In the following section we
present the s-step BiCG algorithm.

2.3 S-step BiCG method

The s-step BiCG method is an iterative algorithm utilized to make of solutions
for “nonsymmetric linear systems Ax=b” [2|. It is used especially with large
matrices.

S-step BiCG algorithm

The following algorithm is taken from the technical report by Carson and
Demmel in |4] and from the PhD thesis by Carson [2]. It’s nearly the same, we
changed just some notation.

1. 29 =10,...,0] ,
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ro=po=r9o=pgo=b—Axy , k=0
while k until convergence

Vi = [0k00 -0k

Vki = [v,’%’o, ""”12,371}

Vi = [Wkor Ukl

Vi =005 Vsl

Vi = [V, V]

9. Vi, = VP, V{7

10. Compute the matriz By,

11. Gy, = VIV

12. p;€70 = [1,01725]T
15. 7’;€7O = [01754,1, 1701’5,1
14 7o =T%0 » Pro = Pro

15. e = [02511]

16. forj=1,...;s

17. Jm—l = F;cq,wjfleT;c,jfl

18. a1 = 5m71/ﬁ;3:j—1Gkka;c,j—1
19. €k,j = €k,j—1 T+ am,1p2Tj_1
20. T;w' = rjw_l - am,lka§C7j_1
21. 77;” = f;e,j—l — cum,lBkﬁ;w_1
22. 6,y = F&Gkrfm

28. B = 0m/0m-1

24 Pl =Tkt BmPhj

25. ﬁ;’j = f;w‘ + ﬂmﬁ;’j,l

26. end for

27. Tskys = Vke?;s + Xk

28. Tsk4+s = Vkr;c,s

29. Pskts = Vkp;67s

30. Tskts = V;J‘fm

31. Psk+s = ViDy 4

32. k=k+1

33. end while

34. return Tgy.

RS G e

]T

2.4 Bases

In this section we will study two bases that we use in the s-step BiCG algorithm.
Particularly, we will see how to calculate (2.9). In chapter 3 we will compare
them in some numerical examples.

2.4.1 Krylov or Monomial basis

Consider a matrix A and a vector psr. The Krylov subspace created by A
and pgy is the following:
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K1 = span(psk, Apsk, -, A°Psk).-

The three-term vectors (2.9), become:

”£7i+1 = sz,ﬂ Vkit1 = Av;’;,i,

Uz,iﬂ = szﬁiv UZ,iH = sz,ia
with Yi = 1, a; = 0, 52 =0.

So for instance, for i=0, we will have:
Vi1 = Avi o = Apsr,
for i=1:
UZ,Q = sz,l = A(Apsk),

and so on, until we reach the following matrix:
VZ =08 g5+ Vh o] = [Psks ADsker s A°Dsk]-
which is called monomial or Krylov basis and we can affirm that (2.8) is satisfied:
span(VP) = Kj11(A, psk).

In a similar way we obtain: V)7, Vk’3 , V,f .

2.4.2 Chebyshev Polynomials

We start by reviewing Chebyshev polynomials. This paragraph and figure
(2.1) are based on the research paper written by Manteuffel [12]. In figure (2.1)
we use just one line. Figure (2.2) is based on [16]. Let z € C, z = = + iy,
z,y € R and n € R. The Chebyshev polynomials are [5]:

T0(2) = 1,
m1(2) = 2, (2.20)

Tn(2) = 227-1(2) — Th—2(2), forn > 1.

We can express 7,(z) in the following way: 7,(z) = cosh(ncosh™1(z)) |12].
Suppose that © = a, a € R, is a line, then the function cosh(z) maps x onto an
ellipse (figure 2.1) [12]. If we consider the formula for the hyperbolic cosine for
z, then we have [12]:

cosh(z) = cosh(x + iy) = cosh(x)cos(y) + isinh(x)sin(y) = u + v,

where cosh(z)cos(y) = u and sinh(x)sin(y) = v. We notice that [12]:

u? v?
+ — =1,
cosh?(x) = sinh?(x)
since:
u? v? cosh?(x)cos?(y)  sinh?(x)sin?(y)

= =1.
cosh?(x) + sinh?(x) cosh?(x) + sinh?(x)
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2.4.3 Chebyshev Basis

To construct the Chebyshev basis we need an ellipse and the spectrum of
the matrix A of a linear system Az = b;. Consider an ellipse delimited by the
rectangle [10]:

{z=z+iy:d—a <z <d+a, -b<y<bl|a, b, deR, a>0, b>0}, (2.21)

with (d,v) the center of the ellipse and ¢ = v/a? — b2, which means that the foci
are at d+c and d—c [10], [5]. It is supposed that the set of the eigenvalues of the
matrix A is delimited by (2.21) [5]. “The scaled, shifted and rotated Chebyshev
polynomials” are [5):

To(2) =1,

71(z) = a0(d — 2)

#(2) = 205_1(d — 2)Tj-1(2) B Jj,g%j72(z), P (2.22)
O'j = Tj(d/C). ’ !

Consider the following constants that we will use in the matrices Ci s41, Ck,s, B
and in the three-term vectors (2.9) [5]:

ol
a5 = da 6] = - 27]7
Oj+1
- , (2.23)
1 Oj+1 .
Yo =—C¢—, 7y =—¢ »J>0.
g0 20j

If A is a real matrix, [5] and [10] provide the following constants:

2
C
aj:d7 B]:@a

’70:297 7]:.9)]>07

here g = max(a,b). These values are the one that we will use in the next chapter
for the numerical examples. The Krylov matrices (2.8) created in section 2.2
become:

VP = (08 g5 s 0% o] = [To(A)psks Tt (A)psks o, Ts (A)Psi]

Vi = V0 - Vks—1] = [Fo(A)rsk, TL(A)7sks ooy Tsm1 (A)Tsk]

VP = [0f s s 0 ) = [0 (AT )Bsk, 71 (AT )k ooy 7o (AT )k,

Vi =050 Vi s—1] = [Fo(AT) ok T2 (A7) Fater oo T 1 (AT)Fat],

)

which are called Chebyshev bases. Using (2.22), (2.23) and by 7o(A) = 1, for
1 =0, and 7 = 1 for instance, it is possible to see that the three-term vectors
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(2.9) become:
Uz)o = Psk = 7~-O(A)psk:a
1

vp1 = —(A=agl)vy

Yo
1

= %(A_ao-[)psk

= 2% (A —dD)pa

COoq

o Oo(d — A)

- coy Dsk

= 7:1 (A)psk

The other three-term vectors are obtained in a similar way.

Figure 2.2: - Ellipse.



Chapter 3

Numerical experiments

In this chapter we will show some numerical examples for the BiCG and the
s-step BiCG methods. The criteria for stopping the algorithm is that what we
||||2T||‘|22) reaches the tolerance, which is 1076 or 10719 in
these examples, and here r,, is the computed residual. We call true residual the
following: W [5]. The software that has been used is MATLAB, and

the number of iterations starts at k = 1.

1) Example We look first at a small matrix to see how the algorithms work.
Let A € R**4 be a sparse and nonsymmetric matrix.

Let 6, =n+1=25, where n = 4.

Let by = [1,0,1,0]7.

We can write A as:

call 2-norm residual (

1 0 0 0

11-1 1 0 O
A= —

oz [0 -1 1 0

0 0 -1 1

We want to solve the linear system Ax = by, which exact solution is: x =
[5,5,10,10]7.

BiCG method.

We will show what we get if we use the BiCG algorithm. The condition for

stopping the algorithm is that the 2-norm residual, II‘IZT\‘IE , reaches the tolerance

of 1076, The algorithm stopped at the maximum number of iterations, which is
4. The user can decide the maximum number of iterations, in this case after the
fourth iteration the algorithm diverges. The final solution is x4 = [5, 5, 10, 5]%,
which is not near to the exact solution. The 2-norm residual in the last iteration

isr = l}ﬁ;’fll“; = 0.707106781186547. In this case the true residual is the same.

Figure 3.1 shows the plot of the 2-norm residual during the different iterations
using the BiCG algorithm.

21
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2-Norm Residual
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0.5 1 1.5 2 25 3 3.5 4
Number of Iterations

Figure 3.1: plot of the 2-norm residual using BiCG method, first example.

What happens in this case is what we introduced as “breakdown in the
underlying Lanczos process” in chapter 2 [13], which means that at k=4 the
code collapses. To avoid this problem, we changed the initial 7y and as suggested
in the algorithm presented in [5], we chose it. Our choice is 7 = [1,1,1,1]T.
Changing the maximum number of iterations to n = 89, we experienced a
convergence at k = 88. The final solution that we achieved is:

4.999999997764300
5.000000024547736
9.999999781395340
10.000001443133058

Tm =

The 2-norm residual is now "'(;;;""; = 2.375381075345510¢ — 07, and the true

residual is: % = 2.375381099159145¢ — 07. Figure 3.2 shows the plot

of the 2-norm residual during the different iterations using the BiCG algorithm
with the new 7.
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Figure 3.2: plot of the 2-norm residual using BiCG method, first example.

Now we will show if and how the results change if we use s-step BiCG
algorithm instead of the BiCG algorithm, we will use the Chebyshev and the
monomial basis.

s-step BiCG method.

Chebyshev basis. For using the Chebyshev basis we need an ellipse and the
spectrum of A. First of all, we need to find the eigenvalues of the matrix A.
Here the eigenvalues are all 0.20. Let z = 0.20 and consider an ellipse bounded
by the rectangle (2.21). Let a = 7.9888, b = 0.010, d = 7.98, ¢ = Va? — b?, the
center of the ellipse is (d,v) = (7.98,0), and g = maz(a,b). The constants in
the matrices C s41,Ck,s, Br are: aj=d, 3; = Z—g, Y = 2g and ;41 = g, for
j=0,..s.

For s=4, the maximum number of iterations that we choose is 2513 (628 x
s+ 1) and the tolerance as before is 107¢. The level of tolerance is reached at
1291st iteration of the k-loop. The final 2-norm residual and the true residual
are:

”T|S§+||Sl2 — 9.785531951826592¢ — 07,
12

b1 — Az |2

= 9.785522663754157¢ — 07.
[161 ]2
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The solution is:
5.000000009269464

5.000000009379033
10.000000010773732
9.999993091370650

Tm =

For s=8, the tolerance is reached at 1263rd iteration, the 2-norm residual and
the true residual are:

Irsecellz _ g 7601446098309 — 07,
[11]|2
”blbw = 0.687776137392549¢ — 07.
1112

The solution is:
4.999999958769584

4.999999958966497
9.999999927688089
9.999993077591380

Tm =

For s=16, we have convergence at 145th iteration. The 2-norm residual is:

lrerssllz — 7.961976029306281¢—07, the true residual is: 12-A2ml2 — 7.962429652349543¢

[EE
07. The solution is:

l[b1]2

4.999999953345904
4.999999953017598
9.999999925339091
10.000005555365750

Monomial Basis. We now do the same process with the monomial basis, what
changes is that d = 0, v, = 1, 8; = 0. For s=4, we reached convergence at 115th
iteration. The 2-norm residual and the true residual, after the iterations, are:

Irsesslla 7 goss30181987705¢ — 07,
10112
”bl‘bw — 7.008830373062005¢ — 07.
1|2

‘While the solution is:

5.000000000000000
5.000000000000001
9.999999999999998
10.000004955991484

Ty =
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For s=8, the tolerance is reached at 152nd iteration. The 2-norm residual and
the true residual are:

W = 7.392758276606094¢ — 07,
112
W = 7.392758187707963¢ — 07.
1112
The solution is:
5.000000000000012
4.999999999999986
Tm =

9.999999999999963
9.999994772530517

For s=16, the tolerance is obtained at 73rd iteration, the 2-norm residual and
the true residual are:

Hr|sl];+||82 = 4.183973937685572¢ — 07,
112
llr = Azplla _ 4.183973952504021¢ — 07.
l|61]]2

The solution is:

5.000000000000004

5.000000000000039

Ty =

9.999999999999964
10.000002958516317

Figures 3.3, 3.4, 3.5 show the 2-norm residual during the number of iterations
using the Chebyshev basis and the monomial basis for s = {4, 8,16}.
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2-Norm Residual

—— Chebyshev Basit
—+#— Monomial Basis s=4

.
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Figure 3.3: plot of the 2-norm residual using the s-step BiCG method, s=4

2-Norm Residual

T T
—— Chebyshev Basis s=8
——#— Monomial Basis s=8

Figure 3.4: plot of the

I I I I
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2-norm residual using the s-step BiCG method, s=8
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T
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Figure 3.5: plot of the 2-norm residual using the s-step BiCG method, s=16

2) Example - cddel

The next example that we will show is from “the constant-coefficient con-
vection diffusion equation” [5]. The matrix that we are about to use is called
“cddel” and it is from . The problem is the following;:

— Au+2piuy + 2pauy — p3uy, = f in [0, 1]2,
u=g on 90, 1]2.

The matrix is unsymmetric and has dimension 961 x 961 and (pi,p2,p3) =
(1,2,30). We create the vector by in the following way: by = ATZ’ where U is
a vector of size 961 x 1 which components are ones and n = 961. We use a
tolerance of 1071°. We will use the BiCG and the s-step BiCG methods with
the monomial basis and the Chebyshev basis, for s = {4, 8, 16}.

BiCG method. We reached the tolerance at k=161, with a 2-norm resid-
nal of Ipzl2 = 4.075713485829166¢ — 11. The true residual is: 12-Armllz —
4.075688135301425¢ — 11. The following figure shows the 2-norm residual for

the BiCG method.
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Figure 3.6: plot of the 2-Norm residual using the BiCG method

s-step BiCG. In order to use the Chebyshev basis we have to construct an
ellipse and we need the spectrum of the matrix A. The ellipse is delimited by
the rectangle (2.21). To construct the rectangle and the ellipse we need the
maximum and the minimum eigenvalues, since it is supposed that the set of the
eigenvalues is delimited by (2.21) [5]. To find them, we can use “eigs(A)” in
MATLAB, for the maximum eigenvalue, and “eigs(A,1,’smallestab’)”, for the
minimum one. The maximum one is: A\; = 7.9466, while the minimum one is:
Ao = —0.0052. We assign: a =8, b=0.010,d=7.

Monomial Basis. For s=4, the tolerance is reached at iteration number 41.
The 2-norm residual and the true residual are:

Hﬁrgﬁr” = 3.461371396068399¢ — 11
1

161 = Az |

ol = 3.461400328811182¢ — 11.
1

For s=8, when we use the monomial basis, we reached the tolerance at 30th
iteration, the 2-norm residual and the true residual are:

W — 3.911032297540012¢ — 11
112

b1 — Az |2

= 3.922603323237105¢ — 11.
16112

For s=16, the tolerance is never reached, and the 2-norm residual and the true
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residual are:

|T||§+|”2 = 4.029813877452058¢ + 126
1112
by — Az,
|1”b||x”2 — 4.020813877452023¢ + 126.
11|12

Chebyshev Basis. For s=4, the 2-norm residual and the true residual are:

Irswssllz _ o 0o4871241595892,
(16112
W — 0.004871241604220.
1]|2

The tolerance is never reached, so the algorithm stops at the maximum number
of iterations, which is 2513 in this case. For s=8, the tolerance is reached at
k=3364, the 2-norm residual and the true residual are:

|T|Sl’;+|s”2 = 4.413627013589070¢ — 11,
1112

161 — Az [|2

= 0.030766839185844.
[161]]2

For s=16 the tolerance is reached at 335th iteration, the 2-norm residual and
the true residual are:

Irsnsellz _ 6 766067663643521¢ — 11,
[[b1]]2
Y
”bl|b|“m||2 — 5.085361350595155¢ — 08.
112

Figures 3.7, 3.8, 3.9 show the 2-norm residual for s=4, s=8 and s=16. The
number of k that has been used is 628. This number has been chosen by the
author.
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Figure 3.7: plot of the 2-norm residual using the s-step BiCG, s=4, Monomial

and Chebyshev bases
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Figure 3.8: plot of the 2-norm residual using
Monomial and Chebyshev bases

the s-step BiCG method, s=8,
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Figure 3.9: plot of the 2-norm residual using the s-step BiCG method, s=16,
Monomial and Chebyshev bases

Comments about the choice of basis and about the BiCG and the s-step BiCG
methods. When we use large and sparse matrices, as in the second example,
for s=4, the monomial basis is a better choice. But as s becomes a bigger
number, for s=16 for instance, we have seen that the Chebyshev basis reaches
the tolerance, but the monomial basis does not. So we can say that for large
values of s, the Chebyshev basis is a better choice than the monomial one. In
the first example we see that when we use the BiCG algorithm we are able
to reach a computed solution which is close to the exact one at 88th iteration.
Meanwhile, when we use the s-step BiCG method, the number of iterations used
for achieving the convergence making use of the Chebyshev basis is bigger than
the one utilized for the BiCG algorithm. When we use the monomial basis,
just for s = 16 the convergence is achieved after a smaller number of iterations
with respect to the BiCG method. In the second example the BiCG algorithm
reaches the tolerance before arriving at the maximum number of iterations and
with a smaller number of iterations with respect to the s-step BiCG algorithm
when we use the Chebyshev basis, or for s = 16 when we use the monomial
basis. The large number of iterations that the s-step BiCG method made to
reach the tolerance is caused by roundoff errors made while computing the bases
and changing the bases . Another effect of the roundoff errors can be seen in
the different values of the 2-norm residual, where we used the residual updated
by the algorithms, and the true residual, where we used the solution computed
and updated by the algorithms [2].
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Chapter 4

S-step BiCG technique and
finite precision

This chapter is based on the research paper [13], on the technical report [4] and
on chapter 5 of the PhD thesis [2]. The theorems and the proofs written in
this chapter are the same as those given by Tong and Ye in [13], by Carson and
Demmel in |4] and by Carson in [2]. We added just some explanations in some
parts and they are adapted to our s-step BiCG algorithm. In this chapter we
discuss about roundoff errors that the s-step BiCG algorithm encounters. These
errors affect the values computed by the algorithm, and as a consequence, as
we saw in chapter 3, these values differ from the one in exact arithmetic.

4.1 Revise of s-step BiCG technique

This section is the same as section (2.3) of [4] and (5.2.1) of [2].

In chapter (2), section 2.3, we present the s-step BiCG algorithm. In this
section we see how it is possible to write lines (20) and (24) of the s-step BiCG
algorithm using matrices.

Theorem 1. Let T;w" pgw., €kjs Qm, Dk,s, Tk,s» Bm, Vi and By be the
quantities in the s-step BiCG algorithm. Then:

1
/ _ / X / T
AViRyj = ViRe jTrg = ——Vilk jr1€ahtiss
m

here Vi, R}, ; and Ty ; are defined as:

Vk: = [‘707 sy Vk?}?

33
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/
0,s—1
/
’ - 1,s—1
k.jg — )
/
k.j
[ _B i
[e70] [e70]
1 1B
[e70] (&5} + [e70]
Tr.j =
B’V?’L
QAm—1
1 1 Bm
L Qi —1 Qm, Qo —1

Proof. The lines (20) and (24) of the s-step BiCG algorithm are the following:

/ ! /
Tk = Thj—1— Om—-1BrDg j_1, (4.1)

Phj = Thj  BmPiej 1 (4.2)
for j =1,...s. We can write (4.1) in the following way:

! ! /
Thj+1 = Thj — Qsk+5 BePy 55

so we have:

1
; ’ /
Bipy,; = st j (T = Thjt1)s

and (4.2) as:
/ o /
Dk j+1 = Tk j+1 1 Bskti+1Dk, s

equation (4.3) and the last equation are valid for j = 0,...,s — 1. We can write
(4.2) as follows:

T;c,j = p;c,j - Bsk+ﬂ);¢,j—1 (4.4)
If we left-multiply (4.4) by Vi, and we utilize:
Vk[T;c,j7p;c,j] = Vk[r;c,japgc,j]a
for j =0,...,s — 1, we get:
Vkr;g,j = Vkp;c,j - /Bmvkp;c7j—1a (4.5)

which is true from j = 1, because pj _; is not stated. We want to write an
expression for 7}, we have:

Vkrfc,o = Vk—lr;cfl,s
- kalp;cfl,s - ﬂskkalp;cfl,sfl (46)
= Vibko = Bk Ve 1Ph—1.6-1-
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Suppose that:
A / /
Ry ;= [%,m%,p ---,Tk,ﬂ,

Plé,j = [p;mo’p;c,lv "'7p;c,j]a
so we can write (4.5) as:
VkR;c,j = Vkplg,jUk,j - 5sk‘7k—119;€—1,s—1611T
with :
1 _6sk+1
1 —Bsk+2

—Bsk+j

Left multiplying (4.7) by A, we get:

AVk}R;g7j = AVkP];J-Uk’j — /BskAVk—lp;c_l,s_1e,1T~

Define the following matrices:

Olglt1

Ask+j

It is possible to write (4.3) in this way:

1
/A 5 A1 / T
BpPpy = Ry LA s = ——7h e,
m

35

(4.7)

(4.8)

(4.9)

here ¢/l | = [0,...,0,1]. Left-multiplying by V} and right-multiplying (4.9)

j+1 =
by Uk, ;, we have:
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_ 1
Vi Bu Py, ;Urj = ViR, ;L jA; Uk j — a—v,@r;’jﬂe;ﬂl. (4.10)
m

Using AV}, = V, By, VkR;,j = VkR27j7 for j < s —1, we can write (4.10) as
follows:

_ _ _ 1
AV P Uy j = VkR;ﬁ,ij,jAijk,j — a—v,ﬂr;ﬁle;ﬂl. (4.11)
If we sum (4.8) and (4.11), we get:

ﬁsk T

- 1
! ! T
kalrk—l,s—lel - o Vkrk7j+1€j+1, (412)
m

o ! Y5 D/
AVkRk’j — VkRkJTk,j - Qah1

for j=0,...,s-1. This follows from:

% / T / T
Bsk AVi—1py_1 s-1€1 = BskVi—1Br—1D)_1 5-1€1

Using (4.3)
1
= 5ska—17(T§€_1,s_1 - 7";@_1,5)611T
As(k—1)+s—1
Bk . Bk T
= Vi1 (M m1)el + ———Vio1rh_y €
Qgk—1 Qgk—1
by (4.6)
Bsk = Bsk
== kal(r;cfl,sfl)ellT + = Vkr;@,oellT
Qgk—1 Qgk—1

and it should also be noticed that:
Vkr;670 = VkR;C’jelh
here e} = [1,0,...,0]. And if we define:

_ -1 1 sk T
Tk,j = LijAy ;Ur,j + €} er
Qgl—1

we obtain (4.12). If k=0 Bk — (. Consider now the outside loop and define:

7 Qsk—1

Vk = [%a sy Vk‘]7

/
RO,s—l

/
’ 1,s—1
kg — . )

/
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1 _B
@ (e 7))
1 1 B
T2 a T cT:)
Trj =
Bm
Qm —1
__1 1 Bm
L Qm—1 Qam A —1 -
Using (4.12), we have:
1 T
AVkR;%] = VkR27]77€7J - avkrgc,j-‘rle;k-‘rj-‘rl' (413)

It is possible to define the residual iterates in this way:
R = [T0y ey Tm] = VkR;w"

here m=sk+j. And it follows that (4.13) becomes:

1
ARm = Rme - a?"m+1eg+1.
The proof is similar for 74 ; and Psi+;. Tong and Ye obtain the same equation
for the BiCG method in their research paper [13].

4.2 Finite precision arithmetic

This section is the same as section (3) in |4] and (5.2.2) and (5.3.3) in [2]. The
theorem presented in this section is equal to one given in [13], but this one is
for the s-step BiCG method.

In this section we study roundoff errors that are in the s-step BiCG algo-
rithm.

We will use this model of roundoff errors [4], [13]:

fllax +y) = ax +y+ 51, with |[6;] < e2az| + |y| + O(e?). (4.14)

fl(Az) = Az + 82, with |52] < eN|A||z| + O(€?). (4.15)

Here fl(Azx) and fl(ax + y) defined calculated values [8], which differ from the
ones computed in exact arithmetic. N is “the maximum number of nonzeros
per row in A” [2]|, while € is “the machine precision unit”, x, y € R" and a € R
113], [2].

Theorem 2. Let ¢ be the machine precision unit and let 7y ;, pj, ., €k,
Oy Pk,ss Tkysy Bm, Vi and By, be the computed quantities in the finite precision
s-step BiCG algorithm. Then:

1
/ / / T
AVk R kj = Vk}’; k,j 7k,j — 704 Vkrk,j+lesk+j+l + EA]ﬁj,
m
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here Vi, R}, ;, Tr,; and Ay, ; are defined as:

Vk, - [%7 b Vk]7
/
0,5—1
/
1,s—1
! )
R k,j ’
/
Ry j
[ L B ]
(7)) (e 7))
_1 1B
(e 75) aq + (e 73)
77@5]' = . - )
Bm
Am—1
__1 1 4 Bm
L QA —1 Qo Q1

and Ak,j = [AO’Sfl,ALsfl, ""AkJ]'

Proof. In this proof 1y ;. P, J, Py j» Tk j» QXsk+js Th,ss Ph,s, Vi, By are the calcu-
lated values in finite precision. We consider the coefficient vectors in the inside
loop: 7} ; and pj ;, which are the (sk + j)th iteration. Consider line (20) and
(24) of the s- step BICG algorithm. Line (20) can be written as (4.3). In order
to calculate de, from (4.3), in finite arithmetic, we calculate ka,w :

fUBY ;) = Brpy; + 9

(4.16)
gl < e(N|Byllpr ;1) = e((2s + 1)| B ||pj, ;-

We used (4.15), here N is “the maximum number of nonzeros” in each row of
By, 2]
T g1 = fl(TkJ O‘mfl(ka;c,j))
= r,w- — amfl(kak,j) +4d (4.17)
= T;c,j - a77l(ka;§,j +9)+4d.
Using (4.14) we have:

19| < (k5| + 2|am|FUBkPx ;)])-

Define:
5, - Qmg T g

rkj G‘Oém| ?

so we can write (4.17) as

/ o /
Thjt1 = Tk — @mBrpy ; + €0y



4.2. FINITE PRECISION ARITHMETIC 39

Rearranging:
1
ai(r;c,j—i-l —7}.;) = —Brpy; + €0y (4.18)
m
with
, ‘r;c,j , i1
10,1 1 < (28 + 1)|Bgllpf 51 + o] + 2| Bepj 4. (4.19)

The coefficient vector pgc’ ;in finite arithmetic is:

Py = FU(ry; + BmPh 1)

, ! (4.20)
=7k, T Bmbl 1+ [
By (4.14), we can write:
Ifl < 6(2‘5m||p;c,j71| + ‘T;cg‘)
If we write 6, = {, then (4.20) becomes:
Prg = fUrk s + Bmbhj—1) = Thj + Bmbj—1 + €0y, (4.21)
with
|5p§wv‘ < |T;€,j| + 2|ﬁm||p;c,j—1|'
(4.18) can be written as:
By . — L r 5
WPk = o (M = Thgn) ey
we can write (4.21) as:
7”;@,;' = p;c,j - ﬂmp;c,j—l + 65}7;7]" (4.22)

If we left-multiply (4.22) by Vj, we have:
VkT;€7j = Vkp;%j — ﬂkaPZ,jq + EVkép;w.

It should be noted that p;’_l is not stated, so the equation is true from
j=1.
For 7} , and pj, , we have:

Vkr;i:,o = fl(vk—lr;c—l,s)

4.23
= kalr;cfl,s + 6¢271' ( )

Vkp;c,o = fl(kalp;cfl,s)

(4.24)
=Ve1Pp_1s +€P_y.
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Using (4.15) we have:

|Pk—1] < (25 + 1)[Vio1|lrh—1 s,
|Ph_1] < (25 + 1) Va1 |Iph—1 4l-

Here (25 4+ 1) are “the maximum number of nonzeros” in each row of Vi_1[2].
By (4.22) we have:

T;€—17S = p;c—l,s - Bs(k*1)+5p;€—178—1 + 661”;@71,5'
We can write (4.23) as follows:

Virio = Vi-1h_1,s + €041,
using (4.22)
= Vio1(Ph—1.6 = Bs(h—1)+sPk—1,5—1 + €0pr, ) T €DK
= Vk—lp;c—l,s - 5ska—1p;c—1,s—1 + EVk—l‘sp/k,l,s +€dk 1,

4.25
by (4.24) (4.25)
= Vibho = €01 — BskVi-1Dh—1,s1 + Vim10p |+ edf_y,
Rearranging
= Vibko = BsiVi—1Dk—1,s-1 + €(Vi10p |+ dhy — dp_y)-
Consider (4.7) and define:
AR%J = [5%0, ...,57«;9)7‘],Apé,j = [023+1,6p%)1,...,5p%,j].
Computing (4.7) in finite arithmetic, we will have:
ViRy, ; = ViPl, ;Ui j — BskVi—1Pk_1,s_1€1 +
GVkAP,g’]. + E(kaldpiq,s +Pn_1 — i_l)ellT.
If we multiply from the left by A, it drives us to:
AVkR;q,j = AVkP,g,jUk,j — BskAVk—lp;g_17s_1e/1T+ (4.26)

EAVkAP,é,j + €A(Vi—10p, |+ 1 — Pr_r)er -
Consider (4.9) and compute it in finite arithmetic, it becomes:
/ / —1 L, T
BypPy ; = Rk,ij,jAkJ‘ - arkdﬂefrl + eAR;w,.
If we multiply from the left by V., we get:

1
ViBiPy.; = Vi R), ;L jAL L — a—vkr;,j+le;§1 +eVilpy (4.27)
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for j < s — 1. We have to consider also the roundoff errors of the s-step bases,
which means the errors made during the calculation of the bases. In finite
precision (2.9) becomes:

1
P _ .. p _ Bi-1,p
Ui+l = 7.(A ail)vp; = SV 0w s
K2

we can rewrite it in this way:
P _ .P P . p — .
Avy ;= ViU i1 TRV + Bic1vy ;g — €750

P .
Vk,it1

here, using (4.14) and (4.15), we obtain:

1
0up | < W((N + 2)|Allvg ;| + 3laillvy ;| + 21Bi-allvg ;1 ])-

Here N is “the maximum number of nonzeros” in each row of A [2]. In a similar
way we can compute vy ; , in finite precision arithmetic.
From chapter 2, we know that:

AV, =V}, By,.
Computing it in finite precision, it becomes:

AVk = ViBy + GAVk,

_ 4.28
here: |Avy, | < (34 N)|A||Vk| + 4|Vi|| Bxl, ( )

here N is “the maximum number of nonzeros per row over all rows of A” [2],
and Ay, indicates the roundoff error [2]. The equation in (4.28) can be written
as:

AVk - GAVk = VkBk7

which means that it is possible to rearrange (4.27) in this way:
_ _ 1
-1 T
(AVk — GAVk)P}é,j = VkR;c,ij,jAkJ‘ — aikaT;C,j+1€;+1 + GV}CAR;“J‘,
it follows that:
_ _ _ 1
AVkP,;’j — €AVkP};7j = VkR;%ij’jAk’} - ?Vkr;c,j-t,-le;‘]-;-l + CVkAR;w»
m
which can be written as:
AVeP, = VeRy Ly AT — —Virl e+ eVilp,  + Ay, Pl
kg = VELU 2k, A a, ETk,j+1€5+1 kOR), Vi £k s
and multiplying from the right by Uy ; :

_ _ - 1
AV, P, Uy j = VkR;C,ij,jAh;Uk’j—Q—Vkr;ﬂ’jﬂeﬁlJre(VkAR;w +Av, P, ) Uk ;-
(4.29)
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If we sum (4.26) and (4.29), it follows that:

AVkR;’j + AVkP];’jUkJ = AVkP;Q,jUk,j - BSkAkalp;cfl,sflellT—"_
cAViAp, +€eA(Viaby | +dhy —dh y)ef +

Pr_1,s

_ _ 1
VkR?cijk,jAk;Uk,j — ; VkT';C’jJrle;-j;l —+ G(VkAR;C’j + Avk P]:;yj)Uk:,j'
m

After computation we have:
AVkR;w‘ = *5skAVk—1P;€—1,s—16,1T+
GAVICAPIQJ + GA(kalépfchs + Pr_q — i—l)ellT""
_ _ 1
ViR, ;Li A, Uk — ?Vkr;c,j-i-le;i-;-l + e(VeAgy , + Av, By ;) Uk,
m

(4.30)
Using (4.28) we have:

[/ / T / T / T
Bsk AVi—1pg_1 s—1€1 = BskVik—1Bk—1Pg_1 s-1€1 + BskAvi_1Pg—1.5-1€1 -

By
B / o 1 / / S
k—1Ph—1,5-1 =~ (Mh—1,5m1 = Tho1,s) T €0
As(k—1)+s—1 ’
1 / /
= (Th—1.s-1— Th_1.s) +€0p )
sk s k—1,5—1

it follows that:

/BSka_l(a 1 (r;€71,871 - 7";@7113) + 667;‘:71@71)6/{1—‘ + /BSkAkalp;gf]”Sile&T)
sh—
using (4.23) we will have:
_BSkV / T ﬁsk} (V_'/ _ T /T+5V S /T—f—ﬂA / T
T Qak1 k=1Tk—1,s—1€1 Cror_1 kTh,0 — €Pl_1)€] €PskVi—10r) _, €1 skAV,_1P—1,5—1€1 -
So we can write (4.30) as:
- - 1
AVkR;j = Vvk]“?,;C ka,j - BS kaﬂ“;ﬂq sflellT - 7‘/]@7'2 j+1€;'1;1 + EAk’j.
’ ’ Qsk—1 ’ Qskj ’
With:
Ak’j = (AV]CAP];J + Akal‘spkfl,se/lT)
+ (Vilry Ukj = BokVi18r_,  €1") + (Avi P iUk = (4.31)
Bsk
+6SkAVk—1p;€—17s—le&T) + (A(pp_1 — dh_1) — ﬁ%-ﬁef-
sk

If we define Ay ; = [0sk, ..., 0sk+;], we have that for j > 0, the (sk + j + 1)th
column of Ay ; is

5sk+j = AVk(Sp;c’j + Vkér;m_ — BskJ’,ij(sr]/c’jil + AVkr;c,j' (4.32)
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If we use the norm in (4.32), we will have:
|0k | < LAVl |+ [Viellowy |+ 1Bsk51 Vel 6

here using (4.28) we have:

|+ 1AvIr,l

Tkjl

, I
< VAIVRIr |+ 20Butsl I 1)+ VA28 + 1Bl + 2

+ 2| Bypy 1)+
sk+j|

"% i1l -
|Bstor 511 Viel (28 + 1) B ||pk j—1 | + m + 2Bk j—11) + (3 + N A[Vi| + 4|V || Bil) s 51
sk+j—
By the following inequalities:
Bkt iPhj—1l < [Pk ;1 + 7% 41 + OCe),
75—l < 75|+ lask i1 | Bipl, 1| + O(e),

we arrive at:

. Il
< VAIVRIr g+ 2001+ I D) + [VEI((2s + ) Bl +
SKRTJ

+2|Bipp ;1)

|ﬁsk+ |
+ (25 + D)|Vil| Bel(Ip ;| + 7% 41) + s :

kil +(B+N) HAIIVkI + 4| Vi|[Br ) ;|

||Vk\<|r§m-| + |1 || Bapy j_1 )

+ 2| Vi || Bk |(

Isl

< AVl (I7h 51 + 2(Ipk 5| + I, 51)) + (25 + D)Vl [ Brllpk ;| + Vil + 2| Vi || Brpi 51

|6sk+ |
+ (25 + DIVl Bel (Ipk 51 + I 1) + IV\7| " : Illrkgl+|Vk|\BkI(ka]|+|rkjl)
Qsktj—1

+ 2| Vil | Br (19 ;| + 75, 1) 4+ (3 + N)|Al[Vie| 4 4|Vie|| Bl 51
|Bsk |
: )| Vil)
a8k+]| |a$k+J—1|

< (/A Vil + (ds + DIVl BiDIph ;| + (N + 6)|Al[Vi| + (25 + 8)| V|| Bi| + (| 75

So we have that:
|0sk+5| < (21A||Vi| + (45 + 7)[Vie| | Br]) |} ;]

1 |5sk+j| /
+ ViDIrs. <.
|vsket 5 |ask+j—1|)| Iris]

+ ((N 4 6)|A|[Vi.| + (25 + 8)[Vi||Be| + (

For j = 0 we have:
5sk = Akal(SP;CfLs + Vk5 ho ﬁskvk 1(S

(A1 — o) — D g ),

Qsk—1

.t AVkp;c,o - ﬁsk‘AVk—lpzfl,sfl—’—

Tkl

Using the norm:

[0sk] < (N 4 28+ T)|A||Vie—1| + (25 + 8)|Vi— 1||Bk—1|)|7’;¢_17s|
‘5sk| /
Vie—
|ask:‘ )| k 1||rk—l,s|

|avsk—1]
+((2N + 45 4 16)|A[|Vi—1| + (65 4 22)[Vie 1| Br—1])[Pk—1.4]-

+( + (25 +2)
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So from j = 0 to sk + j, we have:

1
’ / / 1T
AViRj = ViR 'k Thg = o Virk,j41€sktj+1 + €Dk,
S J

here Ak’j = [Ao,sflaAl,sfh -~-aAk,j]- -

In the s-step finite precision arithmetic the calculations of the basis and the
change of the basis generate errors, as we can see in (4.31), where the third
and the fourth element are the errors caused by the calculations of the Krylov
basis and by changing the basis [2]. We can see in Chapter 3 that when s is
a large value, the number of iterations made by the algorithm, before reaching
the convergence, can be a big number. This is caused by roundoff errors in
calculations of the basis that can affect the convergence (2], [5].



Chapter 5

Summary

In the thesis we studied how to go from the BiCG algorithm to an s-step BiCG
method. We reviewed the Krylov subspaces and the Chebyshev polynomials
in order to use the monomial basis and the Chebyshev basis. We compared
the two bases through numerical examples, and we saw that for large matrices
the monomial basis is good for small values of s, but as s becomes bigger the
Chebyshev basis gives better results. Although we have to consider that for
using the Chebyshev basis we have to find first the sprectrum of the main matrix
A and then we have to assign the values of the ellipse, which should be close
to the eigenvalues. We compared also the BiCG method with the s-step BiCG
method and after studying the roundoff errors of the s-step BiCG method, it
seems that the BiCG method gives better results.

45
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Chapter 6

MATLAB codes

The following codes are based on the algorithms written in [13] for the BiCG
method, and in [4] and [2] for the s-step BiCG method. The stopping conditions
in rows {10, 35}, for the BiCG code and which are also the same for the s-
step BiCG codes, are taken from [7]. It should be noticed that the number of
iterations of the outside loop starts at £ = 1, while the number of iterations in
the inside loop begins at 7 = 0 and it will end at s — 1, performing each time a
block of s iterations. The reader, to see the results shown in chapter 3, should
write in the command window the following instructions. For the first example
in the BiCG method:

1 deltx=1/5;

2 A=deltxx[1 000 ; -1 1 00; 0-110; 00-111;
3 bl=[1 01 0]"';

4 x1=[0 0 0 01';

5 tol=10"-6;

6 rtl=bl-A*xl;

7 n=4;

8 [x1,k,rl,trl]l=classbicg(A,bl,x1l,tol,rtl,n)

In this case, the code will collapse at k=4. For avoiding this problem, we can
replace lines {6, 7} as:

1ortl=[111 11"';
2 n=89;

For the second example, using the instructions given in |1} and the function in
line (2) given in [15], the reader should digit the following:

filename="'cddel.mtx"';

[A, rows,cols,entries]=mmread (filename) ;
xl=zeros (961,1);

bl=A*xones (961,1);

bl=bl/sqrt (961);

I=sparse(eye(961));

S I

o o
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7 n=961;

8 tol=10"-10;

9 rtl=bl-A*x1;

10 [x1,k,rl,trl]l=classbicg(A,bl,x1,tol,rtl,n)

The command windows for s-step BiCG codes are:

%1) example

deltx=1/5;

A=deltxx[1 000 ; -1 1 00; 0-110; 00-111;

bl=[1 01 0]"';

x1=[0 0 0 0]"';

tol=10"-6;

I=eye (4);

a=7.9888;

d=7.98;

b=0.010;

[x1,x11,k,kk,rl,rll,trl,trll]=stepdbicg(A,bl,x1,I,a,b,d,tol)
$[x1,x11,k,kk,rl,rll,trl,trll]=step8bicg(A,bl,x1,I,a,b,d,tol)

13 %$[x1,x11,k,kk,rl,rll,trl,trll]=steplébbicg(A,bl,x1,I,a,b,d,tol)

© 0 N o U A W N e

= e
o= O

The function from line (2) is taken from [15].

%$2) example

filename="'cddel.mtx"';

[A, rows,cols,entries]=mmread (filename) ;

xl=zeros (961,1);

bl=A+ones (961,1);

bl=bl/sqrt (961);

I=sparse (eye (961));

a=8;

d=7;

b=0.010;

tol=10"-10;
[x1,x11,k,kk,rl,rl1l,trl,trll]=stepdbicg(A,bl,x1,I,a,b,d,tol)
$[x1,x11,k,kk,rl,rll,trl,trll]=step8bicg(A,bl,x1,I,a,b,d,tol)
$[x1,x11,k,kk,rl,r1l,trl,trll]=steplébbicg(A,bl,x1,I,a,b,d,tol)

© X N O A W N o=

I
AW N = O

BiCG code

function[xl,k,rl,trl]=classbicg(A,bl,x1,tol,rtl,n)
normb=norm(bl); %normalizing bl
rl=bl-Axx1l; %initializing the residual vector
normr=norm(rl); %normalizing the residual vector
trl=bl-Axx1l; %not normalized true residual
pl=rl; S%start search direction
ptl=rl; S%$start search direction tilde
k=1;
rhol=rtl'xrl;
while (norm(rl)/normb>tol)
sigma=ptl'*A*pl;
alphal=rhol/sigma;
r2=rl-alphal*Axpl; Sresidual vector
x2=x1l+alphalxpl;
rt2=rtl-alphal*A'*xptl; S%residual tilde vector

© 0 N o A W N e

e T e I =S
L )
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17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41

rho2=rt2'xr2; %rho
beta2=rho2/rhol;

p2=r2+betal2«*pl;

%$search direction

pt2=rt2+beta2+ptl; %$search direction tilde
valuexl (:,k)=x1;

valuerl (:,k)=rl;

ul (:,k)=norm(valuerl (:,k) /norm(bl));

Supdating
pl=p2;
ptl=pt2;
rl=r2;
rtl=rt2;
x1=x2;
rhol=rho2;
trl=bl-Axx1;
k=k+1;

valuexl (:,k)=x1;
valuerl (:,k)=rl;
ul (:,k)=norm(valuerl(:,k)/norm(bl));

if k==
break
end
end
semilogy (ul, '-o')

xlabel ('Number of Iterations')
ylabel ('2-Norm Residual')

s-step BiCG code, s=/

L I N

NN NN NN NN B R R e s e e e
® N O G R QN RO VO N0 AW N R O

vector

49

function([x1l,x11,k,kk,rl,rll,trl,trll]=stepd4bicg(A,bl,x1,I,a,b,d,tol)

$residual vectors
rl=bl-Axx1;
x11=x1;
rll=bl-Axx11;

%$not normalized true residual vector

trl=bl-Axx1;
x11=x1;
trll=bl-Axx11l;
%$search directions
pl=rl;

pll=rll;

pptl=pll;
rrtl=rll;

ptl=pl;

rtl=rl;

%coefficient vectors for when we use the Chebyshev basis

p_k0=[1 zeros(1,8)]
r_kO=[zeros(1l,5) 1
e_kO=[zeros(1,9)1]1;
pt-k0=[1 zeros (1, 8)

[
’

zeros(1,3)1"';

1

rt_kO=[zeros(1,5) 1 zeros(1,3)]1"';

$coefficient vectors for when we make use of the Krylov basis

pp-k0=[1 zeros(1l,8)

1

rr_kO=[zeros(1l,5) 1 zeros(1l,3)]1"';

ee_kO=[zeros(1,9)1;

ppt-k0=[1 zeros(1,8)]"';

rrt_kO0=[zeros (1,5)

1 zeros(1,3)]1";
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20 %$the 5 maximum eigenvalues of the matrix A
30 eigs(A);
31 %the minimum eigenvalue of the matrix A
32 eigs(A,1l,'smallestab');
33 %
34 c=sqrt(a“2-b"2); %Svalue of the ellipse
35 %values for the Chebyshev case
36 aj=d;
37 g=max(a,b);
38 betal=c”2/4x*g;
39 psi_0=2xg;
40 psi_l=g;
41 %values for the monomial case
42 dd=0;
43 ajj=dd;
44 Dbbetal=0;
45 ppsi_-0=1;
46 Svectors for the Chebyshev basis
47 vp-k0=pl;
48 vp_kl=(1/psi_0)*
49 vp_k2=(1/psi_1)~*
50 vp-k3=(1/psi-1)x*
51 vp_kd4=(1/psi.1)~*
52
53 vr_k0O=rl;
54 vr_kl=(1/psi_0)* (A-dxI)*vr_kO0;
55 vr_k2=(1/psi_l)x (A-d*I)x*vr_kl-(betalO/psi_1)x*vr_kO;
56 vr_k3=(1/psi_1)«* (A-dxI)*vr_k2-(betal/psi_1)*vr_kl;
57
58 vtp-kO=ptl;
50 vtp-kl=(1/psi-0)~*
60 vtp_k2=(1/psi.1l)~*
61 vtp-k3=(1l/psi-1)~*
62 vtp kd=(1/psi.l)~*
63
64 vtr_kO=rtl;
65 vtr_kl=(1l/psi-0)* (A'-dxI)*vtr_kO0;
66 vtr_k2=(1/psi-1)* (A'-d*I)*vtr_kl-(betalO/psi-1)*vtr_kO0;
67 vtr_k3=(1/psi.l)*(A'-d*I)*vtr_k2-(betalO/psi_1)*vtr_kl;
68 Svectors for the monomial basis
69 vpp-k0=pll;
70 vpp-kl=(1/ppsi-0)* (A-dd+I)*«vpp-kO0;
71 vpp-k2=(1/ppsi-0) x (A-dd+I) «vpp-kl- (bbetal/ppsi-0) xvpp_-k0;
(
(

A-d*I)*vp_kO0;

A-dxI)*vp-kl-(betalO/psi_-1)*vp_kO0;
A-dxI)*vp-k2-(betalO/psi-1)x*vp_kl;
A-d*I)«vp_k3—-(betal/psi_ 1) *vp_k2;

A'-dxI)*vtp-kO0;

A'-dxI)xvtp_kl-(betal/psi.1)*vtp_k0;
A'-dxI)xvtp-k2-(betal/psi-1)*vtp_kl;
A

(
(
(
(A'-d*I)+vtp_k3-(betal/psi_1)*vtp_k2;

72 vpp-k3=(1/ppsi-0) x (A-dd+I) «vpp-k2- (bbetal/ppsi_0) xvpp-kl;
73 vpp-k4=(1/ppsi-0) x (A-dd+I) «vpp-k3- (bbetal/ppsi-0) xvpp-k2;
74

75 vrr_kO=rll;

76 vrr_kl=(1/ppsi_0)* (A-dd*I)*vrr_kO0;

77 vrr_-k2=(1/ppsi-0) * (A-dd*I)*vrr_kl- (bbetal/ppsi-0) xvrr_k0;
78 vrr_k3=(1/ppsi_0)* (A-dd*I)*vrr_k2- (bbetal/ppsi.0)*vrr_kl;
79

80 vttp_kO=pptl;

81 vttp-kl=(1/ppsi-0)= (A'-dd+I)=*vttp_kO0;

82 vttp-k2=(1/ppsi-0)* (A'-dd+I)*vttp_-kl-(bbetald/ppsi-0)*«vttp-k0;
83 vttp_-k3=(1/ppsi-0)* (A'-dd+I)*vttp_-k2- (bbetal/ppsi-0)vttp_kl;
84 vttp-kd=(1/ppsi-0)* (A'-dd*I)~*vttp-k3- (bbetald/ppsi-0)*vttp-k2;

85



86 vttr_kO=rrtl;

87 vttr_kl=(1/ppsi-0)x* (A'-dd+I)*vttr_k0;

88 vttr_k2=(1/ppsi-0)* (A'-ddxI)*vttr_kl-(bbetald/ppsi-0)*vttr_k0;
89 vttr_k3=(1/ppsi_0)* (A'-dd*I)x*vttr k2- (bbetal/ppsi_0)~*vttr_kl;
90 %Chebishev basis

91 V_p=[vp-k0,vp-kl,vp-k2,vp_-k3,vp_-kd];

92 V_r=[vr_kO,vr_kl,vr_k2,vr_k3];

93 Vt_p=[vtp-k0,vtp-kl,vtp-k2,vtp_-k3, vtp-k4];

94 Vt_r=[vtr_kO0,vtr_kl,vtr_k2,vtr_k3];

95 V=[V.p, V.rl;

96 Vt=[Vt_p, Vt.r];

97 G=Vt'*V;

98 S$Monomial basis

99 VV_p=[vpp-kO,vpp-kl, vpp_-k2,vpp-k3, vpp-k4];

100 VV_r=[vrr_kO,vrr_kl,vrr_k2,vrr_k3];

101 VVt_p=[vttp_kO,vttp_kl,vttp_k2,vttp_-k3, vttp_k4d];
102 VVt_r=[vttr_kO,vttr_kl,vttr_k2,vttr_k3];

103 VV=[VV_p, VV_.r];

104 VVt=[VVt_p, VVt_.r];

105 GG=VVt'«*VV;

106 %matrix B_{k} for when we use Chebyshev basis

107 B=[aj betaO 0 0 0 0 0 0 0 ;...

108 psi-0 aj betal 0 0 0 0 O O ;...
109 0 psi-1 aj betaO 0 0 0 0 0 ;...
110 00 psil aj 0 0 0 00 ;...
111 000 psi-l 0 000 O ; ..
112 00000 aj betaO 0 0 ;...
113 0000 O0 psi-0 aj betald 0 ;...
114 0000O0O0 psil aj 0;...

115 000O0O0O0O0 psil 01;
116 %matrix B_{k} for when we use monomial basis
117 BB=[ajj bbetal 0 0 0 0 0 0 0 ;...

118 ppsi-0O ajj bbetal 0 0 0 0 0 0 ;...
119 0 ppsi-0 ajj bbetal 0 0 0 0 O ;...
120 0 0 ppsi-0 ajj 0 0 0 0 O ;...

121 000 ppsi-0 0 0 0 0 0 ;

122 00000 ajj bbetal 0 0 ;...

123 0000 0 ppsi-0 ajj bbetal 0 ;...
124 0000O0O0 ppsi0 ajj 0;...

125 000O0O0O0O ppsi-0 0];

126 %loops for when we use the monomial basis

127 s=4;

128 kk=1; Sstarting value

1290 n=2513; %maximum number of iterations for s=4
130 normb=norm(bl);

131 while (norm(rll)/normb>tol)

132 pp-k0=[1 zeros(1l,8)]1'; %coefficient vectors
133 rr_kO=[zeros(1,5) 1 zeros(1l,3)]"';

134 ee_kO=[zeros(1,9)1]1;

135 ppt_-kO0=[1 zeros(l1,8)]"';

136 rrt_kO=[zeros(1,5) 1 zeros(1l,3)1"';

137 % inside loop

138 deltl=rrt_k0'xGGxrr_kO;

139 for j=0 : s-1

140 alphal=deltl/ (ppt_k0'*GG*BBxpp-kO0);

141 ee_kl=ee_k0O+alphal*pp-k0';

142 rr_kl=rr_kO0-BBx (alphalxpp-kO0);
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143 rrt_kl=rrt_k0-BB«* (alphalxppt_-k0);

144 delt3=rrt_kl'xGGxrr_kl;

145 betaa=delt3/deltl;

146 pp-kl=rr_kl+betaarpp_k0;

147 ppt-kl=rrt_kl+betaaxppt_kO;

148 rr_-kO=rr_k1l;

149 rrt_kO=rrt_kl;

150 pp-kO0=pp-k1l;

151 ppt-kO=ppt_kl;

152 deltl=delt3;

153 ee k0O=ee k1;

154 end

155 xmm=VVx*ee_k0'+x11;

156 rmm=VVxrr_kO;

157 pmm=VV*pp_kO0;

158 rrtm=VVtxrrt_kO0;

159 pptm=VVt+ppt_kO;

160 valuer?2 (:,kk)=rll;

161 u2 (:,kk)=norm(valuer2(:,kk)/norm(bl));

162 x11=xmm;

163 rll=rmm;

164 pll=pmm;

165 pptl=pptm;

166 rrtl=rrtm;

167 trll=bl-Axx11;

168 vpp-k0=pll;

169 vpp-kl=(1/ppsi_0) * (A-dd*I) xvpp-k0;

170 vpp-k2=(1/ppsi-0) » (A-dd+I) xvpp-kl- (bbetal/ppsi_0) xvpp-k0;
171 vpp-k3=(1/ppsi_0) « (A-dd+I) »vpp-k2- (bbetal/ppsi.-0) «vpp-kl;
172 vpp-k4=(1/ppsi-0) x (A-dd+I) xvpp-k3- (bbetal/ppsi_0) xvpp-k2;
173 vrr_kO=rll;

174 vrr_kl=(1/ppsi.0)* (A-dd*I)*vrr_kO0;

175 vrr k2=(1/ppsi-0)* (A-dd*I)*vrr_-kl- (bbetal/ppsi-0)*vrr_kO0;
176 vrr_k3=(1/ppsi.0)* (A-dd*I)*vrr_k2- (bbetal/ppsi.0) «vrr_kl;
177 vttp-kO=pptl;

178 vttp_kl=(1/ppsi.0)* (A'-ddxI)*vttp_kO0;

179 vttp-k2=(1/ppsi-0) x (A'-dd+I) xvttp_-kl- (bbetal/ppsi_0)*vttp_kO0;
180 vttp-k3=(1/ppsi-0) x (A'-dd*I)*vttp-k2- (bbetal/ppsi-0)*vttp-kl;
181 vttp_kd=(1/ppsi-0)* (A'-dd*I)+rvttp_k3—- (bbetal/ppsi.-0) *vttp_k2;
182 vttr_kO=rrtl;

183 vttr_kl=(1/ppsi_0) *x (A'-dd*I)*vttr_kO;

184 vttr_k2=(1/ppsi-0) x (A'-dd*I)*vttr_kl- (bbetal/ppsi-0)*vttr_kO0;
185 vttr_ k3=(1/ppsi.0)* (A'-ddxI)+vttr_k2- (bbetal/ppsi.0) *vttr_kl;
186 %$Krylov matrices

187 VV_p=[vpp-k0,vpp-kl,vpp-k2, vpp-k3, vpp-kd];

188 VV_r=[vrr_kO,vrr_kl,vrr_k2,vrr_k3];

189 VVt_p=[vttp-k0,vttp-kl,vttp-k2,vttp_-k3, vttp-kd];

190 VVt_r=[vttr_kO,vttr_kl,vttr_k2,vttr_k3];

191 VV=[VV_p, VV_.r];

192 VVt=[VVt_p, VVt_.r];

193 GG=VVt'*VV;

194 kk=kk+1;

195 valuer2 (:,kk)=rll;

196 u2 (:,kk)=norm(valuer2 (:,kk)/norm(bl));

197 if kk==n

198 break;

199 end



%loops using Chebyshev basis

n=2513;
normb=norm (bl) ;
while (norm(rl)/normb>tol)

p-k0=[1 zeros(1l,8)]"'; %coefficient vectors
r_kO=[zeros(1l,5) 1 zeros(1l,3)]"';
e_k0=[zeros(1,9)];
pt-k0=[1 zeros(1,8)]"';
rt_kO=[zeros(1l,5) 1 zeros(1l,3)1"';
delt=rt_k0'*xG*r_kO;
for j=0 : s-1
alpha=delt/ (pt_k0'+G+Bxp_k0);
e_kl=e_kO+alphaxp_-k0"';
r_ kl=r_k0-Bx (alpha*p_kO0);
rt_kl=rt_kO0-Bx (alphaxpt_kO);
delt2=rt_k1'xG*r_kl;
beta=delt2/delt;
p-kl=r_kl+beta*p_-kO0;
pt_-kl=rt_kl+beta*xpt_kO;
$updating
r_ kO=r_k1;
rt_kO=rt_kl1;
p-k0=p_k1;
pt-kO=pt_k1;
delt=delt2;
e_k0=e_k1l;
end
xm=Vxe_kO0'+x1;
rm=Vxr_kO;
pm=Vxp_kO;
rtm=Vt*rt_kO0;
ptm=Vt*pt_kO;
valuerl (:,k)=rl;
ul (:,k)=norm(valuerl (:,k)/norm(bl));

x1=xm;
rl=rm;
pl=pm;
ptl=ptm;
rtl=rtm;
trl=bl-Axx1;
vp-k0=pl;

vp-k1l=(1/psi.0)* (A-d*I)*vp_kO;

vp-k2=(1/psi-1)* (A-dxI)*vp-kl-(betal/psi-1)~*vp-k0;
vp-k3=(1/psi.l)* (A-d*I)*vp_k2-(betal/psi.1l)*vp_kl;
vp-kd4=(1/psi-1)* (A—d*I)*vp-k3—-(betal/psi_-1)+*vp-k2;
vr_kO=rl;

vr kl=(1/psi_0)* (A-dxI)*vr_k0;

vr_k2=(1/psi.l)* (A-d*I)*vr_kl-(betal/psi.l)*vr_kO0;
vr k3= (1/psi_1l)* (A-d+I)*vr._k2-(betal/psi_1)*vr_kl;
vtp_-kO=ptl;

vtp_kl=(1/psi_0)* (A'-dxI)*vtp_kO;

vtp-k2=(1/psi-1)* (A'-dxI)*vtp-kl-(betal/psi-1)*xvtp-k0;
vtp_k3=(1/psi 1) *x (A'-dxI)+vtp_k2-(betal/psi_1)*«vtp_kl;
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vtp-kd=(1/psi-1)* (A'-dxI)*vtp-k3-(betald/psi-1)*xvtp-k2;
vtr_kO=rtl;
vtr kl=(1/psi-0) % (A'=dxI)*vtr_kO;
vtr_k2=(1/psi 1) *(A'-dxI)+vtr_kl-(betal/psi_.1)*vtr_k0;
vtr k3=(1/psi-1)* (A'-dxI)*vtr_k2-(betald/psi-1)*vtr_kl;
V_.p=[vp-k0,vp_kl,vp-k2,vp_-k3,vp-kd];
V_r=[vr_k0,vr_kl,vr_k2,vr_k3];
Vt_p=[vtp-k0,vtp-kl,vtp-k2,vtp_-k3, vtp-k4];
Vt_r=[vtr k0,vtr_kl,vtr_k2,vtr_k3];
V=[V_p, V.r];
Vt=[Vt_p, Vt_.rl];
G=Vt'*V;
k=k+1;
valuerl (:,k)=rl;
ul (:,k)=norm(valuerl(:,k)/norm(bl));
if k==n
break
end
end
$plot for both bases
semilogy (ul, '-o')
xlabel ('Number of Iterations')
ylabel ('2-Norm Residual')
hold on
semilogy (u2, '-x"')
legend ('Chebyshev Basis s=4 ', 'Monomial Basis s=4")
hold off

s-step BiCG code, s=8

function([x1l,x11,k,kk,rl,rll,trl,trll]=step8bicg(A,bl,x1,I,a,b,d,tol)
%$residual vectors

rl=bl-Axx1;

x11=x1;

rll=bl-Axx11;

trl=bl-Axx1; %not normalized true residual vector
x11=x1;

trll=bl-Axx11l;

%$search directions

pl=rl;

pll=rll;

pptl=pll;

rrtl=rll;

ptl=pl;

rtl=rl;

%coefficient vectors for when we make use of the Chebyshev basis
p-k0=[1 zeros(1l,16)]"';

r_kO=[zeros(1,9) 1 zeros(1l,7)]"';

e_k0O=[zeros(1,17)1;

pt_-k0=[1 zeros(1l,16)]"';

rt_kO=[zeros(1,9) 1 zeros(1l,7)]"';

$coefficients vectors for when we use monomial basis
pp-k0=[1 zeros(l,16)1"';

rr_kO=[zeros(1l,9) 1 zeros(1l,7)1"';
ee_kO=[zeros(1,17)1;

ppt-k0=[1 zeros(1l,16)]"';

rrt_kO=[zeros(1,9) 1 zeros(l,7)]1"';



28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84

%the 5 maximum eigenvalues of the matrix A

eigs (A);

%the minimum eigenvalue
eigs(A,1, 'smallestab');
c=sqgrt(a“2-b"2); %value
%values for when we use
aj=d;

g=max (a,b);
betal=c"2/4x*g;
psi_0=2xg;

psi-l=g;

%$values for when we use
dd=0;

ajj=dd;

bbetal=0;

ppsi-0=1;

of the matrix A

of the ellipse

the Chebyshev basis

the monomial Basis

%Vectors for the Chebyshev basis

vp-k0=pl;

vp-kl=(1/psi_0) % (A-d*I)+«vp_-kO0;
vp_k2=(1/psi_1) x (A-d+I)*vp_kl-(betal/psi_-1
vp-k3=(1/psi-1)x (A-d+I)=*vp_-k2- (betalO/psi_1)xvp_kl;

vp-kd=(1/psi-1)~*
vp_k5=(1/psi_1)

A-d*I)xvp-k3- (betal/psi-1

vp-k6=(1/psi_1)* (A-dxI)*vp-k5-(betal/psi-1
vp-k7=(1/psi_-1)* (A-d*I)+xvp_k6- (betal/psi-1
vp-k8=(1/psi_-1)* (A-d*I)xvp_k7- (betal/psi-1

(
(
(
(
(
(
(
(

vr_k0=rl;

(

(

(
A-d*I)*vp_kd—-(betal/psi_1

(

(

(

vr_kl=(1/psi_0) % (A-d*I)*vr_kO0;
vr k2=(1/psi-1)* (A-d*xI)*vr_kl-(betalO/psi_-1)*vr_k0;
vr_k3=(1/psi-1)* (A-dxI)*vr_k2-(betal/psi-1
vr_kd=(1/psi_1) * (A-d*I)*vr_k3-(betal/psi_1

vr_k6=(1/psi_1) * (A-d*I)*vr_k5-(betal/psi_1

(

(

(
vr_k5=(1/psi-1)* (A-dxI)*vr_kd- (betal/psi-1

(

(

*vp_kO0;

)

)

) xvp-k2;
) *xvp-k3;
) xvp-k4;
) *vp-k5;
) xvp-k6;

)

) *vr_kl;
) *xvr_k2;
) *vr_k3;
) *vr_k4;
)

vr k7=(1/psi-1)* (A-d*xI)*xvr_k6- (betalO/psi_-1)*vr_k5;

vtp_kO=ptl;

vtp-kl=(1/psi_0)
vtp_k2=(1/psi_1)*
vtp-k3=(1/psi_1) *
vtp_kd=(1/psi_1) *
vtp-k5=(1/psi_1) *
vtp_k6=(1/psi_1) *
vtp-k7=(1/psi-1)«
vtp-k8=(1/psi_1) *
vtr_kO=rtl;

vtr_ kl=(1/psi.0
vtr_k2=(1/psi-1
vtr k3=(1/psi-1
vtr kd=(1l/psi-1
vtr_k5=(1/psi_1
vtr k6=(1/psi-1

*
*
*
*
*
*

A'-dxI)*vtp-kO;
A'-dxI)xvtp_kl-(betal/psi.1)*vtp_k0;
A'—d*I)*vtp-k2-(betal/psi-1)
A'-dxI)xvtp_k3-(betal/psi.1l)*vtp_k2;
A'—-d«*I)*vtp-kd- (betalO/psi-1)*vtp-k3;
A )
A )
A )

A'-dxI)*vtr_kO;
A'-d*I)*vtr_.kl-(betalO/psi-1)*vtr._k0;
A'-dxI)xvtr_ k2-(betal/psi.l)*vtr_kl;
A'-d«*I)*vtr_k3-(betalO/psi-1)*vtr._k2;
A'-dxI)xvtr_kd- (betal/psi.l)

A'-d*I)*vtr_k5-(betalO/psi-1)*vtr_k4;
vtr_k7=(1/psi_1) *« (A'-dxI)*vtr_k6- (betal/psi-1)

$vectors for the monomial basis

vpp-k0=pll;

vpp-k1l=(1/ppsi_0) * (A—dd*I) xvpp_kO0;

*vtp-kl;

'—dxI)«vtp-k5-(betal/psi.-1) xvtp_k4;
'—dxI)*vtp-k6-(betal/psi-1)*vtp_-k5;
'—dxI)*vtp-k7- (betal/psi-1

*vtp-k6;

*vtr_k3;

*vtr_k5;
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85 vpp-k2=(1/ppsi-0)* (A-dd*I)*vpp-kl- (bbetald/ppsi-0)«vpp-kO0;
86 vpp-k3=(1/ppsi_0)* (A-dd+I)*vpp-k2- (bbetal/ppsi.-0)«vpp-kl;
87 vpp-kd4=(1/ppsi-0)x (A-dd*I)~vpp-k3- (bbetal/ppsi-0)+«vpp-k2;
88 vpp-k5=(1/ppsi_0) * (A-ddx+I) xvpp_k4d- (bbetal/ppsi_0)xvpp_k3;
89 vpp-k6=(1/ppsi_0)x (A-dd*I)vpp-k5- (bbetal/ppsi-0)+«vpp-k4;
90 vpp-k7=(1/ppsi-0) % (A-dd+I)*xvpp-k6— )
91 vpp-k8=(1/ppsi_0)x (A-dd*I)*vpp-k7- )

(bbetal/ppsi-0) xvpp-k5;
(bbetal/ppsi-0) xvpp-k6;

93 vrr_kO=rll;

94 vrr_kl=(1/ppsi-0) % (A-ddx*I)x*vrr_k0;
95 vrr_ k2=(1/ppsi_0)* (A-dd*I)*vrr kl-
96 vrr_k3=(1/ppsi-0)x (A-dd*I)~*vrr_k2- (bbetal/ppsi-0)+*vrr_kl;

(

( (bbetal/ppsi_0)«vrr_k0;

( )
97 vrr k4= (1/ppsi_0) % (A-dd+I)+xvrr_k3- (bbetal/ppsi.0)

( )

( )

( )

*vrr_k2;
98 vrr_k5=(1/ppsi_0)* (A-dd+I)*vrr_kd- (bbetal/ppsi-0)*vrr_k3;
99 vrr k6= (1/ppsi-0) % (A-dd+I)*vrr_k5- (bbetal/ppsi-0)*vrr_k4;
vrr_k7=(1/ppsi.0) *« (A—dd*I)xvrr_k6- (bbetal/ppsi_0)*vrr_k5;

111
112
113
114
115
116
117
118
119
120
121
122
123

vttp_kO=pptl;

vttp-kl=(1/ppsi-0) *(
vttp_k2=(1/ppsi_-0) *(
vttp-k3=(1/ppsi-0) (
vttp-kd=(1/ppsi-0) *(
vttp-k5=(1/ppsi-0) * (
vttp-k6=(1/ppsi-0) *(
vttp k7=(1/ppsi-0) = (
vttp-k8=(1/ppsi_0) x(
vttr_kO=rrtl;

vttr_kl=(1/ppsi-0
vttr_k2=(1/ppsi-0
vttr_k3=(1/ppsi-0
vttr_kd=(1/ppsi-0
vttr_k5=(1/ppsi-0
vttr_k6=(1/ppsi-0
vttr_k7=(1/ppsi-0)
$Chebyshev basis s=8
V_p=

)
)
)
)
) |l
) A\l

* (A
* (A
* (A
* (A'—
* (A
* (A
* (A

—dd*I)*vttp-kO;
—dd*I)*vttp_kl-
—dd*I)*vttp-k2-
—dd*I)xvttp-k3-
—ddxI)*vttp_-kd-
—ddxI)*vttp_-k5-
—ddxI)*vttp_-k6-
—dd*I)*vttp-k7-

—dd+I)*vttr_kO0;
—dd*I)*vttr_kl-
—dd*I)*vttr_k2-
dd*I)*vttr_k3-

—dd*I)*vttr_k4d-

—dd*I)*vttr_k5-
—dd*I)*vttr_k6-

(bbetal/ppsi_0) xvttp_kO0;
(bbetal/ppsi-0)xvttp_kl;
(bbetal/ppsi-0) xvttp-k2;
(bbetal/ppsi_0) *vttp_k3;
(bbetal/ppsi-0) xvttp-k4;
(bbetal/ppsi_0) xvttp_k5;
(bbetal/ppsi-0) xvttp-k6;

(bbetal/ppsi-0) xvttr_k0;
(bbetal/ppsi-0)xvttr_kl;
(bbetal/ppsi_0) xvttr k2;
(bbetal/ppsi-0) *xvttr_k3;
(bbetal/ppsi_0) xvttr_ k4;
(bbetal/ppsi-0) *vttr_k5;

[vp_kO0,vp-kl,vp_-k2,vp_k3,vp_kd,vp_k5,vp_k6,vp_k7,vp_k8];

V_r=[vr_k0,vr_kl,vr_k2,vr_k3,vr_k4,vr_k5,vr_k6,vr_-k7];
Vt_p=[vtp_k0,vtp_kl,vtp_k2,vtp_k3,
vtp-k4,vtp_k5,vtp_k6,vtp-k7,vtp-k8];

Vt_r=[vtr_k0O,vtr kl,vtr_k2,vtr_k3,vtr_kd4,vtr_ k5,vtr k6,vtr_k7];

V=[V_.p, V.r]l;
Vt=[Vt_p, Vt.r];
G=Vt'*V;

$Krylov basis s=8

VV_p=[vpp-k0, vpp-kl, vpp-k2, vpp-k3, vpp-k4, vpp_k5, vpp-k6, vpp-k7, vpp-k8];

VV_.r=[vrr_kO0,vrr_kl,vrr_k2,vrr_k3,vrr_kd4,vrr_k5,vrr_k6,vrr_k7];

VvVt _p=[vttp-k0,vttp_-kl,vttp_-k2,vttp_k3, vttp_k4,vttp_k5,vttp_k6,
vttp-k7,vttp_k8];

VVt_r=[vttr_k0,vttr_kl,vttr k2,vttr k3,vttr_k4,vttr k5,vttr k6,vttr_k7];

VV=[VV_p, VV_.r];

VVt=[VVt_p, VVt_r]l;

GG=VVt '*VV;

$matrix B_{k} for when we use the Chebyshev basis

B=eye (17);

for i=1:17

B(i,i)=aj;
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end

for i=1:16
B(i,1+1)=betal;
B(i+l,1i)=psi.1;

16,17)=0;

B(9,10)=0;
$matrix B_{k} for when we use the monomial basis
BB=eye (17);
for i=1:17
BB(i,1i)=ajj;
end
for i=1:16
BB (i,1i+1)=bbetal;
BB(i+1l,1i)=ppsi-0;
end

B(17, 17)—
B(9,9)=
(16 17)—
B(8,9)=0;
(1O 9)=0;
s—8,
kk=1; $%$starting value
n=5025; %$maximum number for s=8
normb=norm (bl)
while (norm(rll)/normb>tol)
pp-k0=[1 zeros(1,16)1";
rr_kO=[zeros(1,9) 1 zeros(1l,7)]"
ee kO0=[zeros(1,17)1;
ppt-k0=[1 zeros(1l,16)]";
rrt_kO=[zeros(1l,9) 1 zeros(l,7)]"
deltl=rrt_kO0'xGGxrr_kO;
for j=0 : s-1
alphal=deltl/ (ppt_k0'*GG*BB*pp-k0) ;
ee_kl=ee_k0O+alphal*pp-k0';
rr_kl=rr_kO-BBx (alphalxpp_-kO0);
rrt_kl=rrt_k0-BB« (alphal*ppt_-k0);
delt3=rrt_kl'+«GG*rr_kl;
betaa=delt3/deltl;
pp-kl=rr_kl+betaaxpp-k0;
ppt_kl=rrt_kl+betaaxppt_kO0;
rr_kO=rr_kl;
rrt_kO=rrt_kl;
pp-k0=pp-kl;
ppt_kO0=ppt_kl;
deltl=delt3;
ee_kO=ee_k1l;
end
xmm=VV*ee_k0'+x11;
rmm=VV*rr_kO;
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pmm=VV*pp_kO0;

rrtm=VVtxrrt_kO0;

pptm=VVtxppt_k0;

valuer2 (:,kk)=rll;

u2 (:,kk)=norm(valuer2 (:,kk) /norm(bl));
x11=xmm;

rll=rmm;

pll=pmm;

pptl=pptm;

rrtl=rrtm;

trll=bl-Axx11l; Strue residual
vpp-kO0=pll;
vpp-kl=(1/ppsi_0)* (A-dd*I) xvpp-k0;

vpp-k2=(1/ppsi-0) x (A-dd+I) xvpp-kl- (bbetal/ppsi_0) xvpp-k0;
vpp-k3=(1/ppsi-0) * (A-dd*I) »vpp-k2- (bbetal/ppsi-0) xvpp-k1l;
vpp_k4=(1/ppsi_0)* (A-dd*I) *vpp_k3- (bbetal/ppsi_0) xvpp_k2;
vpp-k5=(1/ppsi-0) * (A-dd*I) »vpp-k4- (bbetal/ppsi-0) *vpp-k3;
vpp-k6=(1/ppsi-0)* (A-dd*I) xvpp_k5- (bbetal/ppsi_0) xvpp_k4;
vpp-k7=(1/ppsi-0) * (A-dd*I) xvpp-k6—- (bbetal/ppsi-0) xvpp-k5;
vpp-k8=(1/ppsi_0) x (A-dd*I) xvpp_k7- (bbetal/ppsi.0) xvpp_k6;
vrr_-kO=rll;
vrr_kl=(1/ppsi.0)* (A-dd*I)*vrr_kO0;

vrr k2=(1/ppsi-0)* (A-dd*I)*vrr_-kl- (bbetal/ppsi-0)*vrr_kO0;
vrr_k3=(1/ppsi.0)* (A-dd*I)*vrr_k2- (bbetal/ppsi.0) «vrr_kl;

vrr kd=(1/ppsi-0)* (A-dd*I)+vrr_k3- (bbetal/ppsi-0)*«vrr._k2;
vrr_k5=(1/ppsi.0)* (A-dd*I)*vrr_kd— (bbetal/ppsi.0)«vrr_k3;

vrr k6=(1/ppsi-0)* (A-dd*I)*vrr_k5- (bbetal/ppsi-0)*«vrr_k4;
vrr_k7=(1/ppsi_0)* (A-dd*I)*vrr_k6— (bbetal/ppsi_0)*vrr_k5;
vttp-kO=pptl;

vttp_kl=(1/ppsi_0) *x (A'-dd*I)*vttp_kO;

vttp-k2=(1/ppsi-0) x (A'-dd*I) »vttp-kl- (bbetal/ppsi-0) *vttp_k0;
vttp_k3=(1/ppsi_0)x (A'-dd+I) xvttp_k2- (bbetal/ppsi_0)*xvttp_k1l;
vttp-kd=(1/ppsi-0) x (A'-dd*I)*vttp-k3- (bbetal/ppsi-0)*vttp-k2;
vttp_k5=(1/ppsi.0) « (A'-dd+I)+xvttp_kd—- (bbetal/ppsi.0) *vttp_k3;
vttp-k6=(1/ppsi-0) x (A'-dd*I)*vttp_-k5- (bbetal/ppsi-0)*vttp_k4;
vttp-k7=(1/ppsi-0) x (A'-dd*I)*vttp-k6—- (bbetal/ppsi-0)*vttp-k5;
vttp_k8=(1/ppsi_0)x (A'-ddxI)*xvttp_k7- (bbetal/ppsi_0)*vttp_k6;

vttr_ kO=rrtl;

vttr.kl=(1/ppsi-0) x (A'-dd=*I
vttr_k2=(1/ppsi.0)* (A'-dd*I
vttr_k3=(1/ppsi_0)x (A'-ddxI

) *vttr_kO;
)
)
vttr_kd=(1/ppsi-0) * (A'-ddxI
)
)
)
)

xvttr_kl-(bbetal/ppsi_0)xvttr_kO0;
*vttr_k2- (bbetal/ppsi-0) xvttr_kl;
svttr_k3- (bbetal/ppsi-0)*vttr_k2;
vttr_k5=(1/ppsi-0)* (A'-dd*I)+rvttr_kd—- (bbetal/ppsi.-0) *xvttr_k3;
vttr_k6=(1/ppsi-0)* (A'-ddxI (
vttr_k7=(1/ppsi_0) % (A'-ddxI (
vttr_k8=(1/ppsi-0) * (A'-dd=*I (

svttr_k5- (bbetal/ppsi-0)«vttr_k4;
*vttr_k6- (bbetal/ppsi-0) xvttr_k5;
*vttr_k7- (bbetal/ppsi-0) xvttr_k6;

VV_p=[vpp-k0, vpp-kl,vpp-k2, vpp-k3, vpp-k4, vpp_-k5, vpp-k6, vpp_-k7, vpp-k8];

VV_r=[vrr_kO,vrr_kl,vrr_k2,vrr_k3,vrr_kd4,vrr_k5,vrr_k6,vrr_k7];

VVt_p=[vttp_kO,vttp.kl,vttp_k2,vttp. k3,
vttp-k4,vttp-k5,vttp-k6,vttp-k7,vttp-k8];

VVt_r=[vttr_kO,vttr_kl,vttr k2,vttr_k3,vttr_k4,vttr_k5,vttr k6,vttr_k7];

VV=[VV_p, VV.r];

VVt=[VVt_p, VVt_r];
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GG=VVt'xVV;

kk=kk+1;

valuer2 (:,kk)=rll;

u2 (:,kk)=norm(valuer2 (:,kk)/norm(bl));

if kk==n
break;
end
end
s=8
k=1;
n=5025

normb=norm(bl) ;
while (norm(rl)/normb>tol)
p-k0=[1 zeros(l,16)]"';
r_kO=[zeros(1,9) 1 zeros(1l,7)]"';
e_kO0=[zeros(1,17)1;
pt_k0=[1 zeros(1l,16)]";
rt_kO=[zeros(1,9) 1 zeros(1l,7)]"';
delt=rt_kO0'xGxr_kO0;
for j=0 : s-1
alpha=delt/ (pt-k0'+«G*Bxp_k0);
e_kl=e_kO+alphaxp_-k0"';
r_kl=r_k0-Bx (alphaxp_-k0);
rt_kl=rt_kO0-B* (alphaxpt_kO0);
delt2=rt_kl1'+xG*xr_k1;
beta=delt2/delt;
p-kl=r_kl+betaxrp_kO0;
pt_kl=rt_kl+betaxpt_kO;
%updating
r kO=r_k1;
rt_kO=rt_k1l;
p-kO0=p_k1;
pt_-kO=pt_k1;
delt=delt2;
e_k0=e_k1l;
end
xm=Vxe_k0'+x1;
rm=V+r_kO;
pm=V*xp_kO0;
rtm=Vt*rt_kO;
ptm=Vt*pt_kO;
valuerl (:,k)=rl;
ul (:,k)=norm(valuerl(:,k)/norm(bl));

x1=xm;
rl=rm;
pl=pm;
ptl=ptm;
rtl=rtm;
trl=bl-Axxl;
vp-k0=pl;

vp_kl=(1/psi_0)* (A-d*I)~*vp_kO;

vp-k2=(1/psi_1l)* (A-d+I)+*vp-kl-(betal/psi_1)*vp_-kO0;
vp-k3=(1/psi-1)* (A-dxI)*vp-k2—-(betal/psi-1)*vp-kl;
vp-kd4=(1/psi.l)* (A-d*I)*vp_k3-(betal/psi.1l)*vp_k2;
vp-k5=(1/psi_-1)x (A—d*I)+*vp-kd4—-(betal/psi_1)+*vp-k3;
vp_k6=(1/psi.l)* (A-d*I)*vp_k5-(betal/psi.1l)*vp_k4;
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311 vp-k7=(1/psi.1)* (A-dxI)*vp-k6—- (betal/psi_1)*vp-k5;

312 vp_k8=(1/psi_1) * (A-d*I)*vp_k7—-(betal/psi_1)*xvp_k6;

313

314 vr_kO=rl;

315 vr_kl=(1/psi_0)* (A-dxI)*vr_k0;

316 vr k2= (1/psi-1)* (A-dxI)*vr-kl-(betal/psi-1)*vr_k0;

317 vr k3=(1/psi_-1)* (A-d*I)*vr_k2-(betalO/psi_-1)+*vr_kl;

318 vr k4= (1/psi-1)* (A-dxI)*vr_-k3-(betal/psi-1)*vr_k2;

319 vr_k5=(1/psi_1) * (A-d*I)*vr_kd—(betal/psi_1)*vr_k3;

320 vr k6= (1/psi_1)* (A-dxI)*vr_-k5-(betal/psi_1)*vr_k4;

321 vr_k7=(1/psi.l)* (A-d*I)*vr_k6- (betal/psi.l)*vr_k5;

322

323 vtp_kO=ptl;

324 vtp-kl=(1/psi-0) % (A'=d+I)*vtp-kO;

325 vtp-k2=(1/psi_1) x (A'-dxI)+vtp-kl-(betal/psi-1)*vtp-k0;

326 vtp_k3=(1/psi 1) *x (A'-dxI)*xvtp_k2- (betal/psi.1)~vtp_kl;

327 vtp-kd=(1/psi-1)* (A'-dxI)*vtp-k3-(betald/psi-1)*xvtp_-k2;

328 vtp_k5=(1/psi 1) * (A'-dxI)+xvtp_kd- (betal/psi_.1)~vtp_k3;

329 vtp-k6=(1/psi-1)* (A'-dxI)*vtp-k5-(betal/psi-1)*xvtp_-k4;

330 vtp_k7=(1/psi 1) x (A'-dxI)*xvtp_k6- (betal/psi_1)«vtp_k5;

331 vtp_k8=(1/psi_-1)* (A'-dxI)*xvtp_-k7—(betal/psi_1)*vtp_k6;

332

333 vtr_kO=rtl;

334 vtr_kl=(1/psi_0) % (A'-dxI)xvtr_kO;

335 vtr_k2=(1/psi_1l)* (A'-dxI)*vtr_kl-(betal/psi_1)*vtr_k0;

336 vtr k3=(1/psi-1)* (A'-dxI)*vtr._k2-(betald/psi-1)*xvtr_kl;

337 vtr_kd=(1/psi 1)+ (A'-dxI)+vtr_k3-(betal/psi_.1l)*vtr_k2;

338 vtr k5=(1/psi-1)* (A'-dxI)*vtr_kd- (betal/psi-1)*xvtr_k3;

339 vtr_k6=(1/psi 1) *x(A'-dxI)+vtr k5- (betal/psi_.1l)*vtr_k4;

340 vtrk7=(1/psi_-1l)*(A'-dxI)*vtr_k6— (betal/psi_1)*xvtr_k5;

341

342 V_p=[vp-k0,vp_kl,vp_-k2,vp_k3,vp_k4, vp_-k5,vp_k6,vp_-k7,vp_-k8];

343 V_r=[vr_k0,vr_kl,vr_k2,vr_k3,vr_kd4,vr_k5,vr_k6,vr_k7];

344 Vt_p=[vtp-k0, vtp_kl,vtp_k2, vtp_k3,
vtp-k4,vtp_k5,vtp_-k6,vtp_-k7,vtp_-k81];

345 Vt_r=[vtr_k0O,vtr_kl,vtr_k2,vtr_k3,vtr_k4,vtr_k5,vtr_k6,vtr_k7];

346 V=[V_p, V.r];

347 vVt=[Vt_.p, Vt.r];

348 G=Vt'xV;

349 k=k+1;

350 valuerl (:,k)=rl;

351 ul (:,k)=norm(valuerl (:,k)/norm(bl));

352 if k==

353 break

354 end

355

356 end

357 %plot for both bases

358 semilogy(ul, '-o'")

359 xlabel ('Number of Iterations')

360 ylabel ('2-Norm Residual')

361 hold on

362 semilogy(uz, '—-x'")

363 legend ('Chebyshev Basis s=8 ', 'Monomial Basis s=8")
364 hold off

s-step BiCG code, s=16
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61

function([x1l,x11,k,kk,rl,rll,trl,trll]=stepl6bicg(A,bl,x1,I,a,b,d,tol)
%residual vectors

rl=bl-Axx1;

x11=x1;

rll=bl-Axx11;

$not normalized true residual vector

trl=bl-Axx1;

x11=x1;

trll=bl-Axx11;

%$search directions

pl=rl;

pll=rll;

pptl=pll;

rrtl=rll;

ptl=pl;

rtl=rl;

%coefficient vectors for when we use Chebyshev basis
p_k0=[1 zeros(1,32)1"';

r_kO=[zeros(1,17) 1 zeros(1l,15)]1"';

e_kO=zeros(1,33);

pt-k0=[1 zeros(1l,32)]"';

rt_kO=[zeros(1,17) 1 zeros(l,15)]"';

%coefficients vectors for when we make use of monomial basis
pp-k0=[1 zeros(1l,32)]1"';

rr_kO=[zeros(1,17) 1 zeros(1l,15)]"';

ee_kO=zeros (1,33);

ppt_k0=[1 zeros(1l,32)]"';

rrt_kO=[zeros(1,17) 1 zeros(1l,15)]"';
$the 5 maximum eigenvalues of the matrix A
eigs (A);

%$the minimum eigenvalue of the matrix A
eigs (A, 1, 'smallestab');

c=sqgrt(a”2-b"2); %value of the ellipse
%$values for when we use the Chebyshev basis
aj=d;

g=max (a,b) ;

betal=c"2/4xqg;

psi-0=2xg;

psi-l=g;

%$values for when we use the monomial Basis
dd=0;

ajj=dd;

bbeta0=0;

ppsi-0=1;

$vectors for the Chebyshev basis

vp-k0=pl;

vp-k1l=(1/psi-0)* (A-dxI)*vp-kO;

vp_k2=(1/psi_l)* (A-dxI)*xvp_kl- (betalO/psi_1)*vp_kO0;
vp-k3=(1/psi.1)* (A-dxI)~*vp-k2-(betal/psi_1)*vp-kl;
vp_kd=(1/psi_1) *x (A-d*I)*«vp_k3—-(betal/psi_ 1) *xvp_k2;

vp-k6=(1/psi_l) * (A-d*I)*vp_k5-(betal/psi_1)+*vp_k4;
vp-k7=(1/psi-1) » (A-d+I)=*vp_-k6- (betal/psi_1)xvp_k5;
vp-k8=(1/psi-1)* (A-dxI)~*vp-k7—-(betal/psi-1)*vp-k6;
vp-k9=(1/psi_-1)* (A-d*I) xvp_k8— (betal/psi_-1)*vp_k7;
vp-k10=(1/psi_1) %« (A—-d*I)+«vp-k9—-(betal/psi_1)*xvp-k8;
vp-k1ll=(1/psi_1) % (A-d*I)*vp_kl10-(betalO/psi_1)*vp_k9;

( )

( ( )

( ( )
vp-k5=(1/psi-1) * (A-d*I)*vp_kd- (betalO/psi_1)*xvp_k3;

( ( )

( ( )

( ( )
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58 vp-kl1l2=(1/psi_-1)~* (A-dxI)*vp-kll-(betal/psi-1)+*vp-kl0;

50 vp-k13=(1/psi.l)* (A-dxI)*+vp_kl2-(betal/psi_1)*vp_kll;

60 vp-kld=(1l/psi_-1)* (A-d*I)*vp-kl3-(betal/psi-1)*vp_-kl2;

61 vp-kl5=(1/psi_.l)~* (A-dxI)*vp_kld-(betal/psi_1)*vp_k13;

62 vp-k16=(1/psi_-1)~* (A-dxI)xvp-kl5-(betal/psi_1)xvp_kl4;

63 %

64 vr_k0O=rl;

65 vr_kl=(1/psi_0)x (A-d*I)x*vr_k0;

66 Vvr_k2=(1/psi_l)x (A-dxI)x*vr_kl-(betalO/psi_1)*vr_kO;

67 vr_k3=(1/psi-1)*(A-dxI)*vr_k2-(betalO/psi_-1)*vr_kl;

68 vr_kd=(1/psi_1)x (A-d*I)x*vr_k3—-(betal/psi_1)x*vr_k2;

69 vr_k5=(1/psi_1)* (A-dxI)*vr_kd-(betal/psi_1)*vr_k3;

70 vr_k6=(1/psi_.l)* (A-dxI)*vr_k5-(betal/psi.l)~*vr_k4;

71 vr.k7=(1/psi.-1)* (A-d*I)*vr_k6-(betal/psi.-1)*xvr._k5;

72 vr_k8=(1l/psi-1)* (A-dxI)*vr_k7-(betal/psi-1)~*vr_k6;

73 vr_k9=(1/psi.l)* (A-dxI)*vr_k8- (betal/psi.l)*vr_k7;

74 vr_kl0=(1/psi_1) % (A-d*I)+vr_k9—-(betal/psi_1)*vr_k8;

75 vr_kll=(1/psi_1)* (A-d*I)*vr_kl0-(betalO/psi_1)*vr_k9;

76 vr_k1l2=(1/psi_1l)* (A-dxI)*vr_kll-(betal/psi-1)*vr_k10;

77 vr_k1l3=(1/psi_1l)* (A-d*I)*vr_kl2-(betalO/psi_1)*vr_k1ll;

78 vr_kld=(1/psi_l)* (A-dxI)*vr k13- (betal/psi-1)*vr_kl2;

79 vr_kl5=(1/psi_1)* (A-d*I)*vr_kl4d-(betalO/psi-1)*vr_k1l3;

80 %

81 vtp-kO=ptl;

82 vtp kl=(1/psi_.0)* (A'-d*I)*vtp_kO0;

83 vtp-k2=(1/psi_-1)* (A'-dxI)x*vtp-kl-(betal/psi-1)*vtp-k0;

84 vtp k3=(1/psi.l)* (A'-d*I)*vtp_k2—-(betalO/psi_1)*vtp_kl;

85 vtp-k4=(1/psi_-1)* (A'-d*I)*vtp_-k3-(betal/psi_-1)~*vtp_k2;

86 vtp_k5=(1/psi_.l)* (A'-d*I)+*vtp_kd—(betal/psi_1)*vtp_k3;

87 vtp-k6=(1/psi_1)x (A'-dxI)*vtp_-k5-(betal/psi_1)*vtp_-k4;

88 vtp-k7=(1/psi-1)* (A'-d*I)+vtp-k6-(betal/psi_-1)*vtp_k5;

89 vtp_k8=(1/psi.l)* (A'-d*I)*vtp_k7-(betal/psi_1)*vtp._k6;

90 vtp-k9=(1/psi_-1)* (A'-d*I)+vtp_-k8-(betal/psi_-1)xvtp-k7;

91 vtp_k1l0=(1/psi_1) * (A'fd*I) *vtp_k9-(betal/psi_1)*vtp_k8§;

92 vtp-kll=(1/psi-1)*(A'-d*I)*vtp-kl0-(betal/psi-1)*vtp-k9;
93 vtp_kl2=(1/psi_l)*(A'-dxI)x*vtp_kll-(betal/psi_1)*vtp_kl1l0;
94 vtp-kl3=(1/psi_1)*(A'-d*I)*vtp-kl2-(betal/psi-1)*vtp_kll;
95 vtp-kl4=(1/psi_1)* (A'-dxI)x*vtp-k13-(betal/psi-1)x*vtp-kl2;
96 Vvtp_k15=(1/psi_1)*(A'-dxI)x*vtp_kl4—-(betal/psi_1)*vtp_kl3;
97 vtp-kl6=(1/psi_1)*(A'-dxI)x*vtp-kl5-(betal/psi-1)x*vtp_-kl4;
98 %

99 vtr_kO=rtl;

100 vtr kl=(1/psi_.0)* (A'-d*I)*vtr_kO0;

101 vtr_k2=(1/psi-1)* (A'-d*I)*vtr_kl-(betal/psi.-1)~*vtr_kO0;

102 vtr_k3=(1/psi-1)* (A'-d*I)*vtr_k2-(betalO/psi_-1)*vtr_kl;

103 vtr_kd=(1/psi_1)* (A'-dxI)*vtr_k3-(betal/psi_l)*vtr_k2;

104 vtr_k5=(1/psi-1) (A'-dxI)*vtr_kd-(betal/psi-1)*vtr_k3;

105 vtr k6=(1/psi.l)* (A'-d*I)*vtr_k5-(betal/psi_1)*vtr_k4;

106 vtr k7=(1/psi-1)* (A'-dxI)*vtr_k6-(betal/psi-1)*vtr_k5;

107 vtr k8= (1/psi.l)* (A'-d*I)*vtr_k7—-(betal/psi_1)*vtr_k6;

108 vtr k9=(1/psi-1)* (A'-dxI)*vtr_k8- (betal/psi-1)*vtr._k7;

109 vtr_k10=(1/psi_1)* (A'-d*I)*vtr k9-(betal/psi.l)*vtr_k8;
110 vtr kll=(1/psi_1)* (A'-d*I)*vtr k10— (betal/psi-1)*vtr_k9;
111 vtr k1l2=(1/psi-1)* (A'-d*I)*vtr_kll-(betal/psi-1)*vtr_kl0;
112 vtr_k13=(1/psi 1)+ (A'-dxI)*vtr k12— (betal/psi_1)*vtr_kll;
113 vtr_kl4=(1/psi-1)* (A'-d*I)*vtr k13- (betal/psi-1)*vtr_kl2;
114 vtr_k15=(1/psi_1)* (A'-dxI)*vtr k14— (betal/psi_1)*vtr k13;
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$vectors for the monomial basis
vpp-k0=pll;

vpp-kl=(1/ppsi-0
vpp-k2=(1/ppsi-0
vpp-k3=(1/ppsi-0) » (A-dd+I) «xvpp-k2- (bbetal/ppsi-0) xvpp-kl;
vpp-k4d=(1/ppsi-0) * (A-dd*I) »vpp-k3— (bbetal/ppsi-0) xvpp-k2;

) * (A-—dd+I) *vpp-kO;
)
)
)
vpp-k5=(1/ppsi-0) x (A-dd+I) xvpp-k4- (bbetald/ppsi_0) xvpp-k3;
)
)
)
)

* (A-dd+I) *vpp_kl- (bbetal/ppsi_0) xvpp_k0;

vpp-k6=(1/ppsi-0) * (A-dd*I) »vpp-k5- (bbetal/ppsi-0) xvpp-k4;
vpp-k7=(1/ppsi.0) « (A—dd+I) xvpp_-k6— (bbetal/ppsi_0) *vpp_k5;
vpp-k8=(1/ppsi-0) * (A-dd*I) »vpp-k7- (bbetal/ppsi-0) xvpp-k6;
vpp-k9=(1/ppsi_0) » (A-dd*I) »vpp-k8- (bbetal/ppsi.-0) «vpp-k7;
vpp-k10=(1/ppsi-0) x (A-dd*I)+vpp-k9- (bbetal/ppsi-0) «vpp-k8;
vpp-k1ll=(1/ppsi_0) * (A-dd+I) *vpp_k10- (bbetal/ppsi_0) *vpp_k9;
vpp-k12=(1/ppsi-0) * (A-dd+I) «vpp-kll- (bbetal/ppsi-0) «vpp-k10;
vpp-k13=(1/ppsi-0) * (A-dd+I) *vpp-k12- (bbetal/ppsi-0) xvpp-k11l;
vpp-kl4=(1/ppsi_0)x (A—dd*I) »vpp_k13- (bbetal/ppsi_0)*vpp-k12;
vpp-k15=(1/ppsi-0) * (A-dd+I) *vpp-k1l4- (bbetal/ppsi-0) vpp-k13;
vpp-k16=(1/ppsi_0)x (A—dd*I)+vpp_k15- (bbetal/ppsi_0)vpp.-kl4;

<

vrr_kO=rll;

vrr kl=(1/ppsi-0)* (A-dd*I)xvrr_k0;

vrr k2=(1/ppsi-0)* (A-dd*I)*vrr_-kl- (bbetal/ppsi-0)*«vrr_k0;
vrr_k3=(1/ppsi.0) * (A-ddxI)*xvrr_k2- (bbetal/ppsi_0)*vrr_kl;
vrr_kd=(1/ppsi-0) * (A-dd*I)*vrr_-k3- (bbetal/ppsi-0)«vrr._k2;
vrr_k5=(1/ppsi.0) « (A-—ddxI) xvrr_k4- (bbetal/ppsi_0)*vrr_k3;
vrr k6=(1/ppsi-0)* (A-dd*I)+*vrr_-k5- (bbetal/ppsi-0)«vrr_k4;
vrr_k7=(1/ppsi_0)* (A-dd*I) vrr_k6— (bbetal/ppsi.0) «vrr_k5;
vrr k8=(1/ppsi-0) * (A-dd*I)+vrr_-k7- (bbetal/ppsi-0)«vrr_k6;
vrr_k9=(1/ppsi.0) * (A-dd*I)*vrr_k8- (bbetal/ppsi_0)*vrr_k7;
vrr_k10=(1/ppsi-0) * (A-dd+I)*vrr_k9- (bbetal/ppsi-0) xvrr_k8;
vrr.kll=(1/ppsi-0)* (A-dd+I)*vrr_k10- (bbetal/ppsi-0)*vrr_k9;
vrr_k12=(1/ppsi-0)* (A-dd*I)*vrr_kll- (bbetal/ppsi_0)*vrr_k10;
vrr-k13=(1/ppsi-0) * (A-dd+I)*vrr_k1l2- (bbetal/ppsi-0)*vrr_-k11l;
vrr_k1l4=(1/ppsi_0)x (A—dd*I)*vrr_k13- (bbetal/ppsi_0)*vrr_k12;
vrr_k15=(1/ppsi-0) * (A-dd+I)*vrr_k1l4- (bbetal/ppsi-0)+vrr_-k13;

o
S

vttp_kO=pptl;

vttp-kl=(1/ppsi-0
vttp-k2=(1/ppsi-0
vttp-k3=(1/ppsi-0) x (A'-dd*I)*vttp-k2- (bbetal/ppsi-0)*vttp-kl;
vttp_kd4=(1/ppsi_0)x (A'-dd+I)+xvttp_k3- (bbetal/ppsi_0)*xvttp_k2;

) * (A'—dd*I)xvttp-k0;
)
)
)
vttp-k5=(1/ppsi-0) x (A'-dd*I)*vttp-kd- (bbetal/ppsi-0)*vttp-k3;
)
)
)

* (A'-dd*I)*vttp_kl- (bbetal/ppsi_0)*xvttp_kO0;

vttp_k6=(1/ppsi.-0) x (A'-ddxI)«vttp_k5- (bbetal/ppsi_0)*vttp_k4;
vttp-k7=(1/ppsi-0) x (A'-dd*I)*vttp-k6- (bbetal/ppsi-0)*vttp_k5;
vttp-k8=(1/ppsi-0) x (A'-dd*I)*vttp-k7- (bbetal/ppsi-0)*vttp-k6;
vttp_k9=(1/ppsi_0)x (A'-ddxI)*xvttp_k8- (bbetal/ppsi_0)*xvttp_k7;
vttp-k1l0=(1/ppsi-0) x (A'-dd*I)*vttp-k9- (bbetal/ppsi-0)*xvttp-k8;
vttpkll=(1/ppsi_0)* (A'-dd*I)+*vttp_k10- (bbetal/ppsi_0)*vttp_k9;
vttp-kl2=(1/ppsi-0)* (A'-dd+I)*vttp_-kll- (bbetal/ppsi-0)*xvttp-k10;
vttp_kl1l3=(1/ppsi_0)* (A'-dd+I)+vttp_-k1l2- (bbetal/ppsi_-0)xvttp_k1ll;
vttp-kl4=(1/ppsi-0)«* (A'-dd*I)*vttp k13- (bbetal/ppsi-0)*vttp_kl2;
vttp_k1l5=(1/ppsi_0)* (A'-dd+I)+vttp_-kl4- (bbetal/ppsi_-0)*xvttp_k13;
vttp-kl6=(1/ppsi-0)* (A'-dd+I)*vttp_-k1l5- (bbetal/ppsi-0)+xvttp_-k1l4;

o

vttr_kO=rrtl;
vttr_kl=(1/ppsi-0)* (A'-ddx+I)*vttr_kO0;
vttr_k2=(1/ppsi-0)* (A'-ddxI)+vttr_kl- (bbetal/ppsi.0)*«vttr_k0;
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vttr_k3=(1/ppsi-0
vttr_kd=(1/ppsi-0
vttr_k5=(1/ppsi-0

) '-dd*I)xvttr_k2- (bbetal/ppsi-0) xvttr_kl;

)

)
vttr_k6=(1/ppsi-0)

)

)

)

A

A'-ddxI)*vttr_k3- (bbetal/ppsi_0)*vttr_k2;

A'-dd*I) xvttr_k4d- (bbetal/ppsi-0) *xvttr_k3;

A'-dd*I)*vttr_k5- (bbetal/ppsi_0)*vttr_k4;
vttr_k7=(1/ppsi-0 A'-dd*I)xvttr_k6- (bbetal/ppsi-0) xvttr_k5;

vttr_k8=(1/ppsi-0 A

vttr_k9=(1/ppsi-0 A

vttr_k10=(1/ppsi-0 (

vttr_kll=(1/ppsi-0) * (

vttrkl2=(1/ppsi-0) *(

vttr k13=(1/ppsi.-0 (

vttr_kl4=(1/ppsi-0) *(

vttr kl15=(1/ppsi.0 (

%$Chebyshev basis

V_p=[vp-k0,vp-kl,vp-k2,vp_k3,vp-k4,vp-k5,vp_k6,vp-k7,vp-k8, ...
vp-k9,vp_kl1l0,vp-kll,vp_kl2,vp_kl3,vp-kl4,vp_kl5,vp_kl6];

V_r=[vr_k0,vr_kl,vr_k2,vr_k3,vr_kd,vr_k5,vr_k6,vr_k7,vr_k8, ...
vr k9,vr_k10,vr_k1ll,vr_kl2,vr_k13,vr_kl4,vr_k15];

Vt_p=[vtp-k0,vtp_kl,vtp_k2,vtp-k3, vtp-k4,vtp-k5,vtp_k6, ...
vtp_k7,vtp_k8,vtp_.k9,vtp_kl1l0,vtp_kll,vtp-kl2, vtp_kl3,...
vtp-kl4,vtp_-kl5,vtp_-kl6];

Vt.r=[vtr_kO0,vtr_kl,vtr_k2,vtr_k3,vtr_kd4,vtr_k5,vtr_k6, ...
vtrk7,vtr_k8,vtr_k9,vtr_k10,vtr_kll,vtr kl2,vtr_k13,vtr_kl4,vtr k15];

V=[V_.p, V.r];

Vt=[Vt_p, Vt.r];

G=Vt'«xV;

$Monomial basis

VV_p=[vpp-k0, vpp-kl, vpp-k2, vpp-k3, vpp-k4, vpp-k5, vpp_-k6, . ..
vpp-k7,vpp_k8,vpp-k9, vpp_k1l0, vpp_kll,vpp-k1l2, vpp_-k13, ...
vpp-kl4,vpp-kl5, vpp-kl6];

VV_.r=[vrr_k0,vrr_kl,vrr_k2,vrr_k3,vrr_kd4,vrr_k5,vrr_k6, ...
vrr k7,vrr_k8,vrr_k9,vrr_kl1l0,vrr_kll,vrr kl2,vrr k13, ...
vrr_kl4,vrr_k15];

VVt_p=[vttp_k0,vttp_kl,vttp_k2,vttp_k3, vttp_k4d,vttp_k5,vttp_k6, ...
vttp-k7,vttp-k8,vttp_-k9,vttp-k10, vttp_-kll,vttp-kl2, vttp-k1l3,...
vttp_kl4,vttp_.kl5,vttp_kl6];

VVt_r=[vttr_kO0,vttr_kl,vttr_k2,vttr_k3,vttr_k4,vttr_k5,vttr k6, ...
vttr_k7,vttr_k8,vttr_k9,vttr_k10,vttr_kll,vttr_kl2,vttr_ k13, ...
vttr_kl4,vttr_kl5];

VV=[VV_p, VV_.rl;

VVt=[VVt_p, VVt_r]l;

GG=VVt '*VV;

smatrix B_{k} for when we use the Chebyshev basis

B=eye (33);

for i=1:33
B(i,i)=aj;

end

for i=1:32
B(i,1+1)=betal;

B(i+l,1)=psi.1;

end

2,1)=psi_0;

19,18)=psi.0;

33,33

17,17

32,33

16,17

'—dd«*I)*vttr_k7- (bbetal/ppsi-0)*vttr_k6;
'—dd+I)*vttr_k8- (bbetal/ppsi-0)«vttr_k7;
A'-dd*I)*vttr_k9- (bbetal/ppsi-0)*xvttr_k8;
A'-dd*I)*vttr_k1l0- (bbetal/ppsi_0)*vttr_k9;
A'-dd*I)xvttr_kll- (bbetal/ppsi-0)*vttr_k10;
A'-dd+I)xvttr_kl2- (bbetal/ppsi-0)vttr_kll;
A'-dd*I)xvttr k13- (bbetal/ppsi_0)*vttr_kl2;
A'-dd*I) xvttr_kl4- (bbetal/ppsi_0)*vttr_k13;

*
*
*
*
)
)
)
)
)
)

’

’

0
0
0.
0

’

B(
B(
B( )
B( )
B( )
B( )=0;

’
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B(18,17)=0;
B(17,18)=0;
s$matrix B_{k} for when we use the monomial basis
BB=eye (33);
for 1=1:33
BB(i,1)=ajj;
end
for i=1:32
BB (i,1i+1)=bbetal;
BB (i+1l,1i)=ppsi-0;

end

BB (33,33)=0;
BB(17,17)=0;
BB (32,33)=0;
BB (16,17)=0;

BB (18,17)=0;
$starting the loops
s=16
kk=1
n=10049 S%maximum number for s=16
normb=norm (bl)
while (norm(rll)/normb>tol)
pp-k0=[1 zeros(1,32)]1"';
rr_kO=[zeros(1,17) 1 zeros(1l,15)]1"';
ee_kO=zeros (1,33);
ppt_kO0=[1 zeros(1,32)]"';
rrt_kO=[zeros(1,17) 1 zeros(l,15)]"';
deltl=rrt_kO0'+GGxrr_kO0;
for j=0 : s-1
alphal=deltl/ (ppt-k0'*GG*BBxpp-k0);
ee_kl=ee_k0O+alphal*pp-k0';
rr_kl=rr_kO0-BB* (alphal*pp-kO0);
rrt_kl=rrt_k0-BB« (alphal*ppt_k0);
delt3=rrt_kl'xGGxrr_k1l;
betaa=delt3/deltl;
pp-kl=rr_kl+betaa*pp-k0;
ppt-kl=rrt_kl+betaarxppt-k0;
rr_kO=rr_kl;
rrt_kO=rrt_k1;
pp-k0=pp-k1;
ppt-kO=ppt_kl;
deltl=delt3;
ee_k0=ee_k1l;
end
xmm=VVxee_ k0 '"'+x11;
rmm=VVxrr_kO0;
pmm=VV*pp_k0;
rrtm=VVtxrrt_kO0;
pptm=VVt*ppt_kO;
valuer2 (:,kk)=rll;
u2 (:,kk)=norm(valuer2 (:,kk)/norm(bl));
x11=xmm;
rll=rmm;
pll=pmm;
pptl=pptm;
rrtl=rrtm;
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%$vectors for the monomial basis

vpp-k0=pll;

vpp-kl=(1/ppsi-0
vpp-k2=(1/ppsi-0
vpp-k3=(1/ppsi-0
vpp-kd=(1/ppsi-0
vpp-k5=(1/ppsi-0
vpp-k6=(1/ppsi-0
vpp-k7=(1/ppsi-0
vpp-k8=(1/ppsi-0

* (A—ddxI) »vpp_kO;
* (A—dd*1I) »vpp-k1l- (bbetal/ppsi-0) xvpp-k0;
* (A-dd*I) xvpp-k2- (bbetal/ppsi-0) xvpp-k1l;
*x (A—dd*I) +vpp-k3- (bbetal/ppsi-0) xvpp-k2;
* (A—dd+I) xvpp-k4- (bbetal/ppsi-0) xvpp-k3;
* (A-dd+I) xvpp-k5- (bbetal/ppsi-0) xvpp_-k4;
* (A—dd*I) »vpp-k6- (bbetal/ppsi-0) xvpp-k5;
* (A-dd+I) *vpp_k7- (bbetal/ppsi_0) xvpp_k6;

vpp-k9=(1/ppsi-0) * (A-dd*I) »vpp-k8— (bbetal/ppsi-0) *vpp-k7;
vpp-k10=(1/ppsi.0) *x (A-dd*I) xvpp_k9- (bbetal/ppsi_0) xvpp_k8;
vpp-k11l=(1/ppsi_0) x (A-dd*I)«vpp-k10- (bbetal/ppsi-0)«vpp-k9;

vpp-kl2=(1/ppsi-0

* (A—dd*I) xvpp-kll- (bbetal/ppsi-0) «vpp-k10;

vpp-k13=(1/ppsi-0) *x (A-dd+I) *vpp-k1l2- (bbetal/ppsi_0) vpp-k1l1l;

vpp-k15=(1/ppsi-0) x (A-dd+I) «vpp-kl4- (bbetal/ppsi_0) «vpp-k13;
vpp-k16=(1/ppsi-0) *x (A-dd+I) *vpp-k15- (bbetal/ppsi-0) «vpp-k1l4;

)

)

)
vpp-k1l4=(1/ppsi_0) x (A-

)

)

vrr_kO=rll;
vrr_kl=(1/ppsi-0
vrr_k2=(1/ppsi.0

)
)
)
dd*I) «vpp-k13- (bbetal/ppsi-0) *vpp-kl2;
)
)

* (A—dd*I) »vrr_k0;
* (A—ddx*I) xvrr_k1l- (bbetal/ppsi.0)*vrr_k0;

vrr k3=(1/ppsi-0)* (A-dd*I)*vrr_-k2- (bbetal/ppsi-0)*vrr_kl;
vrr_kd=(1/ppsi.0)* (A-dd*I)*vrr_k3—- (bbetal/ppsi.0) *vrr_k2;

vrr_k6=(1/ppsi.0

* (A-dd+I) «vrr_k5- (bbetal/ppsi-0) xvrr_k4;

vrr k7=(1/ppsi-0) * (A-dd*I)*»vrr_k6- (bbetal/ppsi-0)«vrr_k5;

)
)
)
)
vrr_k5=(1/ppsi-0) * (A-dd*I)+vrr_k4d- (bbetal/ppsi-0)*«vrr_k3;
)
)
)

vrr_k8=(1l/ppsi.-0

* (A—dd*I) xvrr_k7- (bbetal/ppsi_0) xvrr_k6;

vrr k9= (1/ppsi-0) * (A-dd*I)+»vrr_ k8- (bbetal/ppsi.-0)+«vrr_k7;
vrr-k10=(1/ppsi-0) x (A-dd+I)*vrr_-k9- (bbetal/ppsi-0) xvrr_k8;
vrr_ k1ll=(1/ppsi-0)* (A-dd*I)*vrr_k10- (bbetal/ppsi.0)*vrr_k9;
vrr_k12=(1/ppsi-0) x (A-dd*I)*vrr_-k11l- (bbetal/ppsi-0)*vrr_k10;

vrr_kl4=(1/ppsi-0) x (A-dd+I)*vrr_k13- (bbetal/ppsi-0)*vrr_k12;
vrr_k15=(1/ppsi.0) x (A-dd*I)*xvrr_kl4- (bbetal/ppsi_0)*vrr_k13;

)

)
vrr_kl13=(1/ppsi_0) x (A-

)

)

vttp-kO=pptl;
vttp-kl=(1/ppsi_0) (A"
vttp-k2=(1/ppsi-0

)
)
dd*I)*vrr k12— (bbetal/ppsi.0)*vrr_kll;
)
)

—dd*I)*vttp-kO0;

* (A'-dd*I)*vttp-kl- (bbetal/ppsi-0)*vttp-kO0;

vttp_k3=(1/ppsi_0)x (A'-dd+I)*xvttp_k2- (bbetal/ppsi_0)*xvttp_k1l;

vttp_k5=(1/ppsi_0) (A"

bbetal/ppsi-0) xvttp_-k2;
bbetal/ppsi_0) *vttp_k3;

vttp-k6=(1/ppsi-0) x (A'-dd*I)*vttp-k5- (bbetal/ppsi-0)*vttp_-k4;

)
)
)
vttp-kd=(1/ppsi-0) % (A'
)
)
vttp-k7=(1/ppsi-0)

)

)

) (

) (
—dd*I)*vttp-k3-(
—ddxI)xvttp_-k4d—(

) (

) (

) (

* (A'—-dd+*I)*vttp-k6- (bbetal/ppsi-0)*vttp-k5;

vttp_k8=(1/ppsi_0)x (A'-ddxI)*xvttp_k7- (bbetal/ppsi_0)*vttp_k6;
vttp-k9=(1/ppsi-0) x (A'-dd*I)*vttp-k8—- (bbetal/ppsi-0)*vttp-k7;
vttp_kl10=(1/ppsi_0)* (A'-dd*I)*vttp_k9- (bbetal/ppsi_0)*xvttp_k8;

vttp-kll=(1/ppsi-0)* (A'-dd+I)*vttp_-k10- (bbetal/ppsi-0)+vttp-k9;
vttp kl2=(1/ppsi_0)*x (A'-dd*I)*vttp_kll- (bbetal/ppsi-0
* (A'-ddxI)*vttp-kl2

)

)

)

vttp-k13=(1/ppsi-0

)
)
)
vttp-kl4d=(1/ppsi-0)
)
)

vttr_kO=rrtl;
vttr_kl=(1/ppsi.0)* (A"

* (A'—-dd=1I
vttp-kl1l5=(1/ppsi-0)* (A'-dd+I)*vttp_-kl4- (bbetal/ppsi_-0)*xvttp-k13;
vttp-kl6=(1/ppsi_0)* (A'-dd*I)xvttp-k15- (bbetal/ppsi-0

*vttp k13

—dd+I)*xvttr_kO;

- (bbetal/ppsi-0) xvttp-k1ll;

( )
( )
- (bbetal/ppsi-0) xvttp_k1l2;
( )
( )

*vttp_kl0;

*vttp-kl4;
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343 vttr_k2=(1/ppsi-0) x (A'-dd*I)*vttr_kl- (bbetal/ppsi-0)*vttr_k0;
344 vttr_ k3=(1/ppsi-0) « (A'-ddxI)rvttr_k2—- (bbetal/ppsi_0) *vttr_kl;
345 vttr_kd=(1/ppsi-0) x (A'-dd*I)*vttr_k3- (bbetal/ppsi-0)*vttr_k2;
346 vttr_ k5=(1/ppsi.0) « (A'-ddxI)+vttr_kd- (bbetal/ppsi_0) *vttr_k3;
347 vttr_k6=(1/ppsi-0) x (A'-dd+I)*vttr_k5- (bbetal/ppsi_0)*vttr_k4;
348 vttr_k7=(1/ppsi-0) x (A'-dd*I)*vttr_-k6— (bbetal/ppsi-0)*vttr_k5;
349 vttr_k8=(1/ppsi-0) x (A'-dd*I)*vttr_k7- (bbetal/ppsi_0)*vttr_k6;
350 vttr_k9=(1/ppsi-0) x (A'-dd*I)*vttr_k8—- (bbetal/ppsi-0)*vttr_k7;
351 vttr k10=(1/ppsi_0) x (A'-dd*I)*vttr_k9- (bbetal/ppsi_0)*vttr_k8;
352 vttrkll=(1/ppsi-0)* (A'-dd*I)xvttr_-k10- (bbetal/ppsi-0)*vttr_k9;
353 vttr_k12=(1/ppsi_0)* (A'-ddxI)*vttr_k11l- (bbetal/ppsi_0)*vttr_k10;
354 vttr_k13=(1/ppsi_0)x (A'-ddI)s*vttr_ k12— (bbetal/ppsi_0)+*vttr_kll;
355 vttr_k1l4=(1/ppsi_0)* (A'-dd»I)*vttr k13- (bbetal/ppsi_0)*vttr_kl2;
356 vttrk15=(1/ppsi-0)* (A'-ddxI)*vttr_k1l4- (bbetal/ppsi_-0)*vttr_k13;
357
358 VV_p=[vpp-k0,vpp-kl,vpp-k2, vpp-k3, vpp-k4, vpp-k5, vpp-k6, . ..
359 vpp-k7,vpp-k8, vpp-k9, vpp-kl0, vpp-kll,vpp-kl1l2, vpp-kl3, ...
360 vpp-kl4,vpp_-kl5, vpp_-kl6];
361 VV_r=[vrr_kO0,vrr_kl,vrr_k2,vrr_k3,vrr_kd4,vrr_k5,vrr_k6, ...
362 vrr_k7,vrr_k8,vrr_k9,vrr_kl0,vrr_kll,vrr_kl2,vrr k13, ...
363 vrr_kl4,vrr_k1l5];
364 VVt_p=[vttp-k0, vttp-kl,vttp-k2,vttp-k3,
vttp-k4,vttp_k5,vttp_k6, ...
365 vttp-k7,vttp-k8,vttp_-k9,vttp-k10, vttp_-kll,vttp-kl2, vttp-k1l3,...
366 vttp-k1l4,vttp_-kl5,vttp_kl6];
367 VVt_r=[vttr_kO,vttr_kl,vttr_k2,vttr_k3,vttr_k4,vttr_k5,vttr_ko6, ...
368 vttr k7,vttr_k8,vttrk9,vttr_k10,vttr kll,vttr k12, vttr k13, ...
369 vttr_kl4,vttr_kl5];
370 VV=[VV_p, VV_.r];
371 VVt=[VVt_p, VVt_r];
372 GG=VVt'xVV;
373 kk=kk+1;
374 valuer2 (:,kk)=rll;
375 u2 (:,kk)=norm(valuer2 (:,kk)/norm(bl));
376 if kk==n
377 break;
378 end
379
380 end
381 s=16
382 k=1

383 n=10049
384 normb=norm(bl) ;
385 while (norm(rl)/normb>tol)

386 p-k0=[1 zeros(1,32)]"';

387 r_kO=[zeros(1,17) 1 zeros(1l,15)1"';
388 e_kO=zeros (1,33);

389 pt_k0=[1 zeros(1,32)]1"';

390 rt_kO=[zeros(1,17) 1 zeros(1l,15)]1"';
391 delt=rt_kO0'xGxr_kO0;

392 for j=0 : s-1

393 alpha=delt/ (pt_k0'+GxBxp_kO0);

394 e_kl=e_kO+alphaxp_kO0"';

395 r_kl=r_k0-Bx (alphaxp_-k0);

396 rt_kl=rt_kO0-Bx (alphaxpt_kO0);

397 delt2=rt_kl1'+xG*xr_k1;

398 beta=delt2/delt;
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p-kl=r_kl+betaxp_k0;
pt_-kl=rt_kl+beta*xpt_kO0;
Supdating
r k0O=r_k1;
rt_kO=rt_k1l;
p-k0=p_k1;
pt-kO=pt_kl;
delt=delt2;
e_k0=e_k1l;

end

xm=V*e_k0'"'+x1;

rm=Vxr_kO;

pm=V*xp_kO0;

rtm=vVtxrt_kO0;

ptm=Vt+pt_kO;

valuerl (:,k)=rl;

ul (:,k)=norm(valuerl (:,k)/norm(bl));

x1=xm;

rl=rm;

pl=pm;

ptl=ptm;

rtl=rtm;

trl=bl-Axx1;

vp-k0=pl;

vp_kl=(1/psi_0) * (A-d*I)*vp_kO0;

vp-k2=(1/psi_1)* (A-dxI)*vp-kl-(betal/psi_1)*vp-k0;
vp_k3=(1/psi.l)* (A-d*I)*vp_k2-(betal/psi.1l)*vp_kl;
vp-kd4=(1/psi_1l)* (A-d+I)*vp-k3-(betal/psi_1)*vp_-k2;
vp_k5=(1/psi_1l)* (A—dxI)*vp_k4—-(betal/psi_1)*vp_k3;
vp_-k6=(1/psi_-1)* (A-d*I)*vp_-k5- (betal/psi_1)xvp_k4;
vp-k7=(1/psi-1)* (A-dxI)*vp-k6—- (betal/psi_-1)*vp-k5;
vp_k8=(1/psi_l)* (A-d*I)xvp_k7— (betal/psi_1)*vp_k6;

) *(

vp-k9=(1/psi-1 A-d+*I)+«vp-k8-(betal/psi_1)*xvp-k7;

vp-k10=(1/psi_1) * (A-d*I) *vp_k9—-(betal/psi_1)*xvp_k8;

vp-kll=(1/psi-1)* (A-d*I)*vp_-k1l0-(betal/psi_-1)*vp-k9;
vp_k1l2=(1/psi_1) * (A-d*I)*vp_kll-(betalO/psi_1)*vp_k1l0;
vp-k13=(1/psi-1)* (A-dxI)*vp_-k1l2- (betalO/psi_1)*vp_kll;
vp-k1l4=(1/psi-1)* (A-d*I)+xvp-k13-(betal/psi-1)*vp-kl2;
vp-k15=(1/psi_1) * (A-d*I)*vp_kl4-(betalO/psi_1)*+vp_k1l3;
vp-k16=(1/psi-1)* (A-d*I)+vp-k15-(betal/psi-1)

*
*
*
*
*
*
)
)
)
)
)
)
)

*vp-kl4;

vr_k0=rl;

vr_kl=(1/psi.0
vr_k2=(1/psi-1
vr_k3=(1/psi-1
vr_kd=(1/psi_1

) * (A—d=1I)*vr_kO;

)

)

)
vr_k5=(1/psi-1)

)

)

)

A-dxI)*xvr_kl-(betalO/psi_-1)*vr_k0;
A-d*I)*vr_k2-(betal/psi_-1)*vr_kl;
A-d*I)*vr_k3—-(betal/psi_1)*vr_k2;
A-d+*I)+vr_kd-(betal/psi_1)*vr_k3;
)
)
)

vr_k6=(1/psi_1 A-d*I)*vr_k5-(betal/psi_1)*vr_k4;
vr_k7=(1/psi-1 A-d*I)*xvr_k6- (betalO/psi_-1)*vr_k5;
vr_k8=(1/psi.1 A-d*I)*vr_k7—-(betal/psi_1)*vr_k6;
vr k9= (1/psi_1l)* (A-d+I)*vr_k8-(betal/psi_1)*vr_k7;
vr_k10=(1/psi_1) *x (A-d*I)*vr_k9—-(betal/psi_1)*vr_k8;
vr k1ll=(1/psi-1)* (A-d*I)*vr_k1l0-(betalO/psi_1)*vr_k9;
vr_k1l2=(1/psi-1) * (A-d*I)+*vr_kll-(betalO/psi-1)*vr_k1l0;

)

)

)

* (
* (
* (
* (
* (
* (
* (
* (

)
vr_k13=(1/psi_1)* (A-d*I)*vr_kl2-(betalO/psi_1)*vr_kll;
vr k1l4=(1/psi-1)* (A-d*I)xvr_k1l3-(betal/psi-1)*vr_k1l2;
vr_k15=(1/psi_1) * (A-d*I)*vr_kl4d-(betalO/psi_1)*vr_k1l3;
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456
457 vtp_kO=ptl;

458 vtp-kl=(1/psi-0) x (A'=d*I)*vtp-kO;

459 vtp_k2=(1/psi 1) *x (A'-dxI)+vtp_kl-(betal/psi_1)*vtp_kO0;

460 vtp_k3=(1/psi_-1)* (A'-dxI)*vtp_-k2- (betal/psi-1)*xvtp_kl;

461 vtp-kd=(1/psi-1)*x (A'-dxI)*vtp-k3-(betal/psi-1)*vtp-k2;

462 vtp-k5=(1/psi-1) % (A'=dx+I)*vtp_-kd- (betal/psi_-1)*xvtp_k3;

463 vtp-k6=(1/psi_1) *x (A'-dxI)*vtp-k5-(betal/psi-1)+«vtp_-k4d;

164 vtp_k7=(1/psi 1) * (A'-d+I)*vtp_k6- (betald/psi_1)*vtp_k5;

465 vtp-k8=(1/psi-1)* (A'-dxI)*vtp-k7-(betal/psi-1)*xvtp_-k6;

466 vtp_k9=(1/psi 1) *x (A'-dxI)+xvtp_ k8- (betal/psi_ 1) *vtp_k7;

467 vtp-k10=(1/psi-1)* (A'-d*I)*vtp_-k9-(betal/psi_1)«*vtp_k8;
468 vtp.kll=(1/psi_ 1) (A'-d*I)*vtp_kl0-(betal/psi.1)*vtp_k9;
469 vtp-k12=(1/psi-1)* (A'-d*I)*vtp_kll-(betal/psi-1)*vtp-k10;
470 vtp-k13=(1/psi-1)* (A'-d*I)*vtp-kl2-(betalO/psi-1)~*vtp-kll;
471 vtp_kl4=(1/psi_l)* (A'-d*I)*vtp_k13-(betal/psi_1)*vtp_kl2;
472 vtp-k15=(1/psi_1)* (A'-d*I)*vtp-kl4-(betal/psi-1)*vtp-k1l3;
473 vtp.k16=(1/psi_ 1) (A'-d*I)*vtp_kl5-(betal/psi.1)*vtp_k14;
474

475 vtr_kO=rtl;

476 vtr kl=(1/psi-0)* (A'=d*I)*vtr_kO;

477 vtr_k2=(1/psi-1) *x (A'-dxI)+vtr_kl-(betal/psi-1)*vtr_k0;

478 vtr_k3=(1/psi_1l) *x(A'-dxI)*vtr_k2-(betal/psi_l)*vtr_kl;

) )
) )
) )
479 vtr_kd=(1/psi-1)* (A'-dxI)*vtr_k3-(betal/psi-1)*xvtr_k2;
480 vtr_k5=(1/psi 1) *x (A'-dxI)+vtr_kd4- (betal/psi_1l)*vtr_k3;
481 vtr k6=(1/psi-1)* (A'-dxI)*vtr_k5-(betal/psi-1)*xvtr_k4;
482 vtr k7=(1/psi 1) x (A'-dxI)+vtr_k6- (betal/psi_1l)*vtr_k5;
483 vtr k8=(1l/psi-1)* (A'=dxI)*vtr_k7-(betal/psi-1)*xvtr_k6;
484 vtr_k9=(1/psi 1)+« (A'-dxI)+vtr k8- (betal/psi_l)*vtr_k7;
485 vtr k10=(1/psi-1)* (A'-d*I)*vtr_k9-(betal/psi_1)«*vtr_k8;
486 vtrkll=(1/psi-1)* (A'-d*I)*vtr_kl0-(betal/psi-1)*vtr_k9;
487 vtr_k1l2=(1/psi_l)* (A'-d+I)*vtr_kll-(betal/psi_1)*vtr_k10;
488 vtr_k13=(1/psi-1)* (A'-d*I)*vtr_k1l2-(betal/psi_1)*vtr_kll;
489 vtr_ kl4=(1/psi_1l) (A'-d*I)*vtr_kl3-(betal/psi.1)*vtr_k12;
490 vtr_k15=(1/psi_1)* (A'-d+I)*vtr_kl4-(betal/psi_1)*vtr_k13;
491 V_p=[vp-k0,vp_kl,vp_k2,vp_k3,vp_k4,vp_k5,vp_k6,vp_k7,vp_ k8, ...
492 vp-k9,vp_k1l0,vp-kll,vp_kl2,vp-kl3,vp-kl4,vp_kl5,vp_kl6];
493 V_r=[vr_k0,vr_kl,vr_k2,vr_k3,vr_k4,vr_k5,vr_k6,vr_k7,vr_k8, ...
494 vr_k9,vr_k1l0,vr_kll,vr kl2,vr_k13,vr_kl14,vr_k15];
495 Vt_p=[vtp-k0,vtp_kl,vtp-k2,vtp-k3, vtp-k4,vtp-k5,vtp_k6, ...
196 vtp-k7,vtp_k8,vtp_k9,vtp_kl0,vtp_-kll,vtp_k1l2, vtp_kl3,...
497 vtp-kl4,vtp_k1l5,vtp-kl6];
498 Vt_r=[vtr k0O,vtr_kl,vtr_k2,vtr_k3,vtr_k4,vtr k5,vtr k6, ...
499 vtr k7,vtr_k8,vtr_k9,vtr_kl10,vtr_kl1l,vtr kl2,vtr_kl1l3,vtr_kl4,vtr_k15];
500 V=[V_.p, V.r];
501 Vt=[Vt_p, Vt.r];
502 G=Vt'*V;
503 k=k+1;
504 valuerl (:,k)=rl;
505 ul (:,k)=norm(valuerl (:,k)/norm(bl));
506 if k==n
507 break
508 end
509
510 end

511 %plot for both bases
512 semilogy (ul, '-o'")

iy



xlabel ("Number of Iterations')
ylabel ('2-Norm Residual')

hold on

semilogy (u2, '-x")

legend ('Chebyshev Basis s=16
hold off

1
’
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'Monomial Basis s=16")
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